6. PERMUTATIONS AND
COMBINATIONS

EXERCISE 6.1

1) A teacher wants to select the class monitor in a class of 30 boys and 20 girls. In
how many ways can he select a student if the monitor can be a boy or a girl?

Sol: There are 30 boys and 20 girls in the class.

=~ Total number of students in the class = 50

Now, one class monitor is to be selected.

Since, the monitor can be a boy or a girl, any one of the 50 students can be the
monitor.

= Number of ways to select the monitor = 50

(2) In question (1), in how many ways can the monitor be selected if the monitor
must be a boy? What is the answer if the monitor must be a girl?

Sol: Since teacher wants to select class monitor which must be a boy and there
are

30 boys in a class.

=~ Total number of ways of selecting boy monitor

= 30 ways.

Since teacher wants to select class monitor which must be a girl and there are 20
girls in a class.

=~ Total number .of ways of selecting girl monitor

= 20 ways.

3) A Signal is generated from 2 flags by putting one flag above the other. If 4 flags
of different colours are available, how many different signals can be generated?

Sol: Number of flags available = 4
A signal is generated from 2 flags one above the other.

Number of ways of arranging lower flag = 4

= Number of ways of arranging upper flag = 3
Therefore, number of ways of generating different signals = 4 X 3 = 12 ways.

(4) How many two letter words can be formed using letters from the word



SPACE, when repetition of letters (i) is allowed (ii) is not allowed?

Sol: The given word is SPACE, which has five letters.

Using these five letters, two letter words are to be formed.

(i) If repetition of letters is allowed, we have two positions of two letters as
follows:

Each position can be arranged in 5 ways. So, the number of two letter words
formed = 5x5=25ways.

L1 | 1 |
5 ways 5 ways

Each position can be arranged in 5 ways.
So, the number of two letter words formed
=5 X5 =25 ways.

(ii) Since repetition of letters is not allowed, the first position can be arranged
using any one of the

5 letters in 5 ways.

The second position can be arranged in 4 ways using remaining 4 letters.

L1 | 1 |
5 ways 4 ways

By the principle of multiplication, this can be done in 5 X 4 = 20 ways.

(5) How many three-digit numbers can be formed from the digits 0, ], 3, 5, 6 if
repetitions of digits

(i) Are allowed (ii) are not allowed?
Sol. We have to form three digit numbers using the 3 digits 0, 1, 3,5, 6. 1

(D) Here, repetition of digits are allowed.
| l l |

Hunired's Ten's Unit’s
place place place

Zero cannot be in hundred’s place.

The hundred’s place can be filled 1n 4 ways by 4 non-zero digits.

Since repetition is allowed, the ten’s place and unit’s place can be filled in by all 5

digits in 5 ways.

Hence, all three places can be arranged in 4 X 5 X 5 = 100 Ways.

Thus, 100 three digit numbers can be formed.

(IT) Here, repetition of digits 1s not allowed.
As before, the hundred’s place can be filled in 4 ways by 4 nonzero digits.



After filling in the hundred’s place, we now have 4 digits left to fill in the ten’s
place.

This can be done in 4 ways.

For unit’s place 3 digits are available.

Hence, three places can be arranged in 4 X 4 X 3 = 48 ways.

Thus, 48 three digit numbers can be formed.

6) How many three digit numbers can be formed using the digits 2, 3, 4, 5, 6 if
digits can be repeated?

Sol: We have to form 3 digit numbers using the digits
2,3,4,5, 6, where repetition of digits is allowed.

Hundred'’s place Ten's place ‘ Unit’s place

v v v
5 ways 5 ways S ways

Here, all the places can be filled in 5 ways each.
Hence, the three places can be arranged in 5 X 5 X 5 = 125 ways.
Thus, in all, 125 three digit numbers can be formed.

7) A letter lock has 3 rings and each ring has 5 letters. Determine the maximum
number of trials that may be required to open the lock.

Sol: There are three rings in the lock and each ring has 5 letters.
-~ Each ring can be adjusted in' 5 different ways.

| 1% ring | 2™ ring ] 3" ring ]
|
5 ways 5 wvays 5 ways
=~ By the principle of multiplication, the 3 rings can be arranged in 5 X 5 X 5 =
125 ways.

Thus, in all 125 maximum number of trials are required to open the lock.

8) In a test that has 5 true/false questions, no student has got all correct answers
and no sequence of answers is repeated. What is the maximum number of
students for this to be possible?

Sol: There are 5 questions whose answers are either true or false.
Since each question has 2 answers,inall 2 X 2 X 2X 2 X 2 =25 = 32 answers are

there.
ar [ a2 [ a3 [ et [ as

v v A4 A A\
2 ways 2 wiays 2 ways 2 ways 2 ways

Since, no student has got all answers correct. Also, the answer of every student is
different.
This is possible only if the number of students appeared for the test are 31.

9) How many numbers between 100 and 1000 have 4 in the unit’s place?



Sol. The numbers between 100 and 1000 have 3-digits each. Here, we need to
find 3 digit numbers which have 4 in the unit’s place.

It can be arranged in 1 way.

[ Hundred's place l Ten's place Unit’s place
|

9 w*ys 10 \!’.ws 4 in'l ways
Zero cannot be in hundred’s place. Also, hundred’s place can be arranged by any
non-zero digit from 1 to 9 in nine ways. The ten’s place can be arranged using any
one digit from 0 to 9 in ten ways.
=~ The required numbers can be formed in 9 X 10 X 1 = 90 ways.
=~ There are 90 numbers between 100 and 1000 that have ‘4’ in the units place.
10) How many numbers between 100 and 1000 have the digit 7 exactly once?
Sol: A number between 100 and 1000 has 3 digits.
So, we have to find three digit numbers having the digit 7 exactly once.

Let us consider the three cases separately.

Case (I): the digit 7 is in the unit’s place.

H K U
8 ways 9 ways 7 <1 ways

The ten’s place is filled by one digit from 0 to excluding 7 in 9 ways.
Here, there are 8 X 9 X 1 = 72 three digit numbers with required condition.

Case (II): The digit 7 is in the ten’s place.
[ H l T I U ]
;

8 ways 7 <1 ways 9 ways
Unit’s place can be filled by digit from 0 to 9 excluding 7 in 9 ways.
Zero is not allowed at hundred’s place.
Hundred'’s place can be filled by digit from 1 to 9 excluding 7 in 8 ways.
The hundred’s place can be filled in by any digit from 1 to 9 excluding 7 in 8
ways.
Here, there will be 8 X 1 X 9 9: 72 three digit numbers with required condition

Case (III): The digit 7 is in the hundred’s place.

[ H l T r u ]

7 -—l'ways 9 w'.ws 9 v’avs
Then, there are 1 X 9 X 9 = 81 three digit numbers with required condition.



Hence, the numbers between 100 and 1000 having the digit 7 exactly once are 72
+ 72 + 81 = 225.

11) How many four digit numbers Will not exceed 7432 if they are formed using
the digits 2, 3, 4, 7 without repetition?

Sol: Four digit number is to be formed using the digits 2, 3, 4 and 7 without
repetition.

However, the 4-digit number should not exceed the number 7432.

The highest 4-digit number than can be formed using the digits 2, 3, 4, and 7 is
7432.

(i.e.) All 4-digit numbers formed using the digits 2, 3, 4 and 7 Will be less than or
equal to 7432.

Starting with the thousands place, 4 digits are available for this place.

Since, repetition is not allowed, for the hundreds place, 3 digits are available.
Similarly, 2 digits will be available for the tens place and 1 digit for the units
place.

= Number of 4-digit numbers that can be formed:
=4x3x2x1
=24

12) If numbers are formed using digits 2, 3, 4, 5, 6 without repetition, how many
of them will exceed 400?

Sol: We are required to form numbers exceeding 400 using the digits 2, 3,4, 5, 6
without repetition

Such numbers can have either 3 digits, 4 digits or 5 digits.

Case (I): The number has 3 digits.

" T 7 T v ]
' ‘ ‘
3 ways 4 ways 3 ways

(Digit 4,5 or 6)
Since the number has to be greater than 400 the hundred’s place can 'be filled in
3 ways with digits 4, 5 or 6 and the ten’s place in 4 ways by the remaining 4 digits



and units place in 3 ways.
Hence, the numbers formed =3 X 4 X 3 =36

Case (II): The number has 4 digits.

[ Th [ H [ T [ U
|
L v v v
2 ways 3 ways 4 ways 5 ways

The unit’s place can be filled in 5 ways, ten’s place in 4 ways, hundred’s place in 3
ways and f thousand'’s place in 2 ways.
Hence, the numbers formed =2 X3 x4 x5=120

Case (III): The number has 5 digits.

TenTh | Th [ H | T [ U

v v v v . v
1 ways 2 ways 3 ways 4 ways y ways

The units place can be filled is 5 ways, ten’s place in 4 ways, hundred’s place in 3
ways, thousand'’s place in 2 ways and ten thousand’s place in 1 way.

Hence, the numbers formed =2 X 3 x4 X5 =120

From Case (I), Case (II) and Case (1III),

the total numbers exceeding 400 are

36 + 120+ 120 = 276.

