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4 

Cramer (1750 A.D.) made formal use of the 

two axes and gane the eqution of a circle as  

(y – a)2 + ( b – x)2 = r.r. He gave the best 

exposition of the analytic geometry of his time.  

Kochanski gives an approximate method to 

find the length of the circumference of a circle.  
Jones introduces the Greek latter to represent 

the ratio of the circumference of a circle to its 

diameter in his Synopsis palmariorum matheseos 
(A new introduction to Mathematics). 

Feuerbach publishes his discoveries on the 

nine point circle of a triangle.  

Nicholas of Cusa studies geometry and logic. 

He contributes to the study of infinity, the 
infinitely large and the infinitely small. He looks 

at the circle as the limit of regular polygons.  
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 4.1 Definition.  

A circle is defined as the locus of a point which moves in a plane such that its distance 

from a fixed point in that plane always remains the same i.e. 

constant. 

The fixed point is called the centre of the circle and the fixed 

distance is called the radius of the circle. 

Note  :    If )0( rr  is the radius of a circle, the diameter 

rd 2  is the maximum distance between any two points on the given circle.  

 The length of the curve or perimeter (also called circumference) of circle r2  or 

d . 

 The area of circle 2r  or 
4

2d
. 

 Line joining any two points of a circle is called chord of circle. 

 Curved section between any two points of a circle is called arc of circle. 

 Angle subtended at the centre of a circle by any arc = arc/radius. 

 Angle subtended at the centre of a circle by an arc is double of angle subtended at 

the circumference of a circle. 

 4.2 Standard forms of Equation of a Circle. 

(1) General equation of a circle : The general equation of a circle is ,02222  cfygxyx   

where g, f, c are constant. 

(i) Centre of the circle is (–g, –f). i.e., (
2

1
  coefficient of x, 

2

1
  coefficient of y) 

(ii) Radius of the circle is cfg  22 . 

Note  :   The general equation of second degree 022222  cfygxhxybyax  represents 

a circle if 0 ba  and 0h . 

 Locus of a point P represent a circle if its distance from two points A and B is not 

equal i.e. kPBPA   represent a circle if 1k . 

 Discussion on nature of the circle : 

    If 022  cfg , then the radius of the circle will be real. Hence, in this case, 

it is possible to   draw a circle on a plane. 

    If 022  cfg , then the radius of the circle will be zero. Such a circle is known 

as point circle. 

(Moving 
point) 

O 

P 

Q 
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Fixed 
point 
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    If 022  cfg , then the radius cfg  22  of the circle will be an imaginary 

number. Hence, in this case, it is not possible to draw a circle. 

 Special features of the general equation 02222  cfygxyx  of the circle : 

  This equation has the following peculiarities : 

   It is a quadratic equation in x and y. 

    Here the co-efficient of 2x  the co-efficient of 2y  

  In working out problems it is advisable to keep the co-efficient of 2x  and 2y  as 

unity. 

   There is no term containing xy, i.e. the co-efficient of the term xy is zero. 

   This equation contains three arbitrary constants. If we want to find the equation 

of a circle of which neither the centre nor the radius is known, we take the 

equation in the above form and determine the values of the constants g, f, c for 

the circle in question from the given geometrical conditions. 

 Keeping in mind the above special features, we can say that the equation   

 02222  cfygxayax   …..(i) also represents a circle. 

   This equation can also be written as  ,02222 
a

c
y

a

f
x

a

g
yx  dividing by .0a  

  Hence, the centre 






 


a

f

a

g
,  and radius 

a

c

a

f

a

g


2

2

2

2

 

(2) Central form of equation of a circle : The equation of a circle having centre (h, k) and 

radius r is 

     222 )()( rkyhx   

Note  :   If the centre is origin, then the equation of the circle is                                

     222 ryx   

 

    If r = 0, then circle is called point circle and its equation is 0)()( 22  kyhx  

(3) Concentric circle : Two circles having the same centre C (h, k) but different radii r1 and r2 

respectively are called concentric circles. Thus the circles 2
1

22 )()( rkyhx   and 

21
2
2

22 ,)()( rrrkyhx   are concentric circles. Therefore, the equations of concentric circles 

differ only in constant terms. 

(4) Circle on a given diameter : The equation of the circle drawn on the straight line joining 

two given points ),( 11 yx  and ),( 22 yx  as diameter is 

0))(())(( 2121  yyyyxxxx . 

Note  :   If the coordinates of the end points of a 

diameter of a circle are given, we can also find the 

equation of the circle by finding the coordinates of 

(h,k
) 

P(x,y) 
r 

C 

(h,k

) 

P(x,y) 

r 

C 
B(x2,y2) (x1,y1)

A 

90° 
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the centre and radius. The centre is the mid-point of the diameter and radius is 

half of the length of the diameter. 

(5) Parametric coordinates  

(i) The parametric coordinates of any point on the circle 222 )()( rkyhx   are given by 

  )sin,cos(  rkrh  ,  )20(    

In particular, co-ordinates of any point on the circle 222 ryx   are )sin,cos(  rr , 

)20(    

(ii) The parametric co-ordinates of any point on the circle 

02222  cfygxyx  are 

cos)( 22 cfggx   and sin)( 22 cfgfy  ,   )20(    

 (6) Equation of a circle under given conditions: The general equation of circle, i.e., 

02222  cfygxyx  contains three independent constants g, f and c. Hence for determining 

the equation of a circle, three conditions are required. 

 (i) The equation of the circle through three non-collinear points :),(),,(),,( 332211 yxCyxByxA  

 Let the equation of circle be 02222  cfygxyx      …..(i) 

 If three points ),(),,(,),( 332211 yxyxyx  lie on the circle (i), their co-ordinates must satisfy its 

equation. Hence solving equations 022 11
2
1

2
1  cfygxyx      …..(ii) 

    022 22
2
2

2
2  cfygxyx      …..(iii) 

    022 33
2
3

2
3  cfygxyx      …..(iv) 

 g, f, c are obtained from (ii), (iii) and (iv). Then to find the circle (i). 

 Alternative method  

 (1) The equation of the circle through three non-collinear points 

),(),,(),,( 332211 yxCyxByxA is  

     0

1

1

1

1

33
2
3

2
3

22
2
2

2
2

11
2
1

2
1

22











yxyx

yxyx

yxyx

yxyx

 

 (2) From given three points taking any two as extremities of diameter of a circle S = 0 and 

equation of straight line passing through these two points is L = 0. Then required equation of 

circle is 0 LS  , where   is a parameter which can be found out by putting third point in the 

equation. 

Note  :   Cyclic quadrilateral :  If all the four vertices of a quadrilateral lie on a circle, 

then the quadrilateral is called a cyclic quadrilateral. The four vertices are said 

to be concylic. 

 4.3 Equation of a Circle in Some special cases. 

(1) If centre of the circle is ),( kh  and it passes through origin then its equation is  

   2222 )()( khkyhx   02222  kyhxyx  
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(2) If the circle touches x axis then its equation is (Four cases) 222 )()( kkyhx   

    

 

 

 

 
 

 (3)  If the circle touches y axis then its equation is (Four cases) 222 )()( hkyhx   

  

 

 

 

 

 

(4)  If the circle touches both the axes then its equation is (Four cases)  

 222 )()( rryrx   

 

 

 
 

(5)  If the circle touches x- axis at origin (Two cases)  

  222 )( kkyx    

0222  kyyx  

 

 

 
 

(6) If the circle touches y-axis at origin (Two cases)  

 222)( hyhx   

0222  xhyx  

 
 
 

(7) If the circle passes through origin and cut intercepts of a and b on axes, the equation of 

circle is (Four cases)   

  022  byaxyx  and centre is )2/,2/( ba  
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Note  :  Circumcircle of a triangle :  If we are given sides of a triangle, then first we 

should find vertices then we can find the equation  of the circle using general 
form. 

  Alternate : If equation of the sides are 0,0 21  LL  and 03 L , then equation of 

circle is 0).().().( 133221  LLLLLL  , where   and   are the constant which can 

be found out by the conditions, coefficient of 2x  coefficient of 2y  and 

coefficient of xy = 0 

    If the triangle is right angled then its hypotenuse is the diameter of the circle. So 
using diameter form we can find the equation. 

    Circumcircle of a square or a rectangle : Diagonals of the square and rectangle 
will be diameters of the circumcircle. Hence finding the vertices of a diagonal, 

we can easily determine the required equation. 
  Alternate : If sides of a quadrilateral are 0,0,0 321  LLL  and 04 L . Then 

equation of circle is ,04231  LLLL   where   is a constant which can be obtained 

by the condition of circle. 
    If a circle is passing through origin then constant term is absent i.e. 

02222  fygxyx  

    If the circle 02222  cfygxyx  touches X-axis, then cfgf  22  or 

cg 2  

    If the circle 02222  cfygxyx  touches Y-axis, then cfgg  22  or 

cf 2  

     If the circle 02222  cfygxyx  touches both axes, then cfgfg  22  or 

g2 = f 2 = c   
Example: 1 A point P moves in such a way that the ratio of its distances from two coplanar points is always fixed 

number )1( . Then its locus is  [IIT 1970] 

(a) Straight line (b) Circle (c) Parabola (d) A pair of straight lines 

Solution: (b) Let two coplanar points are (0, 0) and (a, 0) and coordinates of point P is (x, y). 

 Under given conditions, we get  




22

22

)( yax

yx
 (where   is any number and 

1 ) 

  ])[( 22222 yaxyx     0)2(
1

2

2

2
22 
















 axayx




,  which is equation of a circle. 

Example : 2 The lines 532  yx  and 743  yx  are the diameters of a circle of area 154 square units. The 

equation of the circle is  

[IIT 1989; AIEEE 2003; DCE 2001] 

(a) 622222  yxyx    (b) 472222  yxyx   

(c) 472222  yxyx    (d) 622222  yxyx  

Solution : (b) Centre  of circle = Point of intersection of diameters, 

 On solving equations, 532  yx  and 743  yx , we get, )1,1(),( yx  

   Centre of circle = )1,1(  .  Now area of circle = 154    1542 r    r = 7 

 Hence, the equation of required circle is 222 )7()1()1(  yx 472222  yxyx . 
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Example : 3 The equation of a circle with origin as centre passing through the vertices of an equilateral triangle 

whose median is of length 3a is       [BIT Ranchi 

1992; AIEEE 2002] 

(a) 222 9ayx   (b) 222 16ayx   (c) 222 ayx   (d) None of these 

Solution : (d) Since the triangle is equilateral, therefore centroid of the triangle is the same as the circumcentre 

and radius of the circum-circle 
3

2
  (median) aa 2)3(

3

2
   [ Centroid divides 

median in ratio of 2 : 1] 

 Hence, the equation of the circum-circle whose centre is (0, 0) and radius 2a is 222 )2( ayx   

222 4ayx   

Example : 4 A circle of radius 5 units touches both the axes and lies in first quadrant. If the circle makes one 

complete roll on x-axis along the positive direction of x-axis, then its equation in the new position is  

(a) 01001020 222   yxyx  (b) 01001020 222   yxyx  

(c) 01001020 222   yxyx  (d) None of these 

Solution : (d) The x-coordinate of the new position of the circle is 5 + circumferrence of the first circle 105   

 The y-coordinate is 5 and the radius is also 5. 

