Exercise 2.5

Chapter 2 Derivatives Exercise 2.5

Formula: If y= _}"[u) and w2 = g[xj are both differentiable functions then
dy  dy du

dx  dudx

Given function y= m

We expressed ¥ as y=[fog)[x)=f[g[x)) where j'l':u)=3f'i: atid
g[x)=1+4x=u
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Formula: If y= f(u) and w=g [x) are both differentiable functions then oy _ adu

dx  du dx
given function v= |[2x3 +5)4

We expressed v as yzifng)(x)zf[g(x)jl where fliu)zu" and
g[x)=2x3+5=u

Since f’[u:l:4u3 and g'lzx):u":ﬁxg
y'=7"(eg(x)e'(x)
= 4{22 +5) 62°

' =4{22+5) 65

= 242* (22 +5)
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The measure of rate of change of a gquantity with respect to some other quantity is called as
the derivative and the method to determine the derivative is called differentiation.

Take yp= ,f'{r:] and y =g{_w:) are both differentiable functions then dl:'”r_lﬂ
A dv  du dx

Consider the function: y =tanzx
Express the function y as shown below:
y=(e8)(x)

=f(2(x))

Take the functions as shown below:

g(x)=u
=TX
S(u)=tanu
y=tanmx

Consider the derivative of f"(u):
dy
x HN)y=—
f)=—
d
=——-(lanu)
du
=5(:‘Cz u
=sec’ ax
Consider the derivative of u:
u'=g'(x)
=r
Use the chain rule to differentiate the composite function y:

. dv du
Y=——x—
du  dx

= f'(g(x))xg'(x)
={sec2 rrx]x:r

= ;rsec’ Tx

Hence, the final expression is |’ = zsec’ 7x|-
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Let y=sin [n:ot x)

Formula: If y= f(uj and ©= g(xj are both differentiable functions then d_y= didi
dr du dx

WE BXpPIESSES V as y:(ng)(szf[g(x)) where f(u):sinu and
glx)=u=cotx.
Since f'(u)=cosu and g'[x)zu'z—u:sch
r d d r t
== = 7"(glx)g'(x)
=cos(cot x).(—csc2 x:l

= [n:ot x) c:sc2 =

L y'=—rcos(cotx) csc? x‘
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Here y=Jsinx
If f[ix)=w'/; and g[x)=sinx,then
y=(fog)(x)

Sincej'[i;r)zL and g'(x)=cosx, we have

2x

a 1
_}f: : .COS X
dx 2fsin x

CO8X

2+fsin x
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Here y=sinJA_’
If f(x)zsinx and g[x)=w";, then .J’=|:f°8)(x)

. we have

Since f'(x)=cosx and g(x)=

dy 1
E—cos(ﬁ). 5

s cosﬁ
2afx

1
24fx
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Consider the following function:
F().') = {_1'4 +3x - 2)5
The objective is to find the derivative of the function by using the Chain rule.
The Chain Rule of differentiation is stated as follows:
If nis any real number and =g{_r)is differentiable, then

;—il:u'“)= n.rr"'l%

Let y=x*43x*-2and n=35

The derivative of above function can be found by applying the chain rule as shown below:

F'(x) =;i[[1-‘ +3x° —2)5] Apply chain rule
AN
= 5|:(_‘r4 +3x° —2]5-1]%{14 +3x° - 2) %(rr"] =nu"" %
= 5(.\'“ +3x° —2]4 (41'3 + ﬁ.r) Use sum rule

=5(x' +36° -2) 2x(2x" +3)

=[10x(x* +3x7 -2)' (247 +3)

Hence, the derivative of the function is ]0;—(;‘ 435 —2)4 {2;—3 +3) y
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Consider the function.
oy 100
F(_\') = (41'—1") E
The object is to find the derivative of the above function.

Differentiate F(x)= (4_1-—;.-3 )]mon both sides with respect to x.

el Ly 100
= i(éh -x° ]

= !00(44‘—,\':}w%[‘;x—.\':) Use ;—i(g") = "™

- 100{4_1' -x }-w [4%[1) - ;—i(_rz }:| Use %U’(\]— g {t}) -
=100(4x~x*)" (4-2x)

3

Therefore. the derivative of the function F(x) = {41-—_\* }mis_

"E'ZEI) =[100(4x-x*)" (4-2x)|-
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1

Let F(x)=[1-2x)2

x-1

We know that ;;x[glix)]k =n[g(x) g'(x)

; o L
A [x) = 5[1—2):)2
1

Vi
- [0-20F" L (-20)

= Sl-253 (-2

—_(1-28)7
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1
Let f[x) =m

=1

We know that di[g [x):r =n[g[x) g'(x)

x

fix)= ilz‘l +sec x)_2

dx

= —21:1+sec x)_Bdilil+sec x)
X
= ﬁ[o +3zec % tan x]
+zecx

_ —2[sec xtan x)

- (1+sec x)3

_ -2 [sec xtan x)

i fay=

[1+seu: x)3
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Let f[z)z 21 =(l+zg)_l

zt+1

We know that di[g (x:l]x =n[g(x:l H.g’[x)

X

Fz) =%[l+zz:l_l

- |:1+22 : (2 )
_ -2z
(1+22)
. -2z
Fe) (1+2%)’
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Here }"(z)zin"l+t;an.t:[1+t;an.t)3’g

Using chain rule, we have

F= %[1+tan£)_%.|:1+tanf,)r

[1+tan :)_% Iisecgz)

| =

seczz) (1 +tanf.:l_%
3
|:sec:i z:l

22 (1+tanf,)2

—
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Consider the function,
¥ =cosl:a'-' +,\"1)
The objective is to find the derivative of the function.

To find the derivative, use the following formula,
d " T .
E[gm] =n[g(x)]" -g'(x)

Differentiate both sides of the function _1-'=cos{a" +x }with respect to x, to obtain,

% = C%cns(c.-‘ + x"}
— e 3 B i 3 3
B blﬂ(ﬂ' + X ]c 3 {H + X )
. [ d oy dy o,
s —sm(u" +x )(E(a )+E(\ )J

=-sin(a’+x")(0+3x*) Since 4 is constant.
= —}iil‘t(ﬂ': +x° ](3_1':}

Therefore, the derivative of the function y= cos{ﬂ-" +x } is |-3x° sin(ﬂ.-" +it

)|
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Consider the following function

y=a’ +cos’ x

d}‘_i 3 3
};_dx(a + COs I)

Recall the sum rule
d d o
A )2 ()] =L ()4 L)
Take f(x)=a’,g(x)=cos’x
d 3 d ¢ gy
E(cf +cos’ x}: E(u )+E(cosl.r)

Recall that derivative of constant function is zero

Recall the formula the power rule combined with the chain rule

It r is any real number and u:fr{x] is differentiable then
d N =1 "
E[h{x}] =n[h[x)] W (x)
Take h(x)=cosx,n=3
d 3 ar=1 d
—|cos x)=3(cosx) -—(cosx
(cos™x) =3(cosx) - —-(cosx)

=3cos’ x-g—r(cc}s x)

=3cos” x+(—sinx)

=—3sinxcos’ x

i(cﬁ' +cos’ x) =0+ [—3 gin xcos’ x)

d g, 3 : 2
—(a +Cos x)z—33:nxcos X
dx
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Consider the function y = xseckx.

Differentiate the function with respectto x.

o o
E[y} 2 d—(x sechx)

Let f(x)=x g(x)=seckr
E[y] - x%[scckxﬂsccb‘%{x]

d

dx

Since %[I{x]ul{xj} = f{x) {g[t}]+£f{‘}%[”‘”



Proceed as follows:

%[y} = xsec( kx)tan [kr)%{k.rﬁscckx 1

: { /
Since —(secax) ch[c:.\']iitrl[u’.\']f—{[m‘}
o ey

=xscc[kx}tan[kr)-kdi{xﬁscckx-] Since i{&.v} ki[.r]
X

dx ey

= xsec(kx)tan (kx)-k +sechkx Since ;—f[_r] I
X

= sec/ kx ) (e tan (kx) +1)

Therefore, the differentiated result is as follows:

' =|sec(kx)( kv tan (kx)+1)}
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Given function y=3 cot[ng)
Differentiate »» with respectto &, we have

¥= di:? [3 cot [?25':])
= 3[[— csc? [nﬂ));;g[nﬂ) [since %(cotﬂ) = —csc? 9]

=—3csc? (mﬂ)[m)
Therefore y' = —3ncsc” (28]
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Consider the following function:

5
f(x)=(2x=3)"(x +x+1)
Find the derivative of the function by applying the product rule and chain rule.
The Product rule is as stated as below:

Suppose fand g are differentiable functions then

d vyl dr.
L1 (x)e ()] =7 (x) 5 e (x)]+e(x) 5L/ ()]
The Chain Rule is stated as follows:
Suppose fand g are differentiable functions such that F = feg then

AP = A (e()] e ()]

Diferentiate  with respect to x.
j"[x}=%[(2x—3}‘(f +x+ |}1

(¥ +x+1)"’i[[zx—a.)‘]ﬂzx—a]‘ %[{.ﬁ +x+l]s]
=(# +.r+1)s[4(2.1-—3}’]di(2x—3]

A

+(2x—3}d[S{x*+x+|}4]§[.\‘3+x+l} Use %{x"}=nx“'
:{r'*+x+1)"[4[2x—3}’](2}+{2x—3]‘(5(%+x+1)*)(zx+|}

=8(2x-3)’(«* +x+1)5 +5(2x+1)(2x-3)' (3 +x+1)



