h

Complex Numbers

5.01 Introduction
Jain Mathematician Shree Mahaveerachara in 850 B.C. gave a hint that negative numbers do not have
square roots. In 1637 BC. Rene De'cartes described the numbers as Real and Imaginary. Euler in 1748 B.C.

denoted the value of V-1 asi. Gaussin 1832 called 4+ p+/—1 as Complex Number:

Real solution of quadratic equation ax” +bhx+c¢ =0 can be obtained by

—b++lb* —4ac
xX=—- ; wii (Shri-Dhar Aacharya formula)
=0

If discriminant A* —4ac >0 then roots are real but in the case of 5> —4ac <0 so we are not able to

find the roots of above equation because in this case \/p? — 44 (square root of negative number) is not real

number. To solve these kind of problems, expanding the real number system a new number system is developed
in which the square root of negative number is also included. These number are called as complex numbers.

We know that product of two real numbers having same sign is positive but if /-1 is multiplied by
=1 then the product is negative. Mathematicians gave the name as imaginary quantities to all these numbers.
Defiition "Every number whose square is negative is termed as Complex Number"

Example : V=2 J-13.+/~15 etc. are imaginary numbers.

I0TA : (f’ =J-1 ) is an imaginary number with the following properties
@ i=NmLi2=-L =it =it = () ()= (-1)(-1) =1
i i=-i
@ =) =" =1

1.e. if the power of 7 is multiple of 4, then its value is always 1.

5.02 Complex Numbers

If a, be R then a + ib or a — ib are called as complex numbers. Generally it is indicated as z, as

z=a+ ib, where ; = /=1 (measure form), where a is called as real part and b as imaginary part.

Complex Number as an Ordered Pair- Hamilton defined complex number in the form of an ordered
pair according to which z=a+ib is represented as (a,b) where a.heR.

Real and imaginary parts of complex number z are expressed as Re(z) and /m(z) respectively.

Special case: If /m(z) = 0 then complex quantity is called as real quantity and if Re(z) = O then it is called
as imaginary quantity.
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For Example : —2.0.-2i.1- V2i areall complex numbers of the form «+ih which can be written as

~2=2+i-0=(-2.0), —2i=0-2i=(0,-2), 0=0+i-0=(0.0). 1-v2i=(1.-V2)

5.03 Set of Complex Numbers
The set of Complex number is denoted by C and is defined as
C={a+ib:a, be R}
5.04 Theorems on Complex Numbers

Theorem 5-1 If any Complex Number is equal to zero then its real and imaginary parts are
also equal to zeo.

Proof - Let z=a+ib and given a+ih=0
a=-ib
squaring both sides
(a)? =(=ib)* =(=1)* (i) h* =-b?
or a’>+h? =0

but & and b are real, therefore equating a and b individually equal to zero we have
a=0 and h=0 .

Theorem 5.2 If two Complex numbers are equal then their real and Imginary parts are equal,
Proof - Let z; =a+ib and z, =c+id are equal

now z =z,

= a+ib=c+id

= (a-c)+i(b-d)=0

= a-c=0and b-d=0

= a=c¢ and b=d

Two complex number Z =a+ib and Z,=c+ib areequalif a=c and b=d.

5.05 Addition Operation in the Set of Complex Numbers C

Let z, =a+ib and Z, =c+ib be any two complex number. Then, the sum Z, + Z, is defined as
follows:

Z+2, =(a+ib)+(c+id’)
=(a+c)+i(b+d)

Example : If 2z, =2+5/.2, =3+7i then

Zy+2, =(2+35)+(3+7i)=5+12i ,

5.06 Properties of Addition on the Set of Complex Numbers C
1.  Closure Property

The sum of two complex numbers is a complex number, i.e.
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Avale

2,2,€C = z+z,eC
Proof : If z; =a+ib and z, =c+id are two complex numbers
21 +z, =(a+ib)+(c+id)=(a+c)+i(b+d)
= c¢eR = a+ceR.and beR, deR = b+deR
5+z,eC
2.  Associative property:
For any three complex numbers the associative property holds i.e.

Zl +(22 +23):(Z| +22)+:3 V 21_22‘23 (:'(\

Prof: Let z; =a, +ib. z,=a,+ib,, zy=a;+ib,

then z, +(z, +2;) =(ay +ib ) +[(ay +iby) + (a5 +iby)]
=(ay +ib))+[(as +ay)+i (b, +by)]
= [al +(ay +ay)+i{by + (b, +b; )}J
=[ay +a, +i(b +b,)]+(a; +iby)
=[(a +ib)+ (ay +iby) |+ (a; +iby)
=(z,+2,)+23

3.  Additive Identity
There exists the complex number 0=0+/0 (denoted as 0), called the additive identity or the zero

complex number, such that, for every complex number

Proof : Let z=a+ib then - 0+i0=0
z+0=(a+ib)+(0+i0)=(a+0)+i(b+0)=a+ib=z
0+z=(0+i0)+(a+ib)=(0+a)+i(0+b)=a+ib=z
z+0=2z=0+z
4. Additive Inverse)
To every complex number z=a+ib , we have the complex number —a +i(—b) (denoted as —z), called

the additve inverse or negative of z. We observe that z +(—z) =0 (the additive identity).
z+(—z)=(a+ib)+(~a—ib)=(a—a)+i(h—-b)=0+i0=0
(=z)+z=(-a-ib)+(a+ib)=(—a+a)+i(-b+b)=0+i0=0

z+(-2z)=0=(-z)+:z

5. Commutative Property
For any two complex numbers

L +2,=2,+2, ¥V 2,z,€C

Proof : Let zy =a+ib. z,=c+id
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Then = +z, =(a+ib)+(c+id)
=(a+c)+i(b+d)
=(c+a)+i(d+b)
=(c+id)+(a+ib)

I+, =2+
6. Cancellation Law
The set of complex numbers follows the cancellation law

HEE =T ET, =% B e85, Va2, 550 [right Cancellation law]
Proof: Let z; =a, +ib,. z,=a,+ib,. zy=a;+ib;

then, 21 +7% =(ay +ib)) +(ay +iby)=(ay +ay ) +i (b +by)

Zy +zy =(ay +iby )+ (ay +iby)=(a, +ay ) +i(by +by)

+zi=5+z; = (ay+ay)+i(b+by)=(a, +a3)+i(b, +5y)

a, + ay =a, +ay. b +by=b, +b, [comparing the real and imaginary parts]
a=a, b=b,
a +iby=a, +ib,

|

b U4 4

5

Similarly we can prove z; +z; =23+ 2, = =1,

5.07 Subtraction Operation in the Set of Complex Numbers C
Given any two complex numbers z, =a+ib and z, = c+id , the product z, — z, is defined as follows.
z,—z, =(a+ib)—(c+id)
=(a-c)+i(b-d)

Thus, the difference of two complex numbers is again a complex number where the real parts are subtracted
together and the imaginary are subtracted together.