 Hence, the equation of the circle in the new position is 222 )5()5()105(  yx   

 251025201001010025 222  yyxxx    

 025100100101020 222   yxxyx  

Example : 5 The abscissae of A and B are the roots of the equation 02 22  baxx  and their ordinates are the 

roots of the equation .02 22  qbyy  The equation of the circle with AB as diameter is  

               [IIT 1984] 

 (a) 022 2222  qbbyaxyx  (b) 02 2222  qbbyaxyx   

 (c) 022 2222  qbbyaxyx  (d) None of these 

Solution : (a) Let 21 , xx  and 21 , yy  be roots of 02 22  baxx  and 02 22  qbyy  respectively. 

 Then, 2
2121 ,2 bxxaxx   and 2

2121 ,2 qyybyy   

 The equation of the circle with ),( 11 yxA  and ),( 22 yxB  as the end points of diameter is  

 0)()()()( 2121  yyyyxxxx  

 0)()( 21212121
22  yyxxyyyxxxyx ;   022 2222  qbbyaxyx  

Example : 6 The equation of a circle of radius 1 touching the circles 0||222  xyx  is                   

 (a) 023222  xyx   (b) 023222  yyx   

 (c) 023222  yyx   (d) 023222  xyx  

Solution : (b,c) The given circles are ,0,0222  xxyx  and .0,0222  xxyx  

  From the figure, the centres of the required circles will be )3,0(  and )3,0(  . 

    The equations of the circles are .1)3()0( 222  yx  

  132322  yyx    

023222  yyx   

Example : 7 If the line 072  byx  is a diameter of the circle ,02622  yxyx  then b =        

[MP PET 1991] 

(a) 3 (b) – 5  (c) – 1 (d) 5 

1 1 

1 1 1 1 

(–

1,0) 

(1,0

) 
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Solution : (d) Here the centre of circle (3, –1) must lie on the line .072  byx  Therefore, 50723  bb  

Example : 8 The centre of the circle  sin6cos422 rrr   is          

(a) (2, 3) (b) (– 2, 3) (c) (– 2, – 3) (d) (2, – 3) 

Solution : (b) Let r cos  = x and r sin  = y 

 Squaring  and adding, we get  222 yxr  . 

 Putting these values in given equation, yxyx 64222    026422  yxyx  

 Hence, centre of the circle = (–2, 3) 

Example : 9 The number of integral values of   for which 05)1(22  yxyx   is the equation of a circle 

whose radius cannot exceed 5, is           

(a) 14 (b) 18 (c) 16 (d) None of these 

Solution : (c) Centre of circle 






 


2

)1(
,

2


 ; Radius of circle 55

2

1

2

22








 












 

 011922 2    ,                
2

2391

2

2391 



  

 2.82.7     (Nearly).     ,6,7    ................,7, 8.  Hence number of integral values of   

is 16. 

Example : 10 Let 0),( yxf  be the equation of a circle. If 0),0( f  has equal roots 2,2  and 0)0,( f  has roots 

,5,
5

4
  then the centre of the circle is            

(a) 








10

29
,2  (b) 








2,

10

29
 (c) 










10

29
,2  (d) None of these 

Solution : (b) 022),( 22  cfygxyxyxf  

 Now,  02),0( 2  cff   and its roots are 2, 2.  ,22,222 cf  i.e. 4,2  cf  

 ,02)0,( 2  cgf   and its roots are .5,
5

4
 

 ,5
5

4
,25

5

4
cg     i.e.,  4,

10

29



 cg . Hence, centre of the circle 








 2,

10

29
),( fg . 

Example : 11 If the lines 0443  yx  and 0786  yx  are tangents to a circle, then the radius of the circle is  

[IIT 1984; MP PET 1994, 2002; Rajasthan PET 1995, 97; Kurukshetra CEE 1998] 

(a) 3/2 (b) 3/4 (c) 1/10 (d) 1/20 

Solution : (b) Since both tangents are parallel to each other. The diameter of the circle is perpendicular distance 

between the parallel lines (tangents) 0443  yx  and 0
2

7
43  yx  and so it is equal to 

2

3

169

2/7

169

4






. 

 Hence radius of circle is
4

3
. 

   

 Alternative method :  Perpendicular distance = 
2

3

5

2/7)1(4)0(3



,   

                                         i.e.,            Diameter = 
2

3
 

(0, 1) 3x – 
4y+4=0 

3x – 4y – 
7/2=0 
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                                  Hence radius of circle is 
4

3
. 

 4.4 Intercepts on the Axes. 

The lengths of intercepts made by the circle 02222  cfygxyx  with X and Y axes are 

cg 22  and cf 22  respectively. 

Let the equation of circle be  02222  cfygxyx    ......(i) 

Length of intercepts on x-axis and y-axis are |||| 12 xxAB   and |||| 12 yyCD   respectively. 

The circle intersects the x-axis, when y = 0, then 022  cgxx . 

Since the circle intersects the x-axis at )0,( 1xA  and )0,( 2xB . 

Then cxxgxx  2121 ,2  

   21
2

1212 4)(|||| xxxxxxAB  )(2 2 cg      

As the circle intersects the y-axis, when x = 0, then 022  cfyy  

Since the circle intersects the y-axis at C (0, y1) and D (0, y2), then cyyfyy  2121 ,2  

    12

2

1212 4|||| yyyyyyCD   )(2 2 cf  . 

Note  :    If ,2 cg   then the roots of the equation 022  cgxx  are real and distinct, 

so the circle 02222  cfygxyx  meets the x-axis in two real and distinct 

points and the length of the intercept on x-axis is .2 2 cg   

    If ,2 cg   then the roots of the equation 022  cgxx  are real and equal, so the 

circle touches x-axis and the intercept on x-axis is zero. 

   If ,2 cg   then the roots of the equation 022  cgxx  are imaginary, so the circle 

02222  cfygxyx  does not meet x-axis in real points. 

    Similarly, the circle 02222  cfygxyx  cuts the y-axis in real and distinct 

points, touches or does not meet in real points according as cf  or,2 . 

 4.5 Position of a point with respect to a Circle. 

A point ),( 11 yx  lies outside, on or inside a circle 02222  cfygxyxS  according as  

cfygxyxS  11
2
1

2
11 22  is positive, zero or negative i.e., 

 01S  Point is outside the circle. 

 01S  Point is on the circle. 

 01S  Point is inside the circle. 

(1) The least and greatest distance of a point from a circle : Let S = 0 be a circle and ),( 11 yxA  be 

a point. If the diameter of the circle is passing through the circle at P and Q, then  

(0,y2)

D 

(0,y1)
C O A 

(x1,0
) 

B 
(x2,0
) 

X 

Y 

r C 

P 

Q 

A 
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 rACAP  least distance ;  rACAQ  greatest distance 

where 'r' is the radius and C is the centre of the circle. 

 

 
 

Example : 12 The number of points with integral coordinates that are interior to the circle 1622  yx  is  

(a) 43 (b) 49 (c) 45 (d) 51 

Solution : (c) The number of points is equal to the number of integral solutions (x, y) such that 1622  yx . 

 So, x, y are integers such that 33,33  yx  satisfying the inequation 1622  yx . The number 

of selections of values of x is 7, namely –3, –2, –1, 0, 1, 2, 3. The same is true for y. So the number of 

ordered pairs (x, y) is 7×7. But     (3, 3), (3, –3), (–3, 3), (–3, –3) are rejected because they do not 

satisfy the inequation .1622  yx  

  So the number of points is 45. 

Example : 13 The range of values of a for which the point (a, 4) is outside the circles 01022  xyx  and 

0201222  xyx  is   

(a) ),6()6,2()8,(    (b) (– 8, – 2) 

(c) ),2()8,(     (d) None of these 

Solution : (a) For circle, 01022  xyx ; 

  01610010)4( 222  aaaa  0)2()8(  aa  8 a  or   2a   …..(i) 

  For circle,   0201222  xyx ; 0361202012)4( 222  aaaa  

  0)6( 2  a  Ra  }6{                            …..(ii) 

  Taking common values from (i) and (ii), ),6()6,2()8,( a . 
 

 4.6 Intersection of a Line and a Circle. 

Let the equation of the circle be  222 ayx          …..(i) 

and the equation of the line be  cmxy       …..(ii) 

From (i) and (ii),  222 )( acmxx    or   02)1( 2222  acmcxxm  …..(iii) 

Case I: When points of intersection are real and distinct. In this case (iii) has two distinct 

roots. 

   042  ACB  or 0)()1(44 22222  acmcm or  
2

2
2

1 m

c
a


   

or   



)1(

||

2m

c
a  length of perpendicular from (0, 0) to cmxy   

   a > length of perpendicular from (0, 0) to cmxy   

Thus, a line intersects a given circle at two distinct points if radius of circle is greater than 

the length of perpendicular from centre of the circle to the line.  

Case II: When the points of intersection are coincident in this case (iii) has two equal 

roots. 

    042  ACB    0)()1(44 22222  acmcm  

    
2

2
2

1 m

c
a


    or  

)1(

||

2m

c
a


   

P 

Q 
O 

O 

R 
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a = length of perpendicular from the point (0, 0) to cmxy  . 
 

Thus, a line touches the circle if radius of circle is equal to the length of perpendicular 

from centre of the circle to the line. 

Case III: When the points of intersection are imaginary. In this case (iii) has imaginary 

roots. 

    042  ACB   0)()1(44 22222  acmcm ,   
2

2
2

1 m

c
a


  

or    



)1(

||

2m

c
a  length of perpendicular from (0, 0) to cmxy   

    a < length of perpendicular from (0, 0) to cmxy   

Thus, a line does not intersect a circle if the radius of circle is less than the length of 

perpendicular from centre of the circle to the line.  

