Sol.

Sol.

Sol.

Sol.

Sol.

Sol.

Inverse Trigonometric Functions

Short Answer Type Questions
V3

Find the principal value of cos-1x, for x=—

If cos™ (?J =@, then cos@ zg.

3
Since we are considering principal branch, #<[0, z]. Also, sincej >0, 6 being
in the first quadrant, hence cos™ (?J i

Evaluate tan™ (sm(_ﬂn
-1 . -1 T
tan [sm J =tan" (— sm J tan (_1) = _Z

Find the value of cos™ cos—j

cos” (cos— =cos” [005[272'+ D :cos‘(cos%j

5

z
-

Find the value of tan™’ (tan %)

tan™' [tan 9—”) =tan”’ tan(ﬂ'+£j
8 8
4 T T
= tan tan| — | [=— .
( (8 D 8

Evaluate ran (tan’l(— 4)) .
Since tan (tan'lx) =x,Vxe R,tan (tan'1 (— 4)) =—4

Evaluate: tan'\/3 - sec™ (-2) .

tan'J3 - sec™ (-2)= tan'\3 - [ﬂ—sec_lz]

T l(lj
=——7Z+cos | =
3 2

2r T

3 3 3



Sol.

Sol.

Sol.

10.

Sol.

11.

Evaluate: sin™ {cos (sin“ gj:l .
sin” {cos (sin‘l ﬁj:l
2
=sin™' {cos (Zﬂ
3
. [ 1 } T
=sin”'| = |=Z.
2 6

Prove that tan(cot™'x) = cot(tan™'x). State with reason whether the equality

is valid for all values of x.

Let cot™ x=0.Then cot 6 = x

Or, tan(z—ej —x=tan'x=2-9
2 2

So tan(cot‘lx) = tan 0=c0t(§—0}

_ 4 S -1
=cot E_COt X |=cot (tan x)

The equality is valid for all values of x since tan-1x and cot-1x are true for x € R.

Find the value of sec(tan1 %)

2

4+y

Let tan™ % =0, where G e [—%,%j So, tan@ = %, which gives secf =

2

4+y

Therefore, sec(tan1 %) =secl =

Find value of tan (cos1x) and hence evaluate tan (cos‘l %j

Let cos™ x =6, then cos 8 = x, where 8¢ [0,7]

\/l—coszﬁ :\/l—x2

Therefore, tan (cos’1 x) =tanf =

cosé X
2
8 \/1_ 187j 15
Hence, tan| cos' — |=4+—— 2 ="
17 8
17

Find the value of sin {2 cot™ (gﬂ



Sol.

12.

Sol.

13.

Sol.

14.

-5
Let cot™| — |=y. Then cot y=—.
(12) Y 2

Now sin | 2cot™' (_—Sj =sin2y
12
12\ =5 T
=2sinycosy=2| — || — sincecot y<O0, 50 ye| —, 7
yeosy (IJ(BH Yoy [2 ﬂ

_—120
169

Evaluate cos | sin™ lsec’1 i
4 3

. -1 1 -1 4 s =1 1 -1 3
cos|SiIn —sec —|=cos|Ssin —+CcoS —
4 3 4 4
( ! _llj ( _13j ! ( ! _llj ! ( _13j
cos|SIn — [{COS| COS — |—SIn| Ssin  — (Sin| cCoS —
4 4 4 4
2 2
3 \/1_1 1 \/l_z
4\ 4 4\ 4

4 4 44 16

Long Answer Type Questions

Prove that 2sin™ 3_ tan™' 17_z
5 31 4
Let sin"lgzﬁ, then sinB:E, where ¢ _—7[,£
5 5 2 2
3 . . 43
Thus tanH:Z,whlch gives @ = tan Z
. L 17
Therefore, 2sin” =—tan i
=20—tan™" 17 _ 2tan™ 3 tan™' 17
31 4 31
2.3
1 4 -1 7 -1 24 -1 17
tan” | —— |—tan~ —=tan  ——tan  —
-2 31 7 31
16
24 17
—tan” | —L3L |7
4241704
7 31

Prove that cot™' 7+cot™"' 8+cot'18=cot™3



Sol.

15.

Sol.

16.

Sol.

We havecot™ 7+cot™ 8+cot ™" 18

=tan”' 1 +tan™ 1 +tan™ € since cot™ x=tan™ l if x>0
7 8 18 X

1 1
7+7
=tan"'| L8 +tan‘li (sincex.yzl.l<lj
LT 18 7'8
8
31
=tan”' —+tan" —=tan"' 113 181 (since xy<1)
_7><7
11 18
:tan‘lﬁztan‘llzcot‘%
195

Which is greater, tan 1 or tan-11?

’

. . . . L . - 7
From Fig. we note that tan x is an increasing function in the interval (7 Ej'

since 1> % = tanl> tan%. This gives
tan 1>1

— tan1>1>%
4

= tanl>I>tan"' (1)
Y tan x

—7t/2 /4 /2

Find the value of sin (2tan‘1 %) + cos(tan‘l \/g)
42 O 2
Let tan sz and tan x/gzy so that tanng and tanyzx/g

Therefore, sin [2 tan™" %) +cos ( tan™' \/5)

=sin(2x)+cos y
_ 2tanx N 1
1+tan2 X \/1+tan2 y




17.

Sol.

18.

Sol.

19.

Sol.

