Trigonometric Levelling

13.1 Introduction

Trigonometric levelling is the indirect method of levelling wherein the elevation of a pointis determined
from the vertical angle measured with a theodolite and horizontal distance measured with a tape or
achain.

Trigonometric leveliing is of two types viz.:

(a) Plain trigonometric ievelling 1 Inplain trigonometric leveliing, the principles of plain surveying
are employed. It is assumed that the distances measured are small compared to the radius of
earth and thus the effect of earth’s curvature and refraction can be ignored.

(b) Geodstic trigonometgiglevelling : In geodetic trigenometric levelling, the distances between
the points are comparéble to that of earth's radius and thus the simple principles of plain
surveying cannot be applied. It requires the correction due to earth's curvature and refraction.

However trigonomietric levelling is not as accurate as direct levelling. With the advent of tacheometers,

trigonometric Ievélling has now become simple because the horizontal distances also can be computed

directly.

13.2 Determination of Height of Top Level of a High Object when its Base is
not Accessible

L]

When the base of a high object (like chimney, cooling tower, transmission line tower. etc.) is not
accessible then it is not possible to determine the horizontal distance between the object base and
the instrument station.

Thus for doing so, two settings of the instrument are required wherein it is assumed that the high
object and the two instrument settings lie in the same vertical plane

Depending on the levels of the two instrument axes, there can be four possible cases as described
below.

Case I: The Instrument Axes are at the Same Leve!

With a theodolite, take both face readings i.e. face lefi and face right readings.

Fig. 13.1 Instrument axes at the same level

Let a = Angle of inclination of the top of object when the instrument is at A
B = Angle of inclination of the top of object when the instrument is at B
D = Horizontal distance between Aand Q
In APQQ, h = Dtana.
In ARQQ, h=(D+ d)tanB
Thus from these two equations,
Dtano = (D + d) tanB
v dtanB
= (tano -tanp)
Substituting this value of Din any of the above equations,
dtanatanf
= (tano—tanp)

dsinesinf

sin(e - B)

Thus RLof Q=RLof P+ h
:RLofBM+S1+h

!

..{13.1)

..(13.2)

The problem with this method is that it is very difficult set up the instrument axis of Bexactly at the same

level as that of A.
Case il Instrument Axis at B is Higher than at A
Let s, = Staff readirl.g on BM when the instrument is at A
s, = Staff reading on BM when the instrument is at 8

Q" = Projection of Qon horizontal lins through P
Q" = Projection of Q on horizontal line through R
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Fig. 13.2 Instrument axis at B higher than at A

The line of sight QR when extended back meets the horizontal line through Pat C.

Thus EC=s,-5, = s(say)
ER =b=(s,-s,) cotp
Thus d=d+b
‘ = d+ (s, - s,)coth
= d+ scotf
In APQYY hy = Dtano.
In ARQQ” h, = (D + d)tanB

From above these two equations
hy~h, = s=Dtano.—- (D + ditanp
D(tano.—tanB) = s + dtanp
(s+dtanp)
~ (tanc - tanp)

(d+scotp)cosa.sinp

Sin(o—p) ..(13.3)
Now h, = Dtano. tow
(d+scotB)sinB sina .
= Sno—p) s .(13.4)
Thus RLof Q=RLof BM + s, + h,
Case Il Instrument Axis at B is Lower than at A
Proceeding as per Case i
d=d-b
=d-scotf
h1:Dtana.h2=(D+d)tanB .
hy~h, = D(tan B -tan o) + d. tan p “

= s-dtanB = D (tan - tan o)

_ (d-scotp)tanp

ho (d-scotp)tanptana:

and (tana—tanp)

(d-scotp)sinBsina
sin(a.-p)
Thus RLof Q= RLof BM + s, + h,

...(13.6)
Q

h, |h,

o
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Fig. 13.3 Instrument axis B lower than at A

Case IV. Instrument Axes having Large Difference in Levels .
In case the instrument axes at stations A and B have large difference in levels then it is not possible to
have staff readings s, and s,. In this case the following procedure is adopted:
1. Measure the angle o to the top of the object when the instrument i at station A after making all the
necessary adjustments for the theodolite.
2. Plunge the telescope and mark a point B at a distance d from A in the vertical plane through A
and Q. }
3. Shift the instrument to station Band measure angle B to the top of the object when the instrument is
at station B after making all the necessary adjustments for the theodolite.
4. Keeping the instrument at B in this
position only, hold a staff at station A.
Keep the height of the target on the staff
as ror mark a graduation r on the staff.
(Fig. 13.5)
5. Measure angle yto the target or the staff
reading at graduation r.

