Exercise 10.3

Q1E

(a)

Consider the polar coordinate P{r, E] = (2,%}

Piot the given point on the polar coordinate system.
Let (¢ be the origin or pole and r be the distance from the origin O to the point P
And g be the angle between the polar axis and the line joining the points O and P.

Here, , =2 is positive and 9=§i5 in the first quadrant.

So plot a point P(r,H) =(2,%) that is, located two units from the pole in the first quadrant.

The sketch of the point P(r,8) =(2,§) is shown below:
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Find two other coordinate pairs of (1,%) inwhich r>0andr<0:

If a point takes a complete counterclockwise rotation then the angle is 2z, and the point
represented by polar coordinates {r, ﬂ)muh:l be written as,

(r.0+2nz) and (-r.0+(2n+1)x)

Here, n is any integer.

The corresponding coordinate pairs of [2‘%] for p~Qare:

(2,% +2mn‘], n=0,#142 ...

. (33} () ) (2

Therefore, one of the other representations of the point P[r,ﬂ) =(2,§er r>01Is

>5)

The corresponding coordinate pairs of [2, %) for p<Qare:

[—2,%+(2n+l]r} n=0%142,...

. (24 (189 (o- 2){a1)..

Therefore, one of the other representations of the point F[r,ﬂ] =(2,§)mr r<Qis

&



(b)

Consider the polar coordinate P(r,8)= [I.— 3%]

Plot the given point on the polar coordinate system.
Let (¢ be the origin or pole and r be the distance from the origin O to the point P
And @ be the angle between the polar axis and the line joining the points O and P.

Here, =1 is positive and @= _37” is negative.

If an angle is negative then it is measured in the clock wise direction from the polar axis.

So the angle @ = _%’r is in the third quadrant.

Plot a point P(r,f}) — [I,—3—I] that is, located one unit from the pole in the third quadrant.

4

The sketch of the point P(r,@) =[I,-3Tﬂ]i5 shown below:
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Find two other coordinate pairs of [I,-JTE] inwhich p>~0andr<0:

If a point takes a complete counterclockwise rotation then the angle is 2, and the point
represented by polar coordinates (r,@#)could be written as,

(r.0+2n7) and (-r.0+(2n+1)7)
Here, n is any integer.

The comesponding coordinate pairs of [I,-%J for p=Qare:

(I,—?'TH+ZHH‘], n=0,%#1L%2_...

. (2) ()}

Therefore, one of the other representations of the point P(r,ﬂ] =[I,-T]fnr r>01Is

(Ls_‘“]_
4
3T

The corresponding coordinate pairs of [L_TJ for p<Qare,

(l,-%”qznn)x], n=0,4142, .

e (45} Y2

Therefore, one of the other representations of the point P(r,E) =[I,—3Tx]fﬂr r<Qi1s

)




(c)

Consider the polar coordinate P(r,8)= [-l,%}

Plot the point on the polar coordinate system.

It r>0, the point (r,ﬂ}lies on the same quadrant as g,

If p<().the point (—r,ﬂ)lies in the quadrant opposite side of the pole.
T N

Here, @ = —Is positive.
2

If an angle is positive then it is measured in the counter clock wise direction from the polar axis

50 ﬂ:%is lies on the positive y-axis but here , — —1is negative so the point

P(r.0)= [-],i)lies on the negative y-axis at a distance of one unit from the pole.
2

The sketch of the point P(r,8) =[-1,%)is shown below:
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Find two other coordinate pairs of (—L %] inwhich p=~0andr<0:

If a point takes a complete counterclockwise rotation then the angle is 2, and the point
represented by polar coordinates (r, B)muld be written a5

(r.0+2n7) and (-r,0+(2n+1)x)
Here, n is any integer.

Note that {—r,ﬁl') represents the same point as (r,ﬂ'+ :r].

So, [—L%] represents the same point as (l,% +x] = [L%).

Therefore, one of the other representations of the point P{r,ﬂ} =[-],%)Tﬂr r>0is

(%)



The commesponding coordinate pairs of [I,%)mr r<( are:
3x
[-l,?+{2n+ I)x], n=0+1L+2....

That is, [-1,5—”],[-1,9—“],(-|,£],[-1,]3—”),...
2 2 2 2

Therefore, one of the other representations of the point P{ r,H] = [-],%)Tﬂr r<Qis

&

Q2E

(a)

Consider the polar coordinate

&

Now. plot the point on the polar coordinate system.

Use the convention that an angle is positive if measured in the counter clock wise direction
from the polar axis and negative in the clockwise direction.
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Find two other coordinate pairs of [I,%’r] inwhich p>~0and r<0:

In fact, since a complete counterclockwise rotation is given by an angle 2, . the point
represented by polar coordinates (r,#)is also represented by

(r.0+2nz) and (-r,0+(2n+1)7)
Where n is any integer.

For r=0:

The corresponding coordinate pairs of [I,TTx)are:

(l,%‘ﬂm], n=01L42 .

That is,

[LT_H)‘ [liﬁ_f]i[li_i]l(lm 23K]1-*-
4 4 4 4
For r<(: The corresponding coordinate pairs of (I,%)are:

[-1,%”+{2n+1}:r), n=0,+1,+2,... Thatis,

(2t} (A )2

Therefore, iwo other pairs of polar coordinate of [I,_?Tx]are

(25 o (2]
4 4




(b)
Consider the polar coordinate

(59

Now. plot the point on the polar coordinate system.

Note: The points (-r,f) and (r,&) lie on the same line through O and at the same distance
|r| from O, but on opposite sides of O. If > (. the point (r,@)lies on the same quadrant as
& it r < (). the point (—r,ﬂ}lies in the quadrant opposite side of the pole.

The point [—3,%}5 located 3 units from the pole in the third quadrant because the angle %

is in the first quadrant and , = —3is negative.

Find two other coordinate pairs of [-3_%] inwhich r>0andr<0:

In fact, since a complete counterclockwise rotation is given by an angle 2z . the point
represented by polar coordinates {r, B}is also represented by

(r,ﬂ+ Imr] and {-r.ﬂ+{2n+ ]]ﬂ“}

Where n is any integer.

Note that (—r,ﬂ}represents the same point as {r_gq. :r)
So, (—3,%) represents the same point as (1%)

For r>0:

The corresponding coordinate pairs of [3,,-%]arez



1x

[3,? +1rm']._ n=0,+1.+2 ...

That is,

[3'1?_3-)1 [31|9_EJ1-[31--5_H—]1(3$}|_I]1-“
6 6 6 6

For r<0:

The corresponding coordinate pairs of {3,%]&&;

[-3,%:-+(2n+ I}x], n=0+1+2 ...

That is,

(252} (33 Y a5} %)
6 6 6 6

Therefore, two other pairs of polar coordinate of (-3.,%) are [3,.%] and [—3+HTI]

(©
Consider the polar coordinate
(L-1)
The Cartesian equivalent is
x=lcos(-1) and y=1sin(-1)
That is,
x=0.540 and y=-0.841

The graphical representation on the Cartesian coordinates system is

y
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(0.540, -0.841)




Now, plot the point on the polar coordinate system.

O  Polar axis
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Find two other coordinate pairs of (1,—1) inwhich >0 and r <0:

In fact, since a complete counterclockwise rotation is given by an angle 2, . the point
represented by polar coordinates (r,ﬂ}is also represented by

(r.0+2nz) and (-r,0+(2n+1)x)
Where n is any integer
For r>0:
The corresponding coordinate pairs of (1,—1)are:
(1,-1+2n7), n=0,%1,%2, ..
That is,
(1,-1), (L,-1+27),(1,-1-27)....
For r<0:
The corresponding coordinate pairs of (1,—1)are:
[—L—I+{2n+l]x], n=0,+1.%2.. ..
That is,
(-L-1+x),(-L-1+3x),(-1,-1-x7),...

Therefore, two other pairs of polar coordinate of (1,-1)are |(1,-1+27) and (-L-1+7)




Q3E

(a)

Consider the polar coordinate

(1.7)

Now, plot the point on the polar coordinate system.

Use the convention that an angle is positive if measured in the counter clock wise direction
from the polar axis.

Convert the point (1,) from polar to Cariesian coordinates:

To do this, use the following equations

x=rcosf
And
y=rsiné

In present case,

r=land =x

It follows that,

x=lcosx
-1:(-1)
=-1

And

y=lsinx
=1:0)
=0

Therefore, the point is (—!,ﬂ} in Cartesian coordinates.