Continuation to the above steps

=(2x=3)' (¥ +x+1) [8(x* +x+1)45(2x-3)(2x+1)]
Taking out the common factor

=(2x- 3) FHx+l 1[8x +8.r+8+5 4x7 +2x—6x— 3)] Expanding

4

(¥ +x+1)

=(20-3)' (5 +a+1) [ 827 +8x+8+5(4x7 —4x-3) |

=(2x=3) (¥ +x+1) (8x° +8x+8+20x" ~20x-15)
)

2x-3) (xF +x+1) (2857 —12x-7
=(

Hence, the derivative of the function fis | f(x) =[2x_3)"[xz +X+ |]'1 [2312 S ’_.'] .
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To find the derivative of the function,

g[r) = (xz + l)] (xz + 2]{'

Differentiate both sides with respectto x,

Sele@l= () (e +2)]

Use product rule of differentiation,

SLF ()] = £ 0 () L)

So,
g'(x)= [xz + 1)'1 di[{.:c2 +2}ﬁ:| +(x2 + E]ﬁ {fi[:(x2 + I]'!]
X X
Also, use the power rule of differentiation,

LT =l @] 7 ()

241 "{ﬁ{f w2) L z]} {2+ z)"{s(f s1f

6{.ﬁ +2}’(2.r +0}}+(.x: +2}“{3(.!.-= +1) (2x+0)|

di(fﬂ)}

X

Continuation to the above

g'(x)=(x"+ 1)2 (x*+ 2}5 [I 2x(x* 1) +(x + 2][6x)]

2

©+2 [lzx +12x+6x" +12x ]|

[}

2

(1) (
(x +1) (x* +2) 185 + 244 ]
(*+1)'(

X #l

42 61[3x2 + 4]
=6x(x* +1) (x* +2) [3x* +4]

Hence,

g'(x)= 6}’{12 + I]3 [Iz +2]5 {312 +4:|




Chapter 2 Derivatives Exercise 2.5 19E

To find the derivative of the function,

h(t)=(r+1y" (2 1)

Differentiate both sides with respectto f,

A (] =2 1y (22 -1)']

Use product rule of differentiation,

1007V S e0)] 2041 (0)]

5o,

L nod 3 3 d
H(e)=(+1)" [{2: 1) ] (26 -1) [(Hl) ']
Also, use the power rule of differentiation,

AL 1O =L 0] )

So,

#0)= o1 {3(20 1) 4 (2 ) 20 1) {2 )
—(r+1)} {3(2;1' 1) (4 ncn)} +(27 -1) {%(H 1) (1 +0)}
(132 1) () (20 -1) 2oy
=3+ (20 -1 | S-(r+1)-3-(4)+ (2 -1)

Continuation to the above

f?'(f} =§[! + |} 3| (2‘,2 . |]3 _%_(r+1]_3_(4;)+[2r2 _!}—
=§(;+I)3' [2"2 _I]: [3“_}_])_3'(2",%(2‘,: —I]]
=-§-{: +1)3 (22 1) 187 180+ (27 -1)]

=§(; + |)'aI (21 - |]’ [20r +18-1]

W ()= %(f+]}-‘l (2 -1)[207 +181 1]
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Let F(e)=(3¢-1) [2e+1)"
By the product rule
s d

F)=(2-1'2

o

Z(2e+1)? (2z+1)‘35(3z—1)“

-3)(2+1)" (2:+1) [2z+1)'34(33—1)3%(33—1)
~3(2ey” ( )+(2z+1)' 4(x-1°(3)

*[-6(z-n(2+1) 412

*[-6(z-n(2+1)" 412

L (e = (31 (264107 [ -6 (3 - 1) (20 #1) 7 412
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. 3
Consider the function y= [""2 + ]]
x =1

5 3
The objective is to find the derivative of }:z["“g +]] .
x" -1

Here first use chain rule and then use quotient rule

The power rule combined with the chain rule If n is any real number and » =g{x}is

differential, then

d p ol ol
—- (8 () =n(g(x)"-—-e(x)

Quotient rule: i[ﬂ] o &
dx\v

Differentiating ¥,

,_d [x*ﬂ]“

y-hdr x =1

_yf21)" dfF

i . del x* =1

d A L
() [t e e
(x*-1)

Continuation of the above

ey |G O£ 0)- 20

Ry
(-0

(21| (¥ —1){2.1'1" +0}—(x’ +I]{2x’" —0}

=3| :
=1 (.rl—l]

C i ¥ _2_1'{.1'2 ~1)-2x(x* +1)]

12']; ! (xzml)2
.§ x3+]"2_2x{x2—|—12——l}
B \IE_IJ i {_‘{2—1)2
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-1

(21 (2 )T

Let f[s) = T

By the product rule

7(e)= [ +1)2 j (6 +4)7 + (s +4)7 L (2 41)7

ds

(s 41)7 - ;(32+4)f%(sﬂ+4)+(52+4)%1%(52+1)?%(32+1)
(41— +4)7 (20) 42 +4)? ;(s +1)7 (20)

1 =3 -1 -1

= —Slisg +1:|5|is2 +4)? +5 (sg +4)? [52+1)?

-5 -1 -1

(@) =[PP [+ T (4] (2 41)7
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Here y=an lix cos x)
Then,

—'yzcos(xcos x).(xcos x)r [chain rule]

dx
=cos (xcos x). |:;rr Cos X+ x(cos x)r:| [productrule]

= Co35 (XCOS X).[COS x—xsin X]
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x
VT —3x

Find the derivative of the function:

Consider the function f(x)=

Use the guotient rule.

i[u{xqz L'(.r]iu(_r)—u(x) -
v(x) 2

dx

Here u(x)=xand v(x)=(7-3x)2

The derivative of _f'(_u;]is calculated as follows:

(7-3x): d.- ’(7-3xﬁ
f{x)=
[ 7-3x) ]
: 1 d
B (7-3x)2-1-x 2(? 3:) 5 (7-3x) s
- (7-3x)
(7-3x)2 5 x(7-33)(-3)
B (7-3x)
i (7—3.\'); + ; x(7- 3,1‘)';
(7-3x)
) |:|[?— 3.1’:}; + i.t(? ~3x) ;}{7— 31];

(7-3x)(7—3x)>



Proceed as follows:

(7-3x)+ 3 %

14-3x

2(7-3x)>

14-3x

Therefore, f'(¥)=|————
2(7 —3_\']?
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Consider the function f(z)= z-1
z+1

Find the derivative of the function:

Use the quotient rule.
il:{(z}}_V(:-:)iu(z)—n{:)iv(z)
dz| v(z) [,,-(;_-)]3

Here u(:}zmand »-(:):Jm

The derivative of F(:)is calculated as follows:

mi(m)_mi(m}

F'{z)=

[T
_m[zJ%]Lm[le—ﬂ]
__#tl-z+4] o
2(z+1)V27 -1
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Here G(y:l = Ll)l‘j
(" +25)
Then G'(y)= |:(y—1)“:| (yﬁ +2y:l5 " (ys— ?“ [(yl? +2y:ls:| o
=
) ) S ) )
Izyz +2_y)ln
_ 2(r-17(* +2y) [207 +4y-5(y*-1)]
(v +2y)

2(y-17°(-3" +4y+5)
(yz +2_y)‘5
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Consider the function y =-——.
41

Rewrite the function as follows:

1
y=r(r+1)?
Find the derivative y' for the given function.

Use Product rule and Power rule combined with the Chain rule to find the derivative of the
function.

Product rule:
It £ and g are both differentiable, then

L)) =r () Le (D)8 ()L 7 ()

Power rule combined with the Chain rule:

IT »r isany real number and y =.-,-{r} is differentiable, then

%(n")= nu"! %

Differentiate y with respectto r.

rere. £(r)=r 209 g(r)= (1)’

v
¥= ar
=%|:r[r:' +I)_£]
- r%[[;-z + l)_; ]«}(r2 . I]_'l-‘ -j—: [Use Product Rule.|

= ;-di[[;-’ +|)_%:|+{r2 +1}'§ (1)

[

=H_%](r=+1)'%"§(r=+1)}+(,-=+1)'%

I

Use Power rule combined with the Chain rule

|
Here, u=r"+1 andnz—E



Il
—_—
=

(5
+
R
r2

Therefore, the derivative of the given function is y'= (,.2 +|) 2 .
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COSATX
Here y=—«—
St TX + CosTx
i - : ]
Th dy (cosﬁx) [s1n?Tx+cos?Tx]—cos?Tx[sm?Tx—i—cos?Tx]
En, —=
d . F]
dx [smﬂ'x-i—cos?rx)

—?TsinJTx(sin Ax+cos :?Tx) - cosﬁx(;‘z’cos AxX— AN :?Tx)

[sin Ax+cos ,"‘T:J:)2

) . a .
—ﬂ'[sm Ax+sin TxcosAx +cos ﬂ'x—cosﬂ'xsm;’rx]

(sinﬂ'x+ cc:s;’i’x)2

_ =T

[sinﬂ'x+ cos;’i’;r)2
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Evaluate the derivative of the function y as follows:

y=sinyl+x? Original function
f}_’ = -d-(sin 1+x? ] Differentiate with respect to x on both sides
dx  dx
2 d( h +.r:] Use the chain rule that is
=cosyl+x" x———+ g : dr(x)
el E(sm (f (1})} =cos(f(x)) 5

: 1
1%y | Rewrite the square root as power —

) Ivs 2
=c05u'l+x'xa((l+.\"} : 2

That is V1 +2x* ={1 + _rz]:



Continue the above step.

i L5 g Again Use the chain rule that is
3 3 il >
=0osVI+x" x—x{1+x" ) x—(l+x" )9 4. . = ; vt dEA
5 { ] d\:[ ) dr{fl:l)} :"{;‘{[T}) I f,i;;\'}

1
=%(i+.\'z)'5c05mx§'—{]+x!] Siiplify

x
Use the addition rule that is

=%[I+,r2)_;cosmx[i(l)"'i[f}] d.. g}:£ dg

dx dx —( S+
U dy ey

dx
Use the formula

o A i T R e T
=5(1+27) 2 cos V140 x(0+2x) 2 (x)=n-x

dx
I

=%(I+x:}m2 cosy/1+x° Simplify

MO cosyl4+x° Simplify and rewrite (1+,¥2}3 as
Vi+x
x
Therefore the derivative of the function y = gin 14+ x? 15 |—=—=c0s
. I+x”
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Let F(v)= (BLT

v +1
v Y d v
Thea £)= (m] +75)
v+1 3v)
( ] v +1
v +1- 3v3
B ( ] v+'l
B -2y +1
- ( ] v+1
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Consider the equation, y =sin(tan 2.r] 2
The objective is to differentiate the function.
Use chain rule.

