Chapter 2

Laplace Transform

LEARNING OBJECTIVES

» The region of convergence

+ Poles and zeroes

* Properties of ROC

+ Laplace transforms of some elementary signals
* Inverse laplace transform

« Unilateral laplace transform

After reading this chapter, you will be able to understand:

 The system function

- Stability

 Causal and stable system
* Invertibility

 Systems interconnections

LAPLACE TRANSFORM

A continuous time LTI system with impulse response 4(f), the
output y(f) of the system to the complex exponential input of the
form e is

W(t) = h(t) * e

= I h(t)e'" “dr

=e" T h(t)-e* -drt

M0 =T{e} = Hs)e!
where, H(s) = J.h(z')e"”dz'
The function H(s) in above equation is referred to as the Laplace

transform of A(z). For a general continuous-time signal x(7), the
Laplace transform X(s) is defined as,

0

X(s)= j x(t)e™"dt (bilateral Laplace transform)

X(s)= J.x(t)e""’ dt (unilateral Laplace transform)
0

Both unilateral and bilateral transform are same if x(¢) = 0, for t <O0.
Symbolically, the transform will be represented by

X(s) =L {x(t)}.

THE REGION OF CONVERGENCE

The range of values of the complex variable ‘s’ for which the Laplace
transform converges is called the region of convergence (ROC).

Consider the signal x(f) = e™u(¢) then Laplace transform

X(s)= I e "u(e™dt

—0
0

— J‘e—(,wa)tdt
0

0

_1 ef(s+a)t
s+a

, Re(s) > —a,

o S+a

because Lt ¢ =0, when Re(s + a) > 0 or Re(s) > —a is the
ROC. 77

The convenient way to display the ROC is shown in the Figure
1, the variable ‘s’ is a complex number, and in the figure, we display
the complex plane, generally referred to as the s-plane, the horizon-
tal and vertical axes are sometimes referred to as Re{s} or o-axis
and the Im{s}- or jw-axis, respectively.

The shaded region in the figure represents the set of points in
the s-plane corresponding to the ROC.

jo jo .-

a>0] _.--
—a| _.--- -a

Figure 1 ROC for X(s)

The ROC of X(s) is Re(s) > —a. This fact means that the integral
defining X(s), exists, only for the values of s in the shaded region,
for other values of s, the integral does not converge. For this rea-
son, the shaded region is called ROC or region of existence of X(s).



Poles and Zeroes of X(s)
Usually, X(s) will be a rational function in s, that is
X(s) = a, (s—z)(s-z)..(s-z,)
by (s=p)s=p,)-.(s—p,)

tive integers, X(s) is proper rational function if n > m, the
roots of numerator polynomial z, are called the zeroes of
X(s), as X(s) = 0 for those values. Similarly, the roots of
denominator p, are called the poles of X(s) as for those
values X(s) is infinite.

Therefore, the poles of X(s) lie outside of ROC, since
X(s) does not converge at the poles, but zeroes may lie
inside or outside of ROC.

,where m, n are posi-

Properties of ROC

1. The ROC of X(s) consists of strips parallel to the
jw-axis in the s-plane and ROC does not contain any
poles.

2. If x(f) is finite-duration signal and absolutely
integrable, i.e.,

x(1)#0,1,<1<t,=0

otherwise, ROC is the entire s-plane except possibly
s=0o0rs=oco.

3. If x(7) is a right-sided signal, that is x(#) = 0 for # < ¢,
< oo, then ROC is of the form Re(s) > o, where 6
equals the maximum real part of any poles of X(s), thus
ROC is to the right of all the poles of X(s).

4. If x(¢r) is a left-sided signal, that is x(r) = 0 for
t>t,> — oo, then ROC is of the form Re(s) < o,
where ¢ is the minimum real part of any of the
poles of X(s), thus ROC is to the left of all the poles
of X(s).

5. If x(¢) is a two-sided signal, that is x(¢) is an infinite-
duration signal, then ROC is of the form &, <Re(s) < o,
where 6, 0, are real parts of the two poles of X(s), thus
ROC is a vertical strip in the s-plane between o, and o,.

Example 1: Find the Laplace transform of x(r) = ™.
Solution: x(¢) be expressed as
X)) =e"u(t)+e"u(-t)

So, the Laplace transform of e "u(t) <> Lb’ Re{s}>—-b
s+

and fore™u(-t) & _—lb, Re{s} <+b. If b <0, then there
5

is no common region of ROC. Thus, for those values of b,
x(7) has no Laplace transform.

A e bl

b<0

> t
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For b < 0, the signal is also not finite integrable, so no
Laplace transform exists.
el

For b > 0, the signal is integrable, and there is common ROC
is—b<Re{s} <+b

B L 1 1 -2b
e - - 5
s+b s—b s§*—b*

The corresponding pole zero plot is

—b<Re{s}<+bh
jw

y

1+— ROC

LAPLACE TRANSFORMS OF SOME

ELEMENTARY SIGNALS
1. Unit impulse function §(7)

L(5(1)] = T S(t)ydt=1,all s

L{S(t—-T}=e*", alls
2. Unit step function u(?)

