Exercise 10.R

QiccC

(@).
Suppose that  and y are both given as functions of a third variable t (called a parameter)

by the equations x = f{t), ¥ = z(t) (called parameiric equahions). Each value of t
determines a point (%, ¥) which can plot 1n a coordinate plane. Ast vanes the point
(=, y =(f(t).g(t)) varies and traces out a curve C which we called a parametric curve.

).
Each value of t determines a point {fi{t), g(t)) which we can plot in a coordinate plane.

Q1E

Parametric equations are x=£+4 ———(1)

And y=2-t . (2)
Where —4<¢<1
We sketch the curve with taking different values of't in the interval [—4, 1]

From equation () we have y=2—t¢
=f=2—-y
Putting this value of t 1n equation (1)
=x=(2-y) +4(2-y)
=4+ —4y+8-4y
=x=)y"—8y+16-4
=(x+4)=(y-4)’
‘Which represents parabola with vertex (-4, 4)
x=y —By+12




Q1P

Q1TFQ

Given parametric equations are

1COSH !smu
Iz.ll " i, y= .l
By fundamental theorem, we d:lﬂ"erenhate x and y with respectt
Ezcasr and Q_ sin £
ot £ ot £
: dx
For vertical tangents we must have E: 0
— cosi -0
£
=cost=0

:;»z:%

=7
So nearest tangents occurs when [f = A

andfor =1, [x,y) . [ﬂ, EI)

So length between these points.

{2

_j'zﬂ cCos .t 5in .f

=3 ot

_I’nr df [sin2 H+c0529=1]
e rﬂl =[tne]™

=[2=1n(x72)

Given x=f(f) andy=g(®), g'D=0
Hence the curve 1s honizontal tangent when t=1.

iope & _ W
“dx dxjdt’
if ¥_g &

E=U,E¢ 0 then the curve 15 horizontal tangent.

Hence the given statement 1s true.

Q2CC

(a).

dx

The slope of a tangent to parametric curve 1s dey_fdt if —=0

dr dxjd:



(b).

Ifthe curve is traced out once the parametric equations x= f({) and y=g(¢), a<t= f

£
then the area under the parametric curve is Azlg(t}f’(t}dz

Q2E
Given parametiric equations are =1+ (l)
y=£ . (2)
Simce y>0 joralit
Now .?|:=1+(e’:]2
=|z=1+y*| .y>0
Now we sketch the curve
5
a3
3
1 n“
Q2P
(a)

How do you find the slope of a tangent to a parametric curve?
Suppose f and g are differentiable functions and

Parametric curve is defined by equations x= f(r) and y=g(1).
Where ¥ is also a differentiable function of x

Then using Chain Rule

Write ﬁ=ﬁ£
drt  dv drf

If ﬁ = () then solve for ‘# .
dr dx

Rewrite the slope
dy N dv/d@

dx  dx/d@




This equation allows us to find the slope % of tangent line without having to eliminate

parameter f.

To see from equation that the curve has

Horizontal tangent when % =0 ( é =0)

Vertical tangent when —=0 ( — dy =0)
dr dt

For example:

Consider the parametric equations,
Iza[ﬁ'—sinﬂ} And y:a“—msﬂ},a}{]

To find Q;
dx

Recollect the formula Q = M
de dx/d@

So first find ﬁ
df

y:a(l—ﬂ]ﬁﬁ'}

ﬁ_a{ﬂ{.ﬂnﬂ} Since —{C’DSH] —sinf

dé dé

dy _

d

For ﬂtake x= a(ﬂ' —sin H)
dé

dx =a(l1-cos@) Since i{sin ) =cosé
46 dx
Thus, ﬂ = dydde
de dx/dé
dy asiné

ay _ . csme dy dv _
& a(l-cosB) Substitute E-asmﬁ' a(l-cosé#)

sinfd

dy
Therefore, — = |——————m»_L
S dx |(1-cosé@)




Tofing 9.
dv’

Recollect the formula
‘f_zf=i(£]
d¢  dx\dx
e
_aold
S &
do
i[ L ] dy sin@  dx
_ @6\ (1-cos0) | Substitute E=(l—m}s3)'dﬂ
a(l—cosé)
d, . _d
[(Icosﬂ}ir{smﬂ')[sm‘ﬂ}dr{lcosﬂ}]
1-cos8)’
. (1-cosd)
dc a(1-cos@)

— i["{"—}]: 1'(.1');(::(.1'})—::{1.1’};(1-‘{1}}
&\ ¥() (]

Simplify the above steps,

({I —cos@)cos @ —(sinf)sin 6‘]
d'y .

(1-cos@)’
dx* a(l-cos8)

(mst‘?—coszﬂ—sin: E]
dl_},: (1-cos@)

dx* a(1-cos@)
[msé‘—(cosz 6 +sin’ 6‘]]

d’y (l-cosﬂ)z

v a(l—cos#)

— =a(l-cos)



To find the equation of the tangent line at the point #= %:

T dy sin@

6°  dx (1-cosd)

sin(i]
(£)..- [._C:E]

1
(&) [,zﬁ]

2
‘&)1
kEa‘k% ) (2_"@)
() 245 Rationalization

\dx ;.=
[

Hence, the equation of the tangent line at the point 3:%5 y—y, =m(x—x)
[ _p_g{l—ms%]]=(2+qﬁ)[x—a(%—sin%]}
y—a[|—§]={2+ﬁ)(f—ﬂ(%—%]}

¥ :(2+\E){x—a(%—%]}+a[l—%] Add on both sides with a(‘ '%]

Therefore,

The equation of the tangent line at the point 8= % is

y:(hﬁ)u-a(g_ﬂ)m(l_ﬂ




To find all points of horizontal tangency
Recollect the horizontal tangency slope equal to zero.

Q_ sin&
dx (1-cos8)
siné
(i=c0s8) "

sin@=0.1-cos@=0

Therefore, points of horizontal tangency (x,y) is {a(2n+ 1)z, Za}.

Determine where the curve is concave upward or concave downward.

To find the second derivative at g =%

).
e | :
-3 a{msf—l)

=
-
()

f R’

¥3
N2

L5 4

LE]

<0

S0, the second derivative at 9=Eis negative, the concavity is downwards.

Concave is downward on all open g intervals ...,(-2x,0),(0,2x),(27,4x),...

