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5.1 (Introduction)

x2 +  1= 0

x 2 +  1= 0 x2 = 1-

x2 = 1-

ax bx c2 0+ + =

D b ac= - <2 4 0

5.2 Complex Numbers

i -1 i2= - 1

x2 +  1 = 0 i

a b, a ib+

2 3+ i i i,  (-1) + 3,  4 + (
-1

11
) 

z a ib= + a real part

Re z b z imaginary part I

z= 2+i5, Re z = 2 Im z =5.

z
1
 = a+ib z

2
 = a = c b = d

1 4 3 3 6x i x y i+ - = + -( ) ( ) x y x y

4 3 3 6x i x y i+ - = + -( ) ( ) 1

1

Mathematics is the Queen of Sciences and Arithmetic is the

Queen of Mathematics.– GAUSS

W. R. Hamilton
(1805-1865)
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4 3x x= - -,  3 y = 6

x =
3

4
y =

33

4

5.3 Algebra of Complex Numbers

5.3.1 Addition of two complex numbers

z a ib1 = + z c id2 = + z z1 2+

z z a c i b d1 2+ = + + +( ) ( )

( ) ( ) ( ) (2 3 6 5 2 6 3 5) 4 8+ + - + = - + + = - +i i i i

i The closure law

z1 z2 z z1 2+

ii The commutative law z1 z2

z z z z1 2 2 1+ = +

(iii) (The associative law) z1 z2 z3

( ) ( )z z z z z z1 2 3 1 2 3+ + = + +

(iv) 0+i0 0

z

z + o = z.

(v) The existence of additive inverse

z a ib= + - + -a i b( ) -z

z z additive invere or negative

z z+ - =( ) 0

5.3.2 Difference of two complex numbers

z1 z2 z z1 2-

z z z z1 2 1 2- = + -( )

( ) ( ) ( ) ( )6 3 2 6 3 2 4 4+ - - = + + - + = +i i i i i

2 6 3 2 6 3 4 4- - + = - + - - = - -i i i i ib g b g b g b g
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5.3.3 Multiplication of two complex numbers z a ib1 = +

z c id2 = + z z1 2

z z ac bd i ad bc1 2 = - + +( ) ( )

( )( ) ( ) ( )3 5 2 6 3 2 5 6 3 6 5 2 24 28+ + = ´ - ´ + ´ + ´ = - +i i i i

The closure law

z
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The commutative law z
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z
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The associative law z
1

 z
2
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3

( ) ( )z z z z z z1 2 3 1 2 3=

1 0+ i

1 z z.1=

The existence of multiplicative inverse

z a ib= + a bi a b+ ¹ ¹( , )0 0
a

a b
i

b

a b2 2 2 2+
+

-

+

1

z
z-1 z multiplicative inverse

z
z

1
1=

The distributive law z
1
,z

2
,z

3

( ) ( )

( ) ( )

a z z z z z z z

b z z z z z z z

1 2 3 1 2 1 3

1 2 3 1 3 2 3

+ = +

+ = +

5.3.4 Division of two complex numbers z
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z
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z2 0¹ .
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5.3.5 i  Powers of  i

3 2 1i i i i i= = - = - ,
2 24 2 1 1i i= = - =

2 25 2 1i i i i i= = - = ,  
3 36 2 1 1i i= = - = - ,

1 2

2

1 1 1
, 1,

1 1

i i
i i i

i i i

- -= ´ = = - = = = -
- -

4

3 4

1 1 1 1
3 , 1

1 1

i i
i i i

i ii i

-= = ´ = = = = =
-

i4k = 1, i4k + 1 = i, i4k + 2 = –1, i4k + 3 = – i

5.3.6

i2 = –1
22 2 1i i- = = - –1 i, –i 1-

i

i –i x2 +1  = 0 x2 = –1

2 2
3 3i = i2 = 3 (– 1) = – 3

2
3 i-  = 

2
3- i2 = – 3

–3 3i – 3i

3- 3 i 3-  = 3 i

a a-  = 1a -  = a i ,

a b a b´  = ab a > 0, b < 0

 a < 0, b > 0  a < 0, b < 0 

2 1 1 1 1i = - - = - - a b´  = ab ]

   = 1  = 1 i2 = –1 a b

a b ab´ ¹

a b a b ab´ = = 0
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5.3.7  Identities

z
1

z

( )z z z z z z1 2
2

1
2

2
2

1 22+ = + +

( ) ( ) ( )z z z z z z1 2
2

1 2 1 2+ = + +

= + + +( ) ( )z z z z z z1 2 1 1 2 2

= + + +z z z z z z1
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5.4

z a ib= + z z

a b2 2+ z = +a b2 2 z z
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6 a ib+
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2+ 4i, -2+ 3i, 0 + 1i, 2+ 0i, -5-2i 1 2- i

