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H.C.F. and L.C.M.

of Polynomials

X ” 4
INTRODUCTION oo ST TEETOoOTEEmmTETEEEEEE ~
) . 1 G.C.D. by Factorization Method I
We have already learnt in Chapter 2 how to find the |1 ) _ I
greatest common divisor (G.C.D.) or highest common : Step 1 Resolve the given polynomials p (x) and :
factor (H.C.F.) and least common multiple (L.C.M.) of |1 g (x) in the complete factored form. |
two integers. In this chapter, we will study how to find the | ! , . ) '
: : ; ! Step2 Findthe G.C.D. of the numerical factors of !
G.C.D. and L.CM. of polynomials which have integral | I
coefficients ! P ()and g (x). '
; | I
1 Step3 Find the factors of highest degree common
Divisor : to the two polynomials p (x) and g (x). :
A polynomial d (x) is said to be a divisor of polynomial : Step4 The product of all such common factors :
p (x)if d (x) is a factor of p (x), 1.e., p (x) can be written as : and the G.C.D. of the numerical factors is :
p(x)=d (x) ¢ (x), ] the G.C.D. of the two given polynomials |
1 V. I
where g (x) is a polynomial. \ _1’ (I) ‘_""‘_l 4 _(_ﬂ‘_ _ o

For example, (x — 2) is a divisor of the polynomial
(x—2) (x+3).

Common Divisor

A polynomial d (x) is said to be a common divisor of the
polynomials p (x) and ¢ (x), if d (x) is a factor of each of
p () and ¢ (x).

For example, (x +4) is a common divisor of the polynomials
(x+4) (x-2)(x+3)and (x +4) (x - 2)° (x + 5).

G.C.D. (H.C.F) of Two Polynomials

The G.C.D. of two polynomials p (x) and ¢ (x) is the
common divisor which has highest degree among all
common divisors and which has the highest degree term
coefficient as positive.

Ilustration | Find the G.C.D. of (3x —2) (4x + 3);
(3x—2) (2x +5)

Solution: Here we find that (3x — 2) is a polynomial which
is a common divisor and has highest degree among all
common divisors. Further, the coefficient of the highest

degree term (3x) is 3 which is positive. Hence, (3x — 2) is
the G.C.D. of the given polynomial.

s

Hlustration 2 Find the G.C.D. of 4 + 9x — 9x* and 9x° — 24x
+16

Solution: We have the factorization
p(x) =4+9x - 9x* =— (9%* — 9x - 4)
== (9" — 12x + 3x—4)
=—(Bx(3x-4)+1(3x-4)
=—(3x+1)(3x-4)
g(x)=9x" — 24x+ 16 = (3x — 4)°
G.C.D. of numerical factors = 1
and the highest degree common divisor = (3x — 4),
required G.C.D. = (3x — 4).
Ilustration 3 Find the G.C.D. of § ()c4 + x4+ x%) and 20
(- 1)
Solution: Here p (x) =8 (4'4 +x° + 12) =98 5 (Z+x+1)
g =20 -1=225.x-1). 2 +x+1).
G.C.D. of numerical factors = 2°
and the highest degree common divisor = PAx+l,
required G.C.D. =2° E+x+1)

=4 (x> +x+1)
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L.C.M. of Two Polynomials

We know that if ¢ and b are two natural numbers, the product of

a and b is equal to the product of their G.C.D. and L.C M., ie.,
a x b= (G.C.D. or H.C.F. of ¢ and b).

(L.C.M. of @ and b)

or, LCM.ofagandb= o],

G.C.D.ofa and b
Similarly, if p (x) and ¢ (x) are two polynomials, then
p(x) xg(x)
G.C.D. of p(x) and g(x)
Thus, L.C.M. of two polynomials

L.C.M. of two or more given polynomials is a polynomial
of smallest degree which is divided by each one of the given
polynomials.

7
L.C.M. by Factorization Method

Step 1 Resolve the given polynomials p(x) and
¢(x) in the complete factored form.