2
_2.§+ |
=3 2
1 1y [V)
12 1 37
=t —=—
13 2 26

Solve for x tan™' (I_—XJ _1 tan”' x,x>0
1+x 2

, . a(1-x o
From given equation, we have 2tan” | —— [=tan~ x
1+x
= Z[tan’1 l1—tan™ x] =tan' x

= 2[£j=3tan1 x=>Z —tan x
4 6

= X=—=

NE

Find the values of x which satisfy the equation sin™ x+sin™ (1 — x) = cos™'x.
From the given equation, we have

sin (sin™ x+sin™ (1 - x)) = sin(cos"x)

= sin(sin"' x)cos(sin™' (1-x)) +cos(sin™" x)sin(sin™' (1-x)) =sin (cos™" x)

= xfl=(1=x) +(1=x)VI-2* =1-%*

= x2x—x +1-x° (I-x-1)=0

:>x(\/2x—x2 —\/l—xz):O

=x=0 or 2x—-x*=1-x’

=x=0 or x=l
Solve the equation sin™ 6x+sin™ 63/3x = —%

From the given equation, we have sin™' 6x = —% —sin” 6+/3x
= sin (sin”! 6x) =sin (—% —sin™’ 6x/§x)

= 6x=—cos (sin"l 6\/§x)

= 6x=—/1-108x" . Squaring, we get

36x* =1-108x’



= 144x* =1 :>xii
12

1 1
Note that x = —E is the only root of the equation as x = E does not satisfy it.

20. Show that

2tan”' {tan%. tan (Z —EJ} = tan ! SMECOSP p

4 2 cosa+sin

2tana.tan(”—'8j
2 4 2
1—tan> % tan? T B

2 4 2

B

1—tan*—
2

B

1

) _ 4 2x
Sol.  LH.S.=tan" [sm ce2tan' x=tan™ 5 J
—x

2 tan
1 +tan

=tan

—tan =
1—tan? Q

B
1+tan'8
2
2tan 2. (1 tanz'gj
2
2 2
1+tané —tan? % 1—tané
2 2 2

2tan§ (1 tanz’Bj

1+tan2ﬁ 1—tan® % |+ 2 tan I 1+tan> %
2 2 2 2

(04
2tan— 1—tan®

=tan""

=tan”’

(04
1+ tan? E 1+ tan?
-1

/4
2
B
= tan
1—tan2% 2tanﬁ

+
1+tan2% 1+ tan* = ﬂ

—an [ SN2CSB )y
cos+sin

Objective Type Questions

Choose the correct answer from the given four options in each of 21 to 41.
21.  Which of the following corresponds to the principal value branch of tan-1?



T T
(A) (‘5’5)
V(A
(B) [‘E’ﬂ
T T
© (3.5
(D) (0, )

Sol.  (A)is the correct answer.
22. The principal value branch of sec!is

(A) (—f,gj—{o}

2
T
(B) [0’”]—{5}
(C) (0, m)
T T
(D) (‘5’5)

Sol.  (B) is the correct answer.
23. One branch of cos-1 other than the principal value branch corresponds to

7T 3
® [5’7}
(B) [~ 2%]—{37”}
(@ (0,m)
(D) [2m, 37]
Sol. (D) is the correct answer.

24. The value of sin™ (cos (‘BT”D is
3z
A _
(A) 5
=17
B -
(B) 5
T
C -
( )10
T
D) - =
(D) 10

5

. _1( 3ﬁj . . (7[ 3ﬁj
=Sin COS— |[=S1n smm| ———
5 2 5

- 407 + -
Sol. (D) is the correct answer. sin I(COSMJISIH 1005(87r+3?7[j



sin”!| sin (—EJ = —ﬁ.
10 10

25. The principal value of the expression cos

2r
(A) o5
=27
(B) o
34r
© e
V4
(D) 9
Sol.  (A) is the correct answer. Cos1(cos (680°)) = cos1 [cos (720° - 40°)]
- - 2z
=cos ™' [cos(—40°)] =cos”' [cos (400 )] =40" = o

26. The value of cot (sin'x) is

NIES'S

(A)
X
(B) ——
1+ x?
© L
X
(D) 1—x?

X

Sol. (D) is the correct answer. Let sin”'x =6, then sinf = x

1 1
cosecd =— = cosec’d =—

X X
1+cot29:L:>cott9:

VI+x?
2

X X

27. Iftan™’ x:% for some xe R, then the value of cot™ x is

T

A —

(A) 5
27

B -

(B) 5
kY4

C -

() 5

47
(D) E



: _ _ V4
Sol.  (B)is the correct answer. We know tan™' x+cot™' x = 7 Therefore

cot'lxzz—l
10
:cot_lx:z—lzz—”
2 10 5

28. The domain of sin '2x is
(A) [0, 1]
(B)[-1,1]

11
]33]
(d) [-2.2]

Sol.  (C)is the correct answer. Let sin'2x= @ so that2x= sin 6 .

Now -1 <sin @ <1 ,ie, -1 <2x <1 Whichgives—%SxS% .

29. The principal value of sin™ (_—fJ is

2z

A) - =2

(A) =
T

B) -2

(B) —3
4

C) —

(©) =

hY/4
(D) EY

Sol.  (B) is the correct answer.
I AN AT Y ; T
sin” | — |=sin" | —sin— |=sin" | sin— |=——
2 3 3 3

30. The greatest and least values of (sin’1 x)2 + (cos’1 x)2 are respectively

2 2

Sx V.4
A and —
(A) 4 8

4 -
B) — and —
( )2 5

2 2
(C]%and i

2

4
D) —and 0
()4an



Sol.  (A)is the correct answer. We have

(sin’1 x)2 + (cos’1 x)2 = (sin’1 x+cos™ x)2 —2sin' xcos' x
=7[—2—281n_1 x[z—sin"1 x}
4 2

= 7[72—ﬂ'sin'1 x+ 2(sin"1 x)2

= 2{(sin_1 x)2 —zsin_1 x+%2}

2 2
Thus, the least value is 2[%} ie. % and the Greatest value is

- 7\ | . 52
2l —-= | +—| ,ie. ==
2 4 16 4

31. Let &= sin '(sin (- 600°), then value of 6 is

b3

(A) 3
z

(B) B
2z

© EY
-2

(D) =

Sol.  (A) is the correct answer.
sin”'sin [—600><ij =sin"'sin ( ~107 J
180 3

=sin™ {—sin (4%—%}} =sin™ [sin j
=sin™" sin(ﬁ—zj =sin™" (sin fj = z
3 3 3

32. The domain of the function y = sin™' (— xz) is
(A) [0, 1]
(B) (0,1)
@ [-1,1]
(D) ¢

Sol.  (C) is the correct answer. y= sin™' (- x*) = siny =-x

o8



33.