Let y=tan2x .-Then y=sinu

b _db du

dv  du dx
e
—dx(smn] dl_{tanh)

d
= cosu-sec’ 2x—2x
dx

= cos( tan 2x)-sec” 2x -2

=2cos(tan 2x)sec’ 2x

Therefore, the result is %=PCOS(IRT‘I 2x)-sec? 21,‘
X
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To find the derivative of the function,
y=sec’ (m@)

Differentiate both sides with respectto 4,

d d
dﬁ( y)= dg[sec (mﬁ')]

z
=—/|lsec(md ]
<[ {sec(mo)
Use the power rule of differentiation,

O] =n[s@)]" 1 (0)

So,

y'= 2[scc[m8)] :9 (sec(m8))

Use the chain rule of differentiation.
ol @)]=7(2(0)-2(0)

to differentiate sec(m#4)

So,

v =2[sec(m8) ] -sec(m8) tan (ma)-a‘j’—e(ma)

= 25ec[nrﬂ]-sec{m6'} tan {mﬂ?)-m%{ﬁ}
=2sec(md)-sec(m@)tan(m@)-m-1
=2msec’ (m@)tan (m@)

Hence,

Y= |2m sec’ (md)tan (m&}l
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Consider the following function:

y=sec’ x+tan’ x
The objective is to find the derivative of the function by using the Chain rule.
The Chain Rule of differentiation is stated as follows:

Suppose fand g are differentiable functions such that F = feg then

d
—[F ]-—[f (g(x)]—[2(x)]
Differentiate y with respect to x.
y'=%[secz .r+tan3x]
=%(sec2x}+§;(mn’ x) Use sum rule

=2sec xi(se-::x]+2 tan xi[lanx} Use chain rule
dx dv

= 2secx(secxtanx)+2tan x(srac2 x]

=2sec” ytan x 4 2sec’ xtan x

=4sec’ xtanx

Hence, the derivative of the function y is .
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Consider the following function:
|
y=xsmn—
X

Find the derivative of the function by using the Chain rule.
The Product rule of differentiation is stated as follows:

Suppose fand g are differentiable functions then

d d
L (3)g()]= () e (x)]+e(x) 5L ()]
The Chain Rule of differentiation is stated as follows:

Suppose fand g are differentiable functions such that F = feg then
d d d
~F@ =2 (s(0)] ()]
Differentiate y with respect to x
v'—i{xsin l]
Todv x

= xi[sin l]+ 5in(ijdi(x) Use the Product rule
X 2

dx x v

. x%[sin lr]+ sin(ﬂm
E{ud)al}

Therefore, the derivative of y is y’ :_ri[sin l]+s‘m{l] ...... (|}
dy X X

Use chain rule find the derivative of i[sin l)
dx x

d[.l] [l]d[l] A
—| sin— |=cos| — |[—| — Use —(sinx)=cosx
dx x xjdel x dx

= cos| 14 (5

[]d( )

:cus[l][—l-x""} Use di_r” = nx™!

)
)

o=

=—COS(
[1

Cos| —

X

X

1
Thus, the derivative of sin[l] is d [ e J COS(;] :
x —| sin— |=———
dx x X

Substitute the value of %[sin l]in (1) to obtain the following:
X

Therefore . the derivative of yis y' = —Lcosl+3inl .
X X X
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&
Given function y = ﬂ
1+ cos2x
Letu =ﬂ andsoy:u" then d_y=d_yd;u
1+cos2x dx  du odx
. gy & [1-cos2x
consider — = —| ——
dr  dx|l+cosx

[:1 + cos Ex) %(1 - Cos 2x:l = |:1 —Cos 2xj %[1 + cos 2x:l

(1+cos 2;{)2
1:1 +cos 2x) [—(—sin 2x)) %[2;{) & |:1 - Cos 2x:] 1:— sin 2x) %[2;{:]
(1 +cos 2x)2
_ [:1 +Cos Ex) [sin 2x:l (2) = [:1 —Cos Ex) [— sin 2xj[2)
(1+cos 2x:]2

" 2ein2x+t2snZxcos 2x+ 2sin 2x — 25in 2xcos 2x

[1 +cos 22:)2
_ dsin 2x
[:1+ Cos 2x)2
also d_y = i (H4)
g du

=gyt

=4y,
put d_y and ci;u i d_y we have

Pl ax ax
a’_y — a4 4 zin 2x ;
dx [1 +cos 22:)

3 :
=4[1—C05 2x] |:I: -4s1n2x)2:| (substitute u from above)

1+cos2x 1+coz2x

' 3
Therefore d_y= 16sin 27:':1 '30352?-’:]
dx [1 +cos 2x)
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3
Consider the function f(s)= \f[;J
; t"+4

Rewrite the function as £(1) =[ ! ]:
? i +4

Differentiate the function with respectto ¢. Solve as follows:

wn_df )
'fm_d:[rﬁd]

I 5 o : . :
,r"('}=l( ﬂf J i[ 11' ] Since —| g(x) nl g(x) #'0%)
' 20 7 +4 dtli*+4 dx ! |




Let u(r)=t,v(t)=1+4.

oy g {;2+4]%(r}-(:)-%(;!+4)
4 {"]7(!214] d{;2+4]3d

70 e (uft))—u

Since ‘ dt
dri v(r))

j"(r]:l{ ! ]'5|[.‘3+4]-I—(r)1(2r+0)]

207 +4
-’ I - 2
_1[ ! ]2 £ +4-2¢
2\ +4 (,=+4)1
_I_
_1[ 1 ]2 4-7
2\ +4 (;e+4)3
Solve further as follows:

i (;]';'I [ 4-rij]
(7 +4)> {;=+4]'

1|2 (a-r)

2 (# +4}_% (7 +4)2

—

[ &

1 (1) z2(4=77) | _
:5 M Since amig" = g™

(*+4)

1[ ()3 (4-r)

f
(F +4)

Hence, the final answer is as follows:

(= (4-r) |

% 1
d 5 2 {:'3+4]i
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Here »= cot? (sin 9)
Then d_y: 2|:ot|:sin Q)X[cot [sin Q)I [c}aam m!e]
ax

=2 cot(sin 5') ><|:— csc? (sin 5'):|>< [sin H)r [c}zain mfe]
=—Zcot (sin 9) st [sin 5‘) cos &
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Consider the function y = (ax +et + 4 )_h

Need to find differentiate the function.

Differentiate with respectto x

» =%(ﬂrx+‘i{,m)_1

-2 7) L a7
since L g(x)]" =n[a (1] -&'(x)

- _2(ax+ m]_a %(athm]
Continuation to the above steps,
y-=_z(mm)"[%(m)+%(m]]
Since %[;‘{_r]— g(x)]= %.f(‘-} - ;—i 2(x)
z-z(mm)"[ﬂ%m%(m]]
since % (cf (x)) =e-(/(x))
—2(ax 7 E [ +_(m)] sice ()=

= -2( x +b [a +—(x +b } Rewrite the derivative

Continuation to the above steps,

y= —Z(m’-i-\’xz +b )'E[M%(f +5 ];" %(f +5? }]

Since ;—i[g(,\-ﬂ" = ul—_g{.\')]u-l c2'(x)

=—2(ax+m)-3 ﬂ'+%(.1r1 +b?]_; (2x+0):|

==2 (a‘r+ Jal + b7 ]_3 -a -t-%[xz +b }-; {Zx)]

=5 [ 1
=-2(c.1-|r+\|l'x2 +b2] a-f-x( +b’} ] Cancel like terms

)

e, . Lol 5
(ax+-\|'r +h° )3
Therefore,
2[a+ r__x ]
P': _—XZW
” 3
[ax+ Vi +b3]
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3

Consider the function y = [f +(1 —3.\:)5]

Meed to find differentiate the function.

