Mathematics

(Chapter - 5) (Continuity and Differentiability) (Exercise 5.1)
(Class - XII)

Question 1:
Prove that the function f (x) = 5x - 3 is continuous atx=0,atx=-3 and atx = 5.

Answer 1:
Given function f(x) = 5x — 3

Atx =0, f(0) =5(0)—-3=-3
LHL = lim f(x) = lim (bx — 3) = =3

x—0" X—0"
RHL = lim f(x) = lim (bx —3) = -3
x—-0% x—-0%

Here,atx = 0, LHL=RHL = f(0) = -3
Hence, the function f is continuous at x = 0.
Atx = —3, f(—3) =5(—3) —3 = —18
LHL= lim f(x) = lim (5x —3) = —18

xX—=-3" X——3"
RHL= lim f(x)= lim (5x —3) = —18
x—-3% X—3F
Here,at x = —3, LHL=RHL=f(—-3) =—18
Hence, the function f is continuous at x = —3.

Atx =5, f(5) =5(5) =3=22
LHL = lim f(x) = lim (5x — 3) = 22

X5 X—=5
RHL = lim f(x) = lim (5x — 3) = 22

x5t x5
Here,at x = 5, LHL = RHL = f(5) = 22
Hence, the function f is continuous at x = 5.

Question 2:
Examine the continuity of the function f(x) = 2x? — 1 atx = 3.

Answer 2.
Given function f(x) = 2x* — 1. Atx=3,f(3) =2(3)* -1 =17
LHL = lim f(x) = lim (2x*—1) = 17
xX—3" xX—3"
RHL = lim f(x) = lim (2x*—1) = 17
x—37 x-3*
Here,atx = 3, LHL=RHL=f(3) =17
Hence, the function f is continuous at x = 3.

Question 3:
Examine the following functions for continuity:

(a) f(x) = x =5 (b) f() =5, x#5
() f0) =2, x # =5 (d) f() = |x = 5]
Answer 3:

(a) Given function f(x) = x —5
Let, k be any real number.Atx =k, f(k) =k —5
LHL = lim f(x) =xli1}:1_(x —5)=k-5

X—K™

RHL = lim f(x) = lit}c1+(x—5) =k—5
X—

x—k*
At, x = k, LHL=RHL=f(k) =k — 5

Hence, the function f is continuous for all real numbers.




(b) Given function f(x) = — x#5

x=5"

Let, k (k # 5) be any real number. Atx =k, f(k) = ﬁ

LHL = lim f(x) = lim (L) _

x—k— k= \X—5 k-5

RHL = lim_f(x) = lim (._1..) _ 1

1
r—kt x—kt \x=5 k—5

At, x = k, LHL = RHL = £ (k) ﬂfé

Hence, the function f is continuous for all real numbers (except 5).

. . x?-25
(c) Given function f(x) —

Let, k (k # —5) be any real number.

, X #+# —5

25  (k+5)(k-5)
5 (k+5)

Atx =k, f(k) == = (f5—5)

LHL = lim f(x) = lim (=22 = lim (“2%2) = -5

r—-k— x—=k— \ x+5 x—k— (k+5)

(k+5)(k—5)
(k+5)

RHL = lim f(x) = lim (:2) = lim, (

x—-kt x=k* \ x+5 x—-kt

)=k-5

At,x =k, LHL=RHL=f(k)=k —5
Hence, the function f is continuous for all real numbers (except - 5).

; | _ _fh=x x< S
(d) Given function f(x) = |x — 5] —{x—S, 5755

Let, k be any real number. According to question,k < 5ork =5o0rk > 5.

First case: If, k < 5,
f(k) =5—kand linilif(x) = lin}((S —x ) =05 —k, Here, limf(x) = f(k)
X— Xx—

x—=k
Hence, the function f is continuous for all real numbers less than 5.

Second case: If, k = 5,
f(k)=k—5and lim f(x) =lim(x —5) = k — 5, Here, limf (x) = f(k)

x—k x—k Y

Hence, the function f is continuous at x = 5.

Third case: If, k > 5,
f(k) =k —5and Lin}(f(x) = Linﬁ]:(x —5) =k -5, Here, limf(x) = f(k)

x—k
Hence, the function f is continuous for all real numbers greater than 5.

Hence, the function f is continuous for all real numbers.

Question 4:
Prove that the function f(x) = x", is continuous at x = n, where n is a positive integer.

Answer 4:
Given function f(x) = x".

Atx=n,f(n) =n"
lim f(x) =lim(x™) = n"
X—N XN

Here,atx = n, lim f(x) = f(n) =n"
X—Nn

Hence, the function f is continuous at x = n, where n is positive integer.




Question 5:
Is the function fdefined by f(x) = {
Answer 5:

Given function f(x) = {
Atx =0,f(0) =0

x, x <1 .
continuousatx=07Atx=17? Atx = 2?

5 x>1

x, x<1

5 x>1

lim f(x) =lim(x) =0
x—0 x—=0
Here, x = 0, lin{} f(x)=f(0)=0
X—
Hence, the function f is discontinuous at x = 0.

Atx=1,f(1) =1
LHL = lim f(x) =Jim () =1

x—=1" -1~
RHL = lil‘ll‘l+ f(x) = lir{l+(5) =5

Here, at x = 1, LHL # RHL. Hence, the function f is discontinuous at x = 1.
At =2 Fl2)=5

Li_rg f(x) ZEE%(S) =5
Here, at x = 2, ii_l“}l‘zlf(x) = f(2)=5

Hence, the function f is continuous at x = 2.

Find all points of discontinuity of f, where fis defined by

Question 6:
__f2x 43, Ifx <2
f&x) _{Zx—3, Ifx > 2
Answer 6:
Let, k be any real number. According to question,k <2 ork =2 ork > 2

First case: uﬁ.‘] k < 2,
f(k) =2k + 3 and lin}: f(x) = lin}((Zx + 3 ) = 2k + 3, Here, limf(x) = f(k)
x— xX—

x—k
Hence, the function f is continuous for all real numbers smaller than 2.

Second case: If, k = 2, f(2) = 2k + 3
LHL = lim f(x) =Jir£1_(2x +3)=7

X—2-
RHIL = JL%"+f(x) =;}121+(2x -3)=1

Here, at x = 2, LHL # RHL. Hence, the function f is discontinuous at x = 2.

Third case: If, k > 2,
f(k) =2k —3 and Lm; f(x) =1im(2x —3) = 2k — 3, Here, limf(x) = f(k)

x—K x—k
Therefore, the function f is continuous for all real numbers greater than 2.

Hence, the function f is discontinuous only at x = 2.

Question 7:
x| + 3, Ifx < -3
f(x) =4—2x, f—3<x<3
6x + 2, Ifx >3
Answer 7:

Let, k be any real number. According to question,
k<—-3ork=-3o0or—-3<k<3ork=3o0rk>3




First case: If, k < -3,
f(k) ==k + 3 and lingcf(x) = lin;(—x + 3) = =k + 3. Here,limf (x) = f(k)
X— X

x—k
Hence, the function f is continuous for all real numbers less than —3.

Second case: If,k = =3, f(-3)=—(-3)+3=6
_JHL=xlim f(x) =xli1_1%_(—x +3)=—-(-3)+3=6

——3"

RHL = xEI_113+f(x) :XEE:;J—ZJ{) = —2(—3) = 6. Here, limf(x) = f(k)

xX—k

Hence, the function f is continuous at x = —3.

Third case: If, -3 < k < 3,
f(k) = —2k and lin}c filx) = lin}C(—Zx) = —2k. Here, limf (x) = f(k)

x—k
Hence, the function f is continuous at —3 < x < 3.

Fourth case: If k = 3,
LHL = lim f(x) = lim (—2x ) = =2k

X—-k~ x—k~
RHL = liT+ f(x) = lir’&(ﬁx +2) = 6k + 2,
xX— xX—

Here, at x = 3, LHL # RHL. Hence, the function f is discontinuous at x = 3.

Fifth case: If, k > 3,
f(k) = 6k + 2 and lin;lc fiix) = lin;(ﬁx + 2) = 6k + 2. Here, limf(x) = f (k)
x— x—

x—k
Hence, the function f is continuous for all numbers greater than 3.

Hence, the function f is discontinuous only at x = 3.

Question 8:
| x|

f(x) -— ?, Iy =0
0, fx =10
Answer 8:
After redefining the function f, we get
(X
i ], Ifx <0
X
f(x) =4 0, fx=0
X
- =1, [fx >0
X

\
Let, k be any real number. According to question,k < 0ork =0ork > 0.
First case: If, k < 0,

f(k) = —<=—1and lim £(x) = lim (—f) = —1. Here, limf(x) = f(k)

x—k x x—k
Hence, the function f is continuous for all real numbers smaller than O.

Second case: If, k=0,f(0) =0
LHL = lim f(x) = lim (—f) =—1 and RHL= lim f(x) = lim (i) =1,
x—k*

x—-k~ x—-Kk~ b 4 x—-kt \X

Here, at x = 0, LHL # RHL. Hence, the function f is discontinuous at x = 0.

Third case: If, kK > 0,

f(k) =% =1and lim £ (x) = lim (g) = 1. Here, limf(x) = f(k)

x—k x—k
Hence, the function f is continuous for all real numbers greater than O.

Therefore, the function f is discontinuous only at x = 0.




Question 9:
X

Fx) = {Ix\’ Ifx < 0
-1, Ifx =0
Answer 9:
Redefining the function, we get
X X
f(x)={|xl — 1, Ifx <O
-1, Ifx =0
Here, limf(x) = f(k) = —1, where k is a real number.

xX—k
Hence, the function f is continuous for all real numbers.

Question 10:
x+ 1, I =1
f(x)_[x2+1, [Fxe
Answer 10:
Let, k be any real number. According to question,k < lork=1o0ork > 1
First case: If, k < 1,
f(k) =k*+1and li_q}cf(x) = Li_l}}c(xz + 1) = k?+ 1. Here, limf(x) = f(k)

x—=K
Hence, the function f is continuous for all real numbers smaller than 1.

Secondcase: I, k=1,f(1)=1+1=2
LHL=lim f(x) =lim(x*+1)=14+1=2

b e i x—1"
RHL= lim f(x) = lim(x+1)=1+4+1=2,
x—1* x-1*

Here,at x = 1, LHL = RHL = f(1). Hence, the function f is continuous at x = 1.

Third case: If, k > 1,
f(k) =k+1and lin}cf(x) = lin;:c(x + 1) =k + 1. Here, limf(x) = f(k)
x— >y

x—k
Hence, the function f is continuous for all real numbers greater than 1.

Therefore, the function f is continuous for all real numbers.

Question 11:
x3 — 3, If x <2
f(x)_{x2+1, Ifx > 2
Answer 11:
Let, k be any real number. According to question, k <2 ork =2 ork > 2
First case: If, k < 2,

f(k) =k3-3and ii_l;[;l{f(x) = lim(x3 — 3) = k® — 3. Here, limf (x) = f (k)

X—k x—k
Hence, the function f is continuous for all real numbers less than 2.

Second case: If k=2,f(2)=23-3=5
LHL = lir?_f(x) = lirgl_(x3 —3)=23-3=5

RHL = lim f(x) = lim (x*+1)=2%241=5,
x—2% x—2%

Here,at x = 2, LHL = RHL = f(2)
Hence, the function f is continuous at x = 2.

Third case: If, k > 2,
f(k) = k?*+ 1and lin}tf(x) — lin}:(;vf2 + 1) =k + 1. Here, limf(x) = f(k)
X— X—

x—=k
Hence, the function f is continuous for real numbers greater than 2.

Hence, the function f is continuous for all real numbers.




Question 12:

 (x10 -1, Ifx <1
fx) = {xz, Fx>1
Answer 12:

Let, k be any real number. According to question,k < lork=1ork > 1
First case: If k < 1,

f(k) =k' —1and lim f(x) = chiﬂ(xlﬂ —1) = k' — 1. Here, limf (x) = f(k)

x—k x—k
Hence, the function f is continuous for all real numbers less than 1.

