PRODUCT OF THREE VECTORS (XII, R. S. AGGARWAL) I

EXERCISE 25 A [Pg. No.: 1071 ]
1. Prove that

@[ j k=[] & f]=[§ j :’]:1 (ii)[f £ 7l=l® i :‘“]:[_}‘ i k|=1
Sol. 'G). i | KI=[ixil-K

=kk=1... .03

[i K i1={xkl-i
T e Gi)
K il=0oli
:; ;z ......... (111)

A A A A A A A A A

from (i), (ii) and (iii), we have. [i j k]=[j k i]l=[k i jl1=1
v k }Iz(hﬁ).}

= _jej=—1....40)
& § f=bxifi=—ti =159 B i Rt —k®=a i)

A A A A. Aok A A A

from (1), (ii) and (i11), we have,[i k j]=[k j i]=[] i k]=-1Proved
2. Find |-_Ei b 6] when

() a=2i+j+3k,b=—i+2j+k and c=3i+ j+2k

(i) a=2i —3)+4k,b=i+2j+k and c=3i-j+2k

(iii) a=2i-3j,b=i+]—k and c=3 —k

A A A A A A A

Sol. (i)Given: -a=2i+j+3k b=—i+2j+k c=3i+j+2k

2 1
Now, [ab c]=|-1 2" 2
31 2
01 0 ’
Lo g {c, =€, -2¢, _ :‘*5 —S{extandmg
i 4 -4 C; =>C; -3¢, 1 -1||byc,

=-1(5+5)=-10

(ii) Given -—> a=2i-3j+4k b=i+2j-k c=3i-j+k

Now, [a b c]



2 -3 4 1 2 -1 1 2 =1

R, »R, -2R

i 2 4= -3 4R, oR,=-0 -7 G{R‘*Rz =

3 -1 2 |3 -1 2 g -7 §VE TN

_7 . B .
=] {expandingby c, =-(-35+42)=-7
(i) @=2/ -3}, b=i+]—k,c=3i—k
Now[&b’é]

230 S | I [ R
=1 1 —lzzio i*ls l‘{byR, =2(=1-0)+(-1+3)=-2+6=4

3 0 -1

3. Find the volume of the paralielepiped whose coterminous edges are represented by vectors
() a=i+j+kb=i-j+k c=i+2j=k
(i) a=-3i ~7j+5k b=-5i+7]-3k,c=7i -5]-3k
(i) a=i —2j¥3k,b=2i+ j—k,c= ] +k (v) a=6i,b=2j,c=5i
Sol. (i) Volume of parallelepiped :|[a b c]|
Now [5 b c:l
1 L a 1 1

=1 4 1! =0 -1 1:2’
1 2 -1 2 2 -1

1

11 {expanding by ¢,

=2(1+1)=4
Hence required value = 4 cubic units

(i1) volume of parallelepiped = I:ii b 'é]

3 T 5
Ly v 7 5 75
Now[d b ¢]|=[-5 7 -3|=-3 +5 +7 {by ¢

F <5 .3 =5 =3 =5 =3 ¥ =3 ;

=—3{-21-15}+5{-21+25} +7{-21-35} =-3x(-36)+5x4+7x(-56)

=108 + 20 + (-392)=-392 + 128= -264 . |[ab c]=|-234]
Here, required value = 264 cubic units.
(111) Given:-

a=i-2j+3k
b=2i+j-k
c=j+k

Now, [a b ¢]

ﬂ-zl‘f ?’ pyc,=(1+1)-2((2-3)=2+10=12
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Sol.

Here, volume of parallelepiped = 12 which units

(iv) Value of parallelepiped=|[é) l; €]| cubic units

A ) a n A A

=|[6i 2] 5i]] cubic units =|(6ix2]j)-5i| cubic units =| 12k-5i| cubic units
= 0 cubic units Here, a;, b & ¢ are co-planar.

