CFI'H'ITJIW'F'[ Integrals)

.

¢ Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because

it is there. — JAMES B. BRISTOL <+

7.1 94;&55[ (Introduction)
Fehel TV 3ferhersl 1 HeheUdl T Shigd &1 el o
@l o fau wel @t aReifig 3 ) q9en i 39
YR I @B ST JAUrAl &1 qRehord Al Aashas oh
foTT Tet SITHURYT | FHeher TG, Tetdi oh ofierd | R
& o T i URWINA HH TS TR GRS
Reher T 1 THE ¥ Ui 2

Ift t oM f R A 1 H tashea 7 7l
I & Yoo fag W ®er o Sraeshas £ 1 Sk 8, a9
T @ifas 99 Sl @ foh A 1% g g W of7
feam gam © o 9 &H W £ A1 Y Gohd &2 9 Tt o
S8 B U el Sk STaehers! o ®9 H Wi g €, 39
el o WfdeTashers (TET) HEd ¢ STId: 9 g fored

G .W. Leibnitz
(1646-1716)

3 qft yfaeterhers! WIw Bid €, el b1 SAYed THher Shedrd ¢ 3R gfdetaehers
T FE FT TS YHH GHHAT HET FEd 2l 39 THN 1 I 3 RN
wffeerfaal o et €1 Sere: At e fRet o W freht ag 1 arcerfoies o T ®,
A Tfas U9 g€ Sedl © T o Bn et e w39 o 1 frefa 9@ e gk
27 T YN 1 3 SAERINS To Hglfass qrieefaal st &, S8l qeher 1 |isman
fHfed el 81 HeRer o 61 TR FEfeiad YehR 1 THES o g HH o

Y T gfawa 7

(a) IR TH e &1 ATFS A &, A 3T Hed i A0 A i GHET,
(b) fafe=a ufasen o raTia o o i@ @ R &3 &1 &15%a A1d &

H g
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ITE S T GHIehe o < Tl i 3R YR et €, eAfivEa aHeher we
= THEReHl 39 Sl 1 Sifed ®9 Heher T Heeld B

Affe=a gurher T fYed guehed & A % e ® S Fed S R
TG o ®Y H ST S 2| 98 GHE Ty gueher & fom we sAfvEitent & ferg
T eI ST o &9 § J9) Hidl | stefores, foam ud wifeehar i@ fafa= &=
H 3% YhR Dl Traehy ST &l T ®E o foau off ffvea aaered &1 39=m
ERIRS IR

9 1™ |, B9 3T M9k A= wd (= IHehel 1@ 9Hehed &l §9
fafue wfed 3o IRfaw TurHl o steed 9@ Hifaa @l

7.2 HHIR ohl 3Tdehe o ohd Wehd o ®Y H ( Integration as the
Inverse Process of Differentiation )

R o FchH Yok i GHIRCH hed 2| fRdl o 1 eTdehe 10 w3 & TIH
W TH T T TasharS A 3T € IR THeRT YaT St Irdfdeh Held A w &
AU el T }1 98 YHH GHE el qid-STahe HEeld

afzn frAfafed Seeen ) fomamr Y,
B9 S © T %(Sin X) = cos x (D
i(ﬁ) —_ 42 2
e\ 3 =x .. (2)
3R i(e)‘) = ¢ (3
dx

29 Uferd ed © fo6 9HieRToT (1) § W cos x Bl sin x 1 faehelsl 21 39 &H
39 YRt Fed B fF cosx 1 UfdsTashers (31¥@l THREH) sin x 21 IH THR (2)

3
TH (3) ¥ 22 3R eF o fdsTashors] (S1a] GHGEH) HA: %@ﬁw ¢ B H: BH
e Fd € fF ot oft arafass e ¢, 98 =R w9 S 2, 1 STk
2, 3R zEfae &4 (1), (2) @R (3) = Ffafaa w9 9 fora wed ©:
3

d
i(sinx+C)=cosx, i(x—+C)=x23ﬁ'{—(€x+C)=€x
dx dx 3 dx

TH THR B9 2Wd § Toh SUga worl o Yideraeshers SUdl WHishe Sitgdid
TET €| a%A: 3 Herl W ¥ ok el oh STYRid glaetaeshes 8, TR g9 et
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TSl & =T ¥ W3 3T C hl HIE TH TSH Hich I H Gohd &1 T HROT
2 fF C ol JUER W= =R %ed 8| a&qd: C U% W=l 2, freh 7 1 uftafdd
F%eh g9 XU g wer o faf= gfastashersil o1 Gurehal shi 9T hid €1 SATTeha: Ak

T Hor Fua @ fh %F(x)=f(x),vxel(wma@13ﬁaﬂm)aﬁm

& o C, ¥ f %[F(X)+C]=f(x),xel

T TR {F+ C, C € R}, f o Wfdemaeshersii o INER i =¥e &idl €, Sl C
TR 1 3TeR FHead 2l

foruit SHM STl ofdl HelFl § Tk 3TeR 1 3% Bidl 31 36! Ui o foe, 9
ST g 3R A TY S Wed & Tk eraehels ofauet 18 9aF &
fx) =g @ -hx), vxe IgR IRWNT e f =g — h R fo=aR =ifsT
al %:f’:g’—h’ Y =g @) -Hh& yxe l9@ =
JAY f'(x) = 0, Vx e I (URSFew &)
A 1 H xoh HU& f o TNeRA i R I ¢ R AT £ TH TR 2
Iuert oot o erqER =78 fepd feprerm =maETd @ ff 9Rer {(F+C, Ce R},
f o |t gfasEesers 1 YSH T 2
379 T Teh ¢ Fefteh o IR 81 2 S o wfaeraskarst o QU oReR 1 frefud s

78 Tl [ f(x) dx ¥, T8 xF W f B SRS e % ®Y H gl W € |
1;I'c|'17=b_cf:%":I_l‘f(x)dx=F(x)+Cf?i’@@f%l

Heraw fsan gen € & %=f(X),a“f%qy=ff(x)dx1%1@ﬁ%l

gfawn & fau gn fAfafea gdienl/agi/ame=men & 39eh 31eff dfed WRof 7.1 |
SocifEd H Bt

w71
Ylteh /U /aTeRIT9T aret
jf(x)dx f 1 x % WO GHHEA
[f@ax & £ AR
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[fyax = x FHHA 1 =
HHTh T <h Tl HHTheld ATd <h Il
f 1 FHREA T %ol F fSaes fag
F(x) =f(x)
TR Hisha IR 1 Y 1 ThH
AR h1 TR FE off aEfas gen o9 sTeR
T HEd 2l

&1 Tedl 4 & 9gd ¥ 4@ el o STdehetsl oh g S 21 3 YAl o W &H
THIHEA & W0 Gol bl g1 foae gehd €1 5 g g 6 g fEfated €

a1 I9ART 89 TR Forl o HReH! i I H H R

3TdehetST Derivatives

. i xn+1 o
@ dx| n+1 -
faftre ®9 ¥ 79 @4 ©

()=t

od o
(i) — (sin x)=cos x
dx

(iii) = (- cos x)=sin x

(iv) — (tan x)=sec’x
dx

V) L (- cot x)=cosec’x
dx

(vi) — (sec x)=sec x tan x
dx

(vii) d_ (— cosec x) =CO0Sec x cot x
X

U ( UfdsTaeherst )

Integrals (Antiderivatives)

n+1

Jx”dx=x +C, n#-1
n+1
J-dx=x+C

cos xdx=sin x+ C
sin xdx=-cos x+C

sec’ xdx=tan x + C

sec xtanx dx=sec x + C

cosec x cot x dx =—cosec x + C

J
J
J
[cosec? xdx=—cotx+C
J
J
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(viid) gy —

(ix) E (— cos™! x) =

1-x
d _ 1
() 7 (" x)=—
d _ 1
(i) gy (oo ¥) =1

d —1 _
(Xll) E(SCC .?C)—x\/H
(xiil) gy

d
(xiv) E(ex)=ex

d 1
() - (logll) =~

Cdf @)
(xvi) dx \ loga

1—x

d
J. a =—cos ' x+C

1-x°
j dxzztan_1x+C
1+x
j d 2=—cot_1x+C
1+ x

d

a =sec” ' x+C
xa/x —1

dx 1

=—cosec” x+C

J.x«/xz—l
_[exdxzex+C

jldx=10g|x|+C
X

X

_[axdx= ¢ 4c

log a

T W BN UM 9 a1 To el i foed fafe= e
gftsqfg & qenfa feret off faftre gev o ded o gl i o | W =y

7.2.1 T¥ed WHTHEAT T AT &9UT (Geometrical interpretation of

indefinite integral)

M e R F(x) =2 jf(x)dx=x2+c a1 C & fafg=1 gmi & fore gq fafa=

gUhEE U B W SaEdE gfe @ 3 gl wHehed ®WH E1 3 THKR
y=x>+C, &I C T @es 3TeR 8, THheH o Teh URaR ! fF&fud i 81 C, &l
fafi=1 4 9e wieh &0 URER o fafi= aee o e € 37 Hesh dfferd &g
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AAfAfrad SR 81 T Yoish GHIRH Teh Weetd ohi Fefud il © TorehT 318t
y—ﬂ%@aﬁﬁ\'ﬂ%l

g C=0 fau 80 y=x2 I € Wl Uk TH e ¢ fr@ent 3id gor fog
WRIC=1% fACaF y=x2+ | AT y = x> ! Tk IHTE y-378] o 37 oI faum
o TN i TR W il €1 C=— 1, foq, ah y=x2— | Waeld y=x> i Th
TR -318] o ST SRUMHS o ¥ TMIaRd s W 9 gl 21 38 9K C,
YAF YAHE A o fog, 9Rar
F T wer A y-sE x
¥Teeh faen o & 31X C o ol
Tl o fau e Weed &1 Y
V-8 H HUTHe feen H ?1
e H ¥ FD Rl T 7.1 H
<t T B

39 B 3 WISl o Wl x=a
B Wi W feR s €1 3Tefd 7.1

o g o> 0 foran 21 7 6 a <0
%mﬁﬂﬂélqﬁi@x=a \
A

=

s, s, s,
ST TN T
3 3 3
N N N
S S 3
3 3 3
N N S

s/

TR y=x2 y=x2+1,y=x*+2,
y=x—1,y=x>-2% %A fogali  x

)
P,P,P,P P 3R W wed € \
g et fagadl w D o 20

*u, *u,
g - RN RS
S l S
-~ S
N >
S S

dx /;
77 fafdee wtar ¢ fo o7 o fager /
W okl w e e " k=4
T UFR [2xdy=x"+C=F. (x) v
(A ofifse) @ o g € fo et TRt 7.1

y=F.(x),Ce R, @ x=aqa,sq
Hiesed fogetl W okl *1 w9l W@l wHR € Sl o e R oW@: Fefataa wem
[ £y dx=F (x)+C=y (v i) ool & ufear i Fefaa #3a 81 C & fafi=

Tl oF Hd 8 39 TRER o fafi= a8 9 g @ 3 3 9eed ° ¥ B9 et uh
e o] T o TR TR hieh U Y Hehd 7| SATYed Hreher o1 Samfara
freqn =) 7
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7.2.2 Affy=rad qurehert o =352 gwan‘ (Some properties of indefinite integrals)
T 39 Ufee] | g9 Aff=d aHIehed & 9 TUIEE Sl A S|

@

(1)

frfafad aRomd & oo H sTaher Td GHeH % WA Tk S % oY ©:
%jf(ﬂ dy=f (x)

