—
DAY SEVEN

Binomial Theorem
and Mathematical
Induction

CLearning & Revision for the Day)

+ Binomial Theorem + Properties of Binomial + Binomial Theorem for
+ Binomial Theorem for Positive Coefficient Negative/Rational Index
Index » Applications of Binomial « Principle of Mathematical
Theorem Induction

L] L]
Binomial Theorem
Binomial theorem describes the algebraic expansion of powers of a binomial. According to this
theorem, it is possible to expand (x + y)" into a sum involving terms of the form ax”y°, where
the exponents b and ¢ are non-negative integers with b + ¢ = n. The coefficient a of each term is

th{]
a specific positive integer depending on n and b, is known as the binomial coefficient B)B

Binomial Theorem for Positive Index

An algebraic expression consisting of two terms with (+) ve or (-Jve sign between them, is called
binomial expression.

If nis any positive integer,

then (x + a)" ="Cyx" +"C,x" "' a+---+"C,a"

n

= z ¢, x" " "a", where x and a are real (complex) numbers.
r=0
The coefficient of terms equidistant from the beginning and the end, are equal.
[ ]H—HCOX _nclxn 1a +.“+(_1]H Cnan
1+ x)" ="C, + "C;x +"C,x* +---+ "C,x"

Total number of terms in the expansion (x + a)” is (n +1).

)
ii)
(111)
iv)
(n +1)(n +2)
) ST,

(v) If nis a positive integer, then the number of terms in (x + y + 2)" i



(vi) The number of terms in the expansion of

nh+2 .
, if niseven

n ] 2
(X G] (X a)n - %:l 1
s if n is odd

0 2
(vii) The number of terms in the expansion of
0 n P
05 if n is even
x+ad"-(x-a"=
%, if n is odd

General Term and Middle Term

(i) Let(r + 1)th term be the general term in the expansion of
(x+a)"
T, = "Cx" "
(ii) If expansion is (x — a)", then the general term is
(-p"Ac, x"""d".
(iii) The middle term in the expansion of (a + x)".

(a) Casel Ifniseven, then % + 1ch term is middle

term.
(b) CaselIl If nis odd, then [nz;l)th term and
(m + 3]‘[h terms are middle terms.
(iv) (p+ )" term from end =(n -p+ )" term from

beginning.
(v) For making a term independent of x we put r =n in
general term of (x+a)", so we get "C,a", that is

independent of x.

If the coefficients of rth, (r + th, (r + 2)th term of (1+ x)" are
in AP, then n®> = (4r + Wn + 4r° =2

Greatest Term

If T, and T, , , be the rth and (r + 1)th terms in the expansion of
(1 + x)", then

Livn . "G I _n-r+l
T, "C,_,x"7! r

Let numerically, T,,, be the greatest term in the above

r+1

expansion. Then, T,,, 2 T, or 21.
r
-r+1 +1 .
0 L|X|21OI‘I‘SM|X| (1)
r @ +[x[)

(i) Now, substituting values of n and x in Eq. (i), we get
r<m+ forr <m, where m is a positive integer and f is
a fraction such that0 < f <1.
(i) Whenr <m + f, T, ,, is the greatest term, when r <m,
T, and T, ,, are the greatest terms and both are equal.
(iii) The coefficients of the middle terms in the expansion of
(a + x)" are called greatest coefficients.

Properties of Binomial
Coefficients

In the binomial expansion of (1 + x)",

1+ x)"="C, +"C, x +"C, &* +... +"C, X" +..."C, [x",
where, "C,, "C,,...," C, are the coefficients of various powers of
x are called binomial coefficients and it is also written as

O hQ hQd
Cy,Cy,...,C or E)E BlH BE

o C =10 n —n — —
r n-r e 'C, = C,Up=porp+n=n

"C, _n-r+1

. =

Cr—l r

n n+1
Cr — Cr+1

r+1 N n+1

n n — n+1
° Cr + CI‘—l - Cr °

o r0'C, =n0O"7'C,_, .

e Cy+C, +C, +..+C, =2"

* Co+C,+C,y +...=C, +C; +C5 +.. =2"7"
e Cy-C +C, -Gy +...+(-1)" @, =0
@2n)!
('Y

-1)" [C,),, ifnis even

o CA+CE+CE+...+C: =2C, =

o C5-C}+C: -C? +....:%

0 0, if nis odd
° CIC, +C, [C,,, +...+C,_, [T,
- ()l

(n-r)!(n+r)!
e C, -2C, +3C, —.... =0
® Cy+2C, +3C, +...+(n +1) @, =(n +2)2" !

© Cy=C, +C, =Cy +.. =\2" Bos ™
4

© C, -G, +Cy =C, +... =\2" Bin 1
4

Applications of Binomial
Theorem

1. R-f Factor Relation
Here, we are going to discuss problems involving
(WA + B)" =I + f, where I and n are positive integers
0<f<1,|A-B|=kand|JA -B|<1.

2. Divisibility Problem
In the expansion, (1+a)”. We can conclude that,
(1 +a)" -1 is divisible by q, i.e. it is a multiple of a.

3. Differentiability Problem

Sometimes to generalise the result we use the
differentiation.