Example - If z, =4+3/ and z, =2+1i

then z, -z,=(4-2)+(3-1)i

=33 [ =-1]
5.08 Multiplication Operation in the Set of Complex Numbers C
Given any two complex numbers z, =a +ib and z, =c+ib , the product of is defined as follows:
z,:z, =(a+ib)-(c+id)
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= ac +ibc + iad +i*bd
= ac +i(bc +ad)—bd (- iF=-1)
=(ac—bd)+i(bc+ad)

Le. the product of two Compex Numbers is again a complex number.

Example : If z =243/ and z, =2+4i
then z, -z, = (2+3i)- (2+4i)
=4+6i+8i+12i° =4+14i—12=-8+14i

5.09 Properties of Multiplication on the Set of Complex Numbers C
1. Closure property:

The product of two complex numbers is a complex number. The product z,z, is a complex number for
all complex numbers z, and z,.1e. V z,z,eC = zz,eC

Proof : If z, =a+ib and z, =c+id are two complex numbers, where a,b,c,€ R,

then =z -z, =(a+ib)-(c+id)

=ac +ibc+iad +i*bd
=(ac—bd)+i(bc+ad)

ab,c,d e R (ac—bd)e R and (bc+ad)e R
zz,eC
2. Associative Property:

For any three complex numbers z,,z,, z,,
71(2-5)=(212) 23, V 7,2,,5€C
Proof : If z, =a, +ib, z, =a,+ib, and z, =a, +ib,.
z(25-z3) =(ay + b)) -[(as +iby) - (a; +iby)]
=(a,+ib,)-[{(a.a, = b,b,) + (b, + ba, )} ]
=[{a, (a,a,—b,b,) b (a,b, +b,a, )} +i{b (a,a, —b.b, ) +a, (a,b, +b.a, )} ]
=[(aya,a, —a,b,b, —ba.b, —bb,a,)+i(ba,a,—bb,b,+aa,b +ab,a,)] (1)
(2 +25)-2, :[(“1 +ib, )(a, +sz)]'(“3 +iby)
:[{(a]a: —bb,)+i(bha, +ab, )}](a +ib,)
=[{(a,a, —bb,)a, —(ba, +ab, )b} +i {.ﬂ'_1 (ba,+ab,)+b,(aa,—bb, )}]
= [(ala:a3 —bb,a, —ba,b, —ab.,b,)+i(aa,b, —bb,b, +ba,a, +ab,a, )] 2)
fromeq. (1) and (2),
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5:(205)=(5-2) 2
3. Multiplicative Identity
There exists the complex number 1+/0=(1.0) (denoted as 1), called the multiplicative identity such
that z. 1 = z, for every complex number z.
Proof : let z=a+ib then 1=1+i0

8]

-l:(c'f-i—f'b)-(l—l—f()):{(c?—(ﬁl)-l—f’(b+()):c?+fb=:}
z=(1+i0)-(a+ib)={(a-0)+i(b+0)=a+ib=1z}
z-l=z=1-z

4. Multiplicative Inverse

[

For every non-zero complex number z=a+ib there lies a multiplicative inverse in set C
Proof : let z=a+ib =0 is a complex number where @ and b are non-zero and a.b € R

let x+iy be the multiplicative inverse of « +ih

= (a+ib)-(x+iy)=1+i-0
= (ax=by)+i(bx+ay)=1+i-0
comparing the real and imaginary parts we have
= ax-bhy=1 and bx+ay=0
a b 3
= X=—3—0>5 and y=——si a’ +5% %0
a” +b° o> 5B
a b
a.he R = = —=xeR and = —=yeR
a” +b- ('l*_{_h*
5 2 | 33 |€ = x+iveC
a”+bh” a+hb- -

2 5

G a g . a [ =k
we have the complex number z=a+ih whose multiplicative inverse is I +r[ T3 ] denoted
a +b a +b°

by I/z or z~

: 1 a —b
z=a+ib = zl=—= +i

a £ b

5. Commutative Property
For any two complex numbers z, and z,
Proof : If z =a+iband z, =c+id
z,-z, =(a+ib)-(c+id)=(ac—bd)+i(bc+ad)
=(ca—-db)+i(ch+da)=(c+id)-(a+ib)=1z, z,
6. Cancellation Law

The set of complex numbers follows the multiplicative law of cancellation.

Thus if z; #0 and z,.2,,z; €C then
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2123 =023 = 3y =23, [right cancellation law]
232, =232 = 3; =2, [left cancellation law]
Proof : If z; =a, +ib. z,=a,+ib,. zy=ay+ib,
zy-zy=(ay +iby)-(az +iby )= (aa; —bby) +i(aybsy +aszhy)
and  z, -z =(ay +iby) (a3 +iby) = (aya3 — byby) +i(ayh; + azh,)
2123 = 22253 = (ayay —bby) +i(ayby +byas ) = (ayay —byby ) +i(axhy +byay)

comparing the real and imaginary parts

ayay —bby = a,ay, — byb, and abs + asby = asby + byay

(ay—ay)ay —(by—by) by =0 and (ay —as )by +ay (b —by)=0
= a=a,, b=b, (23 20)
= I =5,

1
similarly we can prove that

4 Distributive Law

For any three complex numbers z,, z,, z,
zi(zo+2;3)=21z,+21z;, and (z, +23)z =22, + 732 ¥ ze.e el
Proof : If z; =a, +ih,. z,=a,+ib,. zy=a;+ib,
2 (22 +23) = (ay +iby )[(ay +iby) +(a5 +ibs)]
=(ay+ib)[(ay +a;) +i(b, +by)]
=(aya, + ayay —bby —biby ) +i(aby + ayby +bia, +biay) i b
7,2, + 2,23 =(ay +ib, )(a, +ib, ) +(a, +ib;) (a3 +iby)
=(ayay +ayay —bby, —bby ) +i(ab, +ba, +ba; +bya, ) (2)
by (1) and (2) 3 (z2+23) =22, +22; .