(2, 4), (-2,

3), (0, 1), (2, 0), (- 5, - 2) ( , )1 2-

5.1 A, B, C, D, E F

Complex Plane

or Argand Plane

x iy+

x y2 2+ = P ( , )x y O ( , )0 0

x a i+  0 y

0+ ib

x y

z x iy= + z x iy= -

P ( , )x y Q ( , )x y-

( , )x y- ( , )x y

5.3

5.1

5.2

5.3
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5.4

Polar representation of a com-

P z x iy= +

OP r OP x

q 5.4

r, P

P polar coordi-

nates pole x

initial line

x r y r= =cos , sin .q q z r= ( cos sinq q+ i )

polar form r x y z= + =2 2 z z

argument or amplitude arg z

z ¹ 0 0 2£ <q p q 2p

- < £p q p

- < £p q p z principal argument

arg z

5.5 0 2£ <q p

5.6 - £ <p q p

7 z i= +1 3

1 3= =r rcos , sinq q
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r2 ( cos sin2 2q q+ ) = 4

r = =4 2 r > 0

.
2

3
sin,

2

1
cos == qq q

p
=

3
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F
HG
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3 3
cos sin
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5.7 z i= +1 3

8
-
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16

1 3i
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+
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1 3i
=

-
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´

-

-

16

1 3
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1 3i

i

i

d i
=
- -

-
=
- -

+
= - -

16 1 3

1 3

16 1 3

1 3
4 1 3

2

i

i

i
i

d i
d i

d i d i = - +4 4 3i 5.8

- = =4 4 3r rcos , sinq q

16 48 2 2 2+ = +r (cos sin )q q r 2 64= r = 8

cos ,sinq q

q p
p p

= - =

= - =

1

2

3

2

3

2

3

8
2

3

2

3
cos sin

p p
+

F
HG

I
KJi

5.2

1 2

1. 31 iz --= 2. iz +-= 3

3 8 

3. 1– i 4. –1+ i 5. –1–i

  6. –3 7. i+3 8. i

5.8

5.7
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5.6 Quadratic Equations

discriminant ³ 0

ax bx c2 0+ + = , a b c, , a o¹

b ac2 4 0- < .

x
b b ac

a

b ac b i

a
=
- ± -

=
- ± -2 24

2

4

2

A

Fundamental theorem of Alge-

bra

n n

9 x2 2 0+ =

x2 2 0+ =

x2 2= - x i= ± - = ±2 2

10 x x2 1 0+ + =

b ac2 24 1 4 1 1 1 4 3- = - ´ ´ = - = -

x
i

=
- ± -

´
=
- ±1 3

2 1

1 3

2

11 5 5 02x x+ + =

1 4 5 5 1 20 192 - ´ ´ = - = -

- ± -
=
- ±1 19

2 5

1 19

2 5

i
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5.3

1   3 0   2 1 0    3 9 0       4  2 0      

5   3 5 0 6    2 0     7  2 2 0  3 2 3 3 0     
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1 0

2 2 2 2

2 2 2 2

2 2

.        2.        3. .           

.      . .       8.

.      10.
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x x x
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+ = + + = + + = - + - =

+ + = - + = + + = - + =

+ + = + + =

12 ( ) ( )

( ) ( )

3 2 2 3

1 2 2

- +

+ -

i i

i i
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3 2 2 3

1 2 2
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2 4 2

12 5
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3 2 2 3

1 2 2
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i i
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( ) ( )i                                  ii   
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( )
( ) ( )

ii   
1

1

1

1 1

1

1 1

1

2 2+
=

-

+ -
=

-

+
= -

i

i

i i

i i

1

2

1

2
= - =r rcos , sinq q

i r = = =
-1

2

1

2

1

2
; cos , sinq q

q
p

=
-

4

1

1+ i

1

2

-p

4

14 x iy
a ib

a ib
+ =

+

-
x y2 2 1+ =

x iy
a ib a ib

a ib a ib

a b abi

a b

a b

a b

ab

a b
i+ =

+ +

- +
=

- +

+
=

-

+
+

+

( )( )

( )( )

2 2

2 2

2 2

2 2 2 2

2 2

x iy
a b

a b

ab

a b
i- =

-

+
-

+

2 2

2 2 2 2

2

x y x iy x iy
a b

a b

a b

a b

a b

a b
2 2

2 2 2

2 2 2

2 2

2 2 2

2 2 2

2 2 2

4
1+ = + - =

-

+
+

+
=

+

+
=( )( )