1+x)" ="C, +"C;x +"C,x*+...+ "C, x"



On differentiating w.r.t. x, we get
n1+x)"" =0+"C, +2 & 0OC, + ... +n0IC, x"™

Put x =1, we get, n2"™" ="C, +2"C, + ... +n'C,

Binomial Theorem for
Negative/Rational Index

Let n be a rational number and x be a real number such that
n(n-1) e n(n-1)(n-2) &
2! 3!

+...

| x| <1, then (1+x)" =1 +nx +

e If n is a positive integer, then (1 + x)" contains (n + 1) terms
i.e. a finite number of terms. When n is any negative integer
or rational number, then expansion of (1 + x)" contains
infinitely many terms.

e When n is a positive integer, then expansion of (1 + x)" is
valid for all values of x. If n is any negative integer or
rational number, then expansion of (1 + x)" is valid for the
values of x satisfying the condition | x| <1.

G +x)7t=1-x+x* -x> +...
1-x)1=1+x +x> +x° +...

Principle of Mathematical
Induction

In algebra, there are certain results that are formulated in
terms of n, where n is a positive integer. Such results can be
proved by a specific technique, which is known as the
principle of mathematical induction.

First Principle of Mathematical Induction

It consists of the following three steps

Step I  Actual verification of the proposition for the starting
value of i.
Step II Assuming the proposition to be true for k, k =i and

proving that it is true for the value (k + 1) which is
next higher integer.

Step III To combine the above two steps. Let p(n) be a
statement involving the natural number n such that
(i) p(1) is true i.e. p(n) is true for n =1.
(ii) p(m + 1) is true, whenever p(m) is true

i.e. p(m)is true O p(m + 1) is true. Then, p(n) is true
for all natural numbers n.

Product of r consecutive integers is divisible by r!

(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

1 If(1+ax)" =1+8x +24x2 +..., then the values of a and n
are
(a) 2,4 (b) 2,3 () 3,6 @ 1,2
2 The coefficient of x” in the expansion of (1+ x)?" and
(1+ x)? " are in the ratio -+ NCERT Exemplar

(@) 1:2 (b) 1:3
() 3:1 (d) 2: 1

3 The value of (1.002)"? upto fourth place of decimal is
(a) 1.0242 (b) 1.0245
(c) 1.0004 (d) 1.0254

4 The coefficient of x* in the expansion of (1+ x + x? + x3
is
(a) "C (b)

4
(c) "C,+"C, +" C,

5 If the middle term of %l + x sin x@ is equal to 7%,then
X

the value of x is = NCERT Exemplar
rr M

a) 2nm+ — b) nm+ —

(a) 5 (b) 5

c) nm+ (-1 d) nm+ (1) 1

(c) -7 5 (d) ( )3

6 If the 7th term in the binomial expansion of

% ++/31n xg, x >0is equal to 729, then x can be
84 = JEE Mains 2013

(a) € (b) e (c)el2 (d) 2e

7 If the number of terms in the expansion of
—E + izg x # 0is 28, then the sum of the coefficients
X X
of all the terms in this expansion, is = JEE Mains 2016
(a) 64 (b) 2187 (c) 243 (d) 729
8 In the binomial expansion of (a —=b)", n = 5, the sum of 5th

and 6th terms is zero, then % is equal to

9 In the expansion of the following expression
1+(1+x)+(1 +x)% +... +(1 +x)", the coefficient of
x*0<k<n)is

a n+1ck+1

(a) (b) "G
(©) "G

(d) None of these



10 The coefficient of t** in the expansion of
(1+2)2(1+1"2) (1 +t*)is
(a) PC,+2 (b) "2C.
11 The coefficient of x52
100
z 1OOCm(X _3)100—m Dzm is
m=0
(a) 100047 (b) 100053 (C) _TOOCA53 (d) _1000100
12 If pis a real number and if the middle term in the

(C) TZCG (d) 1207
in the following expansion

expansion of % + 2@8 is 1120, then the value of pis

= NCERT Exemplar
(b) %1
2 (d) None of these

13 The constant term in the expansion of Q + X+ Eg is
X

(a) 479 (b) 517 (c) 569 (d) 581

14 If in the expansion of (1+ x)"(1-x)", the coefficient of x
and x° are 3 and -6 respectively, themm s

(a) 6 (b) 9 (c) 12 (d) 24

15 If nis a positive integer, then (v/3 +1)2” =(v/3 =1)?" is
(a) an irrational number = AIEEE 2012
b) an odd positive integer

)
(b)
(c) an even positive integer
(d) a rational number other than positive integers