13) How many numbers formed with digits 0, 1, 2, 5, 7, 8 will fall between 13 and
1000 if digits can be repeated?

Sol: We need to find numbers between 13 and 1000

using the digits 0, 1, 2, 5, 7, 8 where repetition is allowed:

A number falling between 13 and 1000 will be either a 2 digit number or a 3 digit
number.

Case (I): The number has 2 digits.

(@)
[ T U |
|
v v
4 ways 6 ways
|
' '
Non-zero digit Any digit (i.e. 0, 1,
and greater 2,5,7,8)

The ten’s place can be filled by any non-zero digit, greater than 1 in 4 ways. The
unit’s place can be filled in 6 ways.



~ Numbers formed =4 X 6 = 24

(b)

7 T v ]
. .

1 ways 3 ways
|
' ‘
Digit 1 (fixed) Digit5, 7, 8

The ten’s place is filled in 1 way by the digit 1, the unit’s place is filled in 3 ways
by the digits 5 or 7 or 8.
Hence, the numbers formed =1 x 3 =3

Case (II): The number has three digits.

[ H [ T [ U |
' ' '
S ways 6 ways 6 ways
Non-zero
digits

As before, the hundred’s place, ten’s place and unit’s place can be filled in 5 ways,
6
ways and 6 ways respectively.

~ Number of 3 digit numbers formed

5x6x6=180
Total numbers which fall between 13 and 100 are 24 + 3 + 180 = 207

14) A school has three gates and four staircases from the first floor to the second
floor. How many ways does a student have to go from outside the school to his

classroom on the second floor?

Sol: There are three ways of entering the school.

Gate 1 Gate 2 Gate 3
4 fl =
School

The second floor can be reached in 4 ways.

H First floor
| l

Stair Stair Stair Stair
Case 1 Case 2 Case 3 Case 4

Second floor

*So, a student can go from outside the school to a classroom on the second floor




in 3 X 4 =12 ways.

(15) How many five-digit numbers formed using the digit 0, 1, 2, 3, 4, 5 are
divisible by 3 if digits are not repeated?

Sol: Five-digits numbers divisible by 3 are to be formed using the digits 0, 1, 2, 3,
4, and 5 without repetition.

For a number to be divisible by 3, the sum of its 'digits should be divisible by 3,
Consider the digits: 1, 2, 3, 4 and 5 Sum of the digits = 1+2+3+4+5L =

15 which is divisible by 3.

~ Any 5-digit number formed using the digits 1, 2, 1
Starting with the most significant digit, 5 digits are available for this place.
Since, repetition is not allowed, for the next significant place, 4 digits are
available.
Similarly, all the places can be filled as:

[

i
4 3 2 1

Number of 5-digit numbers
=*5x4x3Xx2%x1=120

Now, consider the digits: 0, 1, 2, 4 and 5
Sum of the digits =0+ 1+ 2 + 4 + 5 = 12 which is divisible by 3.

~ Any 5-digit number formed using the digits

0,1, 2, 4 and 5 will be divisible by 3.

Starting with the most significant digit, 4 digits are available for this place (since
0 cannot be used).

Since, repetition is not allowed, for the next significant place, 4 digits are
available (since 0 can now be used).

Similarly, all the places can be filled as:

I I [

4 ) 4 3 2 1
Number of 5-digit numbers
=4X4X3X2%Xx1=96

Next, consider the digits: 0, 1, 2, 3, 4
Sum of the digits =0 +1+2+3+4 = 10 which is not divisible by 3.

=~ *None of the 5-digit numbers formed using the digits 0, 1, 2, 3 and 4 will not be



divisible by 3.

Further, no other selection of 5 digits (out of the given 6)
will give a 5-digit number, which is divisible by 3.

=~ Total number of 5adigit numbers divisible
by3 =120 + 96 = 216

EXERCISE 6.2

1) Evaluate:

(D) &

Sol: 8 =8X7X6X5%x4Xx3x2x1
~ 8 =40,320

(1) 6*

Sol: 6/ =6X5Xx4x3%x2x1
=720

(1)) 8' ~ 6*

Sol:*8' ~6'=8X7 X6~ 6
=6'(8x 71

=6' (56" 1)

=6'x55

=720 X 55

8'~ 6'=39600

(V) (8' ~ 6)!

Sol: (8' ~ 6)! = 2!

=2x1



(8'~6)! =2

2) Compute:

12!

g

1z 12X1110x9BxTHEl
6 = =H

Sol:
E
& = 665280

)

12!
6!

o

(n

sol: (5)! = 2! = 2% 12

12!

. E:“=2

Im 3*3)’
501:(3x2)!=5!=5x5x4x3><2><1
(3><2)!=720

(v) 3! % 2!
501:3!x2!=(3x2x1)x(2x1)=6x2=12
23!%x2!0 _ 19

(3) Compute

o
(I) 36!
% GBMTHEl gmExT
Sol: 3¢ = 38 = 3wzx1
=3IxX4xT _gy



Gl —4!

an =

Bl —4! B B4l -4 4[ExE—1)

Sol: & = 4l = 4!
=30"1=29
B! — 4!
4 = 29
8
(II1) -+
B! B THEHEHA

Sol: 6i-4! = &xEx4l-4l

4B TxExE) 1680
= 4:': 30— 1} = 25

B T EXEx4xI 2!

_gXTX6X5x4x%3

= 20,160
4) Write in terms of factorials.

(I)Sxﬁx?xﬂxgxlﬂ

Sol: 2 X 66X 7 x8x9x10

10=9xEx TxExox(4x3x2x1)
— (4x3x2x1)




10
AEXOXTXEX9Ix10_ g

(I 3X6x9x12x15
501:3:'(5}(9):12)':15
—Bx1)x(Bx2), (3x3)x(3x4)
—(3x3x3x3x3) x(1x2x3x4x5)

= 35 X 5!

L3 x6x9x12Zx15_ 3% x 5!

(IH)ﬁX?XEXQ

1x 2= 3w axExE= T ExE
Sol: 6X7X8X9 1x2x3x4x5

LAl

o
L6XTXBX9 _73

(IV)5><10><15><20><25
Sol:SxiﬂxinE{]xES

— 5x 10 %15 x 20x 25
:(Sxi}x(SKE}X(EXB}X(5x4}x(5:~:5}
—(5%5x5%5%5) o (1x2x3x4x5)

_ 555!

n!

5) Evaluate ™"~ For:

(D"=8"T=6

Sol: For"=8,"=6



n! gl =)

riln—r)! — &l(8—6) — &g 2!

B TEl 27

= & = zx1

= 4x7
=28
(ID"=12"=12

Sol: For®"=12," =12

n! 12! 1

rifn—r)! — 12!(12-12)! — 120
=1..(~01=1)

6) Find ™ if:

n 3 1!

(He=e 4
n 3 1!
= 24 =

Sol: & = & 4l

n 3 1!
S B THEMENS = guEwal 4 4

- I A

mn 33
o 16E0 = 30

31680 55240
M =""g3;3 = 30

n 4 3
(11) & =38 &

Sol: &t ==~ &

n 3 3
&8 — gxTxe! + &



Lzl =é[5%.+3]

4+168 172 43

.',ﬂ-: = — 55 — 14
43

n=14
i i 4
n = 4! — &I

1 1
Sol: ni =4 —
1 1 4
. nl = 4 Sl
1 1 4
sl
nl = 4

1 1[5—4]
n =415
1 1(1)
n! = 41 \b

i 1
‘e ;! = B4

1 1
. nl = bl
n_>5

7) Find ™ if:
@@+ 1y = 42 (- 1)!
Sol:@m+ 1)y = 42 (n— 1!
LY =42 ()
Ly (M) = 42
wmiin—42_4

S (8 =42



w4+ 7=00r""6=0

2= 77 or"=6

Since™ eN,"#~7

W=

an T3 =110"+ 1y

Sol: (" 1 = 110"+ 1y

NG +3) (n+2} ™ + 1)! =110(" +1)
A+ D g

2T 45 4 6=110

M 45N -104=0

~(M+13) (8 =0
Am+13=0 ;. n—8=0

.m=-13 ;. n=8

Since® €N, F 13

.._:r1=8

8) Find n if:

n! n!

(1)3:(“'—3}: . 5“:“-_5}: =5:3

n! n!

Sol:3!(n=3)! . 5i(n-5)! — 5.3

Bl n-g)!
—w B
., slin-51! — 3
Sli{n—5)! 5
in—3) = 3



Sx4x3l (n—E)! 5
3! (n—3)xin—2=x(n—-5)l = 3

20 [
o (n-3)n-4) — 3

(=3 (n-4) _

L(n—=3)(n—-4) _ 12
-~ (Tl - 3}(?‘1— 4'} = 4%x3
(Both LHS and RHS represent product of two consecutive natural numbers.

~ comparing the large numbers)

...Tl—3=4_
T1=7

(II)S!(ﬂ-E}! : 5lin—-Tll = 10:3

n!

Sol:3(n—5) . 5i(n=-7}! = 1():3

n!

n
slin-5!