L.C.M. of p (x) and ¢ (x) =

__ Product of two polynomials
G.C.D. of the two polynomials

Step 2 The required L.C.M. is the product of each
factor of p(x) and g(x) and if a factor is
common, we take that factor which has the

highest degree in p(x) or g(x).

e e e e e e ===
-

Illustration 4 Find the L.C.M. of the polynomials
(x+22 (x=1)(x +4)2
and, x+4} x+2)(x+7)
Solution: We have, p (x) = (x + 2)2 (x—1)(x + 4)2
qO=@+4>@E+2)(x+7)
Take the highest powers of factors common to both
p (x) and ¢ (x) and remaining terms for L.C.M.

LCM.=(x+4° x+2 -1 (x+7)

Illustration 5 Find the L.C.M. of the polynomials
(237 - 3x—2) and (x* — 4x” + 4x)
o)==
=(x-2)(2x+1)

q(x)= -4 +4x= .‘((.1‘2 —4x+4)=x(x— 2}2

Solution: We have,

H.CF.=(x-2)
y ;3
Fatitis LCM. = p(x)-g(x) _ x(x—2) .(2x+1})
H.C.F. (x=2)
=x(xr—2) (2x+1).
OR

Taking the highest powers of factors common to both p (x)
and ¢ (x) and remaining terms for L.C.M., we have

LCM.=x(x-2F2x+1)

Practice Exercises

DirricuLty LEvEL-1
(Basep on MEmoRY)

1. Find the G.C.D. of 22x (x + 1)%; 3657 (2 + 3x + 1).
(@) 2x(x+ 1) (h) 3x(x+ 1)

(e) x(x+1) (d) None of these
2. Find the G.C.D. of 16 — 4x%: x*> +x — 6.
(@) x—2 (h) x—3
(¢c) x—4 (d) None of these
3. Forwhat value of @, the G.C.D. of x> — 2x— 24 and x> — ax —
6 i (x — 6)?
(a) 7 (h) 5
(€) 9 () None of these

4. Determine the H.C.F. of 50 albzc"’, 80 ab ¢ and
2,3
120a”b7c.

(@) 20a’hc (b) 10ab’c
(c) 80ab’c (d) 10ab*c>

5. What will be the H.CF. of (a — b) (a — 2b), (a — 2b)
(o —3b)and (a — 3b) (a — 4b)?

(a) (a—2b) (b)a—3b
(c) a—4b () None of these

6. If x + k is the H.C.F. of x> + ax + b and x° + ¢x + d, the
value of f is:

@ b+d ®) a+b
a+e c+d
a—>b b-d

= 7

(c) =3 (d) s
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7

10.

11.

12.

13.

14.

Find the G.C.D. of:
@x—7) (Gx+4); @Qx - 7> (x+3).

{a) (2x—5) () (2x-9)
() 2x-T7) (d) None of these
. Find the G.C.D. of the polynomials (.1'2 -9)(x-3) and X% +
6x + 9.
(@) (x+3) (b) (x +5)
() (x—3) (d) None of these

. The L.C.M. and H.C.F. of two polynomials P (x) and

O (x) are 36&3 (x+a) {x“ - 03) and x? (x —a), respectively.
If P (x) = 4% (3 — &), find O (x).

(@) 9° (° —a)
(h) 6x3(:c} —a)
(©) 93 +a)
(d) None of these

= 3 3 2 32 23
The H.C.F. of ©* =%, x% + x .1-=2 +ytand 22 + x5 + ot
will be:

(a) x* “.2},2 t y4 (b) X%+ Xyt }-’1

(€) P Xy +."2 (d) x(x + )

If (x — 4) is the H.C.F. of x> —x — 12 and (x> — mx — 8), the
value of m 1s:

(@) O (b1

(c) 2 (d) 6

Find the G.C.D. of 3 + 13x — 30x%; 255 — 30x + 9.