(b)

Consider the polar coordinate

-5)

MNow, plot the point on the polar coordinate system.

Use the convention that an angle is positive if measured in the counter clock wise direction
from the polar axis.

>

Zf__2ﬂ:
i

Convert the point (Z,-ZTI]Tmm polar to Cartesian coordinates:

To do this, use the following equations
x=rcost

And
v=rsinf

In present case,

r=2and 8= "]
3
It follows that,
= Zm[-g)
3
=z{_l]
2

=-1

And

Therefore, the point is (—I,—J";' in Cartesian coordinates.

il




(c)
Consider the polar coordinate

3x
22¢)
(=5
Now, plot the point on the polar coordinate system.

Use the convention that an angle is negative if measured in the clock wise direction from the
polar axis.

Note: The points (-r,8) and (r,@) lie on the same line through O and at the same distance
H from O, but on opposite sides of O. If p = (). the point {r, B}Iies on the same quadrant as
8 . i p < (. the point {—r,ﬂ}lies in the quadrant opposite side of the pole.

The point {-2,3%}5 located 2units from the pole in the fourth quadrant because the angle

%is in the second quadrant and , = —2is negative.

3z
4
< >
0O
N
b
~

Convert the point {—l, 3‘T‘]lr)‘ﬁ'l;'ln"l polar to Cartesian coordinates:

To do this, use the following equations

x=rcosf
And

y=rsinf

In present case,
r=-2and ﬁil‘=3'—"r
4

It follows that,

Therefore, the point is

—

J’E,—Ji) in Cartesian coordinates.




Q4E

(@

Consider the polar coordinate

(5

Now., plot the point on the polar coordinate system.

Use the convention that an angle is positive If measured in the counter clock wise direction
from the polar axis.

Note: The poinis (-r,&) and (r,@) lie on the same line through O and at the same distance

|r| from O, but on opposite sides of O. If » = (. the point {r‘E)Iies on the same quadrant as
8 . i r <. the point {—r, E}Ii&s in the quadrant opposite side of the pole.

The point (-ﬁ,%] is located 2 units from the pole in the first quadrant because the

—J2 is negative.

angle S{is in the third quadrant and , _

( 57)
2. J

o
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Convert the point [-ﬂ_if]fmm polar to Cartesian coordinates:

To do this, use the following equations
x=rcosf

And
y=rsinfd

In present case,

r= Zandﬁi‘:%

It follows that.

= Zcusj—x

s[4

=1
And

_1»?=—\l"§:=r-in~5ler

a3

=1
Therefore, the point is {I,l} in Cartesian coordinaies.




(b)

Consider the polar coordinate

&

Now, plot the point on the polar coordinate system.

Use the convention that an angle is positive if measured in the counter clock wise direction
from the polar axis.

r]j 57
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(c)

Consider the polar coordinate

-3

Now, plot the point on the polar coordinate system.

Use the convention that an angle is negative if measured in the clock wise direction from the
polar axis.




Convert the point [?.h—-%]from polar to Cartesian coordinates:

To do this, use the following equations

x=rcosf
And

y=rsind

In present case,

:r*=2¢1r||r.‘lu!E"=—-’Ir—J1'r
6

It follows that.

Izim[—T—IJ
6

(%)
-3

Therefore, the point is (—Ji,l) in Cartesian coordinates.

Q5E
()
The Cartesian coordinates of a point are (x, y)=(2,-2)

To convert into to polar coordinates [r,ﬂ)use the following relations:

E:tan"[i) (2

X

Substitute x =2, y =-2and caiculate the values:
r=yx*+)?
=2 +(<2)’

=422



Calculate g.
Substitute the values of x and y in equation (2).

()
G

(1)

= [ Since (-2,2)0, ]

NE B

&

(i) When r >0 and 0 < @ < 2x. the polar coordinates are (2&,?;”‘4) -

(i) When y <0 and 0< @ < 2. the polar coordinates are

(o) 5]

(b).

The Cartesian coordinates of a point are (x,y)=(-1+/3)

Substitute y=—1,y= ‘E in equations (1) and (2) to calculate the values of rand &
r= Jf +y°
a 2
=1 +(5)
=42

And

()

=tan"’ (—ﬁ)

ZET’I [Since (—LJ?:)EQz]

(i) When r >0 and 0< @ < 2. the polar coordinates are [(2,2x/3)).

(i) When r <0 and 0 £ @ < 2x. the polar coordinates are (_L%HEJ = (_I'ST#] L




Q6E

(a)

Consider the Cartesian coordinate
(3\.6,3}

Convert the point (31.-"3-.,3} from Cartesian to polar coordinates:

To do this, use the following equations

rF=x+y (1)

and=2 (2

In present case,
x=33 and y=3

Substitute the values of x and y in equation (1).
P =(3V3) +(3)°
r’=27+9

r=36
r=6



Substitute the values of x and y in equation (2).

Since the point (31.5,3) lies in the first quadrant, choose @==or §=——

=

T

Therefore, one possible answer is (JJ'JTE] and another is (3\5 Hﬂ)

M
' : : x
The polar coordinate of the point (31.-@,3} where p~0 and 0<#<2x Is (3‘."?_.,3]

(i)
For r<0:

The corresponding coordinate pairs of [3\!'37,%]are:

(—J\E.%+(2n+l]n‘], n=0%1,...
That is,

[-3\."5.%”], [-3&”{]{—3‘&-%’],.“

Thus, The polar coordinate of the point (31.;"3_,3) where r<() and 0<8<27 is

%




(b)

Consider the Cartesian coordinate

(L-2)

Convert the point (1,—2) from Cartesian to polar coordinaies:

To do this, use the following equations
Fr=x+y ... (1)

anfd=2 (2

In present case,

x=land y=-2

Substitute the values of x and y in equation (1).
P =1 +(-2)

rr=1+4

r=>3

Substitute the values of x and y in equation (2).

tang =

tanf=-2
9=tan"'(-2)

In fact, since a complete counterclockwise rotation is given by an angle 2, . the point
represented by polar coordinates (r,@)is also represented by

(r,0+2nz) and (-r.8+(2n+1)7)

Where n is any integer.

For r>0:

The corresponding coordinate pairs of (\E tan”' (2}] are:
(Jg,tan" (—2)+1mr), n=0%l,...

That is,

(V5.tan”'(<2)). (V5.1an7' (<2)+27).(V5.1an " (-2) - 27)....



For r<0:

The corresponding coordinate pairs of (JE, tan”' (2]) are:

(—5.tan7 (-2)+(20+1)7). n=0.11....

That is,

(—V5.tan"' (-2)+ 7). (—V5.tan"' (-2)+37).(V5.tan "' (-2) - 7).....
M

The polar coordinate of the point (],—2) where =0 and 0<@<2x 15

(V5.tan" (-2)+27)

(i)
Thus, The polar coordinate of the point [],—2} where r<0 and 0<8<2x 15

(V5.0 (2) +7)

Q7E

‘We are required to find the region in which r =1is satisfied.
We know that r = 1 is the set of points satisfy the circle whose radius is 1.

Further, the set of points outside this cirde satisfy 7 > 1

Combining these regions, we get the required graph.
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Observe that the region which is uncovered at the middle denote r< 0 and the shaded regonis
the required region.



Q8E

We are required to identify the region in which the polar conditions 0=r <2,

3
fr gl - ? are satisfied.

We know that ris the radius of the cirde. 7 = 2 is the set of points lie onthe cirde and r < 2
are the set of points inside the cirde.

Fr 3
Further, for each quadrant, we are required to rotate the angle o0’ = E

3
So, T=8= ? is the region denoted in the third gquadrant starting from positive part of X axs.

Putting these things together, we get the required regon that the set of points in side the circle
of radius 2 and are in third quadrant only.

Observe that the points which are on the perimeter of the cirde are not considered.

Q9E
We are required to sketch the region in the plane consisting of points whose polar

coordinates satisfy r =0, 2595%

we follow that ris the radius of the drcle = 0 and the upperlimitis not gven.

50, we |eave the upper boundary uncovered.

Fi3
we know that the line 8= Iis the line in the first quadrant makingequa angles with both X

and Y axis. The line 90%away from this linein the anti dockwise direction shows

b S o
& = —+ —=— which will be in the second quadrant.

4



Thus, the required region is

Q10E
i . i i T Sir
‘We are required to sketch the region in which the polar coordinates 1= <3, = <8 {?
are satisfied.

We know that ris the radius of the cirde and 1 <7 =< 3 stands for the region between the circles
of radii 1 unit and 3 units.