., Sn-7! —
Sln—-7)! 10
o Bin—E) =g

Sx4x 3 (n—7)! 10
3! (n—S)xin—6)=x(n—-7) — ?

o (m=8lin—-86) — 5

L (=5)(n—-6) _ 55

. (n=5)(n-186) _ 6

n(n=5)(n—16) _ 3%>



(Both LHS and RHS represent product of two consecutive natural numbers.

~ comparing the large numbers)

9) Find ™ if:

(17—n)!

(I) (14-n)! = G|

{(17—n)!
Sol; (1¢-n)! = 5]

(17—n)(16—n)(15—n)14—n)
(14—n)! — 5 |

(17 —n)(16—n)(15—n) _5x4x3 x2x1
(17 —m)(16—m)(15—n) _ 6x5x 4

.17 -n=6

~n=11

{15—n)!

(IN) (30 = 12

{15—n)!

Sol: (13-m)! =12

(15—n)(14—n)(13—n)!
(13—n)! =12

L (15-n)(14—n) _ 443

S15-n=4 . 14-n=3

~n=11

10) Find ™ if:

[Zn)! !

(I)?:.;zu—?} . #l(n—4) = 24:1




(2n)! n!

Sol: 7izn-7) » #in—4) = 24: 1

In(2n—-1)(2n—-2)( 2n—-3)(2n—4)(Z2n—-S5(2n—6)2n—-7) nin-1)in-2)n-3)(n—4)!

T 2n—"7)! : 4 (n—4)! =241
2n(2n—-1)(2n—2)(2n—-3 2n—4)(2n—5(2n—6] nin—1)n-2n-3)
THEXSx4xINIH1 2 4x3m2x1 =24:-1
2n(2n—1)(2n—-2)(2n—-3)2(n—-2)(2n—5)2(n—-13) 31
7HEXEXAXININ nin-1)(r-2)n-3) = 24

2(2n—1){2n—3)2n—5]

105 24

24105

2n—-1)2n-3)2n-5) _ "¢

n(@n—-1)(2n-3)(2n-5) = 315

L(2n—1(@n-3)(2n-5) _9x7x5

. (2n-1) =9[Or(2n—3}=70r(2n—5] = 5]

...n=5

11) Show that:

! ! (mtd)!

riin—r)l  (r-idin—r+l) — riin—r+1)

Sol: L.H.S.

iH n!
= ri{n—r)! +(r‘—1}!(:~z—r‘+1}!

iy Y
= rir—1){n—r)! +(r—1}:x(n—r+1}(n—r}:

n! 1 1
— Dl + [;+ n-mJ

! + [n—r+1+;:|
— (r—1)in—r)! rin—r+1



nlxintl)
[[r—1ltwr]l[ln—r+1dwin—r)]

(m+1)!
=  riln—r+1)

= RH.S.

12) Show that:

9. 10!
36! 45 46
5! 5!

Sol: L.H.S = & " as

e H ol
+
= 3l&x5E! 4w 35!

1 1
2 [+
—= 53l L& 4

=l [4+6]
= 5ix3! L 22

9 [10]
= 5lx3! Lex4

10%5!
— (&x5(4x30)

=R.H.S.

13) Find the value of:

BIHE(4])

(I) 41-12

BI4+5(40
Sol: 4#-12

BxTmExE+5! v 5w 4l = 5!]
—  24-12 4! =24

336x5!+5!

= 12



5!(33641)

= 12
120(337)
= 12

= 3370

526+ (27)
(II) 4(271-8(28!)

s(260+(27)
Sol: #(27i—-8(ze)

B(2a0+27(26!)
— 427026 —8(26!)

281(5+27)
— 26l{108—8)

[ ]

I
=g
=]

& o

14) Show that:

En) _on(2n—1)(2n—3)..5-3-1. _

(2n)!

n

Sol: L.HS. = =

(2n)(2n—1)(2n—202n-3)(2n—4)..4-3-2-1

— n!

(2n)(2n—-1)[2(n—1)](2n—3) 2[(n—2)]..4-3-2-1

— n!

[(2rx2(n—1)=2n—2). 6x4x2][(Zn—1) (Zn—3)(2n—5)..5x3x1]
= nin—1)n-2)in—-3)..5x4x3x2x1

(2w 2x2m.ntimes) [min—10(n—20..3x2=1][(Zn—1){Zn—3)(2n—5)..53x1
= n(n—1)(n—2)(n—-3)..5x4x3xIx1

_2"(2n—1)(2n —30..5-3 - 1.

R.H.S.



EXERCISE 6.3
1) Find ™if "Ps; "P3=120: 1.

e, 120
Sol: ™= 1

Ll
[n—s)!
- 120
s m-si! = 1
n n

~ (n—g)! X (n—3) — 120
(n—3n—4)(n—-5)in—6)!

(n-8)! =120

L (=3)n-H@m-5) _ 190
L (=D-DM-5) _ gycya
wm—3=6,n—4=5,n-5=4

~n=9

2)Find™and ™, if “™P2=56and " "P:=12.

Sol: ™™P.— 56

{(m+n)!

o mtn—-2) = 56

(m+n)im+n—1(m+n—-2)!

(mi+n—2)! =56

Lm+n)m+n—-1) _ 56

m+n)im+n—-1) _ 8x7

Lmin) g . (D

~and ™TR=12

[m—mn)!

o m—n-2) = 12



(m—n)im—n—1)im—n—2)!

(m+n—2)! =12

Lm-n)m-n-1) _ 12
mm-n)m-—n—-1) _ 4y3

Am-m—yg D
From equations (I) and (II), we get after solving ™ = ® and ™ = 2

3)Find ™ if “*Pr2: "Pr1=3:14

2p 2
Sol: “Fr-: =14

12!
[2z—T+2]!
111 3
o [a-Tnl — Ja
12 (12—+) 3
(14—} 11! = 14
12x11! (12-r)! 3
o (14—r)(13—) (127! 11! — 14
12 3

o (14—r)13-7) — 12

12x14
3 =

(14 —r)(13 —7r)

L(4-PI3-7) _ e
(14 —1)(13-7) _ gyr

sld-r=8,,.13-r=7

LT=6

4) Show that @+ D( "Pr)= (n—r+1)[ P, ]

Sol: L.H.S. = m+1( "R.)

n!

_(:rl+1}><,

(n—r)!



(n+1)!

= (D)

—RHS =Mm—-r+1)x ':”+13'P,.

(n+1)
_ m—-r+1)x l:—:?-!I-T?*:I
(n—r+1)(n+1)!
= n—r+ilin—r)
(mn+1)!
=L (D)

From (I) and (II), L.H.S. = R.H.S.
L+ "BI_(n-r+1)[ tUp]

5) How many 4 letter words can be formed using letters in the word MADHURI if
(i) letters can be repeated (ii) letters cannot be repeated?

Sol. We have to ‘form 4 letter words using letters M, A, D, H, U, R, .
Number of letters = 7.

(D) Letters can be repeated.
So, each of the 4 places can be arranged in 7 ways.

] 1* place ] 2" place ] 3" place ] 4" place l
‘ | |
v v
7 ways 7 ways 7 ways 7 ways

Hence, this can be done in
74 = 7X7X7Xx7 = 2401 ways.

(ID) Letters cannot be repeated.

So, we have to arrange 7 letters in 4 places.
This can be done in 7P4 ways.

7
Z7P4 =4 = xﬁ*x5x4:84ﬂways

6) Determine the number of arrangements of letters of the word ALGORITHM if
(D) vowels are always together.

(I) No two vowels are together.



(IIT) Consonants are at even positions.

(IV) O is the first and T is the last letter. (*Answers differ from textbook)

Sol: The word ‘ALGORITHM’ has 9 different letters of which 3 are vowels (A, I, 0)
and 6 are consonants.

(D Here, the vowels are always together. So, we consider them as one unit
(vowel).

= Now, the total number of letters=1+ 6 =7.
Hence, the number of ways of arranging them = 7!
Further, the three vowels can be arranged amongst themselves in 3! ways.

~ The number of arrangements in which the three
vowels are together = 7! x 3! = 30,240.

(I) Here, no two vowels are together. So, there has to be a consonant between
two vowels. The 3 vowels can be arranged in any 3 out of 7 available places as
shown below.

1c12 023 0352 4,2 055 c6,7,

Where C1, C1, C1,... denote consonants. This can be done in 7P3 Ways.

Having arranged the vowels in any three such places, the 6 consonants can be
arranged in the remaining 6 places in 6P6 ways. Both of these arrangements are
independent of each other.

Hence, the required number of arrangements

7P3 X 6P6 = (7X6X5) X (6X5x4x3%x2x1)

_ 210 4 720

=1,51,200

(III) Here the consonants are at even position.

The even positions are the second, fourth, sixth and eighth, since there are nine
letters in the word. These four places can be filled in by the six

‘Consonants in 6P4 ways.

Having arranged the consonants in four places, the other five places can be filled
in by the remaining five letters in 6P4 = 5! ways.

Both these arrangements are independent of each other.

Hence the required number of arrangements

= 6P4*5! = (6X5x4X3)x(5x4x3x2x1) = 43,200.