(b)
To find a formula for determining the area under a parametric curve
Given by the parametric equations x= f(r) and y = g(r).

Also need to further add in the assumption that the curve is traced out exactly once as ¢
increases from a to B.

First recall how to find the area under y=F(x) on g<x<b

Calculate an area formula by using the substitution Rule for definite integrals as follows:

J=IF(I}#



Q2TFQ

Given x= F(£) andy= g(t)

Then
dy _ i(ff_f]
dr® dxl\dx
i)
ot dx
R
i
|Hence the statement is False |
Q3CC
{(a).
E i 2 2
The length of the parametric curve is L= | [—] +(£] ds
Y\t ot
(®).
The area of the surface obtained by rotating a parametnic curve about the x—axis 1s
F3 dx 2 dy 2
Sz_[Z?!y [E] -l{E) df where x= f(f) and y=g(f), @<t < f be parametric
equations.
Q3E

Consider the parametric equations
3
x=cosf . y=secf.where 0<f< N

Need to skeich the parametric equations.
The sketch of the parametric equations is as shown below.

sty




Consider the parametric equations
T
x=cos@ . y=secl, where HEH{E

Need to skeich the parametric equations.

The skeich of the paramefric equations is as shown below.

i i

MNow need to eliminate the parameter to find the Cariesian eqguation.

Consider
v=sect
1

=—— Since gecxr=
cosé COs X

=l Substltutlng mﬂ =X
X

Hence the Cartesian equation of the parametric equations is l




Q3P

Consider the polar curves,

r=1+csin@ Where Qg<c<l|

To find the smallest viewing rectangle that contains every member of the family of polar curves
r=1+csinf where <c<|

Interms of x and ¥ .we have x=rcosf
x=(1+ecsin@)cos@ Substitute r=1+csind
x =cosf+c-cosfsin @ Mulliply

=msﬂ'+%csin 28 Since sin 2@ = 2sinf@cosf

And

v=rsinf

y=(1+csin@)sin@ Since r=]+csind

y=sin8@+ecsin’ @ Multiply

Now —]<sinf<l1

—1+csin’ @ < sin@+csin® @ <1+csin® @ Add on both sides with -5jp”° @
—l+esin® 8 < y<l+csin® @ Since y=sinf+csin’ @

1<y €l+e<2

If y=2when c=] and @ =%

While y=—lwhen ¢=0 and @ =3TH

Therefore, a viewing rectangle with —1<y <2

To find the x— values:

The equation x=mg+%¢ngann use the fact that sin 20 >0 for 0<8 <

b | &

. T
And gin2@ < () for —E:‘éﬂ‘iﬂ
Since p =]+ csin @IS symmetric about the y—axis

So. only need to consider _% <f < %

Thus. _% <@ <0, xhas a maximum value when ¢=( and then x=rcos#hasa maximum

value of 1at =0,

Thus, the maximum value of x must occur on [ﬂ,%:l with =1



Then x=cos#d +%5in 28

£ = —sinﬂ+lc052ﬂ- 2
d8 2

£=—Sin§+{:0529

de

dx X O e
E=—smﬂ+l—25m'&‘5lnte cos28=1-2sin’ @

& =-2sin’ @—sin@+1
d8

Recollect ﬂ =0
de

—2sin’ #—sinf+1=0

2sin° @+sind-1=0

2sin” @+ 2sinf—sin@—1= (0 Faclors
2sin@(sin@+1)-1(sin@+1)=0
(sin@+1)(2sin#-1)=0 Common like terms
(sin@+1)=0 or (2sin&—-1)=0 Use zero product property
sin@=-1 Or sinf?:%

But sing@=-1Tr 0<8 5%

. 1 F o 1 .
If smé=;1hen H=Eﬂﬂﬂ x=c059+;5m29

Observe the below graph of several members of the family in this viewing rectangle:

r=1+csiné ‘y c=1

-1.6

Il
=

-0.8; c




Q3TFQ

Given x= f(f),y=g(t) and a=t <b
The length of the curve 1s

15T (2

3
= [JUre) He o) e
Hence the giv‘;n statement 15 true.
Q4cCC

(@)

Lia

0 Polar axis x

®).

Equations to express the Cartesian coordinates [x, _}*) of a point in terms of the polar

coordinates are x=rcos8, y=rsin &

{c).
Equations to find polar coordinates of a point if we know the Cartesian coordinates are

r= 4yt f=tan L

X

Q4E
Given paramelric equations are x=2cos8 -—— (1)

And y=14smné ———(2)
We slketch the curve for different values of & where 0=8 <27

Y
3

21}, 0=0

Fig.1



From (1) we have cosf= % ............ (3)

And from (2) we have sinf=y—-1 . (4)
Adding the squares of equation (3) and (4)

2
cos +sin’ &= (%) +(» —l)2

2
_2,0°)
4 1

Which represents and ellipse where a=2 and b=1
Somajor axzis =Z2a=4 and minor axis =2b =2

And center of the ellipse is at the point (0, 1)

=1

Q4P
Let’s call the bug starts in the first quadrant the first bug, second quadrant the second bug,
third quadrant the third bug, and fourth quadrant the fourth bug.

Let r= f(@) be the path of the first bug. The first bug’s path can be calculated as the slope

of the tangent line to the curve.

The slope of the tangent line at any point (x, y)=(rcos#,rsin8). and it is given by
dy

de

dx
de

On applying the product rule,

T

B &

_dr
cosf?+sinf
" v de

e

—rsinﬂ+ms§£
dg

Rewrite the above eguation as.

dv _ f'(8)sinf+ f(B)cos@ ;
dx f'(8)cosO-f(6)sin® 4

Observe that, the first bug is at the point {x, y}. then the second bug is at the point {— y,x}.

The line connection of first and second bug has the slope e
x+y
That is,
dy _y-x
de x+y

To convert it into polar coordinates, substitute x =yrcos® and y=rsind.
ﬂ_ rsinf—rcosf
dr rcos@+rsinf
Q_ sin@—cos &
dr cosf+sind

~(2)



The equations (1) and (2) describes the slope of the tangent line equal to each other,
That is,

f'(8)sin@ + f(8)cosf sind-cos@
f'(8)cosf— f(8)sin@ cos@+sind

Using Pythagorean identity,
1'(0)=-5(6)
Thus,

f(8) = ke® for some constant k.

