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11.1   lexz voyksdu (Overview)

11.1.1 fdlh js[kk dh fnDdksT;k,¡ mu dks.kksa dh dksT;k,¡ (cosines) gSa tks og js[kk funsZ'kkad v{kksa
dh /ukRed fn'kkvksa osQ lkFk cukrh gSA

11.1.2 ;fn l, m, n fdlh js[kk dh fnDdksT;k,¡ gSa] rks l2 + m2 + n2 = 1 gksrk gSA

11.1.3 nks fcanqvksa P (x1, y1 , z1) vkSj Q (x2, y2, z2) dks feykus okyh js[kk dh fnDdksT;k,¡ gksrh gSa%

2 1 2 1 2 1, ,
PQ PQ PQ

x x y y z z− − −
, tgk¡

  2 2 2
2 1 2 1 2 1PQ= ( – ) +( ) ( )x x y y z z− + − gSA

11.1.4 fdlh js[kk osQ fnd~&vuqikr os la[;k,¡ gSa tks ml js[kk dh fnDdksT;kvksa osQ lekuqikrh gksrh gSaA

11.1.5 ;fn fdlh js[kk dh  l, m, n fnDdksT;k,¡ gSa vkSj a, b, c fnd~vuqikr gSa] rks

2 2 2 2 2 2 2 2 2
; ;a b cl m n

a b c a b c a b c
± ± ±

= = =
+ + + + + +

11.1.6 fo"keryh; js[kk,¡ f=kfoeh; vkdk'k ( space)esa ,slh js[kk,¡ gksrh gSa tks u lekarj gSa vkSj
u gh izfrPNsnhA ;s fHkUu&fHkUu ryksa esa fLFkr gksrh gSaA

11.1.7 nks fo"keryh; js[kkvksa osQ chp dk dks.k mu nks izfrPNsnh js[kkvksa osQ chp dk dks.k gS]
tks fdlh fcanq ls (ewyfcanq dks izkFkfedrk nsrs gq,) bu fo"keryh; js[kkvksa esa ls izR;sd
osQ lekarj [khaph tkrh gSaA

11.1.8 ;fn  l1, m1, n1 vkSj l2, m2, n2 nks js[kkvksa dh fnDdksT;k,¡ gSa rFkk bu nksuksa osQ chp dk U;wu
dks.k θ gS] rks

cosθ = 1 2 1 2 1 2l l m m n n+ +

vè;k; 11
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11.1.9 ;fn a1, b1, c1 vkSj a2, b2, c2 nks js[kkvksa osQ fnd~&vuqikr gSa rFkk bu nksuksa osQ chp dk
U;wu dks.k  θ gS] rks

1 2 1 2 1 2
2 2 2 2 2 2
1 2 3 1 2 3

cos
.

a a b b c c

a a a b b b

+ +
θ=

+ + + +

11.1.10 ,d js[kk] tks fLFkfr lfn'k a okys ,d fcanq ls gksdj tkrh gS vkSj ,d fn, gq, lfn'k

b osQ lekarj gS] dh lfn'k lehdj.k r a b= +λ  gksrh gSA

11.1.11 ,d fcanq (x1, y1, z1) ls gksdj tkus okyh rFkk fnDdksT;k,¡ l, m, n (;k fnd~&vuqikr
a, b, c) okyh js[kk dh lehdj.k gksrh gS%

1 1 1x x y y z z
l m n
− − −

= =  ;k 1 1 1x x y y z z
a b c
− − −⎛ ⎞= =⎜ ⎟

⎝ ⎠

11.1.12 fLFkfr lfn'kksa a  vkSj b okys nks fcanqvksa ls gksdj tkus okyh js[kk dh lfn'k lehdj.k

( )r a b a= +λ − gSA

11.1.13  nks fcanqvksa (x1, y1, z1) vkSj (x2, y2, z2) ls gksdj tkus okyh js[kk dh dkrhZ; lehdj.k

1 1 1

2 1 2 1 2 1

x x y y z z
x x y y z z
− − −

= =
− − −  gksrh gSA

11.1.14  ;fn 1 1r a b= +λ vkSj 2 2r a b= +λ js[kkvksa osQ chp dk U;wu dks.k θ gS] rks  θ

fuEufyf[kr ls izkIr fd;k tkrk gS%

 
1 2 1 2–1

1 2 1 2

. .
cos cos

b b b b

b b b b
θ= θ=;k

11.1.15  ;fn 
1 1 1

1 1 1

x x y y z z
l m n
− − −

= =  vkSj  
2 2 2

2 2 2

x x y y z z
l m n
− − −

= =  nks js[kkvksa dh lehdj.k

gSa] rks bu js[kkvksa osQ chp dk U;wu dks.k θ fuEufyf[kr ls izkIr gksrk gS%

cosθ = 1 2 1 2 1 2l l m m n n+ +
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11.1.16  nks fo"keryh; js[kkvksa osQ chp dh U;wure nwjh ml js[kk[akM dh yackbZ gksrh gS tks bu
nksuksa js[kkvksa ij yac gksA

11.1.17 js[kkvksa 1 1r a b= +λ vkSj 2 2r a b= +λ osQ chp dh U;wure nwjh fuEufyf[kr gksrh gS%

   
    1 2 2 1

1 2

. –b b a a

b b

 

 .