(IV) Since each word has ‘O’ as the first letter and ‘T’ as the last letter.



=~ The first and last place can be filled in 1 way each.

Fi;ed | Fi’(ed

Middle 7 places can be filled in by the 7 letters in 7P7* = 7! .ways.
Hence, the total number of required arrangements =1 X 7! X 1 =
7X6X5%x4x3%x2x1 = 5040.

7) In a group photograph, 6 teachers are in the first row and 18 students are in
the second row. There are 12 'boys* and 6 girls among the students. If the middle
position is reserved for the principal and if no two girls are 5 together, find the
number of arrangements.

Sol: In the group photograph, all 6 teachers are in the first row and the middle
seat is reserved for the principal.

They can be arranged in 6P6 X 1 = 6! ways.

12 boys and 6 girls are in the second row such that no two girls are together.
So, the 6 girls can be arranged in any‘6 out of 13 available places as show below.
1812822832 B4,2,B5% B6, 2, B7.8 B8, 2, B9, 22, B10,1L, B11,12, B12, L3,
Where B1, B2, B3, ... denote boys

This can be done in 13P6 ways.

Having arranged the girls in any 6 places, the boys can be arranged among
themselves in 12P12 ways.

Therefore, the second row can be arranged in 13P6 X 12P12 ways.

Hence, the number of ways of arranging both the rows = 6! X 13P6 X 12P12

« 13!
= 6! (13-&)

» 121

_6IX X 12!

6! X % 121
= Tl

12!%13!

= 7

8) Find the number of ways so that letters of the word HISTORY can be arranged
if,

(D Y and T are together
(ID Yisnextto T.

Sol: The word ‘HISTORY’ has 7 different letters of which 2 are vowels (I, O).



(D Here Y and T are together.
Since Y and T are together, we consider them as one letter.

=~ The total number of letters=1+5=6
Hence, the number of ways of arranging them = 6!
Further, the letters Y and T can be arranged amongst themselves in 2! ways.

= The number of arrangements in which letters
Y and T are together = 6! X 21 =720 x 2
= 1440

(I) Here! Y is next to T.
== e

|

v’ v
1 Letter
5 letters

We consider them as one letter.

=~ The total number of letters=1+5=6

Hence, the number of ways of arranging them = 6!

Further Y is next to T, this arrangement is possible in only one way.

=~ The total number of required arrangements

=6!x1=720

9) Find the number of arrangements of the letters in the word BERMUDA so that
consonants and vowels are in the same relative positions.

Sol. The word BERMUDA has 4 consonants and 3 vowels.

The current arrangement has consonants and vowels arranged as follows.

[c [v [c]c[v]c]v]

To maintain their relative positions, the 4 consonants need to be arranged
amongst themselves and the 3 vowels need to be arranged amongst themselves.
No. of ways of arranging 4 consonants = 4!

No. of ways of arranging 3 vowels = 3!

=~ Total 'No. of ways of arranging the word BERMUDA

=4!x3!'=24X6=144



10) Find the number of 4-digit numbers that can be formed using the digits 1, 2,
4,5, 6, 8 if

(D digits Can be repeated
(IT) digits cannot be repeated.
Sol. we have to form 4 digit numbers using the digits

1,2,4,5,6,8.

(D) digits can be repeated

| Th | H [ T | U )
v v v v
6 ways 6 ways 6 ways 6 ways
All the places, thousand’s place, hundred’s, ten’s and unit’s place can each be
filled in 6 ways.

Hence, 6 X6 X 6 X 6 = 1296, four digit numbers can be formed.

(ID) digits cannot be repeated.

[ Th [ H [ T ‘ u_ |
v . v .
6 ways 5 ways 4 ways 3 ways
This can be done by arranging 6 digits in 4 places
As 6P46yvays.
6P4 =2 = 6x5x4X3 = 360

=~ 360 four digit numbers can be formed.
11) How many numbers can be formed using the digits 0, 1, 2, 3, 4, 5 without
repetition so that resulting numbers are between 100 and 1000?

Sol: Any number between 100 and 1000 will have 3 digits.

w1 7 T u ]
| [ [
v v v

5 ways S ways 4 ways

Since we re*quire a 3 digit number, zero cannot be in hundred’s place. Hence,
hundred’s place can be filled in by any one of the five non-zero digits. Thus,
hundred’s place can be filled in 5 ways.

After filling in the hundred’s place, we have now 5 digits left to fill in the ten’s and
unit’s place.

Thus, these places can be filled in 5P2 = 5x4 = 20 ways.



Hence, by the fundamental principle of multiplication, the three places can be
filled in 5x5x4= 100 ways.
Thus, 100 three digit numbers can be formed if repetition of digits is not allowed.

12) Find the number of 6-digit numbers using the digits 3, 4, 5, 6, 7, 8 without
repetition. How many of these numbers are:

(i) divisible by 5, (ii) not divisible by 5.

Sol: We have to form 6 digit numbers using the digits 3, 4, 5, 6, 7, 8 without
repetition. Total number of ways of arranging 6 digits in six places = 6P6 = 6!
= 6X5X4x3x2x1 =720

(D) Here, the number is divisible by 5. So it will have the digit 5 in the unit’s place.
Hence, the unit’s place can be filled in 1 way.

The other five places can be filled in by the remaining 5 digits

(Since repetition is not allowed) in 5P5 = 5! Ways.

Thus, there are 5! X 1 = 120 numbers with 6 digits which are divisible by 5.

(ID Here, the number is not divisible by 5. We have, numbers not divisible by 5 =
total numbers divisible by 5

=720~ 120 =600

Thus there are 600 numbers which are not divisible by 5.

13) A code word is formed by two distinct English letters followed by two non-
zero distinct digits. Find the number of such code words. Also, find the number of
such code words that end with an even digit.

Sol: The code word consists of two different English letters followed by two non-
zero distinct digits (i.e. from 1 to 9).

[ tetter [ Letter | Digit | Digit

v v v v
26 ways 25 ways 9 ways 8 ways

~ Total number of code words available
= 26X25X9X8
= 46,800

To find the code words that end with an even digit.
The even digits from 1 to 9 are 2, 4, 6, 8.



letter |  letter | Digit | Digit

v v v v
26 ways 25 ways 9 ways 8 ways

Hence, the total number of required code words
=26X%X25%Xx8x%x4
= 20,800

14) Find the number of ways in which 5 letters can be posted in 3 post boxes if
any number of letters can be posted in a post box.

Sol: Here, any number of letters can be posted in all the three post boxes.
Hence each letter can be posted in 3 different ways.

Let L1, L2, L3, L4, L5 denote the five letters. We assign the 3 post boxes to each
letter as follows:

L [ & h [ & [ & ]
| | | | \
v v v A\ 4 v
3 ways 3 ways 3 ways 3 ways 3 Ways

By the fundamental principle of multiplication, the 5 letters can be posted in
3 X 3 X 3 x 3 x3=35=243ways Thus, the five letters can be posted in 243
ways.

15) Find the number of arranging 11 distinct objects taken 4 at a time so that a
specified object. '

(D) always occurs (II) never occurs.

Sol: There are 11 distinct objects and 4 objects are arranged at a time.
(D) Here, one particular object out of 4 always occurs.

[t can be arranged in 4 ways.

The other 3 out of 4 objects can be arranged from the remaining

10 objects in 10P3 ways. Number of ways of arranging all 4 objects
=10P3Xx4=10x9Xx8x%x4

= 2880 ways

(ii) Here, One particular object never occurs. 80, we exclude it, from 11 distinct
object. Now, we have 10 distinct objects from which we have to arrange any 4
objects.

This can be done in 14P4 =10X9 X8 X 7



= 5040 ways

EXERCISE 6.4

1) Find the number of permutations of letters in each of the following words:
(D DIVYA

Sol: The word DIVYA has 5 letters, all are different.
Hence, the number of distinct permutations of the letters

=M=5l=5x4x3x2x1
=120
(1) SHANTARAM

Sol: The word SHANTARAM has 9 letters of which ‘A’ is repeated 3 times and rest
all are different.
Hence, the number of permutations

GMBH T e A
3

n! g
= 3

= 60,480

(III) REPRESENT

(*Answer differ from textbook)

Sol: The word REPRESENT has 9 letters of which ‘E’ is repeated 3 times, ‘R’ is
repeated 2 times and

rest all are different. .

= The number of distinct permutations

n! ¥ &la3d

-

— plg! 3 2
= 30,240
(IV) COMBINE

Sol: The word COMBINE has 7 letters, all are different
The number of permutations



=M =71=7x6X5%Xx4x3x2x1
= 5040

2) You have 2 identical books on English, 3 identical books in Hindi, and 4
identical books on Mathematics. Find the number of distinct ways of arranging
them on a shelf.

Sol: Here, total books=2+3+4=9
P o — 9

There are, 2 identical books on English. =P =2

3 identical books on Hindi, =9 =3

4 identical books on Mathematics. =7 =%

=~ Total number of distinct arrangements

m 3

T oplgir | 23l

 GNEXTREXERA!
T lzmA)(3xzx1)al

=9x4xT7 x5

= 12560

3) A coin is tossed 8 times. In how many ways can we obtain (i) 4 heads and 4
tails?