Show that the vectors a, b,¢ are coplanar, when

() a=i-2j+3kb=-2i+3j-4k and c=i-3]+5k

(i) a=i+3j+k,b=2i-j—k and c=7j+3k
(iii) a=2i — j+ 2k, b=i+2j-3k and ¢=3i -4j+7k
(1) Given:-
a=i-2j+3k
b=-2i+3j 4k
C=i-3j+5k
o 1-2 3
Now, [a b c]=|-2 3 -4
18 %
1 =4 7 1-4 0
R, >R, +R
=2 1~1{R2 o T2 1 OffReR, R,
+ =
1B RWEVTNE TR 1722 0
=0
:[a b ¢]=0

-

Hence, a b and c; are Co-planar.

(ii) Given:-a=i+3j+k  b=2i-j-k c=7j+3k
RE LR ET
Now, [a b cl=| 2-1 -1 =| 0-7-3|R, +R, - 2R,
073 |o7 3

Hence, R, Proportional R3 ..[a b ¢]=0

Hence, ;, Eand c are Co-planar.
(iii) Given:-

a=2i-j+2k

b =i+2j-3k

n a

C=3i-4j+ 7k
2-1 2 |2-1-2 2 -1 2

Now,[a b cl=|1 2 -3[=|-3 4-7|R, >R, -2R, =|-3 4 -7|{R; +Ry +R, =0

3 -4 7 3-4 7 0 0 0

» > =
Hence, a, b & c are coplanar.



Sol.

Sol.

Sol.

Find the value of A for which the vectors a, b.c are coplanar, where
@) az(zfﬂja-i?),i?:(hz_}wk“ ) and E:(3f+1}+512)

(i) a=Ai —10j -5k, b=-7i—5] and ¢=i—4]-3k

(i) a=i—j+k, b=27+j—k and ¢=Ai—j+Mk

- - -

(i) .. a, b & ¢ are coplanar.

[a b ¢]=0
2 1 1 G % h
R, +R,-2R
“h 2 3-0=h1 2 3:0{R‘+R‘ =
0 A 0 A-6 5 3T Re oM,
5 B .
=:»~1‘}L " 4’:0 {expandiy by ¢,—>20+5(AL-6)=0

=20+5A-30=0=5L-10=0 = A=2 Ans.

. s -
(i1) "+ a. b and ¢ are co-planar

~[abc]=0
A -10 -5

=|-7 -5 0:0:~"5 ‘0’+10’”? o i ‘i|=0
g’ -4 -3 i =411 =

SISAFZI0=5(2%+5)=0=>15A+210-165=0=>15A +45=0=> AL =-3 Ans.

- = *
(iii) - a, b and ¢ are co-planar

e e

~[abc]=0
1 -1 1 0 -1 1 11

=) 1=4-0=3 1 -1/=0 {c1+c1—c3:‘>—3‘1 l’=05-3(-l+1)=():l=lAns
% =i R 3

If &z(2f—j+£),?3=(?—3}~5’2) and5=(3f~4_}—ﬁ:), find [a b E] and interpret the result

[a b c]
g =¥ 1 3 -5 T 1 1 -1

=1 -3 -5=[ "|-1 +3| _  |{expanding by c,
N I I | I U M -

=2(3-20)—(1+4)+3 (5F3)==34-5+24=-15
the volume of the parallelepiped whose edges are (—12f+1£),(3j —f;) ang (2f+‘}'—151;) is 546

cubic units. Find the value of A
Volume of parallelepiped = 546 cube units.

43 8 2 T
=l 0 3 -1|=4546=-12 ey =% = +546
i g 4 1 -18 |2 1

= -12(-45 + 1) + A (0 — 6) = £546=> 528 - 6} = + 546=> 528 - 6A = 546
or, 528 - 61 = -346
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= -6L =18 or-6A=-1074 = L =-3 or L= 179 Ans.
8.  Show that the vectors a = (?+3}+l;),f) = (25—}‘—){:) and ¢= (7}‘+3!;) are parallel to the same
plane
Hints show that [Ew' b E] ={)
2

A A A A

Sol. Given:-a=i+3jtk, b=2i j k and c=7j+3k

Now, [a b ¢]
1 3 19 3 1 w
=2 -1 -1=jo -7 -3 {Rz—)R2—2R1:\ 3) =21+2]=0

0 7 3 0 7 3

- — -

Hence, a, b & c arll to the same plane
9.  If the vectors (af Laj +c}'2),(f +Ic) and (cf +x] +b.l;) be coplanar, show that ¢* =ab