similarly we can prove that (z +2;) 23 =223 + 2,23

5.10 Division Operation in the Set of Complex Numbers C

Let z; =a+ib and z, =c+id (z, #0), where a.b.c.d € R are two complex numbers the quotient of
which is denoted by z, +z, therefore

2y a+ib (a+ib) (c—id)
= = b4
z, c¢+id (c+id) (c—id)

2 s .1
ac+ibe—iad —ibd

2 .2 2>
¢ —i*d*

[93]



B (ac+bd)+i(bc—ad)

¥ ')
ct+d”

ac+bd  bc—ad 3 ,
== 5l— > (C'+d‘¢() :,;ﬁ(])
e +d” c+d” -

Example : If z; =3+4/ and z, =1+3/ then

1+3i 1-3i (1)* -9/
3-5i+12 3 1
= =———i
1+9 2 2

5.11 Conjugate Complex Numbers

Two complex numbers are called conjugate of each other if their real parts are equal and the imaginary
parts are equal but with of opposite sign.

If z=a+ib then conjugate is represented by =z where =z =a—ib

Example :
() Ifz=(3,-5)=3-5 = z=(3,5)=(3+5i)
G) 1fz=(-2 Vi1)==2+11i = 7=(-2, -/I1)=-2-11:

5.12 Some Properties of Conjugate Complex Numbers

If z,z,,2, € C, then

(i) z+%=2Re(z) (i) z-7=2ilm(z) Giii) (2)=z
(l\-") zl + z2 :Zl + EZ (V) zl = zZ :Zl _Ez (VI) zl " zZ = El ¥ 22
a Z - El sweny 2 2
(vii) [z—J =z a*0 (viii) 2z =[Re(z)] +[Im (2)]
2 2

Proof : If z=a+ib: a.be R. then
(i) z+z=(a+ib)+(a—ib)=2a=2Re(z)
(i) z—-z=(a+ib)—(a—ib)=2ib=2iIm(z)
(i) (F)=(a—ib)=a—(-ib)=a+ib=z
(iv) let zy=a+ib and z, =c+id then
n+zy=(a+ib)+(c+id)=(a+c)+i(b+d)
= 4z, =(a+c)—i(b+d)=(a—ib)+(c—id) =7 +Z,
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(v) zy—zy =(a+ib)—(c+id)=(a—-c)+i(b—-d)

|

2, —2, =(a-c¢)-i(b—-d)=(a-ib)-(c-id)=2z -z,
(vi) z;-zy =(a+ib)-(c+id)=(ac—bd)+i(bc+ad)

2 -z, =(ac—bd)—i(bc +ad) (D

|

i 7

[ |

and z,-7, =(a—ib)(c—id)=(ac—bd)—i(bc+ad) (2)

from equation (1) and (2) =, 2y =) By

5, a+ib (a+ib) (c—id) [ac‘+bd}+{bc—aci]
e e b4 = 1

(vii) Iy - c+id - (c+ ."cf) (c —m‘) c? +d? & Ld*

z [ac +bd} _[bc—ad} .
— | = —7i
= Zy c+d* c+d? 0
z, a-ib (afbj {Cﬂd]
_—= = Frd
z, c¢—id \c—id c+id
[GC-H”)d} _[bc—crd’}
= 5 =1 5
c? +d? o 2)

from equation (1) and (2) [f—lj = i—l
(viii) 2Z =(a+ib)(a—ib)=a* —i*b? =a® +b* =[Re(z)]* +[Im(z)]’

5.13 Modulus of a Complex Number

It z=a+ib be a complex number, then the modulus of = is denoted by |z| is defined to be the

nonnegative real number /g2 + >

z=a+ib
> =N+ 5 =y {Re(2)f +{im(2)) ]
kS lz]z0. V zeC
() z,=2+3i = |z, |=/4+9=413 Gi) z,=-2i = |z,|=0+4=2
Note: In complex numbers z, >z, or z, < z, is meaningless but || is positive therefore |zl |> Za | |zl |< 5

are meaningful.
5.14 Properties Related to Moduli of Complex Numbers

If z,z,,z, e C then
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(i) [z]=[Re(z)[>Re(2); [z[>[Im (2)[>Im (2) (i) [z =[z]=[-z]

:H, |z, %0
Z

(i) 2z =|zf (V) |z122|=|2]|z,] (v) 2]

1
%2
Proof : (i) Let z=qa+ib then |:|=m where Re(z)=a,Im(z)=b
|z|=Re(z) and |z|=Im(z)
(i) Let z=a+ib then Z=a-ib and —z=—-a—ib
=Na? 187 , [F|=Na? 467 and |—z|=\a*+b* = |z|=|z]=|-z]
(i) Let z=a+ib then Z=a—ib

:?z(a+fb)(a—f'b)=az—f2b2=02+b3 (1)
and |:|2 =|a -H'b|2 = (\mz +b° )~ =a* +b? 2)

from equation (1) and (2) zz =|z
Note: If z=0. then ' = _:/ |_~|2 formula is used to find the multiplicative inverse.
(v) Let zy=a+ib and z, =c+id

then 212, =(a+ib)(c+id)=(ac—-bd)+i(ad +bc)

|:|:3| = \/(crc = b.a')2 +(ad +h(.‘)2

¥ P 2 il gy i o e |
= \/(r“c“ +b°d” +a°d” +b-c”

= ‘/(mf2 +b? )‘j(c'2 +r.f2) =|z] |2

(v) Let zy=a+ib and z, =c+id =0 then

5 a+ib (a+ib) (c—id) [ac—i—bd] .[bc—ad]
= — b4 = +1

Z c+id (c+id) (c—id) \c*+d* c? +d?