Llu(®)] = T u(t)e™'dt = Te’“dt

!

—st

=1Re(s)>0
0 5

3. Some other Laplace transform pairs

L{—u (-t)} = %, Re(s) <0
Li{tu ()} = siz,Re(s) >0

. k!
Lit'u (1)} =7, Re(s) > 0

x(1) x(s) ROC
eu(l) é Re(s) > -a
—e-aty(—1) 1 Re(s) < -a
S+a

(Continued)
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x(1) x(s) ROC
te=?" u(f) s +1a)2 Re(s) > -a
—teat y(~1) : 1 ; Re(s) <-a
s+a
cos w,t - u(t) p fw > Re(s) >0
0
sin w,t - u(t) ﬁ Re(s) >0
0
s+a
e?cos w,t- u(t) - = Re(s) > -a
0 (s+a) +w
esinw t- u(f) % Re(s) > -a
0 (s+a)P+owy
theat u(t) _ K Re(s) > -a
(S + a)k+1
ng" 5(n) s All s
u(t) = u(t)*... ntimes 1/s" Re{s} >0

PROPERTIES OF LAPLACE TRANSFORM

1. Linearity: Laplace transform is a linear operator, It
holds the principle of super position.
If L{x ()} =X, (s),ROC=R,

L{x, (0} =X, (s), ROC=R,

Liax (O+tax, ()} =aX(s)+aX(s),ROC=R NR,

2. Time shifting: The time shifting property states
that delaying a signal by ¢, seconds, amounts to
multiplying its transform with e ™.

L {x(#)} = X(s), ROC=R
L{x(t—1)}=e™ X(s),ROC =R

3. Shifting in s-domain: Shifting in s-domain (or)
frequency shifting property states that frequency
shift by s, is same as multiplying its inverse transform
with e*".

e"'x(t) <> x(s —s,),ROC = R+ Re(s,)

If the Laplace transform of x(7) has a pole or zero at
s = a, then the Laplace transform of e’ x(¢) has a
pole or zero at s = a + jo,.

4. Time scaling

1 Ky
x(at) &> — X (—j ROC =R/a
la| \a

x(at) is the signal x(7), time compressed by the factor

a, and X (ij is X(s) expanded along the s-scale by
a

the same factor a.

The scaling property states that time compression
of a signal by a factor ‘a’ causes expansion of its
Laplace transform in the s-scale by the same factor.

Similarly, time expansion x(f) causes compression
of X(s) in the s-scale by the same factor.

5. Time reversal

x(=t) <> X(-s), ROC =-R
6. Differentiation in time-domain
%[x(t)] < sX(s)—x(07),ROCDR
Repeated application of this property yields

2
dd’t‘z(t ) 5 5 X (s)—5x(0°) —%x(O’)
dﬂx(t) n C n—k dkilx(oi)
o 5" X(s)— a x®)
dr" ST X() ;S dr!

7. Differentiation in the s-domain: The dual of the
time-differentiation property is the frequency-
differentiation property.

(1) & iX(s),R1 =R
ds

8. Integration in the time domain
t 1 1 0"
j x(t)dt <> = X(s)+— j x(t)dt,
—o0 s s —00
ROC =R N {Re (s) >0}
9. Time convolution
x,(0) * x,(1) <> X,(s) - X,(5), ROCD R, N R,.
We can apply the time-convolution property to the
LTI system input—output relationship y(¢) = x(¢) * h(t)
to obtain Y(s) = X(s) H(s).

Y
H(s)= % = transfer function H(s).

10. Time differentiation
%x(t) - sX(5)—x(07)

2

%x(r) & 57X (s)=sx(07)—x'(07)

n

x(t) <> s" X (s)—s""x(07)—s"x'

dt"
(07) =+ =SX"(0)~X""(07)

11. Frequency integration: The dual of the time-
integration property is the frequency-integration
property.

x(t) %
W [xpap



12. Frequency convolution
1
X, (0x, (1) © ——[X,()* X, (5)]
2w j

13. Initial value theorem

x(0") = VLEO sX(s)

14. Final value theorem

Lt0 sX (s) = x(0)

It is desirable to know the values of x(¢) as t — 0
and ¢ — oo (initial and final values of x(f)) from the
knowledge of its Laplace transform X(s), then initial
and final value theorems provide such information.

15. Conjugation property: x(f) <> X(s) with ROC = R,
then conjugate of x(7), x*(f) <> X"(s*) with ROC = R.
When x(1) is real, x(¢) = x*(¢), so

X(s) = X(s").

Consequently if x() is real, and if X(s) has a pole/zero
ats =s,, then X(s) also has pole or zero at the complex
point s =57 .

