5. Permutations and Combinations

¢ Factorial notation: The notation n! represents the product of the first » natural numbers, i.e.,

nl=nxm—-1)xm—-2)% ... X5x4x3x2x1]
0'=1
Example:

121 12X 11X]10OXORBX IXEXEXAXIXK2X]

81 B T7xBx5Ex4dx3Ix2x]1
—12%x11%10%9 ¢ Fundamental Principle of Counting: If an
event occurs in m different ways, following
— 11880 which another event occurs in » different ways,

then the total number of occurrence of the events
in the given order is m x n. This is called the fundamental principle of counting.

Example:

Find the number of 5-letter words, with or without meaning, which can be formed out of the letters of the
word MATHS, where the repetition of digits is not allowed.

Solution:

There are as many words as there are ways of filling 5 vacant places by the 5 letters.

The first place can be filled with any of the 5 letters in 5 different ways, fottowing which the second place
can be filled with any of the remaining 4 letters in 4 different ways, following which the third place can

be filled in 3 different ways, following  which the fourth place can be in 2 different ways, following which
the fifth place can be filled in 1 way.

Thus, the number of ways in which the 5 places can be filled, by the multiplication principle, is 5 x 4 x 3 x 2
x 1=120.

Note: If repetition of letters had been allowed, then the required number of words would be 5 X 5 x5 x5 x5
=3125.

e Permutation when all objects are distinct: A permutation is an arrangement in a definite order of a
number of objects taken some or all at a time.

The number of permutations of # different things taken » at a time, when

o ) nl
o repetition is not allowed, is "P,= - 57 ,where 0 <r<n.
r Ln—ﬂ!

o repetition is allowed, is n’, where 0 <r <n.
Example 1: Twenty five students are participating in a competition. In how many ways, can the first three
prizes be won in such a way that a prize cannot be shared by more than one student?

Solution: The total number of ways in which first three prizes can be won is the number of arrangements of
25 different things taken 3 at a time.
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So, required number of ways _ 25p
- 3

__ 25!

(25-3]!
_ 251

221
_ 35XZ4%23%3737

221

=25x24x23=13800

Example 2: Find the total number of four digit numbers that can be formed by using the digits 0, 2, 5, and 6?

Solution: A four digit number has four places i.e., units, tens, hundreds and thousands. Units, tens and
hundreds place can be filled with either 0, 2, 5, or 6 where as thousands place can be filled with 2, 5 or 6
only.

Number of ways to fill the units place =4

Number of ways to fill the tens place = 4

Number of ways to fill the hundreds place =4

Number of ways to fill the thousands place = 3 ways.

= Total number of four digit numbers =4 x4 x 4 x 3 =192

¢ Concept of permutations when all objects are not distinct
o The number of permutations of n objects, when p objects are of the same kind and the rest are all

. . |
different, is % .
o In general, the number of permutations of # objects, when p objects are of one kind, p» are of

the second kind , ... , pj are of the M kind and the rest, if any, are of different kinds, is
nl
grlosl.... pk!'

Example: Find the number of permutations of the letters of the word ARRANGEMENT.

Solution: Here, there are 11 objects (letters) of which there are 2A's, 2R's, 2N's, 2E's and the rest are all
different.
~ Required number of arrangements
111
T 212121721
_ 11X10XO9XBXTXEXEXK3IX?
a PRERIKZ

= 24394800

Circular Permutation

When the arrangements of n different things are around a circle, the arrangements are circular permutations.
Circular arrangements are considered different when the relative order of the things is changed.

e The number of circular permutations of » different things is (n — 1)!.

e The number of circular permutations of » different things taken all at a time is n-1!2 if clockwise and anti-
clockwise orders are not different.

e The number of circular permutations of » different things taken » at a time is Prnr or Crnr-1! .

e The number of circular permutations of » different things taken r at a time is Prn2r or Crnr-1!2 if
clockwise and anti-clockwise orders are not different.



e The number of circular permutations of » things, of which r are alike, is n-1!r! .

e Combinations: The number of combinations of # different things taken » at a time is denoted by ”Cr’

which is given by
Nep=—0' __ \where 0O<r=n.
r”n—rﬂ

In particular, "Cy ="C, =1

Example 1: A box contains 8 red bulbs and 5 blue bulbs. Determine the number of ways in which 4 red and
2 blue bulbs can be selected.

Solution:

It is given that a box contains 8 red bulbs and 5 blue bulbs.

Now, 4 red bulbs can be selected from 8 red bulbs in 8C4 number of ways, and 2 blue bulbs can be selected

from 4 blue bulbs in *C, number of ways.
Hence, 4 red bulbs and 2 blue bulbs can be selected from a box containing 8 red bulbs and 4 blue bulbs in
8¢, x 4C, number of ways.

Now,

8C4X4C2

___ 8l a4
41 x (8- 21i4-231
__8l ., _a

4lxdl - 2121

5 Bx?x6x5><4x3
Auwe 3n 2w ] 2x]

=70x6

=420
Thus, the number of ways of selecting the bulbs is 420.

el al nl #
o "Cp—p= = ="Cp

[.:'z' —r)![n —(n —:‘J]! [H —r)!r!

In other words, selecting » objects out of n objects is the same as rejecting (n — ) objects.

e "C,="Cp=>a=bora=n,ie,n=a+b

Example 2: If 1°C5, = 19C,, , 4, then find the value of r.
Solution:

¢35, =1Cs, 44

=3r+Q2r+4)=19 or 3r=2r+4
=3r+(2r+4)=19 =>r=4

=5r+4=19

=>5r=19-4=15

=>r=3



-~ The value of r is either 3 or 4.

° ncr—l +ncr:n+ lcr

Example 3:If | _;+"C.+"" I, 4 , then find the value of a.

C +I’l+2c N :n+ac (a1

Solution: g r+2 rila=D

+nQ +n+1C,
nCr_l r }+l+n+2cr+2
_"TiC A I ® ;
_n+1C;;+1 Y r+2 (-I-Hc:ll_l_l_?’!cr:?’!‘l‘lcrj
= T Cre2

+3

=" O
sn+3 _ —
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