ty

(cz—l—a"z)z Vet +d? |

c'z +d2 c'z +r.f2 - -

s

by

[

:\j[crc+bu’f+(bc—au’f _J(g;’+b’)(c-’+d’) m

Triangular Inequalities
If z;, z, eCthen

|
2:(—'1+—"3)(:1+~'3) ["'|:|2:::]

i‘:l‘+‘::‘ (ii) ‘:1_:2|2":l|_|:2

(1) |:l +z,

Proof : (i) |z, + 2>
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=(z+2,)(7 +2
=212} + 2)Z3 + 222, + 2325
:|_71|2 +22, + 2,7 +|Sg|2
=zl +22 +(aZ) +z[
=|5f +2Re(5,5) + |2
<|af +2la5|+|zf
<l + 2|z |5+ =)
<|af +2lal|z |+ |zl
<[zl +l= [T

ERE EEA RN EN

=zl - [;@ + (1——)} +|zf?
= |31|2 ~[2Re(z3)] +|z,f*
2|zl -2|22| +|z[

2|a[* -2|z %]+ |-

| 2

2|z " =2|z||z| + ]z
2[|z1]-|=[]
|2 — 2] 2|z |||
similarly | z, — z, |2| z, |- 7 |
but |:] -z, ‘zl:z—:l |
from (i) and (ii)
EREARIEY S EA]
[Hlustrative Examples
Example 1. Find the value of the following

1 .
(1) }_ (ll) "-1? (lll) l_fzf._lu
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i N " (5 el g .
Solution : (i) e B (i) i :(f ) i=(-1)i=i
i) 1-7°° =1-(#) "1-(~=1)" =1-1=0
Example 2. Solve and write the real and imaginary part of the following:

(i) 20i Ty R (i) (144725 ) (-2+v=9)+(3-v-4)

Solution : (i) - 20/ =0+ 20/
Real part = 0 and Imaginary part = 0

(i) o —1-5J-1=—1-5i

Real part =—1 and Imaginary part = -5
(i)~ (1++=25)— (-2 +=9) +(3-v~4)
=(1+5i)—(-2+3i) +(3-2i)

=6+0i
Real part = 6 and Imaginary part =0 .

Example 3. Find the additive and multiplicative inverse of the complex number (2 —3i).
Solution : Let (a+ib) is the additive inverse of (2 —3/)

(2-3i)+(a+ib)=0+i0

(2+a)+(-3+b)i=0+i0

24a=0 and —3+p=0

a=-2 and h=3

R

the additive inverse of (2—3i) is (—2+3/)

1
2—3i

multiplicative inverse of (2—3i) =

| ><2+3.f_2+3f' 243 34_1}_
2-3i 2+3i 4-9° 4+9 13 13

Example 4. Express the following in the form 4+/B.

. 244/-16 . -
(1) V25 (1) 1477 -15" +4i*

T 24316 _2+VI6V-1 _2+4i _2+4i 1+5i
outmn.(l)l_\/_25 1=25+/=1 1=5i 1-5i 1+5i

[98]



_ 2+10i+4i+20i°  2+14i+20(-1)

1-25i° 1-25(-1)

—~I8+14i" —18 14. -9 7.
= - + =

—1
I+23 26 26 13 13~

11

@ 1+ -15" +4% = 1+(2) i-15(7) +4() i

=1+(-1) i-15(=1)* +4(-1)" [ i =-1]
=1-i-15-4i
=-14-5; .

Example 5. Find the value of x and v if

(x+iy)(2+3i)=1+8i.

Solution : - (x+iv)(2+3i)=1+8i
=% 2x+3xi+2yi+3yi° =1+8i
= (2x-3y)+(3x+2y)i=1+8i [ it = —1]

= 2x-3y=1 Ud 3x+2y=8

on solving x=2 and y=1.

Example 6. If z, =2+3/ and z, = 1—i then verify the following:
(1) ‘-‘"1‘ zzlz‘zjzzl_
(i1) ‘z]+z:|5|zl|+|z:|,

Solution : z, =2+3/ and z, =1-7

24z, =(2+1)+i(3-1)=3+2i
and  z-z,=(2+3i)-(1-i)=2-2i+3i-3i* =5+i
now |2, |=v4+9=V13; |z,|=V1+1=+2; |zz,|=v/25+1=426;
=\Vo+4 =413
@ |z ||z |=V13-v2 =426 =| 2,2, |
(i) ‘zl|+|22|:\/§+\/§>\/ﬁzlz]+z:|

and |z, + 2,

Example 7. If ‘ z | =1 then Prove that

o z #—1 is purely imaginary
2t

Solution : Let z = x+/y then as per question |z |=1=>|z ‘: =1=>x"+3° =1
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z—l__x+0%—L_x—l+fox+l—Uf

241 Xdipdl 2ebHly xtl-ip

o) =T
(x+ 1)_ —i*y?

_ P olmiy(x-l-x=)=(-1)y*

- (x+1)° —(-1)»?

X+ 3 —1+2yi 2yi o
== = woxt 4yt =1]
¥ +1+2x+y" 2(1+x) I )
¥y § ( T . )
= urely imaginar
x+1 purely imaginary

Exercise 5.1
Simplify the following
@) i (i) v—24/-3 (i) (1+7) (1-i)

Find the Additive and Multiplicative Inverse of the following

(i) 1+2i (i) 1/(3+4i) (iii) (3+1)’
_ _ 2+i)’
Find the complex conjugate of the complex number St
+i
Find the Modulus of the following
(i) 4+i (i) —2-3i (iii) 1/(3-2i)

l+b+ia

If &° + b =1 then find the value of ,
l+b—ia

If @ =cos0+isin® then find the value of (l + a)f(l < a)

_ o . (+i)x=2i (2-3i)y+i
Find the values of x, v satisfying the equation wr + S =1
s

If z, and z, are two complex numbers then prove that

-

+|:l—:ﬂ |: 22‘:] |:+2|::

|z, +2 |

: c+i .
If a+ib= - where c is real, the prove that

-

a“+bh:l a'nd E_c:_l
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3 x y -
10. If(x+{1,')l " =a+ib then prove that ;+'F=4(ﬂ" *b').

(xl +l):

xX+i ¢ 2 2
1 If(i):aﬂb then prove that (7125’ +b”

3x+2)

5.15 Geometrical Reprsentation of Complex Numbers
(A) Cartesian Representation A
We already know that corresponding to each ordered pair

of real numbers (x, v), we get a unique point in the XY plane and
vice-versa with reference to a set of mutually perpendicular lines known
as the x-axis and the y-axis. The complex numbers x + iy which :
corresponds to the ordered pair (x, v) can be represented geometrically ! E:[“] ;:i-:
as the unique point P(x, y) in the XY plane and vice-versa. The plane ¥
having a complex number assigned to each of'its point is called the fig. 5.01

I z)—

Innginary avis

-
g
y

-

sy

complex plane or the Argand plane.