R [ /@) dx = f(x) + C. =T C Tt W TR 2
syt A ST R F, £ o1 U gfastasos € srefq

L) =

a [f@)ydxe =F) +C
e L[ fyds = L(F@+0)
dx T odx

=%F(x)=f(x)
T YR B9 SEd © T

d
f(x) = X f)

#iR Tafe [rmde=f@+c

el C Uh = 37X & 58 THeher =R &ed &

Y T A= GHTeher 5ok 3Tahers! THM © o5hi & Teh & JHaR i Uid
Y € SN 3T YHR A Bl

Suuft AF A T g UH J wer © o

[ reds = S [gwar

g | [rwa-[gwa]=o0
37 [y dx—[g()dx=C &I C U ardfas G =1 (Fi?)
FeraT [feydx=[g@dx+C
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AT Fohl o IRER {_[f(x)a’x+C1,C1 eR}
T§ {Ig(x)dx+C2,CzeR} W%I
WUER [ () de 3R [ g (x) dx TG

| feovit | wfemt {[ £ de+C,.C, e R} @ {[g0dr+C,.C, eR} =

TAGEA B FATER [ f(x) dx = [ g(x) dx , feraeh = e € foa wree
o &t 1

i) [[fG)+g@]dr=]f) de+[ g0 dx
soafs o (i) 9

LItr@ e+ swiax] =5+ g0 ()
=1 W 9 2

%Uf(X) dx+.|.g(X) dx]=%jf(x) dx+%jg(x) dx = f()+g(x) ... (2)

=9 JhR T (i) oF "]l ¥ (1) @R (2) ¥ W e © fw
[(F+g00) de=[ f(x)dx+ [ g(x) dx

(iv) Tt amafas "emk, & fau _[k f(x)dx:kjf(x) dx

sufa o (i)mdijkf(x)dx=k ()
X

ir %[kjﬂx) dx]zk%.[f(x) dr=k f(x)

Tl o (ii) %1 ST B gY wH U € R [k fo) de=k [ f(x) d

(v) WO (i) 3R (V) BT £, £, ..., f, Bl i fAfea Hemn oIk andfos demstik,
ky, ...k o faQ ot ot R ST g € Sw fe A9 fen mn @

[[kfi0)+ ks fy () + ...+ K, £, ()] dx
= k[ fiG) de+ k[ o () dx + .4k, [ f, () dx
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feu g e 1 UfdeTaherst T1d % o folu gn oidaie o T Weld &1 @is $hid
& TSRt s1ahetst o gan o 21 st He &1 39 YRR &1 @iel, S U gu e
o Ufd TS A0 I o faT # W €, i R gR geehed #ed ) 3w
FS SN T
sarerr 1 feo fafy 1 3w ¥ gu FH=fafad wedi o1 gfaetesmras T it

1
(i) cos 2x () 3x% + 4x3 (ii1) PEELs 0

&l
() B9 Tk UQ o i @ISl ST =ed 8 fSTeehT et cos 2x €

g9 S © T % (sin 2x) = 2 cos 2x

2 Ld 2 i[lsinZ)cj
AYAT cos 2x = > dx (sin 2x) = AR

3T cos 2x 1 Teh YfdeTerenels] %sian 2l
(i) B9 TH UH e i @ISl T Hed © e fesherst 3x% + 4x° Bl

e %(X3+X4)=3x2+4x3

AT 342 + 4® T YfdeTaRa™ 4 + ¢ 2l
(i) &9 S @

i(1ogx)zl,x>oeﬁ>r{i[1og(—x)]zi(—l)zl,mo
dx X dx -x X

o 3 ) e et T #(loghl) =120
Wde:logIXI S R iéﬁuﬁmﬁﬁ@w%
sarevor 2 frefafed saeRer! 1 [ Hife

’ -1 2 2 |
Q) [ @) [ +nde G J6O+2e - —)dx
o X
3
_[x _ldx=.|‘xdx—.|‘x72dx (ToTErH v 9)

2
X

2018-19



312 TfoTd

X1+1 x—2+1
= +C, |- +C, |; €, C, FHIRE SR

1+1 —2+1
2 -1
X X
- —+C, - -C
S
2
X 1
=—4+—-+C -C
2 1 2
2

X 1 <
S+ +C SRC=C,-C,TF & Fhert TR T
X

mmmmmwﬁﬁ,wwwmﬁl

(i) =@l
j(xi +1)dx= jxi dx + jdx

2

S+ s
_x +x+C=§x§+x+C

2

—+1

3

(iii) Zlﬁj(x;+26x—§)dx=J.xz dx+_|.26xdx—_|.idx

34

= L+2€x —10g|x|+C

L
2
5 2
g x2+2e" —log|x|+C
saretur 3 frafafad gHwerl w1 [ i
(1) j(sinx+cos x) dx (i) Jcosecx(cosecx+cot x) dx
—sin x
dx
(i) J.cos x
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Ll
(i) =
_[(sin x+cosx)dx= _[sin xdx+ J.COS x dx

= —cosx+sin x+C
(i) =&l
_[(cosec x (cosec x + cot x) dx = Jcoseczx dx + _[cosec x cot x dx

= —cotx—cosecx+C
(i) &l
II_SIHde=I l2 dx_J-s1nxdx

2
COSZX COS X COoS X

=Iseczx dx — _[tan X sec x dx

=tan x —sec x +C

SETETUT 4 f(x) = 4%° — 6 BRI URTYG HeH f w1 WdeTashers F A SIfT St
F(0)=3%

TA f(x) H TH G SRS o — 6x B

ET[E’F di(x4—6x) = 4x° — 6, TGfaQ gfastashers F,
X
F(x) =x' — 6x + C,EN 29 & S&IC 3= 2|
fem gan € F(0)=3
=Y I Bl 7 3=0-6x0+C
sTeraT Cc=3

aa: ervfise gfdstaese, F (x) = x* — 6x + 3 g0 R« Tk afgdia ®ed 21
fewuit

() B9 %Ed € 6 afe £ o gfaeasest F2 @ F+C,S& C U =R ¢, 0 f &1
Teh fdeTaehers 81 39 YR A1E eH Her f ol U Sidetdeshes F 3@ € df g
Fo =15 off 3/ Sigat £ o 37d fastases foa@ "ed & 5= F (x) +C,
Ce R% &9 ¥ iy feran <1 ekl 21 SWANT & Hom=d: U eifaiea
Hicsel Bl T HEAT AT Bl © FTEd C o1 Toh fafyre 9 9w e @ 31
fraeh afomreaey XU g wor &1 U fgdia sfasrasdhes W e 2|
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(i) H-FHM Fepl TRFTH Ferl S9 foh U, o4, =R Haih!, Bepomfidia,
AR g Beprorfida, et o &9 § ffveqed e STHwd el 81 Sy

[ £ (x) dx T e S @ S R SareE: e faf @ [e ax =1 m
A SAHTS © iR &0 9 BH UH Feld J1d T8l H Gehd TSHehT STerehers
e r R
(i) I THEHA 1 =R x, ok AN 31 HIE T A FHHEH o G TR SR
Y foru S €1 S
441

4 y I s
dy = +C=—y"+C
jy T 57

7.2.3 Gk TG THIHAT Ht dcet T (Comparision between differentiation and
integration)

1. < e R wimard €

2. < ek o U w1 G w9 € e

d d d
() E[klf1<x)+k2f2<x)]=klafl<x)+kzafz<x>

@) [[k £ @ +k o @]de=k [ f; ) dx+k, [ f, () dx
Tk, k, 3T T

3. B U8d @ & S @ fh Wl el staehera Tl B 2| Sieh 6 YRR weft
el FAEREHTE ot el B B B9 SAaesherd 3 STEHheHIE herl o v
T I=a Haedl | A |

4. 9% fordl wer o Sraehest @ A € dl 9 gt el @ W TRl wer
o GHhe o WY UHl el © qenfy o feedl ds9 oteR A% Hiftd stfgdi B
2 stufa fore wo o 2 guTehel | SHIN Tk 39X SR 3R Bl 2l

5. =g ferell SBUE ®e P o1 STaeho TRl ST € dl URoTHEeEY T UHl Sgug
forerar © fS9eh! 1d 9g9< P! 9Id © U ¥ Bl 21 S« fohdl §gug Herd P
1 GHEhEH R S @ d IRoTHEE Y Uk UE Sgus U Bl @ fSeeh! s
9gUE P! A § Wh A el 2

6. BH dhcrel %I ==l Tk f6g W Hd ¥ W GHERS 1 9= U fag @ owed
& Bl eH KU §Y o o THihe 1wl SH falel W i § e W
FHTehe IR B @ S| g9 uitess 7.7 | == i
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Teh et o Taehersl o1 STt 1ol off g € o fom fRu gy ok & XU gu
fog W Taet @ &t yav, 39 o5 W Fed o STedhas o | o aXe Bl
21 T YRR U gT Her 1 Affed THeRe Tk TR o gHIdR feud Tl %
IRER i el s €, fSed gaeher & =) ! (e & o 318 o
ITets @ & Gt Tkl o dfiesed fagenl W oel Y@ aeiR B 2

T3 wAifdes e Jq HE H STaHers F1 STAN el @ SeEvE: R w0 gr
fordt ¥ H 7 &1 T 3@ AR 99 ? @ f{u U g 9% 9 96 e o
HTFAS HEF Bl 1 I THR FFe T9a ¢ W A o 7 © qf K T e
¥ 9 i 96 0 o fAIU GHeReH 1 ST g 2

Herhels Ueh UET Wb © Tored Hid o1 Wl geifed € Sieh SE WehN o1 Wi
TaeReE § off guifed © fowes ar o w9 uftsse 7.7 H stemdd S|

TR Ud TS & UshW Ueh &L oh chd & i@l for ufess 7.2.2 (i) H
<l w1 S TR R

| woATEett 7.1 |
frfafea wod o gfaetamas (Fameraq) i fafy gro 3@ sifsa)
1. sin2x 2. cos 3x 3. e*
4. (ax + b)? 5. sin 2x — 4 &*
frafafaa gareremi &1 Jd SIS
1
6. [@er+1)dx 7. [¥O-=)dx 8. [(@®+bx+c)dx
X
2
1 X +5x2 -4
9. [@x*+e)d 10. MVx——| ax 11, [ =%
_[( x“+e)dx j[ \/;J j 2
+3x+4 - 1
J'x X dx 13. J‘x x +Xx— 14. I(l—x)\/;dx
15. jJ}(3x +2x+3)dx 16. [(2x—3cos x+e") dx
17. _[(2x2—3sinx+5\/;)dx 18. _[secx(secx+tanx)dx
SCCZX
19. | dx 20, jz SSLEN

2
cosec” x cos? x
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U9 21 UE 22 H GEl I T FI9 HifC:
1

21, | Vr+— | =1 wreEmes 3
Jx

I 2 21
(A) gx3+2x2+c (B) §x3+§x2+C

31 33 11
(C) =x*+2x2+C (D) —x?+—x2+C
3 2 2

22. aﬁ%f@)ﬂf—%ﬁmﬁ fQ)=0d f(x)®:
X

4 1 129 ;5 1 129

A) *+-— B) *H—+—
X 8 X 8

. 1 129 ;1 129

© gt (D) ¥+
X 8 X 8

7.3 HHTohe okt fafemEt (Methods of Integration)

fuos =8t # T4 U9 UAherl & 99 i off, S S Wol o STahersi °
T W T T Tk &1 98 FRieor | anenfia fafy of, sod W& wod Fai
ISt 1 St € TSEeht staenerst £ THE £ o Hh shi Wit gl @1 denfu freror
W UG 98 fafer aeh werl shi feerfd o sgd sfed =&l €1 37d: SHIeher! shi Wt
F AR B 20 S AW 4 fm w aHR AR e e
TEvIRdl 81 3 g fafiml frefafeaa w enarfa 2