The bugs staris a distance of ﬁa units from the origin.
2

So,

—2a=.ﬁ‘£_;

Therefore,

Jae'
2

k=

a

Q4TFQ

The point (7.8) in terms of Cartesian coordinates is 7 = Jx° +y°,8=tan ™"

|

Hence the given statement 15 true.

Q5CC
{a). Slope of atangent line to the polar curve is
ar sin8+rcosd
dy _dyld8 _g4g

dx dxjdg dr

—cos&—rsin

(®).
T
The area of a region bounded by a polar curve 1s A=l§r2 a8

(c).

3 2
The length of a polar curve 15 L=_[ |:.l")2 +(:r_g] a8



Q5E
Equations of the curve 15 ¥= JJ_r

Let x=¢ then _}ert_ where £20
i ) x=¢&
So first set of the parametric equations = izo
y=i
Let x=¢* them y=t¢
x=¢

So second set of the parametric equahions =

I
Lo

Let z=tan &

Then y=tan¥ when 0=8<xf2
So
. . . x=tan’ 8
Third set of the parametric equations = L 0=8=nf2
¥ = tan &
Q5TFQ
2657-10R-5TFQ ATD: 9514
RID: 378
Given

r=1-san 28 r=s5n28-1

|Given statement is true |
Since graphs of the abowe two curves are same and the graph 1s

r-1 sin2@




r=sin28 1

=)

i
LS

>E

Q6CC

(a).
A parabola is the set of points in the plane that are equidistant from a fized point F
{called the focus) and a fized hine (called the directrix).

().
An equation of the parabola with focus (U,p) and directriz y=—pis x =4py

An equation of the parabola with focus (p,ﬂ) and directriz x=—p is vy =4px

Q6E

Consider the graphs x= f(r) and y=g(r).

First graph

3 }-232_1




Second Graph:

(]

y=| r:—l')r




The two graphs are x= f(t) and y=g(r)

To skeich by matching up the parameter values and obtaining the corresponding (x, y)

coordinates.

sy
x(r}=(r‘1—l]
»()=(r1)

¥ =



Q6TFQ

2657-10R-6TFQ AlD: 9514
RID:- 373

Given

r=2x+y =4and x=2sin¥, y=2cos 2t

Since graphs of the abowe curves are same and the graph is

AY
107

¥x

Q7CC

{a). An ellipse 15 the set of points 1n a plane the sum of whose distances from two fized
points Fy and F> 15 a constant. These two fized points are called the foci

(b).

An equation of the ellipse with foc1 (t=.0) and vertices {Fa,0) 15

2.7
b

a=hbz=0



Q7E

a) Consider the polar coordinates of the point

)

Need to plot the point and find its Cartesian coordinates of the point.

The plot of the polar coordinate is as shown below.

-

' 4}21?“—

3 )

LY

2
From point [4*%].

}‘=4 and 3=2TI

To change the polar coordinates to Cartesian coordinates, use the equations
x=rcos@ and y=rsind

Now
x=rcos@

:4cns[%] Substituting =4 and g =2_;'

44

=-2



Now
v=rsinf

=4sin(2TE] Substituting =4 and @= E;T

(3]
203

Hence the Cartesian coordinates of the given polar coordinates are (—2, 23 )

b) Consider the rectangular coordinates of the point
(-3.3)
Need to plot the point and to find two sets of polar coordinates of the point.

et {.\',;.'} = {—3.' 3}

The sketch of the point is as shown below:

>
44
I I’y] :;:f_333 -\:.

) 3t

24

1+
X
i =+ e b - ok odeeflts




To change the rectangular coordinates to polar coordinates, use the following formulas:

tan@ == and r=x+y

X

MNow
tan@ =2
X

3

== Substituting x =4,y =—4

=—]
@=tan"'(-1)

3 Tx .
=— — Since <
2 a 0<@<2x

And
rF=x+y
=(-3) +(3)
=9+9
=18

r=i‘w"'l_3
-+ (2

=+32

Hence the two set of polar coordinates are [—3&,%] and (3«;"17, 3:)




Q7TFQ

2657-10R-7TFQ ATD: 9514
RID: 378
Given
x=£2,y=t4 andx=£3,y=tﬁ
Given statement 15 false.
Since graphs of the above curves are not same and the graphs are
'|I]*Y
L
ﬂ..
B..
5..
4..
3..
2..
i1
X
B 2 O] 1 i
ey
_3--
14
5..
1]*‘(
3..
3..
7
5..
4..
3..
2..
i

£ &5 4 3 2 41

b w kg




Q8CC

{a). A Hyperbola 1s the set of points 1n a plane the difference of whose distances from
two fized points F; and F> 15 a constant.

),2_1

(b). An equation for the hyperbola with foc1 (X2,0) and vertices (ta,0) 15 iﬂ —b—j =
a

{c). the equations for the asymptotes of the hyperbola in (b) are y= ié—,x
a

Q8TFQ
Given
2y +3x=y°

Given statement 15 true.
Since graph of the above curve 1s a parabola and the graph is

AT
107

Q9CC

(a).

Let F be a fized point (called the focus) and 1 be a fized line (called the directriz) in
the plane. Let e be a fized positive number (called the eccentricity). The set of all points
P in the plane 3 @ =e

| £

(b). The comic 1s an ellipse if e < 1, aparabolaif e =1 and a hyperbolaife > 1



(©).

If x=d 1s the directriz then the polar equation for the conic section 1s .i"=L
l4+ecos&
If x=—d 1s the directrix then the polar equation for the conic section 1s .i"=L
l1-ecosd
If y=d 1s the directrix then the polar equation for the conic section 1s rzL_
14+esin &
If y=—d 1s the directrix then the polar equation for the conic section 1s rzle'i;_g
—esin

QOE

‘We have the equation r =1—cos&
‘We calculate the walue of r for differential values of &
In the interval 0= 8= 27

a 0 wi2 b 3mi2 27T
r 0 1 2 1 0
Step 20f5 A

‘We see that as &changes from 0 to % .rincreases from 0 to 1
‘We sketch the part of curve

-2

Ac 8 increases from % to 5T, r increases from 1to 2
‘We sketich the second part of curve

Fg-2



As & increases from 7 to3s /2, r decreases from 2to 1

Fg3

Q9TFQ

A tangent hne to the parabola intersects the parabola only once
From the shape of the parabola the tangent line to the parabola intersects the parabola

only once.
Hence the statement 15 true.