Differentiate with respectto x

P di[f +(1 —3.11'}5]-1

I SR, o ey

since <[ ()] =n[g(x)] " &'(x)
=3[+ +(1 —3@"11%[:& +(1-3x)' |

Continuation to the above steps,
y=3[x+(1-32 T[ &[]+ 2 (1-3+)]]
since. S[£(x)+&(x)] =/ ()+ S8 ()
=3[ +(1-3.r)‘]1[::xq-%[(pax]“ﬂ
Since %[1] = iy

Continuation to the above steps,

y=3# +(1-3_~;}"]1[2x+5(1-3x]’ ldi{I—3x]:|
X
Since ;’%I’j—ffl}—lu 3 ”{g{r}—l'f [ 'J-'.r‘{.l'}

=3[ +(1-3x)"] [20+5(1-3x)"(0-3)]

¥ =3[ +(1-3x) [ [20-15(1-3%)']

Therefore,

s 3[&_3 +(1 _3x}’ T [2;_ 15(1- 3,r)‘*],
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Here y=sin I:sin I:sin x):l

Then using chain rule we have,
dy o o f
= Cos [sm (sin xj:l .|:s1n (sin x)]

= cos Iisin [sin xjjl COS [sin x) .(sin x)r

= cos I:sin [sin x)) Cos (sin x). Cosx
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Now applying the “THE POWER RULE COMBINED WITH THE CHATN RTULE™
d M WAL

e =nlg@ ™ g'@)

adx

Here y:«ll'x+\[;
e

Then using chain rule,

2= o)

dx  dx

(x+\f_) (x+\f)

dy 1 d
by, ¥ o r
dx o x+\f; dx( :I
el
2z ++fx 2z
1
+
T
2 x+xf;
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Consider the function,

y= \fx+ Yx+x

The objective is to find the derivative of the given function.

Rewrite the function as follows:

y=(,|:+ .t+~f;]z

Differentiate y with respectto x,

d_d {(Hm]i]

cr’r dx

Use Chain Rule to simplify the differentiation as follows:

Chain Rule:
df (u) _df du
dx du dx

Apply the Chain Rule,

i-iﬂwf ]
Yol 4
el ]

)
=—-I—-£;r[.r+ x+v{;} ...... (1)

2\|'.r+\,lx+v':

=

dy

W] Use 2 (x")= e



Find the value of the di['r+ \;'x+ J;] above result as follows:
X

d d d
E[xi-m] =E[I]+E[m}
:.%[(HJ;)E}
=l+12[.r+\|f;]é_I %[I-I-sf’;:l Apply chain rule

=1+ ] i[.r+xf;}

2 :r+\1r;d¥

Simplify the above result as follows:

:[HW}H ! i[,»c+ x}

* 2x+x ¥

L
+
iy
| — |
B~
X,
+
5|
| p—
i
1
—

Substitute the value of i|:,‘t‘+ \jx+u{;]=l+ ! [1+L] in equation (1).
dx 2 _X'+\("; 2\";

T W | o
dx 2 _'r+\|lx+\/’; dx

- 2Jx+:/m :HszLJ}[HﬁJ]

_ 1 g1 [2\[}#1”
Z\fx+mL 2x+x 2x

) 1 _H 2x+1 1
2\)‘x+m g 4J}Jx+\'r;

Simplify the above result,
dy _ | [H 2x +1 ]
N o vl Y T
_ 1 l4J§W+2J§+I}
2\.(.r+\f.r+wE 4y +x
_ drfr+dx +23x 41
8\’x+mﬁm
Therefore, the derivative of the given function is,
dv 4y ex +24x +1
ax E\E\l‘x +\Ix+J.;~.fx+~.G
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Consider the function g(x)= [2rsin 4+ "IP

Differentiate the function with respect to x as follows:

g'(x)= %[bsin rx+n)

g'(x)=p[2rsinmx+n]" %[b-sin rx +n)

Since if_|—g{_f}-|l' = H[g{_r”" '.:l,"{_.l'}

dy

Solve further as follows:

r - - a1 p_li inw i
g'(x)=p[2rsinrx+n] dx[Er sinrx ]+ dr[n]
Si i | v rl ¥ i 1x i glX
ince d‘_[_;{_\}u{_xﬂ 2/ (%) +——e(x)

g'(x)=p[2rsinx+n]” .

— [2¢sinrxc]+0

: {
Since L k=0
u’.r[ ]
Solve further as follows:
g'(x)=p[2rsinrx+n]” 2&{1[;‘sin rx]
X

. { : -
since L (or(y P :
m_(-:_f(.x)} e—1(x)

Let f(x)=r.g(x)=sinrc

g'(x)=2p[2rsinr+ n]pul [r%(sin rx)+(sin !Z‘(]%(l')}

since 2/ (x)-¢(x)) = £ (x)- (8 (x)) + & (x) (£ ()

Solve further as follows:
g'(x)=p[2rsinrx +1rr]‘”_1 2[r(rcosrx}+(sin rx) rD]

Since i{simt\'] J'CL‘J.‘U'.\'.i(R] =0
dx ; ae

= p[2rsinrx+ n]"_l 2[;'{:‘::03;;\‘)]
g'(x)=p[2rsinrx+a]” [2:‘3 cosrx]

Therefore, the result is as follows:

g'(x)=|p[2rsinrx+ nI’H [2r: cosrx] .
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Given y=cos’ Iisin3 x)

We know i(f(x))x =n|[f[x:l)”_1f'(x)

ax

—[cos x) =—sin xli[sin x) =—cosx
X ax



The derivative of the given function v is
% = %[cos4 Iisin3 x:l}
? [sin x:I (cosl[sm x:I)

&%

sin® x ( sm x ) dx |[sm x)
Jsi
)i

=4 cos

4oz

(s
s

|

|
i
o
=]
Liy]

s1n X [:sm x:1351n xdi[sm X)

X

Il
|
iy
o
L]
Ldr]

SlIl I:Slﬂ X)BSIII I[COS .?f)

(s
it

3 3 2
—-1Zcos [sm x)sml[sm x)sm rcosx

dy

If .3 S
¥ =—12cos |[31n x)sml[sm x:lsm Xcosx
x
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¥ = cos(/sin(tan(mx)) )

v = —sin{ Vfsin(tan(mx)) |+ ~—/sinltan(rx)) {CHAINRUI_E]

N =i

{ o i uf
¥ i ] F

= —s:n: ~/sin(tan(7x)) * — (sin(tan(mx)) ° l—-:;n: id!‘l: ﬂ

i /o Lo |

I/ ! i —| If I{ ™ : r" N
= —a:n: v sin(tan(mx)) |+ — (sin(tan(mx)) ° Ln‘.: 13:1: X 1 l—tdn: :n’.rJ

Fs (159 H

W 'x L 2 |

= s;in: Vsin(tan(mx)) |*— (sin(tan(mx))) ’ *ms; tan, mx | <7 (sec(wx))

| | |
\ % J
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Given y= [x+ [x—i—sin2 szT

»-1

We know %l{f{x):lx :n[f[xj:l F(x)

The derivative of the given function v 15

)

Elzy:l ;x[x+|:x+sm x)BT

=4 x+|[x+ sin ? I:|3 i(;r+|[.7r+ sin? x:IB)

dddx
i %(x+sin2 x):|

= 4_x+|[x+ sin2:|3:|3 1+ 3|:x+sin2 x:I

3
=4 x+x|[+sin2 xf [1+3[x+ sin? xjg [l+2 sinxcosx:l}

= 4(;{+[x+sin2 x:|3)3 (1+3(x+sin2)2 [1+sin 2x))
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Consider the function y= cas(xz )

To find the first derivative, using chain rule

d ™ "1 L]

&/ (8(x)=7"(g(x)e'(x)
Here the outer function 7 is the cosine function and the inner function is the squaring function
g(x)=x
dy

o %cos(xz) Since y= cas(x"‘)

. 50 the chain rule gives

d d , )
=Ecos(.r2]3(.r‘] Apply Chain rule

= —sin(xz)di(f} Derivative of outer function
4

= —sin[f]zx Derivative of inner function

= -2xsin(_r"] Thus the first derivative is % =—2xsin (f]
ax

Next find the second derivative:

dy _d dy
de®  dx dx

=%(—2xsin{x:)] Since %:—szin[.rz}

=-2 i(,\‘sin [13}) Remove out -2 from parentheses
X
By the product rule if fand g are differentiable functions then
dr. . :
U @e()]=r(x)eg () +2(x) 1 '(x)
Let f(x)=x and g(x)=sin(x*)
Then continuation to the above steps,

j‘% = —2|:x- C-:%sin(.r:ﬁ sin[f]%(x)} Apply product rule

=-2 [xcos(xz }%{xi }+sin{x2 ]%r} Apply chain rule for %sin (,r']

=-2 [.\' t:{)s[.wr2 ](2x}+sin [xl}(l)] Since %(13} =2y and d_i(x) =]

X
= —2[2:{3 cos[.t: ] +sin[.r’}] Simplify

Hence the second derivative for y = (:ns(;a:2 ) is

i;{ = —2[2,1:'2 cos(x*)+sin {.rl)] ;
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Let y=cos® x

2

. o
The first derivative ¥ = d—cos x
x

= E[Eﬁ(ﬁhs.’(]12

d
=Z2cosx—cosx
dx

=2cos x[:— sif x)

= —zn (2x)



The second derivative " = il[— sifl [21{))
dx

= —asgin [Ex:l

ax
2 (2x)

= —rog [EX .:1’_
X

et R Ol

= —cos[?x
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Consider the function:

H(r)=1tan3¢
Apply the chain rule to find the first derivative of the function.
bl
H't)=—(tan 3t
()= (tan3)

r d
=sec” (3 )—( 3¢
(30) 2 (31)
=3sec’ (31)
Now, again apply the chain rule to find the second derivative of the function.