T S T
Also, 8= r is the line in thefirst quadrant and &= ?z ::T—EiE thelinein the second

b3 S5
quadrant. 5o, E <f < ? stands for the circular region between the cirdes of radii 1 and 3,

lies between the lines Hz% and &= 5—JT

6

It can be viewed as




Q11E

2<r <3, SaiZ=8<Txi3

8=Tx3
=3
r=2
2\
N
0=5a73

Q12E

Consider the polar coordinates:

rzl, #<8<2x



From the given condition, the shaded region lies in Quadrants Ill and IV, and outside of the
semicircle whose radius is 1. Therefore,
The graph of the given polar coordinates is shown below:

y




Q13E

Consider the polar coordinates

o) s3]

To find the distance between the above two polar coordinates, first convert it into Cartesian
coordinates.

Convert the polar coordinate [2,%)1[] Cartesian coordinates:

Let =2 and Q=§

To convert the coordinates polar to Cartesian, use the following equations
x, =r,cost

And
y,=rsiné

It follows that,

X, =2r:ns[£)
3

¥, =Zsin(§)
A8
=3

Thus, the polar coordinate [2,%)manged to the Cartesian coordinate {I,\E ) )



Convert the polar coordinate [4,%}0 Cartesian coordinates:

Let r, =4 and 6, 2z
3
To convert the coordinates polar to Cartesian, use the following equations
X, =r,cosf
And
Yy =rsing

It follows that,

x, :4“}5(2_#]
- 3

(4
el

2
=23

Thus, the polar coordinate [4,%) changed to the Cartesian coordinate (—2,2-.5 ) )

Now, the polar coordinaies [lf] d [4,%]changed to the Cartesian coordinates

(135) (226

Recall that, the distance between the two points (x,,y,) and (x,,y,) is

d= ‘J{‘tz —-X )2 +{J"z -5 }2

In present case,
(x.2) =(I,J3-') and {x,,y._,}=(—2,2ﬁ)
The distance between the (1,4/3) and (-2,2V3)is
d= J(-x: —-X }z "‘{J"': =W }2
=J(-2-|}* +(243 -Ji):
= (—3}2 +(\5)z

Bl

Therefore, the distance between the points with polar coordinates (2,%] and [4,2}5

3
Viz




Q14E

We have to find the distance between the points with polar coordinates
(5.8).(n.8)
Let comresponding Cartesian coordinates be {x,)4)

And (x.5)
Then n=nrcoss, »=rsmf
And x=rcosd, yy=rnsmb

By the distance formula distance
4= f(m-x) +(a-n)
= 'J(-"n cos&, —rcos Hl)j +(r;sin & —7sin 51)2
= .Jrlz cos? a, +.i"12 cos? 8, —2nr,cos8 cos, +.l"22 sin’ a8, +.i'i2 sin’ 8—-2rrsan8snd,

= \(-"12 ([:-DSJ El+5iﬂ251)+?52 (l[:i::rs2 8, +sin’ H,)—Eriri (cos8cosd,+sinf sin &)

= Jr +r —2rncos(6— &) [Cos (A-B) = cosAcosB+sinAsinB
So distance formula for polar coordinates 1s

d=.fr +r, —2r7cos(6,-8)

Q15E

Sol: Given r* =35

To convert the given equation to Cartesian form we use = +y2 =7 andtan &= %
r’=5

=2+ =5

| Which represents a circle with center {0,0) and radius -J‘_"_)




Q16E

Given polar equation 15 r = 4sec &
—»rcosf=4

i x
using cos &= —, we get
r

&
=—r=4
r

=zx=4

this represents a straight line parallel to y-axis.

Q17E

Consider the polar curve,

r=2cosé-
The objective is to convert the given polar curve into Cartesian coordinate system.

We know that the polar coordinates have Cartesian coordinates,

x=rcosf,
y=rsinf
And

X+y' =rfcos’@+r'sin’ @
=r:(cnszn9+5in13}
=r:{5im‘:e cos’ @+sin’ @=1 )

Substitute these values in the equation of the polar curve:

r=2cos#f
2x
r=—
F



Substitute r* = x* + y*in the equation 2y = 2

Then, the equation becomes,

2x=r
2x=x"+y"
4y -2x=0

X -2x+y' =0

2 =2x+1+y* =0+1 Add | on both sides
(= -2x+1)+y" =1
(I—l): +_74rI =1
Therefore, the curve [ I_]]z + yl =| represents the equation of a circle with center

and radius m

Q18E

(Given parametric equationis &= B

| This represents an straight line with slope -'.E and passing through the orngin

Q19E

Consider the polar equation 2 05280 =1.
Convert the given polar equation into Cartesian equation.
To convert from polar to rectangular equation, use the following equations:

x=rcosf
y=rsinf

X+y=r



Rewrite the given polar equation as follows:

rcos28=1
. ’ . 3 Use Double Angle Formula:
re {cos'ﬂ—sm E}=l . o
cos2x=cos" x—sin" x
ricos’@-r'sin"@=1
(reos@)’ —(rsind) =1
-y =1 [Subslil:utex‘-— rcos@,y =rsin H']

The rectangular equation of the given polar equation is x* —y* =1.

Now compare the equation x* — y* =] with the equation of the hyperbola g_}’_‘:‘
b

Here, a=1b=1.
Then,
c=a+b
=P +P
=1+1
=2
e=2

So foci of the hyperbola is (+c,0)=(++/2.0).
Vertices are (+a,0)=(1,0).

Asymptotes of the hyperbola are,



Therefore, the equation x* - f =1 represents a hyperbola with foci at (iﬁ ,l‘.}) and vertices
are (+1,0).

The asymptotes are y=+x.

The hyperbola is skeiched in the below figure:
25%

2_

1
L

- =25+
x2—y2=1

Q20E

Consider the polar equation

r=tan@secl
Relation between pﬂlﬂr and Cartesian coordinates:

Cartesian coordinates: (x, y)

Polar coordinates: (r,&)

Where , = Lﬁ .,_f and H:mn"[%]: x=rcos@ and y=rsind



To find a Cartesian equation for the curve p = tan #secé -

r=tan#fsect

=sint?_ 1 Sincemg=5inﬂ,5¢¢g= 1
cosf cosf cos@ cosf
» _rsind

Multiply by r on both sides.

cos
ricos’@=rsind

¥ =y Use y = rcos@and y =rsinf

Recall that the equation of parabola with vertex (0,0) and focus at (0,a)is x* =4ay
Comparing x* = ywith x* = 4ay. we get
da=1

=

1
4

So, ¥*= y Is the equation of parabola with vertex ({],ﬂ] and focus at [ﬂ,i].

Therefore, Cariesian equation for the curve r = tan@secd s |x° = |-

Q21E
Given Cartesian equation 1s y= 2
Using x=rcos8,y=rsn &, we convert 1t to the polar equation

= rsnf=2

= |r =2cosced]
Q22E

Given Cartesian equation 1s y=x

using y=rsné&, x=rcosf, we change this equation into Polar equation as

ranf=rcos8
=snd=cos &
=tan 8=1

—g==
4



Q23E

Given Cartesian equation s y=143x

using ¥ =rsin &, x = rcos &, we change 1t into the polar equation

rsin@=143(rcos &)
=r(sind—3cosH=1
B 1

 sinf8—3cosd

=|r

Q24E

Given Cartesian equation is 4y° =x
using ¥ = rsin &, x = r cos &, we change 1t into the polar equation

4(r*sin’F)=rcosd
=4rsin® #=cos 8

= |r= 4lt:ot Bcosced

Q25E

‘We have the Cartesian equation as x° 4+)° = 2x
Since x=rcosf and y=rsing

Therefore r* cos” 847" sin® 8=2crcscosd
Or r? ([:0525+5i.ﬂ2 H)= Zercosd

Or rt=2crcos8

Or r=2ccos8|

This 1s the polar equation corresponds to the given Cartesian equation



Q26E

Consider the Cartesian equation

xy=4
To find the polar equation that represents the above equation, use the formulas
x=rcosf and y=rcosé
Now,
=4
(rcos@)(rsing)=4
r*sinfcosd =4
2 _ 4
sinfcosd
2

=+
" Jsin&msﬂ

Therefore, the polar equation that represents the Cartesian equation xy = 4is

r=+ -
Jsin@cos
Q27E
(a)

Consider a line that passes through the origin and makes an angle %with the positive x-axis.