(a) Tx—4 (b) 5x—3

(c) 6x—5 (d) None of these

Find the L.C.M. of the polynomials:
@+3) (- 2) e+ D5+ 1)+ 3) (e + ).
(@ (c+3) @+ 1) (x+4)
(B) (x+3) (x+1) (x—2)
© c+3P (x+ 1)} (x=2) (x+4)
(d) None of these

Find the L.C.M. of the polynomials:
y D PO, TS DL
(@) x(x—2)° (2x+ 1)
(b) x (x—2) (2x + 1)
(€ x(x—-2)(2x+ 1)
(d) None of these

. Find the G.C.D. of 8(x° — >+ x): 28 (> + 1),

(B) 4 —x+1)
(d) None of these

(@) 6(x* +x—1)
(c) 862 +2x-1)

16.

20.

21.

22,

23.

. ; 2
qud the G.’CD, of 4* + _1"4. 2 —x - _1-'3 and
27+ 2xp + )~

7 2
(q) 2x°+2xp+y°
3 5

(b) 2x7 + 4y +
s

(L] 3_12 -+ l\'_}; = ¥

(d) None of these

. Find the GC.D. of (x + 4% (x — 3)* and (x — 1)

(x+4) (x—3)%
(@) (x +3) (x +9)
(b) (x+4) (x—3)°
(©) (x+4) (x—3)*
(d) None of these

. Find the L.C.M. of the polynomials:

16 —4x2: 6.
(a) —4(x2 —4)(x+3)
(b) 6(x*—4) (x +4)
(¢) 82— 6) (x +3)
(d) None of these

. Find the G.C.D. of x* — 4 and x° — 5x + 6.

(@) x—3 (hyx-2
(c) x+4 (d) None of these
The H.C.F. (Highest Common Factor) of two polynomials

is (v — 7) and their L.C.M. is _y:' - 10_-.-'2 + 11y + 70. If one
of the polynomials iF._1'2 — 5y — 14, find the other.

(a) _|r2 — 12y +35

(b) y* — 8y +35

() >~ 14y +45

(/) None of these

If x — 4 is the G.C.D. of x> — x — 12 and x* — mx — 8, find
the value of m.

(a) 4 (b) 6
(c) 2 (d) None of these

Find the G.C.D. of the polynomials:

(-2 (x+3) (x—4) (x—2) (x +2) (x—3).
(a) (x—4) (b) (x —6)
©) x=2) (d) None of these

For what value of o, the G.C.D. of ¥ —2x— 24 and ¥* —ax—
61is (x —6)?

(a) 7 (b) 5

(c) 9 (d) None of these
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24,

26.

27.

28.

L,.Cij ‘dnd HiC.F,30I' wo Eulynu.rnials r (.{cl and g (x) are
367 (x +a) (" —a”) and x“(x — a), respectively. If p (x) =
45 (x2 e ), find g (x),

(a) 123 (.rg - ::3}

(b) 6x° (x> —a”)

(c) 93 (.‘(3 - a3]

(d) None of these

. If (x —a) is the G.C.D. of x* — x — 6 and x> + 3x— 18, find

the value of a.

(@) 3 (b) 6

(c) 9 () None of these

G.C.D. and L.C.M. of two polynomials p (x) and ¢ (x) are

X(x+a) a’ncl 122 (x +a) (3% — ), respectively. If p (x) =
dx (x +a)”, find g (x).

(a) 3% (62—

(b) 5¥° (F —a)

(©) 4° (2 —dd)

(d) None of these

Find the G.C.D. of § (x* — 16) and 12 (x° — 8).
(@) 6(x—2) (b) 4(x —2)

(c) B(x—2) (d) None of these
Find thqc L.C.M. of the polynomials (x + 3) (—&\-2 + 5x +
4); (207 + T + 3) (x + 3).

(@) —(x+3)2 (3x—4) (2x + 1)

(B) (x+3P Gr—4) 2x+1)

() (x+3) (3x+4) (2x +1)

(d) None of these

30.

31.

32,

33.

34.

35.

36.

Find the L.C.M. of the polynomials:
3047 + 13x — 3 2547

(@) — (5x—3) (5x+3) (6x - 1)

(b) (5x —3)2 (5x+3) (6x— 1)

(¢) 5x+3)%(6x—1)

(d) None of these

30x+9.

Find the G.C.D. of the polynomials 6 + 11x and 2x% +
x—3.