INVERSE LAPLACE TRANSFORM

x (1) X(s)
x(f)=L"{X (s)}
x(t) = i:’; X (s)e"ds

In this integral, the real ‘o’ is to be selected such that if the
ROC of X(s) is 0, <Re(s) < 0,, then 6, < 6 < 0,.

UNILATERAL LAPLACE TRANSFORM

The Laplace transforms for the signals e“u(f) and —e “u(—f)
are identical except for their regions of convergence.
Therefore, for a given X(s), there may be more than one
inverse transform, depending on the ROC. If we restrict all
our signals to the causal type, such an ambiguity does not

1
(s+a)
namely e“u(t). To find x(f) from X(s), we need not even
specify ROC. If all signals are restricted to the causal type,
then for a given X(s), there is only one inverse Laplace
transform x(7).

The unilateral Laplace transform is a special case of
the bilateral Laplace transform in which all signals are
restricted to being causal.

arise. There is only one inverse transform of X(s) =

The unilateral Laplace transform X(s) of x(¢) is

X(s)= _Tx(t)e"" dt.

0
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Example 1: What is the Laplace transform of the signal
x(¢) = e u(t) + e”(cos 2¢) u(t)?

Solution: x(¢) = {e > + %(e”’ +e 2y -e " u(t)

=e'u(t)+ % e + % T (1)
By taking Laplace transform

Lo r 11
s+3 2 s+(1+2)) 2 s+(1-2j))
ROC is Re{s} > -3 for first term, for second and third terms
Re{s} >-1.

For all three Laplace transforms to converge simultane-
ously, we must have Re{s} > -1
1 1 2s+2
+ —-
s+3 2 s°+25+5

and the

X(s)=

Consequently, X (s) =

1 N s+1 R -1
s+3 s2+25+5° eis}

Example 2: Consider X, (s) = 12 Re{s} > -2 and X,(s)

S+

! Re{s}>—2. Then what is the ROC of X(s)

T (5+2)(s4+3)
= X ()X (57

Solution: X (s) = L,Re{s} > -2
s+2

J )
A
,:,\ » o
2 |
ROC of X;(s)
X(s)—; Re{s} > -2
: (s+2)(s+3)’
J )
A
% » 0
P
ROC of Xy(s)
X(s) =X (s) — X (s)
1 1 _ s+3-1
s+2 (s+2)(s+3) (s+2)(s+3)
(5+2) 1 Refs}>-3

T (5+2)(s43) s+3
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Thus, in the linear combination of X (s) and X (s), the pole at
s =—2 is cancelled by a zero at s = —2. The intersection of the
ROC for X,(s) and X (s) is Re{s} > 2.

However, since the ROC is always bounded by a pole or
infinity, for this example, the ROC of X(s) can be extended
to the left to be bounded by the pole at s = -3, as a result of
the pole-zero cancellation at s = —2.

jo
N

ROC for X(s)

Example 3: What is the inverse Laplace transform of
25> +5

X(s)=——7?
() T +3s+2
25> +5 A B
Solution: X (s) = 25 R +
ST +3s+2 s+ (s+2)
where, 4 = (s + D)X (s)|,_,= ﬂ =7
—1+2
8+5
B=(s+2)X(s)|._,=——=-13
(DX ()=
So, X (s) =24 —— 13
s+1 s+2

By inverse Laplace transform

x(t) =28(t)+Te " u(t)—13e > u(t)

Example 4: Find the inverse Laplace transform of
2+4e™
X(s)= stetae
(s+3)(s+1

Solution: Observe the exponential term e in numerator
of X(s), indicating time delay.
_ s+2 N 47
(s+3)(s+1) (s+3)(s+1)
=X /(s)+ X (s)e™

X(s)

s+2 11 11

So, X,(s)=————=——+———
(s+D(s+3) 2s+1 2s+3

By inverse Laplace transform
x ()= le"u(t) + le‘3tu(t)
) 2

4 2 2

Similarly, X, (s) = ——— = — ————
P )= T3 sel 523

By inverse Laplace transform
x, (1) = 2e" u(t) — 2e " u(t)
X(s) =X (s) + X (s) e
So, x(t) = x,(¢) + x,(t - 3)
= %[e” +e u(@)+2[e " = u(t - 3)

Example 5: Find the Laplace transform of the signal x(¢)
depicted in figure.
4 X(t)
3 -+

[ S,
&)

0

Solution: By considering the derivative of x(¢)
A
ax

ot 1

2
= % = 5(1)—45(t—3) +35(t—5)

By applying Laplace transform

2
L{f{zf} =52 X(s)=1—4e ¥ + 3™

X(s)= lz(l —d4e™ +3e7)
S

ANALYsIS oF CoNTINUous TIME
LTI SysTem

The System Function

The output of continuous time LTI system equals to the con-
volution of the input x(7) with the impulse response /() that is

y(t) = x(2) * h(t)
By applying Laplace transform

Y(s) = X(s) - H(s)
Y(s)
X(s)

and H(s)=




y(t) = x(t)*h(t)

Y(s) = X(s)H(s)

The Laplace transform H(s) of h(¢) is referred to as the sys-
tem function (or the transfer function) of the system.