The given curve has a polar equation:

@=x/6
For the Cartesian equation of the given curve, note that the slope of the line is:

m = tan(r / 6)
Then the Cartesian equation of the line is:
y= {tan [Jf / ﬁ}]x

It can be seen that the given curve can be more easily given by a polar equation,

0=x/6

(b)
Consider a vertical line which passes through the point (3,3)_

The given curve would be more easily given by a Cartesian equation.

And Cartesian equation of the curve is:

xr=3



Q28E

(A)  Since the center of the circle is not at the origin, so the curve would be more

easily given by a Cartesian equation |(x— 2)2 +( y— 3)2 =5

{B) Since the center of the circle 1s at the ongin, so the curve would be more easily
given by the polar equation as
Cartesian equation is also simple as x* +y° =4 = 2* +3' =16

Q29E

Consider the curve p=-2sin#
First sketch the graph of p = —2gjp @ in Cariesian coordinates:

We first draw the suitable graph without changing it into the Cartesian eguation. This enables
us to read at a glance the value of r that correspond to increasing values of g.

Since ris the distance from the origin to the curve r= f{ﬂ] The value of r does not respect

the sign in the Cartesian coordinates.

The curve p =—2sjp @ in the Cartesian coordinate is

4y

125x 15x 1.75x




Observe the graph that, as @ increase from 0 to %_ the curve decreases from 0 to —2. So

considering iis absolute value as r it is easily to follow r increases from 0 fo 2.

ain as g increase from T to &, the curve returns to x-axis. That is r returns from —2 to 0.
2

The same is continued from x to 3?‘? and so on.

Since 2 g & Indicates the negative values. It can be easily followed that the entire curve lies
below the horizontal axis up to —2 and retums to 0 beiween O to &

The same curve repeates from & to 24, which is not visible separately.

Sketch the curve p = —2gjp #is shown below:

&
g==
2
-
r=—2sinf
_3x
2

Q30E

Consider the curve p=]—cos#
First sketch the graph of p = —2sjp@ in Cartesian coordinates:

We first draw the suitable graph without changing it into the Cariesian equation. This enables
us to read at a glance the value of r that correspond to increasing values of g.



The graph of ;=1-cos® In Cartesian coordinates, (<@ < 2x 15 shown below:

&r

bt
L F
Yo

For instance, we see the following parts:

As g increases from 0to X _ r (ihe distance from O) increase from 0 fo 1.

2

. T .
Now as @ increases from — to & . rincrease from 1to 2.
2

Now as @ increases from x to 37 Gecreases from 210 1
2

Now as @ increases from 3?‘# to 2. rdecreases from 1 to 0.

If we let @ increases beyond 25 or decrease beyond 0, we would simply retrace our path.



Now putting together the parts of the curve, we sketch the complete curve is shown below:

Y
g—-%
2
r=1-cos®&
»
f=x =0

="
2

This is called a cardioid, because it's shaped like a heart.

Q31E

Consider the curve r=2(1+cosé)
First sketch the graph of r= I{l +cns€] in Cartesian coordinates:

We first draw the suitable graph without changing it into the Cartesian equation. This enables
us to read at a glance the value of r that correspond to increasing values of g.



The graph of r=2(1+cos#) in Cartesian coordinates, (<@ <2y is shown below:

&r

LA

2 23

[y
Y
™

For instance, we see the following parts:

As @ increases from 0 fo %. r (the distance from Q) decrease from 4 to 2.

MNow as @ increases from % to &, rdecrease from 2 to 0.

Now as @ increases from x o 3%. rincrease from 0 fo 2.

Now as @ increases from 3?1 to 24, rincrease from 2 to 4.

Ifwe let g increases beyond 2 or decrease beyond 0, we would simply retrace our path.

Now putting together the parts of the curve, we sketch the complete curve is shown below:

r:2(1+c055)
(49)
f=x 9:[]
=37
2

This is called a cardioid, because it's shaped like a heart.



Q32E
A system that is used as reference to define the position of a point uniguely in space is called
as the coordinates sytem.

The polar coordinate system is a kind a of two dimensional coordinates system in which the

position is uniquely defined as the distance from a reference point and the angle from a
reference direction.

Consider the function:
r=(1+2cosf)

Consider the sketch of the above function as shown below,

Convert the equation in the Cartesian coordinates:

r=(1+2cos#)
r=01+25)

-
F=re2x

Iz-!'-_}":—z_tz\f_t: +y

Hence, the equation in the Cartesian form is |x* + y* — 2x = Jx* + y* |-




Q33E

Consider the curve r=8, >0
First sketch the graph of , = @ in Cartesian coordinates:

We first draw the suitable graph without changing it into the Cartesian equation. This enables
us to read at a glance the value of r that correspond to increasing values of 4.

The graph of =g in Cartesian coordinates, ()< @< 2x is shown below:

4r
3-- 2

-

For instance, we see the following parts:

As g increases from 0to . r (the distance from O) increase from 0 to1.571.
2
Now as @ increases from %tn & rincrease from 1.571 to 3.141.
Now as g increases from x to 3T increase from 3 14110 4712
2

Mow as @ increases from 3?}!' to 24 . rincrease from 4.712 to 6.283.

Ifwe let g increases beyond 2. we would simply the path increase.



Now putting together the parts of the curve, we sketch the complete curve is shown below:

:Ej

/!_/‘\5\ r=6

-
O=x 8=0
523}?
2
Q34E
We have to sketch the curve r=1né&, =1

‘We sketch the curve r =1n & 1n Cartesian coordmnatesfor 8=1

<]
1]

Fig.1

‘We see that when #=1 r =0 so polar curve starts from the pole, since In& 15 a

increasing function, so r increases, as & increases, we sketch the curve



Fig 2

Q35E

Consider the polar equation,
r=4sin36-
The objective is to sketch the given polar curve, by first sketching it in Cartesian coordinates.

First, tabulate the values of p = 4 3@ for various values of @ as follows:

& | 4sin 30
o] o
21 a4
6

4

=] 2H
" J2
Il o
3

Zl 4
2




Sketch the graph of » = 4sin 3@ in Cartesian coordinates as shown in the below figure:

r=4sin38




As g increase from 0 to % . the above figure shows that » increases from0to4 and as @

decreases from = to E. r decreases from 4 to 4.

S0, draw the polar curve as shown in the below figure:




Q36E

Consider the polar equation

r=cos50
To sketch the curve with the polar equation , = ¢ps 5@ . find the values of r for some convenient
values of @ and plot the corresponding points [r, .9} then join theses points.

First construct the table form the given equation

a r=cos50

o)

5
o5

5
|

5
2|6




Now, piot the points and join them with a smooth curve.

The graph of r=cos58,0 < # < 2xin Cartesian coordinate system as shown in below:

N

(0.1)

[

e ix 7
4 2 -E

]
x4 Dy 34 z 524 £ TR 2z >0

05t

o b
wdin
[ F=

As g increase from 0 to % . the above figure shows that r decreases from 1 to -1 and so

draw the corresponding portion of the polar curve in below figure. As @ increase from %’[D %
., rgoes from -1 to 1, draw the corresponding portion of the polar curve in below figure. The

remainder of the curve is drawn in a similar fashion.

The resulting curve = cos 56 as shown below




Q37E

1679-10.3-37E AID: 1112 | 29/09/2016
Given function is  r=2cos48

The objective is to skeich the graph of the given function both in Cartesian coordinates and
polar coordinates.

First, sketch the curve r=2cos4#f in Cariesian coordinates.

3_
r=2cos(48) -
2
r
_'3 o ) _I1 0 1I ‘_-":
B
-1 -
-2 -
S

Observe that as g increases from 0 to g /§. r decreases from 2 to 0
@ increases from x /8 to x /4 . rdecreases from 0 fo -2

@ increases from x /4 fo 3x/8.rincreases from-2i0 0

@ increases from 3z /8 fo x/2.rincreases from 0 fo 2

@ increases from x/2 to 5x/8 . rdecreasesfrom2io 0

@ increases from 5x/8 fo 3x/4. r decreases from 0 o -2

@ increases from 3x /4 to Tx /8. rincreases from -2 io 0

¢ 6 & 8 & @

@ incases from 7x /8 to x.rincreases from 0 to 2



Now, sketch the given graph in polar coordinates.

Q38E

‘We must sketch the curve given by the polar equation » = 3cos68 by first sketching the
graph of r as a function of & 1n Cartesian coordinates.

'i\\j/?\r\\ﬁ /*;a” .