Q10E.

First we sketch the Cartesian curve of the equation r=sind8, 0=8=<=2x

T
Fi

L/\U[\.

Step 2073 A

B

AW
VALY

Fug.1

Weseethat r=1 at &=7f8, 5a/8, 9xi8, 157x/8
And r=-1 at =3x/8, Txf8, 11af8, 1578

And i g XA _SWET AT oo

12 2712 a
So with the help of above information and graph, we sketch the polar curve of
given equation



Fig_2

Q10TFQ

A hyperbola never intersects its directriz.
The statement 15 true.
Since the direciriz is a fized line that never intersects hyperbola

Q11E

Consider the equation of the polar curve

r=cos3d

Need to sketch the polar curve.

First sketch the curve y=cos3@. 0<@ <2y . In Cartesian coordinates. The sketch is as
shown below.

284r

1.5




From the figure, observe that r decreases from 1 to 0 as @ increases from 0 to .
S0 draw the corresponding portion of the polar curve as indicaied by the number 1 in the
following figure.

Now rdecreases from 0 to —1 as gincreases from &= %to el

That is the distance from the origin © increases from 0 to 1.

But this portion of the polar curve lies on the opposite side of the pole in quadrant lll instead of
in quadrant I. This is indicated by 2.

Continuing in this way, the following figure with three petals is obtained.

Thus, the polar curve is as shown below:

=T

Q12E

Given parametric equation is r=34cos38
‘We calculate the values of r for different values of &

|0 mf6e| i3 af2| 2af3| Sai6| | Tai6| Axi3| 3ni2| 5ai3| 11af6

r |43 |2 |3 |4 |3 213 |4 |3 |2 |3

‘We see that curve starts from (0_4)
AsBincreasesfrom 0 to Af3, r decreases from 4 to 2

As B increases from A3 to 2A13, r increases from 2 to 4

As O increases from 2713 to n, r decreases from 4 to 2

As O increases from « to 4743, 1 increases from 2 to 4

As B increases from 4a73 to 5773, r decreases from 4 to 2
And as 9 increases from 57/ 3 to 2u, r increases from 2 to 4
Thus we get the complete graph



Q13E

Q14E

4.0)

Given polar equation 15

r=14+cos28

We calculate the values of r for different values of 2

g 0 sl 2 i Ko 2T
r 2 0 2 0 2
[r R j (2,0}
— "'-F;.. -\‘Hx' ——
Fig-1

Given equation of the curve 1s r=2 cos (H.-" 2)

We calculate the value of r for different walues of & 1n the interval 0 <8 <47

g 0

F/ 3

27

3

4

T 2

0

-2

0 2

We see that as & increases from 0 to &, r decreases from 2to 0
As B increases from n to 2n, r decreases from 0 to -2

As O increases from 2n to 3m, r increases from -2 to 0

As B increases from 3n to 4n, r increases from0 to 2

Thus we get the graph




Fig1

Q15E

Consider the equation of the polar curve

3

r=———

1+2sin@
Need to sketch the polar curve.
C - 3 : ed y

ompare the equation , = ——with the general form p=——gives
1+2sin# l1+esin@

e=2
And egd =3

2d =3 Substituting ¢=2

d =% Dividing both sides by 2

Since g=2>1

So the equation represents a hyperbola.

And the equation of the direcirix is y =%_

The vertices occur when g:% and g:%_
Suppose @=2=
2
Then
3
r=
1+25in(£]
2
3
1+2(1)
_3
3

Thus r=1



-2

fa—

s
-1

=3
Thus r=-3

o (35163

Hence the vertices of the hyperbola are [I,%],(],

The x-intercepts occur when @=0,x

Suppose =0
Then
3
r=———
1+2sin(0)
N 3
1+2(0)

_3
1+0

Thus r=3

)



Suppose @=x
Then
3

"= 1+2sin(7)

3
T 1+2(0)

3
1+0

3

1
=3
Thus =3
In both the cases, r=3

Therefore, the x-intercepts are (3,0) and (3,7).

Now need to find the asymptotes for the hyperbola.
Suppose (1+2sin@)— 0" and (1+2sinf)— 0

Then r— 4w

And 14+2sin@=0
2sin & = —] Subtracting 1 from both sides

simgt:_% Dividing both sides by 2

g= L’ﬂ% Solving for @

6

Thus, the asympiotes are parallel to the rays 9=?§and g= %_



Thus, the hyperbola is sketched as follows:

-~

9

8 .

7 1+2s1n6
6

5

5 6 7 8 9 10

:" :01
24 Focus
-3
-4
-5
Q1l6E
Consider the equation of the polar curve
3
F = —
2-2cos8
) ) 3
Rewrite the equation as . _ 2
1-cosé
Meed to skeich the polar curve.
Compare the equation . _ 2 with the general form » = Lgi\res
e=|
= 3
And ed =3/

-3 iUt _
d= A Substituting =1



So the equation represenis a parabola.
If the parabola opens towards right then the Cartesian equation of the directrix is y =—-d -

Thus, this parabola has the directrix with Cariesian equation x = —%_

Here the negative sign is considered for the direcirix equation because of the negative cosine
term.

The vertices of the parabola occur when g=0 and &= .
Suppose @=0
Then

3
F=—
2-2¢cos0

Suppose @=gx
Then

Thus, r= E
4

Thus, the veriex of the parabola is [—%,ﬂ].



The sketch of the parabola is as shown below:

EEEEEE S

FEEFSSSEEEEE

: -21
: 3}
: "
54
Q17E
Since x=rcosf
y=rsmé
Therefore x+y=rcos&+rsinf
=r(cosﬂ+sin9)
Z}r(msﬂ+sinﬂ)=2
2
=|r=

cos 8+s5n &




Q18E

Since x=rcosd, y¥=rsiné

Therefore
24y =rtcos? +risin?d
= rz(cosn 8 +sin’ H)

=|r*=2]| is a polar equation.

Q19E

Given equationis r=sin8/8

We sketch the graph of r as a function of & 1n Cartesian Coordinates.

