


DIFFERENT CASES OF BOUNDED AREA

a. The area bounded by the continuous curve ¥ =f(x), the axis of
x and the ordinates x =g and x = b (where b> a) is given by

4= j F(x)dx= j yex

b. The area bounded by the straight lines x = g, x = b(a <b) and the:
curves y = f(x) and y = g(x), provrded f(x) < g(x) (where a < ~x< b)

is glven byA f [g(x)-f (Jt)]dx

Y=g

B L AP R A om o nc,

¢. When two, ctirVes y= f (x) and y g(x) mtersect the bounded area is

A= j [g(x)~ f (X)]dx where a and b are the roots of the " :
equation f ®= g(x) BRI

d If the curve crosses the x-axis at ¢ ¢, then the area bounded by
the curve y=f (x) and the ordinates x = g andx=5b -

(where b > a) 1sgivenby 4 = + ’ ‘ j f (x)dr r
= A=["fxyax - f fedx
(- _[ f(x)dx>0 and j f(x)dx < 0)

[ireax

€. The area bounded byy=f{x)and y = = g(x) (where a<x< b) _
when they intersect at x = ¢ e (a;, b)is glven by

4= [ 170~ glax

or [* (F(—ga + [} €= reas i

wn




tﬁrve Tracing

AlEd 9.9

To find the approximate shape of'a curve, the following procedure
is adopted in order:

a

d

Example FEW Find the area bounded by the parabolay=x*+1 = y
- ' and the straight line x +y=3. :

Sol.

S =[2x_ﬁ_§}’
Symmetry _ 2 34,
Symmetry about the x-axis : '
If all the powers of ‘y’ in the equation are even, then the _ (2 1 1) _[_ 4 8)
curve is symmetrical about the x-axis.
e.g.,y" =4ax. . _
Symmetry about the y-axis _2 $q. units
If all the powers of ‘x’ in the equation are even, then the -2
curve is symmetrical about the y-axis.
e.g., x*=4ay.
Symmetry about both axes
If all the powers of “x” and ‘y” in the equation are even, the
curve is symmetrical about the axis of ‘x” as well as of °y’
e.g.,x2+y2=a2. 4+ x=1
Symmetry about the line y=x ' (1, 2/2)
If the equation of the curve remains unchanged on 2
interchanging ‘x’ and y’, then the curve is symmemcal
about the 11ne y=x .
e.g. X +y° =3xp : ,
Find the points where the curve crosses the x-axis and . -
the y-axis. '

+y =9 and the linex=1.
- Sol.

Find % and examine, if possible, the intervals when f(x)

is increasing or decreasing and also its statlonary pomts : ‘
Examine y whenx — co0rx —>—oo. _ : _4+t

Fig.9.7
Required area =2 area MAPM

=2 J? 9.—x% dx

9-x* + 2 sin™! fl
34

2
=2| > sin”'1- 2‘/_ 2 sin11
2 2 273

—oxE_ 2595l
77 M3

Fig. 9.6 ' =9B—s -1 1] -2

The two curves meet atpomts where3—x= x2+l ie., x2 : _
+x-2=0 a1

x- _ =9cos ! = =242 =9sec™! 3-8 $q. units

=E+2)(E-1)=0=>x=-2,1 , 3 .

’ : YT OEEN Find the area of the closed figure bounded by the

. required area = J.;[(B—x) _(xz +1’)](.ix ' . - curves y = w/J_c ,y=4—-3x andy=0.