11.1.18  js[kk 
1 1 1

1 1 1

x x y y z z
a b c
− − −

= =  vkSj  
2 2 2

2 2 2

x x y y z z
a b c
− − −

= =  osQ chp dh U;wure

nwjh gS%

 

2 1 2 1 2 1

1 1 1

2 2 2

2 2 2
1 2 2 1 1 2 2 1 1 2 2 1( ) ( ) ( )

x x y y z z
a b c
a b c

b c b c c a c a a b a b

− − −

− + − + −

11.1.19 lekarj 1r a b   vkSj 2r a b= +λ js[kkvksa osQ chp dh nwjh gS%

 
  2 1–b a a

b
 

11.1.20  ,d lery dh lfn'k lehdj.k] tks ewyfcanq ls nwjh p ij gS rFkk ml lery ij
vfHkyac ek=kd lfn'k esa gS] ˆ.r n p= gksrh gSA

11.1.21  ml lery dh lehdj.k]  lx + my + nz = p gksrh gSA ftldh ewyfcanq ls nwjh p gS
vkSj ftlosQvfHkyac dh fnDdksT;k,¡ l, m, n gSaA

11.1.22  ml lery dh lehdj.k] tks ml fcanq ls gksdj tkrh gS ftldk fLFkfr lfn'k a  gS
vkSj tks lfn'k n  ij yac gS] ( – ). 0r a n= ;k .r n d= gksrh gS] tgk¡ .d a n= gSA

11.1.23 ml lery dh lehdj.k] tks fnd~&vuqikrksa a, b, c okyh ,d js[kk ij yac gS vkSj ,d
fn, gq, fcanq (x1, y1, z1) ls gksdj tkrk gS] a (x – x1) + b (y – y1) + c (z – z1) =
0 gksrh gSA
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11.1.24 rhu valjs[kh fcanqvksa (x1, y1, z1), (x2, y2, z2) vkSj (x3, y3, z3) ls gksdj tkus okys lery
dh lehdj.k

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

– – –
– – –
– – –

x x y y z z
x x y y z z
x x y y z z

0=  gksrh gSA

11.1.25  fLFkfr lfn'k a , b , c  okys rhu vlajs[kh fcanqvksa dks varfoZ"V djus okys lery dh

lfn'k lehdj.k ( – ). ( – ) ( – ) 0r a b a c a⎡ ⎤× =⎣ ⎦ gksrh gSA

11.1.26  funsZ'kkad v{kksa dks (a, 0, 0), (0, b, 0) vkSj (0, 0, c ) ij dkVus okys lery dh lehdj.k

1x y z
a b c
+ + = gksrh gSA

11.1.27  leryksa 1 1.r n d= vkSj 2 2.r n d=  osQ izfrPNsnu ls gksdj tkus okys fdlh lery dh

lfn'k lehdj.k 1 1 2 2( . ) ( . ) 0r n d r n d− +λ − =  gksrh gS] tgk¡ λ  dksbZ 'kwU;srj vpj gSA

11.1.28 fn, gq, nks leryksa A1x + B1y + C1z + D1 = 0 vkSj A2x + B2y + C2z + D2 = 0 osQ
izfrPNsnu ls gksdj tkus okys lery dh dkrhZ; lehdj.k (A1x + B1y + C1z + D1)
+ λ  ( A2x + B2y + C2z + D2) = 0 tgk¡ λ  dksbZ 'kwU;srj vpj gSA

11.1.29 nks js[kk,¡ 1 1r a b    vkSj 2 2r a b= +λ lg&ryh; gksrh gS] ;fn

2 1 1 2( – ) . ( ) 0a a b b× = gksA

11.1.30 nks js[kk,¡ 1 1 1

1 1 1

– – –x x y y z z
a b c

   vkSj 2 2 2

2 2 2

– – –x x y y z z
a b c

   leryh; gksrh gSa] ;fn

    

2 1 2 1 2 1

1 1 1

2 2 2

– – –x x y y z z
a b c
a b c  0=  gksA

11.1.31  lfn'k :i esa] ;fn nks leryksa 1 1.r n d=  vkSj 2 2.r n d= , osQ chp dk U;wu dks.k

θ gks] rks 1 2–1

1 2

.
cos

.
n n
n n

θ= gksrk gSA
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11.1.32  js[kk r a b    vkSj lery .r n d=  osQ chp dk U;wu dks.k θ]
.

sin
.

b n

b n
θ= ls

izkIr gksrk gSA

11.2  gy fd;s gq, mnkgj.k

laf{kIr mÙkjh; iz'u (S.A.)

mnkgj.k 1 ;fn fdlh js[kk osQfnd~&vuqikr 1, 1, 2 gSa] rks mldh fnDdksT;k,¡ Kkr dhft,A

gy   fnDdksT;k,¡ fuEufyf[kr ls izkIr gksrh gSaA

2 2 2 2 2 2 2 2 2
, ,a b cl m n

a b c a b c a b c
= = =

+ + + + + +

;gk¡ a, b, c Øe'k% 1, 1, 2, gSaA

vr%, 
2 2 2 2 2 2 2 2 2

1 1 2, ,
1 1 2 1 1 2 1 1 2

l m n= = =
+ + + + + +

vFkkZr~]   
1 1 2, ,
6 6 6

l m n= = =  ] vFkkZr~ 
1 1 2, ,
6 6 6

⎛ ⎞
±⎜ ⎟
⎝ ⎠

 nh gqbZ js[kk dh fnDdksT;k,¡ gSaA

mnkgj.k 2  fcanqvkas P (2, 3, 5) vkSj Q (–1, 2, 4) ls gksdj tkus okyh js[kk dh fnDdksT;k,¡ Kkr dhft,A

gy  fcanq P (x1, y1, z1) vkSj Q (x2, y2, z2) ls gksdj tkus okyh js[kk dh fnDdksT;k,¡