T

Step2073 A

Weseethat asf—dmo, r—0
and as8 —0, r—=1
Mow we can sketch the curve

Fig.2



Q20E

(Given equation is r=2{ (4 —3cos 9)
Dividing the numerator and denominator by 4

1-3f4cosd
Comparing with .i"=L
1-ecoséd
We have e=34 <1 sothis equation is an equation of ellipse
Since ed=1/2
=d =1/2¢
=2/3

And since in the miven equation, denominator has negative sign

So directrix is

Mow we sketch the curve and directriz

w=-203

N

If graph of ellipse 15 rotated counterclockwise about the origin through an angle
27rf 3, then we have to replace & by (H— 27t 3) in the given equation and so

equation of the curve becomes.

2
 4-3cos(8—2mi3)

F

If graph 1s rotated clockwise about the origin through an angle 25/3 | we have to
replace & by (H+ 2rrf 3) in the given equation
2
T 4-3cos(8+2713)
MNow we sketch the curves for both the cases.

F
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The slope of the tangent line at a point where t=1, 1s
2
2| —a07-2
Q22E
We have x=2+6:+1 y=2%—¢§
Then 9 46 Y _o_ o
ot ot

core deyuzzzz—zz
drx  dridt % +6

The slope of the tangent ine at the point, wheret=-1, 1s
] _2-2(-1)
dx by 3(-1)"+6

242 E
3+6



Q23E

Wehave r=2"*
dy %sinﬂ+rcosﬂ

Since
— cos&—rsin &
dy —e” sin8+e”’ cosd
=== ey ==
gxr —¢ cosf—e snd
g’ ([:os H—szn H)
—E_’(cosﬂ+sin5')
(cosﬂ—sinﬂ)
cos Z+s5n S
_sinH—cosH
cos &+sin &

The

The slope of the tangent line at a point where &=r,1s
dyl sm T—cosiT

cas J'!'+sm?!‘

':'(1).

-1+0

Q24E

We have r =34+ cos 38
Then £=—3sin35'
a8

isi1:u5'+.i" cos &

dy

How —=

it:vt:us F—rsin

B —3sin38s1n H+(3+ [:0535)[:059
~ —3sin38cos 9—[3+ Cos 3H)sin9

The slope of the tangent line at a point where &= g:’s
dy ~3sin (374 2)sin (71 2)+(3+cos (374 2))cos (7 2)
dx],_,,, - —3sin(37/ 2)cos (71 2)—(3+cos (371 2))sin (77 2)
_ =3 (=1)-(1)+(3+0)-0
-~ —3.(-1)-0-(3+0)-1

340
= = 1
—
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Consider the parametric equations,

x=t+sint, y=1-cost

First. to find ﬁ.‘

dt

E=%(.r+sim')

dt Use the Sum Rule.

d d . .
=E(r]+5{mnr}

=14+cost

Use the Product Rule and i[sim‘) =Ccos/f -
=0 dr

MNext, to find ﬁ:
ot

. %{f ~cost)
dr Use the Difference Rule.

d d
=—(1)-—(cosr)

=1-(-sinz) Use the Product Rule and i{cosr} =—sinf.
—lLcing dt

Finally, to find ﬁ:
dx

Use the formula £= ‘#_d! if ﬁ#ﬂ. to get
dx  dx/ dt it

dy _ dy/dr
dedvdt o psinte.
_ l4+sm¢
1+ cost
1+sins

1+cost|




First, to find %{aﬁ*{dx‘}i
It

%(@fdr):%[l+5inf)

14+ cost

_{]+cnsr}§(l+sim)—{]+sinr}§(l+cosr]

[l+cns.r}3
_ (1+cosr)-(cost)—(1+sint)-(—sinr)

[]++r:4::ns‘..'}I

Use the Quotient Rule.

oSt +cos’ [ +sint+sin’ 1

(I+cos:):

_ l+cost+sint
{1+msr‘,|1

Use the Igentity sin® s+ cos’r =1

Finally, to find 4 ¥ -
ﬂ_-

d
Use the formula d°y _ d;{d"' dx) :

= . |f£=el.'l' o get
dx” dx/ dt dr
d
dy _E{df d-"')
dx’ dx/drt )
. Substitute.
l+cosr+sins
_ (1+cost)’
a 1+ cost
1+cosr+sins
= 3
(1+cosr)
Q26E
‘We have x=1+£, y=£—£3
Then %: @=1—3.:2
Therefore 221
dx dxidt
_1-3
2f
22
Thus dy 5
dx 2t




22
dx 2t 2 2
d
- —[ﬁ] Y2
Then Z3- SIS 2 2
dx’ dx 21
df
4
1,
_ Ly &
2 2f
_lf 1_}2
4l A2
Py _—(1+%)
Thus 23 = e

Q27E

We have the questions z=£° —%
and y=£+z+1
MNow we sketch the curve

3 2 o 1
From the graph we see that lowest point 15 about (1.4, 0.75)



% -3
Curve must have a horizontal tangent at its lowest point and for this
dy

We must have — =
ax

=2+1=0 =|t=-1/2]
Calculating the value of x and y for £ =—1/2,we get ng and _}r:;

(53

So lowest point on the curve is

Q28E

First we sketch the curve with parametric equations
x=£-3¢  y=£24+:+1

4

For getting the right most point we have to find t at which curve has vertical
tangents and for this we must have %=ﬂ
=3%*-3=0

= -1=0
=i=1%1



For getting the nght most point we have to find t at which curve has vertical
tangents and for this we must have %zﬂ
=3%'-3=0

—=-1=0
=f=11

For getting the right most point we have to find t at which curve has vertical
tangents and for this we must have %=ﬂ
=%"-3=0

= -1=0
=f==41

£ & £
Therefore the area of the loop=3| —4+————¢
|5 4 2
=3 [l+l_l_1]_[£+ﬁ_i+g]
[\5 4 2 5 4 2
_3'(—_21]_(ﬂ)
[\ 20 20
= 3}(E:ﬂ
20 20
==|A=4.05
Q29E
Parametric equations are x=2acosi—acost
And y=2asmni—asinf
Then %=—2ﬂ5iﬂf+2ﬂ5iﬂ2§
=2asini+4dasinf cost [2sinfcosf=sin 2f
Or ﬁz Easinﬁ(E[:osr—l)
dt
And %: 2acosi— 2acos 2
= Eacnsr—Ea(Ecosjr—l)
=>£=2a“+cosz—2cosit) (cosEtzEcosiI—l)
df