(II) atleast 6 heads?

Sol: A coin is tossed 8 times.
~"n=8

() We require 4 heads and 4 tails.
wP=49=4

= Number of ways in which we obtain 4 heads and 4 tails



Y 8! BxTMExEMEl

nlg! 414 (4x3xzxi)a

=2x7x5=70

(IT) Here, we require at least 6 heads when coin is tossed 8 times.
Trial 8times

6 heads éhd 2tails or 7 headsand 1 tail or 8 heads

The number of distinct permutations
=4 =) =]

B2 or 7 or &

27
ie. 2 or g or 1

-~ Total number of required permutations

=28+8+1=37

4) A bag has 5 red, 4 blue and 4 green marbles. If all are drawn one by one and
their colours are recorded, how many different arrangements can be found?

Sol: Here, the total number of marbles

=5+4+4=13
~ =13
There are
Marbles
SRed 7 p=5 4Blue’q=4 iR P e
=~ Total number of distinct arrangements
n 13!

= pigirl — 544!

5) Find the number of ways of arranging letters of the word MATHEMATICAL.
How many of these arrangements have all vowels together?

Sol: The word ‘MATHEMATICAL’ has 12 letters of which A is repeated 3 times, M
isrepeated 2 times, T is repeated 2 times.

= Number of arrangements of word
1zl

MATHEMATICAL = 3:2:2:

The given word has 5 vowels ™ A, E, A, [, A.

Taking vowels together, we consider them as a single letter, say P.

Now, we have 8 letters ~ P, M, T-, H, M, T, C, L. of Which M is repeated 2 times, T is
repeated 2 times.



The number of ways of arranging these 8 Letters

1

After this is done, 5 vowels (in which A is repeated
5l

3 times) can be arranged in 3 ways.

= The number of required arrangements
g B!

it 3!

6) Find the number of different arrangements of letters in the word
MAHARASHTRA. How many of these arrangements have (I) letters M and T
never together? (II) All vowels together?

Sol: Total number of letters in the word MAHARASHTRA = 11

The letter ‘A’ is repeated ‘4’ times.

The letter ‘H’ is repeated twice.

The letter ‘R’ is repeated twice.

11!
~ Number of arrangements = #2:2!

(a) For letters 'M' and ‘T" to he never together,

remaining 9 letters need to be arranged first, (represented by ™)
X—X—X—X—X—X—X

The letters ‘M' and “T* can occupy any position marked by X

No. of ways of arranging 9 letters a 9!

Since 10 positions are available for the letters ‘M” and ‘T".

No. of ways of arranging these letters = 10P2

Considering the repetitions of the letters ‘A’, ‘H’ and ‘R’,

(b) Here, all vowels are together. The given word has 4 vowels A, A, A, A.
We consider 4 vowels together as a single letter, say G.
We have 8 letters G, M, H, R, S, H, T, R of which R and H are repeated 2 times each.

The number of ways of arranging 8 letters
=4

After this is done, 4 vowels (in which A is repeated 4
4

4 times) can be arranged in #=1 way.
= The number of arrangements in which the vowels
gl

are together = 22!

7) How many different words are formed if the letter R is used thrice and letters
S and T are used twice each?



Sol: Here, the letter R is used thrice, letter S and T are used twice each.
Total letters=3+2+2=7

~ The number of different words formed
7 T B S g 3!

}2;2 Fz=1)iZx1)

8) Find the number of arrangements of letters in the word MUMBAI so that the
letter B is always next to A.

Sol: The word MUMBALI has 6 letters of which M is repeated twice.

O B is always next to A, consider them as a single letter.
Now, we have 5 letters M, U, M, AB,I in which M
is repeated twice.

= The number of ways of arranging them = 2
After this is done, we arrange A and B such that B is next to A.
This can be done in 1 way.

5!

= The number of required arrangements

_ EX4x3xI!

® 1

9) Find the number of arrangements of letters in the word CONSTITUTION that
begin and end with N.
Sol: We have to find the number of arrangements of letters in the word
CONSTITUTION that begin and end with N.
So, the first and the last place can be filled in 1 way.

N = Lye

\ ‘ R— N
1 '."m ! J "
v 10 letters 1 way

After this is done, we have 10 letters of which

O and I are repeated 2 times and T is repeated 3 times.
1o

So, The 10 places can be arranged in 232! ways.

=~ The total number of required arrangements

||||||

10) Find the number of different ways of arranging letters in the word ARRANGE.



How many of these arrangements the two R’s and two A’s are not together?
(FAnswer differ from textbook)

Sol: The word ARRANGE has 7 letters of which A and R are repeated 2 times.

~ The number of ways of arranging letters of the word

Tl THeMBRaxIndl

Pkt 219
Lada it

= 1260

Here, we have to find the number of arrangement in which two R’s nor A’s are
together.
We will first find the arrangements in which two R’s and two A’s are together. _

T

Two R’s together, say P and two A’s together, say <.
Now we have 5 letters. They can be arranged in 5! 2! 2!

5! e bt
1 13 = A1 = 3{]
l1.e. &< ke

As two A’s and two R’s are repeated.

~ Arrangements do not have two R’s nor A’s together

= Total Arrangements — Number of arrangements in which two R’s and ' two
A’s are together

=1260 ~ 30
=1230

11) How many distinct 5 digit numbers can be formed using the digits 3, 2, 3, 2, 4,
5?

Sol: The given digits are 3, 2, 3, 2, 4, 5 of which 3 and 2 are repeated twice each.

Y

We can form 2'2distinct 5 digit numbers

Bl BRENKaMIMI

« W Ay
= adn




=b6x0x2x3
= 180

12) Find the number of distinct numbers formed using the digits 3,4, 5, 6,7, 8,9
so that odd positions are occupied by odd digits?

Sol: The given digits are 3, 4, 5, 6, 7, 8, 9, all are different.
We need to form 7 digit numbers such that odd digits 3, 5,7, 9
occupy the odd places namely 1st, 3rd, 5th and 7th.

CT T T T T T
o e M

This can be done in 4P4 = 4! Ways.

Having done this, the other 3 places can be filled in by
the remaining digits 4, 6, 8 in 3P3 = 3! ways.

Hence, total number of required arrangements

=4 w3 =(4x3Ix2x1)x((Fx2x1)

=144

13) How many different 6-digit numbers can be formed using digits in the
number 659942? How many of them are divisible by 2?
Sol: Total number of digits in the dumber = 6 the digit ‘9’ is repeated twice.

B m

~ Number of arrangements

_ BXEX4x3x2!

a1
&=

= 360

For a number to be divisible by 2, the digit in the units place must be an even
number.
There are 3 even digits available: 2, 4, 6

3

2,4,6
=~ 3 options are available for the unit’s place.
The remaining 5 places can be occupied by the remaining 5 digits.
Considering the repetition of the digit 9, the total



3x120
number of arrangements = 2

_ 360

=
&

= 180

14) Find the number of distinct words formed from letters in the word INDIAN.
How many of them have the two N’s together?

Sol: The word INDIAN has 6 letters of which I and N are repeated 2 times.

~ Number of distinct words that can be formed

B! BNEMaw3xWIl

P et F1
L L

=6x5x2x3=130

Next, the two N’s together.

So, we consider them as one letter.
Now, the total number of letters=1+4 =5
In these 5 letters, I is repeated twice.

= The number of ways of arranging them

5l _ BMax3xdl

-1
a

[ ]

=Ltx2x4 =40

15) Find the number of different ways Of arranging letters in the word PLATOON
if

(D) the two O’s are never together

(IT) consonants and vowels occupy alternate positions.

Sol: The word ‘PLATOON’ has 7 letters, in which 0 is repeated 2 times.
(D The two 0’s are never together.

Let us consider the two O’s are together as one letter.
Now, we have 6 letters. They can be arranged in 6! Ways.



T

Also, the number of ways of arranging the letters of the word PLATOON is 2

= The number of required arrangements

= Total Arrangements — Number of arrangements in which two R’s and ' two
A’s are together

_T _TxE_ g
=612 -TBys
— 1800

(ID) Consonants and vowels occupy alternate positions.
There are 3 vowels (A, O, O) and 4 consonants.

C2 | C2 C2 C2 C2) C2
C1

Places™ 1 2 3 4 5 6 7

The three vowels can be arranged in 2nd, 4th, 6th positions in 3!

Ways and the 4 consonants can be arranged in 1st, 3rd, 5th and 7th positions in
4! Ways.

Hence, the consonants and vowels occupy alternate places

in 31 x4 =(6) x (24) =144 ways.

But the vowel ‘O’ is repeated 2 times.

=~ Total number of distinct arrangements

144 144

el 2
r T

EXERCISE 6.5

1) In how many different ways can 8 friends sit around a table?

Sol: The number of different ways in which 8 friends sit around a table
= (8-1)!

= 7!

=7X6X5%X4x3x2x%x1=5040



2) A party has 20 participants and a host. Find the number of distinct ways for
the host to sit with them around a circular table. How many of these ways have
two specified persons on either side of the host?