Cartesian Coordinates:

Polar Coordinates:




Q39E

Consider the polar equation

r=1-2smé
To sketch the curve with the polar equation p = | —2sin #. find the values of r for some
convenient values of @ and plot the corresponding points [r, B} then join theses points.

First construct the table form the given equation

) r=1-2siné

P

5
= I+J§

7
it I+J§




Now, plot the points and join them with a smooth curve.

The graph of r=1-2sin#,0< @ < 2x in Cartesian coordinate system as shown in below:

Jhg
I+

b

1 @D

z Sx/4 3a2 Takd x

As @ increase from 0o % . the above figure shows that » decreases from 1 to 0 and so

draw the corresponding portion of the polar curve in below figure. As g increase from %tn %

>

. rgoes from 0 to -1. This means that the distance from O increases from 0 to1, but instead of

being in the first quadrant this polar curve lies on the opposite side of the pole in the third
quadrant. The remainder of the curve is drawn in a similar fashion.

The complete curve y =1—2sin #as shown below:

l-.a|:q
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‘We must sketch the curve given by the polar equation r = 24510 & by first sketchung the
graph of r as a function of & 1n Cartesian coordinates.

Cartesian Coordinates:

—-2x -5

Polar Coordinates:

Q41E

Consider the polar equation
r° =9sin26
Rewrite it as,

r=3/sin28

To sketch the curve with the polar equation .2 = 9gjp 2@. find the values of r for some
convenient values of @ and plot the corresponding points {r, E} then join theses points.

First construct the table form the given equation



r=3/sin 28

& H

2 | H

undefined

undefined




Now, plot the points and join them with a smooth curve.
The graph of r* =9sin 28,0 < @ < 2xin Cartesian coordinate system as shown in below:

Al T3 3T
T F

31

sz/4 3z2 Talq 2z

As @ increase from 0 to % . the above figure shows that r increases from 0 to 3 and so draw

the corresponding portion of the polar curve in below figure. As g increase from Zio X

decreases from 3 to 0, draw the corresponding portion of the polar curve in below figure. The
remainder of the curve is drawn in a similar fashion.

The complete curve ,2 = ggip 29as shown below:




Q42E

Consider the polar equation

r* =cos46
Rewrite it as,
r=+Jcos460
To sketch the curve with the polar equation ,? = g5 4 . ind the values of r for some

convenient values of g and plot the corresponding points {r. B) then join theses points.

First construct the table form the given equation

g r=+/cos48
0 1
Z lo
8
X undefined
4
3 g
8
Z |4
2
5 1
8
:E undefined
4
T 1




Now, plot the points and join them with a smooth curve.

The graph of _rE =0zin m,ﬂﬂ HE 2;rin Cartesian coordinate SFSTEFTI as shown in below:
o

3..

e

(0.1) 7! =l 7!

2 O :".T.;'_. ."‘TG,
&

As @ increase from 0 to % . the above figure shows that r increases from 1 to 0 and so draw

the corresponding portion of the polar curve in below figure. As g increase from ek ] r

decreases from 0 to 1, draw the corresponding portion of the polar curve in below figure. The
remainder of the curve is drawn in a similar fashion.

The complete curve 2 = cq5 44 as shown below:

5z

2 N N e
= x4 38 =7 S5x% 3ad Ta® =z SR a4 113E 322 132 TaMd 1528 = >



Q43E

Given r = (24510 35)
wWe first draw the curve without changing it into the Cartesian equation

JIV

r=02+sn38)

F=24+3sin&—4sin’ &

r= 2+3£—4£3
r r

r*=2r +3r’ -4y

(2457} = 2(2 +5) +3 (2 +57) - 4°

(x: +3* ]2 = 2(;{2 +y2)% +y (312 —y2) is the Cartesian equation suitable to the given polar

equation.
Q44E
We have to sketch the curve 728=1

:brﬂz%

—=r==+1/.8 >0



First we plot the Cartesian curve between r and &

r

e

2]
= =]

If we take rzlfﬁ soas &—=0, r >0 As & increases r decreases
Soif & decreases from 2or£00 |, r increases.

Similarly if we take r=—-1/ \-"E_J so as & increases, r iIncreases

Fig2
Q45E

We slketch the curve in Cartesian coordinates (r =1+2cos 25)

| Fig.1



We see that as & increases from 0to 7w/ 3, rdecreases from 3 to 0
As 8 increases from #w/3 to 7wf 2, r decreases from0 to —1
Asf increases from w72 to 213, r inaeases from—1to 0
As & increases from 27/ 3 to #T,r increases from 0 to 3
Az @ increases from n to 471/ 3, r decreases from 3 to 0
As 8 increases from 4773 to 3w/ 2, r decreases from 0 to -1
Az 8 increases from 37472 to 5713, r increases from -1to 0
As 8 increases from 5#f3 to 2x, r inaeases from 0 to 3

‘With the help of abowve information’s we can sketch the polar curve.

o=z

=i

Edr i

Fig2

Q46E

Gwwen r=34+4cosf

we first draw the curve without changing it into the Cartesian equation

&y




r=3+4cosd

r=3+4%
-
r?=3r+4x

x +_y2 —d4x= 3‘}12 +_)f2 is the Cartesian equation suitable to the given polar equation

Q47E
Given curve in Cartesian coordinates 15 as follows
§
Fig. 1
We see that as & increases from Oto A7 2, r increases from 0.5 to 2,
Az & increases from 772 to &, r decreases from 2 to 0.5
As & increases from & to 37/ 2, r increases from 0.5 to 2
As & increases from 3772 to 27, 7 decreases 2 to 0.5
With above resulis we can sketch the curve
Q48E

(Fiven curve 18

raA

5

S ——
..-*-"'__..

"

b

2

E

Y

2m

- ———

Fig. 1

‘We see that first r increases from 2tos 2.5, as & increasesupto A/2,r
decreases up to 0. As & increases beyond /{2, r decreases up to - 2.5.

As & increases up to 377/ 2, r increases up to 0 and as & increases up to
27T, 1 increases up to 2.

‘With above results we can sketch the curve



Fig. 2
Q49E

Equation of the polar curve 15 » =44 2s5ec#
Since x=rcoséd

So cos@=xfr and secf=rizx

Thenwe have r=44+2rfzx
= 2rix=r—-4
=xf(2r)=1/{r—4)

2r
=
o
r(1—4.-‘r)
_ 2

= x=

—l §

Taking limit as r >+ co (r 20 or r——w)

Then Im x=1im i
r—a4n r—dn (]_.d'”'r)
= lm x= 2
= 14 tim 17 |
r—34n
2
=h = =2
" (1-0)

So x=2 15 a vertical asymptote.

Again, r >t then (4+2secd) >t

Since sec®—>cw when 8 >(mi2) or 8§ >(3x/2)
And  secd >-— when §>(#I2) or &—>(3AI2)
So ]ri-ﬂxz hm (4+25£:[:H)t:059= hm (4[:059+2)=2

f=axfl ey

And lm x= Lm [4+25en::9)|::055= Iim [4-::059+2:I=2
o !—}z.ﬂ"' F—}zﬂ'l'

lim —=0



Now we calculate the values of r for different values of & in the interval [0, 277]

g |0 al4 7i2 3wid4 | & Sqai4 | 3xf2 | iafd4 | 2w

r |6 6.8 1.17 2 1.17 6.8 6

‘With the help of above data and results (1), we can sketch the curve

Q50E
Equation of the curve 1s r = 2—csc &
Since y=rsmé
Then csc&=rfy
Sowehave r=2-rfy
=r—-2=—rfy
1
=2
r [E—r)
e r
7T
T 1
Y= 2rr-)
If we take imit as r >0 or r—>—c0, then ]iril:llnlzﬂ
L
s lim L 1
] - =
=’ (0—1)
=[Egy=
So v=-1 15 a horizontal asymptote
Since (2—[:059)—}@0 as r—4omo
Since cscf —>c as >0 or 8 >
cscf —>— as 8> or 832w
Sor—>—w as &8->30" or 8>
Andr >0 as 8-> or 852w
210 il i2 3rfd | v | dafd | 32 | Twwid | 2w
r | 50 | =058 |1 s 0,58 341 3 341 —co
Q51E

We have to show that =1 15 a vertical asymptote of the curve r =s1n ftan &
For this we have to show ]ilr_E)x=1

We have x=rcosd
Then x=sinftan fcosF=sin’ &



When r oo
So sin ftan & 00

Since [sin&|=<1 andso tand —c0 as & —=>(mi2)