Second case:If k=1,f(1)=11%-1=0

LHL= limi f(#)=Ilim{x*—1)=0
x—1" b iz, 4

RHL = lim f(x) = lim (x%) = 1,

x—1* x—1*
Here, at x = 1, LHL # RHL. Hence, the function f is discontinuous at x = 1.

Third case: If, k > 1,
f(k) = k?and ]in}c f(x) = }fing(xz ) = k2. Here, limf(x) = f(k)

xX—=k
Hence, the function f is continuous for all real values greater than 1.

Hence, the function f is discontinuous only at x = 1.

Question 13:
Is the function defined by f(x) = {J;tSS’ gi f i a continuous function?

Answer 13:
Let, k be any real number. According to question,k < lork=1ork > 1
First case: If, k < 1,
f(k) =k+5and il_l}‘l;lcf(x) = li_l;l}((x +5) =k + 5. Here, limf(x) = f(k)

x—=k
Hence, the function f is continuous for all real numbers less than 1.

Secondcase: I, k=1,f(1)=14+5=6
LHL= lim f{x)= lir{i_(x +5)=6
xX—

x—=1"
RHL = lim f(x) = lim (x — 5) = —4,
x—1t x—-1*

Here, at x = 1, LHL # RHL. Hence, the function f is discontinuous at x = 1.

Third case: If k > 1,

f(k) =k —5and linaf(x) = lin;i(x—S) =k — 5.
— xX—

Here, limf(x) = f(k)

XK
Hence, the function f is continuous for all real numbers greater than 1.

Hence, the function f is discontinuous only at x = 1.

Discuss the continuity of the function f, where fis defined by:

Question 14:
3, [f0<x<1
f(x) =14, Hles =3
5, f3<x<10
Answer 14:
Let, k be any real number. According to question,

O0<k<lork=1lorl<k<3ork=3o0r3<k<10




Firstcase: If 0 < k < 1,
f(k) =3and lim f(x) =1im(3 ) = 3. Here, limf (x) = f(k)

x—k x—K x—k
Hence, the function f is continuous for 0 < x < 1.

Second case: If, k =1, f(1) = 3
LHL=lim f(x) =1lim(3) =3

x—1" x—=1"
RHL = lim f(x) = lim (4) = 4,

Here, at x = 1, LHL # RHL. Hence, the function f is discontinuous at x = 1.

Third case: If, 1 < k < 3,
f(k) =4and Iimj{c f(x) = lin;(é}) = 4. Here, limf(x) = f (k)
x— x—

X—K
Hence, the function f is continuous for 1 < x < 3.

Fourth case: If k = 3,
LHL=lim f(x) =1lim(4)=4 and RHL= lir;1+f(x) = lim (5) =5,
X—

X—3" X—3" x—3t
Here, at x = 3, LHL # RHL. Hence, the function f is discontinuous at x = 3.

Fifth case: If, 3 < k < 10,
f(k) =5and }Em; f(x) = l_inﬁlt(S) = 5. Here, limf(x) = f(k)

x—k
Hence, the function f is continuous for 3 < x < 10.

Hence, the function f is discontinuous only atx = 1 and x = 3.

Question 15:

2%, Ifx <0
fix) =30, fo<x<1
4x, Ifx > 1

Answer 15:
Let, k be any real number. According to question,

k<Oork=0or0<k<lork=1lork>1

First case: If, k < 0,

f(k) = 2k and lin;lcf(x) = lin}c(Zx) = 2k. Here, limf(x) = f (k)
xX— xX—

x—k
Hence, the function f is continuous for all real numbers less than 0.

Second case: If, k=0, f(0) =0
LHL=lim f(x) = lim (2x) =0
x—0" x—0"
RHL = xli%lf(x) =x]i151+(0) = 0. Here, limf(x) = f(k)

x—K
Hence, the function f is continuous at x = 0.

Third case: If, 0 < k < 1,
f(k) =0and lim f(x) =lim(0 ) = 0. Here, limf(x) = f(k)

x—k x—k ok
Hence, the function f is continuous at0 < x < 1.

Fourth case: If k = 1,
LHL = lim f(x) =1lim(0) =20

xX—1" x—=1

RHL = lim f(x) = lim (4x) = 4,
x—1* x—1*

Here,atx = 1, LHL # RHL.
Hence, the function f is discontinuous at x = 1.




Fifth case: If, k > 1,
f(k) = 4k and :lrm}c Flx)= Lin}c(é}x) = 4k.
Here, limf(x) = f(k)

xX-K
Hence, the function f is continuous for all real numbers greater than 1.

Therefore, the function f is discontinuous only at x = 1.

Question 16:

-2, lfx<-1

f(x) =42x, f-1<x<1
Z; Ifx>1
Answer 16:

Let, k be any real number.
According to question,k < —lork=—-lor—-1<x<lork=1lork>1
First case: If, k < —1,
f(k) = —2and iiﬂ}cf(x) == Lif}{(—Z) = —2. Here, limf(x) = f(k)

x—k
Hence, the function f is continuous for all real numbers less than —1.

Second case: If, k = -1, f(—1) = -2
LHL = lir_T}_ Flx) =xlir_1}_(—2) = -2

RHL = limﬁf(x) = lirri+(2x) = —2. Here, limf(x) = f(k)
= AR x—k
Hence, the function f is continuous at x = —1.

Third case: If, —1 < x < 1,
f(k) = 2k and lin‘af(x) = linE(Zx) = 2k. Here, limf(x) = f(k)
X xX=>

x—k
Hence, the function f is continuous at —1 < x < 1.

Fourth case: If, k = 1,

LHL= lim f(x) =1lim(2x) = 2
= e x—1"

RHL = lim f(x) = lim (2) = 2. Here, limf(x) = f (k)
x—-1* x-1t Yok

Hence, the function f is continuous at x = 1.

Fifth case: If, k > 1,

f(k) =2and lim f(x) = 1lim(2) = 2.
x—-k x—k

Here, limf(x) = f(k)

x—K
Hence, the function f is continuous for all real numbers greater than 1.

Therefore, the function f is continuous for all real numbers.

Question 17:

Find the relationship between a and b so that the function f defined by
ax + 1, Ifx <3

f(x)z{bx+3, [fx > 3
IS continuous at x = 3.

Answer 17:
Given that the function is continuous at x = 3. Therefore, LHL = RHL = f(3)

= lim f(x) = lim f(x) =£(3)

x—3~
=2 limax+1=Ilimbx+3=3a+1
x—3~ x—3t

2

=>3a+1=3b+3=3a+1 =>3a=3b+2 =;»a=b.|_§




Question 18:
For what value of A is the function defined by

~ (A(x® = 2x), if x <0
f(x)—{ 4x + 1, ifx >0
continuous at x = 0? What about continuity at x = 1?
Answer 18:

Given that the function is continuous at x = 0. Therefore, LHL = RHL = f(0)
= lim f(x) = lim f(x) =f(0)
x-0" x-0*%
= lim A(x? — 2x) = li%]+ 4x +1 = A[(0)% — 2(0)]
X—

x—0"

= A[(0)* — 2(0)] = 4(0) + 1 = A(0)

i
= 0.4A=1 = A = =

0
Hence, there is no real value of A for which the given function be continuous.
Ex=1
f(1) =4(1)+1=>5and lin}f(x) = lin} 4(1)+ 1 =5, Here, limf(x) = f(1)
X—» X—

x—1
Hence, the function f is continuous for all real values of A.

Question 19:
Show that the function defined by g (x) = x - [x] is discontinuous at all integral points. Here [x] denotes the
greatest integer less than or equal to x.

~Answer 19:

Let, k be any integer.
LHL= lim f(x)=limx—[x]=k—-(k—1) =1

x—=k~ x—Kk~
RHL = ler}?Jrf(x) =JLT+x - [x]=k—-(k) =0,

Here, at x = k, LHL # RHL. Hence, the function f is discontinuous for all integers.

Question 20:
Is the function defined by f(x) = x* — sinx + 5 continuous at x = .

Answer 20:
Given function: f(x) = x? — sinx + 5,
Atx=m, f(n)=n?—-sint+5=n?—-0+5=n%+5

lim f(x) =limx* —sinx+5=mn*—-sinn+5=n*—-0+5=n%*+5
X—=n X—=n

Here,atx = m, lim f(x) = f(m) =n? + 5
X—=n

Hence, the function f is continuous at x = .

Question 21:
Discuss the continuity of the following functions:

(a) f(x) =sinx + cosx (b) f(x) =sinx —cosx
(c) f(x) =sinx .cosx
Answer 21:

Let, g(x) = sinx
Let, k be any real number. Atx = k, g(k) =sink

LHL = “T* gix) = lirgﬁ sinx = Lina sin(k — h) = }lin’é sinkcosh —cosksinh =sink
xX— ) — —
RHL = lim g(x) = lim sinx = limsin(k + h) = limsink cosh + cosksinh = sink

x—kT x—kt h—0 h—0

Here, at x = k, LHL = RHL = g(k).
Hence, the function g is continuous for all real numbers.

Let, h(x) = cos x




Let, k be any real number. Atx =k, h(k) = cosk
LHL = lim A(x) = lim cosx = limcos(k — h) = limcosk cosh + sinksinh = cosk

x—=K~ x—=k~ h—0 h—0
RHL = lim_h(x) = lim cosx = lim cos(k + h) = lim cos k cos h — sink sinh = cos k
x—k* x—kt h—-0 h—0

Here, at x = k, LHL = RHL = h(k).

Hence, the function h is continuous for all real numbers.

We know that if g and h are two continuous functions, then the functions g + h, g — h and gh also be a
continuous functions.

Hence, (a) f(x) =sinx+cosx (b) f(x) =sinx —cosx and (c) f(x) =sinx .cosx are continuous
functions.

Question 22:
Discuss the continuity of the cosine, cosecant, secant and cotangent functions.

Answer 22:
Let g(x) = sinx
Let, k be any real number. Atx =k, g(k) = sink
LHL = lim g(x) = lim sinx = limsin(k — h) = limsink cosh — cosk sinh = sink

x=k— x—=k~ h—=0 h—0
RHL = lim g(x) = lim sinx = limsin(k + h) = limsink cosh 4+ cosk sinh = sink
x—k™ x—k™ h—0 h—0

Here, at x = k, LHL = RHL = g(k).
Hence, the function g is continuous for all real numbers.

Let h(x) = cosx
Let, k be any real number. Atx =k, h(k) = cosk

LHL = lim hA(x) = lim cosx = limcos(k — h) = limcosk cosh + sinksinh = cos k
x—k x—k~ h—0 h—0

RHL = lim h(x) = lim cosx = lim cos(k + h) = limcosk cosh — sink sinh = cosk
x—k* x-=k™ h—0 h—0

Here, at x = k, LHL = RHL = h(k).
Hence, the function h is continuous for all real numbers.

We know that if g and h are two continuous functions, then the functions %, h #0, %, h # 0 and f}, g #

0 be continuous functions.

1 . ; : g .
——,Sinx # 0 is continuous = x # nir (n € Z) is continuous.

Hence, cosec x is continuous except x = nt (n € Z2).

Therefore, cosec x =

(2n+1)m

Sec X = ——,C0S X #* 0 iscontinuous. = x # 2 (n € Z) is continuous.
; . 2n+1)m
Hence, sec x is continuous except x = : > (n € Z2).
COS X . i . . .
cot x = ,sinx # 0 is continuous. = x #nmw (n € Z) is continuous.

sinx
Hence, cot x is continuous except x =nmw (n € Z).

Question 23:

Find all points of discontinuity of f, where
i fx <0
flx)=9 x ’
x ¥ 1, Ifx=0

Answer 23:
Let, k be any real number. According to question,k < Oork=0o0rk > 0
First case: If, k < 0,

f(k) = 0K and Liﬁf(x) = lim (Sinx) — Here, limf(x) = f(k)

k x—k X k ..