Sol.

34.

Sol.

35.

Sol.

36.

i.e. -1 <-x%<1 (since - 1 <siny <1)
=12x"2-1

=0<x* <1

:>|x|§i.e.—1§x£l

The domain of y=cos™ (x* —4) is
A) I[3,5]

(B) [0, ]

© [—V5, -3 ]n[5.3]

(D) | -5, -3 |uU[3,5]

(D) is the correct answer. y= cos™ (x*- 4)= cosy= x’- 4

ie. —1 <x’—4 <1 (since—1 <cosy<1)

=3<x’<5

=>V3< |x| <5

o xe[ 5 E] U[VEA5]

The domain of the function defined by f(x) = sin”'x+ cosx is
(A)[-1,1]

(B)[-1, m+1]

(€) (—o0,0)

(D) ¢

(A) is the correct answer. The domain of cos is R and the domain of sin-1is [-1,
1]. Therefore, the domain of cos x+ sin”'x is RN[-11] ie. [-11]

The value of sin (2 sin™ (.6)) is

(A) .48

(B) .96

(C) 1.2

(D) sin 1.2

(B) is the correct answer. Let sin1 (.6) = 6, i.e., sin 6=.6.
Now sin (20) = 2 sinf cos8= 2 (.6) (.8) = .96.

.- .- T - 1.
If sin”'x+ sin”'y =7 then value of cos 'x+ cos'y is

r
(A) B}

(B) m
o

27
(D) 5



V4

Sol.  (A) is the correct answer. Given that sin”'x+ sin“y = E
Therefore, 2 cosx |+ E—cos™ y -z
2 2 2

o LT
—> COS X+cCoS y:E

37. The value of tan (cos’1 %Han“ i) is
19
A P
(A) 2
8
B -
(B) T
19
C __
(9 B
3
D _
( )4

Sol.  (A) is the correct answer. tan (cos’1 %+ tan”' %j = tan (tan‘l %—i— tan”' %j

4.1
=tantan”’ 34 41 =tantan”" (Ej=9
1_§XZ 8 8

38. The value of the expression sin [cof1 (cos (tan’ll)ﬂ is

A) o0
(B) 1

1
C) —
©OF
2
D —
( ),/3
Sol. (D) is the correct answer.

. -1 ( 7[) . -1 1 . P | \/E 2
sin| cot | coOS— | |=sIn| cot —= [=sIn| Sin — ==
{ 4 V2 31 \3

1
39  The equation tan™' x—cot™' x=tan™' [—J has
V3

(A)no Solution
(B) unique Solution
(C) infinite number of Solutions



(D) two Solutions

. _ _ T _ _ T

Sol.  (B)is the correct answer. We have tan™' x—cot™ x = s and tan”'+cot ™' x = B
. a1 27
Adding them, we get 2tan x = EY

_ .
= tan 1x=§l.e.x=x/§

40. If o< 2sin”'x+ cos 'x< 3, then

_TF "
(A) a= 5 B 5
(B) =0, f=x

_TT g 37T
€) a= 5 B 5

(D) =0, f=2x
. T _ .., _T
Sol.  (B) is the correct answer. We have B <sin” x < B

=7 it x+ BT
2 2 2 2
= 0<sin"' x+ (sin’1 x+cos™ x) <z
=0<2sin"' x+cos' x<x
41. Thevalue of tan tan’ (sec’1 2) +cot’ (cos ec’13) is
A) 5
(B) 11
(C) 13
(D) 15
Sol.  (B) is the correct answer.
tan’ (sec’1 2) +cot? (cos ec’13) =sec’ (sec’1 2) —1+cosec’ (cos ec’13) -1

=2"x1+3-2=11.



Inverse Trigonometric Functions

Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises
from 20 to 37 (M.C.Q.)

20.

Sol.

21.

Which of the following is the principal value branch of cos™'x ?

T T
(a) {75}

(b) (0.7)
(c) [0, 7]

() (Oﬂ)—{%}

(c) We know that, the principal value branch of cos™'x is [0, 7[]
y

-

NI

410 >X

--|-=
3n

2
~2nlk-

\
y=cos™'x

Which of the following is the principal value branch of cosec™ x ?

o1
(b) [ow]—{%}

T T
©) {?ﬂ

@ {%,ﬂ—[o]

Sol.  (d) We know that, the principal value branch of cosec™ x is {%,%} - [O]



y=cosec™ x

22. If3tan'x+ cot”'x=r ,then x equals to
(A)0
(B)1
-1

1
D —_
(D) >
Sol.  (B) Given that, 3 fan”'x+ cot'x=7 (i)
—=2tan' x+tan ' x+cot ' x=7

_ T _ _ T
= 2tan IXZ”_E [ tan™' x+cot 1x=5}

T
32tan_1x=5

=tan" 2x2 -z [ 2tan' x = tan’liz,Vxe (—1,1)}

-X 2 -X
2x T
5 =tan—
1-x 2
12’“2 LR )
—-X

> =l=x=*tl=x=1

Hence, only x=1 Satisfies the given equation.

Note Here, putting x=-1 in the given equation, we get
3tan”' (—1)+cot™ (-1)=7

= 3tan"'| tan (ﬂ) +cot™ cot(ﬂJ =7
4 4

i p4 B T
=3tan”’ —tanz}+cot 1[—cotZJ=7r

) T _ V3
= 3tan” tanZJ—wz—cot l(cotz)=7r

V4 V4
=>-3—+7T—-——=7
4 4

=>m+rx=n1=>0%7



Hence, x=-1 does not satisfy the given equation.
. 33
23. The value of sin [COS[T%H is

-
d)—=
O
Sol.  (d) We have

. [ 337:} [ 337rﬂ
sin” | co cos 67Z+T

S
=sin~ {cos( ﬂ[ cos 2mz'+6? —cose]

=sin | cos| —+— | |=sin" —sin£
[eo5+i5 o (-n5)

=—sin™' [sin %) [ sin”' (—x)=—sin™' x]
T g -T T
=—— |-sin”'(sinx)=x,xe ,
10 { [ 2 ZH