Sol: Number of persons = 20
Number of hosts = 1

=~ Total number of persons = 21

They can be seated around a circular table in

(21 ~ 1)! = 20! Ways.

Two particular persons sit on either side of the host.
These two persons can be arranged in 2! Ways.
Now, there are 19 persons including the host.

They can be seated in (19 ~ 1)! = 18! Ways.

-~ Total number of required arrangements

3) Delegates from 24 countries participate in a round table discussion. Find the
number of seating arrangements where two specified delegates are (I) always
together (II) never together.

(*Answers differ from textbook)

Sol: There are 24 delegates.

(D) Two specified delegates are always together. Consider them as one member.

We have 23 members. They can be seated around the table in (23 ~— 1)! = 22!
Ways and two specified persons can be arranged among themselves in 2! Ways.

=~ Total number of required arrangement = 2! x 22!
=2 X 22!
(I) Two Specified delegates are never together

= Total number of arrangements.

~Number of arrangements in which
two specified delegates are together.

= 23172 x 22!

=23 %221~ 2x 22!



=221 (2372)
=21 x 22!

4) Find the number of ways for 15 people to sit around the table so that no two
arrangements have the same neighbours.

Sol: 15 people can sit around a table in (15 71)! = 14! ways.
Total number of arrangements = 14!

Now, the number of arrangements in which any person can have the
14!

same neighbours on either side by clockwise or anticlockwise arrangements 2

= The number of arrangements in which no two arrangements have the same
neighbours

=14 - =141(1-7) =1

f--'lll-l

14!

1
4

5) A committee of 20 members sits around a table. Find the number of
arrangements that have the president and the vice president together.

Sol: Number of members in the committee = 20
Since the president and vice president are to be seated together, consider them

as 1 unit.

= Number of people to be arranged = 19

= Number of ways of arranging 19 people around a table = (19~ 1)!

=18!

Further, the president and vice president can be arranged among each other in 2!
ways.

=~ Total Number of arrangements = 18! 2!

6) Five men, two women, and a child sit around a table. Find the number of
arrangements where the child is seated (I) between the two women (II) between
two men.

Sol: Five men, two women and a child sit around a table.

(D Child is seated between the two women.



So, we consider them as a single person. Now, we have 5 + 1 = 6 persons.
They can be arranged around a table in

(6_1)! = 5! Ways.

Also, the two women can be arranged among themselves in 2! ways.

So, the number of required arrangements = 5! 2! = 240

(ID) Here, the child is seated between 2 men.

Since tgere are 5 men, such a group can be formed in
5p2 = =5>Mzmways

Thus, there are 20 ways in which the child can be seated between 2 men.
We consider the 2 men and the child between as one unit.

Also, we have 3 more men and_2 women.

Thus, we have 1 + 3 + 2 = 6 persons.

These 6 persons can be arranged around a table in (6—1)1=5!-
=20 x5! =20x 120

ways.

-~ Total number of required arrangements
= 2400

7) Eight men and six women sit around a table. How many of sitting
arrangements will have no two women together?

Sol: Eight men and six women sit around a table, in which no two women are
together.
M.
Ms -

< Gap can be filled by women

There are 8 gaps between the eight men.
Eight men can sit around the table in

= (871)! =7! Ways
To fulfill our condition, the six women can be
seated in eight gaps between eight men in 8P6 ways.

=~ Total number of required arrangements

b2 |

=7!x8P6 =7!X

Tixal

—_— T
-

8) Find the number of sitting arrangements for 3 men and 3 women to sit around
a table, so that exactly two women are together.



Sol: There are 3 men and 3 women sitting around a
table, with the condition exactly two women are together.
Group of exactly two women can be formed in

3!
3P2=;—3x2x1 _Eways

Thus, there are 6 ways in which exactly two women can be seated together.
After choosing two women, consider them as one unit.

Also, we have 1 remaining women and 3 men.'

Thus, we have 1 + 1 + 3 = 5 persons.

These 5 persons can be arranged around a table in (57 1)! = 4! ways.
-~ Total number of required arrangements
=6X4!=6X24=144

9) Four objects in a set of ten objects are alike. Find the number of ways of
arranging them in a circular order.

Sol: There are 10 objects.
These 10 objects can be arranged in a circular order in (10~ 1)! = 9! ways.

s =9l
Out of 10 objects, 4 are alike.
r—4

~ Required number of arrangements

10) Fifteen persons sit .around a table. Find the number of arrangements that
have two specified persons not sitting side by side.

Sol: There are 15 persons. They can be arranged around a table in (157 1)! = 14!
ways.

We have to find the number of arrangements in which two specified persons not
sitting side by side.

Consider two specified persons sitting side by side as a single person, we have 14
persons.

They can be arranged round the table in (147 1)! = 13! ways.

Further, the two particular persons can be arranged among themselves in 2!
ways.

~ Arrangements in which two specified persons are side by side = 2! x 13!
Now, arrangements in which two specified persons not sitting side by side



= Total Arrangements — Number of arrangements in which two R’s and ' two
A’s are together

=141 — 21 x 13!
_ 14 %131 —2x 3!
= 131[14 - 2]

= 131(12)

=12 x 13!

EXERCISE 6.6

1) Find the value of:

(I) 21.5{;'4

_ 18 o n _ .
Sol: 15'!:-4 T oal(1s-a T ( o= r!(n—r}!)

__ 18!

oA

_ 15%14x13x12x11!
T (axIxZx1)ill

=15 x7 %13

= 1365
(II) Bﬂcz

Sol: Here, " =80; r=2

800, — B80! ( ne n! )
< 2so-2) r

z0!
T ai7a

BOxTIxTEx12x11!
(2x1)73!

=40 x79
= 3160



(III) 15(;'4 + 15{:5

Sol: Use &+ "G= ",
Here ™ = 15, r=5

15 C4 + 15 CE]

— 1541 CE
_ 16 CE

(IV) zuﬂis— 19":15

Sol: n+1£'r_ neo— ncr_i

Here ™ = 19; r=16

2) Find ™ if:

(I) E'szn B,

=

& — &
Sol: We have F2=mn "G

6! &!
= .
- (e—2) 2E—2)!

& B!
a! T Mz
)
2 =1
.n=2

(1) ng.: "Cp=52:3



Sol: we have  Ca "C3=252:3

T
ng, 3
zn!
fzn—s)ls! __ 52
! -
e, (n—z)'a!
n! (n—2)i2! _ 52
- (Zn—3)'3! n
In(2n—-1)(2n—2)(2n—3)! (mn—2)l(2x1) &2
(Zm—3)!(3x2x1) nln—13in-2)0 3
ni 2n—1)=2(n—1) 2 __ k2
3 nin—1) T3

...gx(Zn—1}=%
In—1=2x2

3 4

s 2n—1=13

s 2n=14

n=7

() "Cn-a=84

Sol: We have, = Cn-3=84%

n!

. Tnomraynay - OF

n(n—1){n-2(n-3)

(3% 2wy (m—3) 84
ann—1Dn-2) =84x6
=12x7 x6

=9x38x7



.m=9 (orn—1=8orn—-2=7)

Thus, =2
3)Find"if '*Car:  1°C2—4=143:10

Sol: We have ¥ 100 4 =143:10

Mgy 143

s 10

14!
faa—zrlgr! 143

FTol 10
., [10-2T+4)!(zr—4)

14! (14—2r)i(2r—4)! _ 143

& (14-2e)(2r)! 10! T 10
14x13x1211x 10 [ 2rwa)! 143
10! 2r(2r—1)(2r—2) (2r—3) (Zr—a4)! T

14x13x12x11 2 _ 143
- 2 2r—1)(2r—23(2r—3)  nin—-1) T

s 2r(2r—1)(2r — 2)(2r - 3)
—14x13x12% 11 x =
143

=14 x12 x 109

=7XB6x5x8

=8X7 X6byg

L2r=8(or2r—1=7 or 2r—2=6
or2r—3=05
r=4

4) Find ™ and " if:
(1) "Pr=720and "Co-r=120

(1) "Cr1 "Cri "Chp=20:35:42



Sol: (I) We have "B.=720 5q "Co—r =120
—— =720 —— =120
i.e, (m=7)! and f(roriie

oy 72

[=]

Ny 12
Y

2
=1

x =
o =)t (n—rlir!

wTi=6

Substituting” =3 in "5 =720,

We get Py =720

n!

o [(m—3

=720

n{n—1)in—2)(n—3)!

(n—3)! = el

nn—-1)n-2) =10x9x8
~n=10

Thus,* =10 and =3

(II) We have "l "G (. =20:35:42

[n—r+1)r—a)!
i
[(a—riiv!

4
7

i (n—r)lxrir-1) 4

v, rmrt DR (1) m -

r _ 4
Som—rdl 7




Ldn—dr+4=Tr
LAlr—dn=4  ..(D)

Also, "Crt ™Cu-p=35:42
"lfr _ ﬁ

Ag,_p 42

n!