1. HfqeA9 gRI HHTh

2. etk fa=i o foeiism g wmhe

3. @S FHhAA

7.3.1 GfaearaT gRT @Hrekhet  (Integration by substitution)
39 39 uiest # B0 wfaemred fafy g weehed W foaR w31 W|ad R & ¢ H

ftafiid F o I x = g () Tt B g R T wEEe [ f(x) dx F o=
wq § yfafda fean s g =1

1= [ £(x) dxw formm Fifem
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dx
314 x = g(r) faeenfud sifw arfe Z=g'(t)
BH dx = g'(t) dt fTaaa 2l
T TR L= [f(x)dx=]rig®)} g (t)dr
JiqEATo 5 HHhe o U 98 =R qRedd &l 3 TR I 3Tasd T Haegul
e 21 STARTT GRRTTE S €I SHeRT STHM oRTHT gH9T Heequl © 1 HHT=Id: 8H Tsh

T Hed o ToIu gfaeem T & & TSEeT faeshers o) garhed § wimfod o, sar fe
frefefaa Sl g e fhar o 2l

IEEI0T 5 FAfafEd ®a &1 x o 98 GHeh Sifsg

4 2
tan” +/x sec \/;

(i) sin mx i) 2xsin (2 +1) (i)

Jx

) sin (tan~! x)
1V —_—
) 1+ x*
&l
() BH S & T mx 1 Sfeshersl m @1 3W: BH mx = ¢ WRAOH i &, i

mdx = dt

) 1. 1 1
Bl J.smmxdx:—J.smtdt = - —cost+C =— —cosmx+C
m m m

(i) x>+ 1 T STerhersl 2x 81 3Td: BH X2 + 1 = ¢+ b FIAEAT9 1 STAIT Hid B dlfeh

2x dx = dt

ggmjzxsin(xzﬂ)dx:jsinzdt = —cost+C =—cos (2+ 1)+ C
I

Zx 2=——" .

(ifi) /ox 1 SR " HIE !

Jx =t % YfGEA w1 STEN N 7 iR 2\1/7dx=dt 599 dr =2t dt
X
I el € |

) J-tan4 x sec? \/x dx_J-tan4t sec’t 2t dt

Jx t

= 2jtan4t sec’t dt
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@iv)

@

(1)

Tfora

R 9 70 0 URE9A tan £ = u & & e sec? 1 dr = du

5

YTy 2_|.tan4t sec’t dt=2_|-u4 du = 2%+C

\S)

= Ztan’ 1+ C (% u = tan 1)

9}

_2 tan’ \/x + C (i 1 =/x)

Ul

:J-tan4 xseczx/;dx
Jx
Taereud: tan /x = ¢ FfaEemU= FifSg

:étansx/;+C

tan™"x T SFFHCS 2%|3Td B tan"! x = + TITEITT 1 TN 3 & ik

dx

1+ x° = di
t

WJSIH(% x) _[smtdt =—-cost+ C=—cos (tan"'x) + C
1+ x7

9 TH PV WEETU HEheH! [ A wer SR SR IR
TTeReHl 1 ITAN fgeee fafy § fen e 8, ) == w9 Bl

_[tan X dx=log|sec x| +C

sin x

dx

: t dx =
%ﬂtrﬁ%ﬁsjanx x JCOSX
cos x = ¢, gfaeenfua T arfe sin x dx = — dt

qa jtanxdx=—J‘%z—logM+C=—10g|cosx|+C
37 _[tanxdx=log|sec x|+C

Icotxdx=10g|sinx|+C

5 dx

gqqﬁgﬁﬁ_l.cotxdx J.

sin x
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sin x = 7 Ffaqeenfuq ST dIf cos x dx = dt
dt
qd J.cotxdx—J.T
= 10g|t|+C
= 10g|sin x|+C
(iii) jsecxdx=10g|sec X+ tan x|+C

sec x (sec x + tan x) dx

= I %ﬁ’jsecxdxzj‘
sec x + tan x = ¢ Ffawenfud HH W sec x (tan x + sec x) dx = dt

sec x + tan x

TgfeTy J.secxdxzj.%zlog|t|+C=log|secx+tan x|+C

(@iv) jcosec xdx =log |cosec x —cot x| +C

cosec x(cosec x + cot x) d
X

: cosec x dx=
T €, .[ I (cosec x + cot x)
cosec x + cot x = ¢ Ffaeiua Hifsg

difh— cosec x (cot x + cosec x) dx = dt

i Jcosecxdxz—jﬂz—logltI=—log|cosecx+coth+C

t

|COSCC2 )C—COt2 x|
+C

= —log
| cosec X —cot x |

= log |cosec X —cot x| +C

SEE0T 6 TrAfAfed GaeReAl &1 J1d SIS

Cfed 2 Lo[osinx N A S

@) jsm xcos” xdx ) Jgipn (x+a) (iif) -[1+ tan x
&l

0] P jsin3 xcos’x dx = jsinz x cos’x (sin x) dx

= j(l — cos®x) cos®x (sin x) dx
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t = cos x Ufawenfua =sifs@ aifer dr = — sin x dx
i Isinzx cos®x (sin x) dx = —I(l — 2 ¢ dt

3 5
_J‘(t2 —t4)dt=—[%—%J+C

1
——cos3x+lcos5x+C
3 5

(i) x+ a=t9faenfud ®H W dx = dr
I sin x J‘sm(t

sin (x+a) sin ¢
sint cosa —cost sin a
- . di
sin ¢
= cosa.[dt—sinajcottdt
= (cosa)t—(sin a) [10g|sin t|+C1:|
= (cos a) (x+a) — (sin a) [ log [sin (x + a)| + C, |
= xcosa+acosa—(sina) 10g|sin (x+a)| —C, sina
J- sin x _ )
31d: sin (x + ) —xcosa—smalog|sm(x+a)|+C
kI C=-C sma+acosaQT=F3W@?$§3ﬁlI%|

J- _ J- cos x dx
(i) 1+ tan x COS X +8in x

(cos x + sin x + cos x — sin x) dx

-2 COS X + sin x

J‘d J‘COSX—SIDX
COoS x +Sin x

J‘COSX—SIIIX

. (1)

COS x + SIn X
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I I= ICOSX Smxd R faaR FifT |

€oS x +sin x

3 cos x + sin x = ¢ Ffaeenfudq IS @ik (—sin x + cos x) dx = dr

Tgfae I=j%=log|t|+C2= log|cos X +sin x|+C2
1% (1) § W | ed €

dx x C 1 . C,
J'—=_+_+—10g|cosx+s1nx|+—
I+tanx 2 2 2 2
G,
2

x 1 C,
= —0g|cosx+s1nx|+—+
2 2 2

. C, C
- f+llog|cosx+smx|+C, cC=—"t+=2
2 2 2 2

| woTEeht 7.2 |

1 937 9% o U9 H U el 1 GHIE Fd hifsTg|
2x (log x)° _

1. 2 2. 3.
1+ x ¥ x+ xlog x

4. sin x sin (cos x) 5. sin (ax+ b) cos (ax +b)
6. Jax+b 7. xyx+2 8. xafl+2x°
1

9. (4x+2)Jx*+x+1 10. Jx 11. , x>0
! EE N
2

1
12 (2 -1)3%° 13. — >3 14, — 1 x>0,m#1
X X
2x+3 >
15. 0 _ 4,2 16. 2+ 17. o
etan’lx er _1 ezx _e,zx
18. 1+ x? 19. e +1 20. PRagipars
sin” x
21. tan®> (2x - 3) 22. sec? (7 — 4x) 23. o
- X
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2cos x —3sin x 1 cos~/x
24, —M8MM— 25. 5 5 26.
6¢cos x + 4sin x cos“x (1 - tan x) Jx
COS X
27. /sin 2x cos 2x 28. m 29. cotxlog sin x
i sin 1
30, —2% 3. ——— 32.
1+cos x (14 cos x) 1+ cot x
2
1 /tan 1+log x
33. 34, L 35, (¥logx)
1—tan x sin x cos X X
2 3 - ~1.4
+D(x+1 x'sin |tan X
36, B D(xrlogx) o —( : )
X 1+ x

Y9 38 TH 39 H HEl I Rl 99 hio0:

9 X 10
38. J-IOx +10" log, dx e %:
%' +10°
(A) 10F=x"+C B) 10°+x1+C
(C) (0F=x1"'+C (D) log (10" + x') + C

dx
——— N %:
39. J-sinzxcoszx

(A) tanx+cotx+ C (B) tanx—cotx +C
(C) tanxcotx+C (D) tanx-—cot2x+ C

7.3.2 fGrtorfudts ad-wfyewren & SUGNT gRT QEIHET (Integration using

trigonometric identities)

e gHRed W F9 BaRviiada wer ffed 8§, 9 g9 gueher 3 # % fau g9
a0 gaafeet s ST wd @ w9 o Frefatad scewl % gr gHemEn @ )

sargvor 7 fAfafed 1 3@ wifeg
() jcoszx dx (ii) jsin 2xcos 3x dx (iii) jsin3 xdx

A
(i) TGt cos 2x =2 cos? x — 1 I TR0 wifw foad

1+ 2
cos’x =$W%ﬁ?ﬂ%l
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1 1 1

2 —_— — — —
e J.cos xdx= 3 I(1+c0s 2x) dx = 3 J.dx+ 3 J.cos 2x dx
f+ sin2x+ C
2

_x 1
B 4
(i) TGt sin x cos y = %[sin(x+y)+sin(x—y)] , 1 TR HifTT

qd Jsin 2x cos 3xdx=%Usin 5x dfo.sinxdx]

1 1
—[——cos5x+cosx}+c
21 5

1 1
——cosSx+—cosx+C
10 2

(i) FeH(HeRT sin 3x = 3 sinx — 4 sin’x ¥ 89 U © &
3sin x — sin 3x
4

e Isin%dxz%jsinxdx—%jsin 3x dx

sinx=

1
= —gcos x+—cos3x+C
4 12

IEETRGH jsin3x dxzjsinzx sin x dx = j(l—coszx) sin x dx
cos x = ¢ W@ W —sin x dx = dt

s [sin’xdx=—[(1-1")ar

3

—Idt+.[t2 dt=—t+%+C

1
—cosx+§cos3x+C

feauit Srepoadia gd-afqentei s STA wid gC 98 <A1 1 Fehal € o <Al SW
e €

| woTEeR 7.3 |
1 922 O o U9 H YH e 1 FHIGEA Ad Shifad)
1. sin® 2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x + 1) 5. sin® x cos® x 6. sin x sin 2x sin 3x
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) _ 1-cosx COS X
7. sin 4x sin 8x 8. 1+ cos x 9. 1+ cos x
) sin? x
10. sin*x 11. cos* 2x 12, /—/———
1+ cosx
cos 2x — cos 2a COs X —sin x
13. — 14. 1+sin 2 15. tan® 2x sec 2x
COS X — COS & +sin 2x
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. ——= > — 18, —————
sin” x cos” x cos” x
1 cos 2x
. T 3 . . 2 . sin !
19 Gin xcosx 20 (cos x +sin x) 21. sin " (cos x)
1
22.

cos (x —a) cos (x —b)

Y9 23 T 24 H GEl SW 1 II9 Hifeg)
- J-sinzz)x—coszxdx %:

sin? x cos® x

(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx+secx + C
(1
jw dx TR 2:
cos“(e'x)
(A) —cot (ex) + C (B) tan (xe") + C
(C) tan (e") + C (D) cot(e’) +C

74 39 fafores el oF wHTRe (Integrals of Some Particular Functions)

79 uf=ss | en frefafed qecqol gumkher T 1 e H 3R 9gd 4 @
Haftrd WHAIfUTeh FHTheH! Rl A hd | SHRT FAN H0|

M j dx —Llog x—a e @) j dx —ilog a+x c
—d® 2a x+a a’ - x* 2a a—x+
d 1 _ dx _ [ 2 2
@) [ =g 'ZeC @ fﬁ—l"g SRR A
x“+a° a a x —a
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x+vx2+a’

+C

=log

.[ =sin 1—+C .[ dx
) Ji © 1 ee

19 &H Sudad afomal i fag w €

1 1
(1) 89 5Fd €ff 5 =

X" —a _(x—a)(x+a)
1| G6+a)-(x-a) _L{L_ 1 }
2a| (x—a)(x+a) " 2alx—a x+a
& dx 1 dx
J.xz—a2 Z_a{-[x a_-[x+a}

=Z[log|(x— a)|—log|(x+a)|]+C

(2) Swe (1) o ER &9 U ® f%
I _1l@+tn+(a-x) 1[ 1 1
a’-x" 2a| (a+x)(a-x) =2_a{a—x+a+x}

e Iazd_xfi{f dx o dx}

X 2a | a—x a+x

_ ﬁ [log|a — x|+ log|a+x|]+ C

1
- —1lo
2a g

a+x
+C

a—x

(1) ¥ S7m &1 7 fafy 1 owen wfiesw 7.5 § & S
(3) x=atan 0T W dx =asec’ 0 do

- J dx _J a sec” 0 do

x> +a’ a® tan’0 + a?