(1) The length of the intercept cut off from a line by a circle : The length of the intercept cut off 

from the line cmxy   by the circle 222 ayx   is 
2

222

1

)1(
2

m

cma




  

 (2) Condition of tangency : A line L = 0 touches the circle S = 0, if length of perpendicular 

drawn from the centre of the circle to the line is equal to radius of the circle i.e. p = r. This is the 

condition of tangency for the line L = 0.  

Circle 222 ayx   will touch the line cmxy   if 21 mac   

Again, (i)   If 0)1( 222  cma  line will meet the circle at real and different points. 

          (ii)   If )1( 222 mac   line will touch the circle. 

         (iii)   If 0)1( 222  cma  line will meet circle at two imaginary points. 
 

Example : 14 If the straight line mxy   is outside the circle ,0902022  yyx  then         

[Roorkee 1999]  

(a) m > 3 (b) m < 3 (c) | m | > 3 (d) | m | < 3 

Solution : (d) If the straight line mxy   is outside the given circle then perpendicular distance of line from centre of 

circle > radius of circle 

 10

1

10

2


m

   3||910)1( 22  mmm  

Example : 15 If the chord 1 mxy  of the circle 122  yx subtends an angle of measure 45o at the major segment 

of the circle then value of m is                    
[AIEEE 2002]  

(a) 2 (b) – 2 (c)  1 (d) None of these 

Solution : (c) Given circle is ,122  yx  C (0,0) and radius = 1 and chord is 1 mxy  

 
CR

CPo 45cos ; CP = Perpendicular distance from (0, 0) to chord 1 mxy  

 
1


2m

1
CP   (CR = radius =1) 

 
1

1

2

1

1

1

1

45cos
2

2







m

mo     .1212  mm  

 4.7 Tangent to a Circle at a given Point. 

O 

 

P 

45

° 
45

° 

45

° C(0,0
) 1 

R 

y=mx+1 



 

 

 

 

 
90 Circle and System of Circles 

The limiting position of the line PQ, when Q moves towards P and ultimately coincides with 

P, is called the tangent to the circle at the point P. The point P is called the point of contact. 

(1) Point form 

(i) The equation of tangent at (x1, y1) to circle 222 ayx   is 2
11 ayyxx   

(ii) The equation of tangent at ),( 11 yx  to circle 02222  cfygxyx  is  

0)()( 1111  cyyfxxgyyxx  

Note  :   For equation of tangent of circle at ),( 11 yx , substitute 1xx  for 1
2 ,yyx  for 

2
, 12 xx

y


 for 
2

, 1yy
x


 for y and 

2

11 yxxy 
 for xy and keep the constant as such. 

  This method of tangent at ),( 11 yx  is applied any conics of second degree. i.e., 

equation of tangent of   

      0222 22  cfygxbyhxyax  at ),( 11 yx   

  is  0)()()( 111111  cyyfxxgbyyyxxyhaxx  

(2) Parametric form : Since parametric co-ordinates of circle 222 ayx   is ),sin,cos(  aa  then 

equation of tangent at )sin,cos(  aa  is 2sin.cos. aayax     or ayx   sincos . 

(3) Slope form : Let cmxy   is the tangent of the circle 222 ayx  . 

    Length of perpendicular from centre of circle (0, 0) on line )( cmxy  = radius of circle 

   2

2
1

1

||
maca

m

c



 

Substituting this value of c in ,cmxy   we get  21 mamxy  . Which are the required 

equations of tangents. 

Note  :    The reason why there are two equations 21 mamxy   is that there are 

two tangents, both are parallel and at the ends of a diameter. 

    The line 0 cbyax  is a tangent to the circle 222 ryx   if and only if 

).( 2222 barc   

     The condition that the line 0 nmylx  touches the circle 

02222  cfygxyx  is ).()()( 22222 cfgmlnmflg   

    Equation of tangent to the circle 02222  cfygxyx  in terms of slope is 

   )1()( 222 mcfgfmgmxy   

(4) Point of contact : If circle be 222 ayx   and tangent in terms of slope be 

)1( 2mamxy  , 

Tangen
t 

Q 

Q 

Q 

Q P 
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Solving 222 ayx  and )1( 2mamxy   simultaneously, we get
)1( 2m

am
x


  and 

)1( 2m

a
y


   

Thus, the co-ordinates of the points of contact are 

















)1(
,

)1( 22 m

a

m

am
  

Alternative method : Let point of contact be ),( 11 yx  then tangent at ),( 11 yx  of 222 ayx   is 

2
11 ayyxx  . Since 2

11 ayyxx   and )1( 2mamxy  are identical ,    
2

2
11

11 ma

ay

m

x







  

   
)1( 2

1

m

am
x


  and  

)1( 2
1

m

a
y


   

Thus, the co-ordinates of the points of contact are  

















)1(
,

)1( 22 m

a

m

am
  

Note  :     If the line y = mx + c is the tangent to the circle 222 ryx   then point of contact is 

given by 















c

r

c

mr 22

,  

  If the line ax+by+c = 0 is the tangent to the circle x2+y2=r2 then point of contact is given 

by 















c

br

c

ar 22

,  

 

Example : 16 The equations to the tangents to the circle 124622  yxyx  which are parallel to the straight line 

4x+3y+5=0, are            [ISM Dhanbad 1973, MP PET 

1991]  

(a) 03143,01943  yxyx  (b) 03134,01934  yxyx   

(c) 03134,01934  yxyx  (d) 03143,01943  yxyx  

Solution : (c) Let equation of tangent be ,034  kyx  then 
916

)2(3)3(4
1249






k
   19256  kk  and 

– 31 

 Hence the equations of tangents are 01934  yx  and 03134  yx  

Example : 17 The equations of any tangents to the circle 044222  yxyx  is  

(a) 213)1( 2  mxmy  (b) 213 mmxy    

(c) 213 2  mmxy   (d) None of these 

Solution : (a) Equation of circle is 222 3)2()1(  yx .  

 As any tangent to 222 3 yx  is given by 213 mmxy   

 Any tangent to the given circle will be 213)1(2 mxmy   213)1( 2  mxmy  
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Example : 18 If a circle, whose centre is (–1, 1) touches the straight line ,0122  yx  then the coordinates of the 

point of contact are                     
[MP PET 1998]  

(a) 







 4,

2

7
 (b) 










5

21
,

5

18
 (c) (2, –7) (d) (– 2, – 5) 

Solution : (b) Let point of contact be ).,( 11 yxP  

             This point lies on the given line ,  122 11  yx               ….. (i) 

 Gradient of 
1

1

1

1
1






x

y
mOP , Gradient of 

2

1
122 2  myx  

 Both are perpendicular, 121  mm  

 2211
2

1

1

1
11

1

1 






 

















 xy

x

y
 32 11  yx  ….. (ii) 

 On solving the equation (i) and (ii), 






 


5

21
,

5

18
),( 11 yx  

 4.8 Length of Tangent. 

From any point, say ),( 11 yxP  two tangents can be drawn to a circle which are real, 

coincident or imaginary according as P lies outside, on or inside the 

circle. 

Le PQ and PR be two tangents drawn from ),( 11 yxP  to the circle 

.02222  cfygxyx  Then PQ =PR  is called the length of 

tangent drawn from point P and is given by PQ = PR 

111
2
1

2
1 22 Scfygxyx   

 4.9 Pair of Tangents. 

From a given point ),( 11 yxP  two tangents PQ and PR can be 

drawn to the circle .02222  cfygxyxS  Their combined 

equation is .2
1 TSS   

 Where 0S  is the equation of circle, 0T  is the equation of 

tangent at ),( 11 yx  and S1 is obtained by replacing x  by x1 and y by y1 

in S. 

 

 4.10 Power of Point with respect to a Circle. 

Let ),( 11 yxP  be a point outside the circle and PAB and PCD drawn two secants. The power of 

),( 11 yxP  with respect to 02222  cfygxyxS  is equal to PA . PB which is  

0022 111
2
1

2
1  Scfygxyx  

    Power remains constant for the circle i.e., independent of A and B. 

2
11

2 )()(.. SSPTCDPCPBPA   

 2
1 )(. SPBPA  square of the length of tangent. 

O(–
1,1) 

P(x1,y1

) 

(x1,y1) 

P 

Q 

R 

1S

R 

(x1,y1) 

P 

Q 

R 

T B 

A 

C D P(x1,y1

) 
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Note  :     If P is outside, inside or on the circle then PA . PB is +ve, –ve or zero 

respectively. 
 

Important Tips 
 

 The length of the tangent drawn from any point on the circle 022 1
22  cfygxyx  to the circle 

02222  cfygxyx  is 1cc  . 

 If two tangents drawn from the origin to the circle 02222  cfygxyx  are perpendicular to each other, then 

.222 cfg   

 If the tangent to the circle 222 ryx   at the point (a, b) meets the coordinate axes at the points A and B and O is 

the origin, then the area of the triangle OAB is 
ab

r

2

4

. 

 If  is the angle subtended at ),( 11 yxP by the circle ,02222  cfygxyxS then 
cfg

S




22

1

2
cot


 

 The angle between the tangents from ),(   to the circle 222 ayx   is 


















222

1tan2
a

a


. 

 If OA and OB are the tangents from the origin to the circle 02222  cfygxyx and C is the centre of the circle, 

then the area of the quadrilateral OACB is .)( 22 cfgc   

 

Example : 19 If the distances from the origin to the centres of three circles )3,2,1(02 222  icxyx i  are in G.P. 

then the lengths of the tangents drawn to them from any point on the circle 222 cyx   are in  

        

(a) A.P. (b) G.P. (c) H.P. (d) None of these 

Solution : (b) The centres of the given circles are )3,2,1()0,(  ii  

 The distances from the origin to the centres are ).3,2,1( ii  It is given that .31
2
2    

 Let ),( khP  be any point on the circle 222 cyx  , then, 222 ckh   

 Now, iL  = length of the tangent from (h, k) to 02 222  cxyx i  

              222 2 chkh i   = 22 2 chc i   hi2                  ]3  2,1,   and[ 222  ickh  

 Therefore,  )(22 312
2
2  hhL                    ][ 31

2
2    

                       3131 22 LLhh   . Hence, 321 ,, LLL  are in G.P. 