[a—rilr!
—rr -
nl

o —r—2)ir+1)!

m (n—r—1liir+1) &
o (n—rlir n! B

(n—r—1)!(r+1)! &

o (n=rim—r-1r &

r+1

som—br=6r+6

LSn—11r =6 ..(II)

Solving equations (I) and (II), we get ™
=10 yqr=4

5)If "Pr= 181440004 "C,=45fpq -

Sol: "Pr= 1814400

nC_ =45
— _ . — _
P,. - n—r)" E,. - (n—v)!
n!
. (n—r) = 1814400 . (I)
n!
o, Tin=r)! = 45 .. (ID)

Dividing (I) by (1),



m!
m—ryl __ 1812200
T

e a5
. T =40320
=28
.T=2=8

6)If "Cr-1=6435 "C,=5005 "C,.;=3003,5.4

Sol: Given:  Cr-1=6435,  "C.=5005,  "C..y = 3003

UCr_s 6435

g, 5005
n!

[.‘l—l:."—‘_:l'h'r—ﬂ_‘ﬂ _ 13=11x5x5
- n', : 13x11=7m5
[(n—-rilr!

(n—riir _ 9

o (n—r+ie-1 7

(n—rlirlr—10 _
o (n—rd D n—rdl—10t

9
7

r

Som—rdl

9
7

ofr =9Mm-—-9%+9

L 16r—9n =29 oA
Also,
g, 5005

Ag,,, 3003

n!
(n—riir! __ 5miool

! -
. T treairen! 3x1001

(n—r—1)(r+1 5

(n—riir! 3

(n—r—1)l{r+1}r! 5

o In—rlin—r—1)r! T3



r+l _ 5

L rz—r'_a
L3r+1)=5Mn-r)
s r+3=50n—>5r

. 8r—5n=-3 ..(I)

Multiplying equations (II), by 2 and
Subtracting equation (I) from (III)

16r —10n = —6 (IH)
1l6r— 9n= 9 (I)

n=15;

Substituting in equation (I)

16r —9(15) =9

. 16r—135 =9

16r = 144
144
b T
T =9
3 OxExTHEXE!
rCE = ECE == —
415! 4x3x2x1xE!

(s =126

7) Find the number of ways of drawing 9 balls from a bag that has 6 red balls, 5
green balls, and 7 blue balls so that 3 balls of every colour are drawn.

Sol: Total number of balls=6+5+7 =18
Number of red balls = 6

Number of green balls =5

Number of blue balls = 7



9 balls are to be drawn, 3 of each Colour,

No. of ways of drawing 3 red balls out of 6 red balls = 6C3
Similarly, No. of ways of drawing 3 green balls out of

5 green balls = 5C3

No. of ways of drawing 3 blue balls out of

7 blue balls = 7C3

=~ Total number of ways = 6C3 X 5C3 x7C3

8) Find the number 6f selecting a team of 3 boys and 2 girls from 6 boys and 4
girls.

Sol: Number of boys = 6

~ Number of ways of selecting 3 boys = 6C3
Number of girls = 4

~ Number of ways of selecting 2 girls = 4C2
Hence, the number of ways of selecting a team of 3 boys and 2 girls

= 6C3 x 4C2

8 _#
= (p=3)3" (4-Z)'2!

&! 4!
_ —— X
— 33

b3

1]
[

__ BEEMamdl 42X 3=

(Fm2x1)3  (Z=1)a2l

=((Gx4)x(2x3)

= (20) x (6)

=120

9) After a meeting, every participant shakes hands with every .other participants.



If, the number of handshakes is 66, find the number of participants in the
meeting.

Sol: For shaking hands, minimum two persons are needed.
So, the total number of handshakes will be the same as the number of ways of
selecting

2 persons from those who are present.

Let ™ be the number of members present at the meeting.

Then, the number of ways of selecting any 2 persons from them = 2

Now, in all 66 handshakes were exchanged.
nC, = 66

n!
. [n—2)12!
nx(n—1)x(n—2)

(n—2)!

= 66

=66 x2

. nn—1) =132
.nn—-1)=12x11

on=12(rn—-1=11)

~ The number of participants in the meeting = 12.
10) If 20 points are marked on a circle, how many chords can be drawn?

Sol: To draw a chord of a circle, we need two points lying on the circle.
There are 20 points on the circle.

~ We can draw 20C2 chords of the circle.

20 20

Now, 20C2 (z0-2piz  1m2
=22 =190

190 chords can be drawn.
11) Find the number of diagonals of an n-shaded polygon. In particular, find the
number of diagonals when:

M"=10 (D"=15 (I)"=12



Sol: Two points are needed to draw a segment.

A polygon of n sides has ™ vertices.
So, in a polygon of n sides, there will be

"C2 segments, which include its sides and diagonals both.

Since the polygon has n sides, the number of its diagonalsis 2~ 7

(D Here,™ =10

= The number of diagonals = 10C2 ~ 10

100 10=%
= —10 = —

(10-2)12! 2 A

=45-—-10 =35

(I) Here,™ = 15

= The number of diagonals = 15C2 ~ 15

15! 15x14
=Sk — 15 = —15
(15—-2)2! 2

=105 -15 =90

(III) Here, ™ = 12

= The number of diagonals = 12C2 ~ 12

12! 12=11
= —12 =

(473 —2%11 -
'._1.-'._:. i &

—12
=66 —12 =54

12) There are 20 straight lines in a plane so that no two lines are parallel and no
three lines are concurrent. Determine the number of points of intersection.

Sol: Two coplanar lines which are not parallel intersect each other in a point.
There are 20 straight lines, no two of them 'are parallel and no three of them are
concurrent. .

So, the number of points of intersection

am am

=920C2 T e 1mz

20x1%

=190

=

190 points of intersection



13) Ten points are plotted on a plane. Find the number of straight lines obtained
by joining

these points if :
(i) No three points are collinear
(ii) Four points are collinear.
Sol: To draw a line, two points are needed.

(D) There are 10 points in a plane such that no three of them are collinear. .

Hence, the number of lines formed
100 10X9

10C2 (1o-znz 2
=5x9 =45
45 straight lines are obtained if no three points are collinear.

(ii) There are 10 points in a plane such that four points are collinear.
If no three of the given 10 points are collinear,

we will get 10C2 lines. But 4 points are collinear.

So, we will not get 4C2 lines from these points. Instead,

we get only one line containing the 4 points.

~ Number of straight lines formed

= 1og, — 4c=m9+$+1

—
r

=45 —6+1 =40
40 straight lines are obtained if four points are collinear

14) Find the number of triangles formed by joining 12 points if:
(D no three points are collinear (II) four points are collinear.

Sol: (I) There are 12 points in a plane. No three of them are collinear.
We need three non-collinear points to 'form a triangle.

= The number of triangles formed

12! _12x11x10

12C3 T z—mm | 3wz




=220

(IT) There are 12 points 1n a plane of which four points are collinear.
If no three points are collinear, we will get 1003 triangles. Since four points are
collinear, the number of triangles will reduce by 403.

= The number of triangles formed

e —220-4

= 120, 40, =220-—

=216

15) A word has 8 consonants and 3 vowels, How many distinct words can be
formed if 4 consonants and 12 vowels are chosen?

Sol: There are 3 consonants and 3 vowels.

So, 4 consonants and 2 vowels can be selected in 8C4 X 3C2 ways.
_ (BxT=e=5)  (3x2xi)

Now, 8C4 X 3C2  (sx3x2) = (2x10

=35x2x3

=210

Thus, there are 210 groups consisting of 4 consonants and 2 vowels.
We need to form different words from these 210 groups.

Now, each group has 6 letters.

These 6 letters can be arranged amongst themselves m 6! Ways.

=~ The number of required words

=(210) x 6! =(210) x720

= 151,200

EXERCISE 6.7

1) Find™if "Ce= "Ci2

Sol: We have ¢e= "Cu
But, "C2= "Cp-12 '[ "C= "Cpy)

"leg= "lh-12



8=n—12
B+12=mn
20=mn

- n=20

23.\:'3“

2) Find ™ if

ZSESﬂ =

Sol: We have

L 3n=2n+3 .

...31r1—21r1=3
n=3

21{:6“

3) Find ™ if

23
l"':Eﬂ+3

Z3
E2ﬂ+3

"Cx then* =)

21
E(ﬂz+ 5}

("Answer differ from textbook)

-

Sol: We have Hlen =
. 6n=n%+5
nf—6n+5=0

L(n=5n-1)=0
[fn= 5, S

Which is possible,

~ ™ =23js discarded.

21
C{n1+5}

—

"lc 21!:', 2
Also &n (n*+5)
2 — 21
Ca1-en = C-:.-:=+5}



.nift+én—16=10
L(n+8n-2)=0

wn+t8=0 or n-2=0

~n=—8 or n=2
But?‘lEN
...lez

- - In — Zn
4) Find ™ if Croa = Crsq

n _ n
Sol: r—1 = r+1
Zn — n
But r—1= Con—rs1
n _ In
Con—r+1= Creq

J2n—r+l=r+1
s2n=r+1l4r—1

2n = 2r

5) Find™if 215
Sol: "Cr-2=15

e
o [n—(n—2(n-2

15

7!

e ila el
o 2n—2)
. &

=15

nin—1)in—2)! .