Example9.2 B3 md the smaller area enclosed by the c1rclex2




9.4 Calculus

Sol.
y
y=4-3x
*\.
y=x
X’ et D
o 1 (4/3,0)
y
Fig.9.8
4/3

A=j(J;dx)+ | Va—3xax

AN (4—33)"2 4/3
='[Wl+[ 33G372) ]

1

__2+2 l]=£+z_§ sq units
3 3|13] 3 9 9 "

beL VI Find the areé, lying above the x-axis and included
between the circle x% + y?=8x and the parabola
2_
y =4x. . _
Sol. Solving the curves, we getx” + 4x = 8x = x =0, 4

y y2=4x

P(4, 4)

o C Q@ 0)

@ +)2=8x

Fig.9.9 -

Required-area

4 8 -
= _[0 ypmbqla dx + J; Heircle dx

Circleis (x—4)? +)% =42,

1
Area of circle in 1st quadrant= 27:42 =4z
A= j:-zJE dx + 4r

.= g-[x3/2]: +4r

= §x4\/2+47r Sq. units

2SS Find the area bounded by the curve y=(x 1) (-2)
(x—3) lying between the ordinates x=0 andx =3
Sol. y=(x—1)(x-2)(x-3)
The curves will intersect the x-axis, when y=0
=E-1D)E-2)(x-3)=0
=x=1,2,3
And the curve intersects the y-axis,

when x=0=y=—6 - :
Thus, the graph of the given function for 0 < x < 3 is as
shown in Fig. 9.10.

Fig. 9.10

‘Hence, the required area 4 = shaded area
1 2 3 N -
X ydxl+ [ yax +, I ydx, )

Since [y = [ (x=1)(x—2)(x~3)dx

= [ - 6x2 +11x-6)e

4 . 2
=X 2 +£x—.—6x
2
-~ from (1)
4 2 1 4 2
A= [" —o 41X —6x]' +] 22 1 —6x]
4 2 4 2
o 1
[ .4 2
+] = 2 +k—6x]
4 2
B 2
=|-9/4|+(1/4) +|-1/4]
=11/4 sq. units

12BN Consider the region formed by the lines x = 0,
. y=0,x=2,y=2.If the area enclosed by the curves

y=¢'and y = In x, within this region, is being
removed, then find the area of the remaining
region.




v

i e

Sol. Required area = shaded region
y y=¢
3 1 | (loge 2, 2)

/ ' | ~

21
y/
Fig.9.11 -
In2 -
=2 j (2-e)dx
= 2[2x &2

=2(2In 2 — 1) sq. units

W Find the area bounded by the curves: y Esinx

and y = cos x between two consecutive points of
the intersection.

Fig. 9.12

Two consecutive points of intersection of y = sin x and

y = cos x can be taken as x = /4 and x = S1t/4
. _ smid
A requlred area = I”M (sin x — cos x)dx

. _yml4
= [~cosx—sinx]),

—5—2«/—2_squmts

Some Standard Areas

Area 9.5

RO CLE M AOB is the positive quadrant of the: elhpse
2

2

x_+;_ =1 inwhich O4d=a, OB=D. Thenﬁnd
a

the area between the arc AB and the chord 4B of
the ellipse.

Sol.

’ W B‘(O, b)

N4 0

X~ ! v , X
AN
_\?*F’1
Fig. 9.13

Area of ellipse is ab. Then the area of ellipse in the first

quadrant is inab $q. units.
Now area of triangle OAB = %'ab sq. units

Hence, the requiréd area is %n’ab —%ab = 3411(7( -2) sq
units. ; C
Example 9.9 " Find the ratio in which the area bounded by the
' . curves y?=12xand P= 12y is d1v1ded by the line
x=3. .

- Sol.
x2=12y

(12, 12)

X

X

v
Fig. 9.14
A, = area bounded by y2 = 12x, x¥* = 12y and line
x=3= j 12x dx -
0 12

/G 2x3/2 e e

= — sq. units.
e, T

A,=area bounded byy2 ‘ 12x and ¥ = 12y
_166)3) _ 48 sq. units

s

.. requiredratio = ——— = —



6 Calculus

O QBAU) Find the area bounded by

a.y=log Jx| andy=0
b.y=llog x|l andy=0

Sol. a. y=log Jx]andy= 0

y = loge(-X)

Fig. 9.15

From the figure, required area = area of the shaded
region=1+1=2sq. units (as we know that area bounded

by y=logx,x=0 andy=0,is 1sq. units)
b y=|logx|| andy=0

y

Fig. 9.16
From the figure, required area = area of the shaded

_ region=1+1=2sq. units.
Area Bounded by Curves While Integrating Along
y-axis -
Sometimes integration W.L.t. y is very useful, i.e., along the horizontal
strip. Area bounded by the curve, y-axis and the two abscissas at

b
y=aandy=bisWrittenasA= jxdy.
: a

(4
PEPRISIPRTH  Find the arca bounded by x = 2y~ and the
_ y-axis.
Sol.