Example : 20 From a point on the circle 222 ayx  ,  two tangents are drawn to the circle .sin 2222 ayx   The 

angle between them is                 [Rajasthan PET 

2002]      

(a)  (b) 
2


 (c) 2  (d) None of these 

Solution : (c) Let any point on the circle 222 ayx   be )sin,cos( tata  and OPQ  

 Now; PQ = length of tangent from P on the circle  2222 sinayx   

  222222 sinsincos atataPQ   cosa  
P 

Q 

R 

O  
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          OQ Radius of the circle 2222 sinayx   

        sinaOQ  ,    tantan 
PQ

OQ
   ;     Angle between tangents .2QPR  

Alternative Method : We know that, angle between the tangent from ),(   to the circle 222 ayx   

is 


















222

1tan2
a

a


. Let point on the circle 222 ayx   be )sin,cos( tata  

 Angle between tangent = 






















222222

1

sinsincos

sin
tan2

atata

a










 





cos

sin
tan2 1

a

a
2   

Example : 21 Two tangents to the circle 422  yx  at the points A and B meet at P (– 4, 0). The area of 

quadrilateral PAOB, where O is the origin, is       

(a) 4 (b) 26  (c) 34  (d) None of these 

Solution : (c) Clearly, 
2

1

4

2
sin   ,  .30 o    So area oPOA 60sin.4.2.

2

1
)(   

  Area (quadrilateral PAOB) .34
2

3
.860sin4.2.

2

1
.2  o  

 Trick : Area of quadrilateral 341221  Sr  

 

Example : 22 The angle between a pair of tangents drawn from a  point P to the circle 

0cos13sin964 2222  yxyx  is  .2  The equation of the locus of the point P is       

                                     [IIT 1996] 

(a) 046422  yxyx   (b) 096422  yxyx  

(c) 046422  yxyx   (d) 096422  yxyx  

Solution : (d) The centre of the circle 0cos13sin964 2222  yxyx  is )3,2(C  and its radius is  

  2222 cos13sin9)3(2   sin2cos13sin994 22   

 Let P (h, k) be any point on the locus. The .APC  Also 2/PAC  i.e. triangle APC is a right angle 

triangle. 

 Thus 
22 )3()2(

sin2
sin





khPC

AC 
  

 4)3()2(2)3()2( 2222  khkh  

 or   096422  khkh  

 Thus the required equation of the locus is 096422  yxyx . 
 

 4.11 Normal to a Circle at a given Point. 

The normal of a circle at any point is a straight line, which is perpendicular to the tangent 

at the point and always passes through the centre of the circle. 

(1) Equation of normal: The equation of normal to the circle 02222  cfygxyx  at any 

point ),( 11 yx  is )( 1

1

1
1 xx

gx

fy
yy 




  or 

fy

yy

gx

xx










1

1

1

1  

 

(–4,0) 

P 

A 

B 

O(0,0) 2 2 

2 
 

P(h,k) 

A 

B 

C 

(–2,3)   

 
 

Tangen

t 
Normal 90° 

P 
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Note  :  The equation of normal to the circle 222 ayx   at any point ),( 11 yx  is 011  yxxy  or 

11 y

y

x

x
  

 The equation of any normal to the circle 222 ayx   is mxy   where m is the 

slope of normal. 

 The equation of any normal to the circle 02222  cfygxyx  is ).( gxmfy   

where m is the slope of normal.  

 If the line cmxy   is a normal to the circle with radius r and centre at (a, b) 

then cmab  . 

(2) Parametric form : Since parametric co-ordinates of circle 222 ayx   is )sin,cos(  aa . 

   Equation of normal at )sin,cos(  aa  is 
 sincos a

y

a

x
   or  

 sincos

yx
   

or   tanxy    or  mxy   where tanm , which is slope form of normal. 
 

Example : 23 The line 0 nmylx  is a normal to the circle ,02222  cfygxyx  if          [MP 

PET 1995]     

(a) 0lg  nmf  (b) 0lg  nmf  (c) 0lg  nmf  (d) 0lg  nmf  

Solution : (a) Since normal always passes through centre of circle, therefore ),( fg   must lie on 0 nmylx . 

Hence, 0lg  nmf  
 

 4.12 Chord of Contact of Tangents. 

(1) Chord of contact : The chord joining the points of contact of the two tangents to a conic 

drawn from a given point, outside it, is called the chord of contact 

of tangents. 

(2) Equation of chord of contact : The equation of the chord of 

contact of tangents drawn from a point ),( 11 yx  to the circle 

222 ayx   is .2
11 ayyxx   

Equation of chord of contact at ),( 11 yx  to the circle 02222  cfygxyx  

is )( 111 xxgyyxx    .0)( 1  cyyf  

It is clear from the above that the equation to the chord of contact coincides with the 

equation of the tangent, if point ),( 11 yx  lies on the circle. 

The length of chord of contact 222 pr   ; (p being length of perpendicular from centre to 

the chord) 

Area of APQ  is given by 
2
1

2
1

2/322
1

2
1 )(

yx

ayxa




. 

(3) Equation of the chord bisected at a given point : The equation of the chord of the circle 

02222  cfygxyxS  bisected at the point ),( 11 yx  is given by  'ST   

(x,y
) 

P 

A 
(x1,y1

) 

(x,y)Q 

Chord of 

contact 
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i.e. cyyfxxgyyxx  )()( 1111  cfygxyx  11
2
1

2
1 22 . 

 

Example : 24 Tangents are drawn from any point on the circle 222 ayx   to the circle  222 byx  . If the chord of 

contact touches the circle ,,222 bacyx   then                                   [MP PET 

1999, Rajasthan PET 1999]     

(a) a, b, c are in A.P. (b) a, b, c are in G.P. (c) a, b, c are in H.P. (d) a, c, b are in G.P. 

Solution : (b) Chord of contact of any point )sin,cos(  aa  on 1st circle with respect to 2nd circle is 

2sincos bayax    

 This chord touches the circle ,222 cyx    

 Hence, Radius = Perpendicular distance of chord from centre.  

 acb
a

b
c 


 2

22

2

sincos 
.Hence a,b,c  are in G.P. 

Example : 25 The area of the triangle formed by the tangents from the point (4, 3) to the circle 922  yx  and the 

line joining their points of contact is                        

[IIT 1981, MP PET 1991]     

(a) unitssq.
192

25
 (b) unitssq.

25

192
 (c) unitssq.

25

384
 (d) None of these 

Solution : (b) The equation of the chord of contact of tangents drawn from P (4, 3) to 922  yx  is .934  yx  The 

equation of OP is .
4

3
xy   

 Now,  OM = (length of the perpendicular from (0, 0) on )0934  yx
5

9
  

   222.2 OMOQQMQR 
5

24

25

81
92   

 Now, 
5

16

5

9
5  OMOPPM .So, Area of unitssqPQR .

25

192

5

16

5

24

2

1

















  

Example : 26 The locus of the middle points of those chords of the circle 422  yx  which subtend a right angle at 

the origin is                                              [MP PET 1990; IIT 1984; 

Rajasthan PET 1997; DCE 2000, 01]     

(a) 02222  yxyx  (b) 422  yx  (c) 222  yx  (d) 5)2()1( 22  yx  

Solution : (c) Let the mid-point of chord is (h, k). Also radius of circle is 2. Therefore 

 2
2

1

2
45cos 22

22




 kh
kh

OB

OC o  

 Hence locus is 222  yx   

 

 

Example : 27 If two distinct chords, drawn from the point (p, q) on the circle qypxyx  22 (where p, q  0) are 

bisected by the  

x-axis, then                                      [IIT 

1999]     

(a) 22 qp   (b) 22 8qp   (c) 22 8qp   (d) 22 8qp   

Solution : (d) Let (h, 0) be a point on x-axis, then the equation of chord whose mid-point is (h, 0) will be  

 phhyqhxpxh  2)0(
2

1
)(

2

1
.  This passes through (p, q), hence phhqqhppph  2.

2

1
)(

2

1
 

Q 

P 
(4,3

) 

M O 
(0,

0) 

R 
x2+y2=9 

45

° 

C (h,k) 

O A X 

Y 

B 
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 phhqphpph  222

2

1

2

1

2

1
 0)(

2

1

2

3 222  qpphh ;       h is real, hence 042  ACB  

    0)(
2

1
.4

4

9 222  qpp  0)(89 222  qpp  2222 808 qpqp   

 

 4.13 Director Circle. 

The locus of the point of intersection of two perpendicular tangents to a circle is called the 

Director circle. 

Let the circle be 222 ayx  , then equation of the pair of 

tangents to a circle from a point is 
22

11
22

1
2
1

222 )()()( ayyxxayxayx  . If this represents a pair of 

perpendicular lines, coefficient of 2x coefficient of 02 y  i.e. 

0)()( 2
1

22
1

2
1

2
1

22
1

2
1  yayxxayx  22

1
2
1 2ayx   

Hence the equation of director circle is 222 2ayx  . 

Obviously director circle is a concentric circle whose radius is 2  times the radius of the 

given circle. 

Note  :   Director circle of circle 02222  cfygxyx  is 

0222 2222  fgcfygxyx . 

 4.14 Diameter of a Circle. 

The locus of the middle points of a system of parallel chords of a circle is called a diameter 

of the circle. 

The equation of the diameter bisecting parallel chords 

cmxy   (c is a parameter) of the circle 222 ayx   is .0 myx  

Note  :    The diameter corresponding to a system of 

parallel chords of a circle always passes through the 

centre of the circle and is perpendicular to the 

parallel chords. 
 

Example : 28 A foot of the normal from the point (4, 3) to a circle is (2, 1) and a diameter of the circle has the 

equation .22  yx  Then the equation of the circle is      

(a) 01222  xyx  (b) 01222  xyx  (c) 01222  yyx  (d) None of these. 

Solution : (b)  The line joining (4, 3) and (2, 1) is also along a diameter. So, the centre is the intersection of the 

diameters 22  yx  and )4(3  xy . Solving these, the centre = (1, 0) 

    Radius = Distance between (1, 0) and (2, 1) = .2   

    Equation of circle 222 )2()1(  yx  01222  xyx  

Example : 29  The diameter of the circle 0112422  yxyx  corresponding to a system of chords parallel to 

the line 012  yx   

  (a) 032  yx  (b) 032  yx  (c) 032  yx  (d) None of these 

Solution : (c)  The centre of the given circle is (2, –1) the equation of the line perpendicular to chord 

012  yx  is 02  kyx  

90

° 

P(x1,y1) 

B 

O 
P(h,k

) y=mx+c 

x+my=0 
Diamete

r 

A 
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  Since the line passes through the point (2, –1) therefore k = – 3. The equation of diameter is 

.032  yx  

 4.15 Pole and Polar. 

Let ),( 11 yxP  be any point inside or outside the circle. Draw chords AB and A' 

B' passing through P. If tangents to the circle at A and B meet at Q (h, k), then locus of Q is 

called the polar of P with respect to circle and P is called the pole and if tangents to the circle at 

A' and B' meet at Q', then the straight line QQ' is polar with P as its pole. 