So Iim x= lim sin&tan Hcos
E—m f=zfl
= lim sin®8=1
faxfl
Now as r——o :>H—}(Jr.-'2)+ so hm x= ]j.tr}rsinjﬂ=1
F—3—m ==

Therefore hm x=1
=i

Thus = =1 15 a vertical asymptote

Weseethat zx=sin8=0 forall & and x=sin’ <1 forall &
Since r=sinftan# 1s not defined for odd multiple of% so x#1

So curve lies within the vertical stnip 0= x <1
‘We sketch the curve

/\

Fig-1

Q52E

We have to sketchthe curve (22 +37) = 4x%)?
Since x=rcosd and y=rsingd
Then [.r'2 cos” 8+r° sin® 3]3 = 4(:‘1 cos” H:I(r: sin’ H:I
=r° ([:-::-s2 8+sin’ 9]3 =4rtsin®dcos® 8
=r® =4 sin® Gcos* & [siﬂ2 f+cos’ = 1]
=r®=4s5n’8cos’8
=ri= (2 sin &cos H)J

= ? =sin® 28
= r=s5n28



So the polar curve r =sin 28 will be similar to Cartesian curve
(xz +_}r2) =4z*y? First we sketch the curve 7 =sin & in Cartesian coordinates

r

ANWAN
IVAV)

Fig.1

il

We see that as & increases from o torf4 , r increases from 0 to 1,
As 8 increases from w74 fo 72, r decreases from 1 to 0.

Ac 8 increases from 12 to 3rfd | r decreases from 0 to -1.

As 8 increases from %af4 to ;v |, rincreases from -1 to 0.
Az 8 increases from 7 to 57/, r increases from 0 to 1

As 8 increases from 57/4 to 3af 2, r decreases from 1 to 0
As & increases from 3702 to 7AM, r decreases from 0 to -1
Az 8 increases from 7/ to 27, r increases from -1 to 0

HNow we sketch the curve

Q53E
(a)Consider the limacon =]+ ¢sin@ has an inner loop when |d> 1.

Take ¢=25 then r=1+(2.5)sin8.

108y

r—1+' 5"5'113

8
6
4
2
10 8 6 4 -:'gl > 4 6 8 I
2
4
v
-8

ﬂhrh




Now take ¢=1.7 then r=1+(1.7)sin@.

10$y

4

10 8 6 -4 -2 2 4 6




Nowtake p=] then pF=]1+sind-

103V

r=1+{1)sin&

Therefore, the above curves are called limacons.
For ¢=1.thereis a loop that decreases in size as ¢ decreases.

When . =|. the loop disappears and the curve becomes the cardioid.

For c between 1 and % the cardioid’s cusp is smoothed out becomes a “dimple”.

For ¢ < -1, the inner loop begins at & =sin™’ [-l] and ends at @=x-sin" [-l]
- c

For ¢>1, it begins at H:sin"(l) and ends at H:h-sin"[l].
c ¢



(b) Consider the limacon =1+ ¢csind-

Substitute . =(_5 in the above equation, we get r=1 +(ll].5}5in3.

Consider the figure r=1+(0.5)sin&.

10y

o4

+ + + =

10 -8 6 -4 2 8~ 2 4 6 8§ 10

-84

In the above figure, the limacon loses its dimple.

Hence the graph appears that the limacon loses its dimple when = %

Q54E

{a)
Consider the polar equation, ,-:JE . 0<8<l6x.
r = sqrt (theta)

This means that as theta grows, r also grows, but more slowly, You can then imagine that the
graph is a spiral, which grows outwards as you go around the origin, multiple times, but with
the gap between successive cycles getting smaller and smaller.

So this curve is matched with the choice {1.}



(b)
Consider the polar equation, =8>, 0<8<16x-

This means that as theta grows, r also grows, but more fastly, You can then imagine that the
graph is a spiral which grows outwards as you go around the origin multiple times, but with the
gap between successive cycles getting larger and larger.

So this curve is matched with the choice (I1).

(c)

Consider the polar equation r= co&(% } = f1(0)-
since f(-0)=£(6)

Symmeitric with respectto polaraxisat g§=0. r=1-

Symmeitric with respect to polar axis at B=g, r=09.

So. this curve is related with (\n)_

(d)
Consider the polar equation, r= 1+2msl?=f{9}.

Since f(-6)=71(9)
Symmetric with respectto polaraxisat g=0. r=3.

Symmeetric with respect to polar axis at ﬂ=%._ r=1-
So, this curve is related with (III).

(e)
Consider the polar equation, r=2+sin38= f (B)

since f(x-0)=f(9)
Symmetric about vertical axis [E:%J.
For @=0. r=2

H:E, r:2+ﬁn[3i)
2 2

=2+sin(:r+£)
2

=2-sinZ
2
=2-1
=1
So this is related with {])



(M
Consider the polar equation, r=1+2sin38= f(8)-

since f(x-0)=f(6)
2)

Symmetric about vertical axis [E =
For @=0. r=1
ﬂ=£, r=1+25in[3—ﬂr]

7 2

—1+2(-1)
=1

So, this is related with {W}.

Q55E

‘We have the polar equation as r = 2510 8
Then iz?msﬂ
48

dy %sin9+rmsﬂ
Usi —=
e dx

—cos8—rsin g
a8

dy Z2cossinf+2smncoséd
Weget —= - -
dx Z2cosfcosf—25n8s5n
_ 4sindcosé
2 |:t:-::r52 g—sin® H)
B E(ESianusH)
a 2cos28
_ 2sin 28
2cos 28
=tan 28

The slope of the tangent at the point where 8= %is

%LM = tan 2(716)
=tan (:m" 3)
=\3

Therefore the slope of the tangent = -\E




Q56E

‘We have the polar equationas r=2—s1n &
Then £=—t:n::-st5"
d8

dgr .
dy —ssin&+rcosd
Using the fact Ezdﬂ

—cos@—rsiné
a8

—cos&@sind+[{2—s g
e @z cos& sin ( 51-1:19)[:?:-5
—cosﬂcosﬂ—(E—mnﬂ)mnH
_ —cosPsin 8+ 2cos F—sin Poos &
—cos” &—2sin B+sin’ &
_ 2cos8—2sinFcos &
—(cos” —sin” 8)—2sin 8
_ 2cosd—sin 28
—cos 28— 2sn &

The slope of the tangent at the point where 8= g

dy _ 2cos{af3)—sin (271 3)
El___ﬂ ~ —cos(2713)— 2sin (77 3)

,1_3
__ 2 2
2
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Consider the following equation of the polar curve:
r=1/8

To determine the slope of the tangent line to the given curve at the point H:% find the value

of ¥ a o=x.
i 6

First determine %by the following formula:

dr .

—sin @+ rcosf
dv _de (1)
dx

i-::vnr.«n":l‘—ar‘sitl!5\‘
de

For the value of ;'iﬂ differentiate the given polar equation:

a e
de

Substitute this value in (1):

dy —%sin&+$m@;ﬂ

d -1 1 .
— cos@——sinéd
e g

—sin@+8H8cosf

&
—cosf—@sin@

g
—sinf+8Hcos
—cosf—8sind
~(sin@—6BcosB)
~(cos@-8sin )

Hence,

The slope of the tangentiine at the point where g = g is

dy|  sinT—-mcosw
dx|,.. cosm+asing
O+x
" Z1+x(0)
T

-1
Therefore, the slope of the tangent line is [—z]-
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Consider the curve

ol

dr 1 . (E]
dg 3 3

To find a tangent line to a polar curve r= f (E] £ as a parameter and write its parametric
equations as

x=rcosf = f(8)cosd

y=rsinf= f(8)sind

Then, using the method for finding slopes of parametric curves and the Product Rule,

ﬂ-}- i;smﬂ+rcosﬁ

v _de _

...... {I}
dx E ersﬂ‘ rsind

de de

Using equation (1) with r =ms[§]

v %sin&+rmsﬂ
dx %cosﬂ—rsinﬂ

(e
(ool o

—%sin fsin ]+msﬂms[—

+!sin(ﬂ]cﬂs5‘ sin Hcos(
3 3
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The slope of the tangent line at the point where @ =zis |—f3
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Consider the curve

r={:0${23]
dr .
= —2sin(28)

To find a tangent line to a polar curve r= f(#). @ as a parameter and write its parametric
equations as
x=rcosf = f(0)cosd
y=rsind = f(8)sind
Then, using the method for finding slopes of parametric curves and the Product Rule,
£=EE=$5inﬂ+rmﬂﬂ )
& &k d o T