’
. . Ul a b f

16 If the (r +1)th term in the expansion of B|— + .|==0
r=n P 36 “7=0

has the same power of a and b, then the value of r is
(a) 9 (b) 10 (c) 8 (d) 6

-3
17 1f x* occurs in the expansion of Qx + %g . then
X

(a) n—2kis a multiple of 2
(c) k=0

18 The ratio of the coefficient of x'° to the term

(b) n-2kis a multiple of 3
(d) None of these

15
independent of x in the expansion of @xz + E@ s
X

= JEE Mains 2013

(@) 7:16 (b)) 7:64 (c)1:4 (d) 1:32

0
19 The greatest term in the expansion of /3 Q + \/15@2 is

@ FHL (o) £
g7 oo7 06 081

(c) = ! EQOD (d) None of these
9 D9 [l

20 The largest term in the expansion of (3 + 2x)%°, where
= l is

5

(a) 5th (b) 3th (c) 7th (d) 6th

21 If the sum of the coefficients in the expansion of
(x -2y +3z)" is 128, then the greatest coefficient in the
expansion of (1+ x)" is
(a) 35 (b) 20 (c) 10 (d) None of these
22. If for positive integers r >1, n > 2, the coefficient of the
(3r)th and (r + 2)th powers of x in the expansion of

(1+ x)?" are equal, then
(@) n=2r (b) n=3r
(c)n=2r+1 (d) None of these
n n r
23 Ifa, = Z —— then z " is equal to
r=0 r r=0 r
(a) (7_1)an (b) na,
(c) Enan (d) None of these
" 1+rx |
24 5 (-1 ("C) is equal to
r=0 1+ nx

(a) 1 (b) -1 (c)n (d) 0
25 (B00BOO [BOUCBOoO . I:BOEJEBODiS cqual 1o
HoHHoH H1 BH1H" ™ EeoHoH'® *°
(a) 3Ocﬂ (b) 60010 (c) 30010 (d) 65055
26 The value of (°'C,-"°C)) +(*'C, -'° C,)
+(71Cy =10 Cy) +(P1C, H9Cy) +... +(P1Cyp 10 Cy)is
= JEE Mains 2017

(a) 221 _ ol (b) 021 _ 510 () 220 _ 99 (d) 220 _ 510
27 The sum of the series
DCy -2+ C, 2 Cy+.+°C,y is = AIEEE 2007
1
(@) -*C,  (b) Ezocw0 (c) 0 (d) *C
28 If (1+ x)" =C,y +Cyx +Cox? +...4C, X", then the value of

Co +2C; +3C,+...Hn +1)C, will be
(@) (+2)2"" (b) (+1)2"
(c) (h+ 92" (d) (h+2)2"
29 Ifn>(8+3+7)"° n ON, then the least value of n is
) 8+ 347)°-(8 -3v7)"°
) B+ 347)"0 + (8 -3V7)"°
(8 +37)1% - (8 -3v7)"0 +1
) 8+ 347)'-(8 -3v7)"" -1
30 49” +16n —1is divisible by
(a) 3 (b) 19 (c) 6
31 1f A=1000"" and B = (1001)999 then
(@) A>B (b) A
(c) A<B (d) None of these
32 1f"7'C, =(k? - 3)[1C, , , then k belongs to
(@) (-, =2] (b) [2, ») (©)[-+/3,+/3] (d) /3, 2]
33 The remainder left out when 827 —(62)%" * ' is divided by
9, is
(a)0 (b) 2 ()7 (d) 8

(d) 29



34 If x is positive, the first negative term in the expansion of
A+ x)°"5 s = AIEEE 2003
(a) 7thterm (b) 5thterm (c)8thterm  (d) 6th term
35 LetP(n):n? + n +1(n ON )is an even integer. Therefore,
P(n)is true
(a) forn>1 (b) foralln (c) forn>2(d) None of these
36 Foralln ON, % 14 2x 2+ 3x 3!+ ..+ nx nlis equal

to = NCERT Exemplar
@ nh+NH!'-2 (b) (h+ !
() h+nt-1 (d) h+17)!'-3

37 For eachn ON, 2% —1is divisible by
(a) 8 (b) 16
(c) 32 (d) None of these
38 LetS(k)=1+3+5+..H2k —1) =3 +k°.
Then, which of the following is true?
(a) S(1)is correct
(b) Sk)O St )
(c) Sk) b Sk 1)
(d) Principle of mathematical induction can be used to
prove the formula

= AIEEE 2004

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 The coefficient of x2™*'in the expansion of
1 .
E = Jxl<tis
A+ x)1+x2)A+xH +x8)...(1 +X2m)‘ |
(a) 3 (b) 2 (c) 1 (d) o
2 C _C +%—...+(—1)”‘1&is equal to
2 3 n
-1
(3)1—l+1—__,+(_1)n (b)1+l+l+_,_+1
2 3 n 2 3 n
(c) 1+ 1 +l +.. 0+ ! (d) None of these
2 3 n-1

0
3 If the coefficient of x° in %xg + id is a times and equal
bxH

0
to the coefficient of x° in %x —ngzg , then the value
ofabis

(a) )™ (b) - (b)° (c) (" (d) None of these

4 The sum of coefficients of integral powers of x in the

binomial expansion of (1 = 24/x )%, is = JEE Mains 2015

(@) %(350 1) (b) %(35%

1

]
(c) > (3% -1) (d) > (% +1)
5 The term independent of x in expansion of
X +1 x-1 0.
me—xvsﬂ Tx—x?0® ~ JEE Mains 2013
(a) 4 (b) 120 (c) 210 (d) 310

6 If(1+x)" =Cy +Cix +Cox? +... +C,x", then
Ci+C?+C5 +C5+.. +C?is equal to

n! 2n)!
(a) e (b) nl
@n)!