Sol. Since, the three given vectors are co-planar,

a a c 0 a c
=M1 0 =01 0 1=0 R,—»R,-R,
c c b 0 ¢ b
Expanding by ¢, we have
= El-O:ab-—c2=0:>c2=abpmved_
c

10. show that the four points position vectors (47+8j+12k) . (2i +4_}+6£),(3f,5},412) and

(Sf +8j+ 5!?) are coplanar

Sol. Let, position vector of A = 4i+8j+12k Let, position vector of B = 2i+4 j+6k

A A a A

Let, position vector of C = 3i+5 j+ 4k Let, position vector of D = 5i+8 j+5k
Now AB =P.V.of B—P.Vof A

A A A A A A A A A

=(2i+4j+6k)—(4i+ 8+ 12k =-2i-4j- 6k
BC= P.Vof€-P.VofB
= (3i+5j+4K)—(2i+ 4+ 6k = i+ -2k
AD=P.VofD-PVofA =(5 +8j+5k)—(4i+8j+12k)=i-Tk
Now, [AB BC AD]
2 -4 -8| o -4 —29

IR R, +2R -4 -20
{1 1 -2|=j0 1 5'{R‘_’R‘ - = 25'=-20+20=0
1 0 -7 o —7| i B
Hence, AB, BC and AD are coplanar. i.e. A, B, C & D are co-planar.

11. Show that the four points with position vectors (6f —7}),(lﬁf —]9_}‘—41?),(3}—6!?) and

(Zf - 5} - 10;@) are coplanar

Sol. Let, position vector of A= 6i-7



12.

Sol.

13.

Sol.

position vector of B = 16i-19 j— 4k position vector of C = 3i—6k

position vector of D = 2i-5j+ 10k
Now, AB =P.V.of B—-P.V of A

A " A a n a A A

= AB=(16i-19j-4k) - (16i-7j) = AB=10i-12j- 4k

A

BC = P.Vof C—P.V of B=(3j-6k)— (16i- 19 j- 4k) = -16i+22 - 2k

An AD =PVofD-PVof A

=(2i-5j+10k) - (6i-7]) =—4i+2j+10k
Now, [AB BC AD]
10 -12 -4

|16 22 —2l 102 ;S’ms’”f ;:!4’";; :;
-4 2 10 '
= 10(220+4) +16(-120 + 8) —4 (24 + 88)= 2240-1792-448=0
Hence, AB, BC and AD are co-planar. i.e. A, B, C & D are co-planar.
Find the wvalue wof A for which the four points with position

(f+2_} +3£),(3§—j+2]§),(—2§ +?L}'+I;) and (6f~4‘}+2.(:) are coplanar

Let, PV of A= ;+ 2j+ Rl:
P.VofB — 3i- j+ 2k
PVofC= —2;+13+|;
Let, P.V of D= 6i—4j+12k
Now, Eé=(3-1)3+{—1—2)}+(2-3)|; =2§-3]-3f(
BC =(22-3)i# (A + 1) j+ (1-2)k =-5i+ (A +1)j-K
A_'D=(6-1)§+(-4w2)}+(2-3)§ -5i-6j-k
Since, A, B, C and D are coplanar,
=[AB BC AD}=0

-3 -3
2 -3 - T I—
=|-5 A+1 -1=0 =|[-10 &«+7 =0 R R _R
5 -6 - 5 -6 -1 2T
- 8
-1 =0=> 3% -21 £30=0=> -3 X ¥9=0= A = 3 Ans
10 A+7

vectors

Find the value of A for which the four points with position vectors (~}+A:),(2f—j —;)(I +Xj+£)

and (3} + 3!;) are coplanar

Let, Position vector of A = —j+k Let, Position vector of B = 2i- j—k
Let, Position vector of C = i+ A j+k Let, Position vector of D = 3j+ 3k

A A

Now, AB =P.Vof B—P.Vof A=2i-2k
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BC =P.Vof C—P.Vof B=—i+(h+1)j+2k

AD =PVof D-PVof A =4i+2k -+ A, B, C and D are Co-planer
=[AB BC AD]=0
2 8 =2 2 B 0
A+1 3
SH A1 220 =1 A+l 320 {6, 5C+C=2f 6‘:0
4 0 2 4 0 6