Hence, the function f is continuous for all real numbers less than 0.




Secondcase:If, k=0,f(0)=0+1=1

LHL=lim f(x) =lim(x+1)=0+1=1
x—=0" x=0"

RHL=lim f(x)=lim(x+1)=04+1=1,

x—0% x—0%
Here, at x = 0, LHL = RHL = f(0).
Hence, the function f is continuous at x = 0.

Third case: If k > 0,
f(k) =k +1and ]in}cf(x) = lin;i(x + 1) =k+ 1, Here, limf(x) = f(k)

x—k
Hence, the function f is continuous for all real numbers greater than 0.

Therefore, the function f is continuous for all real numbers.

Question 24:
Determine if f defined by

1
f(x) = X sm;, Ifx+0

0, ifx =0
is a continuous function?
Answer 24-:

Let, k be any real number. According to question, k # 0 ork =0
First case: If, k # 0,

o l ‘ — Ji 2 l
f(k)=k sin - and Eﬂf(x) Ll_znk (x sin

) = k* sin%, Here, limf(x) = f (k)

= x—=k

Hence, the function f is continuous for k # 0.

Second case: If, k =0, f(0) =0
LHL = lim f(x) = lim (x2 sin %) = lim (xz sin 3)

x—=0" x-=0" x—0 X
o1 1
We know that, —1 < sin- < 1, x#0 = —=x? < sin - < x?
= lim(—x?) < lim sin— < lim x?
x—-0 x—0 X x—0
= 0<limsin—-<0 =limsin—=0 = limx?sin—=0 = limf(x)=0
x—0 X x—0 x x—-0" X x—0"
. . . .1 . o1
Similarly, RHL = lim f(x) = lim (:xf2 sm—) = lim (x2 sin —) = D,
x—-0* x—-0% X x—=0 X

Here, at x = 0, LHL = RHL = f(0)
Hence, atx = 0, f is continuous.
Hence, the functionf is continuous for all real numbers.

Question 25:

Examine the continuity of f, where fis defined by
sin x — cos x, Ifx=£0

f&x) = {-—1, Ifx =0
Answer 25:

Let, k be any real number. According to question,k # 0 ork =0
Firstcase:If, k #0, f(0)=0—-1=-1
LHL = lim f(x) = lim (sinx —cosx) =0—-1= -1

k-0~ k-0~
RHL = JH& f(x) ZJL%L(SIHX —cosx)=0—-1=-1,

Hence, at x # 0, LHL = RHL = f(x)
Hence, the function f is continuous at x # 0.




Second case: If, k =0, f(k) =—1
and lim f(x) = lim(—=1) = —1, Here, limf(x) = f(k)

Hence, the function f is continuous at x = 0.
Therefore, the function f is continuous for all real numbers.

Find the values of k so that the function fis continuous at the indicated point in exercises 26 to 29.
Question 26:

k cos x iz :#:rr

’ X oy T

flx) =4 T—2x ZH atx =
3, Ifx=§

Answer 26:
Given that the function is continuous at x = -g Therefore, LHL = RHL = f G)

T
= lip f(x) = lim f(0) =£ (5)

I—“}-'Z* x_,._z..
T T
. kcosx - kcosx - kCU‘S(?“‘h) . kCUS(?"‘I‘h)

= 111?"{_1_ = llm+ =3 = |lim = = lim = =3

_1'—1-—2- ?T—Zx x__}% ’H‘—Zx h_'UII‘—Z(-Z-—h) h—iﬂn._z(_z__i_h)

I k sin h 1 —ksinh 3
= a0 2R ne0 —2h
=>k_k_3 [l Smh_l]

3 2 g~
=> k=6
Question 27:

~( kx?, Ifx <2 -
f(x)_{_%, If x>2 tX=2

Answer 27:
Given that the function is continuous at x = 2.
Therefore, LHL = RHL = f(2)
> lim f(x) = lim f(x) =f(2)

X = x—27
= lim kx? = lim 3 =k(2)?

x—2" x-27t

3
= 4k =3 =4k =>k=1
Question 28:
([ kx+1, fx <m _
f(x)_{cnsx, lfx>1ratx_n

Answer 28:
Given that the function is continuous at x = .

Therefore, LHL = RHL = f ()
= lim f(x) = lim f(x) =f(n)

X—TT
= lim kx +1= lim cosx =k(m) + 1

X—T X—TT
>k(n)+1=cosm=kn+1 =2kn+1=—-1=kn+1
2
=tk = —2 >k =——

T




Question 29:

_ (kx +1, Ifx <5 .
f(")‘{e',x-s, IF x5 FF=3
Answer 29:

Given that the function is continuous at x = 5.
Therefore, LHL = RHL = f(5)

= lim f(x) = lim, f(x) =£(5)
= limkx+1=1lim3x—5=5k+1

x—5~ x-5*

= b+l =15~5=bk+1

9
=»5k=9 k==
5
Question 30:

Find the values of @ and b such that the function defined by
B Ifx < 2

f(x) =4ax + b, [f2<x<10
21, Ifx > 10
is a continuous function.
Answer 30:
Given that the function is continuous at x = 2. Therefore, LHL = RHL = f(2)

= lim f(x) = lim f(x) =f(2)

X—2
= lim5=Ilimax+b =5
x—2" x—2t
=>2a+b=5 s [ 1)

Given that the function is continuous at x = 10. Therefore, LHL = RHL = f(10)
= lim f(x) = li{lla+f(x) = f(10)
X—

x—10"
= lim ax+ b= lim 21 =21
x—10~ x-10%
= 10a + b = 21 o [2)
Solving the equation (1) and (2), we get
& = 4 b=1

Question 31:
Show that the function defined by f(x) = cos(x?) is a continuous function.

Answer 31:

Assuming that the functions are well defined for all real numbers, we can write the given function f in the
combination of g and h (f = goh). Where, g(x) = cosx and h(x) = x°. If g and h both are continuous
function then f also be continuous.

[+ goh(x) = g(h(x)) = g(x*) = cos(x?)]

Function g(x) = cosx

Let, k be any real number. Atx = k, g(k) = cosk

lin}c g(x) = lin}l COS X = }E“}, cos(k + h) = }lina coskcosh —sinksinh = cosk

Here, ]in}c g(x) = g(k), Hence, the function g is continuous for all real numbers.
X—

Function h(x) = x*

Let, k be any real number. Atx =k, h(k) = k*
lim h(x) =limx? = k?

x—k x—k
Here, lim h(x) = h(k), Hence, the function h is continuous for all real numbers.
X—=K

Therefore, g and h both are continuous function. Hence, f is continuous.




Question 32:
Show that the function defined by f(x) = | cos x| is a continuous function.

Answer 32:
Assuming that the functions are well defined for all real numbers, we can write the given function f in the
combination of g and h (f = goh). Where, g(x) = |x| and h(x) = cosx. If g and h both are continuous
function then f also be continuous.
[ goh(x) = g(h(x)) = g(cosx) = | cos x|]
Function g(x) = |x|
Rearranging the function g, we get

—X, Ifx <0

9(x) ={x, Ifx > 0
Let, k be any real number. According to question,k < O0ork=0o0rk >0
First case: If, k < 0O,

g(k) =0and limg(x) = lin;(—x) = 0, here, limg(x) = g(k)
X—

XK x—k

Hence, the function g is continuous for all real numbers less than 0.

Second case: If, k =0,g(0)=04+1=1
LHL= lilgl_g(x) — litg_(—x) = ()
xX— X—

RHL = lim g(x) = lim (x) =0,

Here,at x = 0, LHL = RHL = g(0)
Hence, the function g is continuous at x = 0.

Third case: If, k > 0,
g(k) =0and ling:g(x) = lin}(x) = 0, Here, limg(x) = g(k)
X— X—

x—k
Hence, the function g is continuous for all real numbers greater than 0.

Hence, the function g is continuous for all real numbers.

Function h(x) = cosx
Let, k be any real number. At x = k, h(k) = cosk

limh(x) =limcosx = cosk
xX—k x—k

Here, lin}{ h(x) = h(k), Hence, the function h is continuous for all real numbers.
xX—

Therefore, g and h both are continuous function. Hence, f is continuous.

Question 33:
Examine that sin |x| is a continuous function.

Answer 33:
Assuming that the functions are well defined for all real numbers, we can write the given function f in the

combination of g and h (f = hog). Where, h(x) = sinx and g(x) = |x|. If g and h both are continuous
function then f also be continuous.

[+ hog(x) = h(g(x)) = h(|x|) = sin|x|]
Function h(x) = sinx
Let, k be any real number. Atx = k, h(k) = sink

limh(x) =limsinx = sink
x—k x—k

Here, ling: h(x) = h(k), Hence, the function h is continuous for all real numbers.
X—

Function g(x) = |x|

Redefining the function g, we get
—X, Ifx <0

g(x)={x, Ifx>0




Let, k be any real number. According to question,k <0Qork=0o0rk >0
First case: If, k < 0,
g(k) = 0and lun g(x) = llm( x) = 0, Here, limg(x) = g(k)

x—k
Hence, the function g is continuous for all real numbers less than 0.

Second case:If, k =0,g(0)=0+1=1
LHL = lim g(x) = lim(—x) =0

x—0" x—0"

RHL = llm glx)=lim (x) =10,

x—0t
Here, atx = 0, LHL = RHL = g(0)
Hence, at x = 0, the function g is continuous.

Third case: If, k > 0,
g(k) = 0and 11rn g(x) = llm(x) = 0, Here, limg(x) = g(k)

x—-k
Hence, the functlon g is continuous for all real numbers greater than 0.

Hence, the function g is continuous for all real numbers.

Therefore, g and h both are continuous function. Hence, f is continuous.

Question 34:
Find all the points of discontinuity of fdefined by f(x) = |x| — |x + 1|.

Answer 34:
Assuming that the functions are well defined for all real numbers, we can write the given function f in the
combination of g and h (f = g — h), where, g(x) = |x| andh(x) = |x + 1|. If g and h both are continuous
function then f also be continuous.
Function g(x) = |x|
Redefining the function g, we get,
Ifx <0

— —X,
9(x) _{x, Ifx >0
Let, k be any real number. According to question,k <0Qork =0o0rk >0
First case: If, k < 0,

g(k) =0and llm g(x) = llm( x) = 0, Here, limg(x) = g(k)

x—k
Hence, the function g is continuous for all real numbers less than 0.

Second case:If, k =0,g(0)=0+1=1

LHL:= llIgl_g(Jf) = 11m 1 (—x) =0 and RHL= llm g(x) = llm L (x) =0,

Here, at x = 0, LHL RHL g(0)
Hence, the function g is continuous at x = 0.

Third case: If, k > 0,
g(k) = 0and 11111 g(x) = llm(x) = 0, Here, limg(x) = g(k)

x—k
Hence, the functmn g is continuous for all real numbers more than 0.

Hence, the function g is continuous for all real numbers.
Function h(x) = |x + 1]
Redefining the function h, we get

_(—(x+1), Ifx < —1
h(x) = {x +1, Ifx > —1
Let, k be any real number. According to question,k < —lork =—-1ork > —1
First case: If, k < —1,
h(k)=—(k+1)and limh(x) =lim—-(k+1) = —(k + 1), Here, limh(x) = h(k)

x—k x—k x—k
Hence, the function g is continuous for all real numbers less than - 1.




Second case: If, k=—-1,h(-1)=-14+1=0
LHL= lim h(x) = lin}l (-1+1)=0
x—=1"

X——1"

RHL= lim h(x) = lim (x+1) =-1+1=0,

x—-—1% X——
Here,at x = —1, LHL = RHL = h(—1)
Hence, the function h is continuous at x = —1.

Third case: If, k > —1,
h(k) =k+1and lirf}f h(x) =lim(k + 1) = k+ 1, Here, limh(x) = h(k)
xX—

x—=k x—k
Hence, the function g is continuous for all real numbers greater than —1.
Hence, the function A is continuous for all real numbers.

Therefore, g and h both are continuous function. Hence, f is continuous.