~

TFig.9.18
2 2 3P '
e fraflr ol o5

Example9.12 QUi CES bounded by y = sin"'x, y = cos ' x

\ and the x-axis.
Sol. \/ '

y=cos™\x

..........................................

_y=sinx

y
Fig.9.19
y= sin”'x, y= cos~! x and the x-axis if vertical strip is used,
we get '
2 1
A= j sin"1 x dx+ I cos 'xdx
.0 2
If horizontal strip is used, then
nf4 :
4= I (cos y —sin y) dy
0
x/4
= [sir_1y+<>osy]‘J .

\n
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Example PRE] Find the area of the figure bounded by the
parabolas x =— 2y x=1- 3y2. '

Sol.

Fig. 9.20

Solvmg the equation x =— 292 x=1- 3y%, we find that the’ .

ordinates of the point of intersection of the two curves are
y,=—1,¥,=1. The points are (-2,- 1) and (-2, 1)
The reqmred area'is given by 7
_ ! _ a2\ {92V
A= 2]0(92 - )y =2 j[(l 3y%) - (-2v )]dy

R B

. N
= 2]:)(1 —.yz) dy=2 [y - —);—3] =%

Subjective Typ R

5 f\l. Drawa rough sketch of the curve y =

i
2
'

it ""»“;E T e

.the area enclosed between y = —:V =
x

x+3x+2

x=3x+2
the area of the bounded region between the curve and the
x-axis.

SAZ. f (x) is a continuous and bijective function on'R. If-

V¢ € R, then the area bounded by y =flx), x=a -, x=a and
the x—ax1s is equal to the area bounded by y=fx),x=a -U’ ¥

x = a and the x-axis. Then prove that I f N (x)dx= 2al
-A
(ngen that f (a) 0).

. Find a continuous function ‘f’ where ot - 4x2) <f(x)

< (2@ —x*)such that the area bounded by y=£(x),y=x"~ 4%,

the y-axis and the linex =1, where (0 <£<2) is ktimes the

area bounded by y =f (x), y = 2% — x°, y-axis and lme.‘
=t(where 0<t<2).

. Fmd the area bounded by the curves y = — x*+6x-5,

y = —x? +4x -3 and the straight liney=3x— 15 and lying
righttox=1.

\ 5. Find the value of @ where (a>2) for which the reciprocal of

1 1
’4(x-—1)’

EXERCISES

and find

Objective Type I

Concept Ay

1. Find the area >lying in the first quadrant and bounded by
the curve y =x° and the line y = 4x.
2. Find the area enclosed by the curves *=y,y=x+2and

x-axis. (s
- [Ja=), o< .
3. Acurveis givenbyy= (4-x7), 0sx<l Find the
\/Z?;x-) 1<x<3.

. area lymg between the curve and x-axis.
4. Find the area of the region bounded by the limits x =0,

x= % and f(x) =sin x, g (x) = cos x.

5. Find the area bounded by the curve y = sin”! x and the line

x=0, Iyl— Y
6. Find the area bounded by y = tan” x,y = cot™! x and
y-axis in first quadrant. RE
' 2 2 A

Xy e
Z-42_=1 and its
at b

7. Prove that area common to ellipse
auxiliary circle °+ y2 = % is equal to area of another ellipse

. of semi-axis a and a—b.
8. Find the area bounded by y =

y=log, (—x)andy=— log, (—x).

log, x, y = — log, x

x=2andx=aisa 1tse1f and for what values of b € (1, 2),
the area of the figure bounded by the lines x = b andx=2
1 . -
isl—— T
11, 6. Ifthe area bounded by y = =x*+2x—3and the line y=kx + 1
is the least, find k and also the least area.
[17 Find the area of the figure enclosed by the curve 5x2
+6xy+2y° +Tx+6y+6=0. e
{1 8. a Sketch and find the area bounded by the curve’

JI?H\/?:\/; and 2 + y* = o (where a > 0).

b. If curve [x| + ly| = a divides the area in two parts, then
find their ratio in the first quadrant only.