24. The domain of the function cos™ (2x—1) is
(A) [0, 1]
(B) [-1, 1]

Q11
(D) [0, 7]

Sol.  (A) we have, f(x)=cos™ (2x—1)
c—1<2x-1<1
= 0<2x<L2
= 0<x<1
- xe[0,1]

25. The domain of the function defined by f(x) = sin'Vx—1 is
(A)[1, 2]
(B)[-1,1]
@ [0, 1]
(D) none of these

Sol.  (A) " f(x)=sin"'vx-1



= 0<x-1<1 [ Vx—120and —1<Vx—-1<1]
= 1<x<2
. xe[1,2]

26. If cos (sin‘1 %—i— cos™ xj =0 then x is equal to

1
(@) 5

2
(b) <

(@0
(@1

Sol.  (b) We have cos [sin1 §+ cos™ xj =0
.12 -1 -1
= sin §+cos x=cos 0

.2 -1 -1 z
—> Sin §+COS X =CO0S COSE

12

=sin"' =+cos x=

1

wo YN

-1 T
= COS )C:E—Sll’l

=cos ' x=cos™

|
1

1 .1 T
*COS X+Sin x= E:|

2
LX==
5
27. The value of sin[2 tan™ (.75)] is equal to
(A) 0.75
(B) 1.5
(C) 0.96
(D) sin 1.5
. 1 . . a3 75 3
Sol.  (C) We have, sm[Z tan (.75)]=sm 2sin”' = | [0.75=—==
4 100 4
3
I i R V0
=sin| sin g |=sinsin”
I+—
16

=sin| sin™ (ﬁ) =sin| sin™ (%j =%=0.96
P o 25)| 25

28. The value of cos™ (cos%) is equal to



Sol.

29,

Sol.

30.

(A) We have, cos™ (cos—j

=cos”~ cos(Zﬂ'——j { 005(27[——) = cos%}

—cos COS[ZJZE e cos™ (cos x) = x. ve [0.7]}

Note Remember that, cos™' [cos 377[} # 377[

) 371' ¢ (0,7)

.o 1),
The value of the expression 2sec™ 2+sin™ (—j is

(A) f

(b)1

(B) We have, 2sec™ 2+sin™" (%) =2sec”’ sec% +sin™ sin%

= 2.§+g [ sec”' (secx)=xandsin”' (sin x) = x]

If tan”" x+tan”'y =4?ﬂ-, then cot”' x+cot™' y equals to
/4

A) —

(A) 5
2z

B —

(B) 5



3z
() =
(D) =

4
Sol.  (A) We have, tan”' x+tan' y :?7[,
T o T o 4z
= —-—cot x+—-—cot” y=—
2 2

-1 -1 47[ -1 1 T
= —(cot X+ cot y)z?—fr *stan  x+cot x=5
-1 -1 T
= cot™ x+cot y:—(—gj

O R 4
= cot™ x+cot y:g

_ 2
31. Ifsin” [1 2a2 j+cosl G azj: tan™' (12—)62} where ag,x<[0,1] then the value
+a +a — X

of xis
(A)o

a
(B) By
(C)a

2a
D
( )1—a2

_ 2
Sol. (D) We have, sin"‘( 2azj+cos‘1 ! a2 :tan—l( 2x2j
I+a I+a 1—x

Let a=tan@ =@ =tan'a

. 1 2tan@ (1-tan’ @ o 2x
s8in” | ————|+cos” | ———— [=tan >
1+tan” @ 1+tan” @ 1-x

.. _ o 2x
= sin”' sin 260+ cos ™' cos 26 = tan 11 >
—-Xx
4 2x
=20+20=tan" .
1—x
= 4tan"' g =tan™’ >
1—x
= 22tan'a=tan™ 5
1-x

4 2a o 2x _ o 2x
= 2.tan" =tan" ['.‘Ztan "x=tan™' }

1-a’ 1-x° 1-x°



32.

Sol.

The value of cot| cos™ (lj is
25
25
a PR—
(a) 24
25
b) =2
(b) p
24
c —_—
(c) 55
7
4 =
(d) "
(d) We have, cot {cos1 [lﬂ
25
Let cos‘ll =x
25

7
= COS X= —
25

2

-, sinx=+/1—cos’ x= 1—(%)
 [e25=29 24
625 25

25 24

x =
7

7
:cosx_ﬁ_l
sinx 24 24

25

a7 a7
= X=cot | — |[=cos | —
24 25

. cotx

.. cot cos_ll =cot cot_ll =l
25 24 24

g

1

47
cot —=cos —
24

-1

25

3



33.

Sol.

The value of the expression tan ( !

(@) 2++/5
() V5-2
© \/§2+2
(d) 5+2

(b) We have, tan (é cos —

NG

= Let !

J5

. (1-2sin® 9)=i

V5

32sin249=1—i

NG

=sinf = —L
V2 5

.. cos’@=1-sin’ @
1 1 1 1

—_ =
2 J5 2 5

1 _
—Cos —==
2 J5

:cos_li=20:>00526’=—

J5

2

J

2

-1
—COS —F—=
2 5

I



(V5-2)

5-4
4 ol 2x ).
34. If|x|=<1,then 2 tan x+sin [1 zj is equal to
+Xx

(a) 4tan”' x
(b)0

V4
C —_—
(©) 3
(d) =

o 2
Sol. (a) We have, 2 tan 'x+sin 1( xzj
1+x

Let x=tan @
_; 2tané
1+tan’ @
2tan @
=20+26 [~ sin”' (sinx) = x|

=46 [ 0 =tan" x]

~.2tan"' tan @+sin [ tan”' (tan x) = x]

=26 +sin"'sin 260 { sin 260 =

=4tan' x

35. Ifcos”'a+ cos™'f + cos”'y = 3z, then a(B+ 7) + B(y+ @) + y(a+ p)
equals
(A) 0
(B)1
(W)
(D) 12

Sol.  (C)Wehave cos™'a+ cos™' 8 + cos”'y = 3x,
We know that, 0<cos™' x< 7
= cos"'@+cos B+cos” y=3x
Ifand only if, cos '@ =cos™ f=cos” y=x
ScosT=a=0=y
>-l=a=f=y

a(B+y)+p(y+a)+y(a+p)

=—1(=1-1)=1(1=1)=1(=1-1)
=2+2+2=6

36. The number of real Solution of the equation



Sol.