If circle be 222 ayx   then AB is the chord of contact of Q (h, k), 2akyhx   is its 

equation. But ),( 11 yxP  lies on AB,  2
11 akyhx  . 

 

 

 

 

 

 

 

Hence, locus of Q (h, k) is 2
11 ayyxx  , which is polar of ),( 11 yxP  with respect to the circle 

222 ayx  . 

(1) Coordinates of pole of a line : The pole of the line 0 nmylx  with respect to the circle 

222 ayx  .  Let pole be ),,( 11 yx  then equation of polar with respect to the circle 222 ayx   is 

02
11  ayyxx , which is same as 0 nmylx  

Then 
n

a

m

y

l

x 2
11  ,    

n

la
x

2

1   and 
n

ma
y

2

1  . Hence, the required pole is 














n

ma

n

la 22

, . 

(2) Properties of pole and polar  

(i) If the polar of ),( 11 yxP  w.r.t. a circle passes through ),( 22 yxQ  then the polar of Q will 

pass through P and such points are said to be conjugate points. 

(ii) If the pole of the line 0 cbyax  w.r.t. a circle lies on another line ;0111  cybxa  

then the pole of the second line will lie on the first and such lines are said to be conjugate lines. 

(iii) The distance  of any two points ),( 11 yxP  and ),( 22 yxQ  from the centre of a circle is 

proportional to the distance of each from the polar of the other. 

(iv) If O be the centre of a circle and P any point, then OP is perpendicular to the polar of P. 

(v) If O be the centre of a circle and P any point, then if OP (produced, if necessary) meet 

the polar of P in Q, then OP . OQ = (radius)2. 

Note  :    Equation of polar is like as equation of tangent i.e., T = 0 (but point different) 

   Equation of polar of the circle 02222  cfygxyx  with respect to ),( 11 yx  is  

  0)()( 1111  cyyfxxgyyxx  

   If the point P is outside the circle then equation of polar and chord of contact will 

coincide. In this case the polar cuts the circle at two points. 

P(x1,y1

) 

B 

B 

A 

A Q(h,k

) 

P
o
la

r 
Q 

Pole 
Pola
r 

Q 

A 

B 

B A 

Q(h,k
) 

Pole 
P(x1,y1

) 
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   If the point P is on the circle then equation of polar, chord of contact and tangent 

at P will coincide. So in this case the polar touches the circle. 

   If the point P is inside the circle (not its centre) then only its polar will exist. In 

this case the polar is outside the circle. The polar of the centre lies at infinity. 

   If a triangle is like that its each vertex is a pole of opposite side with respect to a 

circle then it is called self conjugate triangle. 

Example : 30 The polar of the point 









2

1
,5  with respect to circle 4)2( 22  yx  is             [Rajasthan PET 

1996] 

(a) 02105  yx  (b) 0206  yx  (c) 01010  yx  (d) 0210  yx  

Solution : (b)  The polar of the point 









2

1
,5 is 0)()( 1111  cyyfxxgyyxx  

  000)5(2
2

1
5  xyx  0206010

2
3  yx

y
x . 

Example : 31 The pole of the straight line 0289  yx  with respect to circle 075322 22  yxyx  is    

                    [Rajasthan PET 1990, 99; 

MNR 1984; UPSEAT 2000] 

(a) (3, 1) (b) (1, 3) (c) (3, – 1) (d) (– 3, 1) 

Solution : (c)  Equation of given circle is 0
2

7

2

5

2

322  yxyx   

   0
2

7

16

25

16

9

4

5

4

3
22


















 yx  0

8

45

4

5

4

3
22


















 yx  

  Put 
4

3
 xX  and ,

4

5
 yY  we get the equation of circle 0

8

4522  YX  and the line 0
2

45
9  YX  

  Hence pole 





























4

1
,

4

9

2

45
8

45
1

,

2

45
8

45
9

.  But, 3
4

3

4

9
x  and 1

4

5

4

1
y , hence the pole is 

(3, – 1). 
 

 4.16 Two Circles touching each other. 

(1) When two circles touch each other externally : Then distance between their centres = Sum 

of their radii i.e., 2121 || rrCC   

In such cases, the point of contact P divides the line joining C1 

and C2 internally in the ratio 21 : rr     
2

1

2

1

r

r

PC

PC
  

If ),( 111 yxC   and ),( 222 yxC  , then co-ordinate of P is   

                       


















21

1221

21

1221 ,
rr

yryr

rr

xrxr
 

(2) When two circles touch each other internally : Then distance between their centres = 

Difference of their radii i.e., 2121 || rrCC   

In such cases, the point of contact P divides the line joining C1 

and C2 externally in the ratio 21 : rr    
2

1

2

1

r

r

PC

PC
  

If  ),( 111 yxC   and ),( 222 yxC  , then co-ordinate of P is  

C1 

r1 r2 

C2 P 

C1 

r2 

C2 P 

r1 
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                


















21

1221

21

1221 ,
rr

yryr

rr

xrxr
 

 4.17 Common Tangents to Two circles. 

Different cases of intersection of two circles : 

Let the two circles be 2
1

2
1

2
1 )()( ryyxx     …..(i) 

      and  2
2

2
2

2
2 )()( ryyxx     …..(ii) 

with centres ),( 111 yxC  and ),( 222 yxC  and radii r1 and r2 respectively. Then following cases 

may arise : 

Case I : When   2121 || rrCC   i.e., the distance between the centres is greater than the sum 

of radii. 

In this case four common tangents can be drawn to the two 

circles, in which two are direct common tangents and the other two 

are transverse common tangents. 
 

 

 

 

 

 

Case II : When   2121 || rrCC   i.e., the distance between the centres is equal to the sum of 

radii. 

In this case two direct common tangents are real and distinct 

while the transverse tangents are coincident. 

 

 

 
 

Case III : When   2121 || rrCC   i.e., the distance between the centres is less than sum of 

radii. 

 

In this case two direct common tangents are real and distinct 

while the transverse tangents are imaginary. 

 

 
 

Case IV : When   ,|||| 2121 rrCC   i.e., the distance between the centres is equal to the 

difference of the radii. 

In this case two tangents are real and coincident while the 

other two tangents are imaginary. 

 

 

 
 

Direct common 
tangents 

Transverse 
common tangents 

C2 C1 T D 

Direct common 
tangents 

D 
C2 C1 

C1 

r2 

C2 P 

r1 

Tangent 

at the 
point of 

contact 

C1 

r2 

C2 T 

r1 

D 

Direct common 
tangents 

Transvers 
common 
tangents 
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Case V : When   ,|||| 2121 rrCC   i.e., the distance between the centres is less than the 

difference of the radii. 

In this case, all the four common tangents are imaginary. 

 

 

 

 

Note  :  Points of intersection of common tangents : The points 1T  and 2T  (points of 

intersection of indirect and direct common tangents) divides 21CC  internally and 

externally in the ratio 21 : rr  respectively. 

 Equation of the common tangents at point of contact is .021  SS  

 If the circle 02 222  cgxyx  and 02 222  cfyyx  touch each other, then 

222

111

cfg
 . 

C1 

r2 

C2 

r1 
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Condition Position Diagram 

No. of common 

tangents 

(i) 2121 rrCC   
Do not intersect or one 

outside the other 

 

 

 

 

 

 

4 

(ii) || 2121 rrCC   One inside the other 

  

 

0 

 

 

(iii) 2121 rrCC   External touch 

 

 

 

 

 

3 

(iv) || 2121 rrCC   Internal touch 

 

 

 

 

 

1 

(v) 212121 || rrCCrr   
Intersection at two real 

points 

 

 

 

 

2 

 

Example : 32 If circles 0222  caxyx  and 0222  cbyyx  touch each other, then             [MNR 1987] 

(a) 
cba

111
  (b) 

222

111

cba
  (c) 211

c
ba
  (d) 

cba

111
22
  

Solution : (d) caraC  2
11 ),0,( ; cbrbC  2

22 ),,0( ; 22
21 baCC   

    Circles touch each other, therefore  2121 CCrr   

    2222 bacbca    02222  cacbba  

  Multiplying by  ,
1

222 cba
 we get 

cba

111
22
 . 

Example : 33 If two circles 222 )3()1( ryx   and 082822  yxyx  intersect in two distinct points, then   

             [IIT 1989; Karnataka CET 2002; DCE 2000, 01; AIEEE 2003] 

(a) 82  r  (b) 2r  (c) 2r  (d) 2r  

Solution : (a) When two circles intersect each other, then difference between their radii < Distance between their centres 

 53  r 8 r      …..(i) 

  Sum of their radii > Distance between their centres 

 53  r  2 r      …..(ii) 

 Hence by (i) and (ii),  2 < r < 8. 

C1 
C2 T1 

T2 

C1 

C2 

C1 
C2 

T1 

T2 

C1 

C2 

C1 
T2 

C2 
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Example : 34 The equation of the circle having the lines 06322  yxxyx  as its normals and having size just sufficient to contain the 

circle 0)3()4(  yyxx  is                  [Roorkee 1990]     

(a) 0406322  yxyx  (b) 0453622  yxyx  

(c) 0204822  yxyx  (d) 0208422  yxyx  

Solution : (b) Given pair of normals is 06322  yxxyx   or  0)3()2(  xyx  

  Normals are 02  yx  and 03 x  

The point of intersection of normals 02  yx  and 03 x  is the centre of 

required circle, we get centre )2/3,3(1 C  and other circle is  

0)3()4(  yyxx   or  03422  yxyx   …..(i) 

Its centre )2/3,2(2 C  and radius 
2

5

4

9
4 r  

Since the required circle just contains the given circle (i), the given circle should touch the required circle internally from inside. 

Therefore, radius of the required circle rCC  || 21
2

5

2

3

2

3
)23(

2

2 







  

2

15

2

5
5   

Hence, equation of required circle is 

22

2

2

15

2

3
)3( 

















 yx   or  0453622  yxyx . 

Example : 35 The equation of the circle which touches the circle 0176622  yxyx  externally and to which the lines 

09332  yxxyx are normals, is                   [Roorkee 1994]     

(a) 012622  yxyx   (b) 012622  yxyx  

(c) 016622  yxyx   (d) 012622  yxyx  

Solution : (d) Joint equations of normals are 09332  yxxyx     0)3(3)3(  yxyxx     0)3()3(  yxx  

     Given normals are 03 x  and 03  yx , which intersect at centre of circle whose coordinates are (3, 1). 