Each question has four choices a, b c, and d, out:of which 0nly
one is cofrect. ,‘ ‘
1,/ Area enclosed by the curve y =f(x) defined parametncally

5 is equal to
b. 7/2 sq. units

c 3—75 sq. units d 2 sq. units
. 4 q 2 q.



1.8 Calculus

2.

O3 Letf(x)=minimum (x+1,V1-x) foralix<1. Thenthe
V" . areabounded by y = f(x) and the x-axis is
_ 1 .
a % sq. units | b. P sqg. unifs
. 7 )
c. 161 sq. units 4 P sq. units
\ 4. Area enclosed between the curves | y[=1 —xand X’ + yz =1
\/ is
- -8 )
a. 3z -8 $q. units b il sg. units
c -8 $q. units d None of these
\5. The area of the region enclosed by the curves y=xlogx
N\ andy=2x-2x*is :
7 . 1 .
a. -— sg. units b. — sq. units
12 4 2
c —52— sq. units - d None of these
1 .
6. The area enclosed between the curves y =log, (x + €), x
=log, (l) and the x-axis is - )
y _
a. 2 sq. units b. 1 sq. units
c. 4sq. units : d None of these
7. Area boﬂnded byy= and x-axis is
f x*—2x+2
. T .
a. 27 sq. units b. 2 sqg. units
L
¢. 2 5q. units d. 754, units A
y 8. Area bounded by the curve x 3? = a* (a—x) and the y-a is
is d
a. 7a?/2 sq. units b ma? sq. units
c. 37ra2 sq. units d. None of these
9. The area of the closed figure bounded by x=—1,y = O
y=x*+x+1 and the tangent to the curve
y=xt+x+1atd(l,3)is
a. 4/3 sq. units ' b 7/3 $q. units
¢. 7/6 sq. units d. None of these
10. The area bounded by y = sec™ lx, y =cosec” ! x and line

The area 1n31de the -parabola. 5x? — y = 0 but outside the

parabola 2x> —y+9=0is
a. 1‘2\/3 $q. units
c. 83 sq. units

b 643 sq. units_
d 4.3 $q. units

x—l=0iS L v

a log(3+2+2) — % $q. units

b % _log(3+2\/5) sq. units

c. £—log3 sq. units
d None of these

\\/ 12.

<

15.

" 16.

17.

19.

<

13.

. The area of the recrlon whose boundaries are deﬁned by
the curves y =2 cos x, y = 3 tan x and the y-axis is

a. 14+3In| —= | sq. units
()

b .1+%1n3-—31n2 Sq. units

e 1+%1n3'—1n2sq. units

d In3-In2 sq. units
The area between the curve y = 2x* — x?, the x-axis and the
ordinates of the two minima of the curve is

a. 11/60 sq. units b 7/120 sq. units

¢. 1/30 sq. units d. 7/90 sq. units
The area bounded by the curve @’ = x*(x + a) and the
X-axis is

a. @’/ 3 sq. units

¢. 3a*/4 sq. units

b. a%/4 sq. units
d %12 sq. units

. The area of the region in 1st quadrant bounded by the

y-axis,y= Z ,y=1+ Jx andy= % is

x
a. 2/3 sq. units h. 8/3 sq. units
¢. 11/3 sq. units d 13/6 sq. units
2,
The area of the closed figure bounded by y = x? —2x+2
and the tangents to it at (1, 1/2) and (4, 2) is
a. 9/8 sq. units b. 3/8 sq. units
¢. 3/2 sq. units d. 9/4 sq. units
The area of the closed figure bounded by x =—1, x=2 and

X ‘

-x“+2, x<l1 . . .