(c) ==

' (d) None of these
n!

7 If aand d are two complex numbers, then the sum to
(n +1) terms of the following series
aCy—-(a+d)C,+(a+2d)C, —... +...is

(b) na

—~ o~
@) Y
-— =

(d) None of these

(=]
M=
M> 2Ny
5HS
1

%ﬁis equal to

p=1 m=p

(a) 8" (b) 2"

(c) 3" +2" (d) 3" -2"

9 The sum of the series
0 01,8 7 15 O
-1)"C O—+ = +— +—— +... +mtermsis

r:ZO( ) r [Ql’ 22f 23f 24f 0
2mn _ 4 omn _ 4

@ 2MN (2" ) (b) 2" 4
mn

(c) 2 +1 (d) None of these
2" +1

10 The value of x, for which the 6th term in the expansion of

g [9x-
[P0z Vo 147 +%D is 84, is equal to
0 o(15)loga (3" +1)

(a) 4 (b) 3 (c) 2 (d) 5

11 If the last term in the binomial expansion of @”3 —%g

1 0g3 8
is % , then the 5th term from the beginning is
(a) 210 (b) 420
(c) 105 (d) None of these

12 The sum of the coefficients of all odd degree terms in the
expansion of

(x +4x% =1)° +(x =Vx® =1)°,(x >1)is = JEE Mains 2018
(a) -1 (b) O (c) 1 (d) 2



13 The greatest value of the term independent of x, as a

) . . sina [ f° .
varies over R, in the expansion of [x cosa + is
X

(@ *Co () PG5 (e) PGy

14 Statement | For each natural number
n,(n+1)" =n” —1is divisible by 7.

Statement Il For each natural number n,n” = n is divisible

by 7. = AIEEE 2011

(a) Statement | is false, Statement Il is true

(d) None of these

15 If the ratio of the fifth term from the beginning to the fifth
. . 1 .
term from the end in the expansion of /2 + —g is
P i3
J6 :1,then

Statement | The value of nis 10.
n-4
2 4 37
Statement Il =~ — =6 -+ NCERT Exemplar
2[B 4
(a) Statement | is true; Statement Il is true; Statement Il is a

(b) Statement | is true, Statement Il is true, Statement Il is
correct explanation of Statement .

(c) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation of Statement |

(d) Statement | is true, Statement Il is false

correct explanation for Statement |

(b) Statement | is true; Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

ANSWERS

‘o

2 3@ 4@ 50 60 7 8 9@ 10(@)
M@© 120 13 14© 15@ 16@ 170 18d 19@a 20
21 22(0 23(0 24 25( 26(d) 27() 28() 29(b) 30(d
31@ 32 330 340 35 360 37 380
19 20 30 4@ 5@ 60 70 8d 9@ 100
M@ 12 13 | 14(b) = 15 ()

Hints and Explanations

1 Given that,(1+ ax)” =1+ 8x +24x* +... 3 We have, (1.002)"* or it can be
_ : 12
0 1+ 2ax+ n(n 1]azx2+... rewritten asz[l + 0.0202)
1 12 0 (1.002)"* =1+ (C,(0.002)
=1+ 8x +24x% +... +12C,(0.002f +'2C,(0.002) +...

On comparing the coefficients of x, x*, We want the answer upto 4 decimal

1 10
5 Q» + Xsinx@
b'e
Here, n =10 [even]

0 Middle term = EILO + lﬁhz 6th
2

10-5

we get places and as such we have left further T, = C, Elﬁ (xsin x)°
na=8 n(n - l)az =94 expansu;rzl._ ] x
112 0(1.002)% =1 +12(0.002) 0 252(sinx)5:7g=6—83
0 nan-1)a=48 + 1201 6 go2p + 120100 6007+ X X
O 88-a)=48 0 8-a=6 102 123 | (sin x)° = — 0 sin x ==
0 a=2 0O n=4 =1+0.024+2.64 x10*+1.76 x 10 +... . 32 2
o ) ) 0 sinx = sin 176
2 Coefficient of x" in (1 + x}" =*" C,, =1.0242 LT

| x=nm+ (-1
and coefficient of x" (=1)

in (1+ X)Zn—l —2n-1 Cn

O Required ratio

4+x+xX +X)={1+x)"1+x)}
=(1+"Cyx +7C,x* +1C,y%°
+ 0, x*+... "Cx")

6
3
6T, = "Ce@%g (3lnx)® =729
84

[ZH]! n n 4 n n
_Ch o ninl gy (1 1Ge T 0 5 lnxf =720
-1 @2n -1 Therefore, the coefficient of x* 84
nl(n-1)! = 1C, + 7C, "C, + "C, =(nx) =1

="c, +"Cc, +"C, "C, O x=e



7

10

11

12

Clearly number of terms in the
expansion of

@_Li"isw
x X

[assuming 1 and x distinct]
X x*

or"**C,.

(n+2)(n+1)

0 =28
2
O (n+2)(n+1)=56 =(6 +1)(6 +2)
O n==6
Hence, sum of coefficients
=(1-2+4)=3% =729

Since, in a binomial expansion of
(a=b)", n = 5, the sum of 5th and 6th
terms is equal to zero.