For vertical tangents we must have % =0

=>2asin.t(2t:os.t—l)=ﬂ

=sanf=0 ar 2cost—1=0

=anf=0 or cosi=1/2

== A3 & and 5713 For 0<z <27

dy

For honzontal tangents we must have i =0

= 2a (1+[:05£— 2cos? I) =0

= 2cos f—cost—1=0
=2cos f— 2cosf+cost—1=0
:}2cos£(cos£—l)+l(cosr—l): 0
ﬂ(cosz—l)(Emsf,+l)=U
=>cosf=1 or cost=-1/2
=t =27/3, and 4x/3)

Now we calculate comresponding points for different values of t at which curve
has honizontal or vertical tangent.

t oo ¥
0 a 0
i3 3ai2 Jrai2
2wi3 —af2 3J3ai2
bid —3a 0
473 —af?2 —33ai2
Sxif3 3al2 —J3ai2

Using these points we sketch the graph

y

(-3a,0) a,0)

> X
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We have 2acosi—acos 2, y=2asinf{—asin 2

Then =—2asinf+ 2asin 24

xX=
dx
dr
o dx

Then Area  A=2[" »2%d

A e .llzydf
= 2[ "(2asin—asin 2¢)(~2asin £ +2asin 2¢)ds
=2]"(-4::’sin’z+2a’sinzsin2:+4a‘sinzsin2:—2a’sin’2:)d.:
= 2]"(—4.::’ sin® £ — 24° sin® 2 +6a* sin £sin 2¢)
= —z(za’)["(zsin“:ﬂin‘ 2 — 3sinzsin 2¢) s

- -‘-‘Iﬂi_l-uI [(1— Cos 2{.) +%(1 —Cos 4:) —6sin” -::osr:ldt

Q31E

First we sketchthe curve - =% cos 5 8




We see that this curve has 10 leaves and one leave 15 in the intenal—%ﬂﬂi%
So Area enclosed by the curve
Azlﬂrm L 240
—z A0 2
i
= 5[  9cos58d8
= Qﬂl:mcus 5848 [[[:os 56')is an even fountion]
= Ofsinsep™
5
- 13[551. g— n] =18(1-0)

~[A=T8)

Q32E

First we sketch the curve

3 -.'t/fl l‘\\ F] 3
; J \ “‘\\
/ \

For inner loop we find the interval

We set r=0
=1-3sin8=0
stinﬂz(lﬂ)

=8=sin"'(1/3)

N 1 Since
So loop 15 1n between sin_lgiﬂﬂﬂfz [m(&::rf?),r=—2



Then area encloses by inner loop 15

a=2[" lagg
W3y o

= [ sy (1 35in 6)" a6
=f2
=[, _(149sin*8—65in8)d8
™' (13)
xF2 B =f2 ;
= Lﬂﬂm(l— 6sin 8)d&+ gLﬂgmﬂﬂﬂ 8 dg
Using tngonometric relation sin® 8 = %(1—[:05 25) and integrating, we get
] 3 9 A
A=|8+b6cos8+—EF——s1n 28
| 2 4 - 1
3
- _"é

= 1—219+6 Cos H—Eﬁnﬂcosﬂ

3 2
:E E—sin_ll —& _E-JE Exlx_zﬁ
242 3 3 3 3
11{x al
=|—|— —|-3.2
2(2 o 3) 2
3
1
5
2R
1
sin 8=—
3
cosﬂ=¥

Q33E

Since r=2 and r=4cosf aretwo given curves

For the points of intersection we must have
4cosf=2

Z}t:osﬂ:l
2

z g for —m=8=g

=8=+= -
3



When =413, r=4cos(tr.-"3)

)

The points of intersection of two given curves are |(2,:r'r.-' 3) and (2,—??.-" 3)

Q34E

cos&
r=cotf=— and r=2cosP arefwocurves

sin &

So

GOHE =2cosf

sin &
By cross multiplication
=2smnfcosf=cosd
sin fcos 8
=2—=1

cos &
=2anf=1

isinﬂzl

2
&5
6 6
_cosai6_ 312
Csnmf6 12

=8

Then r
And

,_cos5mi6 312 __B

sin5xi6 172
Therefore, the points of intersection of two given curve are

(B3)55%)

Q35E

First we sketchthe curve r=2 smm & and r= sin&+cosf




For getthing points of intersection
Wetake 2sinf=sn8+cosé

isinﬂzcosﬂ:‘hﬂ:; And at the pole at which

!5'=3—?r on the second curve

So Area of shaded region
=] . 2 Iar ] 2
A=| E(zsm&) o+ E[mn5+cosﬂ) a8

4 9
are 1 3214 "
=], (1—[:0523)&'9+§L" (1+sin 28)d8

[here we used 2sin&cosd=sin 28, sin® F+cos” =1 cos® §=1-2sin’ 8]

1 i 1 1 4
Therefore :>A=[H——sin25 +[—H——c0529
2 2 4 ii

Al x| |31 37x x# 1 =«
=|———7smm —|+| ———cos———+—cos—
4 2 8 4 2 8 4 2




Q36E

First we sketch the curves r=24cos28 and r=2+4+smn8

r=2+sin

We have to find the area of shaded region which 1s symmetric about the axis.
First we find the points of intersection
Forthis 24cos28=24+s5n8

=cos2F=sin &

=1-2sin’ & =sind

=250’ f+s08-1=0

= (sin #4+1)(2sin #-1)=0

=snf=—1 or sin8=1/2

2}.9:—% ar H:%ﬁ%

Then Area of shaded region 1s (one side of the axis)
w xS 3 1 FI] B 2
~(2+c0s26) dﬂ—E_Lﬂ (2+4sin8)’ 48

-zl

(24 cos28Y —(2+sin 8)° |48
irl N

:[4 +cos? 26+4 cos 26) - (4+sin? §+4sin 9]]&9

=—[7" [cos*28+4cos28—sin® &—4sin H]dﬂ



Since cos” Eﬂzw il ﬁnjﬂzﬁ

F 1— 2&
! [—1+czsqg+4c0529——( = )—4sin9]d9

B 1 pa#6 | cos 48 cos 28
T —xf2

2 +Acos 28+ —4sin9:|dﬂ

=i
_ L [E0524E+§t:0529—4sin5]d9

i6
511:l‘!|ﬂ+§'su:l 29+4t:osﬂ:|:

E ( ) [£)+4cos(?%)—ﬂ—ﬂ—ﬂ:|
£ 93 4J§] 2[£+1n£+325]:5w’§

16 3 2 16 32

Then total Area of shaded region =24
=2x5143/32

= |Area = 513716

Q37E

=2¢ 0= <2




Q38E

Q39E

Length of the curve 15
2z 2
=] r:+(%] dg
ix
=I Edg
o B
e T
e g8




,‘1' 2, 2 ,-' T, 2
Using I$:ﬁ:=ﬂ+ln(u+da:+ui)+ﬂ'
u u

We have L= —J?+]n|9+\/5’_—l—ll])

- F g

[T s i 7 _1n|,r+m|]

27T T

_A+2  Ji+an +h|2:r+~ﬁ+4ﬂ"
T 27 | a+N+7

o147 —J1+472° 2+-J1+47
or |z= +In
27 A1+ 72

Or L

Q40E

Given equation 15 1= sin (H.-"3), 0=8=m
:>:r—5=35in2 (5:3).:05(513)% [by chain rule]

:}:F—H:sinj (813) cos(813)

2
Then 7° +(:’—H] =sin’ (813)+sin* (8/3)cos’ (8/3)

=sin* (8/3)[ sin” (8/3) +cos” (8/3) |
= sin* (8/3) [sin® A+cos 4=1]

Length of the curve
= 2
L= r2+(£] a8
] a8
= L= fsin*(8/3) 48
o

= L=sin*(8/3)d8
1]



e 2

When &=, z:%

=3

Then L=3j sin® £ df
1]

1—cos2¢
2

Since sinct=

=iF
Then F =3 (ﬂ}ﬂ
2 2

_3[,_sin2]"
2| 2

3

2

7 _sin(27/3) .;,H;.]

3 2

Q41E

We have x=4J£_, =—+—
Y=3TR
2
Then E:ati 2214_1(_2);-3
dt ot 3

3=£ then d8=3dt and 8=0, £=0



The surface are ofthe curve about the z- axis 15

s-fom {3 /(3]

£ 1Yla ¢, 1Y
zﬂ'[§+?) ;+(I —F) df

£ 3
£ 1 1
=jzrr | =
3 X £t
£ {3
£ 1 1
=Izrr —+— [z“+ 3]dt
SRR t
T
:-I.Ej'r 135+l+1+i]d;
R 3 2 20
4
143 2

Therefore, 5= 21 l[£)+££ +l(£)]:
3l6) 6 2\
o L{as 1934 3a-n-1(1_
_2:r_18(4 1)+5(4 1) 3(4‘ 1]]

= 29T ﬁ.yi.yl(@]]

| 18 2 BA256
B Eﬁ(46592ﬂ+ 5120+ 255) _|471295r
20438 1024
Q42E
Wehave x=243¢ y=rcosh¥
Then E=3 . £=35inh3£
b id dt

The surfaces area of the curve about the z-axis 15

sofom (8] (3] =

= iﬁﬂ'msh 11Hi+sinh2 X dt
[

1
= E:rl cosh® % 4t

1
= ﬁrrll[1+cosh 6c)dt
12



Therefore, S= 37 z+“’”:6“1
3 [1—0)+%[sinh §—sials u)]

15— ¢
o E]

6 2

= 3?r+g(eﬁ —e'ﬁ)

Q43E

Consider the parametric equations,

.~- i‘(i': —r)

oS £ +1

£-c
I-

Sketch the graph of the function ,_* =€ . _ r(r _C] for various values for c.

ot 2 +1

From the graph. we observe that all curves have the vertical asymptotes y=1.
For ¢« —]. the curves bulges to the right. At o =_—] .the curve isthe lineat y=1
For —]1<¢<0. itbuiges to the left. At o= there is acusp at (0,0).

For ¢ (). thereis a loop.



Q44E

Consider the polar equation r° = |sin 261

Sketch the graph of the function r* =|sin 26| for various values of a.

153y

As the value of a increases we see that the graph begins to look like a circle with a radius of 1
with its center at the ongin. Initially at 5 =1 we have the light blue curve we have four lobes.
When we have () < g <] we see the four lobes get narrower and narrower.

Q45E
Given equation 15 —+£=1
9 8
Comparing with £2+';L2=1
a
‘We have
a=3 and b=2+2 then ¢® =a®—b*=1

Thus foci are (i], U) and vertices are (ﬂ U)




Now we sketch the curve which is an ellipse

L

H
1
L-!"} J{yjﬂ
2 4 2
i |
Q46E
Given equation is 4 —y* =16
Diwniding by 16
7
4 16
27
2 4
: £ )
Comparing with ?_5_2:1
We have a’ =4, 2*=16 then ¢*=a’+5" =20
= czﬂﬁ

Thus foci are (ﬂ«fﬁ_ U) and vertices are (ﬂ I'J),

Asymptotes are y= t(b/a)x =|y=12x




Now we sketch the curve which 15 a hyperbola
y—=2x

y=2X

6

Q47E

Given equation is §y° +x— 36y +55=0
= 6(y"-6y)+x+55=0

Making perfect square
= 6{3" —6y+9-9)+x+55=0

= 6{)" —6y+9)+x+55-54=0
= 6{y—3)" +(x+1)=0
= (x+1])=—6(y-3)’

=(y-3F= —%[x+1)

Comparing wil'il;h(_:v,r—ﬁc)2 :4p(x—k), this is a parabola
1

We have h=-1, k=3 p:_E
Vertex of the parabola (Fz,k} = (—1,3)
Focus of the parabola = (k +p,k)

595




Q48E

Since p <0, soparabola opens to the left.
Direciniz of parabola x=—p+4

1
= E=—-
24
-23
= |x=—
24

Given equation is 25x° +4)° +50x—16y =59
=25(x" +2z)+4(y"* - 4y) =59

Making perfect squares
=25(2 +2x+1-1)+4(* - 4x+4-4) =59
=25(x+1)" +4(y—-2)" =100

2 2
:}(x+l) +(y—2) 1
25

Dividing by 100,

This 15 an equation of |ellipse

2 2
=, 0-# |
b a

Companng with
Wehave h=-1, k=2
Center of the ellipse = (k,k) e (—L 2)
Since a®=25 and Bb*=4
Then c*=4*-3* =25-4=21
Then fociare =(hktc)=[-12£421

Vertices are = (F:,Jr:ia) = (—'LEiﬁ)
:(—1,—3):135!& (—1,?)