Mathematics

(Chapter - 5) (Continuity and Differentiability) (Exercise 5.2)
(Class - XII)

Differentiate the functions with respect to x in Exercises 1 to 8.
Question 1:
sin(x? + 5)
'Answer 1.
Let y = sin(x* + 5)
Therefore,

dy d
e cos(x? + 5) (x2 +5) = cos(x?+5).2x

Question 2:

cos(sin x)
Answer 2:
Let y = cos(sin x)
Therefore, o sin(sin x).— (sinx) = —sin(sin x).cos x

dx dx

Question 3:
sin(ax + b)

Answer 3:
Let y = sin(ax + b)
Therefore,

dy d
— = cos(ax + b)‘a (ax + b) = cos(ax + b).a

dx
Question 4:
sec(tan(vx))
Answer 4:
Let y = sec(tan(v/x))
dy
Therefore, a = sec(tan vx) tan(tan \/_) — (tan vx) = sec(tanvx) tan(tan vx) . sec? \/_dx (Vx)
= sec(tan vx) tan(tan vx) . sec? Vx (F)
X
Question 5:
sin(ax + b)
cos(cx + d)
Answer 5:
L - sin(ax + b)
T o (cx + d)

dy cos(cx +d) .%sin(ax + b) — sin(ax + b).%cos(cx + d)

dx [cos(cx + d)]?

B cos(cx + d) .sin(ax + b) (ax + b) —sin(ax + b) .[—sin(cx + d). d (cx +d)]
cos?(cx + d)

- cos(cx + d).sin(ax + b).a + sin(ax + b) .sin(cx + d) ¢
cos?(cx + d)

Therefore,




Question 6:
cos x3 . sin%(x>)
Answer 6:
Let y = cos x3.sin?(x>)
Therefore,

—sin?(x°) + sin?(x°).— cos x3

dx dx dx

= cosx>.2sinx> cosx®.— x> + sin?(x°) [- sinx?].—x3

“dx dx
= cosx?.28in%" cosx>.5x* —sinc(x°)sinx® .3x°
Question 7:
2,/ cot(x?)
Answer 7:
Let y = 2,/cot(x?)
Therefore,
dy 1 d
— =2 .— [cot(x?)]
dx 2\/[?01:(1'2) dx
1 d
= .[—cossec x?].— x?
Jcot(x?) dx
1
= .[—cossec x?].2x
Jeot(x?)
Question 8:
cos(vVx)
Answer 8:
Let y = cos(v/x)
Therefore,
dy | d
i —sin(vx). E\/E
1
= —sin(vx). —
(Vx). 5=

Question 9:
Prove that the function fgiven by f(x) = |x — 1|, x € R, is not differentiable at x = 1.

Answer 9:
Atx = 1,
1—h)—f(1 1-h-1|—-11-1 h
LHD=limf( )~ /( )=lim| bl I=lim~—~=—1
h—0 —h h—0 —h h—0 —
1+ h)— f(1 1+h—-1|—-11-1 h
RHDzlimf( )~ /1 )—-liml bl |“lim—-zl
h—0 h h—0 h h—-0 h

Here, LHD # RHD, therefore, the function f(x) = |x — 1|,x € R, is not differentiable at x = 1.




Question 10:
Prove that the greatest integer function defined by f(x) = [x],0 < x < 3, is not differentiable at x= 1 and x
= Z.
Answer 10:
Atx =1,

5 [imf(l —h)—f(1)

h—0 —h

m[l—h]-lll
h—0 —h
_l' 0_1_
= 1 —h *
1+ h)—f(1
RHD=limf( )—JFL)
h—0 h
[T+ A= [1]
= lim
h—0 h
1—-1

= I——=

Here, LHD # RHD, therefore, the function f(x) = [x],0 < x < 3, is not differentiable at x = 1.
At x = 2,

1—h)—f(1
LHD = limf( )~ /()

h—0 —h

. 2-h-2)
h—0 —h

- 1~2
= [im = 00

h—0 —h
RHD = lim LY h)— L)
h—0 h

_[2+h] - [2]
Im

— 1l

h—0 h
2—2

:}1125 P — !

Here, LHD # RHD, therefore, the function f(x) = [x],0 < x < 3, is not differentiable at x = 2.




Mathematics

(Chapter - 5) (Continuity and Differentiability) (Exercise 5.3)
(Class - XII)

Fmd m the following:

Questmn 1:
2x + 3y =sinx
Answer 1:
2x + 3y = sinx
Differentiating both sides with respect to x, we get

2 +d ) = d
dx( x) dx( y) = sin x

dx
dy dy COS X — 2

=5 2+ 3a COS X dx 3
Question 2:
2x + 3y =siny

Answer 2:

2x + 3y =siny
Differentiating both sides with respect to x, we get
d(2)+-d(3) a S243Y 4y
X y —dxsmy 7y =GOSy
dy 2

ﬂa(cosy—B)-—Z :*-a ey —13
Question 3:

ax + by* = cosy

Answer 3:
ax + by* = cosy
Differentiating both sides with respect to x, we get

d .
—(ax) +—(by?) = —

d d
=»a+2byd—z= —sinyé

—COS Y

dy a

=>dy(2b +siny) =
T SRS allie dx  2by+siny

Question 4:
xy+y®=tanx+y

Answer 4:
xy+y°=tanx +y
Differentiating both sides with respect to x, we get

+— ’ o B —t +dy
- (oY) + - (Jf) —otanx + -

dy dy dy
i 2 — —
::xdx—l—y—F ydx sec? x+dx

d
:—y(x+2y—1)=sec2x—y

dy sec®x —y
dx x+2y—1




Question 5:
x?+xy+y° =100
Answer 5:
x%+xy+y?% =100
Differentiating both sides with respect to x, we get

- + - ri— . - 100
dxx (xy) dx dx( )
dy dy
2X + X Vs =0
= LX d T Yor ydx
dy dy 2X 4y
—~(x+2y) =2
:dx(x_l_ y) FTY dx 5 e
Question 6:
x3 + x%y + xy* + y3 =81
Answer 6:

x3 + x°y+xy?+y3 =81
Differentiating both sides with respect to x, we get

d +d +d( 2) + C181
dxx (x*y) xy“) dxy e
, ay dy , a4y _
= 3x% + x° a+y2x+x 2ya+y 143y e =0

dy 3x% + 2xy + y?
g —
dx x? + 2xy + 3y?

= == (x? + 2xy +3y?) = (3% + 22y + y?)

Question 7:
sin“y + cosxy =k
Answer 7:

sin“y + cosxy =k
Differentiating both sides with respect to x, we get

d N d d "
dxsm y +o-cosxy =—~

2 Fy = V ( 2 + ) 0 = Z —y = 2 = . 0
: —— A
sin YyCOoSsYy sinxy|(x— : y sin y E X Sin XY —~— F ysinxy

dy dy y sin xy
dx — VSR dx ~ sin2y — xsinxy

= (sin 2y — x sinxy) —

Question 8:
sin®x + cos?y =1
Answer 8:
sin?x + cos?y =1
Differentiating both sides with respect to x, we get
d d d

— + —cos’y =—1
dxsm X+ o—cosTy = -
ay
= 2sinxcosx + 2cosy (— smy)dx 0
dy dy sin2x
ﬂ_—

= sinZ2x —sin2y—=10 =
PHeX =S ey ix dx sin2y




Question 9:
V= sin‘l( £ )

14+x4

Answer 9:

2Xx
— qin~!
y=sin" (7 5)

Let, x =tané

B 2tanéf i : — —
Therefore, y = sin™? (1+t2:39) = sin"1(sin20) = 20 = 2tan"'x =>y=2tan"lx
Differentiating both sides with respect to x, we get
dy 2
dx 1+ x2

Question 10:

_ 5 3x—x3) T 1
y = tan (I—Exz' ﬁ‘::x{ﬁ

‘Answer 10:

e 3x — x?3
y=H 1T 3%

) =tan"'(tan38) =39 =3tan"'x¥ =2>y=3tan"'x

Let, x = tan®f
3tan 8—-tan3 6

Therefore, y = tan™! (

1-3tan? 6
Differentiating both sides with respect to x, we get
dy 3
dx 1+ x?

Question 11:

1—x2

y = cos~ " (sz),ﬂ o w1

Answer 11:
i fl—a*
= COS
s 14+ x?
Let, x = tan @
_ i fA-tanteY oy _ 90 — 4 _ A
Therefore, y = cos (1+tan29) =cos (cos28) =20 =2tan""x =>y=2tan""x
Differentiating both sides with respect to x, we get
dy 2
dx 1+42x*

Question 12:

1—x?

y = gin™ (sz),o < x =1

Answer 12:

ol
W = sin ol
1+ x?

Let, x = tan @, Therefore,

— sin=t (125 O _ Gini(cos 26) = s “fsinG; - 26)} =5~ 26 = > — 2tan™"
y = sin 1+ tanZ B = sin~ " (cos = sin sm(2 ) =5 =5 an~ " x
T
=>y:§—2tan‘1x
Differentiating both sides with respect to x, we get
dy_o 2 2

dx 1+ x? 1+ x?




Question 13:

y =cos™* (;;) -l1<x<1
Answer 13:
i ( ZX )
= COS
¥ 1+ x?
Let, x =tan®
. —1( 2tané@
Therefore, y = cos (1+tan29)
= cos~1(sin28) = cos™? {ms(E — 29)} = = 90 == —<Ftan"ly
2 2 2
n —1
=y = 5 2tan” " x
Differentiating both sides with respect to x, we get
dy . 2 2
dx 1+ x? 1+ x?

Question 14:

y = sin™}(2xV1 —xz),—%-ix <v’ii

Answer 14:

y = sin~? (Zx\/l - xz)
Let, x = sin @

Therefore, y = sin™*(2sin 6 V1 — sin?6)

= sin"!(2sin@ cos B) = sin~(sin28) = 20 = 2sin"1 x

= y=2sin 'y

Differentiating both sides with respect to x, we get
dy 2

dx ~ V1—x2

Question 15:

— cap—1(_1 ) =
Yy = sec (21_2_1 ,0<:x<ﬁ

Answer 15;:

= gec™ 1 ( 1 )
Y= 2%? — 1
Let, x = cos @

Therefore, y = sec™? (2.::.::;?9—1) =sec ! (CD:ZH) = sec 1(sec28) =260 = 2cos 1 x

1

=>y=2C08 "X

Differentiating both sides with respect to x, we get
dy 2

dx ~  V1-x2




Mathematics

(Chapter - 5) (Continuity and Differentiability) (Exercise 5.4)
[Class - XII)
Difterentiate the following w.r.t. x:
Question 1:

e

sin x
Answer 1:
X
Lety = e , Therefore,
SN X

d d
X : - X . .
dy € .7,5Mx—SINX72¢€ e*.cosx —sinx.e* e*(cosx —sinx)

dx sin? x sin? x sin? x

Question 2:

1

EE.sin‘ X
Answer 2:
Let y = ¢S * Therefore,
sin~!x
d_y =5 Esin“x‘isin—lx = esin"‘x_ 1 = €
dx dx Vi—x2 +1-—2x2

Question 3:

EJL’
Answer 3:
Lety = e*’, Therefore,
d d
d_i:, = exa.aﬁ = ¥’ 3x2 = 3x2eX’

Question 4:
sin(tan™! e ™)

Answer 4:
Let y = sin(tan™! e ™), Therefore,
dy d 1 d
— =cos(tan™te™).—tan e ™ = cos(tan"le ™). . E
dx o )dx W 1+ (e %)% dx

e * cos(tan™! e™¥)
= cos(tan"te%). (=~ %) = —
o )1+e‘2x( ) 1+ e %%

Question 5:
log(cose*)

Answer 5:
Let y = log(cos e*), therefore,
d_y = ! a cose* = ! (—sine*)—e* = —tane*.e*
dx cose* dx cos eX dx '
Question 6:
eX +eX + .4 e¥

Answer 6:
Lety = e* + eX’ +eX 4 X' + exﬁ, Therefore,
dy , d 3 d . d s
S .1'+ s 2+ .’Jr.:'_x3+ Xt 4+ I_xS
dx € © dxx © dx © dxx © dx

—e*+e* 2x +e*.3x%2 +e* .4x3 + e* . 5x*

— eX + 2xe* + 3x2eX + 4x3eX" + 5xteX




Question 7:
e‘E,x > (0

Answer 7:

Lety = Vev*

Therefore,

d 1 d
A e

dx 7] eV AX

1 d 1 1 eVx
_ eVr — \[x = o VX

_2 E‘E. dx 2 e“’? -Z\E_ 4Nx

Question 8:
log(logx),x > 1

Answer 8:

€

Lety =

sinx
Therefore,

dy 1 d
dx logx dx
1 1 1

logx'x  xlogx

log x

Question 9:

COS X

x>0
logx
Answer 9:
__ COSX
Lety = —
Therefore,
lo xicosx — cosxilo X
dy _ 5% dx dx_ 5
dx (log x)?
: 1
logx.(—sinx) —cosx Y —(xsinxlogx + cos x)
(log x)? - x(log x)?