=>6(A+1)-0=0=>6A+6=0=>A=-I
14. Using vector method show that the points 4(4,5,1),(0,-1,-1),C(3,9,4) and D(-4,4,4) are
coplanar
Sol. AB=(0-4)i+(-1-5)j+(-1=1)k =—4i-6 j- 2k
BC =(3-0)i+(9+1)j+(4+1)k =3i+10 j+ 5k
E:(—4—4)i+(4—5]j+(4—1)k:—8;—}+312
Now, [AB BC ADI
-4 -6 -2 |0 0 -2

=13 10 5|=|-7 -5 5 {
-8 -1 3 |14 -10 3

C-! _>C1_2C3
00, —30,
-7

-5
= =-2(70-70) =0
-14 -10

= AB, BC and AD are co-planar = A, B, C and D are co-nlanar

15. Find the value of A for which the points A(3, 2,1),3(4,3.,5),(,'(4,2, —2) and D(6, 5,—1) are
coplanar

Sol. Given points A (3,2, 1)
B@,2,5),C4,2, -2)and D (6, 5, -1) are co-planar.

Now, AB = (4-3)i+(h-2)j+(5-1)k = i+ (A-2) j+ 4k
BC = (4 4)i+(2=2) [+ (-2-5)k =(2-1)-Tk
E:(s-a);+(5—2)}+(—1—1)§ =3i+3j-2k

Now, [AB BC AD] =0

1 a-2 4
={0 2-a -7|=0
8 3 -2
Expanding by C,
3=3 =9 h=2 &
"3 -2"%k-a -7|'0

=-4+2A+21+3(-7A+14-8+4A)=0=>2AL+17 -9A+18=0
=>-TA+35=0=>A=5 Ans.



EXERCISE 25 B [Pg. No.: 1073]

1.

Sol.

Sol.

Sol.

Sol.

Sol.

Sol.

If J=(J§f+\/§}—\/§l¢:)ﬁ=xr’+2j—z!; and 5=3f—y}+ﬂ: are two equal vectors then
x+y+z=17
wa=b

=xi+2j-zk=3i-yj+k=>x=3,y=2andz=1=x+y+z=3+(-2)+(-1)
=>xy+z=0
Write a unit vector in the direction of the sum of the vectors a:(zf +2_}'—5}’;) and b = (2? +_}'—7!;)

Given:-
a=2i+2j-5k
b=2i+2j-7k

Now, a+b =4i+3j-12k

- -

unit vector along a+b is,

= o
Jara| 42+37+(-12f 13

_a+b  4i#3j-12k _ 1[4i+3j~12k)

Write the value of A so that the vectors d = (2f +A +A:) and b = (f — 2}‘+3£:) are perpendicular to

each other
== =
g Leb

it A A n'\ ‘(a A A
:>a-b=0:>(2i+ikj+k - i—2j+3k]=0:>2-2l+3 =0:>--2)L=-5:>7L=%
s X s

Find the value of p for which the vectors d = (3f +2]+ 9!2) and b = (f -2p] +3§) are parallel

e i |
~allb

32___2_:&:3= l:;P:_l
1 2P 3 P 3

Find the value of A when the projection of a= (?Lf + j +4f£) on b= (21rT +6} +3§) is 4 units
Projection of ; on 3:4

a-b 2n+6+12 10
S>—=4= =420 +18=4x7 =2A=28—~18=A=—=5
Y 322+62+32 B

If @ and b are perpendicular vectors such that [5+5‘ =13 and |Er|= 5, find the value of I b|
We have, |a+b 2= a? +|b [ +2a-b

-» »

=132 =524 |b 2 +2x0 {-.—:.-;J_rt; ~ab=0

—169=25+ |bf= |b[? =144= |b| =12
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Sol.

Sol.

Sol.

10.

Sol.

i I

Sol.

12.

Sol.

If @ is a unit vector such that (}—(})-(£+5) =15, find |.{’|

.[);—a)J(b+ Q)Jz'ls
—Ix[?-|aff=15
= xXP 1= 15{-.- a is a unit vector.

=|x[? =16
=|x| =4.