H"(1) :%(3:;{112:[3!}]

- 3%{5@33(3")]
= 3x 256 (3) L (sec (3)

. ﬁsec(mm(m]:an{ar};—"r(s;}
= 6sec’ (3¢)tan(3r)x3
=18sec’ {3f)tan (3.’}

Hence,

H'(1)=3sec’ (31)
FI"(1) =18sec’ (3)tan(3r)
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Let's find the first and second derivative for the function

First Derivative

The derivative of a constant times a function is the constant times the

derivative of the function so we are able to take out the 4 from the
derivative.

=4

P

f
a|“—

Use product rule

dluv) _ da av
gx a'xv+ua'x

uis x.

v is




Use the chain rule

uis x+1.

vis (-1/2).

_ 1 s x a
=4 [ il 264D dx (x + 1]]

The derivative of a sum 1s the sum of the derivatives.

| x[j_x(1)+j_x(x)]

A x4+l 2(x+1137

The derivative of 1 1s 0.

= 4[@ - 2(2;:1]3"'2 cf_x(x}]

The derivative of xn 1s n*x(n-1).

o 4[ l = x ]
- A x4+l 2(x+1137



Simplify. assuming all variables are positive.

_ 2[x+2)

T ox+DF

The answer for first derivative for function is

_ 2(x+R
T T+

Now lets find the second derivative of the function

a2 4%
F [ Ay x+l ]
The second derivative is the derivative of the derivative.

Use the first derivative from above

= .j_x( (i%ﬂ ]

The derivative of a constant times a function is the constant times the

derivative of the function. so the 2 is taken out of the derivative

=2 ()



Use Product Rule

duv) _ du dv
dx .:z'xv—'—ucz'x

nis —L__.
Tetl)e

v is x+2.

=2(c+ 2) 2o (Grm )+ e a6+ 2)

The derivative of a sum is the sum of the derivatives.

d 73
2z B+ () e
= 2{ - [x+1)§2 +x+2) H( (x+ 1777 ]
The derivative of 2 1s 0.
1 a a 1
( ™ A ¥ (x+2) - (L7 ))
The derivative of xn is n*x(n-1).

=2 [{x +2) .j_x( uc+11]3f2 ] x (x+11j|3ﬂ )




Use chain rule

nisx+1.
nis (-3/2).
i ! 3(x+2) 4
= 2[ AR T et E(x e 1)]

The derivative of a sum is the sum of the derivatives.

d d
7 3042 [ - (D5 (%)
[x+1)*" 2(x+1PER

The derivative of 1 is 0.

:2( L _3(z+d) i(x))

(a+1)%"° 2(x+1P7 dx

The derivative of xn 1s n*x(n-1).

:2( P 3[x+2]]

(x+1)37? 2(x+lpr

Simplify. assuming all variables are positive.

—x—i
(x+177

The answer for the second derivative of the function is

—x—4
(x+172
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The equation of the curve 15 ¥y = (1 +2x)m
Differentiating with respect to x, by using chain rule, we get
D fo(iaeal e
dx dx
=10{1+22) [0+2)
= 20(1+2x)

The slope of the tangent line to the curve at {0, 1) is

[d—y] = 20(1+0Y =20
dx /.

Then the equation of the tangent line at (0, 1) 12
(y—1)=20(x-0)

or,

Chapter 2 Derivatives Exercise 2.5
Consider the curve:

y=vl+x

In order to find the tangent line equation at the point (2, 3] for the curve, first find the
derivative of the function y =+/1+x .

= ul]

Letu :1+x3,'then\f'1_¢=wjl+x3 :

Use the formula,
d(Ve) 1 d(w)
& 2Ju dc
dy 1 d

(1+x7)

& 21+ &

To find the derivative of (1 +x j} . use the Power Rule.

d(x") : _
—  =mx™, where u is any real number.
ﬁ= 1 3%
de 21+
B3 o
2 1+4°

N L - R S
3| 4 1
=y
e
=]

Therefore slope m=2.



Use the point-slope form to write an equation of the tangent line at (xl 34 ) with the slope
18,

y¥—N =m(x—x1}.

To find the tangent line equation for the curve y= m at the point (2,3), substitute 2
for x;, 3 for ¥ and 2 for m i point-slope form.
y—3=2(x—2}
y—-3=2x-4
y=2x—-4+3
=2x-1

Therefore the equation to the tangent line for the curve y=v1+x° at {2,3} 15,

y=2x-1].
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Here y=sin (sin x)

%(y) = %(sin [sin x:l:l
%:cos[sin x)%[sin x) {by chain rule & %(sin x):cos x}
= 22 =rCos (sin x:l. COE X |:by chain rule & iIisin x:l =ros x:|
dx X
The slope of the tangent at IC;'T, 0) 18
&y
T,
= cos (50 T). cos 7T
=cos0.(-1)
=-1

The equation of the tangent at {;‘T, 0) is
Y-»n =m|:x—x1)
=y-0=-1{x-x)
=ytx=m

y=A—-x
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Here y=sinz+sin®x

Then j_}f = Cosx+ 28inxCosx = Cosx + Sinix
%

The slope ofthe tangent at {0, 0 15
)
= cos O+sin 2( 0]
=coszl
=1
The equation of the tangent at {0, 0) 15
Y= =m[x—x1:l
= y—0= l(x— 0:1
= ¥y=Xx
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(&)

The equation of the curve i3

: x
=tan| —
% 4

Mow the slope of the tangent at any point x iz

ady  d xt
= = —tan | —
dx  dx 4

Then the slope of the tangent at (1, 1) iz

] T 2(”]
= —X:8cC T
e 4

¥ =2 (2] [sec5 =2

=

Then the equation of the tangent line at the points 1z
(y-1)=7(x-1)
=Sy-l=mx-m

N

2

.
Bl The graph of y=tan ( % J and tangent line 1z drawn in figure 1.

¥ Vgent

Figl
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4

»= 1z defined as
A2
d x=0
2-x°
P _
£ x =0
2-x°

(4)  We want the equation of the tangent at (1, 1) 5o here x>0 then we will consider
ylor x20
x

2=z
Then the slepe of the tangent at (1, 2)
dy d x

dr  dx Jo_;?
By Quotient rule we have

[ﬂ)%[ﬂ— xi[ 2—x2)

That 1z ¥=

d x 2 _
d_ﬂ;= ( 2_x2)§ el
B xﬁ2—x2—x%g(x:]
T

Wow ig[i;r):i [2—2.’2:] Let (E—X:*:I:}z[:xj:%h'[x):—Zx

dx x
e
s i B B, WSR
2[»&[7{)] .dxf(x) 5 Bos 2x =

.2
dx |[2—x2:I 2 - x

Slope at (1, 1) 18
dy 2
drea (2-1)42-1
Then the equation of tangent at (1, 1)
[y—])=2.|:x—1)
=y—1=2x-2
= y=2x—2+1

N EE



(E)

The graph of v= and the tangent line iz shown in figure 1 [w}zéré x= U]

2—

2 Came

Eigent

1 fyB

glﬂ
wn
=
0

Fig .1
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We are given that a function

_)"{,r) =x\2— X
We have to find £ (x)

In this problem we must use the Product Rule before using the Chian Rule

= 2—)c'j %[x-l-i-x':—f[ 2—.1‘2-'
X _E Ux _E
I'( 3
=vy2—x* + E - ﬂiiz—x']
2—x b .
=\f2—x2+ E j{—?x]
=V2—x’ + =2
N2 —xT
— 2_,1-'2 e 1? :




-15

F®) =xv2-x7

The graphs of the functions Jf(_r} and J]‘(_x‘) are shown in figure above. Notice that
% ¥ %,

when y increases rapidly and 1_,' = () when y has a horizontal tangent.

So, our answer appears tobe reasonable
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2y
The graph of f [x:l = z5in [x+sin 2le 1z drawn in figure 1

e

o5

oo x
M 2 St A

11



IMow we zee that thiz graph haz five horizontal tangents at different points so here the
derivative of f{%) will be zero. Where fix) 15 increasing, £'(x) will be positive and where
£(x) 15 decreasing, (%) will be negative. Now we sketch the graph of £{x) in figure 2.

< T

a4 a2

P

Fig2
(E)

i [x) = zn lix-i—sin 2x)

Let y=x+snzx

Then f [x) =siny

Differentiate f(x) with respect to x

) d
f'[x)zcos_y.d—i [asinxz cosx:|

MNow y=x+anlx

ﬁd—yzi(x)+isin 2x
dx  dx dx
=1+£sin2x
ax
Let ¥ =2x then ﬁz 2
ax

And d—‘y=1+£|:sinV)

dx x

=1+ ilisin V)ﬁ
ax dx

=1+rcos V.[2)
=1+2cost

:d_y: 1+ 2ces2x

ax
We have

f’(x)zcosy.d—y
dx

:>|f'[xj =cos(x+sin 2x).[1+ 2cos 2xj|

MNow we graph the function f(x) and f’[x) on the same screen and compare

with our rough sketch which is almost same.

ki

3

2 fixd

Fig.3
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The function 1z given as  f [x) = 2sin x4sin” x

Differentiating with respect to x

Six)= %(ESin x4sin® x)

X

= 2%[sin le+%[sin2 x)

o :
= 2(cosx)+(2sin x:l[d—(sin x]l:| [Chain rule]
x
=Zcosx+2unxcos x
=Zcog x[1+sin x)

_1".{

""" 1) =2 sin(3)Hin(x)) 2

Tangent line will be horizontal when
J'(x)=0
= 2|:osx|:1+sinx:l:0
= cosx=0 or sinzx=-1
T 3w om T Lot 3w i
2

= Fmbede b i R S ot s
2 2 2

T 3T ; ;
= xi= §+ 2HIT of K= ?+ 2urr (Here # 1z an integer)

How we have f [m’ 2:1 = 2sin [m’ 2)+ sin” [;?Tf 2) =3
And S(3mi2)= 2sin (37 2) +sin® (Bit2)= 1

Hence the points are (g+ 2, 3] and (3;+ 2n, —1] at which the function

has horizontal tangent lines
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Consider the function:
y=sin2x-2sinx
The objective is to determine the points at which the tangent line to f(‘l’} is horizontal.