Some complex numbers suchas 2+4i, —2+3i, 0+1i, 2+0i, —5-2i and 1- 2/ which correspond to
the ordered pairs (2, 4), (-2, 3), (0, 1), (2, 0), (=5, =2) and (1, -2), respectively, have been represented
geometrically by the points A, B, C, D, E and F, respectively.

(B) Polar Representation
Let the point P represent the nonzero complex number z =a +7b # 0 . Let the directed line segment OP

be of length r and & be the angle which OP makes with the positive
direction of x-axis. We may note that the point P is uniquely determined =

by the ordered pair of real numbers (r, 8), called the polar coordinates »
_______ 1) t . (_}]

>

T z)
Inuginary axis

of the point P. We consider the origin as the pole and the positive direction

I
of the x-axis as the initial line. _— E
We have a/r=cos@, b/r=sinf and therefore, ’ e . : .f
z=rcos@+irsin@ . The letter is said to be the polar form of the complex “ < o — axi's' e
number. Here r =+/a” +b° =|z|, is the modulus of z and & is called the M, el
argument (or amplitude) of z which is denoted by arg z . fig. 5.02
Note:

(1)  For any complex number z = 0 , therefore corresponds only one value of © in 0 <& <27 . However,
any other interval of length 27, for example —7 <@ < 7 S, can be such an interval. We shall take the
value of, such that —7 <@ < x , called principle argument of z and is denoted by arg z, unless specified
otherwise.

(i) Formula to find the amplitude(arg) 0 =tan™" (b/a).

()  The amplitude(arg) of z depends on the quadrant in which z lies
(a) If a>0.b>0 (first quadrant) then amplitude(arg) = = tan™" -
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(b) If a<0.h>0 (second quadrant) then amplitude(arg) - =~ — tan™ Ib/q|

(¢) If a<0.,p<0 (third quadrant) then amplitude(arg) z = -z + tan™ |b/a|
(d) Ifa>0.h<0 (fourth quadrant) then amplitude(arg) = = —tan™ |b/al

(iv) The argument of complex number O is not defined.

(v)  Conditions of Complex number in the polar form r (cos@ +isiné)

(a) 1=cos0°+isin0° (b) —l=cosw+isinz
7 i
(c) r’zcos[EJﬂ'sin E] (d) —f=cos[——J+fsin{——J
2 2 2 2
L+ 2i

— in polar form and also find the modulus and argument.

—_1"'

Example : Represent the complex number i

1+2i (1+2i) (1+3i) -5+5 1 1
= = b4 = =

Solution : Let = : = =i
1-3i (1-3i) (1+3i)) 10 % 3
1 1. g
Let i —;+ Er =r(cosO@+isin0) (Polar form)
then rcos@=-1/2 (1)
rsin@=1/2 (2)
squaring and adding (1) and (2)
rt=1/2 = =1/
dividing (2) and (1)
rsin@  (1/2)

rcosf (-1/2) i tan@ =-1

5 g . T 3
(=1/2.1/2) lies in IT quadrant hence the agruement z =z —tan™" |h/a | willbe z=7 - —= ocia]
4 4
lar £ f1+2f’ l[ 3?r+,_ 3;:]
Polar form o =—=| coOs—+isin—
1-3 2 - -
3
e T
modulus NGl and argument -

5.16 Geometrical Representation of Sum of Two Complex Numbers

Let us denote the complex numbers =, = ¢, +ib, and z, = a, +ib, by the points F; and P, respectively
constructing a parallelogram OF, PP, . The coordinates of 7, and P, are (. ) and (a,. b,). We know

that the diagonals of parallelogram bisect each other. Taking M as the mid-point of 7, P, , the coordinates will

ay+a, b +b,
be | —— = 5

2 2
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As M 1s the mid-point of OF and O is the origin with coordinates (0,

0). Therefore the coordinates of P will be (a4, +a,. b, +b,) . Point P will

represent the sum z, + z, of complex number.

Note: - OP<OF+FP =

zl+:2|£|zl|+|23|

Xe

5.17 Geometrical Representation of Subtraction of Two b Fic 5.03
Complex Numbers =

Let z, =a, +ib and z, =a, +ib, are two complex numbers. A
They are represented by the points 7, and P, whose coordinates i
are (a,.by)and (a,.b,) respectively P,0 isextended till P so that HERY
|OP,|=|OP;|. then P, denotes the complex number (—z,) with ) 9 "~ -
coordinates (—a,.—b,) , constructing a parallelogram OF, RP, , the : (4 fu-b]—bzl
sum (z;) and (-z,) isrepresented by R, therefore the coordinates of R t—u;.nib: ) ;‘
will be (a; —a,. b, —b,) which will denote the Difference of z; and =z, . Fig. 5.04

5.18 Geometrical Representation of the Product of Two Complex Numbers
Let z; =, +ib, and z, = a, +ib,. are two complex numbers, represented by the points 7 and 7,
Let =z =r(cos, +isin6b,) and  z,=r,(cosb, +isind,)
OF=1,0P=n
2 XOP, =6, and £ XOP, =6,
Let A be any point on x-axis such that O4 = 1.

A point denotes 1+i0 . Triangle OAP, and OP,Q are similar, by ¥

R
property of similarity ! O ’
00 0P
or, o4 = 0Q=0RxoPp . Py(ayty)
i =nr, (v OAd=1) 6, ~ B(ab)
Ye g\ S

£ X00 = £ XOP, + £ P,OQ 0 A

=Z XOP, + £ XOP, T

= £ XOP, + £ XOP, Fig. 5.05

=6, +6,

Thus point O denotes the product rr, [cos(6, +6,)+isin(6, +6,)] i.e. z z, of the two complex

numbers.
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[Hlustrative Examples
Example 8. Find the argument of the following complex numbers:-
(1) 1+20i (i) —7+i (i) 17 (iv) —1—4i
Solution : (i) I + 20 / lies in first quadrant.

argument @ = tan ' (b/a) =tan ' (20/1)
(i) -7+ liesin second quadrant

argument @ = 7 —tan "' |p/a| = 7 —tan "' (1/7)
(i) 1-—/ lies in fourth quadrant

argument & =—tan"' |b/a| =—tan"'|-1/l|=—tan"'1 =—7/4
(iv) —1-—4i lies in third quadrant

argument 6 = -z +tan "' |b/a| =—7+tan"' |-4/~1| = 7 4 tan"' 4

Example 9. Express the following complex numbers in polar form.

i 3
(1) —i+53£ (iv) sin£+i[l—c05£]
2 2 5 5
Solution : (i) Let +/3+i=r(cosd +isin0)
rcosf =43 (1)
rsingd =1 (2)

squaring and adding (1) and (2)

;'2(cos:t9+sin:9):3+l — =4 = r=2
dividing (1) and (2)
tan & = — therefore g =~ (- f3+i liesin first quadrant)
NE) 6

Polar form of /3 +; will be = 2(c05%+isin %]

A1 8P .
@ 3I77T3ITET3 3
10 . .