—cosf —rsiné
df dé




Using equation (1) with r = cos(28)

dy :rﬁ sinf+rcos®
dx % cosf —rsind

_(=2sin(26))sin 6 +(cos(26))cos &
(—2sin(26))cos@—(cos(26))sin @

_ —2sin#sin(26)+ cosHcos(26)

" -2sin(26)cos @ —sin Bcos(28)

The slope of the tangent line at the point where 3:% is
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The slope of the tangent line at the point where 3=%i5 m
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Consider the curve

r=1+2cosé

i =-2siné
de

To find a tangent line to a polar curve r= f (ﬂ] @ as a parameier and write its parametric

equations as

x=rcosf = f(8)cos
y=rsin@= f(0)sing

Then, using the method for finding slopes of parametric curves and the Product Rule,

dv dr .
—  —sinf+rcosf
sin
—‘fV=df = 4o 1)

0 ﬁmﬂ—rsmﬂ



Using equation (1) with r =1+ 2cos#

sin@+rcosf

d_}’

dx

Emsﬂ—rsin&

_(-2sin 6)sin 8 +(1+2cosf)cos &
(~2sin&#)cos @ —(1+2cosd)siné

—2sin’ @ +cosf+2cos’ @

—2sinfcosf —sin @ +-2sinfcos
_ cosf+2cos(26)
~ —sind-2sin(26)

The slope of the tangent line at the point where H:% Is

b cos 3 )20

=3 —sm| — |-2sin| —
3 3

1
35

The slope of the tangent line at the point where g = % s
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The equation of polar curve is y =3cos8-
The objective is to find the points on the curve where the tangent line is horizontal or vertical.

Recollect that the slope of parametric curve is,

dy
& _do
dv  dx
de
i sin@+ rcosf
_df
dr i
——cosf@—rsiné
dé
So, the horizontal tangents can be located by finding the points where i = and vertical
d@
tangents can be located by finding the points where ‘% =1.
First find i
dé

Consider the equation, p=3cos@-

Differentiate both sides with respectto g .

ﬁ =—3sinf
dé

Substitute the values of i and r in the equations % = :_rsin9+ reos@ and

dé
£=£msﬂ'—rsinﬂ.
df d8
?é—:%mﬂ'—rsinﬁ

=—3sinf@cosf—3cosfsinf

=-3(2sinfcosH)
=-3sin28
Addd ‘%=%Sinﬂ+rmﬁ'

=—3sin@sin?+3cosfcos

=3[m=ﬂ-sinlﬂ]=3msza



For vertical tangents. & =0
df

-3s5in28=0
9=ﬂ,£
2
It .E :ﬂ then F =3|;I:I-5ﬂ= 3

if =% then r=3cos®=0.
2 2

The points are in the form (r,8) -

Therefore, the vertical tangents are at the points (3, D),[ﬂ, %] :

For horizontal tangents % =0

3cos28=0
-
47 4

Substitute these values in = 3cosd -

g

r=31:ns£,3ms3—n
4 4

3 3
V2T 2

Therefore, horizontal tangents at the points
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Consider the following curve:

r=1-siné
— —cosf
de

To find the tangent line to a polar curve r= f {H] @ as a parameter and wriie its parametric
equations as follows:

x=rcosf = f(8)cosf

y=rsind=f(8)sin@

Use the method for finding slopes of parametric curves and the Product Rule,

& _de
dx  dx
de b
d .
i} :df? {rsm H]
i(rmﬂ]
da

. f:;_i{r)-:‘.inn*.‘i'+1---J-;:ﬁ'{sin )

;—H[r}-msﬂ+r-£{msﬂ}

d; sinf +rcosé

=d 1)
E«1:(»55-"‘—Jr*sini.'.’;i"
déd

Use the equation (1) with =] -sin@-

& j;sinﬂ+rmsﬁ
E=

E cosf—rsind
dé

_(—cos@)sin @ +(1-sin)cosd
N (—cos@)cos@—(1-sinf)siné
cos @ —2sinfcosf
—cos’ #—sinf+sin” @

_ —cosé(2sind-1)

"~ —sin & —cos(28)
_cosf(2sinf-1)

B sin @+ cos(20)




Observe that,

£=m5‘{25inﬂ—l]=l] When H:E,S_HBETE_”
dd 66 2 2
£=sinﬂ+cm{lﬂ}=ﬂ When g==
de 9
if 9=% then r=1—sin@=1-+=1

6 2
if 9= then r=1-sin@=1-+=1

6 2 2

If 9=g then r=]-sin@=1-1=0

- 9=3T"’then pel-simd=lel=2

Therefore there are horizontal tangents at the points [

veriical tangents at [ﬂ,%].

Use L Hospital's Rule,

dy ’me{zsina-l}}

lim —= lim

o(Z) dx E sin @ + cos(20)

2 r

- lim [ sin20—cos@
ﬂ_{g} ~\sini!:"'+1::4:'-5'»l:il'l';"‘)
2

~ lim 2cos28 +s5n P
,__[5]' cosf—2sin(20)

=2+1

. dy
By symmetry, l““]‘ o a

=

Thus there is a vertical tangent line at the pole.
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Sketch the tangent lines for p =] —sind-
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Q63E
ar .
Wehave r=14+cosf, then —=—znd
a8
We know that E=it:at:-sﬂ—s"sij:l.~."5‘
d8 48
And £=£5iﬂ5+r[:059
dF o8
dx ) )

Then Ez—mnﬂcosﬂ—(l+cosﬂ)sm9
=—sinPrcosf—sinf—cosHsin &
=—2sanfcos&—s5nH
=—sin5(2[:osﬂ+l)

And £=£sinﬂ+rcosﬂ

a8 J8
=—sin55inﬂ+(l+[:osﬂ)t:osﬂ
= —sin® B+ cosB+cos* 8
=cos28+cos & [Sint:t: cos 28 = cos® 8—sin? H]

=2cos @ —1+cosd
= (2 [:055'—1) (t:c-s H+1)



dy o

How —=0 when B8=— m,—, .
a8 3 3

And g when =027 z 37
a8 3 3

So horizontal tangents are at the points |(3.f 2 i 3),((], J'rjl,(3.f 2 5}'!'13:]

And the vertical tangents are at points |(2 U),(IIE, 2?!'.*'3:],(1!2, 4xf 3)

. . dvidd . .
Since lim =0, so at the point {0,7r) only a horizontal tangent occurs
o2z gy fd B 3 { ) d
Q64E
We have r=¢°
Since x=rcosd and y=rsinf

—=x=¢"cosfd and y=¢"s5nd

=—e’sin&+e°cosd and £=E’EGSH+E‘ sin &

&
_dg
dx

Fr
B 2’ ([:us Z+s5m H:]
B ([:05 &—sin H)e"
:}QZ ([:055 +s%n5‘)
dx (cﬂsﬂ—ﬂmﬂ)

Then

| &

Then

|

For horizontal tangent line we must have % =0

Forthis cos&84smé&=0
Squaring both sides
(cosB+sin8) =0
—=cos® G+sin’ 8+ 2sinfcos&=0
=14+sn28=0
=sin2=-1
= 28=wr—nl2
=8=nmr—mid

So curve has horizontal tangents at the points |[E‘{l_m],ﬂ'(ﬂ— 1/ 4))




For vertical tangents we must have % =0

:‘#(cos Hd—szin H)e' =0

=>cos&—sinf=0 since &° #0
=cosf=s5n8

=tanf=1

=8=nrtxi4

So curve has vertical tangents at |(e'{"ml,:r'r(n+lf4))

Q65E

Wehave r=asinf+bcosd ———(1)

Since x=rcosd and y=rsin8
Then —=cosd and L=sing
r r

Putting the values of cos# and sin & inequation (1)

We have r= £+‘EE

Since 2 =xz+y:,t'hen
= —bx+y —ay=0

] 2 2 2
i

ﬂx’—bx+b——b—+y2—ay+a———=ﬂ (makingpmfactsquares)
4 4 4 4
BY ay » &
=|x—=| +|y-=| ————=0
2 2 4 4

[ b)i ( a]j P +al
= x——] + F——| =
2 2 4

b 4 a 4 P +al .
—— | +| y—=| = Represents a circle
[ 2] [“' 2) 4

—

Comparing with (I—A)J +(_;|.r—B:]J =7’

b a . x-‘b: +a?
and radius = T

Centre ofthe circle 15
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We have equations of curves r=asind = ... (1)
And r=acosé