Let s = Difference in the levels of
instrument axes between A and B (Fig.
13.4)
When this difference s is known then this
case is similar to Case Il above.

Fig. 13.4 Large difference in.levels of instrument axes



(d-scotB)tang

Thus, D=
(tana -~ tanp)

(13.7)

_ (d-scotp)tang tana
T (tane.~tanp)
d-scotB)sinBsin
= M( - B)sinp sina ..(13.8)
sin(a—B)
But in this case, the critical thing is to determine ‘s”.
Let x = Height of station A from instrument axis of B

I d l

Fig. 13.5 Angle measurement at

target staff
. =h-r
where ) h = Height of the target above instrument axis at 8
o *h" = Height of instrument axis at A above the base of station A
From Fig. 13.5: o ‘ ' .
“h=dtan %
S=x4+H
=(h=n+H

(Dtany-n+H
Thus after knowmg s, the difference of elevatlons h,can be determined from the above equations.
Now, RL of Q = RL of instrument axisat A + h,
= RL of instrument axis at B + s + h,
=(RLOfBM +s,) + 5+ h,

13.3 Determination of the Height of Object when the Twe Instrument Stations
are not in the same Vertical Plane

As shown in Fig. 13.6 the instrument stations A and Bare not in the same vertical plane. The following
procedure is employed:

1. Setup the instrument at A and level it properly with respect to the altitude level.

2. Sightthe top of object Qand measuire the vertical

angle a,.

3. Sight the station Band measure the horizontal
£BAQ, (=9,). :

4. Shift the instrument to station B and level it
properly.

5. Sight the top of the object Q and measure the
vertical angle 0.

6. Sight the station A and measure the horizontal
ZABQ, (= 6,).

7. Determine the AL of Q as:
From triangle PQQ’

Fig. 13.6 Two instrument stations not in the
same vertical plane

QQ" = h, = D, tano,

where, D, = Horizontal distance between Aand Q
From triangle RQQ”

QQ” = h, = D, tana,
where D, = Horizontal distance between Band Q

Let vertical projection of Qis Q, on the horizontal plane through A and the vertical projection of Bis
B’ that too on the horizontal plane through A.

Let ZLBAQ, = 8,

and ZABQ, =8

From sine law in triangle AB'Q,

sing, _ sing, sin[180°—(6+6,)]

AQ,  BQ AB'

sind, _ sing, _ sin[180°—(6,+6,)]

A D, D, a

dsing,
= ..{13.9
Thus, D, Sin(8, +6,) (13.9)

dsiné, :
and D, = Sin(0, +9,) .(13.10)

Fig. 13.7 Horizontal plane

through A, B”and Q.
dsinG,.tana, rougt =

Thus, hy = Ditano, = Sn(e. +6;) L(15.11)
Thus RLof Q= RLof instrument axis at A + hy
= ALof BM+ s, + h,
where s, = Staff reading at BMwhen the instrument is at A

For checking purpose, take a staff reading s, on the staff heid at BM when the instrument is at B.
dsiney.tano,
sin(6,+8,)
RLof Q.= RL of instrument axis at B + f,
= RLof BM+ s, + h,
The two values giving the level of Q should be the same. In case there is the difference in the values
then take mean of the two values.

Thus, h, = Dytano, = -{13.12)

13.4 Indirect Levelling on a Steep Siope
The following procedure is adopted to assess the difierence of slevations between the points Pand Q
lying on a step slope:
1. Select a suitable turning point.
2. Setup the instrument at any convenient station say O, on the line PR.
3. Make the line of coliimation approximately paralle! to the ground surface. Clamp the telescaope in
this position.
4. Take back sight PP’ on the staff held at Pand measure the vertical angle o, to 7. Determine the RL
of P as:
RLof P = RLof P+ PP