Characteristics of Continuous Time
LTI System

Many properties of continuous time LTI systems can be
closely associated with the characteristics of H(s) in s-plane
and ROC.

Causality

For causal continuous time LTI system, we have A(¢) = 0, ¢
< 0 Since h(?) is right handed signal, the corresponding
H(s), will have ROC Re(s) >0, .

In other words, for a system with a rational system func-
tion, causality of the system is equivalent to the ROC being
the right-half plane, to the right of the right most pole.

Similarly, for Anti causal A(f) = 0, > 0 and H(s) ROC
will be Re(s) < o_. (left-half plane).

min

Stability
A continuous time LTI system is BIBO stable if

T|h(t)|dt<oo.

The corresponding H(s), ROC contains the jw-axis or an
LTI system is stable if and only if the ROC of its system
function H(s) includes the jw-axis [i.e., Re{s} = 0].

Causal and Stable System

If the system is both causal and stable, then the poles of H(s)
must lie in the left half of s-plane.

Since ROC is of form Re(s) > o and jw-axis is
included in ROC, we must have < 0. In other terms, a
causal system with rational system function H(s) is stable if
and only if all of the poles of H(s) lie in the left-half of the
s-plane, i.e., all of the poles have negative real parts.

Invertibility
If H(s) is the transfer function of a system S, then S, its
inverse system has a transfer function. H(s) given by

Hy(s) =$

(1) H(s) y(t) Hi(s)

S S;

x(t)

The cascade of systems S and S, is an identity system with
impulse response 6 (7).
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Implying H(s) - H(s) = 1

Consider an ideal differentiator system y(¢)= dix(t) its
t
Laplace transform Y(s) = s X(s) (for causal system x(0") = 0).
So, H(s) = Ys) = s is transfer function.
X(s)

For an ideal integrator system with zero initial state

t

(1) = [x(@)dr > ¥(s) = Lx(s)
N

0

Y(s) 1
X(s) s

From the above discussion, an ideal integrator and its
inverse, an ideal differentiator have transfer functions 1/s

and s respectively, leading to H(s) - H(s) = 1.

Transfer function H(s) =

Examples 6: Check the causality of the system function

s

e

H(s)= 1,Re{s}>—1.

s+

Solution: The ROC is to the right of the right most pole.
Therefore, impulse response must be one sided.

e'ut) < LRe{s} >—1
s+1

By using time-shift property
x(t—1t,) <> e X(s)

es

e "u(t+1) & . Re{s} > -1

s+
So, impulse response 4(f) = e "D u(t + 1) which is non zero
for —1 < ¢ <0, hence the system is not causal.

Note: The causality implies that the ROC is to the right of
the right most pole, but the converse is not in general true,
unless the system function is rational.

Example 7: Consider an LTI system with system function

H(s)= S—_l Check the stability and causality for
(s+2)(s-3)

different ROCs.
Solution: H(s) = _os=r

(s+2)(s—-3)

LN

5 s+2 5s-3

Possible ROCs are Re{s} > 3, Re{s} <-2 and -2 < Re

{s} <3.
When ROC is Re{s} >3,

3—2; 2+3t
hty==eu(t)+—e""u(t
() 5 () 5 ()

= %{36’” +2eYu(t)
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The system is anti-causal, and unstable.
When ROC is -2 < Re{s} < 3,

Re{s} <3 = —e"u(-t) < el
s—

—2t

Re{s}>-2—> e u(t) &

s+2

So, h(t) = e’z’u(t) 2@3'u(—t)

The system is non-causal and stable.
When ROC is Re{s} <-2,

h(t) = —% e u(-t)— % eu(—t)

The system is anti-causal and unstable.

System Function for LTI Systems
Described by Linear Constant-coefficient
Differential Equation

An LTI system with input x(#), and output of y(¢) in differ-
ential equation form

Zakdky() Zb

Applying Laplace transform and using differentiation
property

N M
ZakskY(s) = ZkakX(S)
=0 k=0

x(t)

Zero initial condition

H(S)=&= "Z:; <
X(s) Zas

Examples 8: Consider an LTI system for which the input
x(#) and output y(f) satisfy the linear constant co-efficient

y()

differential equation ———=+2y(¢) = x(¢) with zero initial

conditions. Find the 1mpu1se response of the system (1)
when it is causal system and (2) when it is anti causal system.

Solution:

WD o) = x()
dx

By applying Laplace transform sY(s) + 2 Y(s) = X(s)

by YO 1
X(s) s+2

The above expression is system function, but we don’t know
the ROC of the system. When the system is causal, the ROC
can be inferred to be to the right of the right most pole,
which is this case corresponds to Re{s} > 2.

Then A(f) = e u(t)

When the system is anti causal, the ROC associate with
H(s) would be Re{s} <-2. Then A(f) = —e u(-1).