1
=—J.d6=—6+C=—tan’1£+C
a a a a
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(4) AF T x = a secO T dx = a sec 0 tan 0 dO
a secOtan© do

wim =]
\/x2 -a’ \/a2 sec’0 —a?

= Isece do =log |sece + tand |+C,

2

_ log ﬁ+"x—2—1
a a

= log| x+x*-da* —10g|01|+C1

= log| x+vx* —a’ +C,Tr|%5fC=C1 —log|a|

(5) A TS fF x=asin 69 dx =a cos 6 d6

+C,

acos0do

dx .1 X
TgfemT = = 1d0=0+C=sin" —+C
j\/az—xz I\/a2a2 sin’0 J. a
(6) AF <ifST ff x=atan 6 9 dx = a sec®® dO

a sec’0 do

a’ tan’0 +a>

i erertly

= jsec@ d0 = log|(secO + tan 0)| + C,

2
= log ﬁ+4/x—2+1 +C,
a a
= log|x +vx* +d* —10g|a|+C1

= log [x +V/x* +a?

T WA G o A W 79 BW i 3R g W hid & S STuA w1 gfe
T IR € SR TR HEHEH! 1 WA A F o AU SR e yE R s
Hehdl B

+C, 'l C = C, - log|dl
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(7) W]d—aﬁmﬁasmm

ax” +bx+c

2
axl+ bx+c= c{x2+éx+£}=c{(x+iJ +(£—b—zzﬂﬁl'@lﬁ ]
a

a

b b’
I x+—=tT@1 W dx=dt T ———
2a a 4a

=1k’ fa@d gC &9 U@ € TR

b2
[c Jéﬁﬁgmﬁ%ﬁm@aﬁ'w j o &9 4 giafdd

a 4 2+k2

B S © 3R TH YR 9w M 6 A ST Gl 7

dx .
8) fm,%w&wwﬁaﬁw&mmﬁnﬁaﬁa@
T WU ol o1 SYANT shich GHIher Hd fhal S Gehdl B

9 Jax +bx+cdx SEl p,q,a,b,c 3R E, o YR o GHEHE 6 i & g

0 U g ardfas gt Addl B 919 & © dif
Px+q=Adi(ax2+bx+c)+B=A(2ax+b)+B
X

AT B, 910 3 o AT en ST Uail @ x ok Ul T TR 1 GAM i B
AT B 96 8 SH W HHEhe A WHI0eR €9 H uiefdd 8 S 2l

(10) jw,éwaswwwmaﬁw%mﬁ@)aﬁﬂﬁ

Vax® +bx+c
AT gd © 3R THIHC &I 71 g ®9 § IRafdd w2

MET S fafeal ol o SRl %1 HeEdl § §HEd
sareTor 8 frefafed aaererl i T it

o
0 =" i =
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A
. of dx dx _l x—4
() ==t 2_16_jx2_42 = glog|—+C (7.4 (1) 9]
dx
(i1) =
ij x2 J-/l—(x—l)z
x—1=tT@ RWdx =dr
d d
—— IJz * =I\/I ttz _sin~' (1+C (7.4 (5) ]
X—X —
=sin"'(x-1)+C

SaTET0T 9 frAfafed Sqeherl sl I hifg|

O Jomey @ [—& < @ [
! 6x+13 W32 113510 3 Jsx? —ox
T

() TWO2—6bx+13=x-6x+3-3"+13=(x-3>+4

1
WI 6x+13_j (x - 3) +2? ¢

qH ofifee x—3=¢dd dx =dr
e [

1t
6x+13_jt T g e (74 (3) ¥
:ltan*lx—_3+C

2

(i) T €3N HHEhel 7.4(7) o ®9 1 8| BH GHhTH o 8L i [EfeEd FhR
9 foaed &
13x 10j

3x°+13x-10=3| x> +— - —
3 3

= 3[[”%)2 —[%ﬂ (gt & I W)
1 dx

3 +13x-10 3 13Y (17Y
x+— | -| —
6 6

Wi [

2018-19



HHTh T 329

13
a7 X+€=t T W dx =dt
dx 1 dt
Sl I3x2+13x—10_3 o (17 ’
6
17
1 = 6 .
= log +C, [7.4 () 9]
17 17
3X2X— t+—
6 6
x+13 17
1 6 6 1 6x—4
——log|—8&01ic - —1lo +C
17 2813 17| = 17 % 60|
XF—+-—
6 6
1 3x—-2 1 1
-—1lo +C, +—log—
17 %[5 7 B3
1 3x—-2 1 1
-—1lo +C =C, +—log—
17 g 15 , where C 1T 0g3
dx dx
(i) T [——=]
\/5x —-2x \/S(xz_h)
5
1 dx
=— g W
5.[ 1 2 1 2 (tlc'\U'f )
O I
3] (5)
1
7 x—§=tr@ﬁqt dx = dt
dt

el J%%JW
5
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1 2
log t+‘/t2—[§j +C (7.4 (4) 9]
log x—l+‘fx2—§
5 5

ST 10 frAfafad TeReAl &1 Jd HIfSg

-

+C

-

x+2 o[ X3
U Prom ety RN el
&l
(i) T 7.4(9) 1 SYAN HId EY EH AT9eTH H €

Y40 = Ai(2x2+6x+5)+B - A(4x+6)+B
dx

T gell W x o TUTeh] e TR i HHM HH W EH UM &:

1 1
AA=1TqAM6A+B =2 3al A:Z@ﬁ'{B:E

x+2 1 4x+6 1 dx
T j2x2+6x+5 4923 +6x+5 2-|.2x2+6x+5
1 1
LH, 20 +6x+5=1T@ W (4x +6) de=dt
dt )
Tgfae Il=j7=10g|t|+C1=log|2x +6x+51+C, .. (2)
dx 1 dx 1 dx
3R Izz_[ D =3 =_I 2 2
2x"+6x+5 2 x2+3x+§ 2 x+§ N 1
2 2 2
3@ x+%=t,?@ﬁﬂdx=d¢,€nmﬁ%

2018-19



(1)

HHTh T 331

1 _
- 1 tan 12t+C2 [7.4 (3) @]

= tanl2[x+%j+ C, = tan' (2x+3)+C, .. 3

(2) 3R (3) 13997 (1) § & WeH 99 ©

j#dx:llog\zxz+6x+5\+1tan*1(2x+3)+c,

2x"+6x+5 4 2

¢ ,GC

Y

IE THIRe 7.4 (10) oF &9 H 8] 3T 443 i (A=Afanead 9 § Al

FW €

Eil c==L

x+3=Adi(5—4x—x2)+B =A(-4-2x)+B

X

S well W xoh O] Wel ST ol WHM i T BH U B
~2A=13R-4A+B=3,

saq A= —% B =1

x+3 4— 2x dx

e J-\/5 4x—x* ) J.\/S 4x—x* J-\/S 4x—x*

1
=2 L+1, (D)

[,H5-dx-x*=1, @ W(-4-2x)dx=dt

4— 2x dx dt
iy 1, = = 0/t +C,
J-\/5 4x—x* j

= 2J5-4x—x* +C, )

- I :J' dx :J' dx
F o sax—x Y Joo 42y
X+2=tT@ Wdx=dt
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dt . 1t
i L, = J‘ﬁ =sin §+ C, [7.4 (5) 9]

%2+C2 . (3)
THEEN (2) TE (3) H (1) H yfqeenfya &+ W e™

IL32=—«/5—4x—x2 +sin1xT+2+C W H €, el C:Cz—%
NS —4x—x

| vttt 7.4 |
Y99 1 T 23 T oF ol ol THRAT HiTST)
3x? 1 !
2. 3.
X+l 1+4x° (2-x) +1
4 1 5 —3x 6 x*
T AJ9-25x2 Col+2xt B
x—1 x2 sec’x
7. 8. 9, f/—
-1 x*+a° \/tan2x+4
1 1 1
10. 5—— 1. ——— 12. T———
VxT+2x+2 9x“ +6x+5 V7 —-6x—x
I I IS
B Je-ne=2) " Bise-d 15 Jr—a)(x-b)
4x+1 x+2 5x—2
16. «/2x2+x—3 17. X -1 18. 14 2x+3x2
6x+7 x+2 x+2
19. 20. 21.
(x—5)(x—4) 4x — x* Val+2x+3
x+3 5x+3
22.

R 23, T
x2-2x-5 Nt +4x+10
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Y9 24 TE 25 H TEl W h1 997 90

24, [5———— TR ?
x“+2x+2
(A) xtan' (x+ 1)+ C B) tan' (x+1)+C
C) (x+Dtan'x +C (D) tan"'x + C
25. j LaJ—— 2
9x —4x*
(A) lsin_1[9X_8j+C (B) lsin_1[8X_9j+C
9 8 2 9
Lo af9x-8 lsin_l[9x_8J+C
©) gsm [ 3 j+C (D) 7 9

7.5 3nifYreR Rt gRT AHTeRe (Integration by Partial Fractions)

S by e ((f) A T S S S e e
2 STl P(x) T Q(x), x ¥ g8 ® @€ Q(x) # 0. A P(x) &1 H@ Q(x) ! =M § A
2, @ 9T e 3fad Ui wor sed § or=en favy aRig e weard ) fomm
qRET werl i ot 9 fafy R 3fea uRda wem & w9 | ufiafda fean sn gesan

3 79 wr A L fawm wfeE wem &, @ L&) T()+P(x) SRl T() xH
Qx) Q(x) Qx)

P ()
Q)
oy T wan ®, ora: foeel off afiee wem &1 guehe ferdt Sfaa 9T wer o
GUTheH 1 TS o ®9 | uiafdd e Sl €1 98l W & 5 9RHa werl o SHeher
W faeR w7, 37 e fasw IR fgu qoeeet | faefed g @t g

maﬁq%gﬂj (x)dxwmammaﬁﬁ%wgg@wwﬁﬁa

we 71 T fafy, f59 sriferes fa=i o fodism & 9™ @ S 9 @, 6 deEd ¥ fie
T T i WHRO GRAF Herl o AN o &9 § for@n S g9d B $6eh UvEn
od o fafdl &) geEd 9 gushed Wi fRar ST ogeRar @1 frefafed
aroft 7.2 e w7, for fafu= gvR & 9 werl & @i 9 9R & WA
a7ifereR fori 1 Werg foRan < W 2