Question 10:
cos(logx+e), x=0
Answer 10:

Let y = cos(logx + e*)

Therefore,

% in(l +xd1 +ie*)
-, — —sin(logx e).dx(ogx e

1
= —sin(logx + e”*). (; + e-’"‘)




Mathematics

(Chapter - 5) (Continuity and Differentiability) (Exercise 5.5)

(Class - XII)
Differentiate the functions given in Exercises 1 to 11 w.r.t. x.

Question 1:
COSX .COS 2Xx .CoS 3x

Answer 1:

Let y = cosx .cos 2x .cos 3x, taking log on both the sides

logy = log cos x + logcos 2x + log cos 3x

Therefore,

1dy 1 d 1 d 1 d

;d—x ~cosx dx o v cos 2x dx o cos3x dx >X
dy 1 _ . ;

= o = ) [casx' (—sinx) + ——— (—sin2x).2 + e 3x'(_ sin 3x). 3
dy

= Ty = C0sX .cos2x .cos3x|[—tanx — 2 tan 2x — 3 tan 3x|

Question 2:
(x—1)(x-2)

(x—3)(x—4)(x-5)

Answer 2:

_ (x—1)(x-2) : ]
Lety = J(x—BJ(x—ﬁl)(x—S)’ taking log on both the sides

logy = %[log(x — 1) + log(x — 2) —log(x — 3) —log(x —4) — log(x — 5)]

Therefore,
1dy 1 1 1 1 1 1
yax [(x—1)+(x—2) x-3) x-4 (x-5)
dy 1 (x—1)(x—2) 1 | 1 1 1 1
:"»E_Z (x—3)(x—4)(x—5)[(x—1) "(x—-2) (x-3) (x—4) (x-05)

\

Question 3:
(ng x) COS5X

Answer 3:
Let y = (log x)“°%*, taking log on both the sides

logy = log(log x)®®** = cos x.loglog x

Therefore,

1dy d d

J—/a = cosx.aloglogx + loglog x .ECOSX
dy 1 _

= e [cosx T +loglog x . (— sin x)‘

= *j—i* = (log X Jresx [COS X _xSllzgiog]Og x]




Question 4:

X — 7sinx

Answer 4:
Let u = x* and v = 25'"* therefore,y = u — v

Differentiating with respect to x on both sides

d_y __du dv
dx dx dx - (1)

Here, u = x*, taking log on both the sides

log u = xlogx, therefore,

O L jogx+logX.——x = xm+logx.1=1+]
wdx  dx o T OB gt TR TR T -
du

—=ull +logx] = x*[1+loga]  ..(2)

and , v = 25'"* taking log on both the sides

log v = sin x log2, therefore,

ldv — d . log 2
o —10g2.——sinx =log2.cosx
dv -
— v[cos x log 2] = 25'""*[cos x log 2] ...(3)
u v

Putting the value of Tx from (2) and o from (3) in equation (1), we get
dy -
P x*[1 + logx] — 2% *[cos x log 2]
Question 5:
(x+3)%.(x+4)°.(x+5)*

Answer 5:

Lety = (x +3)%.(x + 4)3.(x + 5)%, taking log on both the sides

logy = 2log(x + 3) + 3log(x + 4) + 4log(x + 5)
Therefore,

tdy _, 1 ot . 1
yax T x+3) S+ x+5)
dy [2(x+4)(x+5)+3(x+3)(x +5) +4(x+ 3)(x + 4)

“dx Y| (x+3)(x+4)(x +5)
. dy  [2(x*+9x + 20) + 3(x* + 8x + 15) + 4(x* + 7x + 12)
dx 7| (x +3)(x + H)(x +5)
dy , . .| 9x°+70x+ 133
:E—(x+3) (x+4)°.(x+5) G+)EFHET5)

d
:d—“;'f': (2 + 3) (% +4)°:(x + 5y (9x* +70% + 133)




Question 6:
(x + l)x e x(Hﬂ%)
X
Answer 6:
Letu = (x + i)x and v = x(HI), therefore,y = u+v

Differentiating with respect to x, we get

dy d_v
dx  dx = dx - (1)

Here, u = (x 4 i) , taking log on both the sides

s 1
logu = xlog (x -+ x), therefore,

1a’u_ dl (+1)+] (+1) d

udx_xdx A X gl X 'dxx

= > (1 1)+l ( +1) ] = 2 J‘:2_1+l ( +1)

_x.(x+l). " og | x 2 1= og | x -
X

du (+1)x'x2—1ll (+1) .

dx " Tx 2= ¥ 1 S0 \* T s

and ,v = x(l ) , taking log on both the sides

logv = (1 ;) logx, therefore,

ki (1+1) LA d(1+1) (1+1) 4 ( 1)
7 logx +logx.— : 0gx.

vdx Xi X X%
dv (x“+1\ 1 logx (H)x +1—logx
— = = = (B
dx ( X ) x  x° ] * x* (3)
| u dv . .

Putting the value of = from (2) and p= from (3) in equation (1), we get
dy 1\ [x? -1 %] 1\ [x% + 1 — log x]
- S L | ( _) (1+3) .
dx (x+x) L:2+1+ng+x_+x ) _ ¥
Question 7:
(log x)* + x 108X

Answer 7:

log x

Let u = (logx)* and v = x'°6*, therefore,y = u + v

Differentiating with respect to x, we get

dy du dv

dx dx dx "'[1]

Here, u = (log x)*, taking log on both the sides

logu = x loglog x, therefore,

2 B e Ty o T
*utix —-]f(tr Dg;f%;lf UE[(H%J: d}f




1 1
logx x

=X + loglogx.1 = + loglog x

log x

1+ logx.loglogx

du_l N
E—(ogx)[

= (logx)* (1 + logx.loglogx) ..(2)

log x

and , v = x'°8%, taking log on both the sides

log v = log x logx, therefore,

Ldv = | a l + 1 a |

e — logx.——logx +logx.——logx

= | 1+l :

=logx.—+logx.~

dv 2 log x | 2logx

=" T [ 11 — ~slogx-—1

- v\ " l X [ - ] X (2logx) ..(3)

du

dx

dv

from (2) and
dx

Putting the value of from (3) in equation (1), we get

d
.d_z = (logx)* 1(1 + log x .loglog x) + x'°8*~1(2 log x)

Question 8:
(sinx)* + sin™'Vx

Answer 8:

Let u = (sinx)* and v = sin™? Vx, therefore, Yy=utmp

Differentiating with respect to x, we get

ay _au , av
d.r"d:r_i_dx (1)

Here, u = (sin x)*, taking log on both the sides
log u = x log sin x, therefore,

ldu dl Y S d
udx_x'dx ogsinx Dgsmx.dxx
1

= x.——.cosx +logsin x.1 = xcotx + logsinx
4 sin x
u
e (sinx)*(x cotx + log sin x) .. (2)
and , v = sin~1/x, therefore,
1dv_] d I o d l ) 1 | 1
de ogx.dx ogx ogx.dx 0gXx = ogx.x—i— ogx.x
dv 1 d 1 1 1

= : X = : = .. (3)
dx /1 -—x dx V1—x 2Vx 24x — x2

Putting the value of =" from (2) and =
utting e vaiue o dw rom an o

y . . 1
— = (sinx)*(x cot x + log sin x) A
dx . 2Vx — x2

from (3) in equation (1), we get




Question 9:
xsinx 1 (Sin x)cnsx

Answer 9:
Let u = x®™* and v = (sin x)“°** therefore,y = u + v
Differentiating with respect to x, we get, ‘;—i = Z—: + g v (1)
Here, u = x5'"*, taking log on both the sides

log u = sin x log x, therefore,

1 du dl ‘l d l+l 51nx+l
_—— = sinx. —-logx +logx. dxsmx sin x . ~+logx.cosx 5 0g X COS X
du - [sinx . _
— = x>0 [ Flog x cos x| = xS *~1(sinx + x log x cos x) s G
dx X
and , v = (sinx)*°>%, taking log on both the sides, we get log v = cos x log sin x, therefore,
1dv d d 1
ga = COSX .~ —log sinx + logsinx. -7 COSX = COSX . —— COS X + log sin x (— sin x)
v
e v[cos x cot x — sinx logsin x] = (sinx)“°**(cos x cotx — sinxlogsinx) ...(3)
du dv | .
Putting the value of — = from (2) and — prim from (3) in equation (1), we get
d .
é = xS *~1(sinx + x log x cos x) + (sin x)“°$*(cos x cot x — sin x log sin x)
Question 10:
xXCOSX 4 X*#1
x2-1
Answer 10:
F A
Letu = x*“**and v = ;: therefore,y = u + v
Differentiating with respect to x, we get s B g B .. (1)

dx dx dx
Here, u = x**°**, taking log on both the sides, we get logu = xlogx, therefore,

1 du d d

——=xcosx.—logx+logx.—xcosx =xcosx.—+ logx.(—x.sinx + cos x
udx dx 5 5 dx X gx.( )

= cosx —xsinxlogx + cosx logx
du

— = u[cos x — xsinx log x + cos x log x]

dx

= x*%%*[cosx — x sin x log x + cos x log x| s ()

2

and, v = Takmg log on both the sides

x€—

logv = log(x + 1) — log(x* — 1), therefore,

ldv 1 ; 1 ; 2x(x?> —1) — 2x(x%* + 1) . —4x
vdx 2+1 7  x- 1T T e+ D2 -1) G2+ 1D(x2 - 1)
dv x2 +1 —4x 4x

dx (x + 1)(-1’ — 1)] = 1 l{a* + 1) (x* = 1) - (x2 —1)2 (3)

dv
- fmm (2) and o from (3) in equation (1), we get
d—y=x“””[cusx—xsinxlogx+cosxlogx] s
dx (x2 —1)2

Putting the value of —




Question 11:
(x cos x)* + (x sin x)i
Answer 11:

1
Let u = (x cosx)* and v = (x sin x)x, therefore,y = u + v

Differentiating with respect to x, we get
dy du dv
2" e a - (1)

Here, u = (x cos x)*, Taking log on both the sides
logu = x log(x cos x), therefore,

1du d

=X Elog(x cosx) + log(x cosx). T2 X

1
=K. YT (—xsinx + cosx) + log(xcosx).1 =—xtanx + 1 + log(x cos x)
du

i (xcosx)*|1 —xtanx + log(x cos x)]

= (xcosx)*|1 —xtanx + log(xcosx)] ..(2)

and , v = (x sin x)?:r, Taking log on both the sides
1 .
logv = - log(x sin x), therefore,

1dv 1d d 1

—log(x sin x) + log(x sin x) .