Let T-’Zf’(cost9+fsmt9)
. )

y 10
rcos@=0 and 7 51119:?
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) 100 10 _ T
= f”=()+T ie. ¥=— and cos@ =0, sing =1 therefore 6’:5

3

I 3 16
Polar form ———=—1 will be :B[CUSE-{—};SH‘[EJ
3 7+ 3 3 D 2

3 3
(i) Let —:H‘

: = r(cosé’ +7isin 6’)

3
rcosf = = and rsiné = g

; . - 9 27 36
squaring and adding » :Z+T:_ = r=3

3+3J§

lies in the second quadrant therefore

argument 6 = 7 —tan "' |b/dl|
335 /3
EX N

3 34/3 2 9.
Polar form of ——+i—— will be = 3[cos£+ [sin i]
2 2 3 3

A i =1 e == —
=7 —tan zzr—tan]\/g*"r_?*

T 2r
3

(iv) - sin LA [l - cosgj
5 5

. T . A T
=2siIn—cos—+7-2sin” —
10 10 10

- o TR
=2sin—| cos—+1isin—
10( 10 10]

o . g . T
which is the required polar form whose modulus is =2 S and argument € = 10

Example 10. If z, and z, are two non-zero complex numbers then prove that

(1) arg z,z, =arg z +arg z,

Solution : Let z, =7, (cos6, +isinf,) and z, =r,(cosb, +isiné,) here &, and &, are the arguments of z,

and z,

(i) z,z,=r(cosB +ising,)-r,(cosb, +isinéb,)
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= 1;1,[ (cos 6, cos 6, —sin 6, sin 6, ) +i (sin 6, cos O, + cos 6, sin b, ) |

=11, [ cos (6, +6,)+isin (6, +6, )]
argument of z,z, =6, +6, =arg z, +arg z,

[zl J 1; (cos@, +isiné,)
@ |77

1, (cos@, +isiné,)

-

1, cosf +ising, cosé, —isinb,
o« 2 2

r, cos@, +isin@, cosH, —isinb,

e b

7, {(cos 6, cos @, +sin 6, sin 6, ) +i(sin 6, cos @, — cos b, sin 0, )}

A cos” 6, +sin” 6,
p

:%[cos(@l —6’:)+r‘sin(9[ -6, )}

7

argument of z, /z, =6 — 6, = arg z, —arg z,

Exercise 5.2
Find the argument of the following complex numbers

l1+17 5+r\/§

i — i) ' i) ——=
L @) —1+31 ) 4283
Convert the following complex numbers into polar form.
o L1 ” 1+7i oo gt 1 T
(i) — (ii) = (1) sin—+icos—
V2 (2-iY 3 3

If z, and z, are two non-zero complex numbers then prove that

are z,z, =arg z, —arg z,

5.19 To find the square root of a complex number @+ ib

Let Ja+ib =x+iy then (a+ib) :(.\'+Ij~')2
=> (ar+.*'1‘)):(.\‘2 *}-‘3)+(2x).-‘).f

equating the real and imaginary parts

and 2xy=bh

S T N

adding (1) and (3)

2x% =a+a* +b*
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c.'+\}az +h?

subtracting (3) from (1)

—2y* =a—-+a* +b*
- [—a+\/az +h? J
Y=l — =

2

Ja+ib =+

[n-i—\l'crz +b° J+_ {—n-i—\l'az +sz
R S DPTP | IR e

5.20 Cube roots of unity:

Let 31==-. then 2z’ =1

= 2-1=0

= (:—l)(:2+:+l):(')

= (2~1)=0 or 2 +z+1=0
—lJ_r,/ 1-4

= z=1 or ::*u

2

—1++/3i

= z=1 or ::T

<143 =1-dx3

2

Cube root of unity are 1.

thus there are three cube roots of unity out of which two are complex numbers

THEOREM - Prove that in the cube root of unity the complex roots are square of one other.

_JyualB —1-i\3
Proof: Let a=—— and f= —5 be the two complex roots
2
, (143 1-3-i23 -1-i3 5
L = — — —
2 4 2
2
2 A=3BYT 1-5343J8 =1+id3
= = — — =
2 4 2

Hence proved
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Note :
1 The cube roots of unity are represented by 1.o.w°
2. Properties - ()0’ =1 and (b)l+w +e” =0.
[Hlustrative Examples
Example 11: Find the cube root of 3 —4i .
Solution : Let 3—4i = x+iv = 3—4i=x" — " + 2ixy

Comparing the real and imaginary parts

x*—y* =3 (D)
and 2xy =—4 (2)
X+ = \/(x: —)--‘3)+ 4x*y* =\9+16 =5
adding (1) and (3) subtracting (3) from (1)
2% =8 = x =42 2y =2=3y==1

2xy is negative thus taking x and v will be of opposite sign

x=2and y=-1 and x=-2 then y=1

J3—4i =+(2-i)
Example 12: Find the cube root of -27.
Solution : —27 =(=3)(1)" " = -3, —3w, -3’ [ )" =1, o, (ng
Example 13: If |y, " are the cube root of unity then prove that (l —w+w )(] +w—w’ ) =4
Solution : (l —H-‘+‘.1-‘2)(l+ '.1-'—11'3) :(fuuuﬁ)(ﬂv: —w:) [ 1+w+w? = 0]
=(-2w)(-2w*) =4w’ =4(1) = 4.
Example 14: If x=a+b, y=aw+bw’ and z=aw’ +bw then prove that x° + y* + z* = 6ab
Solution : = x’=a’+2ab+b>, Y =aw’ +2abw’ +b’w =a’w’ +2ab+b’w ( w = 1)

and z7 =aw'+2abw’ +b°w =a’w+2ab +b*w’