T 9gU% ® 3R —— U 3fad 9iE o €1 88 Sd € foh T Sgus 1 gk
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|t 7.2
ik | IO wes T ®Y MifyTeR = w1 ®a
Lo P s A LD
(x—a)(x->b) x—a x-b
5 pxtq AL, B .
' (x—a)’ x—a (x-a)
3 px +gx+r A N B N C
' (x—a)(x—->b)(x—c) x—a x-b x-c
4 px2+qx+r A + B + C
) (x—a)’ (x—b) x-a (x-a) x-b
< px’ +qx+r A . Bx+C
(x—a)(x* +bx+c¢) X—a x+bx+c
SET X2 + bx + ¢ 1 3R W FEE &l fHar ST ekl

Suda Gt § A, B Ud C arafas e € et sfaa fafa @ 3@ w2

dx
IEI 11 jmwmaﬁaﬁﬁm

7o feo gan "athed Uk Sfud uidd %o ¢ sHfee ofifyre o= o &g
[ETRUT 7.2 (1)], T SUART & U, BH

L A B fwe# e (1)
x+D(x+2) x+1 x+2
el A 3R B arsfas GeAd & el e Sfad fafy @ o & 21 89 U
1=AG+2)+Bx+1)
X% O TS SR T H TAE HE W TH UQ 2

A+B=0
w 2A+B=1
3T HHIHON i B 0 WeH A=13K B=— 1 9« &l 2l

1 1 N -1
x+D(x+2)  x+1 x+2

T YR HHEE ffatEd 9 § 9T g ©
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saifer J- dx =de7J-dx

x+1) (x+2) x+1 Jx+2

= log |x+1|-log|x+2|+C = log j:; +C

femuit Sudea G (1) Ueh Gaaiieht € SFufq Tk TH e S x o qeft whienr
Tt Al o Ty g1 81 P @@ Hobd =1 IHAIT F8 <M o Ty hed B fom feam
T3 U T FaGiheh ¢ A Hohd =1 ITAN F8 T o forw =d & fop ez gan
FUA Tk GHIH T 270 78 <9 o fau fom fsan gen sem x & fafv=a omi o fo
T B

+1
IETETUT 12 J‘ﬁdx?ﬂﬂﬁﬂﬁ?ﬁﬁml
2

2 +1

m@?ﬁﬁwwqﬁ%waﬁ+laﬁ
X —5c+6T AN HW ¢ N EH I © ok

x+1 5x-5 5x-5
> =l+— =1+
x“=5x+6 x°—=5x+6 x-2)(x-3)

T T8l TR

5x-5 _ A > B
WA A T s T2 o3

GlED 5x=5=A(x-3)+Bx-2)

T qell W x ok Okl e TR UG hl HHH i W EH U 8§ A+ B =5 3R
3A +2B=5.
T HIFHWON I 8 HH W BY
A=-5 3R B=109< & 2

x2+1 5 10

- =1- +
x"—=5x+6 x-2 x-3

j 7 _sxi6
=x—510g‘x—2|+ 1010g‘x—3|+C
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IETEIT 13 jidxaﬁrmaﬁaﬁm|
(x+1)*(x+3)

T TG g3n wuehed WOl 7.2(4) H f4U gU WA o ®U 1 B o7 &H

3x-2 A N B
(c+D*(x+3) x+1 (x+D? x+3

fered &

afe 3x-2=Ax+1D) (x+3)+Bx+3)+C (x+ 1)
=A@+4x+3)+BEx+3)+C (> +2x+1)

Tl gell W x> TN, x O T[OTh! el =R TSI HI qOl I W UM € T
A+C=0,4A+B +2C =33 3A + 3B + C = — 2 31 TN i 8 HH W &
AZEB__SﬁTC:__HWﬁ%IEHWWWF@HWﬁW%ﬁT%I

4 4

3x-2 115 1l
(c+D>(x+3)  4@x+D 2(x+1D? 4(x+3)

3x-2 11 dx
RHIeTS j(x+1)2(x+3) 4 x+l__J(x+1) 4J.x+3
11 5 11
=Zlog|x+1|+2(x+1)—210g|x+3|+c
=£0 x+1 5 +C
4 x+3| 2(x+1)
2
J‘(x +1)(x +4) T S !
2
A (2 4 4) 1 oA R 27 = y e
x2 _ y
a D) +4) +DG+4)
y A
O+DG+4) y+1+y+4 < ¥ H e
GlIED y=AQG+H+B@y+1)
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T gl Wy ok TN Te TR UG i ol i W BH UM 8 A+ B =123
4A +B =0, f5a9 9 B &

1 sk 4
= — B:—
A 3 3

X’ 1 4
&d: 2 2 =L 2 2
x"+D " +4 3(x"+1) 3(x"+4)
2
x“dx 1 dc 4 dx
'[(x2+1)(x2+4)= §Ix2+1 ij2+4

1 4 1
= ——tan’1x+—~—tan’1£+C
3 32 2

1 2
= ——tan’1x+—tan’1£+C
3 3 2

ST 33T H haa AT 9 a1l A oF faw gfaeerds foeen o on 9 f
FHTHEH a9 o TeIu) 376 B9 Tk UH SRl i o= hid § TSEH FHhe o
fou wfqeemes fafy o enfers fu=r fafa <9 1 990 &9 @ wgsa ffan w0 2

(3sin ¢ —2)cos ¢
5—cos’p—4sin ¢

IETEIT 15 j do 1 9 A Hife

T WM ST y = sind
qd dy =cosd do

J (3sino — 2)cos¢ ,[ GBy—2)dy
5—cos’h— 4s1nq) 5-(1-y*) -4y

_J‘ 3y-2 =J~3y—22:I (T )

y? 4y+4 (y-2)
3y-2 A
foraa TR 7.2 (2) |
o9 B9 (yz)y2(y2) g [ (2) H]
ESIGLY 3y-2=A(y-2)+B

Al Ue Wy ONE TS SR TRl k1 gl H W T UM T, A=3Td
B-2A=-2, TS99 84 A=3Td B =49 gl 2l
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zafan e gaERer frefafed 9 ¥ 9 g 2

dy dy
Iy2(y2) y jy_+j(y_2)2
= 310g|y—2|+4(_LJ+C=310g|sinq>—2|+ *_ic
y=2 2 —sin ¢

3log (2—sin ¢) + 4
2—si

n(I)+c (TR 2 — sin O BHN TS )

j X2+ x+1dx

(x+2) (x> +1) FTHA S .

30T 16

o fean gen guhed U Sfud ufda e 21 ufHd e @ enfees fae |
fomfed & & [ERO 2.2(5)]1

2+ x+1 3 A +Bx+C
WCH+DE+2) x+2 (P +1D)
ggfeTy X+x+1=AX+1D)+Bx+C) (x+2)

T qell | x2S ORI, x oF TOThI TS =R TSI i Jo HH W EH A+ B =1,
2B+C=13RA+2C=19d & Bl

. 2 1 .
ﬁﬁﬂﬁaﬁwmﬁm%ﬂAzg,Bzg,czgqﬁ%l

T YRR e Mefaiad €9 § U 8§

2 1

Pratl 3 +§x+§_ 3 +1[2x+lj
P+ x+2)  5G+2) K +1 Sx+2) 5(xP+1
2
x“+x+1 1
safeTy ——————dx = - X +— dx
I(x2+1)(x+2) Ix+2 593211 ij2+1

3 1 1. _
= glog| x+2 |+§log‘ x*+1 ‘+§tan 'x+C
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| woTereht 7.5 |
1 921 9% o Y9 H 9RET Hel 1 GHERE hifed|
1 X 5 1 5 3x—1
T+ D (x+2) T X2 -9 T =D (x=2)(x-3)
X 2x
D a-2) (x-3) S a2
1-x2 X X
6. x(1-2x) 7 W+ x-1) . x—1% (x+2)
3x+5 2x-3 S5x
o X -xt—x+1 10. =1 (2x+3) 1 x+1) (2 —4)
X +x+1 2 3x-1
12. . 13. YIS 14. w12
15 ! 16 . Hohd: 379 TS 8L 1 x| F 0N HIFAC 3R
A ‘x(x"+1)[ : 379 WS B Rl x o
X' =t @]
COS x % A
17. (1—sin x) (2 —sin x) [ﬂﬁﬁl:smx:tﬁ@"{]
18 G D +2) ~Y 1
’ (x2+3)(x2+4) T EE+D P43 Tox(t =D
21. [Tehd: ¢ = ¢ @Y

(e" =1
U9 22 TH 23 H GEl IW H1 FIT hifo4|

2. [—2E

(x=1)(x-2)
2
(A) log +C (B) log (x=2) +C
x—1
x—1Y
(C) log [Ej +C (D) log|(x—1) (x—2)|+C
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23 J‘ dx
Sy (x2 +1)

1 1
(A) 10g|x|—510g(x2+1)+C (B) 10g|x|+510g(x2+1)+C

1
(C) ~—log |l +%log (x*+1)+C (D) 510g|x|+10g «*+1)+C

7.6 @SIT: GHTR (Integration by Parts)
79 U] ® T0 T &1 U SR fafy &1 ==t w3 S 7 S werl o qoERa
1 G L W 98 STEn 2

I Thel =X x (A AAC) H 4 3R v < SFTh1a Held € Al Tk o U
0 o @R &W U ® f

T vE T GEROd H W B U@ § T

uvzjuﬂdx+Jvﬂdx
dx dx
dv du
SPEI —dx=uv-|v—d . (1
judx x =uv jvdx x (D)
d
o ehfer foR u:f(x)aﬁxd—:=g(x)aa

%=f’ (x) v = [ g () dx
X
THferT TRt (1) @ frefafaa w9 o forar <1 gehar €
[0 g @dx=f@ [g ) dx-[[]g ) dx ()1 dx
sreftq [F0g @ de=f) [g @) de—[[£ (0 [gx) dxldx
% B0 £ I UUH Held 3R g Hl TqU e I o @1 39 g HI FEfafed w9
¥ e oA S gehan 2

“TN el oh TUHTA T FHHREA = (YIH o) x (fgdfia wed 1 THeher) —
[(Y2H Hed @1 STdshad o) x (Tgda e &1 Heher)| 1 FHehed
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IS 17 jxcosxdx HT HH Jd SIS

T £(x) = x (399 Her) 3R g (x) = cos x (5@ ®er) Waw) q9 @eu: gqmwe 9
W e € TR

J.xcos X dxsz.cos xdx— J.[%(x) J.cos x dx]dx

= xsinx—jsinxdx =xsinx+cosx +C

A ifsie f g f(x) =cos x T g(x)=xéﬁ%?|ﬁ

d
J.xcosxdxzcosxJ.xdx—J.[E(cosx)J.xdx]dx
x2 . x2
= (cos x)?+J-smx?dx
T YR 89 3@d € fF g jxcosxdx,mi‘&@xaﬁafwm
At Aferer wfcd THERe o ufRafdd & S @1 sy gum wer e fgde her @
3fed =g Aoyl 7
feugoit
1. =& 9o €, fF @ev: Gamed < Bl & [URhd &t g fefaa o v
T 2, s [V sin xdx 1 feerfq § = fafer wm T w31 gw"w