Differentiate the above function with respect to x.

Then,
% —(smEx 2sinx)
X
=£;(sin2x)—%{25inx] $e—[f (x)+g(x) ]:d_ f(x ]+:—xg(x]
=%{51n21}—2:—x{sin.~:] UseEqu x)]= c {
=2co0s2x—2(cos x) Use di(sin x]=cosx
£
=2(cos2x—cosx) Simplify

- 2{2::05’ x—|)—ZCOSI

s
=4cos" x—-2-2cosx

The tangent line is horizontal when the derivative is zero.

LA
dx

4cos’ x—2cosx—2=0

Add and subtract —2cosx for factorizing, we get
dcos’ x—2cosx—2cosx—2=-2cosx
4cos’ x—4cosx—242cosx =0

4cosx(cosx—1)+2(cosx—1)=0
(cosx—1)(4cosx+2)=0

(cosx—1)2(2cosx+1)=0
(cosx—1)(2cosx+1)=0

cosx=1=0 or 2cosx+1=0

cosx=1 or cosx=-1/2.

For the equation ¢cpsx =1, we get

x=0,+2x, +dx, +om,...

The general solution is y = 2pz . Where n is an integer

For the equation ¢ggx =—1/2. we get

x=+2—ﬁ '-I"I’Lilr +EJT imTz

BT BT a =

The general solution is x:(znﬂ}ﬂ-ii_ where n is an integer
3

Hence the x-coordinates are |y =2nr or x={2n+|]ﬁi£ at which the tangent lines are
3

horizontal.



Chapter 2 Derivatives Exercise 2.5 61E

Consider the function
F(x)=/(g(x))
where f(-2)=8, f'(-2)=4, f'(5)=3,g(5)=-2,andg'(5)=6
To find F'(5):
The chain rule states that if fand g are both differentiable functions and F(_r}:fag is the

composite function defined by F[x}:_f(g{_r]}then F is differentiable and

F'(x)=r"(8(x))-€'(x)

So

F'(5)=1"(2(5))-&'(5)
= /'(-2)-6 [8(5)=-2.¢(5)=6]
=4-6 [/'(-2)=4]
=24

Therefore

F'(5)=[24]

Chapter 2 Derivatives Exercise 2.5 62E

Consider the function

h(x)=\4+3/(x)
where f(1)=7and f'(1)=4

The power rule combined with the Chain rule:

If y:[g[.t}]”- then y':n[g(x]]"_l g'(x)

Tofind A'(1):

Use chain rule, so that

i) = (V37 )
=[(4+37(x)" ]
= L(4437(3) (4437 ()
o)

= %[4+3f[x}}"m (3.?“(-‘)]
3f'(x)

T 24437 ()



Substitute 1 for x into &'( x). to get

3/(1)

34 TR

12

~2Ja+2l
12

3]
o]
L]

5
5

6

Therefore ;;'U) =
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()
r(x)=7(2(x))
=k (x)= f"(e(x))e'(x)
= ()= 7 (2())e'()
- 7'(2)6
= 5(6)
=30
®)
H{x)=g(f(x))
= H'(x)=g'(f (x)).S (%)
=H')=g'(r )71
=g'(3)4
= 9(4)
=36

Chapter 2 Derivatives Exercise 2.5
(%) Fa)=7(s(x)
=] =_f'[f lix)jlj"[x:l chain rule
=F(2)=7(7(2)).7(2)
)

®) G(x)=g(g(x))

: '[x) chain rule
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We hawve

S(ll=2and g(1)=3

f’(l) =Slope of Fatx =1
g'(1)=-3=Clope of fatx =1
5

3)=-5

E= Slope of fatx =12

7 2) does not exist because Fhas acotner atx =2,
g

'[2) does not exist because g has a corner at x = 2.

! 3):— iz the slope of gat x =3,

]

MNow we have all the value of j[x),g[x),f'[x),and g'(x) forx=1,2,3
(4 Given u[x):f[g (x))

Differentiate by the chain rule with respect to x, we get

u'(x)=f"(g(x))2'(x)

Puz=1

(1).
=u' ()= 7'(3).g'(1) [g (1)=3]

(B We hawve V{x) =g I:j' I:x:l\,l

B the chain rule we differentiate F{x) with respect to x.

V(x)=g'(f(x)).1"(x)

Putz=1
=v(1)=g'( /(1))
=V (1)=g(2).7(1)

|V'[lj doesnot exist| because g'(2) does not exist.

(Y We have w[x) = glig[x:ljl

By chain rule we differentiate w[x) with respect to x

= wi(x)=g(8(x)) £'(x)
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(A) We have h(x)=f(f(x))
Differentiating with respect to x
H(x)=f(f(x))f(x) [chain rule]

Then #(2)=f'(£(2))./'(2)

From the graph we have

MNow we have calculate

P = i FE=FE)

/'@)=lim:
let h=1

(- SR-f2) _0-1_
f [2]_ I | I’
f(2)=1
f’{zj E—l,_f(z)n“'-l

And

f2+h) - f(2)
h

F'(x) = I,l_l;',} F(x+h|:—F(x}

F -l LOD=10
let h=1
ry=L@=S0 _1-2_,

| |
()=~

And then A'(2)= f'(1).1'(2)
or i'(2)=(-1).(-1)

(B) We have g(x)=f(x*)

Then g'(x) =j"[x2].;—x(x=) Chain rule
~207(¥)

Now put x = 2

= g'(2)=2-2/'(4)

=47'(4)

From the graph  f'(4)=1.5
Therefore,

g'(2)=4(1.5)

-
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(&)
Since F(x): fl[x“:l, where B
Then F'(x)= f'l[x“ ).(x“ :Ir
= Cfx“'l.f’[x“:l



(B
Since Gx)= [f [xj]“
G(xy=al /()] %' (x)
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THE CHATN ETTLE: If g is differentiable at z and f is differentiable at g{xz),
Then the composite function F = fog definedby F(x)= flg(x) is

Differentiable at = and &' iz given by the product F(x) = F'(gix))- g'(x)
since r(x) =f(g [}z(x:l))
We hawve by chain rule,
r [x) = f’(g(h(x)))Xg'(h(x))xh'(x)
(0= (g ()< (n(0) 24 ()
= f'((@))xg'(2)x4
= F'(3)x5x4

=654
=120

'
=F
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Suppose that g is a twice differentiable function and _,f'(_r) = _rg{_\'z )

Chain rule:

If fand gare both differentiable and F = f o g is the composite function define by
F‘(.u.-}:lf[g(_r]]‘then Fis differentiable and £'is given by the product

F'(x)=f"(g(x))-&'(x)-
The product rule:

If fand g are both differentiable, then

(/) = A"+’
The sum rule:

If fand g are both differentiable, then
(f+g) =S'+8
Tofind f"intermsof g,g',and g":

To find the first derivative of .f'(-"} we use the product rule.
f"{r}s[.rg(.r:)]
=x[g(¢)] +2(¥)(x)
=,\'1:g(.r:}:]l+g(,~.'3:| ([r} :I)

To find the derivative of g(f} we use the chain rule.

J

"

u ’

o] ()= 0 (21 +5()
=_\:g'{x:]~2x+ g[_rz} ([r") :m-""j
=2x'g'(x* )+ g(x*)

Therefore, f'(x)=2x"g'(x*)+g(x*)



Now we find the second derivative by finding the derivative of f'(x).
£ =[]
=|i2ng'(f)+g(f]]f By using the sum rule
= |:2xag'[xz }]r +[g{_\'2 ”‘
= [zng-(_rl)]' +g'(x*)-(2x) By using the chain rule
The derivative of the first part is found with the product rule:
[Eng'{xz ]1' + 2xg'[x2} =2x? [g '(xz }]r +g'(x?’)(2x3 )' + 2):3'{.\:2 )
=2y [g'[)r?}]r +g'(xt).4x+ 2xg’{.’cz] [{1’"]‘ =nx""! ]
=247 [g’[rz }]F +6:rg'(xz)
To continue with the derivative, we use the chain rule to differentiate the function
F(x:l = g'(xz } So,
2% [g'[xz}]' +6xg'[.r’] =% -g"(.rz )-(+* )' - ﬁ.rg'(xz)
=Exlg"[xl].{lr)+6xg'(x2) [(x" )’ =m‘""j

= 4.rﬁg“(xz)+ 6.\'g'(.':1}

Therefore

Fi(x)= 4)(‘3"[13 ] +Gxg'{13 ]
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We are given that

Flx) = f(3f(4f (x)))

We first find

F (x)

We must use the chain rule.