Now, it is well known that vertical angles are

measured from the horizontal plane, and thus the observed o~ »—Horizontal - AL - ,? T v
vertical angles at P and Q are ZP'PO’ and £QQO” \;\‘g‘f _— - r /7
respectively being denoted as a, and B, respectively. N f‘/-—;;“\ o
Incase there is no refraction then the correct angle "\ uee ¢ ,x’;\o"@iﬁ
of elevationat P= ZQPO’ and therefore the correction due g e» g7 '3__° _:_'L__- P,
to refraction (r) is ZP’PQ. ‘ H P T
Thus correct angle o= o, - £ZP'PQ = o, ~ r X6
Here the angle ris called as the angle of refraction.
Fig. 13.8 Indirect levelling on steep slope Similarly in case of depression angles, the correct 0
. . . . . ) angle of depression in the absence of refraction is ZPQO”
5. Take foresight Q@ on the staff held at turning point @ without changing the vertical angle o, and therefore the correction for refraction (r)is £PQQY.
Measure distance between Pand Qje. PQ. "
) Thus correctangle f = B, + ZPQQ" =8, +r
Now ALof Q@ = RLof P+ PQsina, - Q' ) ) s ” .
. This correction for refraction is positive for depression
Aol Q= ALof P+ PP+ PO sine., - QQ/ angles and negative for elevation angles. . Fig. 13.9 Effect of refraction
6. Now shift the instrument to station O, somewhere midway between Qand R,
Make the line of collimation approximately paraliel to the slope of the ground surface. Clamp the 13.5.1 Coefficient of Refraction
telescope in this position. - The coefficient of refraction (m) is the ratio of angle of refraction () and the angle (6) subtended at the
7. Take back sight QQ” on the staff held at turning point Q and measure the vertical angle o, earth’s center by the distance over which observations of the stations were made.
Now RLof Q" = RLof Q + QQ” : - ‘. me -
8. Take foresight RA' on the staff held at point R without changing the vertical angle o, us ) 6
Measure the sloping distance QR. e mee m—Dradians - M0 econds (1313)
Now RLof R= RLof Q" + QR sina, - AR ' R . Rsint”
AL O R = (AL of P+ PP PQsina, - QQ) + QQ” + QR sina,, - AR where fi = radius of earth (= 6367 km)

; The value of m varies between 0.06 to 6.08 and usually a mean value of 0.07 is taken.
In case there are some intermediate points whose elevations are required then a slightly different

procedure is followed. Let there be an intermediate point Aata sloping distance PAfrom P. The AL 13.5.2 Refraction Correction
of point A can be determined from the setting of the instrument at 0,.
RLof A= RLof P + PA sino., — AA’

Here the value of angle r depends on the relative magnitudes of distance Dand the difference in elevation H.
Case-l Dis small but His very large

where AA” = Intermediate sight on the staff held at A. In this particular case, the angle of elevation is ., and the angle of depression is B
FromFig. 13.9 ZPQO" =0
13.5 Effect Due to Refraction o From APQQ’, ext. ZPQO"is given as
o ) ) . . ) ) £ZPQO” = £LQPO” + LQO'P
¢ When stations in the trigonometric leveling are far apart then it is requirgd to correct the observed ‘ Bo+r=(a +0+0
readings for refraction and curvature of earth, ‘ ! !
= 2r=10+a, +p,
e These corrections may be applied either on the observed vertical angles or in the linear measurements - 2r=0-(B,-a,)
to the computed apparent difference of elevations of the stations. !
. . . . . . [¢] -1 -
¢ Refraction makes the object to appear higher than what it actually is. This effect decreases the staff - r=3- ([5—1—2—'J -(13.14)
reading. In case of plane surveying, the correction is applied linearly to all the staff readings while in
geodetic trigonometric surveying, this correction is applied to the observed angles. 6 ( Bi-n )
= mé = Y
InFig. 13.9 the two points under consideration viz. Pand Qare quite far apartand thus the line of sight 2 2
PQ s not a straight line but is curved. This line is concave towards the ground surface. kines PP” and Q( = By = a, +6(1-2m)

indicate the apparent sights from Pand Q respectively. = . B, -0, = 6(1-2m) -(13.15)




This implies that observed angle of depression B, is larger than observed angle of elevation a, by an
amount equal to B,.

Case-ll Dis very large but H is small
Here in this case, both the angles o, and B, are the angles of depression.
Thus substitute ~a, in place of a, in the expression of Case-I we have,
r=62-@, +a,)2
me = 82— (B, + a,)/2
By +a, =8(1-2m) : ...(13.16)

13.6 Effect Due to Curvature of Earth

*  The curvature effect makes the object to appear lower than the object actually is.