O nC4an—4[_b]4 +1 Csan—S(_b]S -

0 n! i
(n - 4)lal

__n! a7 B% =0
[ - 5)!5!

%7 0

(n -5) '4' n Q
0 a_
b 5

The given expression is
1+ (1+ x)+(1 +x} +..H1 +x)" being in
GP.
Let,S =1+ (1 + x)+(1 +xf +.. {1 +x)"
n+l
_(1+x) 1_ e
1+ x)-1
O The coefficient of x* in S.
= The coefficient of x**! in
[+ x"" -1

1[(1 + X)11+1 _1]

= n+lck+l

We have, (1+t2)%(1+t"%)1 +t*)
= (L+12 0,17 +12 Oyt +.. AP0

Fo A 2O (1 R 12 4%
O Coefficient of t** in

(1 + t2 ]12(1 + t12 )[1 + t24]

—12 CB +12 Clz +1 —12 CG +2

The given sigma expansion

100
Z 190G . (x = 3)19°7™ [2™ can be written
m=0
as [(x=3)+ 2" = (x —1J'% =(1 —x)°°
0 Coefficient of x°® in
100
1-x)"=(-1)» Cs3 = _100C53

8
Given expression is Eﬁ + 2@
2

Here, n = 8 [even]
0O Middle term = %3 + l@h term
=5 th term
Ts = °Cu(p /202"
8x7x6x5 p*
4x3%x2x1 24

x2% =1120

O p* =16
=+ 2

O p
13@1+X+—@—1+§;§x i@
B 2 B 2

Om
i

[0 Constant term

_ .. OO,
“1rRHRH T H4

0O mba, 5
FHE:H?

=1+ 60 + 360 +160= 581
14 1+ x)"(1 - x)"

=5+ my s -0 O
O 2! 0
%_ +n(n—l]Xz
=1+ (m -n)x
h? - n (m* —mD
+g 5 —mn + D;(Z+,
g O
Given, m-n=30 n—m 3
2 _ —
and u—mn+m ) m- ¢
0 (m =3)(m - 4) m(m -3)
2 2
LM —m

O m?-7m+12-2m* +6m

+m? -m+12=0

O-2m 2& 00 m=12
15 (3 + 17" =27 C (3P +2 C
+1Cy(

—1P" =21 C (W3 Y (1)
+chl[\/§]2n—l[

\/5]211—1

Adding both the binomial expansions
above, we get

(V3 + 1P - (V3 - 1" =2[*"C, (J3f "
+21)C3(\/§]2n73 +2n C5(\/§)2n75
t.o. +2“ CZH—] (\/5)211—(211—1)]

which is most certainly an irrational

number because of odd powers of +/3 in

each of the terms.

16 [ General term is

1-r
T, ., =%'C, DZ —g
D«/I;D V¥a D

_r Zr_z

:Zlcra 2 [p3 2

~» Power of a = Power of b [given]

a 7=

7
r ——
2

~ DN~
© wIN

\/§]an2 +m+2nczn[\/§)2n72n

—1) 421G, (V3P (-1F +
+21C, (N3P A (-1 P

17

18

19

20 -

The general term in the expansion of

@x + %gisis given by
B

n-3-3r

Tr+l = C

="3 C,x

As x** occurs in the expansion of

-3
@x + iﬁl , we must have
X

n -3 -3r =2k for some non-negative
integer r.

a 3(1+r)=n-2k

O n -2k isamultiple of 3.

2)sr E@%g

- 15Cr X30—2r mr D(—r

=C, G’ (i)
For coefficient of x'°, put30-3r =15
0 3r=150r=5
O Coefficient of x'°

T, = 1%C,(

= 15¢, 2°
For coefficient of independent of x
ie. x"put30-3r=0

O r=10

0 Coefficient of x° = °C,, 2"
By condition [ Coefficient of x'°
Coefficient of x°
_ Bc.@b _ 1,0

15C10 mlﬂ 15C10 mlO

=1:32

Greatest term in the expansion of
@+ xisT, .,

On + 1)x0

where, r = WH

Here, n = 20, x :i

NE)

0 021 O

MECEET
=[10.5(/3 - 1)] = (7.69) =7

Hence, greatest term is
00 1

[zom g
,BetsE = B e
50
B+2x =3[+ Z?XH

I
Here, T4 =3 SOC,E!%@
™
and T, =3°C,_, E!LQ
3
1, .
But x= 5 (given)
50
O Tfiﬂ >10 i%d >1
Tr SOCr—l 35

0 102-2r=215rdr<6



21 Sum of the coefficients in the expansion
of
(x=2y +3z)"is(1-2+3)" =2"

(putx=y=2z=1)

0O 2"=128 O n=7
Therefore, the greatest coefficient in the
expansion of (1 + x¥ is 7C3 or 7C4
because both are equal to 35.