       2 1 2 1 2 1, ,
PQ PQ PQ

x x y y z z− − −
 gksrh gSaA

;gk¡ 2 2 2
2 1 2 1 2 1PQ ( ) ( ) ( )x x y y z z= − + − + −

=   2 2 2( 1 2) (2 3) (4 5)− − + − + −    =   9 1 1+ +    =  11

vr% fnDdksT;k,¡ gSaA

±  
3 1 1, ,
11 11 11

⎛ ⎞− − −
⎜ ⎟⎜ ⎟
⎝ ⎠

 ;k  
3 1 1, ,
11 11 11

⎛ ⎞± ⎜ ⎟
⎝ ⎠
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mnkgj.k 3  ;fn dksbZ js[kk x, y vkSj  z v{kksa dh èkukRed fn'kkvksa ls Øe'k% 30°, 60° vkSj  90°
osQ dks.k cukrh gS] rks mldh fnDdksT;k,¡ Kkr dhft,A

gy   ml js[kk dh fnDdksT;k,¡ tks] v{kksa ls α, β, γ dks.k cukrh gSa] cosα, cosβ, cosγ gksrh gSaA

vr%] ml js[kk dh fnDdksT;k,¡ cos30°, cos60°, cos90°] vFkkZr~  
3 1, , 0

2 2
⎛ ⎞

± ⎜ ⎟⎜ ⎟
⎝ ⎠

 gSaA

mnkgj.k 4  fcanq Q (2, 2, 1) vkSj R (5, 1, –2) dks feykus okyh js[kk ij fLFkr fdlh fcanq dk
x-funsZ'kkad 4 gSA bldk  z-funsZ'kkad Kkr dhft,A.

gy  eku yhft, fd fcanq P js[kk[kaM QR dks λ : 1 osQ vuqikr esa  fOkHkkftr djrk gSA rc] P osQ
funsZ'kkad gSaA

5 2 2 –2 1, ,
1 1 1

⎛ ⎞λ+ λ+ λ+
⎜ ⎟λ+ λ+ λ+⎝ ⎠

ijarq P dk x– funsZ'kkad 4 gSA  vr%]
5 2 4 2

1
λ+

= ⇒λ=
λ+

blfy,] P dk  z& funsZ'kkad = 
2 1 –1

1
− λ+

=
λ+

mnkgj.k  5 ml fcanq dh lery r  . ( î  –  2 ĵ  + 4 k̂ ) = 9 ls nwjh Kkr dhft, ftldh fLFkfr

lfn'k ˆˆ ˆ(2 – )i j k+  gSA

gy   ;gk¡ a  = ˆˆ ˆ2 –i j k+ , ˆˆ ˆ– 2 4n i j k   gS rFkk d = 9 gSA

vr%] ok¡fNr nwjh = 
( ) ( )ˆ ˆˆ ˆ ˆ ˆ2 – . 2 4 9

1 4 16

i j k i j k+ − + −

+ +

=  
2 2 4 9 13

21 21
− − −

=
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mnkgj.k 6  fcanq (– 2, 4, – 5) dh js[kk 
3 4 8

3 5 6
x y z+ − +

= =  nwjh Kkr dhft,A

gy   ;gk¡ P (–2, 4, – 5) fn;k gqvk fcanq gSA js[kk ij dksbZ Hkh fcanq Q (3λ λ λ λ λ –3, 5λ  λ  λ  λ  λ  + 4, , , , , (6λ λ λ λ λ –8 ) gSA

vr%] PQ  = (3λ λ λ λ λ –1) ˆˆ ˆ5 (6 3)i j k+ λ + λ− .

D;ksafd PQ  ⊥⊥⊥⊥⊥ ( )ˆˆ ˆ3 5 6i j k+ +  gS] blfy, gesa izkIr gksrk gSA

3 (3λ λ λ λ λ –1) + 5( 5λ) λ) λ) λ) λ) + 6 (6λ λ λ λ λ –3 ) = 0

;k 9λ λ λ λ λ + 25λλλλλ + 36λ λ λ λ λ = 21 ] vFkkZr~  λ = λ = λ = λ = λ = 
3

10
gSA

bl izdkj] PQ  = 
1 15 12 ˆˆ ˆ

10 10 10
i j k− + −

vr%
1 37PQ 1 225 144

10 10
= + + =

mnkgj.k 7  ml fcanq osQ funsZ'kkad Kkr dhft,] tgk¡ fcanqvksa (3, – 4, – 5) vkSj  (2, –3, 1) ls gksdj
tkus okyh js[kk rhu fcanqvksa (2, 2, 1)] (3, 0, 1) vkSj (4, –1, 0) ls gksdj tkus okys lery dks
dkVrh gSA

gy   rhu fcanqvksa (2, 2, 1)]  (3, 0, 1)  vkSj (4, –1, 0)  ls gksdj tkus okys lery dh lehdj.k gS%

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( – (2 2 ) . ( – 2 ) ( – – ) 0r i j k i j i j k⎡ ⎤ ⎡ ⎤+ + × =⎣ ⎦ ⎣ ⎦

vFkkZr~ ˆˆ ˆ.(2 ) 7r i j k+ + =   ;k  2x + y  +  z – 7 = 0   ...  (1)

fcanqvksa (3, – 4, – 5)  vkSj (2, – 3, 1)  ls gksdj tkus okyh js[kk dh lehdj.k gS%

3 4 5
1 1 6

x y z− + +
= =

−
    ... (2)

js[kk (2)  ij fLFkr dksbZ Hkh fcanq (– λλλλλ + 3,  λλλλλ – 4, 6λλλλλ – 5)  gSA ;g fcanq lery (1)  ij fLFkr
gSA vr%] 2 (– λλλλλ + 3) + (λλλλλ – 4) + (6λλλλλ – 5) – 7 = 0,  vFkkZr~ λ = λ = λ = λ = λ = 2 gSA

vr% ok¡fNr fcanq (1, – 2, 7)  gSaA

vko`Qfr 11-1
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nh?kZ mÙkjh;  (L.A.)