 The given circle is    1),3,3( 11  rC ; ?),1,3( 22  rC   

 If the two circles touch externally, then 2121 rrCC      314 22  rr  

   Equation of required circle is 222 )3()1()3(  yx      012622  yxyx  

Example : 36 The number of common tangents to the circles 422  yx  and 248622  yxyx  is               [IIT 1998]     

(a) 0 (b) 1 (c) 3 (d) 4 

Solution : (b) Circles 
222

1 )2( yxS   and  
222

2 )7()4()3(  yxS  

   Centres   ),0,0(1 C  )4,3(2 C   and radii  ,21 r 72 r  

 5)4()3( 22
21 CC , 52712  rr  

    1221 rrCC   i.e. circles touch internally.  Hence there is only one common tangent. 

Example : 37 There are two circles whose equations are 922  yx  and .,068 222 Znnyxyx   If the two circles have exactly 

two common tangents, then the number of possible values of n is    

(a) 2 (b) 8 (c) 9 (d) None of these 

Solution : (c) For 922  yx , the centre = (0, 0) and the radius = 3 

 For 068 222  nyxyx . The centre = (4, 3) and the radius 
222 )3()4( n  

   034 222  n   or  
22 5n   or  .55  n  

 Circles should cut to have exactly two common tangents. 

 So,  2121 CCrr  ,    
222 )3()4(253  n   or  225 2  n   or  425 2  n  

   212 n   or  2121  n  

 Therefore, common values of n should satisfy .2121  n  

 But  Zn ,  So, 4,3........,3,4 n .     Number of possible values of n = 9. 

C1 

C2 
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 4.18 Common chord of two Circles. 

(1) Definition : The chord joining the points of intersection of two given circles is called their common chord. 

(2) Equation of common chord : The equation of the common chord of two circles 

            022 111
22

1  cyfxgyxS  ….(i) 

and    022 222
22

2  cyfxgyxS  ….(ii) 

is 0)(2)(2 212121  ccffyggx  i.e. .021  SS  

(3) Length of the common chord : 2
1

2
12)(2 MCPCPMPQ   

 Where PC1  radius of the circle 0S  and MC1  length of the perpendicular from the centre 1C  to the 

common chord PQ.  

Note  :     The length of the common chord is 2
2

2
2

2
1

2
1 22 prpr   where p1 and p2 

are the lengths of perpendicular drawn from the centre to the chord. 

    While using the above equation of common chord the coefficient of 
2x  and 2y  in both equation should 

be equal. 

    Two circle touches each other if the length of their common chord is zero. 

    Maximum length of the common chord = diameter of the smaller circle.  
 

Example : 38 If the common chord of the circles 16)( 22  yx  and 1622  yx  subtend a right angle at the origin, then  is equal to  

  

(a) 4 (b) 24  (c) 24  (d) 8 

Solution : (c) The common chord of given circles is 021  SS  

  0}16{16)( 2222  yxyx   i.e., 
2


y   (   0) 

  The pair of straight lines joining the origin to the points of intersection of 
2


y and 1622  yx  is 

2

22 2
16 












y
yx  

     0)64( 2222  yx  .  These lines are at right angles if  06422  ,  i.e., .24  

Example : 39 Which of the following is a point on the common chord of the circles 063222  yxyx  and  

013822  yxyx       [Karnataka CET 2003] 

(a) (1, –2) (b) (1, 4) (c) (1, 2) (d) (1, – 4) 

Solution : (d) Given circles are,  063222
1  yxyxS    ….. (i)      and    013822

2  yxyxS     ….. (ii) 

     Equation of common chord is 021 SS   

  0195  yx , and out of the four given points only point (1, – 4) satisfies it. 

Example : 40 If the circle 422  yx  bisects the circumference of the circle ,06222  ayxyx  then a equals     

   [Rajasthan PET 1999] 

(a) 4 (b) – 4 (c) 16 (d) – 16 

Solution : (c) The common chord of given circles is  021  SS  0462  ayx  …..(i) 

Since, 422  yx  bisects the circumferences of the circle ,06222  ayxyx  therefore (i) passes through the centre 

of second circle i.e. (1, – 3).        2 + 18 – 4 – a = 0  a = 16. 

C1 C2 

P 

Q 

S1=0 S2=0 

M 
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 4.19 Angle of Intersection of Two Circles. 

The angle of intersection between two circles S = 0 and S' = 0 is defined as the angle between their tangents at their 

point of intersection. 

If   022 111
22  cyfxgyxS  

     022' 222
22  cyfxgyxS  

 

 

 are two circles with radii 21 , rr  and d be the distance between their centres then the angle of intersection  between 

them is given by 
21

22
1

2
1

2
cos

rr

drr 
  or  

2
2

2
2
21

2
1

2
1

212121

2

)()(2
cos

cfgcfg

ccffgg




  

 (1) Condition of Orthogonality : If the angle of intersection of the two circles is a right angle )90( o , then 

such circles are called orthogonal circles and condition for their orthogonality is 

212121 22 ccffgg   

Note  :    When the two circles intersect orthogonally then the length 

of tangent on one circle from the centre of other circle is equal to the 

radius of the other circle. 

    Equation of a circle intersecting the three circles )3,2,1(02222  icyfxgyx iii  

orthogonally is 0

1

1

1

1

333

222

111

22











fgc

fgc

fgc

yxyx

 

 

Example : 41 A circle passes through the origin and has its centre on .xy   If it cuts 0106422  yxyx  orthogonally, then the 

equation of the circle is            [EAMCET 1994]  

(a) 022  yxyx  (b) 04622  yxyx  (c) 02222  yxyx  (d) 02222  yxyx  

Solution : (c) Let the required circle be  02222  cfygxyx     .......(i) 

  This passes through (0, 0), therefore c = 0 

  The centre ),( fg   of (i) lies on y = x, hence g = f. 

  Since (i) cuts the circle 0106422  yxyx  orthogonally, therefore  10)32(2  cfg  

  1010  g  1 fg     fg (  and )0c .  Hence the required circle is 02222  yxyx . 

Example : 42 The centre of the circle, which cuts orthogonally each of the three circles ,0417222  yxyx  

0116722  yxyx  and  032222  yxyx  is           [MP PET 2003]  

(a) (3, 2) (b) (1, 2) (c) (2, 3) (d) (0, 2) 

Solution : (a) Let the circle is 02222  cfygxyx  …..(i) 

  Circle (i) cuts orthogonally each of the given three circles. Then according to condition 212121 22 ccffgg   

 4172  cfg   …..(ii) 

 1167  cfg   …..(iii) 

 322  cfg   …..(iv) 

 On solving (ii), (iii) and (iv), 2,3  fg . Therefore, the centre of the circle )2,3(),(  fg  

C1 C2 

90° 

P 

(–g1,–f1) (–g2,–f2) 

S=0 

– 
r1 

C1 

B A 
Q 

C2 

r2  

S=0 

P 

A B 
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Example : 43 The locus of the centre of a circle which cuts orthogonally the circle 042022  xyx  and which touches 2x  is  

                  [UPSEAT 2001]  

(a) 4162  xy  (b) yx 162   (c) 4162  yx  (d) xy 162   

Solution : (d) Let the circle be 02222  cfygxyx       …..(i) 

 It cuts the circle 042022  xyx  orthogonally 

      4)010(2  cfg  420  cg      …..(ii) 

 Circle (i) touches the line ;2x     020  yx   

   cfg
g


 22

1

20
 cfgg  222)2(  cfg  244       …..(iii) 

 Eliminating c from (ii) and (iii), we get 0164416 22  gffg .  

 Hence the locus of  ( ), fg   is 0162  xy  .162 xy   

 

 4.20 Family of Circles. 

(1) The equation of the family of circles passing through the point of intersection of two given circles S = 0 and S' = 

0 is given as 

 0' SS     (where   is a parameter, )1  

 

 

 
 

(2) The equation of the family of circles passing through the point of intersection of circle S = 0 and a line L = 0 is 

given as  

   0 LS     (where   is a parameter) 

 

 

 
 

(3) The equation of the family of circles touching the circle S = 0 and the line L = 0 at their point of contact P is  

 0 LS   (where   is a parameter) 

 

 

 

 
 

(4) The equation of a family of circles passing through two given points ),( 11 yxP  and ),( 22 yxQ  can be written in 

the form 

 0

1

1

1

)()()()(

22

112121 

yx

yx

yx

yyyyxxxx    

     (where   is a parameter) 

(5) The equation of family of circles, which touch )( 11 xxmyy   at ),( 11 yx  for any finite m is 

0)}(){()()( 11
2

1
2

1  xxmyyyyxx    

S=0 S=0 

S+S=0 

S=0 S+L=0 L=0 

S=0 
S+L=0 L=0 

P(x1,y1) 

Q(x2,y2) 

y–y1=m(x–x1) 

(x1,y1) 
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 And if m is infinite, the family of circles is  

 0)()()( 1
2

1
2

1  xxyyxx    (where   is a parameter) 

 

 

(6) Equation of the circles given in diagram is  )()( 21 xxxx )()( 21 yyyy  )(){(cot 21 yyxx    

0)}()( 12  yyxx  

 

 

 

 

 

 
 

Example : 44 The equation of the circle through the points of intersection of 0142,01 2222  yxyxyx  and touching the 

line 02  yx  is                  [Roorkee 1989]  

(a) 0222  yxyx  (b) 02022  xyx  (c) 0222  yxyx  (d) 02)(2 22  yxyx  

Solution : (c) Family of circles is 0)1(142 2222  yxyxyx   

 0
1

1

1

4

1

222 
















yxyx  

 Centre is 








  1

2
,

1

1
  and  radius 

2

222

)1(

4

1

1

1

2

1

1









 





































  

 Since it touches the line ,02  yx  Hence Radius = perpendicular distance from centre to the line 
22 21

1

4

1

1






   

                           
  

















1

4

1

4 2

2

2

 245   1   

 1  cannot be possible in case of circle, so .1     Equation of circle is 0222  yxyx  

Example : 45 The equation of the circle through the points of intersection of the circles ,042622  yxyx  

064222  yxyx and with its centre on the line xy     

(a) 012101077 22  yxyx  (b) 012101077 22  yxyx   

(c) 012101077 22  yxyx  (d) 012101077 22  yxyx  

Solution : (b) Equation of any circle through the points of intersection of given circles is  

 0)642()426( 2222  yxyxyxyx      0)64()21(2)3(2)1()1( 22   yxyx  

 or,  0
)1(

)64(

)1(

)21(2

)1(

)3(222 

























 yx
yx     …..(i) 

 Its centre 

























1

12
,

1

3
   lies on the line y = x . Then  


















1

3

1

12
    312   1  

    43    
3

4
   

 Substituting the value of 
3

4
  in (i), we get the required equation as 012101077 22  yxyx . 