Ix(n—2)

15

.nn—1)=15x2

. nn—1) =30



.nln—1)=6x5

.n=6{orn—1=5)

n

6) Find *if "Pr= *Cr
(FAnswer differ from textbook)

Sol: "A= G

=X -
. () (n—rlr!

n! (n—r)lr

¥ =
. [(n—r)! !

sx=r!
7) Flnd r lf 11E'4 + iiﬂ'; + izﬂ'5 + isﬂ'? = 14(:-‘.,..

Sol: Use G-+ "Ca= "G

1ic4 + 11 CE + 12 CE. + 13 C? — 14(:-?'

L0 o+ B+ o+ B = Mg
L0 o+ o)+ B = Mg,

130 4 B = 3¢

“e = Mg
n=r=7
8) find the value of Zr=1 ~*"Cs+ 17Cs
Sol: Ei=1 n-re, 4+ 170
_ o+ Bo+ B+ Yo+ Ve

_ 2C,+ B+ B+ 18



2[!'(_'.'4 + 19!:'4 + 1'3'£'5
EI}C‘} + EI}CE

21("5

nC o+ "Cayq

(n+1) Corsn)

9) Find the differences between the largest values in the following:
M "Cand G
() **Crand °Cr
am  **Crand MG

Sol: Use ' Crhas maximum value if,

when " is even
-1 ntl

@"

(b) " =2 or z when™isodd

= I’-.'llx

(I) 14(:?" and 12 Cr'

1
r=—
occurs at 2

i

) 14 -
Maximum value of G G

~ Maximum value of
14{:-:'" — 14[_'?

| 14x13X12x11%10X9x8
T TEXEWEx3ININ1

= 3432



. 12 r=—=n
Maximum value of G occurs at 2

~ Maximum value of
12 C:v- 12 [.-6

_ 12X11x10X5%EXT
T BN THENENAwIND

=024

~ The difference between the maximum values of

€, ond  2C- =3432-924

= 2508

ay “Cand G

. 13
Maximum value of G occurs at

[
_

1 2

T:?:5 or T:?:?
~ Maximum value of
1B _ 3¢,
_ 131211 1098
SRy e
=1716

=
. 2 =
Maximum value of & occurs at z

~ Maximum value of

BC?" = BC‘4
B THExS
2w 3xIxl

=70

~ The difference between the maximum values of

BC, and  2C- = 1716 — 70



= 1646

i *Cand UG

. 15
Maximum value of G occurs at

1z

[

&

Z=7 r=—=8
=3 or 2
~ Maximum value of
8¢ _ 15c,= 15,
_ 15x14=13x12=11x10=5
T TxEXENKAXKINZNL
= 435
. 11C
Maximum value of r occurs at
10 12
r=—=="0 r=—==6
2 or 2
. 11 11 11
~ Maximum value of G = G Ce
11=10x5x=8=7
11 11 e i
G = Cs Sudxdxlxl
= 452

~ The difference between the maximum values of

15€, and 116 = 6435 — 462
= 5973

10) In how many ways can a boy invite his 5 friends to a party so that at least
three join the party?

Sol: The number of ways of inviting at least three friends from 5 friends

= 5{:‘3 + 5C4+ 5(-.-5

5! 5!
T (5-3)a  (5-a) a4 Pl




=16

11) A group consists of 9 men and 6 women. A team of 6 is to be selected. How
many of possible selections will have at least 3 women?

Sol: Number of men =9

Number of women = 6

Number of persons in the team = 6

A team of 6 persons consisting of at least 3 women can be formed as follows:
(D) 3 women and 3 men or

(IT) 4 women and 2 men or

(IIT) 5 women and 1 man or

(IV) 6 women

(D) 3 women and 3 men: The number of ways of forming the team

e S BT
ECE X 9(:3 =
= Fx2x1 Fx2x1

=20 x 54

= 1680

(IT) 4 women and 2 men: The number of ways of forming the team

6x5  GxB
E'Cq_ b 4 9‘{:‘2 =
2x1  Zx1

=15x36

= 540
(ITII) 5 women and 1 man: The number of ways of forming the team

Bl x 0



=6x9

=54
(IV) 6 women: The number of ways of forming the team
8C. =1
=~ The total number of ways of forming the team
= 1680+540+54+1
= 2275
12) A committee of 10 persons is to be formed from a group of 10 women and 8
men. How many possible committees will have at least 5 women? How many
possible committees will have men in majority?
Sol: Number of women = 10
Number of men = 8

Number of persons in the team = 10

A committee of 10 persons consisting of at least 5 women can be formed as
follows:

(I) 5 women and 5 men or
(I1) 6 women and 4 men or
(III) 7 women and 3 man or
(IV) 8 women and 2 man or
(V) 9 women and 1 man or
(IV) 10 women

The number of ways of forming the committee:
(D 5 women and 5 men
_ 1I}CE W BCE
109 BT e Exd  BxTHE
= B4 3nIml IxIml




=(2x9%x2x7)x(8x7)

= 14112

(I1) 6 women and 4 men
1DC6. » BC4

_ 10x9%ExT  BXTHEXS
T oawIeIxl | 4x3nIw

=(Gx2x3Ix7)x(2x7Tx5)

= 14700
(IIT) 7 women and 3 men
1[!16?_ » BCE

| 10x9%E | BxTXE
7okl T o3wIxd

=(Ebx3x8)x(BxT)

= 6720

(IV) 8 women and 2 men

1IIII£'B » BCE
1045 8x7
T oawl Tamt

=(GxYx(4x7)

=1260
(V) 9 women and 1 men
1[!'{'.'9 » Bcl

1
=—x
1

=]
| m

=80



(VD) 10 women

1DC1D

=1
Hence, the number of ways of forming the required committee

— 14112 + 14700 + 6720 + 1260 + 80 + 1

= 36873

For men to be in majority, the committee should have 6 or more men.
Following are the possibilities:

(I) 6 men and 4 women or

(I1) 7 men and 3 women or

(III) 8 men and 2 women
The number of ways of forming the committee:

(D) 6 men and 4 women
ch ® 1D£h

_ BxT _ 10X3x8x7
T 1x2 T 1xZxTna

= 5880
(IT) 7 men and 3 Women
BE}-X 1D£E

1098
1=2x3

=8x

=960
(ITII) 8 men and 2 women
BCE » 1D£E

10x9
1x2




Hence, number of ways of forming the required committee
= 5880 + 960 + 45
= 6885

13) A question paper has two sections, section I has 5 questions and section II
has 6 questions. A student must answer at least two questions from each section
among 6 questions he answers. How many different choices does the student
have in choosing questions?

Sol: A question paper has two sections.

Number of questions in section [ =5

Number of questions in section [I = 6

At least 2 questions have to be selected from each

section and in all 6 questions are to be selected.
This can be done as follows:

(D 2 questions (out of 5) from section I and

4 questions (out of 6) from section II are selected.
or (II) 3 questions from section I and

3 questions from section II are selected.

or (III) 4 questions from section I and

2 questions from section II are selected.

Now, number of selections in (I)

2l T i

Ex4 &b
Zx1  Zx1

=10 x 15
=150

Number of selections in (II)

— C3x  8C

_ Bx4 _ Bx5X
Tzwil T o3mazEl

=10x 20



=200
Number of selections in (III)
S T

Bx5
Il

=75

By addition principle, total number of required selections = 150 + 200 + 75
= 425

14) There are 3 wicketkeepers and 5 bowlers among 22 cricket players. A team
of 11 players is to be selected so that there is exactly one wicketkeeper and at
least 4 bowlers in the team. How many different teams can be formed?

Sol: Total number of cricket players = 22

Number of wicketkeepers = 3

Number of bowlers = 5

Remaining players = 14

A team of 11 players consisting of exactly one wicketkeeper and at least 4
bowlers can be selected as follows

(D) 1 wicketkeeper, 4 bowlers, 6 players

or (II) 1 wicketkeeper, 5 bowlers, 5 players

Now, number of selections in (I)

— ICyx RCyx 13

14X13x12x11x10x5
BxEM4xInIn]

=3xbx

15x14x13= 2113
= 4

= 45045
Number of selections in (II)
— Cix SCix Mg

1413121110
R e |

=3x1x

= 6006



By a6dition principle, total number of ways choosing a team of 11 players
= 45045 + 6006
= 51051

15) Five students are selected from 11. How many ways can these students be
selected if:

(D two specified students are selected
(IT) two specified students are not selected.

Sol: Number of students = 11

Number of students to be selected =5

Here, 2 specified students are included.

So, we need to select 3 more students from the remaining 9 students.
This can be done in:

'S'CE

 5x8x7
T oaxzxl

= 84ways

= Number of required selections =84 X 1 X 1 = 84
Thus, 84 selections. can be made such .that 2 specified students are included.

(IT) Here, 2 specified students are not included.

So, we need to select 5 students from the remaining 9 students.
This can be done in:

E'C'E

_ SXEXTHE
T aw3uIxl

= 126 ways
Thus, 126 selections can be made such that 2 specified students are not included.