mnkgj.k 8   js[kk ˆ ˆˆ ˆ ˆ ˆ2 2 (3 4 2 )r i j k i j k= − + +λ + + vkSj lery ˆˆ ˆ. ( ) 5r i j k− + =  osQ izfrPNsn

fcanq ls fcanq (–1, –5, – 10) dh nwjh Kkr dhft,A

gy   fn;k gS%  ˆ ˆˆ ˆ ˆ ˆ2 2 (3 4 2 )r i j k i j k= − + +λ + + vkSj ˆˆ ˆ. ( ) 5r i j k− + = bu nksuksa lehdj.kksa dks

gy djus ij] ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ[(2 2 ) (3 4 2 )].( – ) 5i j k i j k i j k− + +λ + + + = ftlls λ = λ = λ = λ = λ = 0 izkIr gksrk gSA

vr%] js[kk vkSj lery dk izfrPNsn fcanq (2, – 1, 2)  gSA rFkk vU; xfcanq (– 1, – 5, – 10) gSA vr%

bu fcanqvksa osQ chp dh nwjh   2 2 22 ( 1) [ 1 5] [2 ( 10)]        vFkkZr~  13 gSA

mnkgj.k 9  dksbZ lery funsZ'kkad v{kksa A, B, C ij bl izdkj feyrk gS fd fcanq (α β γ)

∆∆∆∆∆ABC dk osQanzd gSA n'kkZb, fd ml lery dh lehdj.k x
α  + 

y
β  + 

z
γ  = 3 gSA

gy  eku yhft, fd lery dh lehdj.k

x
a  + 

y
b  + 

z
c  = 1 gSA

rc] A, B vkSj C osQ funsZ'kkad Øe'k% (a, 0, 0), (0,b,0) vkSj (0, 0, c) gSA f=kHkqt ∆ ABC dk osaQnzd

1 2 3 1 2 3 1 2 3, ,
3 3 3

        
    

x x x y y y z z z
vFkkZr~ , ,

3 3 3
  
    

a b c
gSA

ijarq ∆ ABC osQ osQanzd osQ funsZ'kkad (α, β, γ) gSaA (fn;k gS)

vr% α = 3
a

, β = 3
b
 vkSj  γ = 3

c
 gS] vFkkZr~ a = 3α, b = 3β vkSj c = 3γ gSA

bl izdkj] lery dh lehdj.k

x
α  + 

y
β  + 

z
γ  = 3 gSA

mnkgj.k 10  mu js[kkvksa osQ chp dk dks.k Kkr dhft, ftudh fnDdksT;k,¡ 3l + m + 5n = 0 vkSj
6mn – 2nl + 5lm = 0 lehdj.kksa ls izkIr gksrh gSaA
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gy  nksuksa lehdj.kksa ls m dk foyksiu djus ij]

⇒ 2n2 + 3 ln + l2 = 0

⇒ (n + l) (2n + l) = 0

⇒ ;k rks n = – l ;k l = – 2n

vc] ;fn l = – n,   rks m = – 2n gS_

rFkk ;fn l = – 2n,  rks m = n gSA

vr% nksuksa js[kkvksa osQ fnd~&vuqikr – n, –2n, n vkSj –2n, n, n, osQ lekuqikrh gSa] vFkkZr~

 1, 2, –1 vkSj –2, 1, 1.

vr_ bu js[kkvksa osQ lekarj lfn'kksa dh lehdj.k Øe'k% gSa%

a  = i  + 2 j  – k    vkSj b  = –2 i  + j  + k ,

;fn bu js[kkvksa osQ chp dk dks.k θ gS] rks

cos θ = 
.a b

a b

= 
( ) ( )

2 2 2 2 2 2

2 – –2

1 2 (–1) (–2) 1 1

i j k i j k+ ⋅ + +

+ + + +
 = 

1–
6

vr%]          θ = cos–1 
1–
6

  
    gSA

mnkgj.k 11 fcanq A (1, 8, 4) ls fcanqvksa B (0, –1, 3)
vkSj C (2, –3, –1) dks feykus okyh js[kk ij Mkys x,
yac osQ ikn osQ funsZ'kkad Kkr dhft,A

gy  eku yhft, fd L fcanq A (1, 8, 4) ls B vkSj C
fcanqvksa dks feykus okyh js[kk ij Mkys x, yEc dk ikn
gS] tSlk fd vko`Qfr 11.2 esa n'kkZ;k x;k gSA lw=k
r  = a  + λ (b  – a ), dk iz;ksx djus ij] js[kk BC dh vko`Qfr 11-2
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lehdj.k r  = ( ) ( )– 3 2 – 2 – 4j k i j k+ +λ gSA

⇒ xi yi zk   = ( ) ( )2 – 2 1 3 – 4i j kλ λ λ+ +

nksuksa i{kksa dh rqyuk djus ij] gesa izkIr gksrk gS%

x = 2λ, y = – (2λ + 1), z = 3 – 4λ (1)

bl izdkj] L osQ funsZ'kkad (2λ, – (2λ + 1), (3 – 4λ), gSa] ftlls js[kk AL osQ fnd~&vuqikr

(1 – 2λ), 8 + (2λ + 1), 4 – (3 – 4λ), gSa] vFkkZr~ 1 – 2λ, 2λ + 9, 1 + 4λ gSaA

D;ksafd AL] BC ij yac gS] blfy, gesa izkIr gksrk gS%

(1 – 2λ) (2 – 0) + (2λ + 9) (–3 + 1) + (4λ + 1) (–1 –3) = 0

⇒ λ = 
–5
6

vHkh"V fcanq] lehdj.k  (1) esa λ dk eku izfrLFkkfir djus ij izkIr gksrk gS] tks –5 2 19,  ,  
3 3 3