® Inplane surveying, it increases the staff reading and correction is therefore negative. In geodetic

trigonometric leveling; as the various points are widely distributed, the curvature correction is applied

directly to the observed angles.

In Fig. 13.9 the angle o.;-was-being measured with respeét to the horizontal line PO’. The same angle
with respect to level surface is AP’PP;. This can be measured with respect to chord PP, where P, is the vertical
projection of Q on a level line passing through P. The curvature correction for earth is givern by,

0
- C,=Z0PP, = >
For elevation angles, this correction is positive.

Similarly, the angle B, should be measured with respect to chord QaQ,.
Thus curvature correction is, '

C= 20700, = 5

For depression angies, this correction is negative.

Now, g = ~2—% radians
Also, 1radian = 206265 seconds
0 D
- = d
Thus, 2 = 2Reni’ seconds .(13.17)

13.7 Total Correction Due to Curvature and Refraction
The total or the combined correction due to curvaiure and refraction is given by,
C=C,+C,
e
= 5—/
D mD
= 2Rsin1” Asin1”
= (1;@-0— (13.18)
2Rsin1” .

This combined correction is positive for elevation angles and negative for depression angles.

13.8 Axis Signal Correction

¢ |f the height of the signal or the target is not
equal to that of the instrument axis then the
measured angles are to be corrected by a
correction called as axis signal correction
which is also known as eye object correction. P

e Let h, and h, be the heights of the instrument
at Pand Qrespectively and s, and s, be the
heights of the targets at Pand Qrespectively.

A
Sz
hy=
1

Let R be the top of signal at Q.

Thus AQ=s,-h,

Let o = £RPA=Observed anglefromPto Q
8, = ZRPQ = Axis signal correction at P

RQ=s,-h,
= Height of target at Q
Height of instrument at P

Draw RS perpendicular to PR at R to meet PQ Fig- 13.10 Axis signal correction

producedat S.

Ois the center of earth in APRO

ZRPO = ZRPO + LAPO = o.+90°

ZPRO =180°~ ZRPA -6

= 180° - (0 +90°) =8 = 90° ~ (. + 6)

Thus, ZQRS = 90° - ZPRS = 90° - [90° = (& + )] = (a:+ 6)
-8, is very small, ZRSQ ~ 9 ) v
RS = RQcos(o + 6) = (s, - hy)cos(c + 6)
In £ZPRP, £PRP, = o + 6/2
180° - (0. + 6/2) - 90° + (0. + 6)
90° + 6/2

[t}

From sine rule,
SinZPPR  sinZPRP,

.(13.19)

..(13.20)

PR PP,
SNZPPR _ . _SDEC+6/2)
= PR = PR G ZPRR, = Sino0° — (0 + 0)]
_ D-cose/2
~ cos(o.+8)
PS (s~ Mh)cos(e+8) (s, - h)cos®(o +6)
InAPRS, tand, = Bl Dcose )2 = D.00s6/2
cos(c. + 0)
0 |
Now > is very small
= cos 6/2 =~ 1

5 — hy)cos? o
tan §, =~ —*—(Sz 71[)) o

.(13.21)



For deviation angles, connection b, is negative

Similarly if observations are taken from Q towards P,
_ 2
tan 52 = _“%(32 /HD)COS B

For depression angles, correction 8, is positive
Now if angles o and B are very small then

S;=hy !
tang, ~ ) radians
S, - hy
= = seconds
& Dsint1”
- Corrected angles for axis-signal correction are,
a;=o-9, .
and B, =PB+35,

where 8 = observed angle.of depression a = observed angle of deviation.

Aand Bis 2.8 km. If RL of instrurhent axis was 171.45m and angle of elevation at point 3.5 m above the

foot of staff was 10° 45 then detérmine the RL of station B.
Solution: : ' ’
Height of vane above the line of collimation (H)

Dtang

2800tan10°45'= 531.6 m

1]

RLof B=RL of'instrumem axis + H- 3.5

=171.45+5316-35
=699.55m

elevation from a point on the ground to the top and bottom of flag post are 7° and 15° respectively. The

height of the flag post is 3 m and a reading of 2.685 m was taken at a BM of RL 310

m.