X'+ 3+ 20 =a’ (1+w’ +w)+6ab+b> (1+w+w’)

=a’ (0)+6ab+b>(0) = 6ab (- 1+w+w? =0)
Example 15: Prove that

(1=w+w? ) (1=w*+w*)(1—w* +w*)..2n Factors =2*"
Solution : - w' =1 and I+w+w’ =0

(1=w+w?)(1—w* +w*)(1-w* +w")..2n factors

= (—u‘—11‘)(~u-‘3 —u—‘j)(—n'—w)(—n': —\1-‘3)...2:? factors
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:{(—211’)(—211-:)}{(—211-)(—211’:)},,}? factors

=(4w*)(4w*)..n factors

=4"=2%
Example 16: Solve (x— 1)" +8=0.
Solution : Let x—1= y thus from the given equation

V' +8=0 = v=(-8)"==2(1)"=-2,—2w, —2w’

x-1==-2, -2p, -2a*

= x=1-2, 1-2w, 1-2w?
=-1 1-2w, 1-2w’
Exercise 5.3

1. Find the square root of the following complex numbers
(i) =5+12i (i) 8—06i (i) —7

2. Find the value of \/4 4+ 920 « \/4 = E T

3. Find the cube root of

(i) =216 (i) =512.
4. Prove that

() 1+w" +w*" =0, where n=2, 4

(ii) 1+w" +w*" =3, where n is a multiple of 3.
5 Prove that

29 29
_ ~1++3 i |
W |——| H——| =-1
2 7.

(i1) (1 + 5w + 11>)(1 +5w+ 11*3)(5 +w 4+ w? ) =64.

6. If 1w, w? are the cube root of unity then prove that

(l + 11')(1 +w’ )(1 +w? )(l + u's)__ ..2n factors =1
5.21 Quadratic Equation
We are already familiar with the quadratic equations and have solved them in the set of real numbers in
the cases where discriminant is non-negative, i.e., > 0.

Let us consider the following quadratic equation : ax’ +bx+c¢ =0 . We shall now study the various

methods of finding the roots of quadratic equations.

(A) Vedic method of solving the equation ax’ +bx+c=0
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(i1)
(1ii)

To solve the equation by this method firstly the knowledge of differential is essential.

First find the derivative of ax” +bx+c=0 ,read it as D,

Example : The derivative of x” —5x+6 is 2x—5 ,say D, =2x—5

Find the discriminant i.e., i\/( —5): —4x1x6 ==%1

Now put /), =+£1 and solve
2x-5=11 = x=2 or 3

Example : (i) 7x° -5x-2=0

14x —5=4+J25+4x7x2 =49 = l4x=5+9 = x=1 or X=——

ax’ +bhx+c=0

2ax +b =+bh* —4ac can be found

Properties of quadratic equation ax’ +hx+c=0
(1) If ¢ =0, then one root will be zero.

(1) If =0, then roots are equal but opposite sign.
() If b =c =0, both the roots will be zero.

(iv) If a=c, roots will be reciprocal of each other.
(v) If @ = 0. one root will be infinity.

(vi) If @ = b = 0 both the roots are infinity.

Example : If the roots are equal then find the value of m : x> —10x+21=m

Solution : For equal roots (bz = 4ac) =3 (—]O)2 =4x1x(21-m)=>m=-4

©)

(D)
(1)

Relation between the roots and Coefficients of quadratic equation ax’ +bx+c¢=0

Let the roots of ax’ +bx+¢=0 be « and S then

e —b+/b* —4dac il = —b—~\Ib” —4dac

2a 2a

Coefficient of x

sum « + ﬁ = _; 1.€. Coefﬁcient Of .\':

Constant term

duct & f=ie ==
produc = Coefficient of x~

. : v 5 ; . . b .
Note: If the coefficient of x? is 1 then the form of equation will be x™+—x+—=0 ie.
o o

sum of the roots = — coefficient of x
product of the roots = constant term
Formation of quadratic equation

The required equation when (x — ) and (x — /) are the factors then(x -« )(x—8)=0 i.e.
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¥ —(a+pB)x+a =0
x* —(sum of the roots)x + product of the roots = 0.

[llustrative Examples

Example 17 : Find the solution using vedic method : x* +x+3=0 .

Solution : Here D, = 2x +1, Discriminant =++/] —12 =++/11/

—~1#Af11i
2

2x+1= i\h_lf therefore x=

Example 18 : Find the solution using Vedic Method : 2x° —9ix -9 =0.
Solution : Here 1, = 4x -9/ Discriminant = +/-81+4x2x9 = +3;j

4x—-9i=+3i = x=3i or

1o | W

Example 19 : Solve x* —2x+(-2+4i)=0

Solution : Here D, =2x—2 Discriminant = i\/4 —4x1x(-2+ 45) =423 —4i

finding the square root of /3 —4;

let the square root be u +iv
N3-4di =u+iv

= 3—di=u?—v'+2uvi

w —v*=3 and 2uv=-4

u +v = \/(H2 —1-':)2 +4utVv? = u+vi=+9+16=5

w?—y?*=3 and #°+v* =5 we have 2u” =8 and 2y? =2

=5 ' =4 and v’ =1
— u=+2 and v=+I]
but 2uv =—4 taking # and v with opposite sign
3-4i =%(2-1) D, =2x-2=142(2-i) [discriminant]
= x-1=%(2-i) =  x=3—i A —1+i
Example 20 : Find the equation whose roots are reciprocal of the roots of the equation ax” + bx + ¢ .
Solution : Let the roots of ax’ +hx+c¢ =0 be @ and £

the roots of required equation willbe 1/ and 1/ /5

. the required equation will be x* — [L+LJ L

o a
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&

= o' +bhx+a=0
Exercise 5.4
Find the solution using vedic method.
(i) x*+4x+13=0 (i) 2x*+5x+4=0 (i) ix®+4x-15/2=0,
Find the quadratic equation if the roots are
(1) 5 and -2 (i) 1+27.
If one roots of x* = px+¢ =0 is double the other then prove that 2p° =9q.