Example 9: If input to an LTI system is x(¢) = e u(r)
then the output is y(¢) = [e” —e*'Ju(f). What is the transfer
function of the system, and the differential equation of the
system with zero initial conditions?

Solution: By Laplace transform for x(z), y(f) we get X(s)

:L, Re{s}> -2 andY(s):L_L’Re{S} -1
s+2 s+l s43
H(s)= YO _YG+D+3) | 2As+2)
X(s) l/s+2 (s+1)(s+3)

According to convolution property, the ROC of Y(s) must
include at least the inter sections of the ROCs of X(s)
and H(s).
So, H(s) ROC should be Re{s} >—1 and H(s) is causal.
Since both poles of H(s) have negative real parts it
follows that the system is stable.

Y(s)  20s+2)
X(s) (s+D(s+3)

2s+4
sT+4s+3

‘We can write

S2Y(s) + 4sY(s) + 3 - Y(s) =25 X(s) + 4X(s)

d2
d 2
equation of the system specified.

y(t)+ 420 () , 4 y(t) =220 dx(®) 4 (t) is the differential
dt dt

Example 10: From the following information about an LTI
system, find the system function of that LTI system:

1. The system is causal.

2. The system function is rational and has only one pole
ats=-lands=3

3. if x(¢) = 1, then output y(f) =0

4. The value of the impulse response at £ = 0" is 2.

Solution: Consider the system function H(s)= gg; ,and
O@s)=(s+1)(s-3).
sy PO
(s+D(s—3)

¥(?) is the output of the system for input x(¢) = e, then y(¢)
= H(s) e*, here for x(f) = 1 = €".
W) = H(0)e" =0, H0)=0
Which means that H(s) must have a zero at s = 0. So, P(S) =
s- P(s).
The value of impulse response at

t=0+h)|, = 5 sH(s)

5>

_ Lt s*P'(s) _
gt —2s5-3



So, P'(s) =2, i.e., it is a constant
2s
(s+1)(s—3)
And the system is unstable as it has a pole at s = 3 with
positive real part.

So, H(s)=

Example 11: A system is described by the differential

d’y . dy
+4—+3y(t) = x(¢).
e it y(t) = x(t)

Let x(7) be a rectangular pulse given by
1 2<t<5

x(t) = .

0 otherwise

Assuming zero initial conditions, the Laplace transform of
W) is?

Solution: x(¢) = {

equation

1 2<t<5

0 otherwise

4 X(t)

t t t >t

1 2 3 4 5

x(O)=u(t—2)—u(—-15)
By taking Laplace transform

e*ZS 8755

X(s)= B

For the given differential equation, by considering Laplace
transform s2Y(s) + 4sY(s) + 3 = X(s)

XS 6725_6755
Y(s)=— (s) = .
s*+4s+3  s(s+1)(s+3)

Systems Interconnections

Two systems in cascade,

@ 0 natt) 2
() vt

h(t)=h, (2)* h, (0)

®) X0 [ e
X6 [T

H(s)=H (s)- H,(s)
(i) Time-domain, (ii) s-domain
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Two systems in parallel

@) hu(t)
(1) ¥t
ho(t)
X0 [0

h(t) = h, (1) + h, (1
Hi(s)

(b)
X(s)

Ha(s)

X(s)

H(s)
H(s)=H, (s) + H, (s)
(1) Time-domain, (ii) s-domain
Feedback interconnection of two LTI systems.

H,(s)
1+ H, (s)H,(s)

=2 _H(s)=

Solved Examples

Example 1: X(s)=¢" { } What are the initial and

s(s+2)
final values of x(7)?

(A) =land 0

(C) 0and -1

Solution: (C)
Initial value theorem

(B) Oand 1
(D) land 1

x(07) = Lt sX(s)= Lt ses[

§—>00

_ o
s(s+ 2)}
Final value theorem x(o0) = _Lto sX(s)

s(5+2)

-5

s—0

Example 2: Using Laplace transform find out output
signal. when A(?) = e™u (£), t > 0; x(2) = e *u(t), t > 0; y(t) = ?

W (e —ge Juo=yo,Rew> -2
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(B) Gez’ - ie*"” ju(t)= y(1), Re(s) > 2
© Hez' L jum: y(0), Re(s) > 2
(D) (%e” —%e"”’ ju(t): (1), Re(s) > -2
Solution: (A)

h(f) = e u(t)
x(t) = e u(t)

2 h(t)/H(s) F——»

Time response

output y(¢) = A(t) * x(t)

Frequency response
Y(s) = X(s) H(s)

Y(s)=L-L,Re(s)>72 (or) o>-2
s+6 s+2

A B
+
s+6 s+2

Y(s)=

By using factorial method
A= Lts(s +6)Y(s)

gL
s>=6 (s+2)(s+6) 4
B= Lt (s+2);:l
52 (s+2)(s+6) 4
LI
Y(s)=—2+- 4 5>
s+6 s5+2
1 -2t 1 61}
t)=|—e ——e u(t),
y(0) ( 1 2 ()
jo
A
o< ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ o
Right most signal stable and causal.
Example 3: If Laplace transform of a signal Y (s) = ,
then its final value is s(s=1)
A1 (B) -1
© 0 (D) e