va x dx dx x

1 1 1
= —.,——(xcosx + sinx) + log(x sinx) (-—- —2)
x xsinx X
dv xcotx +1 —log(xsinx)]
— =1
dx x2 |
1[xcotx+ 1 —log(xsinx)]
= (xsinx)s I

du dv
Putting the value of 7 from (2) and P from (3) in equation (1), we get

¥ ~ 1fxcotx+1—log(xsinx)]
— = (xcos x)*|1 —xtan x + log(x cosx)]| + (x sin x)x

dx X
Find Z—': of the functions given in Exercises 12 to 15:
Question 12:
x¥ 4+ y* =
Answer 12:
Let u = x¥ and v = y*, therefore, u +v =1
Differentiating with respect to x, we get
du | dv
dx = dx = (1]
Here, u = x”, Taking log on both the sides, logu = y log x, therefore,
1du d d 1 dy

udx—y.alogx+logx dxy Pi— +logx T




du y dy
T [x + log x. PP el )

and , v = y*, Taking log on both the sides
log v = xlogy, therefore,

ldv = d | o d  lady +l g
vdx  dx 08X TIBY- X = y dx %Y
dv [xdy_l_] [xdy_l_l ] 3
gz Yy T OBY| =Y g T I0ED - (3)
dv

Putting the value of — o fmm (2) and o from (3) in equation (1), we get

s Hiogx 2] 4[5 +1ow)]

+ 1 -1 = ()
[x 0B dx ty ydx o5
dy

_, ay
= yx¥ 1+ x¥ logx— + xy* lﬁﬁ—y"]ogy:O

dx
—(x-"" logx + xy*™ 1) = —(y*logy + yx¥~1)

dy y*logy + yx¥~1
Tdx % log x + xy*~1

Question 13:

¥ =t
Answer 13:
y =
Taking log on both the sides, xlogy = y log x, therefore,
dl +1 & ldl +1 &
Fdx o) TV gt T Vg OB T 0% gy
LT TR .
=5 %, | 1=y.- —
xydx °8) yx e dx
ﬁdy(x l )_y l
dx \y 0g X = 0gy
:bdy(x—ylogx)_y—xlogy
dx y B X

L4y _ y(y —xlogy)
dx ~ x(x — ylogx)

Question 14:

(cosx)? = (cosy)”*
Answer 14:
(cosx)” = (cosy)*
Taking log on both the sides, y log|cos x] = x log[cos y], therefore,

d d d d
ydx]ogcosx+logcosx = —xalogcosy-r-logcosy T
ﬂy(—sinx) - log cos x. d—y-x( Smy)dy+l{)gcosy 1

COS X dx cosy /dx

dy logcosy + ytanx
dx logcosx + xtany

dx (lﬁg cosx +xtany) =logcosy + ytanx




Question 15:
xy — e(I_J"')

Answer 15:
xy = e * )
Taking log on both the sides,
logx +logy =(x—y)loge = logx +logy = (x— y),therefore,

llldy_1 dy

x ydx dx
dy /1 1 d — —
dx \y X dx\ vy X dx x(y+1)

Question 16:
Find the derivative of the function given byf(x) = (1 + x)(1 + x2)(1 + x*)(1 + x®) and hence find f'(1).

Answer 16:
fX)=Q+2)A+x)A+x¥)(1 +x°)
Taking log on both the sides,

log f(x) = log(1 + x) + log(1 + x%) + log(1 + x*) + log(1 + x®), therefore,

1 d 1 1 d , 1 d, 1 d_,
f(x)'dxf(x)_1+x+1+x2'dxx "THxtdx” T1+x8dx
f . §F . ] 1 e 1 ]
ﬁm'f(x)_l+x i 1+x2'2x+1+x4'4x '1+xﬁ'8x
f 1 2x 4x°3 8x’
:'f(x)zf(x)_1+x+1+x2+1+x4+1+x3]
s P s 4 L 2 4 O s e B B
1+ 142 1L-+a® 142"
| 1 2 4 8
=>f(1)=(1+1)(1+1)(1+1)(1+1)[1__1+1+1+1+1.1+1‘
| 1 2 4 8 15
S F(1) = (2)(2)(2)(2) [§+ 5 +§] _ 16(7) = 120

Question 17:

Differentiate (x* — 5x + 8) (x> + 7x + 9) in three ways mentioned below:
(i) by using product rule

(ii) by expanding the product to obtain a single polynomial.

(ii1) by logarithmic differentiation.

Do they all give the same answer?

Answer 17:
Lety = (x?—=5x+8)(x*+7x+9
(1) Differentiating using product rule

dy d d
——= (%° — B +-8)— 4+ 7% +9) +(x° + Tx+ 9)—(x° — 5x+8)
dx dx dx

= (x2-5x+8)Bx*+7)+ (x*+7x+9)(2x — 5)
= (3x* + 7x% — 15x° — 35x + 24x° + 56) + 2x* — 5x* + 14x* — 35x + 18x — 45
= 5x* — 20x3 4+ 45x% — 52x + 11




(ii) Differentiating by expanding the product to obtain a single polynomial
y=(x?—-5x+8)(x*+7x+9) =x>+7x3 +9x% — 5x* — 35x% — 45x + 8x> + 56x + 72
= x> — 5x* + 15x> — 26x°% + 11x + 72

Yo s 5 15 06 11+ L 70 — 5% — 20x3 + 45x2 — 52 + 11
dx ax ax ax ax ax E = x X X X

(iii) Logarithmic differentiation
y=(x*?—-5x+8)(x>+7x +9)
Taking log on both sides, logy = log(x? — 5x + 8) + log(x3 + 7x + 9)

e . d(z 5x + 8) 4 >4 7%4-9)
y'dx (x?2—5x+8) dx p * '(x3+7x+9)'dx(x *
S e Ry ) : 3x% +7
y'dx x2—5x+8° * x3+7x+9'(x )
dy  [Cx—5){z" + 7%+ 9 + G2*+T(x* — 5xr4 8)
dx_y_ (x2 —5x +8)(x3 + 7x + 9) _
 [2x* + 1dx® + 18x— 5% — 35x'— 45+ 3a*— 15z~ + 24x° + 7x* — 35x + 56
—J (x% —5x 4+ 8)(x%+ Tx+9)
dy (% — 53+ 8)(x® + Tx 4 O 5x° — 20x> + 45x% — 52x + 11
= — — —
dx g "+ )_ (x2 —5x4+8)(x*4+7x+9)
dy ’
:E==5x — 20x3 + 45x% — 52x + 11

Hence, all the three answers are same.

Question 18:

If u, vand w are functions of x, then show that

d( ) du N dv N dw
dxuvw-dwi udxw uvdx

in two ways - first by repeated application of product rule, second by logarithmic differentiation.

Answer 18:
Lety =u.v.w=u.(v.w)
Differentiation by repeated application of product rule

dy d du
dx—-ua(v w) + (v.w). —u —-u[v——w+w—~v +vwa
dy dw+ dv+
= — = — — _
dx Ve T dx vwdx
Differentiation using logarithmic
Lety=u.v.w
Taking log on both the sides, logy = logu + logv + logw
1dy 1du 1dv 1 dw 1du 1dv 1 dw
e S e it =>—'J/[ o ‘
ydx udx vdx w dx udx w dx
dy |1 du+1 dv 1 dw] A du_l_uuw dv uw.v.w dw
= — = U.n. : ' = — ; ; | ;
dx ~ VW wdx w dx dx v dx w  dx
dy du dv
=>——vw—+uw—+uu—

dx dx dx dx




Mathematics

(Chapter - 5) (Continuity and Differentiability) (Exercise 5.6)
(Class - XII)

If x and y are connected parametrically by the equations given in Exercises 1 to 10, without eliminating

. . d
the parameter, Find =

dx
Question 1:
x = Rdf” vy = dt*
Answer 1:
Here, x = 2at?,y = at*

Therefore, % = 2a(2t) and i—f = a(4t3)
dy
dy _dt _ 4at? _ 2
dx dx 4at
dt
Question 2:
x=acosf,y=bcosf
Answer 2:
Here, x = acosf,y = b cos 6, therefore, z—; = a(—sinf) and Z—:; = b(—sinf)
dy .
dy dg —bsinf b
dx dx —asinf a
do
Question 3:
x =sint,y = cos 2t
Answer 3:
Here, x = sint ,y = cos 2t, therefore,% = cost and % = —sin2t.2
d
dy a% —2sin 2t 2(2sintcost) _
- =4t _ = = —4sint
dx dx cott cost
dt
Question 4:
x =4ty = i:—
Answer 4:
4 dx dy 4
Here, x = 4t ,y = -, therefore, — =4 and — = ——
d t dt dt t
B
dy _de __2__1
dx dx 4 E
dt
Question 5:
X =cosf —cos28,y =sinf —sin 26
Answer 5:
Here, x = cos 8 — cos 260,y = sinf — sin 26
Therefore, % = —sinf + 2sin 20 and j—: = cos 8 — 2 cos 26
dy

dy dg cos@—2cos26

—— —
—

dx dx —sin@ + 2sin 26

do




Question 6:
x =a(f —sinf),y = a(l + cosf)
Answer 6:

Here,x = a(0 —sin6@),y = a(1 + cos 8)

Therefore, j—; = a(l —cos@) and j—; = a(0 — sin8)
dy .68 6

dy g —asin @) 2Sin5C0oS > te

—_— e — = = — = — COl—

dx dx a(1-cosB) 5 Sinzg 2

dé

Question 7:
sin® & cos> t

u’msz.t’y = Vcos 2t
Answer 7:

x:

o d d . 3
cred dx sin® t——/cos 2t—+y/cos 2t—sin° t
therefore, — = dt — it
dt (Vcos 2t)

. 3 1 » - 2.
- sin t.zm.(—sm 2t).2—v/cos 2t.3sin“tcost wsind bicin Ft-Boam St cin? Fens ¢

—
 —

sin®t

vcos 2t ’ }7 o 1£c{152t'

Here, x =

cos 2t cos 2t\/cos 2t
cos> t%v*cus 2t—vcos ZI% cos3 t
2

d
and = =
Ak (Vcos 2t)

3 1 : 2 i
~ cos t'zm'(_ sin 2t).2—vcos 2t.3 cos” t(—sin t) ~ —cos? t.sin 2t+3cos 2t.cos® tsint

cos 2t cos 2t/ cos 2t

i}—, 3 : 2 ;
dy gf —cos’t.sin2t+ 3cos2t.cos“tsint
d

~2 _ at
X

dt
—cos3t.(2sintcost) + 3cos 2t.cos® tsint cos*tsint (—2cos®t + 3 cos 2t)

—sin3t.(2sintcost) — 3cos 2t.sin*tcost sin®tcost(—2sin®t — 3 cos 2t)
cost[—2cos*t + 3(2cos*t —1)] cost[—2cos*t + 6cos”t — 3]
sint [—2sin?t — 3(1 — 2sin?t)]  sint[—2sin?t — 3 + 6sin? t]

cost [4cos®t — 3] 4cos3t — 3 cost cos 3t -
= — = — = —Co
sint [— 3 + 4sin? t] 3sint —4sin3t sin 3t

—sin3t.sin2t — 3cos 2t.sin?tcost

Question 8:
r=a (cos t + lagtan%) y = asint

Answer 8:

Here,x = a (cnst + log tan %) y = asint,

t
dx , 1 E 1 : cog= 1 9
Therefure,-{;:a(—smt-l- r.seczg.5)=a(—smt+ —Z t.—)

. 1 . 1 —sin®t+1 cos®t
=aqal=—snt+—— =a(—smt+* )za( , )——a(, )
Zsmzcnsz sint sint sint
d
andd—y=acost

L
ay .
dy qdr acost sint -
—_— —— = = = {an
dx dx a(coszt) cost
sint

dt




Question 9:
x=asecl,y=btanf

Answer 9:
Here,x = asecf,y =btanf

Therefore, j—; = asecftanf

1
bsec’ 0 _bsecﬂ_b(msg) b

: — —cosecf
asecftané atané a(smﬂ) a

cos @

Question 10:
x=a(cosf +0sinf),y = a(sinf@ — 6 cos )

Answer 10:
Here, x = a (cos8 + 0sinf),y = a(sinf — 6 cos )

Therefore, j—; =a|—sinf + (6 cosB + sinf)]| = ab cos O

and% =a [cosf — (—0sinfB + cosB)] = ab sinb

d s 0 sin 6
-—y=—d9=a — = tané6
dx dx aBcosH

deo

Question 11:
If x = +/asin™ L A= Jacos™'t show that oy _ —i’

dx
Answer 11:
Here, x = ,\/asin"l t = ,\/aCGS'l t
Therefore,
dx 1 ' 1 " 1
—_— = St T .a®™ "t loga
dt 2:/qsin 't dx 2./ gsin't . V1 — t2
1 | 1 xloga
=—.x"l0oga =
2x V1—itZ I—1?
and
&y — : — st = : .a®s" ¢ loga .
dt 2\/acus‘1t dx zJacus‘lt V1 — t?2
| l 1 yloga
= —.y“.loga —
gy s V1 —t2 V1 — t2
dy yloga

dy _dt _ N1-¢2 _
dx dx xloga

dt  J1-¢2

Y
X




Mathematics

(Chapter - 5) (Continuity and Differentiability) (Exercise 5.7)
(Class - XII)

Find the second order derivatives of the functions given in Exercises 1 to 10.