Find the condition if the roots of ax” + hx +¢ =0 are in the ratio m :n

Miscellaneous Exercise 5

3 . . 1+i
The real and imaginary parts of complex number Tt are
et §

(A) 1.1 (B) 0, 0 (©) 0, 1
If 2+(2a+5ib)=8+10i then
(A) a=2,b=3 B) a=2,b=-3 (C) a=3b=2

The multiplicative inverse of 3 —i is

A 3+1 B -3+ c 3—i
T ®B) =7 © 15
- . f2—3;’
1€ conjugate o v
=5+14i B 5+14i C 14+ 5i
17 {8) 17 © 17

If z,, z, € C' then the correct statement is

(A) |,:l—z2 2|51|+‘33| (B) |z,+33|£|zl—23|
(C) ‘zl+zz 2‘:]—23 (D)‘zl—:jlé‘:]|+ -
If | z—-3|=| z+3| then = lies at
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(A) x — axis (B) v — axis (C) onlinex=y

7. Find the argument (&) of 2.
3 3, ,
8. Convert + -/ into polar form.
9.  Find the value of 4+5w"+3w".
10. Write = in the form of a +ib
l—cos@+isinf

11.  Find the number of non-zero integral solution of | 1-i[ =2*
12. If z,, z, € C then prove that

0 |z-2z ||z |+ 2| @) |2 +2.|2|2 |- 2|

(i) |z, +2, +..+ 2, || 2 |+] 2 |+ +] 2, |
13. If|z |=1=]|z,| then prove that |z, + z, | = gt

= Z:
a+i) a* +1)
14. If ( ) = p+iq then prove that p° +¢° = u
2a—i 4a” +1
15. If | z, |: | z, | and arg z, +arg z, =0 then prove that z, =Z,
16. If 6, 6, are the arguments of z, z, then prove that
2 BtE 2, :2| z, ‘ |zj |cos(¢91 -0,)

17. Prove that:-

(1) (a +bw +cw? ) (a +bw’ + cu') =a*+b* +c* —ab-bc—ca

(i1) (a +b+ c')(a +bw+ow? )(a +bw? + cw) =a’ +b’ +c' —3abe
18. If &, B are the two complex numbers and | B | =1 then prove that
19. If @ and £ are the roots fo equation px° —gx—r = 0 then find the equation whose roots are 1/ and

1/
20. Find the relation when one roots of (x* —2mx+n=0 is P times the other.
? { Important Point }

1. i=+-1
2. z=a+ib iscomplexnumberwhere a.b € R. alsowrittenas (a.h)

(D) on linex=—-y

& ‘:1.

Real = =Re(z)=a and Imaginary z=Im(z)=5.

[113]




(3]

h

16.

17.

z=a+ib=0 = a=0andb=0
Let z; =a, +ib, and z, =a, +ib, then z; =z, = a,=a, and b, =h,
The set of complex number is denoted by ('i.¢e.

C={a+ib: abeR} or C={(a.b): a.beR}

Following are the properties related to complex number

(i) addition (i1) Difference (1i1) product (iv) division
Properties of Complex numbers:
(1) Closurclaw z;.z,eC = z+z,e(C and z,-2,eC
(i)  Associativelaw z; + (22 +23)=(z,+2;) + 23
and 2. (25225 V=21~ 25) 255 N 2,252,600
(i)  Additiveidentity =0+ 0,
Multiplicativeidentity = 1+/0 =1
(iv) Additiveinverse z =—z and multiplicativeinverseof z=a+ib is
a i(—h
i 2 ¥ ")( )7 [: =2 {)]
a +b” a”+b”
(v) Commutativelaw z;+z,=z,+zand 2, -2, =22, V z.z,e(
(\"i.} Cancellation law S+ EZ3=2Zy+ Z; = I, =I,. Zy3tZ =25+ Zy = I, =5,
The conjugate of z=x+iy isgivenby z =x—iy.
Properties of conjugate
(i) z+z=2Re(z) and z—z =2Im(z)
(W) z,+2,=2,+7, and I =2y =Z1— 25
e TN g e o T i _‘:1 -
(i) (Z)=2, z-2,=7 2, [TJ—;‘ 5 #0
) &
If z=a+ib then l:| = |_:| = -\f.{;z +h-
- 2 wd_ 5
g il = = W
A polynomial equation of » degree has » roots.
The Polar form of complex number is z =a +ib =r(cos@ +isind) where r =|z| and argument z= 6.

The principle argument € takes teh condition —7 <@ <7

The square root of a+ib is

AT )] ()]

. ) - b c
For the quadratic equation ax™ +bx+c¢ =0 _ Sum of the roots =— P and product of the roots = ”
! !

If the roots are @ and /3 . then the equation will be x* —(a + B)x+a B =0
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Answers
Exercise 5.1

1 2 3 4 2 B
- i) — ) —1-2i, =—Zi _(i)) ——+—1i, 3+4i _(iii) -8—6i, ———1i
1. (i) 1, (i) —/6 , (i) 32 2. (i) st L) TR T , (iii) -8 61,

25 50
3 E—ﬂf 4. () 17, (i Y 5. b+i 6. icot@/2 7. x=3 y=-1
- 1010 (1) ,(11)\/5,(111) \/E .bh+ia 2 . ¥=3; y=—
Exercise 5.2
1. (i = 6 2—;{ i 2. (i cos£+:'sin£ ii \/E[COSB—E-F.‘;SH‘[B—E] c0s£+f'sin£
. (1) 5 (11) 3 (111) 3 . (1) P 1 (11) 4 4 (111) 6 p
Exercise 5.3
1. (i) £(2+3i) (i) £(3-17) (iii)

| |
A et
[ﬁ 2 J
2. £5 £2:45i 3. (i) -6, —6w, —6w" (ii) —8, —8w, —8w”
Exercise 5.4

. ‘ o =570 . X7
1. (i) —2+3i (11) —3 (1) > " 5
2. (@) x*—=3x=10=0 (i) x> —2x+5=0 4. ,r:ur.'.b::f.aws(m+f'r)2
Miscellaneous Exercise 5
1.C 2. C 3. A 4. B 5.D 6. B
T .. T | e
5| cos =+isin = : ———cot=
7. 8. [0056 isin 6] 9. /3 10. 5 —cot=
11. zero 19. rx’ +gx—p=0 20. 4!::2;J:(n(l+p):
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