22 In the expansion of (1 + xf", the general
term =" G, x*,0< k <2n

As given forr > 1,n > 2,

ZHCSr = Cr+2
O Either3r=r+2
or3r =2n—(r +2)
(+"Cy="C, Ox+y=norx=y)

O r=1l1lorn=2r+1
We take the relation only

n=2r+1 (er>1)
23 Lethb = < I = < m
I‘ZOHCI' IZO ncl‘
- i 1 _&n-r
S"C, & "C,
=na, =y o (27C, = Cpy)

r=0 Cﬂ—l‘

=na, -b D2b=naHDb=§an

z -1y "e, ]
- Qﬁ@z‘] (1) "C, (1 + x)
L e
i roc,

:%ﬁmo):o

[+ "Cy="Cy+ "C,="Cy +...(-1)" "C, = 0]

25 Let
B003B00 [BOUmBo0O

4= BoBRon B BBH

24 letE

I:I

300, (3003

Ez SENE EonBaoH
or A=¢C,.%c,,-*c,.*C,,

+30C2 .30C12 —...+30C20.30C30

= Coefficient of x*° in

1+ xP°( - xf°
= Coefficient of x** in (1 - x*f*°
= Coefficient of x*° in

3 (-1, ()

= (-1)'°%%C,,

(for coefficient of x*, let r = 10)
_30

=" Cy

26

27

28

29

30

31

(21C1 _10 C,)+ (21CZ _10 C,)

+(Zlc3 _10 C3]+---+(21C10 _10 C10)
- (ZlC] +21 Cz +~~-+Zlcl[])

_[wc +10C 4. 410 Cyo)

= 201G 1 Gy o G) ~(2° 1)
= %(2161 +4C, +.. 4710y, —1) —217 1)
= %(221 -2)-(2"% -1) =2% -1 2% +1
= 920 _ 510
We know that,

(+ xP"=0C, +*°C x +...

+200, X104 4200, 52
On putting x = —1in the above
expansion, we get

0=2C, -2C, +..-2C, +¥C,,
_ZOCH +-~-+20C20
O 0=2C,-2C, +..-2C, +%C,,
—2g, .. +2C,
0 0=22C, -2C, +..-2C4) +*°C,,
0 2¢,, = 2%°C, -2°C, +..+%C,,)
0 20¢,-2C, +..+2C,, 120C
2
Since, x(1+ x)" = xC, +C,x*
+C, x> +..+C x"!

On differentiating w.r.t. x, we get
(1+ x)" + nx(1 + x)"!
=C, +2C,x +3C,x*
+..+(n+1)C,x"
Put x = 1, we get
Cy+2C, +3C, +...+(n +1)C,
=2"+n2"? =2""(n +2)
Let f =(8-3v7)'", here0< f <1
o (8+ Sﬁ)w +(8 —3\/;]10 is an integer,
hence this is the value of n.
We have,
49" +16n -1 =(1 + 48)" +16n -1
=1+"(C,(48)+" C,(48) +...
+1C ,(48)" +16n —1
=(48n +16n) +" C,(487 +" C,(48) +
L+ C,(48)"
= 64n + 8°["C, [6° +" C, 8° (B
+1C, 648 +...+" C, 6" 8"
Hence, 49" + 16n -1 is divisible by 64.
. 1d
Since, Hl + 7@ <3for O] N
1000

(1001)* _ Eom
(1000)'°° 1001 01000

_ 1 HH 1 H‘ <1 g
10010 1000 1001

Now,

<1

32

33

34

35

36

(1001)** < (1000)'°°

] B< A
Since, "7'C, = (k* -3)—_""'C,
r+1
o k-3z=I*1
n
0 0<k*-3<1
D'nzr 0 r-'.lslandn,r>0|:I
g n
0 3<k®<4
Hence, k Of 2= 3]0 (+/3,2)
821 —(62F"* = (1 + 63)" —(63 —1F" "
=(1+63)" +(1 -63F""

=[1+"C, B3 +"C, [B3f +... +(63)"]
+[1 -2 ¢, 3+ G, 63Y -...
_l)[63][2n+1]]]
=2+63["C, +" C,(63) +
+(63]n—1 _(@n +1)C1
+EmC, (63)-...+(-1)(63)*"]
Hence, remainder is 2.

Since, (r + 1)th term in the expansion of
(1+ xp7ls

ﬁ?—l@..?—rﬂ@
_ 505 5 ,
= | X

Now, this term will be negative, if the
last factor in numerator is the only one
negative factor.

] 2—57—r+1<0 O g<r

O 6.4<r 0O leastvalueofris?.
Thus, first negative term will be 8th.
Given, P(n):n* + n + 1

Atn =1,P(1): 3, which is not an even
integer.

Thus, P(1)is not true.

Also, n(n + 1) + 1is always an odd
integer.

Let the statement P(n)be defined as
P(n):1x11+2x2! +3 x3! ...
+nxn!=(n+1)! -1
for all natural numbers n.
Note that P(1)is true, since
P):1x1!=1=2-1=2! -1
Assume that P(n)is true for some
natural number k, i.e.
P(k):1x11+2x2] +3 x3! +.
+ kxkl=(k +1)! -1 ...(d)
To prove P(k + 1)is true, we have
Pk +1):1x1!+2 x2!

+3x3!+...+k xk!
+ (k +1) x(k +1)!
=(k+1)!-1+(k +1)! x(k +1)
[by Eq. (i)]
=(k+1+1)(k +1)-1
=(k+2)k+1)-1=(k+2)-1



Thus, P(k + 1)is true, whenever P(k)is

true. Therefore, by the principle of
mathematical induction,P(n)is true for
all natural numbers n.