F(x)= =|reraren]

1 (3rarn)- (3 @rw)
r(3raran) - 37 (4 (x)) o (#r(x)
S (3raren) - 31 (4 (x)) 4 (x)

=12/ (x) s (=) 1 (¥ (¥(x)))
= F(x)=121"(x) s (4 () (¥ (% (+)))



Now F(x)at x=o0i F(0)

F(0)=12/"(0) 1 (ar(0))r (3¢ (ar(0)))
= 12(2)-1'(4(0)) s (3 (4(0)))
= 241°(0)+1"(3r(0))
=242/ (3(0))

=48-/'(0)
— 482 = 96
= F’(u) = 96

The solutionis F (l]) = 06
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We are given that

Flx) = f(xfixf(x)))

We have to find
Fl 1)
\
We first find f (x)

We must use the chain rule before using the product rule:

F(x)= &|ronxon]
= 1 (xfxfo) )+ (xR |
= 1" (xfOt)) = [1(xfo) )+ xF (xfn) ) - <=t |
= 1 (xfxfee)) - [ (xf0) +xf F )+ o (x) )]
= F(x) =7 (xfxfe)) + [ (xf0)) +x/ o))+ 1 (x)x) ]

MNow F‘J{x)at x=18B FJ[l)



=)

£ (e [Fra)+7 (rm)-(rm+r (1))]

r'(r@)r@+r(2)(2+4)]
=1 (3)[3+6]

= 6[3 +30]

= 6[33] =198

Hence the solution is FJ (1) = 198

Chapter 2 Derivatives Exercise 2.5 73E
Consider the following derivative

D" cos2x

Need to find first few derivatives.

Let D=cos2x

Differentiate with respectto x

d
D'=— 2
d\_[cos x)

D' =-2sin2x Since (f—{(cusm') = —asin ax
ax
Again diferentiate with respect to x
e ;
D" =—(-2sin2x
o )
- . &y e
D"=-2—(sin2x) Since —(¢f(x))=c— f(x
2 5in2) 2\ (x))=ep f(x)
D= -2[2(10521] Since ;—f{sinm} = G COS QX
X
D" =(-2*)cos 2x
Again diferentiate with respect to x
d
J_ 2] _[n2
D -dx[ [2 }0052.1‘]
od i d : 8
D* =(-2*)—Jcos2x] Since —(¢f (x))=c— f(x
[ )a‘x[ ] d.\'({' (.‘}} cuE\" {‘}
n =—[22}{—Zsin 21) Since (Tf{cosu,r} = —gr Sin ax
iy
D' =(2°)(sin2x)
Again differentiate with respectto x
D! =i{235in2x}
dy
a5 . o X @ e &
D' =2 —(sin2x) Since —(¢f (x))=c— /' (x
) T (x))=erf (x)

D=2} (QCDSZX} Since j‘—f(sin(:.r] = G COS ax
dx

oy =(2"}c032x

r(raray) [F(ra)+ir (rm)ro -+ (1)1)]



In view of the above differentiations, it can be followed that 1st, 2nd, 5th, 6th, Sth, 10th, and so
on derivatives have — sign while 3rd, 4th, 7th, and 8th, and so on have positive sign.

Continue this pattern up to hundred times differentiation. it can be followed that 101st, 102nd
derivatives have — sign while 103rd derivative has positive sign. ...... (1)

Further, the above derivatives give that 1st, 3rd are sine functions while 2nd and 4th are the
cosine functions.

In other words, odd derivatives result in sine function while even derivative is cosine.

While 103 is an odd number, the resulting derivative is the sine function. ... (2)

Generalize the observations (1) and (2) as

dn+l

—a""" sin{ax) (i)

e —a'" cos(ax) (i)
| @™ sin(ax) (dii)
a*"** cos(ax) (iv)

One application of this observation is

D' cog 2y = 2'% gin 24 By (/i) of the definition of the derivative above

Therefore,

D" cos 2x =[2" sin 2x].
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Consider the following function:

f(x)=xsinzx
Find p»ysinzx.
Find the few derivatives and observing the pattern that occurs.
D' (xsinzx)=sinzx+zxcos zx
D* (xsinax)=(sinzx+ :r.\'coszrx}l
= JT COS TX + T COS TX — /X sin 7rx

=27 COS X — M XSIn X
k! . " 3 3 I
D (.rsm;rx)— 2T COSAX— T XSINTX
=-2r'sinwx-a’sinwgx—-a xcosmx
=3z singx-r'xcosay
Simplify further as shown below:
. b+l = k+1 5
D¥xsingx=(-1)" 2kx** ' cosax+(-1) xz**sinzx
# . k4l 5 k
D*ysinax=(-1)" (2k +1)7x* sinzwx+(-1) xz™*"' coszx

D¥xsinzx = (v—I]m 3577 sin.'z'x-l-{ml)” xr cosx

Therefore, D¥xsinzx = l(—l}IR 352" sinzx+(~1)" x2* cos x|
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The velocity of the particle att seconds 1z given by

v[ﬁ) = % , where &= S(z) 1z the displacement after t seconds
Since S[I) = 10+%sin ['10??:)
()= 5(e) = %cos(lom)xmﬁ

=>V[£)=5?Ecos|:10m) Crmfsec
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(&)
S:Acos(mﬁ+5)
Velocity at time tis
a8 d
Fin="2o210a a+4
=i ghfesieneg))
:>|V[z):—Awsin[mz+5)‘
- 7-4 2v-4 3n-4
=i=—, . .
& & & &
But time t can not be ne gative
So we take zzﬂ,:zﬂ—_ﬁ,———
& frig
HIr—4&
== Wheren=1,2, 3 ---
&
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(4)
The rate of change of the brightness 5 (3) after f days 1z given by

98 | sgwase 25
at 54

=035¢c0s 2£ ><2—jlT
54 ) 54

7 27TE
= —mcos| —
54 5.4

B)  MNow we find the rate of change of the brightness Bi¢) after 1 day , that 15

= l."‘rcos [2—?]—]: 016
o4 5.4

&8
ot
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The rate of increasing of the day light is the derivative of L(¥) with respectto 2,
-

L'(z):3[12+2.85in{%(z—80)ﬂ

i
Now let y= 2—”[5 = 80)
365

nd_y=2:fr

The —_
di 365

Then we have

o d .
Lty =—[121+28=
(== (1) E 2 siny

dy

=0+ 2.8.i.siny.—
av ax

365 L3635

B 5.6
ETE

(6) = 28% 2 cos| X (s-80)
E{f)=2.8x 2 (2” ]

=|L'(¢) cos [2—}1—@—80)}] hoursiday

365




March 21 is the 80 day of the vear.

Then rate of increasing of day light on March 21 1z the rate of increasing of day
light on the goth day of the year [February = 28 days]

That iz

L'(80) = 53:? cos[%(BU— 80)} = 53:? cos(0)

L'(SO) = 53'2?;30”%@} m (0.0482  hours/day

May 21 iz 141" day of the vear. [February =28]

Then rate of increazing of day light on IMay 21 1z the rate of increasing of day
light on the 141 day of the vear.
That 13,

L(141)= 5'6??1305[%[141—80)}

365
5.6 s
=) Cas| —
365 3

561
B —_——
365 2

1 }1
L [141)93 265 OH.PV e = (.02398 hoursfday

which is half of L'(SU).
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Velocity as a function of position: v = p(,';], and position as a function of time: g =_;-(,r}_ Then

we can write velocity as a composition of functions: v= vf.s{:]].

The derivative of the composition with respect fo time by using the chain rule:

d d
—v)=—| visit
)= {v(s()]
_dv ds
ds dr
Acceleration is the derivative of velocity with respect to time: a{:] =ﬂ.
i
Also, velocity is the derivative of position with respect to time: 1’({}:%.
t
Hence by substitution:
di ds di
d,
a(t)=">-v(r)
ds
dv
alt)=v({)|—
(=g =
The derivative ? is the rate of change of velocity with respect to time (acceleration).
f

However, the derivative d_' is the rate of change of velocity with respect to displacement.

es
For example,
If we envision a roller coaster on a track, % indicates how the velocity changes at a particular
[
instant while the cars are moving.
However, % indicates how the velocity changes when the cars are at a specific location on
the track. °
So, % is the rate of change of velocity with respect to time %is the rate of change of velocity
A

with respect to displacement.
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Air is being pumped into a spherical weather balloon. At any time £, the volume of the balloon is
V(r)and its radius is r(z).
(a)

The derivative d—y is the rate of change of volume with respect to the size of the radius.

dr

However, the derivative ‘:‘—V is the rate of change of volume with respect to time.
3

(b)

The balloon is spherical; the volume is measured by the formula:

V(r}:%m‘"

Hence volume is a function of the radius.

We can calculate d_V from the volume formula for a sphere:

dr
i(V}:i(izri]
dr arl\ 3
d_"=i,,;i{,s)
dr 3 dr
4 (o2
=§z[3r )
o

If the radius is changing over time, then we find the derivative of the volume,

V(r{r)), with respect to time by using the chain rule;

d d
PO V = e— V o
Lr)=21v(r(1)]
@
dr dr dr
d—V=4;rr2vd'“
dt dt

Therefore,

Substitute.

dv L dr
— =4 —|
dt dt
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Consider the following function

g[!}:[r-zj

2t+1

Find g'(f):

-2V d(1-2
g'(1)= 9( = ] E( i ] Use Power rule, chain rule
+ t+

=9[r~2 ]S(2r+i}-l—2(r—2)

21 +1 (2e+1)°

i-2Y [ 2+1-2144
39[2“1]{ (2e41) ]
(-2)

=45 1
(2041)°

Use quotient rule

Therefore,

g‘(;)=45% siie (3



Find the derivative by using CAS:
By computer algebra system maple, to find the derivative:
The input command is
Diff(((t-2)/(2+1))*9.1)
The output command is
> d,ﬁ[ (-2 ]"‘, ,]
(2-¢41)

(=2 18(u—-2)°
i+ g n®

Now simplify this derivative
The input command is
Simplify (DIff({(t-2)/(2"1+1))"9.1))

The output command is

s 25

(2-¢4+1)
45 (1—2)*
(zr+ 1)
Therefare,
om0
=45 —L= o (9)
g(1) {2r+l}m

Hence, (1) and (2) are same.

b)

Consider the following function
% 4

y=(2x+ l}s (x" -x+ I]

Find d.