⎛ ⎞
⎜ ⎟
⎝ ⎠

gSA

mnkgj.k 12 js[kk 
–1 – 2

1 2 3
  x y z

 osQ lkis{k fcanq  P (1, 6, 3) dk izfrfcac Kkr dhft,A

gy  eku yhft, fd P (1, 6, 3) fn;k gqvk fcanq gS rFkk eku yhft, fd P ls nh gqbZ js[kk ij Mkys

x, yac dk ikn  L gSA  nh gqbZ js[kk ij fLFkr O;kid fcanq osQ funsZ'kkad – 0 –1 – 2
1 2 3

x y z λ= = =

vFkkZr~ x = λ, y = 2λ + 1 vkSj  z = 3λ + 2 gSA ;fn L osQ funsZ'kakd (λ, 2λ + 1, 3λ + 2) gSa] rks PL
osQ fnd~&vuqikr λ – 1, 2λ – 5, 3λ – 1 gSaA ijarq nh gqbZ js[kk osQ
fnd~&vuqikr] tks PL ij yac gS] 1, 2, 3 gSA vr%] (λ – 1) 1 +
(2λ – 5) 2 + (3λ – 1) 3 = 0 ftlls λ = 1 izkIr gksrk gSA vr% L osQ
funsZ'kakd  (1, 3, 5) gSaA eku yhft, fd nh gqbZ js[kk esa P (1, 6, 3) dk
izfrfcac Q (x1, y1, z1) gSA rc L js[kk[akM PQ dk eè; fcanq gSA

vRk%]   1 1 11 6 31, 3 5
2 2 2

x y z+ + +
= = =rFkk

vko`Qfr 11-3
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⇒ x1 = 1, y1 = 0,  z1 = 7

vr%] nh gqbZ js[kk esa (1, 6, 3) dk izfrfcac (1, 0, 7) gSA

mnkgj.k 13 lery     2 – 3 0r i j k     essa ml fcanq dk izfrfcac Kkr dhft, ftldk fLFkfr

lfn'k 3 4  i j k  gSA

gy  eku yhft, fd fn;k gqvk fcanq P ( )3 4j ki + +  gS rFkk lery ( ) . 2 –r i j k+  esa Q

fcanq P dk izfrfcac gS] tSlk fd vko`Qfr 11.4. esa n'kkZ;k x;k gSA

rc] PQ bl lery dk vfHkyac gksxkA D;ksafd PQ,  P ls gksdj tkrh gS
rFkk lery ij yac gS] blfy, PQ dh lehdj.k fuEufyf[kr gksxh&

     = 3 4 2 –r i j k i j k     

D;ksafd fcanq Q js[kk PQ ij fLFr gS] blfy, Q osQ fLFkfr lfn'k dks
fuEufyf[kr :i esa O;Dr dj ldrs gSa%

    3 4 2 –     i j k i j k ,

vFkkZr~ ( ) ( ) ( )1 2 3 – 4i j k+ + + +λ λ λ

D;ksafd R js[kk[kaM PQ dk eè;&fcanq gS] blfy, R dk fLFkfr lfn'k gS%

( ) ( ) ( )1 2 3 – 4 3 4

2

i j k i j k⎡ ⎤ ⎡ ⎤+ λ + λ + +λ + + +⎣ ⎦ ⎣ ⎦

vFkkZr~ ( 1) 3– 4
2 2

i j kλ λ⎛ ⎞ ⎛ ⎞λ+ + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

iqu%] D;ksafd R lery ( )  2 – 3 0r i j k⋅ + + =  ij fLFkr gS] blfy,

 ( )1 3– 4 (2 – ) 3 0
2 2

jj ii k k⎧ ⎫λ λ⎛ ⎞ ⎛ ⎞λ+ + + + ⋅ + + =⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎩ ⎭

⇒  λ = –2

vko`Qfr 11-4
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vr%] Q dk fLFkfr lfn'k ( )3 4i j k+ + –2   2 –i j k  vFkkZr~ –3 5 2ji k+ + gSA

oLrqfu"B iz'u

mnkgj.k 14 ls 19 rd izR;sd esa] fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,%

mnkgj.k 14  fcanq (2, 5, 7) ls x& v{k ij Mkys x, yacikn osQ funsZ'kkad gSaA

(A)  (2, 0, 0) (B)  (0, 5, 0) (C)  (0, 0, 7) (D)  (0, 5, 7)

gy  (A) lgh mÙkj gSA

mnkgj.k 15   fcanq (3, 2, –1) vkSj (6, 2, –2) dks feykus okys js[kka[kM ij fLFkr dksbZ fcanq P gSA
;fn P dk  x&funsZ'kkad 5 gS] rks mldk y funsZ'kkad gS

(A) 2 (B) 1 (C) –1 (D) –2

gy (A) lgh mÙkj gSA eku yhft, fd P js[kk[kaM dks λ : 1 osQ vuqikr esa foHkkftr djrk gSA rc]

P osQ x funsZ'kakd dks
6 3

1
x λ+
=

λ+  osQ :i esa O;Dr fd;k tk ldrk gS] ftlls 
6 3 5

1
λ+

=
λ+  izkIr gksrk

gSA bl dkj.k λ = 2 gSA bl izdkj] P dk y funsZ'kakd 
2 2 2

1
λ+

=
λ+  gSA

mnkgj.k 16  ;fn ,d js[kk x, y, z  v{kksa dh èkukRed fn'kkvksa ls Øe'k% α, β, γ dks.k cukrh gS
rks bl js[kk dh fnDdksT;k,¡ gSa%

(A) sin α, sin β, sin γ (B) cos α, cos β, cos γ

(C) tan α, tan β, tan γ (D) cos2 α, cos2 β, cos2 γ

gy (B) lgh mÙkj gSA

mnkgj.k 17  x&v{k ls fcanq P (a, b, c) dh nwjh gS

(A) 2 2a c    (B) 2 2a b (C) 2 2b c (D) b2 + c2

gy (C)  lgh mÙkj gSA fcanq P (a, b, c) dh fcanq Q (a, 0, 0) ls 2 2b c gSA

mnkgj.k 18 vkdk'k (Lisl) esa x&v{k dh lehdj.k gSa

   (A) x = 0, y = 0    (B)  x = 0, z = 0   (C)  x = 0 (D)  y = 0, z = 0
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gy (D) lgh mÙkj gSA x&v{k ij y funsZ'kkad vkSj z funsZ'kkad 'kwU; gksrs gSaA

mnkgj.k 19  dksbZ js[kk funsZ'kkad v{kksa ls cjkcj dks.k cukrh gSA bl js[kk dh fnDdksT;k,¡ gSa