Solution: (B)
Final value theorem

S
o)=Lt s-¥Y(s)= Lt =-1
y( ) 50 () s—0 s(s—l)

Example 4: For the system shown below, x(¢) = (sin #) u(%).
In steady state, the response y(f) will be

x(t) [0
s+1
(A) —sins B) Lsin(t_zj
V2 NG 4
© %cos[r—%) (D) %cost

Solution: (B)

H(s):L
s+1

x(1) = (sin tu(t) & X(s)=— 1
N

1
(s+1)(s*>+1)

_l 1 _s—l
2l s+1 s*+1

1] 1 s 1
i T T
20s+1 s7+1 s +1

Y(s)=H(s)-X(s)=

y(t)= %[e” —cost +sintu(t)

at steady state, y(¢) = %[sin t—cost]u(t)

_ ! sin (t z j
V2 4
Example 5: Unit step response of a system starting from
rest is given by ¢(¢) = 1 —e™, for t > 0. The transfer function

of the system is
s

A B

) s+2 ®) s+2
c) 3 D) _2
© s—2 ®) s+2

Solution: (D)
Unit step response ¢(f) =1 — e, fort>0
Impulse response A(t) = %c(t) =2e™, fort>0. So, transfer

2

function H(s) = .
s+2
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EXERCISES
Practice Problems | © ¢ 3
Directions for questions I to 22: Select the correct alterna- X
tive from the given choices. o
1. Inverse LaplaTce transform of X(s) is x(#). When x
X(s)=— ,shape of x(1) is?
A B) x0 a b ¢ a b ¢
t x(t
(A) xto ®) A 1 2 3 B) 3 2 1
B < 2 3 1 D 3 1 2
; Common Data for Questions 4 and 5:
T 4. Resolve f{f) in terms of step, impulse and ramp func-
(©) tions and also find out Laplace transform.
f(1)
A
1 1 T 2T ¢
4 4
—q|--
» t 3 4
’ (1)
2 -
2. Match the following:
List | List I b
> (1)
@ 19 1.105()
s(s+10)
) 2. (e cos 100u(f (A) <1427 4o > =]
s2+100 ’ s
1 —s —3s —4s —5s —3s
(s+10) , +—le’ —e T’ +4e —e ]+ 2e
(c) 7@”0)2 100 3. (sin 10f)u(t) §2
(d) 10 4. (1 —e™™u(t) 1 ) 3 i
B) —[1+2e¢ "+ —e ]
Codes: N
a b ¢ d a b ¢ d +i2[e’s—e’3s+e’4s—e’55]+2673s
A) 3 4 1 2 B) 4 3 2 1 s
< 3 4 1 2 Db 4 3 1 2 (©) l[1+2e“" +3¢ —e™]
s
3. Match the following:
g _L[e—y _e—3x +e—4s _e—55]+26—3s

List | List Il
Pole-zero plot Response
@ ¢ 1.(1)
—t—>0 ¢
(b) w 2. (1)
X
—)—>0 t
X

2
N

l[1 +2e " +e —e™]

D)
+ 64‘3 _6753]_ 2e73s

5. From above figure find out the initial value.
(A) 0 (B) 4
©) 2 (D) 1

Common Data for Questions 6 and 7: The impulse
response /(t) of a LTI continuous time system is given by
h(f) = exp (-2t) u(f) where u(f) denotes the unit step function.
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6.

10.

11.

12.

The frequency response H(w) of this system in terms of
angular frequency ‘@’ is given by H(w)

(A) 1 (B) sinw
1+w

1 3w

© 2+ jo (D) 2+

. The output of this system to the sinusoidal input x(¢) =

2 cos(2¢) for all time ¢’ is
(A) 0 (B) 2% cos(2t—0.125m)
(C) 2% cos(2t—0.125m) (D) 27%°cos(2¢t—0.25m)

. The impulse response of LTI system is A(f) = e, the

step respons e is

A l[e“’ —e u(t)y—eu(t)+2u(t)]
A) -

B 1 [e™ +e“u(t)—e “u(t)—2u(t)]
® 7

©

1 [e” + e u(t)—e”u(t) +2u(1)]
a

(D) 1 [e” + e u(t)—e“u(t) —2u(t)]
a

Laplace transform of (£ — 2t)u(t — 1) is
(A) 2¢e™ (3 —-5) (B) 2¢’ (13— s)

s s
©) 2e‘~V§31+s) (D) 2e" 213+ s)
The convolution of x,(#) = u(t + 3) and x,(f) = 6 (¢ = 5) is
(A) u() B) u(t-2)
©) u+2) D) u2)

Laplace transform of x(¢) = sin® - u(¢) is

(A) B)

s(s>+2) s(s*+2)
C D) — 2
( ) (SZ +4) ( ) S(S2 +4)

The inverse Laplace transform of l[l +— o 4} is
s s+

(A) cos’t
(C) cos?2t

(B) sin*¢
(D) sin?2¢

Linked answer questions 13 and 14:

13.