= and the abscissa axis is
2x-1, x>1 ‘ a

a. 16/3 §g. units
¢ '13/3 sq. units

b 10/3 sq. units
d 73 sq unlts

The area of the region bounded by x + y -2x-3=0 and '

s y=Ixj+1is
a g—l Q. units b 27 5q. units .
¢. 47 5q. units d 72 sq. units A

. The value of the parameter a such that the area bounded

by y = a® x* + ax + 1, coordinate axes and the linex =1
attains its least value, is equal to

1 . Lo
a “2 $q. units h —% sq. »umtsr

3 . L
c 1 §q. units d -1 sq. units
The area enclosed by the curve y= [4_x%

y2 >\2 sm ( \/f) and the x-axis is d1v1ded by the y-axis

in thé ratio
2 2
- -8 -4
a b
w2+8 7’ +4 _
-4 ? -
c. —
-4 2 +7m* -8

it

L’ :

Uz

&

U3(]




. The area bounded by y=3 -

i If.f(x) =sinx, Vxe [0, —Z—],f(x) +_f(7r—x) =2,

Vxe [% n} and flr) = f(27—), V x € (7, 27), then the

area.enclosed by y = f(x) and the x-axis is
a. 7T $q. units b. 27 sq. units
¢. 2 sq. units d 4 sq. units

. The area of the region bounded by x =0, y = 0 x=2,

y=2,y<eandy>Inxis
a. 6—41n2 sq. units
¢. 2In2—4 sq. units

h 41n2 -2 sq. units
d 6- 21n2 sq. units

. The area of the loop of the curve, ay2 =x 2(a—x)i is

Ra>
a. 4a” sq. units b. _IaS_ $q. units
i .

d None of these

C. sq. units

.
/.

. The area of the region enclosed between the curves x = y2 1

and x=y| yll—y is

a. 1 sq. units
¢. 2/3 sq. units

b. 4/3 sq. units
d 2 sqg. units

. The area bounded by the loop of the curve 47 =x4— P)is

a. 7/3 sq. units
c. 11/3 sq. units

b. 8/3 sq. units
d 16/3 sq umts '

‘5. The area enclosed by the curves xy =aqa (a —x)and (a

-x)y*=a x is
a. (r—2)a’ sq. units
c. wa*/3 sq. units

b. (4 — m)a? sq. units
d. None of these

. The area bounded by the curves y = xe", y = xe" and Jthe

linex=11is

2 .
a. 2 sq. units b 1—— sq. units
e e :

c. 1 sq. units d 1—l sq. units

e Ry
. The area of the figure bounded by the parabola (y - 2)

=% — 1, the tangent to it at the point with the ordinate x =3

and the x-axis is ’
a. 7 sq. units.
¢. 9 sq. units

b. 65q. units
d. None of these

B-adandy=Trm B
15 )

a > 6ln25q units b 1;‘—?:anSq.units

c. 122 — 6In2sq.units  d None of these

. The area of the region of the plane bounded by

. .
max (jx|, p)<landxy< 5 is

b 3 +1In 2 sq. units
d 1+21n2 sq. units

a. 1/2+1n2 sq. units
‘c. 31/4 sq. units

. The area bounded by the two branches of curve (y— —x)t= x

and the straight linex=11is
a. 1/5 sq. units
c. 4/5 sq. units

b 3/5 sq. units
d. 8/4 sq. units

(1 39.

rca  wvew

[{31.
[132.

Area bounded by the curves y = log, x and y = (log, x)*is
a. e — 2 sq. unifs b 3 —esq. units
C. ¢ sq. units d e~ 1 sq. units
The area of the region containing the points (x, ) satisfy-
ing 4 <x*+y”<2(xl + |y is -
a 8 sq. units h. 2 sq. units
¢. 47 sq. units d 27 sq. units
{1 33. Letf(x)=x*+3x+2and g(x) is the inverse of it. Then the
" area bounded by g(x), the x-axis and the ordmate atx=-2

andx=061s
a. 1/4 sq. units h 4/3 sqg. units
¢. 5/4 sq. units d 7/3 sq. units

Shea.