37.

Sol.

J1+cos2x =~/2 cos™ (cos x) in z,ﬂ' is
2

(A)0
(B)1
€2
(D) -

(a) We have, v/1+cos 2x =+/2 cos™ (cos x){%ﬁ}
= V1+2cos’ x—1 =+/2 cos™ (cos x)

= 2 cos =+/2 cos™ (cos x)
= cosx=cos™' (cos x)
= cosx=x [ cos™ (cosx) = x]

Which is not true for any real value of x.
Hence, there is no solution possible for the given equation.

If cos™ x>sin”' x , then

(a) %<x£l
(b)OSx<%

1
c) -1<x<—
(c) ND
(d) x>0
(c) We have, cos™ x>sin™' x where xe [-11]

= x < COos (sin’1 x)

:>x<cos[cos’1\/1—x2J {letsinlxzejsinez%}
['.'cosé’:\/l—sinzé’:\/l—x2 :>9:cos'1\/1—x2J
= x<y1-x?

= x<l-x*=2x° <1

=x’ <%:> x< i(%} (i)

Also —1<x<1 ..(ii)
1

S—1<x<

S

e
1 1 |
I T 1

! l
—® 1/'@ 1 to
Alternate Method




/A . -1 . -1
E—Sll’l X>Ssmn X

T . T .
—>2sin" x=>—>s8in_ X
2 4

L>X:>L<XS1

V2 2
We know that, sin”' xe {ﬂ,z}
2 2
Fill in the blanks in each of the Exercises 38 to 48.
1
38. The principal value of cos™ (—EJ is .

Sol. r0<cos ' x<x

af 1 0 2T\ 27w
COS —— |=CO0S COS— | =—
2 3 3

39. The value of sin™’ [sin%} IS veuerereesesses eeens

Sol. —ZS sin™ xsz
2 2

. _1(. 37[) . ( 27[)
. SIn sin— |=S1n  si| 7——
5 5

. _1(. 27[) 2
= S1n SiIn—— |=——
5 5

40. If cos (tan’1 x+cot™ \/5) =0, then the value of X iS ....ccovrrens
Sol. We have, cos(tan_1 x+cot™ \/5) =0,
= tan"' x+cot ' /3 =cos™ 0

_ _ _ T
= tan"' x+cot ™' /3 = cos ICOSE
_ _ T
=tan" x+cot '3 ==
2
_ T _
= tan lx:E—cot INC)

_ _ _ _ /4
= tan”' x=tan 1\/5 { tan™ x+cot 1x=5}

- x=3

41. The set of values of sec‘lé is

Sol.  Since, domain of sec‘l% is R—(-11)



= (—o0,—1) U[l,e0)
So, there is no set of values exist for sec™ %

So, ¢ is the answer.

42. The principal value of tan'/3 is .

Sol. - tan"'+/3 = tan"' tan [%)

-1 V4
stan” (tanx) =x,xe [——,—j
{ 2 2
-(3)
3
43. The value of cos™ [COSMTEJ is
Sol. We have cos™ [cos MT”J =cos™' cos[47r+%)

-1 27
= — 2nw+7)=coséf
cos™ cos = [+ cos(2n )=cosé |

= 2?7[{ cos ™! (cosx) = x,xe [0, 7]}
Note Remember that, cos™ (cos 1477[) # 1477[

Since, 147” ¢ [O, 71']

44. The value of cos(sin_1x+ cos_lx),where |x|£ I, IS cmreersensnnsnnsnnens

Sol. cos(sin’1 x+cos’1)
7 .l -1 %
=cos—=0 osin” x+cos x=—
2 2

sin”' x+cos' x
2

sin” x+cos™' x /2 . 4 2 /4
Sol. . tan f =tan T rsin” x+cos x:E

:tanzzl
4

45. The value of tan( j when x :73, | L

a2
46. If y=2tan "' x+sin 1( xzj, then ..... < y< wovvrerenne
1+x

Sol. Wehave, y=2tan"' x+sin™'



47.

Sol.

48.

Sol.

, 2tané

T [let x = tan 6]

s.y=2tan"' tan @ +sin"

= y=26+sin"'sin 26 { sin 260 = 2ta—r126?}
I+tan” @

= y=20+20=40 [ 6=tan"' x|

= y=4tan"'x

c-m2<tan'x <471 /2
—477[ <4tan”' x< 27

= 2r<4tan x< 27
= 2T<y<2x [ y=4tan™ x]

i J is true when value of xy is

The result tan™' x—tan™ y=tan™'
1+xy

We know that tan™ x—tan™" y=tan™' [ =y j
1+ xy

Where, xy > -1

The value of cot™' (—x)xe R in terms of cot™ x iS .ocurrunees
We know that

cot” (-x)=m—cot™ x, xe R

State True or False for the statement in each of the Exercises 49 to 55.

49.

Sol.

50.

Sol.

51.

Sol.

52.

Sol.

All trigonometric functions have inverse over their respective domains.
False

We know that, all trigonometric functions have inverse over their restricted
domains.

2
The value of the expression (cos™ x)* is equal to sec’ x.

False

2
[cos’1 x]z = {seo1 l} #sec’ x
X
The domain of trigonometric functions can be restricted to any one of their
branch (not necessarily principal value) in order to obtain their inverse
functions.
True
We know that, the domain of trigonometric functions are restricted in their
domain to obtain their inverse functions.
The least numerical value, either positive or negative of angle 0 is called
principal value of the inverse trigonometric function.
True



53.

Sol.

54.

Sol.

55.

Sol.

We know that, the smallest numerical value, either positive or negative of 0 is
called the principal value of the function.