37 Now,2°"-1=(2*)" —1=(1+7)" -1
=1+"C, ¥+ "C, " +

+C, 0" -1

=7[°C, + "C,7 + ...+"C, 7"
Hence, 7 divides 2°" — 1 for all n O N.

38 S(k)=1+3+5+...+(2k -1) =3 +k*
Put k = 11in both sides, we get
LHS=1 and RHS=3+1 =4
| LHS # RHS
Put (k + 1)in both sides in the place of
k, we get
LHS=1+3+5+...+(2k -1)+ (2k +1)
RHS =3+ (k +1F =3 +k* +2k +1
Let LHS = RHS

1+3+5+...+2k —1) +(2k +1)
=3+ k* +2k +1
O 1+3+5+..+(@2k -1) =3 +k*
If S(k)is true, then S(k + 1)is also true.
Hence, S(k) O S(k+1)

SESSION 2

1 Multiplying the numerator and
denominator by 1 - x, we have

_ 1-x
A-x)1+x)1+x)a+x*)
1+
- 1-x
1-2)1+ 21+ xH) .1+
1-x

1-xH1+xb).1+x2)

= 17X ca-xa-"y
a-x")
—(1-x)0+ szﬂ szu )
0 Coefficient of 2
2 Since,(1 - x)" =C, -C, [k +C, X
-C, ¥ +
O1-(1-x"=C, x-C, ¥
+C, K -
0 M:Q -C, Ok
X
+Cy K - ...

O J';(cl -C, Ox + Cy 0¥ —...)dx

a-xr

_101—1—x) dx

G _G
7—7+7 =
1 2 L’l-x

0. _
EI def1x

O

*g

;[l+x+x2 +o.+ x" TN dx

o x Hﬁ 1,1, .1

= +7+__+7 =1+ -4+ = +..+=
gx 2 HH) 2 3 n

General term is

1y G, e el
=100, qa)'°- r%ﬁ(x)zo—ar

Since, x® occurs in T, , ;.

O 20-3r =5

O 3r=150r=5

So, the coefficient of x° is '°C5(a)’(b)™°.

Again, let x™ occurs in T’

r+10f

0 1 ﬂo- 10 10-1 1
k-————pnis C,(ax
B e H () Erbzxz

=100 (a0 @_bizg (x)i0 3

10-3r=-50 15=3rdr =5
So, the coefficient of x7° i 10C' .
blU
According to the given condition,
10, @ 10- @
Cs—=-a Cy—
e pio
O - bE aO- b% ab
LetT,,, be the general term in the
expansion of (1 - 24 x)%.
U T, o1 = °C, 0" "(-2x"?Y
- 50Cr 5 DXF/Z( -1y
For the integral power of x and r should
be even integer.

25
0 Sum of coefficients = § °°C,,(2f"

r=0
=1+ 290 + 1 -2p =L g% +q
2 2
Alternate Method
We have,
1-2Jx)°=¢C, -C, 2Jx
+ Cy2Vxf + .+ Cy2Vx)° (D)
1+2Jx)° =C, +C, 2Jx
+ Cy2VxP + ..+ Cyp2dx)°  ..(i0)

On adding Egs. (i) and (ii), we get
(1 -2dx)° + (1 + 2/x)°
=2[Cy + Cy@VxP + .o + Cg2Vx)%]

o 1-2x) + @+ 2Vx)"

2
=Cy + Cy2x P+ ..+ Cgp (2Vx)°

On putting x = 1, we get

1 - 21 + (1 +241)°
2
=Cy+ C,2F +... +C5 (2°
e 170 + (3)°
’ =Cy + C,2F + ... + Cgol2)”

1+350

0 =Cy+ G2 + ..+ Cg(2)°
O x+1 _ (x-1) do
@XZ/a —x1B 41 X_Xl/z ]
D 1/3)3+1 {(\/;]2_1}&0
E;xm S TRRCREEE
[( +1 X2/3+1 1/3]
-0 /3 _ B
0 X +1 _{(«/;]2—1}&0
Jx(x -1
- §X1/3+ 1) _Wx+ 1)310: (x18 = x12 0

0 Vx g
O The genreal term is

T, =C,(x 1/3)10 1( 2y
—r

m'w >¢

=00 (1) x 3
For independent for x, put

101 -gg 20-2r-3r =0
3 2
g 20=5r 0 r=4
0 T, 10C M:mo
4x3x2x1
We have,

1+ x)" =Cy+C x +Cy x> +... +C X"

and@l+f§ C+C+C@»ﬁml
S

On multiplying Egs. (i) and (ii) and taking
coefficient of constant terms in right hand
side=C% +C? +C5 +...+C?

In right hand side (1 + X)”ﬁl + lg or in
X

in(l + xF" or term containing x" in

(1+ x}". Clearly, the coefficient of x" in

!
(1+ xP™"is equal to *"C,, = (Zn)..
n'n!

We can write,

aCy-(a+d)C, +(a+2d)C, —
upto (n + 1) terms

=alC,-C, +C, —-...)