Solution:

AT )
From AP, TR, tan7° = -
= RT = xtan 7°(|) /

RT ‘
From AP, TQ, tan7° = -

QT _QR+RT 3+RT

= tan15°=T=—T—=T”

Form (i) and (i)

xtan7° = xtan 15°-.3

Flagpost
Ht=3m

Building

:Eiémﬁleﬁ.z Find the AL of the top of the flag post located over a building. The angles of |

Example131 Atheodolite was set-up at station A and staff at station B. The distance bétween

- x=2067m
AT =xtan7°=254m
Q=110+2685+RT+3

. RL of flag-post top,
’ ' =110+2.685+254 +3=118.225m

'Es(aﬁ;ﬁle iE%] Thereisa signalling tower on the top of a hill. in order t: dgter:xi;?ulai ;t;ﬁ ;::v:;:g
w ).0b ‘ i Points an
- tions were made from two stations Pand R. : same
S Obsew? int Q fi P and R are respectively 24° 30" and 14° 37",
. If angles of elevation of the top point Q from nd A ' g
p|an?mine tr?e elevation of foot of tower of signal tower height is 4 m. The staff rea@n:\gsc:nbztween .
?gz)em are 2.085 m and 3.455 m respectively from instrument located at P and R. Distan

and Ris 125 m.
Solution:
TT, =y, =3455-2085
=1.37m ST
gy Y 3455 [on-ono e ) 143
L YH1ST e = N ()
= ' ks “RL=100m"" +—125m - T
o, Yt E P
INAR, T, Q, tan14°37" = —=— _ T :
N S . R (i)
- 026078 = To2 = N
Solving (i) and (ii)
x = 174.25m ‘
y=78.04m ’ :
But y=00,+0,T=4+0T
- . 7804=4+Q, T
- Q,T=7404m

ding \ Tinstrument was at R
RL of foot of signal tower = RLof BM + staff reading when'the + Q; Tir
= 100 +3.455 +74.04 = 177.495m

Find the RL of a tower (C) from the following data obtained from stations A and

B which are 60 m apart.
ZBAC = 60° £ABC = 50°
Angle of elevation from A to top of tower = 32°
Angle of elevation from B to top of tower = 28°
Staff reading from A on BM of RL 80.00 = 2.350 m
Staff reading from B on the same BM = 2.850 m

|l

h.
Solution: ! fiz
_ dsin50°tand2e _ 60SnSOMN3Z _ 4 o6,
1= sin(50°+60°) sin110
60sin60°tan28° =294 m




Q1

Q.2

Q.3

Q.4

Q.5

RL of tower top P = RL of instrument axis at A + h,
) = (80.00 + 2.35) + 30.56 = 112.91m

Alternatively, RL of tower top P = RL of instrument axis at B + h,
= (80.00 + 2.850) + 29.4 = 112.25m

Thus thereis a éma!l difference in the two values.

Average RL of tower top P =

jrain Teasers

112.91+112.25

=11258 m

In trigonometric leveling, which of the following
correction is subtracted from the observed
vertical angle?

(i) Refraction correction

(i) Curvature correction

(iii) Axis signal correction ‘

(@ (i)only (b) (i) and (i)

(c) (i) and (iii) (d) (iii) only

Which of the following correction is relevant with
regards to trigonometric levelling?

(a) Correction for dip

(b) Correction for parallax

(c) Correction for curvature

(d) Axis signal correction

Trigonometric levelling is method of
levelling

(a) Direct (b) Indirect

(c) Precise (d) Both(a)and(b)

The following instruments are used in
trigonometric levelling

(@) Theodolite,tape (b) Sextant, tape

(c) Theodolite, chain (d) Clinometer, chain

Trigonometric levelling is most suitable for
(a) Plainterrain

(b) sloping terrain

(c) undulating and rugged terrain

(d) All of the above

Answers’

® 2.(d) 3.(®) 4 5 (@

Ex.2

A considerable different ‘tévels, stations Aand
Bbeing in plane with top of the chimney. The
angles of elevation to the top of chimney from

‘A and Bare 37° 22":and 22° 18’ respectively.

The angle of eievation from Bto a vane 2 m
above the foot of staff held at Ais 15° 30". The
instrument heights at Aand Bare 1.59 m and
1.37 m respectively. Given AB = 135 m and
RL of B = 115.380 m. Determine the RL of top
of chimney and the horizontal distance of
chimney from A.

Determine the RL of top of a tower from the
following observations.

Inst.

Station

Vertical angle of

Staff reading
top of tower onBM'

RL of BM | Ramarks

A
B

18° 35 2835m .
100.00m | AB=70m

1.395m

11°15'