The graph of inverse trigonometric function can be obtained from the
graph of their corresponding trigonometric function by interchanging x
and y-axes.

True

We know that, the graph of an inverse function can be obtained from the
corresponding graph of original function as a mirror image (i.e. reflection) along
the line y=x.

1

The minimum value of n for which tan™ n > % ne N isvalidis 5.

.4
False

un_ T n 4
-’ tan —>—3—>tanz

7 4 .4
:>£>1 { tanzzl}
.4 4

=>n>7

So, the minimum value of n is 4. [ ne N and x=3.14...... ]

The principal value of sin™ {cos[sin‘1 %H is 3

True

Given that, sin™ {cos(sin_1 %ﬂ =sin™ {cos sin™ (sin %ﬂ
_ T

... T 7
=sin~ sin—=—
3 3



Inverse Trigonometric Functions

Short Answer Type Questions

1. Find the value of tan™' [tan %) +cos” [cos 13?7[)

. T )
Sol. We know that, tan' tanx = x;xe (_5’_j and cos™' cosx=x;xe [0, 7]

o 57[) _1( 137[)
s.tan | tan— |+COs | COS——
6 6
=tan |tan| Z——||+cCOS |cCOS| T+—
I 6 6
=tan"'| tan £J—i—cos1 [—coszj [ cos (7+6) =—cos 8]
6 6

=—tan™" [taan +7—| cos™ cos (ZJ
6 6

{ tan™' (—x) =—tan"' x;xe Rand cos™ (—x) =7 —cos  x;xe [—1,1]}

NN, . T
=—tan | tan— |+ —cos |cos| T+—
( 6) [ ( 6ﬂ
=—tan 1(tanfj+7r cos” (—coszj [ cos 7r+9)=—cos9]
6 6
= —tan 1( ”J+7r—7r+cosl [COSZJ [ cos™ (—x)=m—cos™ x]
6 6
0

= Ti0+%=
6 6

Note Remember that, tan™ (tan 5?7[) # 5?” and cos™ (cos 13?7[) # 13z

6

Since,%e(—z,zj d—e[O 7]

2. Evaluate cos {cos’1 (_—\2/5} + %:l

Sol.  We have, cos {cos‘l (__\2/5}_1:]

6

., ( 5t & st -3
=COS| COoS cCoOS— |+— SCOS—m =—"
6 6 6 2

=cos [5% + %j { cos ™ cosx=x; xe [0, 71']}



3. Prove that cot [% —2cot™ 3) =7.
% -1
Sol.  We have to prove, cot (Z_ 2cot 3} =7
= (%— 2cot™ 3) =cot™'7

= (200‘[_1 3) =%—cot_1 7

32tan‘1—:——tan‘ll
7
= 2tan” l+tan_1 l .
3 4
st 2 gl E
1+(1/3)° 7 4
1 2/3 N
= tan ——+t —=—
8/9 7 4
13 41 7
—>tan —+tan —=—
4 4
3 1
47 7
-1 _*
— tan 1_21—4
47
= tan”! (21+4)/28 oz
(28-3)/28 4
:tan‘lé—z
25 4
:>1=tanz
1=1

= LHS=RHS Hence Proved.
- -1 1 -1 1 -1 . /4
4, Find the value of tan”~ | ——= |+cot™ | — [+tan™ | sin| — | |.
N N 2

1 1 V4
Sol. Wehave, tan™'| ——= |+cot™ [—j +tan™ [sin (——H_
( V3 j V3 2

=tan”’ (tan %j +cot™ (cot%) +tan”' (-1).



Sol.

Sol.

1 V4 ) V4 ) /4
=tan |tan| x—— ||+cot |cot| — ||+tan | tan| 7 ——
6 3 4
1 T 1 T ) v/
=tan | —tan— |+cot | cot— |+tan | —tan—
6 3 4

. AN
"+ tan” (tanx)=x,x€ (——,—j,
22
cot™ (cotx) =x,xe (0,7)

and tan™' (-x)=—tan"'x

T T T 2r+4m-37

6 3 4 12
_“Sn+dr _-nxw
12 12

Find the value of tan™ (tan%).

o 27 o T
We have, tan tan? =tan  tan 7[—5

T
=tan"'| —tan— ~stan”'(—x)=—tan"' x

Fw®) [ ]
L. T T » -

=tan tan§=—§ { wtan” (tanx)=x,x€ (— H

)

Note Remember that, tan™ [tan 2?7[} # 2?7[

Since, tan' (tan x) = x, ifxe(—%,%j and ¢ (__zfj

Show that 2 tan™'(-3)= _—27[ +tan”' (%4)

LHS =2tan"' (-3)=—2tan"' 3 [ tan”' (—x)=—tan"' x, x€ R]

_ ™ o
=— cos_11 3 } { 2tan_l)c=cos_11 a xZO}




SN [ R SN
2
_ 44 .. -1 _ -1
==+t (?j [ - tan”' (—x) =—tan x]
= RHS (Hence Proved)
7. Find the real Solution of the equation

tan”' 1) +sin” Vet xtx =2
an”' \x(x+1) +sin” V¥ +x+x 5
Sol.  We have, tan™' +1) +sin' Va2 +x+1 =2
an”' \Jx(x+1) +sin” Vx® +x 5 ()
Let sin'vVx*+x+1=6

VexZ+ x + 1

-

! N— xz_x_

) X +x+l
= siné f

2 .
Vx +x+1 sin &
= tanf = ——— . tan @ =
J=x*—x cosd
2
NX +x+1
c @=tan ——
J=x*—x
- -1 2
=sin_ Vx +x+1

On putting the value of @ in Eq. (i), we get

NP +x+1 7@
tan'\/x(x+1) +tan ' ——— ==
Jx(x+1) — >

+
We know that, tan”' x+tan™' y=tan™' (f—yj xy<l1

—Xy
X 4+x+1
N +11/7
-1 x(x+1) X’ —x _7

T [ +x+1 2
1- x(x+1)\/_xz_x

. tan



Sol.