Finy

HEP i s d 3 X 4 5
E_(hH) E(x —,\+I] +(x3—x+l} (2x+1)"  Product rule

. d
dx
={2.:r+1)"1 4{13 —x+|]3%(x3 —:r+i)+(xJ —JHI)J S{ZJHI]'il %{ZIH]
Power rule and chain rule
—4(2x+1) (¢ —x+1) (38 ~1)+5(x* —x+1) (2x+1)' -2
= Z{Zx+1}*(x"'-—x+1)3[2{2x+1}(3x? ~1)+5(x* ~x+I}]
= 2{2x+1}* (.i:E'—.:c+1)3[l2.J~:'1 —dx+6x°=245x —5x+5:|
= 2(2x+1)4(x3—x+1}3[l?.x”+6x3 ~9x+3]

Therefore,

%= 2(2x+]]4(x3—x+1)1[l'!x3+6x2—9x+3] ik §3)




Find the derivative by using CAS:

By computer algebra system maple, to find the derivative:
The input command is

Diff( (2*x+1)*5*(x*3-x+1)"4 %)

The output command is

> d{f]'((i-x+ 1}5-(13 -x+ 1)4,x);

WiEE+ D =+ waime+ P P =+ 1) (3 =1)
Observe that each term has common factor

Now use factor command in Maple

The input command is

Factor(Diff({2x+1)*5*(x*3-x+1)"4 X))

The output command is

z facfar(a’.fﬁ'[[l-xﬁ- I]S~(.'(3 —-x+ 1)41 I] ];

3 (172 +62 —0x+3) (£ —x+1) 22+ 1)*
Therefore,

g=2(1?x3+6x“—9x+3)(2x+1}‘(x‘—x+1)3 ...... (4)

Observe that the equations (3) and (4) are same. Factor form is the best for locating horizontal
tangents.
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4
Consider the function f(x)= ||£EL+I'
X +x+1

(a) Use a CAS to differentiate the function

I 4x* —] +l\1'x4—x+](4x3+l]

E‘\.’I*—x+]\’lx4 +r+1 2 [I‘+x+l]m

1=

Simplify collects terms together symbaolically, 50

3xt -1

L e

(b) Required to find horizontal tangents of the graph f.

To find the horizontal tangents f*(x) must be equal to zero.

3xt =1
7 =0
s.l'.r*-x+l(x‘+x+i)'
3x'—1=0
s
3
.:c=iL

Il
I+

t5-

Therefore, horizontal tangents at |x




(c) Graphof f and f'

3x%-1
At —x sl [:c4 +x+1 ]jﬂ

P i

Graphical results are consistent with analytical results.
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(A)

Let 7 [x) ke an even functions, then
J(=x)=7(x)

Differentiating both sides we hawe
Fapx(=a) = £'(3)
=-7(-x)=1(x)
=7 (-x)=-1"(z)
= F'(x) 15 an odd function

(B)

Let g (x) be an odd function, then
gl-x)=-glx]
g'(-x)x(~x) =—¢'(x)
=-g'(~x)=—g'(7)
=g'(-x)=2'(x)

= g'[x) 15 an even function.
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Le  r=7(x[e(n]

Then %=f'( [g[x)]_l—i-f[x)([gl:xﬂ_lj (productrule)

_j'[x) i T R et
—gh)tﬁﬂilﬁg(ﬂ-g()(h le)

1

=l
o

Thiz is the quotient rule.



Chapter 2 Derivatives Exercise 2.5
(A

d ;.
‘We have to get —Iism’d x u:osnx)
dx

Let u=sinx and  v=cosrx and f[ile:sin”xcos;zx
Then

d & Fag
Ef[x) —E[u .v)
By the product rule, we have

_(u"_v:l:u”i(v)+v_ix[u”) — (I

eowr

=nsn™ cosx — (2

And

Let y=auxthen —=n

Then —= —c:osy.d—

=>d—=—?zsin nx -— (3

"

From equations (2) and (3) put the values of and ? in equation (13

By £y
e have

d o, - . -
d—l[l{ .'If":l =s1n X [:—.’9 sin nx) +cos Ry IZ.’E s
X

1I-'(COS."C:I

=nsn" xcosx cosax—nsin® X sinax

| . .
=R3an X[COS XCosRX—snx sin PIX]

TTze the identity
cos I:f':l-l—B:l =cosdcosB—anAsin B

di[u”.v:l = nan®? x[u:os (x+nx):|
X

Thus we hawve

i sin® xcosax)=nsn" xcos| (n+1) x || Proved
= (+1)

(BY  We have to get the derivative y=rcos® xcosax

Let H=CoSx and V=CosHx
Thus y=u"v
Then d_yz il:u“.v)

dx  dx

By the product rule
& = u”.ﬁ +v. du
dx dx x

- (1)

a ad e
N it M ik bl o
o ax [u ) bt (H :l ax
= ™! [—sin xj
dﬂx 11 g
= =—gcos XEDX - {2




And

v
— = ——cosxx
dx %
Let y=nxand d_yz n
dx
Then
dr  dy dx
=—xsiny
v :
— = —#sinHx R
= (3)

®

From equation (2) and (3), put the values of
e have,

dv . .
and — 1n equation (1
dx adx 3 M

v : s
= =rcos” x.(—;ss1nnx)+cos .’2}{[—?2 cos”™ xsin x:l
x

= —ncos® Xeinaxr—mcosar cost L X sin X

»-1 . .
= —RCO3 X[COS I snxx+sn X.COS.’EX]

TTze the identity
sin(A+8)=sin AcosB+cos Asin B

dy -1 -
S, +
T M oS x[sm (nx x):|

Thus we hawve

ﬁ = [cos’d . cos;zx) =—ncos™ xsin [[3@ +1) x:|

Chapter 2 Derivatives Exercise 2.5
The rate of change of »° with respect to = is
A
dr  dv dx
= 5_)34 @ |:ix:u = nxu—1i|
dx

Now according to the given condition,

5t Z’i = 80 (The rate of change of ¥ with respect to x)
x

5yt o = god_y
dx dx

By comparing we have
Syt = 80
=yt =16

=>y=%
:>:>y=2 Since y =0 for all x

So we have for v = 2, the rate of change of ¥* with respect to x eighty times the
rate of change of y with respect to x.

Chapter 2 Derivatives Exercise 2.5

We have ;;gsin d=rcosd when & 15 measured in radian.

When & 15 measured in degrees then
“We have

: : e
sin8%=gn—&

Then

b d
—ssin&%°= —sin 1.9
28 a8 120



Let

Thus we have
isin a7 = isin ¥
dd d8

Ev uzing chain rule

isin di= 4 —sin Y. d_y
g dy a8

[ﬂ- ]
180
—=—cos 15' Y
180 [180 ]
But cos(iﬂ]zcoséw
180

Then we hawve

isin 9°=1icos ge Proved

d8

Chapter 2 Derivatives Exercise 2.5

(A)  Wewrite =%

[Chain rule]

Then i-\}/x_z =
dx

Thus i|x| =
adx

(123 We hawve f |51n xl

We can write f |s1n x| Vein® x

Then f'(z)= —|sin = i\l'sin2 x

dx dx
1
Zfsin® x
Sl XCOS X
fsin x

SIfLXCOS X

|:2sin xrCos x)

Thus Fiix=

|sin x|
=Since f'[ ) iz not defined when sinx=0=x=nm

fote) f |51n xl iz not differentiable when x = s

2

Fig1
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Here

v= f(u)andu = glx)

Here fandg are twice differentiable functions.

We first find j—z T i

dx

K 1B

du f Ui, dx g x

dy dy  du

R SR SO A
dx du  dx

By the differentiation of the equation (1) of the both sides with respect to y, we get
dfB\_ dfd
dx dx dx du I

Ay _ i & &
dr? dx | odudx

By using the Product Rule and Chain Rule, we get

i O RSN L
it dx dx | du du dx | dx

W Ly oo by A

g du gyl
TR y A
du 'y dy [l
— (s
dx du® [UIT
— 5 ]/d_”j2 .|_d_3‘. d’u
dr’ TR du gyt

Proved

Chapter 2 Derivatives Exercise 2.5 90E
Here

v= f(u)andu = g{x)

Here fandg are twice diffierentiable functions.

We first find 2 apnd
du dx

dy o Lot
w=r () w=g(3)

dy _ dy . i



By the differentiation of the equation (1) of the both sides with respect to y . we get
W Ko oo DN ol
dx dx dx du dx

sy N o W| 900
gzt de | du dx

By using the Product Rule and Chain Rule, we get

dy _ o dfdy ) &y df
drt dx dx | du du  dx | odx

3

du  dy du dy  du
TR 1.

ix du

n
w (BN Ay
dx di? [UTR

—y Ly _ dy [d_”jg _|_"{_3’. d’u

2

dx du g7

[ TR

Now,

—dfdy (@Y dy F
de | g’ dx A odu gt

dy d'u Fu v e
du gy P . N
2 5
_34_y_du l.l_u tluj dy -.l_y d'n
du®  dxt UK bodx dx du gy
£}
= dy _ dy [‘ij 3 dy  dw du A dy
dx’ dx? dx du® i dx gt du
da_y

This is the formula for
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