(a) 4x+ 5
(¢) 2x+3

(b) 2x-3

(d) None of these

H.C.F. of two expressions p and g is 1. Their L.C.M. is:

@ o+ ®) (p-a)
© ra )
Py

H.CF. of (2x% — 4x), (3% — 12¢%) and (2° — 2x* — 4%)
is:

(a) 2x(x+ 2)
(©) 2x (x-2)

(b) 2x (2 —x)

(d) x(x-2)

The product of twWo non-zero expressions is (x +y + :}p3.
If their H.C.F. is p~, their L.C.M. is:

(a) (x +y)p (b) (v +2)p

(c) z+x)p (d) (x+y+z)p

If (x— 1) is the H.C.F. of x* — 1 and p.l‘z —¢g (x+ 1), then:
(a) p=2q (b) g=2p
(¢) 3p=2q (d) 2p=3q

. .
21= —xy~ + _vj) 18:

L.C.M. of (.\.'2 - ,1.‘1}, (.r3 —_1=3], (_':(3 —X
(@) (x + ) (x—) (2 +3% + x3)

(B) (x+y) (x—3)* (F+ 37 + x)

(c) (x+v)(x —_1‘)2 (Jc2 + _1-2 —xy)

(d) (x + ) (x—y)*

29, Find the G.C.D. of the polynomials 36x° — 49 and 6x° -
25x+21.
(@) 8x -9 (b) 9x -5
(c) 6x—7 (d) None of these
Answer Keys
DirricuLty LEVEL-1
1. (a) 2. (a) 3 (H 4, () 5. (d) 0. () 8. (d) 9. (@) 10, (b)y 11, (c) 12, (h) 13 (c)
14. (a) 15.(b) 16. (@) 17.(c) 18. (a) 19. (b) 21. (¢) 22.(c) 23.(b) 24.(c) 25.(a) 26. (a)
27. (b) 28. (a) 29. (c) 30. ¢(b) 31.(c) 32.(c) 33.(d) 34.(d) 35 (a) 36.(h)
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e

Explanatory Answers

DirricuLty LEVEL-1

. (@) Here, p (x) = 22x (x + 1)?
g (x) =36x° (2% +3x + 1)
2 ]
=365 (2" +2x+x+ 1)
= 367 2x(x + 1) + 1(x + 1)]
=36x7 (2x+ 1) (x + 1)
- G.C.D. of numerical factors = 2

and the highest degree common divisor = x (x + 1)
Hence, required G.C.D.=2x (x + 1).

. (@)
. (b) Obviously, (x — 6) divides both 22— 2x— 24 and X -
ax—6
So, x = 6 must make each polynomial zero
(6 —2%x6-24=(6)"—6a—6
or, 6a =300ora=>3.
LB 507K =5 x 2%’ x B x P
80ab’c? =5 x 2t x ax b x
120a2b%c =3 x5 x P xa? x b x ¢
. Required HC.F.=5x2xax b’ xc
= 10ab’c.
. (d) Since no factor is common to three given expressions,

1 will be a common factor and hence H.C.F. = 1.

. (d) Since x + k is the H.C F. it will divide each one of the
given expressions. So, x =—k will make cach one zero.
o K —aktb=0.F —ck+d=0
So, K —ak+b=k—ck+d
b—d

or, k= A
L e 43

. (¢) Here we find that (2x — 7) is a polynomial which is
a common divisor and has highest degree among
all common divisors. Further, the coefficient
of the highest degree term (2x) is 2 which is
positive. Hence, (2x — 7) is the G.C.D. of the given
polynomial.

) =(*-9x-3N=(>-3)(x-3
=(x+3)(x-3)

. (d) Let,

and, () =x"+6x+9
=JC'2 FO% %3 + 32:(4, " 3)2

The highest degree common divisor of the given
polynomials is (x + 3)

G.C.D.is (x+3).

9. (@) LCM. =365 (x+a) (X’ —a)
=360 (x+a) (v—a) (& + @ + ax)
H.C.F. =x" (x—a)
P(x) =47 (- &) =4 (x—a) (x +a)

(L.C.M.)(H.C.F)

s Px) =
0 (x) Plr)

_ 36_1‘3(1' +a)x—a )(_'fE +a° + m‘}_rz{x -a)

4x2(,¥ —a)x+a)

2

=9y (xz +a”tax)(x—a)= 9y {)(3 - .:.‘3].