( )

( ) ( )

( )

( )

15
3 2

1 2

+

-

i

i

sin

sin

q

q
q

3 2

1 2

3 2 1 2

1 2 1 2
3 6 2 4

1 4
3 4

1 4

8

1 4

2

2

2

2 2

+

-
=

+ +

- +

=
+ + -

+

=
-

+
+

+

i

i

i i

i i
i i

i

sin

sin

( sin ) ( sin )

( sin ) ( sin )
sin sin sin

sin
sin

sin

sin

sin

q

q

q q

q q
q q q

q
q

q

q

q

8

1 4
0

2

sin

sin

q

q+
= sinq = 0

q p= n , n Z



103

16 z
i

i
=

-

+

1

3 3
cos sin

p p

z
i

i

i

i

i

i

i i
i

=
-

+

=
-

+
´

-

-
=

+ - +

+
=

-
+

+

1

1

2

3

2

2 1)

1 3

1 3

1 3

2 3 1 3

1 3

3 1

2

3 1

2

( ( )

3 1

2
cos ,

3 1

2
sin

-
=

+
=r rq q

r 2

2 2
2

3 1

2

3 1

2

2 3 1

4

2 4

4
2=

-F
HG
I
KJ +

+F
HG
I
KJ =

+FH IK
=

´
=

d i

r = 2 cos ,sinq q=
-

=
+3 1

2 2

3 1

2 2

q
p p p

= + =
4 6

5

12

2
5

12

5

12
 cos sin

p p
+

F
HG

I
KJi

1. i
i

18

25 3

1
+
F
HG
I
KJ

L
N
MM

O
Q
PP

2. z1
z2

Re( ) Re Re Im Imz z z z z z1 2 1 2 2 2= -

3
1

1 4

2

1

3 4

5-
-

+

F
HG

I
KJ

-

+

F
HG
I
KJi i

i

i

4 x iy
a ib

c id
- =

-

-
( )x y

a b

c d
2 2 2

2 2

2 2
+ =

+

+

5

( )
( )

( )i        ii
1 7

2

1 3

1 22

+

-

+

-

i

i

i

i



104

6 9

3 4
20

3
0 7 2

3

2
0

27 10 1 0 9 21 28 10 0

2 2

2 2

.

.

x x x x

x x x x

- + = - + =

- + = - + =

10 z i z i
z z

z z
1 2

1 2

1 2

2 1
1

1
= - = +

+ +

- +
, ,

11. a ib
x i

x
+ =

+

+

( )2

22 1

a b
x

x
2 2

2 2

2 2

1

2 1
+ =

+

+

( )

( )

12 z i z i1 22 2= - = - +,

13
1 2

1 3

+

-

i

i

14 - -6 24i ( )( )x iy i- +3 5 x y

15.
1

1

1

1

+

-
-

-

+

i

i

i

i

16 ( )x iy u i+ = +3 n
u

x y
x y+ = -

n
4 2 2( )

17 a b b
b a

ab
=

-

-
1

1
.

18 1 2- =i
x x

19 ( ) ( ) ( ) ( ) ,a ib c id e if g ih A iB+ + + + = +

( ) ( ) ( ) ( )a b c d e f g h A B2 2 2 2 2 2 2 2 2 2+ + + + = +

20
1

1
1

+

-

F
HG
I
KJ =

i

i
m

m

,  

u a b a ib+ a

b

u z a ib1 = + z c id2 = +

6.

8.

7.

9.



105

( ) ( ) ( )

( ) ( ) ( )

i

i

z z a c i b d

z z ac bd i ad bc

1 2

1 2

+ = + + +

= - + +

u z a ib= + ( , ),a b¹ ¹0 0
a

a b
i

b

a b+
+

-

+2 2 2 2

1

z
z-1 z

( )a ib
a

a b
i

b

a b
i+

+
+

-

+

F
HG

I
KJ = + =

2

2 2 2 2
1 0 1

u k

i i i i i ik k k k4 4 1 4 2 4 31 1= = = - = -+ + +, , ,

u z a ib= + z z z a ib= -

u z x iy= + r i(cos sin )q q+ r x y= +2 2
z

cos ,sinq q= =
x

r

y

r
q z q - < £p q p

z

u n n

u a b c, , ÎR ax bx c2 0+ + =

x
b ac b i

a
b ac a=

- ± -
- < ¹

4

2
4 0 0

2
2, , .

850

1150

Cardan,1545 x y xy+ = =10 40,

x = + -5 15 y = - -5 15

Albert Girard 1625

-1 i
a ib+ a b,

v