(A)  ±  (1, 1, 1) (B) 
1 1 1, ,
3 3 3

⎛ ⎞± ⎜ ⎟
⎝ ⎠

 (C) 
1 1 1, ,
3 3 3

⎛ ⎞±⎜ ⎟
⎝ ⎠

 (D) 
1 1 1, ,
3 3 3

− −⎛ ⎞±⎜ ⎟
⎝ ⎠

gy (B)  lgh mÙkj gSA eku yhft, fd js[kk izR;sd v{k ls α dks.k cukrh gSA rc bldh fnDdksT;k,¡

cos α, cos α, cos α gksaxhA D;ksafd cos2 α + cos2 α + cos2 α = 1 gS] blfy, cos α = 1
3

  gksxkA

mnkgj.k 20 ls 22 rd izR;sd esa fjDr LFkkuksa dks Hkfj,&

mnkgj.k 20   ;fn ,d js[kk x, y vkSj  z v{kksa ls Øe'k% 
3,

2 4
π π

 vkSj 4
 

 dks.k cukrh gSa] rks bldh

fnDdksT;k,¡ _______ gksaxhA

gy  fnDdksT;k,¡ cos 2
 

, cos
3
4
π

, cos 4
 

  vFkkZr~ 
1 10
2 2

⎛ ⎞± ⎜ ⎟
⎝ ⎠

, – gSaA

mnkgj.k 21  ;fn dksbZ js[kk funsZ'kakd v{kksa dh èkukRed fn'kkvksa osQ lkFk dks.k α, β, γ cukrh gS]
rks sin2 α + sin2 β + sin2 γ dk eku _______gSA

gy        sin2 α + sin2 β + sin2 γ   = (1 – cos2α) + (1 – cos2β) + (1 – cos2γ)

=  3 – (cos2α + cos2β + cos2γ) = 2

mnkgj.k 22  ;fn ,d js[kk y  vkSj z v{kksa esa ls izR;sd ls 4
 

 dks.k cukrh gS] rks js[kk }kjk x&

v{k osQ lkFk cuk;k x;k dks.k _________gSA

gy  eku yhft, ;g x&v{k ls dks.k α cukrh gSA rc] cos2α + 2

4
cos

 
+ 2

4
cos

 
 = 1 ftls

ljy djus ij α = 2
 

 izkIr gksrk gSA



f=kfoef; T;kfefr    227

mnkgj.k 23 vkSj 24 esa crkb, fd dFku lR; gSa ;k vlR;&

mnkgj.k 23  fcanq (1, 2, 3), (–2, 3, 4) vkSj (7, 0, 1) lajs[kh gSA

gy   eku yhft, fd A, B, C Øe'k% fcanq (1, 2, 3), (–2, 3, 4) vkSj (7, 0, 1) gSaA rc] AB vkSj  BC
js[kkvksa  esa ls izR;sd osQ fnd~vuqikr – 3, 1, 1 osQ lekuqikrh gSaA vr% dFku lR; gSA

mnkgj.k 24  fcanq (3,5,4) vkSj (5,8,11) ls gksdj tkus okyh js[kk dh lfn'k lehdj.k

3 5 4 2 3 7ˆ ˆˆ ˆ ˆ ˆ( )r i j k i j k       
r gSA

gy  fcanqvksa (3,5,4) vkSj (5,8,11) osQ fLFkfr lfn'k 3 5 4 5 8 11ˆ ˆˆ ˆ ˆ ˆ,a i j k b i j k      
rr  gSaA

vr% js[kk dh ok¡fNr lehdj.k gS% 3 5 4 2 3 7ˆ ˆˆ ˆ ˆ ˆ( )r i j k i j k       
r

vr%] dFku lR; gSA

11.3 iz'ukoyh

y?kqmÙkjh; (S.A.)

1. vkdk'k (Lisl) esa ,sls fcanq A osQ fLFkfr lfn'k Kkr dhft, fd OA , OX ls 60º

>qdk gqvk gks vkSj OY ls 45° ij >qdk gqvk gks rFkk OA  = 10 bdkbZ gSA

2. ml js[kk dk lfn'k lehdj.k Kkr dhft, tks lfn'k ˆˆ ˆ3 2 6i j k   osQ lekarj gS rFkk fcanq

(1,–2,3) ls gksdj tkrh gSA

3. n'kkZb, fd js[kk,¡ 
1 2 3

2 3 4
x y z      vkSj 

4 1
5 2

x y z− −
= =  izfrPNsn djrh gSaA lkFk

gh] budk izfrPNsn fcanq Hkh Kkr dhft,A

4. js[kk ˆ ˆˆ ˆ ˆ ˆ3 2 6 (2 2 )r i j k i j kλ= − + + + +
r vkSj ˆ ˆˆ ˆ ˆ(2 5 ) (6 3 2 )r j k i j k= − + + +µ

r osQ chp

dk dks.k Kkr dhft,A

5. fl¼ dhft, fd A (0, –1, –1) vkSj B (4, 5, 1) fcanqvksa ls gksdj tkus okyh js[kk
C (3, 9, 4) vkSj D (– 4, 4, 4) fcanqvks ls gksdj tkus okyh js[kk dks izfrPNsn djrh gSA