HR0 T8 ¢ Th TE HIE e Al d € el © fSEeh sresherst/ sin x Bl

2. oH e o fgdta ®om 1 T9ehed A S T99 899 Shis THhe 3TeR
Tl et ol Al g1 5™ wer cos x % GUIGREH i sinx +k, % &9 H forad
&, W&l kg o1 2, 79

jxcosxdx:x(sinx+k)—j(sinx+k) dx

= x(sinx+k)—jsinxdx—jkdx

= x(sin x+k) +cos x—kx+C = xsin x+cos x+C
g Tl € o Gew: wameher fafy o v @ sifaw afom s s & fag
fgdia o o HHehe W e’ %1 e =aef B

3. WHA: A€ I Ee x b1 o1 o ®9 | ¢ el x I 9898 € df 89 W yUH
e o ®9 W o §1 qenfy tE feafa A Sef gu0 wor gfaeim frekmifada wer
AU TTHE e B, A 80 SRl UH Hed & &9 H ofd 2l

2018-19



342 TTfoTd

STET0T 18 [log x dx W HIFT

T U A o Ty 89 U9 ®el 1 IHH oie | eraael € fereent sraehers
log x 81 B9 log x ! Y& el Td 1o e | &1 f5dia %o ofd 81 R ®e &1
TR x B

d
: logx-1)dx = 1 ldx— [[— (1 ldx]d
31d j(ogx ) dx ong x j[dx(ogx)j Ix] dx
1
=10gx.x—J.—xdx=xlogx—x+C
X

ST 19 [xe'dx W@ I

T x UYUH el UG o 1 fgdia wed o ®9 § i
TH T H GHRTH =
Tgfee Ixexdx=xex—jl.exdx =xe'— e + C

xsin” x

IETETT 20 de x T IS

Tl A ST J9H e = sin ~lx, aﬁ?%ﬁﬂ%ﬂ:%

1.088 mm -

. dx .
ww%ﬁﬂmﬂdaﬂwmmaﬁwd%amjx T FW T
V1—x?
t =1-x MaEu
dad dt = — 2x dx
x dx

am s L

XSll’l 1x -1 2
3d: J. dx =sin x(f 1- ) J\/—(fxll—x ) dx

= —I-x*sin"'x+x+C = x—+1-x*sin"x+C
farereua: sin'x = 0 Wfaeenfud w1 W iR 7 WeI: THHE HT ST Hd Y
ot =0 GRS 1 B fRA ST Ghdl 2
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31T 21 Iexsinxdx @ i)
T el YYH FeAd T sin x i g0 ®od o ®Y H ofifu] 99 TSI: THRAT 9
9 UM © TR

1= J.ex sinxdx=e"(— cosx)+J.e"cosxdx

=—e‘cos x + I, (WH i) o (D)
1,5 ¢f T cos x I HAU: o T fgdd W W BT €W R f

=€ s1nx—Je sin x dx
% 79 (1) ¥ W | e0 99 €

I= —e" cos x+e'sin x— 1374 21 = ¢* (sin x — cOS X)

X

3d: I= J‘e" sinxdxz%(sinx—cosx)-FC

foeheud: sin x Tl JoH HeH Td ¢ 1 5 e o W H STde Faehad &l
1 feman ST Hehan 21

7.6.1 .[ex [ fG)+ f ()] dx & YR T WHTHAT
= 7 2 I= [e"[ /@) + f/@)]dx = [¢"f @) d+ [e"f () dx

= L+ [e" f7(x) dx, ST 1= [ e f (x) dx (D

LH f(x) T e 1 HAR0: Yo o gl et ofd BT T @ev: kel gl &8

Id ¥ I =f(x)e-— Jf'(x) e*dx+C
1, %1 (1) ¥ wfaeenfod 3 ™ 9 9 §

= e S -[r@ede+ [ ') dx+C = ¢ f(x) + C
am: [e"(f@)+ £/ (0)dx = e f(x)+C
IETET0T 22 JE Eh”rﬁnz

x> +1)e"
(x+1)%

dx

@ [e*(tan x+ z)dx (ii)
Bl

o 1
(i) =s1 Iz.[ex(tan’lx+—2) dx
1+x

3 (%) = tan” 'x, TEE, @6 f(x) = e
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344 RIRIG]
aa: o gom WHed o [f(x) +f/(x)] oF B | B

N N 1
Tafere I= J.e (tan 1x+m)dx =e' tan 'x + C

. &P HDe e T4 14])
() = offoe f5 1= | (x+1)2 dx=[e [—(x+1)2 1 dx

_J I > 1dx
(+1) (+1) x+1 (x+1)

x—1 ’ _
qﬁ?ﬁmﬁl?f(x)zmﬁa f<x>_(x+l)2
Ia: & gom gHehed o [f(x) + £/(x)] % ®9 H @I
x+1 o d x—=1 ,
ey I(x+1) =" te
| w726,
1 922 % oh U1 o ol ol GHREA hitad|

1. xsinx 2. xsin 3x 3. xref 4. xlogx
5. xlog2x 6. x*logx 7. xsin'x 8. xtan' x

-1
9. xcos' x 10. (sin-lx)® 1, 2=22% 12. x sec’x
\ll—x2

13. tan'x 14. x (log x)* 15. (& +1)log x

. xe e 1+sin x
16. e* (sinx + cosx) 17. 1+ 1) 18. 1+ cos x

. x-3)e" )
19. ¢ | ——— 20. — — 3 21. e¥sinx

x-1°
22. sinl[ ZXZJ
1+ x

Y9 23 T 24 H HEl SW 1 II9 Hifeg)
23. J.xzexsdx TR 2 :

2
X

1 s 1
A) —ef B) —¢" +C
(A) 3¢ +C B) 3

3
X

1 1 .
—e +C D) —e" +C
©) e D) e
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24. Iex sec x (1+ tan x) dx SR 2:

(A) e‘cosx+C (B) e*secx+C
(C) e'sinx+C (D) e‘tanx +C

7.6.2 5 3T UhN & GaTHe (Integrals of some more types)
75l BH WewT: T fafy W enenfa o fafere R & g womhert st ==t

ExUlBSERED

(1) J.\/)cz—a2 dx (i1) I\/x2+a2 dx (iii) IVaz—xz dx

@) ma’ﬁqﬁslzj x> —a® dx
WWIHﬁWWW@aﬁT@W:WWWW%

I= xvx’—a —J x dx
X2 —

CZ

= xVJx’—a’ - dx = x\x* - _[x “aTta

[
x\/xz—a2 —j\/xz —a? dx-a’

J‘ dx
\]xz _az

2 2 2
—xVx —a —-I-a

YAl A= xVx*-a*-a°

J‘ dx
N

J' dx
Vxt —d?
SREI 1= J.\/xz—az dngxlxz—az—élog‘x+\/x2—a2

T YR TR A FHGRCH H TR WA 1 i f5dd Hed Rl T G
TaTReH faf gr &w a ®

+C

2

(i) j x2+a2dx:%x\1x2+az +a7log
1 2
(iii) j\/az—xzdxzax\]az—xz +%sin71£+C
a

forepead: EaTRel (i), (i) T8 (i) § %9 x = a sech, x = a tan® AR
x = a sin®, TR & W ot =7 GHReHl &1 Ad R S HRdT 2

+C

x+vVx2 +a’
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IETETUT 23 J.«/x2+2x+5 dx T Hifsu)

Tol &F Jifee o J.\/x2+2x+5 dsz.\/(x+1)2+4 dx

3« x+1=yT@1 Wdx=dy, T
J‘\/x2+2x+5 dx = J‘\/y2+22 dy

1 S 4
== +4+-1o
S Iy > log

yHyy +4 ‘+C [7.6.2 (i3 STamT 9]

(x+D Vx> +2x+5+2log x+l+\/x2+2x+5‘+C

1
2

IETEATT 24 I\/3—2x—x2 dx d i)

To1 e dfsu fE j 3-2x—x dx=jJ4—(x+1)2 dx
S| x+1=yT@H W drx=dy

TUFER  [V3-2x—xdv = [{a-y" dy

4
= Jy\4=y +osin 1%+C [7.6.2 (iii)% ST 4]

_ %(x+1)\/3—2x—x2 +2sin1[x7+1j+c

1
2

| gyTereRt 7.7 |
1 99 d% oh Y3l o el bl GHEREH ohifeid|
Lo J4—y? 2. J1-4x? 3. ¥ +4x+6
4. X +4x+1 S J1-4x—x? 6. \/m
x2
7o 14+3x—x7 8. \x?+3x 9. 1"‘?
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Y3 10 TF 11 | & W 1 997 hifag|

10. j\/1+x2 dx TR 7

3

2 =
(A) %\/1+x2+%10g(x+\/1+x2)+c (B) g(1+x2)2+c
3 2
(©) %x(1+x2)2+C (D) %\/1+x2+%x210g x41+22 [+C

11. j\/x2—8x+7dx6|'€lﬁ|'{%
1
(A) 5(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

1
(B) 5(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
1
(©) 5(x—4)\/x2—8x+7—3\/510g x—4+\/x2—8x+7‘+C
1
(D) 5(x—4)\/x2—8x+7—%log x—4+\/x2—8x+7‘+C

7.7 Ttv=a watehe (Definite Integral)

st afteael o e eiffiea qamshorl o a1 H s1eee e @ oIk oo fafire ol
o AR died Y= GHReH! i T w3 w1 Fo fafesl w =t w2 s
Ii=s] | & fhdt wem o ffvad aamere &1 teaq &t v aameRes &1 U

gl o= @ 31 wF = TEEe F j:f(x)dx,@ﬁﬁfqﬁwam%aﬁ

b, GHIHH 1 =9 HIH 991 ¢, GHRH 1 7 1 st | Fiv=a gaehed 1
9=, =1 AT T HE o B9 | S Sl @ SAUel Al A [a, b] W THR hIE
yfdstasherst Fe df ffv=a gk &1 7 offaq fogeil W Foh AHl & 3faX erefq
F(b) — F(a) o a0 81 €, o &9 § % sl 2| Fiy=a goehed o 39 <6 &ai
I BY STTT-3TN == |

7.7.1 IRTRE &t GHAT @ WY G [¥erd @areherT (Definite integral as the limit
of a sum)

UH AT foF T &% a0 [a, b] T T Had ®e £ GRAG g1 Je et e
el o Gl W HURR € SEleIy Wer 1 Seid x-37e ¥ SR Th 9% ¢
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TH y=f(x), x=a,x=bTdx-3 ¥ TR &F &1 e%a & Ffv=a wmmRem
J.:f(x)dxé‘lwWﬁﬁﬁﬁ&fﬂ@%ﬁﬁ%,x—ﬂ&?@ﬂﬁﬁx=a@

x=b% o= R & PRSQP i ofifsw (smepfa 7.2 f@m)|
JTA  [a, b] A [x, x 1, [x5 x,] 5 [x ,»xl ...[x _,x]l g ffde n 99m

Iy | fawfsa wifso TYl%ffxo=a,xl=a+h,x2=a+2h,...,xr=a+rh?f931

b-a
x,=b=a+nh¥FE n= & AT A n > odl h— 0

=f<id &5 PRSQP, n U 1 A1 € &1 Feeh 3ue Sustavett [x_,x],r=1,
2,3, ..., n T Rt 2l

aepfa 7.2 @ &w W ® fm
3Td (ABLC) &1 &% < &3 (ABDCA) &1 &% < 3Td (ABDM) &1 &% ... (1)

S

3TTeRTd 7.2

T Al x —x | —> 0 A A —> 0, T THEHI (1) H I T A= AAme
T T o T FUE & S 21 o1 &H frefafad dmeat & i wd §

n—1
s =h[fi) + ..+ fix, )] = () o)
r=0
i S = MG+ S00) oot F)I=hY f () -

&l s TH S SUSTAEA [x_,x]r=1,2,3,...,n, T I HET: 7 @i wd =
ST o &ETET o AN i fAfdR s €1 iR (1) o wed H fRe @ 3w
AATA [x xr]éafwz%qmﬁ%ﬁﬁ

s <& PRSQP &I &=%hel < S e ()