 4.21 Radical Axis. 

The radical axis of two circles is the locus of a point which moves such that the lengths of the tangents drawn from 

it to the two circles are equal. 

(x2,y2) 

 

 

(x1,y1) 
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Consider, 02222  cfygxyxS    …..(i)  and   022' 111
22  cyfxgyxS  …..(ii) 

Let ),( 11 yxP  be a point such that |||| PBPA   

   )22()22( 11111
2
1

2
111

2
1

2
1 cyfxgyxcfygxyx   

On squaring, 11111
2
1

2
111

2
1

2
1 2222 cyfxgyxcfygxyx   

   0)(2)(2 11111  ccyffxgg  

   Locus of ),( 11 yxP  is 0)(2)(2 111  ccyffxgg  

 

 

 

 

 

 

 

which is the required equation of radical axis of the given circles. Clearly this is a straight line. 

(1) Some properties of the radical axis  

(i) The radical axis and common chord are identical : Since the radical axis and common chord of two circles S = 0 

and S' = 0 are the same straight line S – S' = 0, they are identical. The only difference is that the common chord exists only 

if the circles intersect in two real points, while the radical axis exists for all pair of circles irrespective of their position 

(Except when one circle is inside the other). 

 

 

 

 

 

 

 (ii) The radical axis is perpendicular to the straight line which joins the centres of the circles : 

Consider, 02222  cfygxyxS     …..(i) 

and  022 111
22

1  cyfxgyxS     …..(ii) 

Since ),(1 fgC   and ),( 112 fgC   are the centres of the circles 

(i) and (ii), then slope of the straight line 
gg

ff
CC






1

1
21 1

1

1 m
gg

ff





 (say) 

Equation of the radical axis is, 0)(2)(2 111  ccyffxgg  

 Slope of radical axis is 2

1

1

)(

)(
m

ff

gg





  (say).    121 mm  

 Hence 21CC  and radical axis are perpendicular to each other. 

 (iii) The radical axis bisects common tangents of two circles : Let AB be the common tangent. If it meets the 

radical axis LM in M then MA and MB are two tangents to the circles. Hence MA = MB, since length of tangents are equal 

from any point on radical axis. Hence radical axis bisects the common tangent AB. 

    

A B 

C2 C1 

S=0 S=0 

P(x1,y1) 

A B 

C2 C1 

P(x1,y1) 

C2 C1 

Radical axis 

Non intersecting circles 

C2 C1 

Common tangent 

Touching circles 

C2 C1 

Common chord 

Intersecting circles 

A B 

C2 C1 

P(x1,y1) 

R 

Q 

S=0 S=0 

C2 C1 L 

A 
M 

B 

C2 C1 

A B 

T 

C2 C1 

A 

T 
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 If the two circles touch each other externally or internally then A and B coincide. In this case the common tangent 

itself becomes the radical axis. 

 (iv) The radical axis of three circles taken in pairs are concurrent : Let the equations of three circles be 

   022 111
22

1  cyfxgyxS                    …..(i) 

   022 222
22

2  cyfxgyxS              …..(ii) 

   022 333
22

3  cyfxgyxS                 …..(iii) 

 The radical axis of the above three circles taken in pairs are given by 

   0)(2)(2 21212121  ccffyggxSS          …..(iv) 

   0)(2)(2 32323232  ccffyggxSS            …..(v) 

   0)(2)(2 13131313  ccffyggxSS             .....(vi) 

 Adding (iv), (v) and (vi), we find L.H.S. vanished identically. Thus the three lines are concurrent. 

 (v) If two circles cut a third circle orthogonally, the radical axis of the two circles will pass through the centre of 

the third circle     or 

 The locus of the centre of a circle cutting two given circles orthogonally is the radical axis of the two circles.   

 Let  022 111
22

1  cyfxgyxS                    …..(i) 

   022 222
22

2  cyfxgyxS                         …..(ii) 

   022 333
22

3  cyfxgyxS                            …..(iii) 

 Since (i) and (ii) both cut (iii) orthogonally,    313131 22 ccffgg    and  323232 22 ccffgg   

 Subtracting, we get 21213213 )(2)(2 ccfffggg     …..(iv) 

 Now radical axis of (i) and (ii) is 0)(2)(2or0 21212121  ccffyggxSS  

 Since it will pass through the centre of circle (iii) 

   0)(2)(2 21213213  ccfffggg  or  21213213 )(2)(2 ccfffggg     …..(v) 

 which is true by (iv). 

Note  :    Radical axis need not always pass through the mid point of the line joining the centres of the two 

circles. 

 4.22 Radical Centre. 

The radical axes of three circles, taken in pairs, meet in a point, which is called their radical centre. Let the three 

circles be  01 S   .....(i) , 02 S   .....(ii) , 03 S   .….(iii) 

 Let OL, OM and ON be radical axes of the pair sets of circles 

S3=0 

S1=0 S2=0 

O 

M N 

L 
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 }0,0{},0,0{ 1321  SSSS   and }0,0{ 32  SS  respectively. 

 Equation of OL, OM and ON are respectively 

 021  SS  .....(iv) , 013  SS   .....(v),  032  SS   .....(vi) 

 

 Let the straight lines (iv) and (v) i.e., OL and OM meet in O. The equation of any straight line passing through O 

is  0)()( 1321  SSSS   where  is any constant 

 For  1 , this equation become  032  SS , which is by (vi), equation of ON. 

 Thus the third radical axis also passes through the point where the straight lines (iv) and (v) meet.  

 In the above figure O is the radical centre. 

 (1) Properties of radical centre  

 (i) Co-ordinates of radical centre can be found by solving the equations 

   0321  SSS   

(ii) The radical centre of three circles described on the sides of a triangle as 

diameters is the orthocentre of the triangle : 

Draw perpendicular from A on BC.    2/ ADCADB  

Therefore, the circles whose diameters are AB and AC passes through D and A. Hence AD is their radical axis. 

Similarly the radical axis of the circles on AB and BC as diameter is the perpendicular line from B on CA and radical axis 

of the circles on BC and CA as diameter is the perpendicular line from C on AB. Hence the radical axis of three circles 

meet in a point. This point I is radical centre but here radical centre is the point of intersection of altitudes i.e., AD, BE and 

CF. Hence radical centre = orthocentre. 

(iii) The radical centre of three given circles will be the centre of a fourth circle which cuts all the three circles 

orthogonally and the radius of the fourth circle is the length of tangent drawn from radical centre of the three given circles 

to any of these circles. 

Let the fourth circle be ,)()( 222 rkyhx   where (h, k) is centre of this circle and r be the radius. The centre 

of circle is the radical centre of the given circles and r is the length of tangent from (h, k) to any of the given three circles. 
 

Example : 46 The gradient of the radical axis of the circles 054322  yxyx  and 0118733 22  yxyx  is   

                       [MP PET 2000]  

(a) 
3

1
 (b) 

10

1
  (c) 

2

1
  (d) 

3

2
  

Solution : (b) Equation of radical axis is 021  SS  

  054322
1  yxyxS , 0

3

11

3

8

3

722
2 

y
xyxS  

  Radical axis is 04202  yx .  

Hence, gradient of radical axis = 
10

1
  

Example : 47 The equations of three circles are ,064161222  yxyx  0813633 22  xyx  and .0811622  xyx  

The coordinates of the point from which the length of tangents drawn to each of the three circles is equal  [Rajasthan PET 2002]  

(a) 







2,

4

33
 (b) (2, 2) (c) 









4

33
,2  (d) None of these 

Solution : (d) The required point is the radical centre of the three given circles 

 Now, 03716021  ySS , 0544032  xSS and 017164013  yxSS  

D B C 

F E 

A 

I 
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 Solving these equations, we get 
16

37
,

2

27

16

37
,

4

54
 yxyx . Hence the required point is  









16

37
,

2

27
. 

Example : 48 The equation of the circle, which passes through the point (2a, 0) and whose radical axis is 
2

a
x   with respect to the circle 

222 ayx  , will be                     [Rajasthan PET 1999]  

(a) 0222  axyx  (b) 0222  axyx  (c) 0222  ayyx  (d) 0222  ayyx  

Solution : (a) Equation of radical axis is 
2

a
x   02  ax  

 Equation of required circle is 0)2(222  axayx   

   It is passes through the point (2a, 0) ,     0)4(4 22  aaaa   a   

   Equation of circle is  02 2222  aaxayx   0222  axyx  

 4.23 Co-Axial System of Circles. 

A system (or a family) of circles, every pair of which have the same radical 

axis, are called co-axial circles. 

(1) The equation of a system of co-axial circles, when the equation of the 

radical axis and of one circle of the system are 0 nmylxP  and  

02222  cfygxyxS respectively, is  (0 PS  is an arbitrary 

constant). 

(2) The equation of a co-axial system of circles, where the equation of any two circles of the system are  

 

 

 

 

 

 

022 111
22

1  cyfxgyxS   and  022 222
22

2  cyfxgyxS   

Respectively, is 0)( 211  SSS  , )1(    or  0)( 2112  SSS  ,  )1( 1   

Other form )1(,021  SS  

(3) The equation of a system of co-axial circles in the simplest form is 0222  cgxyx , where g is variable 

and c is a constant. 

 4.24 Limiting Points. 

Limiting points of a system of co-axial circles are the centres of the point circles belonging to the family (Circles 

whose radii are zero are called point circles). 

(1) Limiting points of the co-axial system : Let the circle is  0222  cgxyx  …..(i) 

where g is variable and c is constant. 

  Centre and the radius of (i) are )0,( g  and )( 2 cg   respectively. Let 02  cg    cg   

Thus we get the two limiting points of the given co-axial system as )0,( c  and )0,( c  

Clearly the above limiting points are real and distinct, real and coincident or imaginary according as c>, =, <0 

(2) System of co-axial circles whose two limiting points are given : Let (, ) and ),(   be the two 

given limiting points. Then the corresponding point circles with zero radii are  

0)()( 22   yx  and 0)()( 22   yx  

S+P=0 

S=0 

S+P=0 

S+P=0 

P=0 

S1=0 

S1+S2=0 

S2=0 

S1+( S1+S2)=0 

S1+( S1–S2)=0 

S1=0 S1–S2=0 

S2=0 

S1+( S1–S2)=0 
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or  022 2222   yxyx  and 022 2222   yxyx  

The equation of co-axial system is 0)22()22( 22222222   yxyxyxyx  

 where 1  is a variable parameter. 

0)()()(2)(2)1()1( 222222   yxyx  

or    0
)1(

)()(

)1(

)(
2

)1(

)(2 2222
22 



























yxyx  

Centre of this circle is 
















)1(

)(
,

)1(

)(








     …..(i) 

For limiting point, radius 0
)1(

)()(

)1(

)(

)1(

)(
2222

2

2

2

2




























 

After solving, find  . Substituting value of   in (i), we get the limiting point of co-axial system. 