inverse function between the ordinates x =0 and x = 27 is

a. 47 sq. units b. 87 sq. units /5

‘ c. 4 sq. units d. 8 sq. units N
L' 35. The area bounded by the x-axis, the curve y = f(x) and the

lines x =1, x= b is equal to \/b? +1 —\/5 foralldb> 1,
then f(x) is -
a Jx-—1 ' - boYx+ 1
c. \/xz +1 d X
\[1+x2

. Let f(x) be a non-negative continuous function such
that the area bounded by the curve y = f(x), x-axis and

" the ordinates x = % and x=f >% is B sinﬁ+%cosﬂ
2B - Then f'(z) is |
+V28 - 'k

b (%h/.;.—l)

c. —% | d (1—1;—-\/5)

The area bounded by the curves y = sin”! |sin x| and
y = (sin”" [sin x|)°, where 0 < x <271, is

[137.

a —+f—2— units b l+7r_3 sq. units
37 A e
¢. 2 sq. units d None of these

LI 38.

= 4[\/;] y , where [.] denotes the greatest integer function.
Then the area of region enclosed by these two curves
within the square formed by the ‘lines x=l,y=lLx= 4,

y=4is _
a. 8/3 sq. units - b. 10/3 sq. units
¢. 11/3 sq. units d 11/4 sq. units

The area enclosed between the curve y* (2a — x) = x3and
the line x = 2 above the x-axis is

3r a?

a. 7a® sq. units b. $q. units

¢. 21a* sq. units ‘d. 37a? sq. units

The area bounded by the curve f(x) = x + sin x and its .

Consider two curves Cp: y* = 4[J— ]x and C2/x2 :




9.10 Calculus

40. The area bounded by the curve yZ =1 —x and the linés

9 -

1.
y= I_x_‘,x=—1andx=—1s
x . 2

11 .
a. 3.u $q. units b 3V2-— sq. units
J2 6 4
c. o u $q. units d None of these
NPIE

| Multiple Correct |
Answers Type §

Solutions on page 9.28

Each question has four choices 2, b, ¢, and d, out of which onéor
more answers are correct. ,
\ 1. Let A(k) be the area bounded by the curves y = x" — 3 and

Cy=kx+2.
1075 .
37

2045
3
“¢. If function k — A(k) is defined for k € [— 2, =), then
A(k) is many-one function '
d The value of k for which area is minimum is 1
2. The parabolas yr=4x and x* = 4y divide the square regi‘b_g;
bounded by the lines x = 4,y=4 and the co-ordinate axes.
If S}, S, S, are the areas of these parts numbered from top
to bottom, respectively, then
a. S;:5,=1:1 b §,:5,=1:2
c. §:5,=11 d Sl:(Sl+S2)=1:2
. Which of the following have the same bounded area
a. f(x)=sinx, g(x) = sin%x, where 0 <x < 107
b f(x)=sinx,g(x)= |sinx], where 0 <x <207
¢. f(x)=|sinx, g(x)= sin’x, where 0<x< 107
d f(x)=sinx, g&x)= sin“x, where 0 <x < 107

a. The range of A(k) is [

b. The range of (k) is

4. If the curve y = ax'”? + bx passes through the point (l,‘2j-_'

and lies above the x-axis for0 <x< 9 and the area enclosed
by the curve, the x-axis and the line x = 4 is 8 sq. units.

Then ‘ .
a a=1 . bhb=1 ca=3 db=-1
5. The area enclosed by the curvesx=a sin’t and y=a cog_;{;
b" is equal to - M
72 rf2
a. 124° j cos’ tsintdt b 12a J' cos? £sin® ¢ dt
0 S 0

tran_ sV g d4a 23 _ 23\
ffer e o e

\. 6
~ 3 b _
g =a;t —2-b, and b, = —2-,a1=0,b1—32, then
a A4,=128 b 4,=256
X 8 a2 X 4 5
=232 al =26
c. hmZA, 3( ) "E’ZfAI 3( )

n—eo’
i=1

. If 4, is the area bounded by [r—aj + b1 = b, i € N, whele:

Reasoning Type

Each question has four choices a, b, ¢, and d, out of which only

“one is correct. Each question contains STATEMENT 1 and

STATEMENT2.
a ifboth the statements are TRUE and STATEMENT2 is the
correct explanation of STATEMENT 1
b if both the statements are TRUE but STATEMENT 2 is
"NOT the correct explanation of STATEMENT 1
¢. if STATEMENT is TRUE and STATEMENT2 is FALSE.
d. if STATEMENTI is FALSE and STATEMENT2 is TRUE.
1. Statement 1: Area bounded by y=¢€",y=0andx=0 is l
$Q. units.
Statement 2: Area bounded by y=1log x,x=0andy=0is
1 sq. units. :
\> 2. f(x) is a polynomial of degree 3 passing through origin
#  having local extrema atx ==+2. i
Statement 1: Ratio of areas in which f{x) cuts the circle *
+y?=36is 1:1. , -
Statement 2: Both y = f(x) and the circle are symmetric
about origin. ..
" 3. Statement 1: The area bounded by parabola y = x? — 4x+
3 and y =0 is 4/3 sq. units B -
Statement 2: The area bounded by curve y =f{x) 2 0andy
= ( between ordinates x = @ and x = b (where b > a)’is

, .
Jr(x)ex.
a . . p !
\A 4. Statement 1: The area enclosed between the
\/ parabolasy2—2y+4x+5=0andx2+2.x~y+2=0issame

as that of bounded by curves 2 = — 4x and x* = y.

Statement 2: Shifting of origin to point (%, k) does not
change the bounded area.

2y = log,x, y = e* and the pair of lines (x +y — 1) X
(x + y — 3)=0is 2k sq. units.
Statement 2: The area of the region. bounded by the
curves y = e”, y = x and the pair of lines x*+yt+ 2xy -
4x —4y + 3 = 0is kunits. '

6. Consider two regions
R, : Point P is nearer to (1, 0) than tox =~ 1.
R, : Point P is nearer to (0, 0) than to (8, 0).
Statement 1: Area of the region common to R, and R, is

, y Statement 1: The area of the region bounded by the curve

128 :
Y sq. units.

1

e
Statement 2: Area bounded by x =4 \/; and y =41s 3
sq. units. o
7. Statement 1: Area bounded by 2 > max. {jr—|, px + 1} is8
sq. units. . v .
Statement 2: Area of the square of side length 4 is 16 sq:

units.

+% Solutions on page 9.29".




Linked Comprehension |
Type |
Based ubon each paragraph, three multiple choice questions

have to be answered. Each question has four choicesa,b,c,and d,
out of which only one is correct.

~ For Problems 1-2

Let 4, be the area of the region bounded between the
curves y* = (¢)x (where k>0,r€ N) and the line

y= mx (where m # 0), k and m are some constants.
1. 4,45, 45, ... 318 in G.P. with common ratio

a e* h e
c. e . d None of these
n ’ .
2. lim zA,- = —zlk—— , then the value of m is
n=et 48(e™ —1)
a. 3 hl d4

c 2
For Problems 3-5 '

v

bounded by the ordinates at . .
x=a,x=b,y=f(x)andy = f(c) (where ¢ € (a, b)) is

minirnumwhenc; a ;b .

Proof: A= j(f(c) ~f(x)) dx + j(f(x) — flc)) ax '
=f(c) (c-a)- j(f(x))dx + T(f(x))dx ~f(©) (b¢)
= A=[2c—(@+HIf(O+ i(f(X)) dx - J(r @)

f(b)

(0.f(c)

f(a)

© Fig.9.21

Differentiating w.r.t. c,

L - pe-(@+ b PO+ 21+ 0~F0)-(F©)-0)