10. (h) x —y" =(x-») ():2 +xp+ _vz)

fas x2y2 +y4 =x*+ Zrz_vz x; y‘;l - .rzyz
2 2 2
=+ - ()
= (x2 +xy +_1;2] (.r2 —xy+ _1,'2}
and, .\-3}‘2 + .\‘2_1-‘3' + _x_1'4
bl 2 2
=xp° (x° +xp + %)
‘ = >
s Required H.C.F. = X2+ ay oyt

11. (¢) Clearly, x = 4 will make each one of the given
expressions zero. So, 16 —4m —8=0o0r, m=2.

12. (k) Here.
p(x)=3+13x-30:" =3+ 18x— 5x—30+°
=3 (1+6x)—5x(1+6x)
=(3-50) (1 +6%)
=—(5x—3) (1 + 6x)
¢ (x) = 252> —30x + 9 = (5x - 3)°

- G.C.D. of numerical factors = | and highest degree
of common divisor = (5x — 3).
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13. (0) px)=(x+37 (x-2)(x+1)°
g =@+ 1> x+3)@+4

LOCM. =(x+32 (x+ 1)} (x—2) (x + 4).
14. (a) We have
p) =2 —3x-2=2 —dx+x-2

=xx-2)+1(x-2)

(Zx+ 1) (x-2)

2
-4+ 4y

q(x)

P —Ax+4)=x (x—2)°

LCM. =x(x—27 @x+1).

15. (b) We have the factorization
plx)=8 (.r3 P x)= B3 (.\'2 —-x+1)
Gg) =28 +1)
=22 7. (x+ D) (P -x+1)
= G.C.D. of numerical factors = 2°
and the highest degree common divisor
= ,r2 —x+ 1
Therefore, required
GCD.=22 (% —x+1)
=4 —x+1)

16. (a) 1st expression = (23° +17)° — (2xy)°
= (27 4-_1'2 + 2xy) (24‘2 +_v2 — 2xy)
2nd expression = (2x° - 2_]-‘3) —_‘,-'2 (x-»
=2(x-y) {xg +xy + _'.'2) - _1’2 (x—y)
= (r—y) 2% + 2y + 27 —37)
= (x—y) 2%+ 2xp +3%)
Hence,G.C.D. = 2% + 2xp + )7,
17. () Let,  p(@) =+ 4% (x—3)
and, q@=(-D@+dx-37
The highest degree common divisor is
(x+4) (x—3)
~ The G.C.D. of given polynomial is
(x+4) (x—3)°.
18. (@) We have
P =16 47=4(4 )
=42-x)2+x)=—4(x-2)(x+2)
g (x) =+ x—6=r+3x—2x-6
=x(x+3)-2(x+3)=(x+3)(x—2)
LOCM. =4 (x—2)(x+2)(x+3)
=4 (7 -4) (x+3).

p)=x2—4=x2-22
=(x+2)(x-2)
and, g(x)=x*—5x+6=x*—2x—3x+6
=x(x—2)-3(x—2)=(x—-2)(x—3)
The highest degree common divisoris.x — 2
o GCD.ofp(x)and g (x) isx—2.

19. (h) Let,

20. (a) HCF =(u-T7)
LCM. =y — 107 + 11y + 70
px)=y"—5r—14
q(x)=?
L.C.M. of two polynomials

_ st Polynomial x IInd Polynomial
H.C F. of two polynomials

p(x) g(x)
H.C.F.

LCM. =

(»" =5y —14)xg(x)
(-7

¥ —10y% + 11y +70=

(=1 =102 +11y +70)

B (2 =5y-14)
=G-7)(-5)
=% — 12y +35.
21. (o) H.CFE. =(x—4)

p (x) =xl_x-12= (x—4)(x+3)
g (x) = _rz —mx—8

As (x — 4) is common in p (x) and ¢ (x). Hence,
x — 4 should be a factor of x> — mx — 8

Thus, putting (x—4) =0 in g (x), we get (Remainder
theorem)

g (x) =x* —mx—8
g =4 -mx4-8=0
= 16-4m-8=0

= m=2.