The inverse Laplace transform of ln[% ) is

(A) (@ — eu() (B) (™ = (o)

(C) %(eb' —eu(t) (D) %(e’b’ +e “u(t)

14.

15.

16.

17.

18.

19.

20.

The inverse Laplace transform of s In (%j is
1 bt at
(A) = [(bt —1)e” +(at —1)e“ - u(t)

(B) tlz[(bt —1)e" —(at —1)e"]-u(r)

(©) tiz[(bt +1)e” —(at +1)e”]-u(t)
(D) tiz[(bt +1)e™ —(ar=1)e™"1-u(r)

Laplace transform of eu(t) * tu(t)

s*(s+3)

1
(A) (B) F(5-3)

s*(s=3)

© (D)

s2(s+3)
Poles and zeros of e*u(t) + e™'u(—t)

-5
(A) Zero at;,poles at2,3

(B) Zero atg, poles at =2, =3
(C) No common ROC
(D) Zero at_?s, poles at -2, =3

The initial and final values of X (s) = # are
s +25+2

(A) 2and 1 (B) 2and 0

(C) 1and2 (D) 2and 2

A system is formed by connecting two systems in cascade.
The impulse response of these systems are e 2u(t), 2e-
‘u(t). The impulse response of over all system is

(A) 2(e’—e)u(t) (B) 2(e™" + e)u(t)

(©) (e"=e™u() (D) 2(e”- e)u(t)

H(s) is the transfer function.

s
H(s)= ﬁ(d < —1). Then function is

(A) Causal and stable

(B) Causal and unstable

(C) Non-causal and stable
(D) Non-causal and unstable

A continuous time LTI system is described by
2

d d d
Wy(t) + 4Ey(t) +3y(t)=2 Z x(t)+4x(2).

Assuming zero initial conditions, the response y(7) of
the above system for the input x(¢) = e?u(?) is
(A) (e"—e™u(r) (B) (¢'+eMu(r)
(©) (e +e™u(r) (D) (¢'=eu)



21. A linear time invariant, causal, continuous time system

has a natural transfer function with sample poles at s
=—2 and s = —4, and one sample zero at s =—1. A unit
step u(?) is applied at the input of the system. At steady
state the output has constant value of 1. The impulse
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22. Unit impulse response of a system is f{#) = ¢™, for 1> 0,

for this system, the steady state value of the output for
unit step input is equal to
A) 1
© o

(B) -1

(D)
response of this system is
(A) —4e u(r)

(C) (e + 12e*)u(t)

(B) 12¢* u(r)
(D) None

Laplace transforms of x(¢) = e“u(t), y(f) = —e* u(—t) have
(A) same transforms but different ROCs

(B) different transforms but same ROCs

(C) same transforms and same ROCs

(D) different transforms and different ROCs

Practice Problems 2 7.

Directions for questions 1 to 17: Select the correct alterna-
tive from the given choices.

1. Match the function with ROC.

P. eu(t) 1. 0>0 8. Laplace transform and ROC of e™u(— + 3) is
Q. —e?u(-t) 2. o>a 3+ e 30t
A) - Re(s) <5 (B) sRe(s) > 5
R. te* u (t) 3. o<-a s+5
S. t"u(h 4. 6>-a e 36+3) PG
© - sRe(s)>5 (D) ,Re(s) <5
(A) P-3,Q0-4,R-2,S-1 s+5
(B) P-4,Q-3,R-2,5-1 9. Match the Laplace transform pairs
(C) P-3,Q-4,R-1,S-2
(D) P-4,Q-3,R-1,S-2 P. x(af) 1. asX(s)
h | Lval fx 1 . Q. x(t-a) 2. X(s-a)
2. The initial x(0), and final value x(o) of X (s) = mls R. e X 3. e X
i ™01 s. ZLiax) 4 1X[§)a >0
©) 2,1 D) 1,2 Codt " ala
3. Ifx(f) and X(s) are Lfaplace transfom pairs then Laplace (A) P-3.Q-2.R-1,S4
transform of e x(¢) is
as (B) 49 Q - 2; R 19 S-3
(A) e X(s) (B) X(s) B B
(C) X(s—a) (D) X(s +a) (C) P-2,Q-4,R-3,S-1
) D) P-4,Q-3,R-2,S-1
4. Ifx(¢) and X(s) are Laplace transform pairs then Laplace 10. Poles and zeros of x(f) = ¢ u(f) + e u(?) are

transform of 7 X(z) is 5
(A) Zero at?, polesat 2,3

(A) TX(s)ds (B) %X (s)

(B) Zero atg, poles at =2, -3

C iX (s) D) X(s) &=
© os (D) X(s)e (C) No common ROC
i -5
5. Laplace transform of { Smtm}u(t ) is (D) Zero at?, poles at -2, -3