Find the sum of the vectors o = (5—31{:),;’; = (2}—!?) and n::(Zf —3_}+2i§)

a+b+c

=i-3+2]-k+2i-3j+ 2k = 3i-j-2k

Find the sum of the vectors a = (1?72_}),5=(2f?3j) and E=(2;+3ﬂ.
a+b+c

=i-2j#2i-3j+2i+3k =5i-5j+3k

Wiite the projection of the vector (f +f +§) along the vector j

A LAY 'y
Proj.of'[i+j+k | on j
i+j+k -]
(+J+ J : _0+1+0_
1
il
Write the projection of the vector (7f +j‘~41§) on the vector (Zf +6]+ 31;)

1

let. a=7i+j-4k

b=2i+6j+3K

Projection of aonb

- -

_ab _14+6-12 =§Ans

|b| V22+62+3% 7
d

21 2 1 1 3 _h
=1 2 1=2‘1 2+‘|_l 2+32 j
5 ¥ 9 I

=24-1)+(2-3)+3(1-6)=2x3-1+3x(-5)=6-1-15=-10



13. Find a vector in the direction of (Zf -3 +6/2) which has magnitude 21 units

A A A

Sol. Let, a=2i-3j+6k

A vector of magnitude 21 in the direction of ; is given by,

b=21-—2
lal

b =gl ZESTHEK :mgzg(Zi—?’HGk}
J22+(-3) +62

A L1 ~

—b =3(2i—3j+6k] —b=6i-9j+18k

14. If a= (2?+ 2}'+31§),5 = (4"+2_}‘+I;) and Z‘=(3f+j) are such that (ci+)\.5) is perpendicular to ¢
then find the value of A

Sol. Given:— a = 2is.2 i+3k
b =—i+2j+k

& ¢ =3i+]

— — =
‘rat+tib le

:(;.,. 15\.2:0 = {2i+ 2+ 3k+ M-i+2j+k)}-(Bi=))=0
J

=S6-3L+2+2A=0 =8-A=0>A=8

15.  Write a vector of magnimde 15 units in the direcnonof vector (r <+ 2!?)

Sol. Let, a=(i-2j+2K)

A vector of magnitude 15 units in the direction of a- (i— 2j+ 2k] is given by,

b=15-—>
lal
. (iu2}+2k] .

=b=15 - b=5[i=2j+ 2k | Ans.
1+4+4 ( : J
16. If c;=(f+}+£:),f:=(4f—2}+3};) and 5=(f—2}+k}, find a vector of magnitude 6 units which is

parallel to the vector (25 4 33}

Sol. ~a= i+j+k
=22=2{+2j+2K = b =4i-2j+3k = —b = —4i+2j- 3k
and, c;z i-2j+k

=3¢ =3i-6j+3k



PRODUCT OF THREE VECTORS (XII, R. S. AGGARWAL)

A A

Now, 2a-b+3¢ =i-2j+2k =|a-b+3¢ |-y + (-2)°+22 =3

A vector of mag 6 units parallel to the vector 2a-b+3c is,

’ 5 o5 e (i—2j+2k) .
Fu e, e - = =2i-4j+4K
|2a—-b+3c

17.  Write the projection of the vector (f - ;) on the vector (f +j)

A A A A

Sol. Projection of i—j on i+]

y (;'})'(;”TL -1 _y

V2

18. Write the angle between two vectors @ and b with magnitudes J3 and 2 respectively having
a-b=6

Sol. Let 6 be the angle b/@ a and b

-4 a-b

- -
lallb]

L3 A
[i+]]

8 =cos

6 4 1 i1
—xf=e0s ' ——— = 0=C0S '—— =0=—
V3.2 2 4

19. 1{-‘&:(}'_7_:{+7;}) and 5=(3f—2.}+2§) thenﬁndl&xf).'

Sol. Given:—

a=i-7j+7k
b = 3i=2j+2k
i ok
Now, axb=01 -7 7
i B 2
17T Tl ook e T

20. Find the angle between two vectors a and b with magnitudes 1 and 2 respectively when
|axb|=3

Sol. Let, 6 is the angle between

a and b
Now, sin® @::»sin@: 3 ::»s.in0=£:>9=E or, 2.