Now we sketch the curve
{'1 17} s

Q49E

Recollect the standard form of the equation of the ellipse which has foci {ic,ﬂ],

x ¥y
+;5—:=I, azb=>0

-

a

where ¢* = g° —b*, and veriices (+a,0)
Find the equation of the ellipse with foci (+4,0)and vertices (+5,0).

Compare the given equation with the standard form.

c=4 a=5.



Substitute 4 forcand d for ain 22 = 4* _p°.
c=a -b
£ =5-5
16=25-b
b =25-16
=9
b=9
=3

Therefore the equation of the ellipse with foci (+4,0)and vertices (+5,0)is given by the
following the equation.

i:—+‘F—:=I

4 b_

£,+£?=I

¥

£+£ 1

25 9
Q50E

Recollect the standard form of the equation of the parabola which has focus (h+a,k),and
directrix x=h=a is

(y=k) =4a(x—h)
The parabola opens to the right T g-=0andtothe lefiif g« ().

In both cases the graph is symmetric with respect to the x-axis, which is the axis of the
parabola.

Find the equation of the parabola with focus (2,1)and directrix x = —4.

Compare the given equation with the standard form.
h+a=2k=1Lh—-a=-4.
Solve the equations h+a=2,and }—g=—4for h
h+a+h-a=2-4 Add.
2h=-2
h=-1



Substitute —1 for hin h+g=2.
h+a=2
~l+a=2
a=2+1
=3
since a(=3)> 0. so the parabola opens fo the right.
Therefore the equation of the parabola with focus (2,1)and directrix x = —4is given by the
following the equation.
(y—k) =4a(x-h)

(y=1)" =4(3)[x~(-1)]

(y-1) =12(x+1)|

Q51E

Recollect the standard form of the equation of the hyperbola which has foci (ﬂ,ic),

where ¢ = g° + b, vertices [{],-I_-a) and asymptotes y=i§‘t

Find the equation of the hyperbola with foci (0,+4)and asympioies y =43x.

Compare the given equation with the standard form.

c=45=3
b
c=4a=3b.
Substitute 4 for cand 3pforain o2 = g5 —p2.
2 =ﬂ3+b.‘

4 =(3b) +¥°
16 =9b" +b°
16 =10b°
p =15

10

b=

SEEE



4
Substitute —=— for bin g =3p-

Vio
a=3b
{4

12

J1o

Therefore the equation of the hyperbola with foci [{],14} and asymptotes y = +3xis given by

the following the equation.

i

¥y X

(i) (i)

=

F.d

L S
(14410) (16/10)
}_‘: ) 2 "

(72'5) (85)

Q52E

The foci are located at the point (34_‘2) and the length of major axis 15 given to be

8.
IfP (=, ¥) 1s any point on the ellipse, then by definition of ellipse, we have

J&=3P +(r-2)* +J(z-3)" +(»+2)* =8

= J(x-3 +(r-2)* =8 f(z-3)" +(y +2)°

Squaring both the sides
(x-3 +(r—2)" = 64+{x—3) +(3+2)* - 16{(x~3)* +(»+2)?

=-8y=64-16f(z—3) +(y+2)’

= y+8= 2,]@:—3)J +(y+2)’



Q53E

Squaring both the sides
P +16y+64=4(x—3) +45* +16y+16

—3?

N Lk B
12 16
—?

o =S
12 16

This 1s the required equation of ellipse.

Equation of parabolais x* +y =100

=z =—y+100

=x =—(y-100)
Comparing with (x—k)izdp(_}r—k), =0, £=100
Vertex of the parabola 1s =(0,100)

So one vertex of the ellipse 15 (0,100)
‘We have by companson 4p=-1

:}p=—%

Then focus of the parabolais = (k,k+p)

= [u,mu-l = (u,ﬁ)
4 4

Thus shared focus of the ellipse 15 at ( ?}

Distance between the foci of the ellipse 1s

=2c= 3‘4&— 0 [Ancther focus at the origin]

_3
A

Then T

So center of the ellipse is (EI, 33—9)

So :21=1l:Il:I—3—§g=ﬂ

- 2 2 ;32 2 2 2
Since ¢ =a —b =h =g —c¢

_40F 399

=b = 7 7 25



_399Y’
_ 2 s
So the equation of the elipse1s —+-—x——=1

e a
)
£ U g

=>—+——=
£ [ﬂ]
8

2
2 (@r-39"
25 160801

Q54E

Let the line y = mc+c be the tangent to the ellipse il+£=1 ———(1)

a B
¥y

Then we put y = mx +c in the equation — o

2
2, mre)
o b

=P +a? [m’x2 +2+ Emcx) = g%

= (d'r’ +5 )+ 2ma’cx+a’ (¢* - 27) =0 -——(2)

This is a quadratic equation as Ax* + Bx+C=0
This equation will have equal roots, when  B*=4A4C
Then (2??:::2-:':)2 = 4('::2»12 +,-51'2)|:12 [-r:2 —bz)

4na’c? = 4a° (ajmz +.-§:-j) (c:2 —.E:-i)

=a’mic’ = [c:zm2 +bj) (.-:2 —bn)

= 5% =b* (a’»’ +17)

=c? = a’nd 422

== i-daimi +&2

Thus for every real value of m, equation of tangent is |y =mixt-Ja’n? +5°
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We have eccentricity e=1/3
Equation of the directriz 15 7= 4 sec &
Eelation between Cartesian coordinates and polar coordinates

x=rcos8 y=rsinf
= x=4secPcos &
==|x=4 since (SE[:E: %os g]

So equation of directriz in Cartesian coordinates 1s  |x=4
Then we have d =4



The equation of the ellipse as r = ed

l+ecosé
4f3
=}r=1—
1+—cos @
3
4
=lr=—
3+ coséd
Q56E
Theorem: A polar equation of the form
ed ed
r=— or r=———
l+ecos@ l+esind

represents a conic section with eccentricity e. the conic is an ellipse if e<1, a parabolaif e=1,
or a hyperbolaif g>1.-

Show that the angles between the polar axis y = +d and the asymptotes of the hyperbola

ed

r=———_e>1,
l-ecos@

are given by cos™ (i l]
e

Note that y — %o When 1+ ecos@ =0 or 0 -

And |+ecosf =0when cosf = tl.
e

Thus the asymptotes are parallel to the rays @ =cos™' [i l]
e

Hence the angles between the polar axis and the asymptotes of the hyperbola are given by

cns"[ii] |
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