2 X +x+1
XX [
o —1(x" +Xx) T
= tan —
5 (x2+x+1) 2
1=( X" +x).~—F——
—l(x +x)
Xt x+ - (x7+x+1) T 1
=tan—=—
2 0

- [1—\/—(362 +x+1) \/(x2 +x)}
= [1—\/—(x2 +x+l)}\/()c2 +x) =0

= —(x2+x+l)=1 orx*+x=0

= —x*—x—1=1orx(x+1)=0
= xX4+x+2=0 orx(x+1)=0
x:—liV1—4><2
2
= x=0orx=-1
For real solution, we have x=0, -1.

Find the value of sin (2 tan™" %J +cos (tan‘l 202 )

We have, sin (2 tan™ %) +cos (tan"l 2\/5)

1
2X—
—ainl oin! 3 ( —llj [ N | }
=sin| sin 5 ¢ |tcos|cos  — s tan  x=Cc08S ——
1+ 1 3 1+ x7
3
['.'Ztan’l)c:sin"1 2x2,—1SxS1 and tan‘l(2x/§)=cos"1 l}
1+x 3
I 2
=sin| sin™ % +% {'.'cos(cos_1 x)=X;xe[—l,1]}
1+—
| 9
=sin| sin™ 2x9 +1:sin sin™ E +l ['.‘sin(sin'lxzx)]
i 3x10 3 5 3
3,1 9+5_14
5 3 15 15



Sol.

10.

Sol.

If 2tan' (cos @) = tan™' (2cosecf), then show that @ 2%, where n is any

integer.
We have, 2tan™ (cos @) = tan™' (2cos ech),

2cos @
1—cos* @

{ 2tan”' x=tan™ [ 2x2 ﬂ
1—x

[ZCOSG
= —
sin” @

= (cot 6.2 cos ece) = (2cos ec 6) =cotfd =1

= tan™ [ J =tan" (2 cosec 0)

jz(Zcosec 9)

.4 .4
= cot€:cot—:>9:Z

Show that cos [2 tan”' %j =sin (4 tan”' %J

We have, cos [2 tan”' %) =sin (4 tan”' %)

2
= cos| cos | ——%5 | |=sin (2.2 tan™ lj » 2tan” x=cos "’ I-x x2
1+ ( 1 3 1+x

48 2
= cos| cos” | 22 || =sin| 2| tan”' —3 > [|| 2tan™ x=tan™ [ 2x2 j
50 1 ( 1 j 1-x
L 49 13

[ (48%x49 _ (18
= COS| cos =sin| 2tan" | —
i 50x49 24 ) |

I 1[24)' . 13}
= cos|cos | — | |=sin| 2tan Z

25
3
r . 2X =
— —1(&} —winl win-l 4 { 12X }
cos| cos =sin| sin s 2tan” x=sin >
25 142 1+x
i i 16

24 (.. 3/2
= —=sin| sinT ——
25 25/16
25 48 24 24
_—_ s — =
24 50 25 25
.+ LHS = RHS (Hence proved)



11.  Solve the following equation cos(tan™ x) =sin (cot’l %)
. ) 43
Sol.  We have, cos (tan x) =sin (cot Zj

= COS (cos_1

1 j . ( _14j
———— |=sin|sin” —
Vxt+1 5
Let tan™ x =6, jtané?l:%
#:0 =cos™ !
[ 2 1 2
x +1 x +1

And cot™ % =6, =cotf,=—

= cosf =

a4

= sin02:% = 6, =sin 5

{ cos (cos_l x) =X,X€E [—1,1] and sin (sin_1 x) =X,X€E [—1,1]}
On squaring both sides, we get
=16(x*+1)=25

=16x" =9

2
=X =(§j
4

CX=t—=—oj,

33
4°4

Alw



Inverse Trigonometric Functions

Long Answer Type Questions
NN T x} r 1,

12. Prove that tan™ —+—cos™ x".
Jl+x —1-x 2

Sol. We have,

M+ﬂ + cos ™' x°.
\/1+x —\/l x 2
I+ 1=

[let x* =cos26 = (cos2 6 —sin® 9) =1-2sin”> @ =2cos’ 9—1]

- LHS = tan‘l[

=cos ' ¥’ =20=6= %cos_1 X

o A1+ =T+ cos20
=m=\/§cose

And m=m
=1-1+2sin’ 6 =25in @
\/Ecosé?+\/§sin9J
V2 cos6—~/2sin 6

.. LHS =tan™ [

cos @ +sin 6?)
=tan” | ——m8M8—

cos@—sin @

1-tan@ l—tan%.tan@

T
tab— +tan @
1 (1 tan 0) — tan”! 4

SO [ S

1—tan x.tan y

= RHS Hence proved.
13. Find the simplified form of

_1(3 4 j { 37 zr}
cos | —cosx+—sinx |, where xe | —,—
5 5 4

4
a3 4. 3rr
Sol. cos 5cosx+5smx , Xe|——,



3
Let cos y=—
s
= sin —i
Y=5

43 .4 _{4)

= y=cos —=sin_ —=tan | —

5 5 3

. cos ' [cos y.cos x +sin y.sin x]

=cos”’ [cos (y- x)} [.. cos(A— B)=cos A.cos B+sin A.Sin B]

14. Prove that sin™ 8 +sin™ 3 sin™ —.
17 5

Sol.  We have, sin™’ ﬁ+ sin”! 3. sin™ E
17 5

LHS =sin™' i +sin™ E
17 5

i B3
=tan —+tan —
15 4

Let sin™ > = 6, = sin 6, -8
17 17

o,

15

= tan6, :E:GI —tan” 2
15 15

And sin™' 3 0, =sinf, = 3
5 5

= tan 6, =%:>02 :tan”%

8.3
=tan' |14 _| .. tan”' x+tan”' y=tan™’ [_x+yﬂ
1=y



32+45 ]

— gl 60 ey
=tan €024 = tan [36)

60

0

4

Let 6, = tan'lﬂ: tan &, -
36 36

=sinf, = 77 E
V5929 +1296 85
A —sm_IZ
85

=sin”' % = RHS Hence proved.
Alternate Method

To Prove, sin‘li+sin‘ E:sin —
17 5

15

Let sin™ lﬁ =x

8
= s1nx——

= cosx=+l1-sin’x=,[1-| —

17
\/289 64 \/225
289 289 17
3
Let sin' ==
5=

3siny—§:>sin2y—2
5 25

. cos’y= 1—i
' 25



15.