Let #2, be the slope of the tangent to curve r=agsin &

Then ”’1=%

ar
Wepet —=agcosd
£ a8

dy Esij:l.‘.'5\'+.i"t:-::rs.‘.';'v'
Then = =48
dx dr )
—Hcosﬂ—rsmﬂ
_ acos sin f+asin Foos &
acosfcosB—asin Fsin &
_ Zcos&sin 8
cos-&—sin’ &
dy sin 28 2s1n &cos & =sin 28
E_ cos 28 cos® 8—sin’ @ = cos 28
:}g:tﬂﬂzﬂ
dx
= | =tan 28

Let my be the slope of the tangent to curve r=acos&

Then -'”1=%

ar .
Weoget — =—asin &
a a8

Esil:l B+rcosd

Then £=
dx —cosB—rsnd
_ —asin &sin 8+acosPcos &
—asin & cosf—acosFsin &
.::(t:-::-s2 8—sin’ H) cos 28
B —a(EsinE'msH) __sinEH
dy
= =—cot 28 = =—cot 28
e m,

Both curves will intersect each other at right angle when s, -2z, =—1
We have m;=tan 28 and m, =—cot 28

Then my-ms, = —tan(Z& cot(28) =1

Thus both the curves intersect each other at right angle.
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Interval is [0,47]
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We have r =™’ — 2 cos(45)
Q?%Enmlﬁ[mzn]

Fig. 1

Q70E
Sol: Given r = tan 8 [**?

We observe that the function 7 = (tan H)W is increasing from -7 to & and 7 = [—tan -H)W

Is decreasing in the same interval.

5o, considering both the curves in the sameinterval, we get

&Y

-2

Green color curve is from the positive sign and red color from negative.
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Sol: Given 7 =1+ cos™ &

The curve runs from —Tto &

Q72E

We have 7 =sin® (48)+cos(48)
Interval is [0,27]

05

A8

+1 5

Fig. |

15



Q73E

Consider the polar equations,

r=1 +5in[9-ﬂ'!ﬁ]

r=1+sin(8-x/3)

r =1+sin@Both equations r=1+ sin[ﬁ'— al ﬁ] and y =]+sind has the same shape. The
only difference is the first equation has been rotated counterclockwise by an amount of z /6.

Similarly the equation r=1+ sin[ﬁ?— xl 3} and p=1+sin@ has the same shape and has
been rotated counterclockwise by an amount of z /3. In general if we have r= f(0-a)

then we have a rotation counterclockwise of a from the original graph.

Sketch the curves with polar equations.

&
-=1+sin| 6-% B
r=1+sind
r=1+31]1;l9-£ 14
. -j.-.

X

- . E',.__.._ . -+ -
-11’
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Consider the curve p=sgin2#-

To skeich the following graph io see where its maximum points are located

r=sin2@

From the graph we have an estimate of approximately |y =0.75

MNow we must use calculus in order to solve the maximum height. This occurs when we have
the horizontal tangent line so we must find dy / 48

y=rsiné
y =sin2@sin @ (Since r =sin 28)

dy / df =sin 28cos @+ 2cos 28sin @ Since %sinﬂ:msﬁ and

d .

—sin 26 = 2cos 28

dé

dy/df=2sinfcos’ 6+2(cos’ @—sin @)sind SNce ¢os529 = cos? @—sin’ @

dy | d6 =2sin 8 cos® 6 +(cos’ 6—sin’ 6))



Now set a =0.
de

Dzsinﬂ{lms: 8 -(1-cos’ ﬁ])
cos"@=1/3

cos@=+1/3

@ =0.8379,2.3037

Now plug the above §=(.8379 valuein y=sin2fsind.
¥ =sin2f#sinf

y=0.739

Q75E

Given parameinc curve 1s r = 14+ccos &

Using c=0,1,2,3,..., we graph and then c=0.5, 0.75,...,, -1,-2,...

Fla=1-vwnfa’

IRa 1= rna #|
Fla—1-Zcoe 2]
Fla =1L ]

Observe that ¢ =1,2,3,4,.. in this case and the graphs are cardoides with centres lie on
the positive part of X axis.



Rilaj=1-coda

Nial-1-Zocd =
Ria)=1-3ocds)
Hia1 dccdol

When ¢ =—1,—2,—3,—4,.. . the curves are cardoides with centres on the negative part of

X axis.

LAY —— Rl
= Rila}=11 5cos{a)
Rlal=10 Z5cos{a)
RlaE=10. M cosa)
_______ X
) = h]| 2

-2+

When c mcreases from 0 to 1, the curve changes from a circle to a cardmde.

From the above discussion, we confirm that a circle becomes a cardiode as ¢ mereases from 0 to 1
or decreases from 0 to -1. Further, the cardmde has no loop whenc =1, -1

The cardoide has loop whenc <-lorc> 1
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Given r =14cos™ &

LAY —— Rial1+{costall"l
= Rla}=1+{cos{a)]"3
— Rila}=1+{cos{a))"s
Ria)=1 +{cos{a)) 15
- ———— Rial1+{cos{a) 101
—————— Ria)=1+{cos{z)/ 1001

‘When n 15 even, the curve 15 symmeinc about the ongmn and becomes feeble at the ends

H a1 o] "=

'
if — Rakl el

2
MaHHoosle)
Rl o] 1000




r=1+cos"#

UsingX =7 COSH, y=rsin#, we get

(]

=rf =iy

Observe that g = ¢—& in the figure.

tany = tan (¢ —0)
_ tan ¢ — tan &
1 +tangtan &
tan($— ) = tan ¢ —tan @
1+ tan g tan &

Then we have ﬂ = tan ¢
dx

dy
The above can be written as d_—‘m = tan ¢
X

de



Plug in to obtain and use a substitution for the derivative of the

dv/dé
tang—tand _ gv/dg
I+tangtand |, dv/d0
dx/dé

dy _dx . .no
mn¢—tan9=dﬁ dgd {I}
1+ tan ¢tan & £+anﬂ

d8 do

tan @

Take x=rcm9:}£=—rsinﬂ+£mﬂ
d dé

and 3==rsin9:>£=rcosﬂ+sinﬂ£
da dg

Substitute E and i values in { 1}_ we have

deg dé

——— rmsﬂ+sin€:—;—(—rsinﬁ'+ %mﬂ]mﬂ

1+t ptmf —rsinf + :—rmsﬁ+ [reas9+sin H:—;]mn a

rcﬂsﬂ+sinﬂ'j—a +rsinﬂmﬂ-(j—;mﬁ]mﬁ

—rsinf+ £ cnsﬂ+rmsf?tanﬂ+[sinﬂ£]mnf?
de de

sin @ (dr oosﬂ'] sin @
de

. dr .
a 8— f-—-
roosé +s1n dﬂ 4+ rsin mﬂ ':Dsg
ﬁ]sinﬂ
df Jcos@

—rsinf+ £ cos@+reoosd- M +(sin a
da cosf?

smf dr .
- sin
cos@ df

—rsin@+ £-:'::m:;afi\'+ rsinﬁ‘+[sin6‘£) sin &
de d@ Jcosd

rmﬂ+sinﬂdr +rsinf-
de

The above step can be simplified as.

. 0 rcﬂsﬁ+rsm'ﬂ
ng—tand _ cosl?

l+tangtan@ dr dr sin” @
—cosf+—
dg df cosd
tang—tan@ _ rcos’@+rsin’d
1+tangtand :—;m533+$sinzﬂ
tang—tand | r
l+tangtand |dr/d6|

Hence
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(a)Consider the angle between the tangent line at P and the radial line OPis ¥,
Then

tan i =d}- P S {1}

If y=¢ then dr/df=e’.
Substitute this in equation (1)

Solve for

any =
Ve

=1

w=tan" (1)

Therefore, the angle between the tangent line and the radial line is |y = xf4|.

(b) Graph the curve , - /# and the tangent lines at the point where g=0 and 8= _1:'!"2_
v

r=e°




(c) Set the angle ¥ equal to an arbitrary constant p.
Then substitute it into the formula for ¥ and set up a differential equation_

T dr/de

dr _ do
r tan p

Now differentiaie both sides of the equation and solve for r.

dr do
IT=.I-m“_p

Inr= +¢ Since I—Idr=lnr+c
tan p r
_ mmp cSINCE Ipx=y=x=¢"
r=e
e
r=e""F .¢
r=_Ce"

Where C ( = +¢°) and & ( =1/tan p) are arbiirary constants.

We have to sketchthe curve r=1Ing, =1