(A) tan™! s (B) cos™ s 11. Inverse Laplace transform of 25 is

T T s+2

(A) 28(t) —4e™u(t) (B) 20(2) + 4eu(f)

(C) cot™ [i) (D) sin™ [ij (C) 28(t) — 4e*u(t) (D) 25(t) + 4e*u(t)

T T 12. Given H(s) = ¢, what is the impulse response of the

6. Laplace transform of a rectified half sine wave with system?
period 27, amplitude 1 is (A) u(t-5) (B) &t -5)
A (+e™) (1-e™) (C) e u(r) (D) t-e>u(r)
(A) 2 +1 (B) e 13. Convolution of a"u[n] and b"u[n] is
1 1 () 2R ) boa
_ e — ——u[n]
© (s +D(1-e™) (D) (s +D(1+e™) a+b b-—a
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16. Express Laplace transform of

bnfl —a’kl bn—l +an—1
© T O vio
A
Linked answer questions 14 and 15: 2
14. For a linear time invariant system whose block diagram
is shown here with input x(7) and output y(¢)
>t
0 2
-2 1
@A) —+o——=o (B) z—i[1+e‘2“']
o s [l-e™] s s
The transfer function is
I | © 2ot @ S-sli-e?]
A) — B s Sl-e™ s 5
(&) s +4s+3 ®) s+4 [ ] ,
+2 +1
1 1 17. Given L{f (1))} = s2  Lig()y=—————,
< — D) ——— s°+1 (s+3)(s+2)
s=3 s-—4s-3
t
15. The step response of the system is h(t) = If(r)g(t —7)dt, then L {h (1)} is
0
-1 ., 1 _ 11 1
A) —e ' +—e B) —+—¢'——e 1 1
® 3 6 B 3%3° 7% (A) B —
s+2 s+l
1 1 1 1 1 1
(C) ———e'+—e" (D) ———e' +—¢e o D) —
32 6 32 6 © — (D) 3

PRrEvious YEARS’ QUESTIONS

H
2
1. The running integrator, given by y(f) = J.TL'RZ x (t)dt 3. For the system——— the approximate time taken
0

el
t for a step respon(se to)reach 98% of its final value is
or Y(S) = j x(a)da [2006] [2010]
- (A) 1s (B) 2s
(A) has no finite singularities in its double sided (C) 4s (D) 8s

Laplace transform ¥(s). Common Data for Questions 4 and 5: Given f{¢) and g(?)

(B) produces a bounded output for every causal as shown below:
bounded input. f(t) g(t)

(C) produces a bounded output for every anticausal 1

bounded input.

(D) has no finite zeroes in its double sided Laplace
transform Y(s).

0 1
4. g(f) can be expressed as [2010]
+

- ) _’% (A) g(=A2t-3) B) gt)=f %_3J

* + (
L‘— tz © g(t)=f[2t—%) (D) g<r>=f[

o
w
[$)

2. The system shown in the figure is [2007]

s—1 +
(A) stable 5. The Llaplace transform of g(z) is 1 [2010]
(B) unstable (A) —(e” -¢%) B) —(e>-e™)
(C) conditionally stable S S
(D) stable for input u,, but unstable for input u, 35

© a-e™) D) (e ~e")
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6. Let the Laplace transform of a function f{f) which 8. The unit step response of a system with the transfer
exists for > 0 be £; '(s) and the Laplace transform of

its delayed version f{t — 7) be F,(s). Let fl”(s) be the

function G(s) = 1=2s is given by which one of the

complex conjugate of F,(s) with the Laplace variable following waveforms? [2015]
setas s = o+ jo. (a) :‘;“
F.(5)-Es) _Z,
If G(s)= % > then the inverse Laplace trans- 0 5 t
|E (o)
form of G(s) is [2011] )
(A) anideal impulse §(7)
(B) an ideal delayed impulse 5(¢ — 7) b Yt
(C) an ideal step function u(t) 2
(D) an ideal delayed step function u(t — 7) ]
7. The impulse response g(¢) of a system G, is as shown
in Figure (a). What is the maximum value attained by 0 %

the impulse response of two cascaded blocks of G as

shown in Figure (b)? [2015] (c) y
A 2
1
A
g(t) 0 5 %
1 ~0.75

(A) 2 (B) &
g 4
4
© - D) 1
5
ANSWER KEYs
EXERCISES
Practice Problems |
1. C 2. B 3. B 4. C 5. D 6. C 7. D 8. A 9. A 10. B
11. D 12. A 13. C 14. B 15. C 16. C 17. B 18. A 19. D 20. A
21. C 22. A
Practice Problems 2
1. B 2. B 3. C 4. B 5. C 6. C 7. A 8. A 9. D 10. D
11. A 12. B 13. B 14. A 15. C 16. D 17. C

Previous Years’ Questions
1. C 2. D 3.C 4. D 5. C 6. B 7. D 8. A
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