22, (c) Let, p(x)=(x—-2P°(x+3)(x—4)
and, g =x-2)(x+2)(x-5)

the highest degree common divisor of the given
polynomials is x — 2.

s The G.ICD.isx— 2.
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23. (h) Here, p(x) =’ _2x—24
and, g (x) =P ax—6

Since (x — 6) is the G.C.D. of p (x) and ¢ (x),
(x— 6) is a factor of p (x) and ¢ (x) both

= p(6) =49 (6)
=36-2x6-24=36-ax6-6

= a=>35.

24. (¢) We know that
px)=g(x)=LCM. = H.C.F.
4 () xg () =362 (x+a) (F —a) ¥ (x—a)

_ 36.t5(_r2 —.rzz){,s:3 —a*)
4% (% —a®)

= q {x)

3

=9y (x3 —a).

25. (@) Let, p()=x*—-x—6
and, gix) =X +3x—18

Since (x —«) is the G.C.D. of p (x) and g (x), (x — a)
is a divisor of p (x) and g (x) or (x — a) is a factor of
P (x) and g (x) both,

= pla)=0and g (a)=0
= pla) =q (a)

= a:—a—6=ﬂ2+3a—ls

= da=12=a=3.
L.CM.xH.CF.
26. (a) gx)= ————
plx)

_ 12 (x+a)(x’ —a’)x(x +a)

-’!-.v.'():+c.r)2
=132 (.\'2 - az}.
27. (b) px) =807 16)

=4x2(2+4) (x+2) (x-2)
g ) =12(-8)
=4x3(x-2) (P +2x+4)
Hence, G.C.D.=4 (x - 2).

28. (a) p(x) = (x +3) (-6x° + 5x + 4)
= (x+3) (=6x*+ 8r—3x + 4)
= (x+3)Gx—4) 2x+1)

29. (o)

g () =22+ Tx+3)(x+3)
=(2x+ D) (x+3)(x+3)
LCM. =—(x+3)* 3x—4) 2x+1).
p (x) =36x" — 49
= (6x)% — (1) =(6x+ 7) (6x—7)
q (x) = 6x* —25x + 21
=6x° — 18x — Tx +21
=6x(x—3)— 7(x - 3)
=(6x—7) (x—3)
G.C.D. = (6x—7).

30. (b) 302 + 13x— 3 =30x> + 18x - 5x— 3

3. (o)

32. (o)

33 (d)

= 6x (5x +3)— 1 (5x+3)
=(5x+3) (6x— 1)

g (x) = 252" —30x + 9
=25¢ — 15x— 15x + 9
=5x(5x—3)—3(5x—3)
= (5¢-3)%

L.CM. = (5x—3)% (5x + 3) (6x - 1).

px)= 6x% + 11x + 3
=6x%+9x+2x+3
=3x (2x+3)+ 1 (2x+3)
=(2c+3)(3x+ 1)

g(x)=2°+x-3
=22 +3x—2x-3
=(2x+3) (x— 1)

G.C.D. = (2c +3).

Product of expressions
H.C.F.

LCM. =

= % =pq.

222 —dx =2x (x—2)
KR [ P By S )
=32 (x—2) (x +2)

2 -2t -4 =20 (P -x-2)
=2 (x—2) (x+ 1)
H.C.F. =x(x-2).
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7 R S P, o o T,
“ ot - Product (xty+ :}P} 36. (h) =) (x—p) (x+y),
- T HCFE P’ =y =(x—y) (o +ay+yD),
3 2 2 3 2 2
=(x+y+z)p X —xy-—xy Ay = x—y) -y (x—p)

2 2
35. (a) Since (x — 1) is the H.C.F., it will divide each one of =E=2) "=y

. o . = -\ 2 »
the given expressions. So, x = — 1 will make each one =1 xt+y)

Zero . L.CM. = (.\'—_1')2 (x +¥) (2 _1'3 Fxy).
prx1l7—g(l+1)y=00rp=24
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