21. What conclusion can you draw about vectors a and b when axb=0 and a-b=0 ?

Sol. If, Qszb’ and ;-E—O



then, ; - 6 or B:B

—5 35 =

vaxb=0

—jal=0or, |b]=0or, a||b .......... ()
and, 5-6—0

—~|al=0or|bj=Ooralb. ... (ii)

from (i) and (ii)
a=0orb=0

22. Find the value of A when the vectors a = (f + l}'+3}’;) and b= (3f +2}‘+9f2) are parallel

Sol. -+ a|lb
1.2.3_,.2
3 2 8 3

-

23. Write the value Off-(}xﬁ)+_}-(;xk)+£-{;x})

A A A A A A\ Y ~ A
Sol. i-(jxk}+jl(ika+k-[iij

A A A

ﬁi-i+j-(~j]+k-k= 1-1+1=1 Ans.
[}

24. Find the volume of the parallelepiped whose edges are represented by the vectors a =(2§ —3_}'+4)’;) .
b= (5+2_}—1€] and ¢ = (35 ~2j+2Kk)

+ = =

Sol. Volume of parallelepiped =l[2 b c]|
2 -3 4
Now, [a b c]=ft 2 -1
5 2 2
0 -7 o
—~[abc]=fi 2 —1{2”2_2;2
o0 @ s lUeTeTH

> 3 - -7 6
abcl=-1
= 1= g s

Hence, volume of parallelepiped =13. cubic units

25. If a= (—Zf = 2}4—4.@),5 = (—2f+4j - 2!?) and ¢ :{4?— 2j= 2.‘;'“) then prove that a,b and ¢ are
coplanar

Sol. Given:-

‘=_(-35+43)=-13 =|[a b c]|4-131=13

a=-2i-2j+4k
b=—2i+4j-2k

a=4i-2j-2k

Now, [a b a]
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2 -2 A2 2 2 0 0 0
=2 4 -2|=|2 4 -2 R,5R+R, =}2 4 -2|{R,>R,+R,
E - -3 |a g -2 4 -2 .2
=0

. —»
Hence, a, b & c are co-planer.

26. ifa =(2f+6_;+271:') and b= (;+l}+p!;) are such that axb =0 then find the values of A and i

-3 -3

Sol. “»axb=0

::»gl[5:%=%z-—7321=6and2r=27:>/\=Band r=2—2? Ans.
r

27. If O isthe angle between a and & and |a-é|:|&x?;[ then what is the value of 6?

Sol. -+ a-b=|bxb]|

—|a||b|cos6= allb|sind=>tand = 1:9:%

28. Whendoes|&+5|=|a|+|5[ holds

Sol. If, |a+bla|+|b]|
—jarbP—{a|+|b[ =|af +|b[ +2|allblcosd | af +|b[ +2|a|/b|

—2|a|lblcosé=2|al|b|=>cos§=1=8=0

Hence, If, a like b, then. |a+b|=ja|+|b|
29. Find the direction cosines of a vector which is equally inclined to the x-axis y-axis and z-axis
Sol. Let, 6 = Indignation of vector with axes.

Here direction cosines are, / =c0s8, m=cos® and n=cos8

Wehave, ¢ #m® +n” =1

1
= 08’0 + c0s’0 + c0s?0 = 1= 3¢0s°0 = 1=> cos’0 = ~§:> cosB = +

&)~

) 1
Hence. d cosines are +—,+

J§|
30. If P(1,5,4) and Q(4.1,-2) be the
PQ

ik

&l
&l

osition vectors of two points P and  find the direction rations of

=

Sol. PQ=(4-1) ;+(1-5)]+(_2_4)12

—=PQ=3i-4j-6k
Here, Direction ratios are 3, -4. -6

31. Find the direction cosines of the vector a = (; +2]+ 3!;)

A A

Sol. Given:- ;:i+2j+3k
Direction of ; arel, 2.3

>
Direction cosines of a are,



32.

Sol.

3 _ 3
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If @ and b are unit vectors such that (c'r +b) is a unit vector, what is the angle between a and 4?

and, n=

[a+b] is a unit vector.

A A a " A n a

=|a+bl|=1=|a+bP=1=]a” +|b|> +2|a||b| cos® =1

=1+1+2c0s0=1 :>COSB=——; :>e=2-%