1°
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I 5 — oo, Al T TR0l § Fantol Bt welt St ® SR 7w " foran s €
& (2) 3R (3) o Hifqd 79 T §9E @ qo1 39ETS Eifqd /& 9% o 3T
Fefie & 2
Hrehfaewr w H &9 30 fefafed yer faed ©

limS, = lims, = &% PRSQP &1 &A% = j:f(x)dx " (®

n—oo n—oo

Y T8 Tl Hordl € foh o1l ehel ah o Hie o 3Mdl U 9% o SW
Al o e o fRdt et w1 g W off 1 gfaen & fow en goieh Susia
o 99 TR W g% w1 STE o SUe S a1t Al i A1 eTd: B9 (5) I AN
frefefad &9 § foaed 2

jjf(x)dx = im h[f(@)+ f(a+h) 4.+ fa+(n=1)h]

Fora j:f(x)dx = (b-a) iﬂi[f(a)+f(a+h)+...+f(a+(n—1) Kl ..(6)

. b-a

S h= S0TR] n—o o

n

Swa ASH (6) ATESA w1 G & w9 | fvEd GHEhed # i wednr 2l

fewuit et fafite Fae | T wed o Y=g THeed &1 99 Bed Tg 3iad
W et AT @ WY gHEhe % SE =R W TEl SRt 99A gq w@ds W i i
FE o fau W 21 A€ x o LM W Ead 9 H) ¢ SFUdl ¢ 9 Hiew fme S 2

& TR fjf(x)dxéswmémaww j”f(;)d; eﬂwj:f(u)du
fargd €1 era: fAfv=a Taee o fau guehed =R T 9% =X FEd 2

mzsaﬁwﬁaﬂm%wﬁji(ﬁ+l)dxwmaﬁaﬁm|
ol RS & 3TER
[Pr@dr = (-a) lim L[ £(a)+ Fath)+..+ fa+(n—1)h]
a n—e n

) b-a
et h=

n

. 2-0
TWIREWH  a=0,b=2,f(x)=x2+1, h= =

n

I [
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2(n D)

ERIISLY j(X+DdX=2hm—{ﬂ®+fGﬁ+fGO+ T+ S

2 2 2
- 2hml[1+(2—+1)+(4—+1)+ +[M+1J]

n—oo n2

1 2 2 2
_211m—[(1+1+ +1)+n 2°+4°+...+(2n-2)"]

n—soo
n 9%

1 22
_211m—[n+—(1 +22 4.+ (-1
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n—e n

—2limL[n +iz—(” Dn@rn-D

n—e p n 6
ogim L [ L2@m=D) @n- 1)]
n—e n 3 n
4 14
= 2 lim [1+ (1——) (2——)] =2 [1+3 = ?

mzeaﬁwﬁﬁmaﬁwﬁjoexdx 1 AE T RIS
ol TR & 3TAR

1 2 4 2n-2
j e dx = 2-0)lim —| e +em +et .. 4e

n—e 1

2
TOIRR Soft o 5 & o AMTHS o G 1 STAN Hd Y & a=1, r=e" W U
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| woTerett 7.8 |
AT 1 1 oh w9 | fefaiea e THehedl 1 79 A9 St
1. jjxdx 2, jos(x+1) A 3. j;xz dx
4. j14(x2—x) dx 5. J-_llex dx 6. J-:(x+ezx)dx

7.8 e @t 3NURYA ¥HA (Fundamental Theorem of Calculus)

7.8.1 &THA TelT (Area function)
Y —
T [ fde By =f@o, o, W f T
FifeA x=a M x=bh ¥ R &7 & &A% &
®Y 4 Rt feran €1 9M eifSY [a, b] §x

fag e @ j:f(x)dxa@ﬁr7.3ﬁ%wwm 6

&9 % &% HI T w © [F8 T8 91 &
ferm T & fF xe [a,b] F U f00>0R R
ﬁﬁr%fﬁgaesmwma:mwﬁ%mﬂﬁxqv“ x X

HA T T WA & K ETRA ¥ F AT R Y grfa g
fasft 21

TR VIR H 79 Sifehd & T &Fhel x 1 Tk Held g1 H x o 39 Hel Hl A(x)
@ﬁrﬁ%aﬂg%ww&xwﬁ%ﬂmwmﬁ%aﬁ?%ﬁﬁmﬁf@a@
U 9 gl 2

Ax) = j:f(x)dx (D

79 YR W AR § SR g €| et g0 el W hddl T SRl
Hifeh STl ST TH UIGAYEIH ! T o ST

7.8.2 THT 1 GHIGET TIUTT i TI7 MIRYA F4F (First fundamental theorem
of integral calculus)

M ST foh &% SFael [q, b] W £ Th Had B € 3R A (x) 8% %o 8| ad
Tt x € [a, b] & TATA’(x) = f (x)

7.8.3 GUIHET TUTT & fgara ST AT (Second fundamental theorem of

integral calculus)

B0 9 % U eyl T 1 e S € el gemdr 9 g9 giastashas @
STIRT H gC A THeherl 1 7E T F7d )
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Tfora

U 2 0 A R 6 A [a, b] W f Th Gad ®er € 3R £ 1 qideraeherst

b
F21 7@ [ f(x)de = [F(x)]’= F () - F(a)
fewuit

1.

2.

@

(1)

@

Wﬁ%ﬂqﬁazaﬁwwmaﬂﬁ%ﬁﬁjjf@)dx:g%qﬁfawwa
F &1 S=d || h W AF) — (3 qfd sT&eherst ol = M ¢ W 7)1

TE YT STcdd SUAT € Fifeh g 'H Akt i Wiw A feew faen fafvem
T 1 T FH H STHA Tt TEH H 2

T TAf=a GHeher 9 w0 § Sifee |ishan Tk UH Her o1 9T i @ SrEeht
RS T T WHRA ¢ I8 STaehor 3 HHRS o did Had i 31T

T el B
j:f(x)dxﬁ‘, [a, b] T el £ o1 YU T ed e Ae9eh €| SE8iund:

1
ﬁﬁaﬁwwjlx(xz—l)idx FI == w1 Aok § i §98 Aaua
1

[2,3] & 9 —1<x<1 o faAU0 f(x) = x(x*—1)2gA AR Fer f
EIECIER R ij(x) dx FTd T % =0T (Steps for calculating I:f(x)dx)

e weR [ f(x) dx S RIS AH AR T8 F(x) 81 GHRT SR

C & o1 & 3Tevashal 78l © HifF afs 89 F(x) % &M WF(x) + C R foar
F Al U e fw
j” f(x)dx=[F (x)+C]” =[F(b) + C] - [F(a) + C]=F(b) - F(a)

T4 YR FAfT=a GaeRe &1 91 T 3 W Wes oR fagw @ S 2l
[F ()Y, = F(b) - Fla) ¥ FIfo, 51 6 [ () dv 1 70 21

e BH D IEEWT W R L 2
Sateur 28 frHfafEd THweRt %1 AH 9 B
5 ) o Jx 2 d.
jzxzdx (i) .[4 3 dx (i) Ilm
(30 — x2)?
J‘OZSin32tcos2tdt

(iv)
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m;ﬁmhj;xz dx & | iR sz dx=%3=F(x)
Ty, fgdtar eneRyd 799 9 &9 U € T

1
I=F(3)—F(2)=2—37—§=?9
HM A o I=jj \/;3 dx TS T AT 1 HeTaehers 6 e ¢ |
(30-x2)’

oW

2
30-x =tT@ﬁ‘W—§\/§dx=dt 37l \/;dX=—§dt

Jx 2cdr 21 2| 1 |
T TR j—3dx=—§jt—2=3 =3 —[=F (0

(30— x2)? (30~ x?)
AT e 1 f5da eTuRs v9a 9 &9 I T

9
I=FO)-F)=2|— | _2[ 1 1 =E[E_L}ZQ
N aoox| 3LG0-27) 30-8]73[3 22] 99

4

i = [
Fx+D) (x+2)

AT =1 1 9T Y g B9 U ® T
X -1 + 2
(x+D)(x+2) x+1 x+2

xdx
Tt - - =1 1]+21 2|=F
S oG ol w et 2iog| w42 =F

3Td: o i fgda STURYd 799 § &9 I € fF
I=F2)-F(1)=[-1og3 + 2 log4] — [- log2 + 2 log3]

32
=-31og3 + log2 + 2 log4 = log >
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T
(iv) = ef, 1=j04sin32tcos2tdt. 3 [sin’ 21 cos2 1 di W form HiC
) 1
sin 2¢ = u W& W 2 cos 2t dt = du 3T cos 2t dt = E du
31d: Isin3 2tcos2t dt =l J.u3du
’ 2

%[ ]=%s1n 2t =F () A @itfsig
3Ot e i 5 sTuRyd = 9

T 1 .4 . 4
I=F(—)-F(0)=—=[sin"—-sin" 0] =—
(4) (0) 8[ 2 ]

| woaTaett 7.9
1 920 d% o yoA § fAfy=a waeer 1 99 Ja sifsa
1 31 2
L[ +hax 20 [ —dx 3. [ @x’ =52 +6x+9) d
- x
T n 5 L
4. I;siandx 5. _I.Ozcos2xdx 6. _[4€de 7. jgtanxdx
8 jzcosecxdx 9 j 10 .[1 dx 11 .[3 s
e ' ST BT
I 3 xdx 12x+3 1
12. J‘Ozcoszxdx 13. j2x2+1 '[05x2+1 x 15, one dx

T

2 (5% 4 2 3
16. — = 17. | *@2sec’x+x +2)dx
Il x*+4x+3 IO

19. ."26x+3

18. J. (s1n —cos —) dx . .
X"+

1 . . Tx
20. Io(xe +s1nT)dx
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Y9 21 T 22 H el ST ] 997 HifoQ]

21. jﬁdxzw%:
I l+x
R 5 2 o o
(A) 3 ®) © - D)
2 dx
3 .