Sol.

y

4
2
3cos2y=[ij = cos yzi
5 5

Now, sin(x+ y)=sin x.cos y+cos x.sin y
84,153

=—.—+—.
175 17 5

32,45 T
85 85 85

77
= (x+y)=sin"'| —
(x+y)=sin (85)

.1 8 .o 3 .1 77
=sin' —+sin"' = =sin"' —
17 5 85
Show that sin™' i+ cos™ 3 tan™' Q
1 5 16

L 63
16

(i)

We have, sin™ S +cos™! 3. tan
13 5

12

Let sin™ S X
13

) 5
= sinx=—
13
And cos®> x=1-sin’ x
__ 25 _144
169 169
144 12
= COS X=,[— =—
169 13

sinx 5/13 5 ..
stanx = =——=" (i)
cosx 12/13 12

= tan x=5/12 (iii)

Again, let cos™ % =y=>cosy :%

. siny=y/1-cos’ y



:Smy:4/5:£(iii)

= tany
cosy 3/5 3

Y
3

We know that,
tan x + tan y

t +y)=
an(x y) 1—tan x.tan y

i+ﬂ 15+48
12 3 __ 36
_iﬂ 36-20
12°3 36
63/36
2tan(x+y)=m
63

= tan(x+ y)=E

=>xt+y= tan'lﬁ
16

= tan(x+y)= = tan(x+y)

1& 1

= tan“i+tan‘ =tan" @ Hence proved.
12 16

16. Prove that tan™ l+ tan ™" 2_ sin”! 1

4 9 NE]
l +tan™' % =sin™’ i
4 9 J5

Sol. We have, tan™

1

Let tan= —=x

1
4

1
—Dtanx=—

= tan’ x=i
16

1
=sec’ x—1=—

16
:>seczx=1+i=£
16 16



Lo

cos’x 16

) 16

= cos’ x=—

17

:>cosx—i

J17
:sinzle—coszle—gzi
17 17

Again, let tan_lgz y
= tan y=2 = tan’ y =
"7y a7y

4
—=sec’y—1=—
Y 81

:>seczy:—+1:§
81 81

30082y—§3(;osy—i
85 J85
81 4

=sin’ y=1-cos’ y=1-—=—
Y Y 85 85

:sinyzi (i)
85
We know that, sin(x+ y)=sin x.cos y+cos x.sin y
_ 19 4 2
V17785 V177485

1 i1
V17485 1745 5

= (x+y)=sin" L
J5
o1 I |
= tan”' —+tan~ = =sin"' — Hence proved.
4 V5
17. Find the value of 4tan™ 1 tan™' L
5 239
Sol. We have, 4tan_1l—tan_1—
5 239
=22tan™" 1 tan™" 1
5 239



2
=2. tan_l 5 3 —tan_l_
5)
1—| =
| 5
| 2
=2. tan_l L —tan_li
=L 239
L 25
| 2
=2. tan_l L —tan_li
247725 239
=2tan li—tan'IL
12 239
S
=tan”' 12 ~—tan”'
)
1-| =2
12
5
6 1
=tan' 6 —tan”' —
_2 239
144
1(144><5j L1
=tan —tan” —
119%6 239
L 120) L1
=tan~'| — |—tan" —
199 239
1201
_ -1 119 239
= tan 120 1
e
119 239
L 120><239—119)
=tan| /———— —~
119%x239+120
a1 _28680—119} _; 28561
=tan”' | ——— |=tan | ——
| 284414120 28561
=tan1(1)=tan1(tan%)=—
18. Show that tan lsin’lé =4_\/7
2 4 3

ignored?

! { 2tan”' x = tan'l(
9

“~tan”' x—tan”’ y= tan”' (

2

=

and justify why the other value

4+7
3 1S



Sol.

19.

We have, tan (l sin”™ Ej TN 7
27 4

~. LHS =tan lsin’1 (EJ
2 4

Let —s1n‘1—=93sin‘1%=29
:»sin29=§:»m—nf=§
l1+tan“ @ 4

—3+3tan’ @ =8tand
= 3tan’@—8tanf+3=0

Let tanf=y
~3y"+8y+3=0
+8+/64—4x3x3 8428
:> y: =
2%3 6
2[4i\/7]
23
+
= tanf = 4_ﬁ
3
+
= @=tan"" {ﬂ}
3
but4+ﬁ>l.z,sincemax tan lsin’IE =1
3 22 2 4
- LHS =tantan™ 4_ﬁ :4_ﬁ = RHS
3 3
Note Since, —ESSin’lgsz
2 4 2
3—£Slsin_léﬁZ
4 2 4 4
tan - Stanl sin’13 Stanz
2 4 4
:>—1Stan(%sm_1§j31
If a,a,,a,........... a, is an arithmetic progression with common

difference d, then evaluate the following expression.

t -1 d -1 d -1 d -1 d
an| tan + tan + tan +...+tan | ——
1+aa, 1+a,a, I+a,a, I+a, a,




Sol.

Wehave, a,=aa,=a+d,a,=a+2d
Andd=a,-a,=a,—-a,=a,—-a,=...=a,—a,_,
Given that,

t ,1 d ,1 d ,1 d ,1 d
an|tan | —— |+tan | —— [+tan | —— [+....+tan | ——
I+aa, 1+a,a, I+ aya, I+a, a,

L a,—a L a,—a L a —a
=tan|tan' —2—" +tan' ——2 + ... +tan L
+a,.q 1+a,.a, 1+a,a,,

= tan [tan’1 a,—tan™' al]

= tan| tan”' A4 s tan” x—tan”' y= tan”' =y
1+a,.q, 1+xy

_4 "4 .. -1
—1+an‘al [.tan(tan x) x}