+d(-C, +2C, -3C; +...) (1)
We know,
(1-x)"=Cy-C,x +C, %
—.+(-1)"C, x" ... (ii)

On differentiating Eq. (ii) w.r.t. x,
weget -n(1-x)""=-C, +2C,x

-+ (-1)"C nx"" .. (iii)
On putting x = 11in Egs. (ii) and (iii), we
get

Co-C, +Cy—...+(-1)"C, =0 .o (iv)
and -C, +2C, —...+(-1)'C, =0 ...(v)
From Eq. (i),



aCy-(a+d)C, +(a+2d)C,
(n + 1)terms

=a@+d D=0

—-... tupto

[from Egs. (iv) and (v)]

n!

nd0n - pQd

" BpHbn - p

[ Given series can be rewritten as

22 B o
=3 BAZ, B r
PN
:p"; E’;ﬁz”*l’ [putm- p =t]

I

N

=
M=
s
[ .}
S

I

[\

=

+
[
EED:

I

!
OO

p=1 0
=3n _9n
9 (-1
-1
r r
nc %+1+L+ uptomtermsH
[Q 22r 231 O
n n r
z 1 nC 1 z 3

ww d

n
-B-38-8-
2
upto m terms

n n
feB-2f .
8
EI
n

—_—t — ! ..upto m terms
9 g2n  g3n’

10 10
270 Hh O
:2 |:| D: Zmn_l
1 Zmn(zn_l)
o

10 We have,

0 log, W + 1 Ij
g 2[1/5]105-,2[3*’1 +1]H
7

_ ] o117+ 1 ]
(3)(—1 + 1)1/55

o0 1 O

7 e
oo
[9)(*1 + 7)
5 (3)(—1 +1)
O 951 +7=4@3"+1)

OTg ="Cy(\9*™*

O 84="C

D:
pd (- m)lpl(m - p)!

11

12

13

O —+7— %+1D

9

O 3% -123Y)+27 =0

O y*-12y +27 =0 (puty =3%)
O (y-3)(y-9)=0

0 v =39

O 3* =39

0 x=12

Last term of %1/3 - lg is
NG

- 1
Tn+1 _ncn(zl/S) Hg_i
2
n _an 1 _(_l)n
="Ca(1) on/2 - /2

Thus,
211/2 2n/z 95
0 =50 n=10
2 4
- 1
Now,T5 =T, 4 :10C4(21/3 ]10 4%$§
_ 1lo! 2 ]6(_1]4(2—1/2 j
416!
=2102Y(1) =210
Key idea = (a + b)" +(a —-b)"

=2("Cya" +" C,a"?b* +" C,a"*b*...)
We have
(x+Vx® —1P +(x -Vx* -1, x >1
=20°C 0X 430, (VX —-1Y

+7C,x(Vx’ -1))
=2(x° +10x°(x* —1)+ 5x(x* —1F)
=2(x° +10x® -10x® +5x” -10x* + 5x)
Sum of coefficients of all odd degree

terms is
2(1-10+5+5) =

The general term in the expansion of

. 20
@xcosu " sma@
X
. I
¢ (xcosafo* gm—ug
X

=20C x*"2"(cosa FO7' (sina )

For this term to be independent of x, we
get

20-2r =0
g r =10
Let B = Term indeoendent of x
=20C, ,(cos a }*°(sinay)*°

=29C,,(cos asina)*’

s 10
_ ZOC in2a
- 10
2

14

15

Thus, the greatest possible value of B is

10
200, %Q ]

Let P(n)=(n) - n

By mathematical induction

Forn =1,

P(1) = 0, which is divisible by 7.

Forn =k

P(k)=k" -k

Let P(k)be divisible by 7.

O k’-k=7\forsome \ON ..(i)

Forn =k +1,

Plk+1)=(k +1f —(k +1)

=(Cok” +7 Ck° +7 C,k° +..+Cy [k
C,) = (k +1)

= (k" - k)+7{k® +3Kk°® +... +k}

=7\ + 7{k® + 3k +... + k}[Using Eq. (i)]

O Divisible by 7.

So, both statements are true and

Statement II is correct explanation of
Statement I.

We know that, in the expansion of

(a + b)", pth term from the end is

(n = p + 2)th term from the beginning.

So, 5th term from the end is

= (n - 5+ 2)th term from the beginning

= (n - 3)th term from the beginning

= (n - 4 + 1) th term from the beginning
(D)

0 We have,

fﬁ @1/4 * W

Now, 5th term from the beginning is
Tyoq = "Cy @) @74
n-4
=1c,2 4 37! ..(i)
And 5th term from the end is
Tin-ay+1 = "Cy SPEE LGRS
_n +4
=1C, 203 4
[+ "C, = "C,_,] ...(ii)
So, from the given condition, we have
Fifth term from the beginning _ /6

Fifth term from the end 1
n-4
q o, 37t _ e
7—n+4_T
"C, 2B 4
11—4_1 _1- -n
o 2+ @ "40=s
n-8 n-8
O 24 34 =g
n-8
O @x3)4 =(@2B)"?
O n-8_1/9
ad n=2+8 [0On=10
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