22. j04+9x2w%.
A) = B) — C) — D) =
(A) < B) © o D) 5

7.9 yfaeemus grr fHfvea wHmeRei &t J A9 ST (Evaluation of Definite
Integrals by Substitution)

froet ofi=ssl o soa eifiiyea THeher 90 w6 &1 3Fe fafus =t ==t & 2l
Affyerd e T i w1 Hecgul fafuel | ue fafu gfaeemm fafy 2

qﬁwmﬁfa@jjf(x)dx,wmamaﬂﬁ%mwwﬁw%f@a%:

1. "o o aR W Hiwet o fo fomEr i 3R y = £(x) SUEn x = g ()
yieeenfya wifsre @fs fen g3 oo U A &9 § ufafda & s

2. GUThA STER &t AR fRU fam1 Tu guIehed #1 U W) % W gHheA
FHifs)

3. AT R o W W YA U $IET $fR SW $ g W o w9 | fafeu)

4, =ROT(3) W Y IR HT qHhOH HT < gE HHST W AE 710 FIC 3R 3=
ot 99§ e i arel T T S T i)

g fafr i o s o fore en fFrefefad R o 9 g )
RO (1) TS (2) I HE o o€ RO (3) i HH 1 AR Tl S| TET
YA i T =R o ®G H @I Sl & 3R THEh 1 HH18T i T = o THaR
uRafdd o @d & @ifer &0 e eifam =Ror 1 fopan e Tk
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3T 39 B9 ISEET ¥ g9 B
IETETTT 29 j_l15x4\/x5 +1 dx 1 9 Q@ i

TAr=x"+ 1, T W dt = 5% dx

22 2 2
RSl TGlY ISx X +1 dx_jxfdt——zz—(x5+1)2
3 3
1 2 31
. 4 _Z 2
o [ 56+l = 2167+ }1
o[ 3 3
=@ +D2 (=D’ +1)2
S|+ (&) )}
2[ 2 3 2 42
_Zl22-02| - 22V2)=2=
3 }3( =73

faehcud: Te9e g0 A 1 AU Fd ¢ IR q9 ®qiaid GHeRe 1 T4

et o STER M 1d Hd B

m?ﬁm t=x+1.99 dr =5 x* dx 72 HiteY fw
x=—1dt=03R I x=1Ar=2

31?{ S-S x, — 1 ¥ | I Rafdd el € SH-o9 £, 0 ¥ 2 dh 9REfid el 2l

Bl ij x+1dx=J-\ﬁdt
-1 0
2
2120 212 2| 2 42
— = 2| ==22-02 | =22 2)=—2
Wsojltan xdxaﬂmamaﬁm|

U

T
ol O S 7= tan ~'x, 99 df =—— dx 59 x=0?‘|)It=03ﬁ'{GlTle=lT‘|)ll=Z

1+x

mza@-a@x,oalwvﬁaﬁam%a@-amo@%wwﬁaﬁaaﬁmﬁh

2 4 2 2

1 tan~' x 4 1|= o

ELS| E_flll dx = tdt = —|—=-0|=—
IO 1+ x> '[ {2:|0 2{16 :| 32
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|[wgeTaett 7.10]
1 § 8 T o TTl TR 1 A Gfaeemdd &1 ITAM ¥d gL G iy

1 x T - 5 1, 4 2x
1. j0x2+1dx 2. [2\singcos’9do 3. [ sin [szjdx

2 LA
4. [ xVx+2dx (x+ 2 = pfaEm) R

2 dx 1 dx 2( 1 1 2
6. 7. —_ 8. ———— |e™dx
'[0 x+4-x '[‘lx2+2x+5 Il[x 2x2j

Y99 9 WH 10 H FEl IW 1 =97 Hifog|
1
P (x=x)3
S
;X

(A) 6 (B) 0 € 3 (D) 4

9.w1sh—c1=rj dx 1 AE T

10. I fx) = ontsintdt,?ﬁ[ F(x) B:
(A) cosx+xsinx (B) xsinx (C) x cosx (D) sinx + xcosx

7.10 Tafyera THEReHL & &S Ut (Some Properties of Definite Integrals)

e el o Fe Hewqol UEEl S g9 A gEeg B 213 T o fafve
AR 1 HM ST § 1 e H YA gl

P [ fde=["f@)di

P, : ij(x)dxz—I:f(x)dx,ﬁ'@]W _[:f(x)dx=0

P,: [ fCode=["fde+ [’ f(x)dx, a,b,c T e #
b b

P,: jaf<x)dx=jaf(a+b—x)dx

P, : I;f(x)dxzjoaf(a—x)dx (e <ifSig 6 P, P, 1 T fofyre feufa ©)

4

P [ fde=[f@yde+ [ f2a-x)dx
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P,: [ fde=2] r(de, 7R f2a—x)= /(x)
=0,3€ fQa-x)=-f(x)
PO j:f(x)dxzzj:f(x)dx,zlﬁf T TH HeH 7 A AR f(—x) =1 (%)

7

(ii) j_“af(x)dx=0,m°<f T famm wer ® el A f(—x) = —f (v)

Teh-Teh h{ch B9 T TUEH! i SYUM Hd 2l
P, St UMK x = ¢ FTwed FT W HE W B €
P, ot SUUfH A SifSiT & £ 1 Ufdetesherst F 21 99 e & {5 seRyg

T Y T T F jjf(x)dx=F(b)—F(a)=—[F(a)—F(b)]=—j:f(x)dx,

el TH Sfed wW ¥ AR a=b @ [ f(0)de=0
P, SUufy oW e % f %1 sfderashas F &, @

jjf(x) dx = F(b) - F(a) (D)
[ " Feodx =Fe) - F e
iR jcbf (x) dx = F(b) - F(c) . 3)

(2) 3R (3) = Sed W ew 9§ fw

c b b
[ rde+ [ f)de=F@p) - Fa) = [ f(x)dx

=58 e P, fag B R
maﬁ‘mmﬁmﬁ? t=a+b—x.qd dt =— dx. Sd x:a?ﬁl,t:bﬁ'{
SE x = b Td ¢ = q. TGfAQ

[Preyde = [ fla+b-rar
- j:f(a+b—t)dt (P, ¥)

= ["r@+b-xax @, ®

P, &t U r=q - x MET R P,H e oM AU I dr = — dx,
Sdx=a,t=0
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Pt 3UUT P, %1 ITAM & T &9 A € R

fozaf W dr = [ f(x) dx+j;” f(x)dx

TE T o TR GHMRSA B 7 = 2a — x Uaeenfud HINT, 99 dr = — dx 3R &
x=a,?|79[t=a3ﬁ'{mx=2a, ﬁﬁt=03ﬁ'{x=2a—t9ﬂwmél
T TE qHRH

[*rear = ["rea-na

- j:f(za—t)dt - j:f(2a—x)dx T B 2

S [ e = [ feyder [ f@a-x) dx

P S SUUTH P_, T STANT i T BH UM € R
[ X r@an = [ r@ace] ! rea-x ()

a9 Afg fQa—-x) =f@),d (1) Fefafaa w9 9 afafda 8 s @
jozaf(x)dxz [oreode] poodx=2] " r(x)dx

AR =g fQa—x)=—f(x), 7@ (1) Fefafad w9 § yRafda & s @
[ Foyde= [ fode=[ fx)dx=0

P, st SUufe

P, 1 T w g A WA F [ fode= [ f@dx+] fde

TR U o YUH THGhO H £ = — x W T
dt=—dx & x=—q @9 t=q 3R S x=0,79 =0 3 x=—¢ 9 I 2 2|

Bl [© Fydx = [* reoac+| ! @) ax

=j:f(-x)dx+j:f(x)dx (P, @) (D)
() 39 9f% f T G Ted & dd f(—x) =f () @ (1) ¥ 9 g ¢ o

j_aaf(x)dx=.[:f(x)dx+j:f(x)dx=2j:f(x)dx
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i) 7 f oo wer W@ = f() @ (D) F I A
[° rwde==]fde+ | fdr=0
sarerer 31 [ |2~ x|dy %1 W T

T BH @I R R [—1,0] W P —x>03W[0, WA —x<03W[1,2] T x-x>0
9 &9 forg 9ed © T

’ X —x|dx = 0(363—)c)a7x+ 1—(363—)c)dx+ 2(363—)c)dx P9
Jol e -xlar= T J, J ®, %
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_| == === |-
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FETERUT 32 [ 4 sin® xdx AR I FA

4
Tl B9 UfEd i B 6 sin? x T 99 Fer B

T

Tgfeae Ii sin” x dx = 2J-02sin2xdx [P, (HF]
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[ Je(mo1gm) ,om 1
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0
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e 33 | ﬂd 1 AF T FI
0 1+cos® x
T xsinx © (T—x) sin (T— x) dx
e oifse f& 1= = P9
e '[01+cos X IO 1+ cos?(m—x) (P, )
n (T—x) sin x dx sin x d.
omsnxds p TSR
0 1+cos™ x 01+cos“x
)l J-n sin x dx
. - 0 1+cos’ x
P— __J‘n sin x dx
0 1+cos’ x

cosx= tT@1 W —sin x dx=dt
Grerx=oaaz=1aﬁ1mx=naat=—1%|s¥rm%qqﬁ%ﬁﬁ

—T -l dt
=— (P9
2 1 1442 14>
1 dt 1
S04 T T (P, ¥)

tan"'¢] =nftan '1—tan" 0] =7 | = 0—Jt2

n[an t]o—n[an —tan ]_n Z— _T
1

3QTEYUT 34 I_l sin® x cos* x dx 1 A [ KIS

1
Tl O ofifee ff 1= I_lsinsxcos4xdx AN £(x) = sin’ x cos* x

Td f(—x) = sin’ (= x) cos* (- x) = — sin’ x cos* x = —f (x), SAA_f Th fawd FHe
2 safa 1=0 [P, (i) ¥

4
sin” x
_ dx 1 HH 1A HIST)
0 gin* x+cos* x

Wssj

T

. 4
T AW R 1= [P (D)

0 gin* x+cos* x
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. 4, T
simm (——Xx
(2 )

dx (P4 @)

GE Izj
. 4, 4, T

sSin " (——x)+Ccos (——x

(2 ) (2 )

T 4
B cos” x
=) T & (2
IO cos* x+sin’ x @
(1) 3 (2) 1 Sigd WeH 9 ¢ &
_[E sin x+ cos* xd szx [x]i_E
sin* x + cos” x 0o 2
HAd: 1=E
4

T

3qlgldl 36
'[“ 1+«/tanx

7'[

1 | G hifSTl

cos x dx
. (D)

Fﬁﬁqﬁ; — _
o = I 1+x/tanx I x/cosx+\/sinx

cos E+E—x dx
3 6

T T . T T
cos| —+——x |+, [sin| —+——x
\ [36 Jo (35
J- Jsinx __ysinx o O

\/ sin x ++/cos x

(1) @l (2) # St w ww R F o= [ Jdv=[) =22 =2

6 6

(P, ®)

-]

a8 wia

T

3HAd: I=
12

SATEIUT 37 J-Oalog sin x dx @1 A FQ i)

Tl HH ofiftee fom Izj.flogsinxdx

GE] I= J-OE logsin[g—xjdxzjozlogcosxdx (P4@)
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I, 3 <l HH ol Sied W EH UM ©

20 = jf(log sin x + log cos x) dx

©la

= .[0 (log sin x cos x +log 2—log2) dx (log2 g TH =ZH W)

I T

= J‘Oalog sin 2x dx—jflOgde (F17)
. T
YoH GHR B 2x =T W 2dx=dt 518 x =07l ¢ =0 I x=5?ﬁt=ﬂ:

Lgn : T
HfeTy 2I=E.|.Ologs1ntdt—510g2
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=310 5 : sin (Tt — ¢) = sin
z T
:J-OzlogSlnxdx—El()gz (Eﬂl‘aﬁ xﬁqﬁaﬁﬁaﬂﬁﬂ)
T
=I——log?2
) g
T

209 si T
d: IO log sin x dx = 3 log?2

[woaraett 7.1

fAfeea TRl o TOTHET 1 START 0 gU 1 | 19 T o YA H FHRCH! 1AM
1A RS

3
T N s Ay
5 J-g \sinx A 3 J‘g sin? x dx
D Lo Y e Aar
. . . 3 3
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sin? x+cos? x

©la

1. j cos® x dx
0

> cos’xdx 5 8
4. Iozm 5. J.75|X+2|dx 6. j2|x—5|dx
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T
1 n — 2
7. J.Ox(l—x) dx 8. j0410g(1+tanx)dx 9. J.Oxx/2—xdx
T T
10. I02(210gsinx—logsin2x)dx 11. jfnsinzxdx
2
n xdx § .7 m s
2. : 13. [ 2 sin’ xdx 14. [ cos’ xdx
01+sinx ;2“ 0
T
5 sinx—cosx x «  Ax
15. [?——"—adx 16. log 1+cosx)dx 17. | —=—7—=dx
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Y99 20 TH 21 H HE IW HT =99 Hiforul

T
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2

(A) O (B) 2 (O D) 1
21. leog(wJ dx 1AM 2
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1
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1

SaTETIT 39 _f(x4 _Sx)4 dx T I

X

L Ly
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X
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X
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