6. fl¼ dhft, fd x = py + q, z = ry + s rFkk x = p′y + q′, z = r′y + s′ js[kk,¡ ijLij yac
gSa] ;fn pp′ + rr′ + 1 = 0.
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  7. ml lery dh lehdj.k Kkr dhft,] tks A (2, 3, 4) vkSj  B (4, 5, 8) fcanqvksa dks feykus
okys js[kk[kaM dks ledks.k ij lef}Hkkftr djrk gSA

  8. ml lery dh lehdj.k Kkr dhft,] tks ewyfcanq ls 3 3  bdkbZ dh nwjh ij gS rFkk

ftldk vfHkyac funsZ'kkad v{kksa ls leku >qdko ij gSA

  9. ;fn fdlh fcanqq (–2, – 1, – 3) ls gksdj [khaph xbZ js[kk fdlh lery dks ledks.k ij fcanq
(1, – 3, 3) ij feyrh gS] rks ml lery dh lehdj.k Kkr dhft,A

10. fcanqvksa (2, 1, 0), (3, –2, –2) vkSj (3, 1, 7) ls gksdj tkus okys lery dk lehdj.k Kkr dhft,A

11. ewyfcanq ls gksdj tkus okyh mu nks js[kkvksa osQ lehdj.k Kkr dhft, ftuesa ls izR;sd js[kk

3 3
2 1 1

x y z− −
= =  dks 

3
π
osQ dks.k ij izfrPNsn djrh gSA

12. mu js[kkvksa osQ chp dk  dks.k Kkr dhft, ftudh fnDdksT;k,¡  l + m + n = 0 rFkk
 l2 + m2 – n2 = 0 lehdj.kksa ls izkIr gksrh gSaA

13. ;fn fdlh pj js[kk dh nks vklUu fLFkfr;ksa esa fnDdksT;k,¡ l, m, n vkSj l + δl, m + δm, n + δn
gSa rks n'kkZb, fd bu nks fLFkfr;ksa osQ chp esa NksVk dks.k δθ fuEufyf[kr ls izkIr gksxkA

 δθ2 = δl2 + δm2 + δn2

14. O ewy fcanq gS rFkk (a, b, c) fcanq A dks iznf'Zkr djrs gSaA js[kk OA dh fnDdksT;k,¡ Kkr dhft,
rFkk A ls gksdj tkus okys vkSj OA ls ledks.k ij jgus okys lery dh lehdj.k Kkr dhft,A

15. ledksf.kd v{kksa dh nks i¼fr;ksa dk ,d gh ewy fcanq gSA ;fn dksbZ ry budks ewy fcanq ls
Øe'k% a, b, c vkSj a′, b′, c′ ij dkVrk gS] rks fl¼ dhft, fd

2 2 2 2 2 2
1 1 1 1 1 1
a b c a b c

+ + = + +
′ ′ ′

nh?kZ mÙkjh; (L.A.)

16. fcanq (2,3,–8) ls js[kk 
4 1

2 6 3
x y z     ij Mkys x, yac dk ikn Kkr dhft,A lkFk gh]

bl fcanq ls js[kk dh ykafcd nwjh Hkh Kkr dhft,A

17. fcanq (2,4,–1) dh js[kk 
5 3 6

1 4 –9
x y z     ls nwjh Kkr dhft,A
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18. fcanq 
31, ,2
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 ls lery 2x – 2y + 4z + 5 = 0 ij Mkys x, yac dh yackbZ vkSj mldk

yac ikn Kkr dhft,A

19. fcanq (3,0,1) ls gksdj tkus okyh ml js[kk osQ lehdj.k Kkr dhft,] tks x + 2y = 0 vkSj
3y – z = 0 leryksa osQ lekarj gSaA

20. ml lery dh lehdj.k Kkr dhft,] tks (2,1,–1) vkSj (–1,3,4) fcanqvksa ls gksdj tkrk gS
rFkk lery x – 2y + 4z = 10 ij yac gSA

21. js[kkvksa ˆ ˆ(8 3 (9 16 )r i j= + λ − + λ + ˆ(10 7 )k+ λ vkSj ˆ ˆˆ ˆ ˆ ˆ15 29 5 (3 8 5 )r i j k i j k= + + +µ + −

chp dh y?kqÙke nwjh Kkr dhft,A

22. ml lery dh lehdj.k Kkr dhft, tks lery 5x + 3y + 6z + 8 = 0 ij yac gS rFkk ftlesa
x + 2y + 3z – 4 = 0 vkSj 2x + y – z + 5 = 0 leryksa dh izfrPNsnu js[kk varfoZ"V gSA

23. lery ax + by = 0 dks bldh lery z = 0 osQ lkFk izfrPNsnu js[kk osQ ifjr% dks.k α
ij ?kqek;k tkrk gSaA fl¼ dhft, fd ml lery dk viuh ubZ fLFkfr esa lehdj.k

ax + by 2 2( tan )a b± + α z = 0 gSA

24. lery r  . ( î  + 3 ĵ ) – 6 = 0 vkSj  r  . (3 î  – ĵ – 4 k̂ ) = 0 osQizfrPNsnu ls gksdj tkus

okys ml lery dh lehdj.k Kkr dhft,] ftldh ewy fcanq ls ykafcd nwjh bdkbZ gSA

25. n'kkZb, fd fcanq ˆˆ ˆ( 3 )i j k− +  vkSj ˆˆ ˆ3( )i j k+ + lery ˆˆ ˆ.(5 2 7 ) 9 0r i j k+ − + =  ls lenwjLFk

gS rFkk blosQ foijhr vksj fLFkr gSaA

26. ˆ ˆˆ ˆ ˆ ˆAB 3 – CD 3 2 4i j k i j k= + =− + +vkSj nks lfn'k gSaA fcanq A vkSj C osQ fLFkfr lfn'k