Question 1:
x%+3x + 2

Answer 1:
Lety = x* + 3x + 2, therefore,

dy d B

E—EE(J{ +3x+2)—2x+3
d?y d

TR Th

Question 2:
xZG

Answer 2;
Let y = x2°, therefore,

dy d
2 20y — 19
T = T (x*") = 20x

dy _ 4 0 1 18

Question 3:
X.COS X

Answer 3:

Let y = x. cos x, therefore,

dy d ) = d p a o
7~ = 7 (X.C0SX) = X.——COS X + COsX.——X = —xsinx + cos x

d%y d d d

= —— = xXsinx + cosx =—(x—sinx+sinx—x)—sinx
dx? dx( ) dx dx

= —xcosx —sSinx —sinx = —(xcosx 4+ 2sinx)

Question 4:
log x

Answer 4:

Let y = log x, therefore,
dy d 1

E = a(lﬂg:{j =;

d‘y d (1) 1

=>dx2=dx X -

x 2

Question 5:
x3 log x
Answer 5:

Let y = x° log x, therefore,

dy_ d 3 L d d 3 o aed 1 L il 2
dx_dx(x logx) = x .dxlogx—l-logx.dxx =X~ +logx.3x* = x*+ 3x“logx
1Y _ 4 (24 3x2) 2 +3(2d1 +logx— )
) Tm— — S R
= (x x“logx) = 2x x“——logx +logx ——x

1
=2x+3 (xz.;+ logx.Zx) =2x+ 3x +6xlogx = 5x +6xlogx = x(5+ 6logx)




Question 6:

e* sin 5x
Answer 6:
Let y = e” sin 5x, therefore,
Gy o o _ da
d_xzd_x(e sin5x) = e Tz Sin 5x + sin Sx.ae
= e*.cos5x.5 4+ sin5x.e*
d*y .
= ez o (5e* cos 5x + e* sin 5x)
=5 (e"“.icos 5x + cos Sx.iex) + (ex.isin 5x 4+ sin 5x.iex)
dx dx dx dx

= 5[e*.(—sin5x).5 + cos5x.e*] + [e*.cos 5x.5 + sin5x.e*]

= e*(—25sin5x + 5cos5x + 5cos5x + sin5x) = e*(10 cos 5x — 24 sin 5x)

Question 7:

e%* cos 3x
Answer 7:
Let y = e®* cos 3x, therefore,
dy d d d
i 6x - gk L
o = Tx (e®*cos3x) =e =~ Cos 3x + cos 3x.dxe

= e%. (—sin3x).3 + cos3x.e®*.6

= 3e®(—sin 3x + 2 cos 3x)

d? d
» d—;’ = ——[3¢®%(— sin 3x + 2 cos 3%)]
= 3e%%,— (—sin3x + 2cos 3x) + (—sin 3x + 2 cos 3x).— 3e®*

dx dx
= 3e°*.(—3cos3x — 65sin3x) + (—sin3x + 2 cos 3x). 18e®*

= e%*(—=9cso 3x — 18 sin3x — 18sin 3x + 36 cos 3x)
= e%*(27 cos 3x — 36sin 3x)

= 9¢°%(3 cos 3x — 4sin 3x)

Question 8:

1

tan " x
Answer 8:
Let y = tan~! x, therefore,
dy d i 1
el e
d d
oy . . a 2
:,@:i( 1 )_(1+x)dx1 1dx(1+3£')
dx? dx\1+ x? (14 x2)?
0 — 2x 2X

- (14 x2)? B _(1 + x2)2




Question 9:

log(log x)

Answer 9:
Let y = log(log x), therefore,
dy d (log(l ) = i 1 1
dx dx og(logx) log x " x xlogx

d?y d 1 (xlﬂgx)—l—l d—(x]ogx)
T dx? dx (x log x) (x log x)?

1
0“(5"?-;""1083‘?)_ 1+ logx

(xlog x)? (x log x)?

Question 10:
sin(log x)

Answer 10:

Let y = sin(log x), therefore,

dy d 1 cos(logx)
s a(sm(logx)) = cos(log x) i ”

dz
e [
dx? dx

d d
cos(log x)] x 7~ cos(log x) — cos(logx) . 7—x

(x)?
X {—sin(log X). E} — cos(logx) .1 - —sin(logx) — cos(log x)
(x)? - (x)*

Question 11:
If y =5cosx — 3sinx, provethat +y—0

Answer 11:
Given that: y = 5 cos x — 3 sin x, therefore,

dy
i -C—i;(Scusx 3sinx) = =5sinx — 3 cosx

= —= =—(—5sinx —3cosx) = =5cosx + 3sinx = —(5cosx — 3sinx) = —y

Question 12:

Ify = cos™! x, flndﬁ in terms of y alone.

Answer 12:
Given that: y = cos™ " x

= cosy = x, therefore,

-1

> — = ————= —Co0secC
dx sin 'y Y

d*y dy

= —— = —(—cosecy coty).— 1y = = (cosecy coty).(— cosecy) = —cosec® y coty




Question 13:

If y = 3 cos(logx) + 4sin(log x), show that x*y, + xy, + y =0
Answer 13:

Given that: y = 3 cos(log x) + 4 sin(log x), therefore,

dy d ' . 1 1
= 5(3 cos(logx) + 4sin(logx)) = —3 sm(logx).;:- + 4 cos(log x).;

d
—X di: = —3sin(logx) + 4 cos(log x)

L = B 13 amtiogs) + 4§ easliogs)]
X g+ g = o [=3sin(logx cos(log x

1 1 1 1
= —3cos(logx).—— 4sin(logx).~ = ——[3cos(logx) + 4sin(logx)] = ——.y

d?y dy 1 ,d’y  dy ,d’y  dy
o P oy o — ey e i e X =0
:}xdxz-i-dx xy - dx2+xdx Y el dx2+xdx+y

Question 14:

2
Ify = Ae™" + Be™, show that sz (m + n) Z—i +mny =0

Answer 14:
Given that: y = Ae™* + Be™, therefore,

dy d
o (Ae™ + Be™) = mAe™ + nBe™
d’y 2 2
~ i (mAe™ + nBe™) = m*Ae™ + n“Be™

Putting the val fdzy ddy' d’y + dy+ t
utting the value o Tzand - in T3 (m n)dx mny, we ge

LHS = (m%4e™* + n?Be™) — (m + n)(mAe™ + nBe™) + mny

= m?Ae™ + n?Be™ — (m?Ae™ + mnBe™ + mnAe™ + n°Be™) + mny

= —(mnde™ + mnBe™) + mny
= —mn(Ae™ + Be™) + mny

= —mny + mny = 0 = RHS

Question 15:
2
If y = 500e7* + 600e 7%, Show that = = 49y.

Answer 15:
Given that: y = 500e7* + 600e~7%, therefore,
dy d _ . ~
—— = ——(500e”* + 600e~7*) = 500¢”*.7 + 600e 7. (=7) = 7(500e”* — 600e ")
= @ — i’?(SOOe” — 600e~7%) = 7[500e7*.7 4+ 600e~"*.(—-7)]

d¥? dx |
= 49(500e7% — 600e~7%) = 49y

d2
=4 2 o 49y

dx?




Question 16:
2 2
IfeY(x+ 1) = 1, show that 2y (ﬂ) .

dx? dx
Answer 16:
Given that: e¥(x + 1) = 1, therefore,

dy d d
e-’*’a(x%— D+x+1)—eY =—1

dx dx
:>e}’+(x+1)eyd—y=0
dx

:?dy_ 1

dx  x+1

d2
s

dx? dx\ x+1

i d d
:_(x+1).al—1.-ﬂ(x+1) -_[ 0_1]_ 1

(x +1)2 (x 4+ 1)2 (x + 1)°

dx? x+1
. d?y (dy)z
dx?2 \dx

Question 17:

If y = (tan™! x)%, show that (x* + 1)%y, + 2x(x* + 1)y, = 2.
Answer 17:

Given that: y = (tan™! x)?, therefore,

dy d 1 2tan"'x

= —[(tan"'x)?] = 2tan ' x. =
dx dx[(an zy] e 1+ x? 1+ x?

d
= (1+x2)£=2tan"1x

d’y dy d d
PR i e 1 2 —_— 2t -1
dx2+dx dx( +x7) dx( an™" x)

d?y dy 2
1 N—— 2% =
= +x)dx2+dx X 1 + x?
d*y dy
232 2N = _
= (1 4+ x*) ——-dx2+2x(1+x )dx 2

= (x*+1)%y, + 2x(x* + 1)y, = 2

= (1 + x?)




Mathematics

(Chapter - 5) [Continuity and Differentiability) (Miscellaneous Exercise)
[Class - XII)

Differentiate w.r.t. x the function in Exercises 1 to11.

Question 1:
(3x2 — 9x + 5)°

Answer 1:
Let y = (3x% — 9x + 5)?, therefore,
dy d
T = =9(3x* —9x + 5)8. —(3x —9x +5) =9(3x2—-9x +5)8.(6x—9)

= 27(3x% —9x + 5)8%. (2x — 3)

Question 2:
sin® x + cos® x
Answer 2:
Let y = sin® x + cos® x, therefore,
dy d d

— = 3sin’x.—sinx + 6 cos® x.—cos x = 3sin?x.cos x + 6 cos® x. (— sin x)
dx dx dx

= 3sinxcos x (sinx — 2 cos* x)

Question 3:
(Sx)z cos2x

Answer 3:
Let y = (5x)3¢°52% taking log on both sides
logy = log(5x)3°52*¥ = 3cos 2x .log 5x

Therefore,

LAY _ 3 cos 22, Elog 5x + log 5x. 3 cos 2
ydx_ COS 2X. dx Ug X Ug X dx LS 4%

dy 1 .
:a—yIS cos 2x . ot 5 +10g5x.3(—sm2x)*2]

lcos 2x — 2sin2x log 5x]

::,_y_ 3(5x)3c{1521 -

Question 4:
sin"!(xVx),0<x <1

Answer 4:
Let y = sin~!(xvx), therefore,

dy 1 d d
— = — (xvx) = x—Vx +Vx.—x
dx Jl—(xmz dx [ dx ]
1 -1
=\f1—x3'-x2ﬁ \E.ll
- 1 'x+2x]
Vi—x3 L 2vx

B 3x _BJ X
2VxvV1—x3  2N1-—Xx°




Question 5:

cos— 1%

m,—Z & xE L

Answer 5:
[ _ cus‘lg th ’

ety = Trrevs, erefore,
g d B d i

dy =cos - dx\/z 7 —\2x 7-cosT 5
dx (VZx+7)°

cos‘l'; 2] V2x + 7 —4 %

2\/2x + 7 Jl 2
: )
2x + 7
1 X 1 , 1

— 2 Ix T Vix+ 7\/4_ (x)? cas‘l—%.\/ﬁ}—xz +2x+7
- 2x+7 T @x+7VIx + WA - 12
Question 6:

_1 [Vi+sinx+V1-sinx [
cot sf1+sinx+\(1—sinx] 0<x< 2

Answer 6:

vi1+sinx+vV1-sinx
v1+sinx+v1-sinx

], therefore,

Let y = cot™1 [

2 X 2 X X X ok i v o oy KX
» NCOS 2+51n 2+251n2c052+wcus 2+sm 5 251n2c052
y = cot r
gk | s A T S— 2 2 X _ e A
wcos 2+SII1 2+251n2(:052 \ICOS 2+51n > ZsmzcoszJ
| (cosi + sin E)2 + (cos-{ — sin-—JE:-)2
R \ 2 2 \ 2 Z
X . X\? X . X\?
i (cos-2-+ sm-j) —\J(cosf—smi)
cos% + sin% + cos% - sin% ZCOS%E X
= cot™ = ~ % = = cot™1 = = cot™1 [cot—]z—
cos= + sins — coss + sin= 2sin= 2
7 > 7 5 | 45105
Therefore, — o S
dx
Question 7:
(log x)'°8* x > 1
Answer 7:

Let y = (log x)'°8*, taking log on both sides
logy = log(log x)'°8* = log x .log(log x)

Therefore,
Ldy | d log(log x) + log(log x) . a —1
ydx_ og x.—~log(log x og(logx).——logx
dy 1 1 dy ox |11 log(logx)
_— = —_ —_— = Og X
- y’logx.logx.x-!-log(logx).x] :>dx (log x) ”




Question 8:
cos(a cos x + b sin x), for some constant a and b.