(3) Properties of limiting points 

(i) The limiting point of a system of co-axial circles are conjugate points with respect to any member of the system : 

Let the equation of any circle be 0222  cgxyx    ….(i) 

Limiting points of (i) are )0,( c  and )0,( c . The polar of the point )0,( c  with respect to (i) is  

0)(0.  ccxgycx   or  0)(  ccxgcx   or  0)()(  cgcx   or  0 cx  and it 

clearly passes through the other limiting point )0,( c . Similarly polar of the point )0,( c  with respect to (i) also 

passes through )0,( c . Hence the limiting points of a system of co-axial circles are conjugate points. 

(ii) Every circle through the limiting points of a co-axial system is orthogonal to all circles of the system :  

Let the equation of any circle be 0222  cgxyx     …..(i) 

where g is a parameter and c is constant. Limiting points of (i) are )0,( c  and )0,( c  

Now let 02222  cyfxgyx   …..(ii) 

be the equation of any circle. If it passes through the limiting points of (i), then 02  ccgc  and 

02  ccgc . Solving, we get cc   and 0g  

From (ii),  0222  cyfyx                 .....(iii) 

where c is constant and f  is variable. Applying the condition of orthogonality on (i) and (iii) i.e., 

212121 22 ccffgg   we find that ccfg  0202  i.e., 0 = 0 

Hence condition is satisfied for all values of g   and f  . 

Example : 49 The point (2, 3) is a limiting point of a co-axial system of circles of which 922  yx is a member. The coordinates of the 

other limiting point is given by                      [MP PET 1993]  

(a) 








13

27
,

13

18
 (b) 









13

6
,

13

9
 (c) 










13

27
,

13

18
 (d) 










13

9
,

13

18
 

Solution : (a) Equation of circle with (2, 3) as limiting point is 0)3()2( 22  yx  

 or  02264)9( 22  yxyx    or  0)1132()9( 22  yxyx    represents the family of co-axial circles. 

 911
4

9
,

2

3
,

2
2 








 





 rc . For limiting points r = 0  2,

13

18
0364413 2    
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   The limiting points are (2, 3) and 
















13

18

2

3
,

13

18
  or  









13

27
,

13

18
. 

Example : 50 In the co-axial system of  circle 0222  cgxyx  where g is a parameter, if c > 0. Then the circles are 

 [Karnataka CET 1999]  

(a) Orthogonal (b) Touching type (c) Intersecting type (d) Non intersecting type 

Solution : (d) The equation of a system of circle with its centre on the axis of x is 0222  cgxyx . Any point on the radical axis is ),0( 1y  

 Putting,  x = 0, cy   

 If c is positive (c >0), we have no real point on radical axis, then circles are said to be non-intersecting type.  
 

 4.25 Image of the Circle by the Line Mirror. 

Let the circle be 02222  cfygxyx  and line mirror 0 nmylx . In this condition, radius of circle 

remains unchanged but centre changes. Let the centre of image circle be ),( 11 yx . 

Slope of 21CC  slope of 1 nmylx   …..(i) 

 and mid point of ),(1 fgC   and ),( 112 yxC  lie on 0 nmylx  

i.e.,  0
22

11 






 







 
n

fy
m

gx
l    …..(ii) 

Solving (i) and (ii), we get ),( 11 yx  

 Required image circle is 22
1

2
1 )()( ryyxx  ,  where )( 22 cfgr   

 

Example : 51 The equation of the image of the circle 0183241622  yxyx  by the line mirror 01374  yx  is              

(a) 023543222  yxyx  (b) 023543222  yxyx   

(c) 023543222  yxyx  (d) 023543222  yxyx  

Solution : (d) The given circle and line are 0183241622  yxyx   …..(i)  and  01374  yx   …..(ii) 

 Centre and radius of circle (i) are (– 8, 12) and 5 respectively. Let the centre of the image circle be ).,( 11 yx  

 Then slope of 21CC  slope of 11374  yx  

    1
7

4

8

12

1

1 


























x

y
 or 567484 11  xy   

 or  010447 11  yx      …..(iii) 

 and mid point of 21CC  i.e.,   






 

2

12
,

2

8 11 yx
 lie on 01374  yx ,  

 then  013
2

12
7

2

8
4 11 







 








  yx
 or  07874 11  yx  …..(iv) 

 Solving (iii) and (iv), we get  )2,16(),( 11 yx  

   Equation of the image circle is 222 5)2()16(  yx   or  023543222  yxyx  

 4.26 Some Important Results. 

(1) Concyclic points : If A, B, C, D are concyclic then OBOCODOA ..  , where O   be the centre of the circle. 

(2) Equation of the straight line joining two points  and  on the circle  

  222 ayx   

Required equation is 






 








 







 

2
cos

2
sin

2
cos


ayx  

 

(–g,–f) r r 

C1 C2 

Given circle Image circle 

lx+my+n=0 

(–8,12) 

5 5 C1 C2 

4x+7y+13=0 

(x1,y1) 

O O 

C 

D 

B 

A 
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(3) The point of intersection of the tangents at the point P () and Q () on the circle 222 ayx   is  

  


























 








 








 








 

2
cos

2
sin

,

2
cos

2
cos








aa

 

(4) Maximum and Minimum distance of a point from the circle :  

Let any point ),( 11 yxP  and circle 02222  cfygxyx     …..(i) 

The centre and radius of the circle are  

),( fgC   and )( 22 cfg   respectively. 

The maximum and minimum distance from ),( 11 yxP  to the circle (i) are 

PCrPCCBPB   and |||| rPCCACPPA    (P inside or outside) 

where  )( 22 cfgr   

(5) Length of chord of contact is 
)(

2

22 LR

LR
AB


  

and area of the triangle formed by the pair of tangents and its chord of contact is 

22

3

LR

RL


  

Where R is the radius of the circle and L is the length of tangent from ),( 11 yxP  on S=0. Here 1SL  . 

(6) Length of an external common tangent and internal common tangent to two circles is given by 

 

Length of external common tangent 
2

21
2 )( rrdLex   

and length of internal common tangent  

2
21

2 )( rrdLin     [Applicable only when )( 21 rrd  ] 

 

where d is the distane between the centres of two circles i.e., dCC || 21  and r1 and r2 are the radii of two circles. 

(7) Family of circles circumscribing a triangle whose sides are given by 0;0 21  LL  and 03 L  is given by 

0133221  LLLLLL   provided coefficient of 0xy  and coefficient of 2x coefficient of .2y  

Equation of the circle circumscribing the triangle formed by the lines ,0 rrr cybxa  where r = 1, 2, 3, is 

      0

33

333

2
3

2
3

22

222

2
2

2
2

11

111

2
1

2
1















ba
cybxa

ba

ba
cybxa

ba

ba
cybxa

ba

 

C(–g,–f) 

P 

B 

A P(x1,y1) 

S=0 

O 
R 

R 

L 

L B 

A 

r1 

A 

d 

Lex 

B 

B r2 r2 

C2 

Lin 

Lin 

(r1–r2) 

r1 

r1+r2 
 

A 
r2 

A 

A 

B C 
L2=0 

L3=0 L1=0 

Q() 

 

a 

a 
M 

P() 

O 

– 

 
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(8) Equation of circle circumscribing a quadrilateral whose sides in order are represented by the lines 

0,0,0 321  LLL  and 04 L  is given by  

    04231  LLLL   

provided coefficient of 2x  coefficient of 2y  and coefficient of 0xy  

 

 

(9) Equation of the circle circumscribing the triangle PAB is  

   0)()()()( 11  fyyygxxx  

where ),( fgO   is the centre of the circle 02222  cfygxyx  

 

(10) Locus of mid point of a chord of a circle 222 ayx  , which subtends an angle  at the centre is 

 22 yx 2)2/cos( a  

(11) The locus of mid point of chords of circle 222 ayx  , which are making right angle at centre is 

2

2
22 a

yx   

(12) The locus of mid point of chords of circle 02222  cfygxyx , which are making right angle at 

origin is .02/22  cfygxyx  

(13) The area of triangle , which is formed by co-ordinate axes and the tangent at a point ),( 11 yx  of circle 

222 ayx   is 11
4 2/ yxa  

(14) If a point is outside, on or inside the circle then number of tangents from the points is 2, 1 or none.  

(15) A variable point moves in such a way that sum of square of distances from the vertices of a triangle remains 

constant then its locus is a circle whose centre is the centroid of the triangle. 

(16) If the points where the line 0111  cybxa  and 0222  cybxa  meets the coordinate axes are 

concyclic then .2121 bbaa   

Example : 52 If  4,3,2,1,
1

, 












i

m
m

i

i  are concylic points, then the value of 4321 ... mmmm  is                 [Karnataka CET 2002]       

(a) 1 (b) – 1 (c) 0 (d) None of these 

Solution : (a) Let the equation of circle be 02222  cfygxyx  

 Since the point 













i

i
m

m
1

,  lies on this circle  

   0
2

2
1

2

2
 c

m

f
gm

m
m

i

i

i

i     0122
234

 iiii fmcmgmm  

 Clearly its roots are 321 ,, mmm  and 4m ,    4321 ... mmmm  = product of roots 1
1

1
  

Example : 53 Let PQ and RS be tangents at the extremities of the diameter PR of a circle of radius r. If PS and RQ intersect at a point X on the 

circumference of the circle, then 2r equals                               [IIT Screening 2001]       

A 

B 

C 

L3=0 D 

L4=0 

L1=0 

L2=0 

A 

B 

O(0,0) 

P(–8,2) 
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(a) RSPQ .  (b) 
2

RSPQ 
 (c) 

RSPQ

RSPQ



.2
 (d) 

2

22 RSPQ 
 

Solution : (a) 
r

PQ

PR

PQ

2
tan   

 Also   
r

RS

22
tan 











 

 i.e.   
r

RS

2
cot   

  
24

.
cot.tan

r

RSPQ
   

 )()(2.4 2 RSPQrRSPQr   

 

 

 

 

*** 

S Q 

R P  

/2 
/2- 
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X 

C 


	01-CONTENTS-CIRCLE SYSTEM.pdf (p.1)
	02-CIRCLE SYSTEM (THEORY)-PART-I.pdf (p.2-23)
	O
	X
	Y
	O (1)
	A
	A (1)
	A(
	Q(


	03-CIRCLE SYSTEM (THEORY)-PART-II.pdf (p.24-38)
	I
	A(