Øe'k% ˆ ˆˆ ˆ ˆ6 7 4 – 9 2i j k j k+ + +vkSj  gSa] js[kk AB ij fLFkr fcanq P vkSj js[kk CD ij fLFkr

fcanq Q osQ fLFkfr lfn'k Kkr dhft, rkfd PQ ] AB  vkSj CD  nksuksa ij yac gksA

27. n'kkZb, fd os ljy js[kk,¡ ftudh fnDdksT;k,¡ lehdj.kksa  2l + 2m – n = 0 vkSj mn + nl + lm = 0
ls izkIr gksrh gS ijLij ledks.k gSaA
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28. ;fn l1, m1, n1; l2, m2, n2; l3, m3, n3 rhu ijLij yac js[kkvksa dh fnDdksT;k,¡ gSa] rks fl¼
dhft, fd og js[kk] ftldh fnDdksT;k,¡ l1 + l2 + l3, m1 + m2 + m3, n1 + n2 + n3 osQ
lekuqikrh gSa] mijksDr js[kkvksa ls cjkcj dks.k cukrh gSaA

oLrqfu"B iz'u
iz'u 29 ls 36 rd izR;sd esa fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&
29. fcanq (α,β,γ) dh y&v{k ls nwjh gS

(A) β (B) β (C) γβ + (D) 2 2γα +

30. ;fn ,d js[kk dh fnDdksT;k,¡ k, k, k gSa] rks

(A) k>0 (B) 0<k<1 (C) k=1 (D) 
1
3

k   ;k 
1–
3

31. ewy fcanq ls lery 
2 3 6 ˆˆ ˆ. 1
7 7 7

r i j k⎛ ⎞+ − =⎜ ⎟
⎝ ⎠

r
 dh nwjh gS

(A) 1 (B) 7 (C) 
1
7 (D) buesa ls dksbZ ugha

32. ljy js[kk 
2 3 4

3 4 5
x y z      vkSj lery 2x – 2y + z = 5 osQ chp osQ dks.k dh

sine gS

(A) 
10

6 5 (B) 
4

5 2 (C) 
2 3

5
(D) 

2
10

33. xy–lery esa fcnq (α,β,γ) dk ijkorZu gS
(A) (α,β,0) (B) (0,0,γ) (C) (–α,–β,γ) (D) (α,β,–γ)

34. prqHkqZt ABCD] tgk¡ A(0,4,1), B (2, 3, –1), C(4, 5, 0) vkSj D (2, 6, 2) gS] dk {ks=kiQy
cjkcj gSA
(A) 9 oxZ bdkbZ   (B) 18 oxZ bdkbZ (C) 27 oxZ bdkbZ      (D) 81 oxZ bdkbZ

35. xy + yz = 0 }kjk fu:fir fcanqiFk gS
(A) yac js[kkvksa dk ,d ;qXe (B) lekarj js[kkvksa dk ,d ;qXe
(C) lekarj leryksa dk ,d ;qXe (D) yac leryksa dk ,d ;qXe

36. lery 2x – 3y + 6z – 11 = 0,  x– v{k osQ lkFk sin–1(α) dk dks.k cukrk gSA α dk eku gSA

(A) 
3

2
(B) 

2
3

(C) 
2
7

(D) 
3
7
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iz'u 37 ls  41 rd izR;ssd esa fjDr LFkkuksa dks Hkfj,&
37. ,d lery (2,0,0) (0,3,0) vkSj (0,0,4) fcanqvksa ls gksdj tkrk gSA bl lery dh

lehdj.k__________gSA

38. lfn'k ˆˆ ˆ(2 2 – )i j k  dh fnDdksT;k,¡__________gSaA

39. js[kk 
– 5 4 – 6
3 7 2

x y z    dh lfn'k lehdj.k __________gSA

40. fcanq (3,4,–7) vkSj (1,–1,6) ls gksdj tkus okyh js[kk dh lfn'k lehdj.k__________gSA

41. lery ˆˆ ˆ.( – ) 2r i j k  
r  dk dkrhZ; lehdj.k __________gSA

iz'u 42 ls 49 rd izR;sd esa lR; ;k vlR; dFku crkb,&

42. lery x + 2y +3z – 6 = 0  ij vfHkyac ,dd (;k ek=kd) lfn'k 
1 2 3 ˆˆ ˆ
14 14 14

i j k   gSA

43. lery 2x – 3y + 5z +4 = 0 }kjk funsZ'kkad v{kksa ij dkVs x, var%[kaM –2, 
4 4, –
3 5 gSA

44. js[kk ˆ ˆˆ ˆ ˆ ˆ(5 – – 4 ) (2 – )r i j k i j k     vkSj lery ˆˆ ˆ.(3 – 4 – ) 5 0r i j k    osQ chp

dk dks.k 
–1 5sin

2 91
  
    gSA

45. lery ˆˆ ˆ.(2 – 3 ) 1r i j k   vkSj ˆ ˆ.( – ) 4r i j   osQ chp dk dks.k 
–1 –5cos

58
  
    gSA

46. js[kk ˆ ˆˆ ˆ ˆ ˆ2 – 3 – ( – 2 )r i j k i j k     lery ˆˆ ˆ.(3 – ) 2 0r i j k   esa fLFkr gSA

47. js[kk 
– 5 4 – 6
3 7 2

x y z    lfn'k lehdj.k ˆ ˆˆ ˆ ˆ ˆ5 – 4 6 (3 7 2 )r i j k i j k      gSA

48. fcanq (5,–2,4)] ls gksdj tkus okyh vkSj ˆˆ ˆ2 3i j k   osQ lekarj js[kk dh lehdj.k

– 5 2 – 4
2 –1 3

x y z   gSA

49. ;fn ewy fcanq ls fdlh lery ij [khaps x, yac dk ikn (5, – 3, – 2), gS] rks ml lery

dh lehdj.k ˆˆ ˆ.(5 – 3 2 ) 38r i j k− = gSA