Answer 8:
Let y = cos(a cos x + b sin x), therefore,
dy n( & b 3 B
o= sin(a cos x sin x T @ COS X sin x

= —sin(acosx + bsinx) (—asinx + b cos x)

= sin(acosx + bsinx) (asinx — b cos x)

Question 9:
3m

. : - T
(sin x — cos x) (5" ¥ ‘3“”),; LEL=

Answer 9:
Let y = (sinx — cos x)(8inX=c0sX) taking log on both sides
logy = log(sin x — cos x)SM*=€05X) = (gin x — cos x).log(sin x — cos x)
Therefore,

1d

J—)é = (sinx — cos x).a log(sin x — cos x) + log(sin x — cos x) o (sinx — cos x)
dy ”( | ) (cos x + sinx) log(s ) ( + sinx)
7 y |(sinx — cos x SN Y — R og(sinx — cosx) (cos x + sin x
dy . . . :

= i (sin x — cos x)SMx=€0sX) (cos x + sin x)[1 + log(cos x — sin x)]

Question 10:
x* 4+ x%+ a* + a%, for some fixed a > 0 and x > 0.

Answer 10:

Letu=x"andy =u + x* + a* + a“ therefore,

dy du d - d _d _
a— a‘Fax +££1 +&CL
dy du el 3
:}E“EE-I-QX +a*loga+0 ey
Here, u = x*, taking log on both sides

logu = logx* = x.logx

Therefore,

1du_ dl | d_ll 1du_1] %] 4]
e = X ogx+dogx,dxx—x.x+ og x . :dx—u( +logx) = x*(1 + log x)
Putting the value of -d—: in equation (1), we get

dy

TIE s el tf—1 X
=X (1+1logx)+ax® "+ a*loga

Question 11:
x* 73 4 (x — 3)*°, forx > 3.
Answer 11:
Letu = x* 3and v = (x — 3)*" therefore, y=u-+v

Differentiating with respect to x, we have

gy _ gu . av
dx_dx_l_dx (1]




Here, u = x* 3, taking log on both sides
logu = (x% — 3) log x, therefore,

1du d d 1
——— ¢ — 7. —(x? — = 2 _ 2

u dx (x 3)dx lﬂgx -+ l(}gx . dx (I 3) (x 3)x + lﬂgx. zx
du x2—3+2x%logx

— =

dx _ X H

du 2w [X*—3 4 2x%logx )

E —_ xx -3 » (2 o xl’ -4(x2 g 4 2x2 IDgI) (2)

and, v = (x — 3)*", taking log on both sides
logv = x*log(x — 3), therefore,

1dv d d 1 o

T il . . o Rl e il _ i |r . _
. X T log(x — 3) + log(x 3).dxx X S + log(x — 3).2x po— 2x.log(x — 3)
d 2 2

d—z =" xx_ 3 + 2x.log(x — 3)] = (x — 3)*"‘*'2 |xx_ 3 - 2x. log(x — 3)] il 3 )

u v
Putting the value of e from (2) and value of o from (3) in equation (1), we have

2

x — 3

dy
dx

= x¥*~4(x2 — 3 + 2x%logx) + (x — 3)*° [ + 2x.log(x — 3)

Question 12:
Find 5:—-:’5 ify = 12(1 — cost), x = 10(t —sint), > <t <.

Answer 12:
Here, x = 10(t —sint),y = 12(1 — cost)

dx

Therefore, — =
dt

10(1 — cost) and % = 12(0 + sint)

. L t
dy qr  12sint _6(251ﬂ§COS§)_6 tt
dx dx 10(1—cost) 5(2 sin2 £) B SCO 2

dt 2

Question 13:
Findj—i, ify =sin"tx + sin“1v1l—x2,0<x < 1.

Answer 13:
Here, y = sin"'x + sin!v1 — x2, therefore
d d d
£=Esin'1x+asin‘1\/l—x2

d 1 1 d
:}l: ; Jl_xz

dx /1 —x2 > dx

\/1 — (V1 — x?)

dy 1 1 1 d 3
Tdx Iz x'zx/l—xzdx(l_x)

a 1 1 1 1
ﬂ—y: ' ( 2x>= =0




Question 14:
Ifx/1+y+yVl+x=0for—1<x<1,Prove thatz—iz

1
(14x)2

Answer 14:
Given that: x,/1+y + yv1+ x =0 > xJ1+y=—-yvl+x
Squaring both sides
x“(1+y)=y%(1+x) = x% + x%y = y% + y%x
> xl—yi+x?y—y*x=0
> x+y)x-y)+xylx—y)=0 =x-y)x+y+xy)=0

=>(x+y+xy)=0 [“x#y =>x-—vy#0]
X
=>y(1+x)=—x =ﬁy=—1+x
Therefore,
i d d
dy (1+x)7—x—x 7= (1+x) _ Ll4x— 1
dx (1+ x)? O (1+x0?%2 (14 x)?

Question 15:
If (x —a)? + (y — b)? = c¢? for some ¢ > 0, prove that

_(dy\*
dy
dx?

N W

is a constant independent of a and b.

'Answer 15:
Given that: (x — a)? + (y — b)? = c*. Differentiating with respect to x, we have

d 2, @ :_ 2 ay _

a(x—a) +E(y—b) g =>2(x—a)+2(y—b)a—0
dy X —a

= dx y—>b

Differentiating again, we have

Py  G-DLe-d-G-df0-b  G-Hl-Gx-F

dx? (y — b)? (y — b)?
X —a
=>d2y_ (y—b)l—(x—a)( y—b)_ (y—b)2+(x—a)2_ G2
dx? D - (y — b)3 - (y-b)?
- 215
1+ (j_g)
Putting the values in= T —,we have
dx?
3 3 3 3
(33T ems [ [oSel
"\ y—-b) | _ (y — b)? (y— D)~ _ Ly = b)?
e c2 c2 c?
(y3— b)3 (y — b)’ (y — b)’ (y — b)?
C
— h)3 3
S CS) = — % = —c,which is a constant independent of a and b.




Question 16:

. d 2
If cosy = x cos(a + y), with cosa # +1, prove that = = — 1))

dx sina
Answer 16:
. ‘ . __ cosy

Given that: cosy = x cos(a + y) = X T therefore,
Differentiating with respect to y, we have
dy cos(a+ y)diycosy - cosydiycos(a + )
@ - cos?(a + y)

dx cos(a+y)(—siny)—-cosy(—sin(a+ y))
. N

dy cos?(a + y)
. dx —sinycos(a+y)+ cosysin(a +y)

dy cos?(a + y)
_sinfa+y—y)  sina
~ cos?(a+y) cos(a+y)

dy cos*(a+y)
— — =

dx sina
Question 17:
If x =a(cost + tsint) and y = a(sint — t cos t), find %.

Answer 17:
Here, x = a(cost + tsint) ,y = a(sint — t cos t)
Therefore,

dx _ _
r e al—sint + (tcost +sint)] = atcost

and

- a|(cost — (—tsint + cost))] = atsint

dt
dy
dy dt atsint

——i e S =tant
dx dx atcost
2 dt 3
d dt 1 sec>t
=>—32)=sec2t.—=ser:2t. =
dx dx at cost at

Question 18:
If f(x) = |x|?, show that f”(x) exists for all real x and find it.

Answer 18:
Rewriting the function f(x) = |x|? in the following form:

_(x3 ifx=0
f(x)—-{_x3 ifx <0

Ifx = 0,.f(x) = =3 PHE) = Bx” =3 FUR)— 6%
Ifx <0, f(x) = —x3 = Fi{x) = —3x* = f"(x) = —6x
Hence, f" (x) exists for all real x and it can be represented as follows:

r . 6x if¥>0
Fis)= {—6x ifx <0




Question 19:

Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation, obtain the sum formula for
cosines.

Answer 19:
Given that: sin(A + B) = sin A cos B + cos A sin B,

Differentiating with respect to x, we have

d | d d d , d
asm(‘tl + B) = (smﬂacosﬁ + msBasmA) + (cnsAd—xsmB + smBacos A)
= cos(4 + B) aa + 4B

c05 '(dx dx)

—(‘ A (— si B)dB B AdA)+( A BdB+ in B in A dA)
= ( sin sin dx+CDS cos A—~ cos A cos B —— + sin (—sin )dx

dA IdB)
dx = dx

= cos(4 + B).(

dB dA
= (cosAcosB —sin4 sinB)-{H_- + (cosAcosB — sin A SinB)a

dA | dB
dx = dx
= coS(A + B) = cosAcosB —sinAsinB

= cos(4 + B) ( P dB)

) = (cos Acos B —sinAsinB) (dx 3

Question 20:
Does there exist a function which is continuous everywhere but not differentiable at exactly two points?
Justify your answer.

Answer 20:

Function f(x) = |x — 1| + |x — 3] is continuous for all real points but not differentiable at two points
(x=1 and x = 3).

Question 21:

f(x) g(x) h(x) - f'ix) g'(x) h'(x)
Ify=| 1 m n | prove that 55 [ m n
a b C a b &
Answer 21:
f(x) g(x) h(x)
Given that: y = | | m n |, therefore,
a b c
h h
b [F@ g@ Koo [[O 8W R () g
“ ¢ a b s dx dx dx
dy [/ g'x) M) |f(x) gx) k()| |f(x) gx) h(x)
= T = [ m n |+ 0 0 0 |+ I m n
a b C a b C 0 0 0
dy |[['®) g(x) h() dy |[['®) g(x) h(x)
=8 = | m n |+0+0 =-—= [ m n
dx dx
a b c a b C




Question 22:
=5 2
[fy = 305 "”",-1ixil,shmwthat(l—xz)%—x

Answer 22:
Given that: y = 2™ ¥ therefore,

Differentiating with respect to x, we have

dy d acos tx ATOS *X d -1
a = ae — € aa COS X
:.}d_y= pacos 'x, —1 - iy
ax V1 — x?2 V1 — x?2
Squaring both the sides, we have
-2
dx 1 — x?

= (1—x2%) (_y)2 = a‘y?

Differentiating again with respect to x, we have

(1 _xz)'zz'jz*'(g)z%(l—xz) =a22yg
:%:2(1—x2)g+‘;§( Zx): =2azyj_i’_

=2 20— 52 -x 2 = 2y Y
:(l—xz)g—x%:azy
=>(1—x2)-dz—y—x.d_y_a2y=0

dx? dx