~ for maxima and minima - =0
=) [2¢~(a+b)]=0(asf(c)#0)
a+b
hence c=

If y =f(x) is a monotonic function in (a, b), thenthearea °

Area 9.11

also forc < M,ﬁ <0 and for ¢ > a+b,£1£ >0
2 T de . dc

+b

Hence A is minimum whenc=

¢ -
3

3. Ifthe area bounded by f(x) = %— —x? 4+a and the straigﬁ"t

lines x =0, x =2 and the x-axis is minimum, then the value
ofais
a 13 b2 el d 2/3
4. The value of the parameter a for which the area of the figure
bounded by the abscissa axis, the graph of the functiony =
»* +3:2 + x + a and the straight lines, which are parallel to
the axis of ordinates and cut the abscissa axis at the pointef
extremum of the function, which is the least, is
a2 b0 c.—1 d1
5. If the area enclosed by f(x) = sinx + cosx, y = a between
two consecutive points of extremum is minimum, then the
value of a 1s
a0

For Problems 6-8 _ L
S P\ Consider the areas Sy, S}, S, ... bounded by the x-axis and”
. half-waves of the curve y =¢ ™ sinx, where x 2 0.

6. The value of S is

b -1 1 a2 ..

‘.

a. —;—(1 + g”_! ) sq. uﬁits b —;e(l.+ e” ) sq. units

c. %(L—e_”) sq. units d %(’e"_;nl). $q. unifs.

7. The sequence Sy, S, Sy, ..., forms a G.P. with common

ratio -
v —7
a L be” c.e” d ¢ _
2 ‘ 2
8. ZS,, is equal to
" n=0
1. z
1+ en‘ E (l +é )
a = b S———
1 —e 1 - T .
c. '—_1_:7‘_ d None of these
2(1—¢e™) . v
For Problems 9-11 ' ..

[/ OF + [ f@]® =0 and’
C,=[f )P + [ f@)]” = 12, satisfying the relation

=)@+~ G+ fx-y) =4y (¢ =5).
9. The area bounded by C, and C, is

a 2m- V3 sq. units b 27+ /3 sq. units
c. 7+ /6 sq. units d 243 & sq. units
10. The area bounded by the curve C; and x| + Y| = V12 is
b 6-+12 sq. units
" d None of these

°L‘;'!3 (l@ Two curves C =

A 127_1:—24sq.4units
e 2J12-6 éq. units -
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11. The area bounded by C,andx+y+2=01s ' . 17. The area of the region bounded by an arcef the cycloid
a. 5/2 sq. units h. 7/2 §q. units x=a(t—sin{), y=a(l — cost) and the x-axis is -
¢. 9/2 sq. units d. None of these a. 67’ sq. units b. 37a? sq. units

For Problems 12—-13 : ¢. 4ma® sq. units d. None of these
Consider the two curves Cj:y=1+cosxand C;:y=1 | ?

\> x vy 2 18. The area of'the loop described as x= L (6— £),y= t—(6 ~t) o
+cos (x—¢f) for cre [O, E),wherexe [0, 7). Also the area is , 3 8. I |
of the figure bounded by the curves C;, C; andx=0is same 27 ) ) ) -
as that of the figure bounded by Gy, y=1andx= 7. a s $q. units b. 5 5q.-units ES

12. The value of ais _ A
i _ > ' 5 -
. T W P €. — sq. units d — sq. units :
4 - 3 6 8. 6 5 ‘ -
13. For the values of ¢, area bounded by C;, C,, x = 0 and 19. Ifthe curve given by parametric equationx=¢—£,y=1—¢*
x=Tris forms a loop for all values of 7€ [-1, 1], then the area of the
a. 1 sq. units b. 2 sq. units loop is
. . uni f thy 1 .
c.2+43 sq. units d. None of these _ a L sq units b 3 sq. units
For Problems 14-16 7 5 .
Consider the function defined implicitly by the equation 16 - 8 - '
) \ » 5 sinl x c. 35 5. units d — sq. units ;o
. x"“’ ~ 2y F 42— 1+ [¥] + e = 0 (where [x] 35 oy

= denotes the greatest integer function). A .

14: The area of the region bounded by the curve and the Matrix-Match T,yp_e Solutions on page 9.34
linex=—1is " Each question contains statements given'in two columns which

have to be matched. Statements a, b, c, d in column I have to be

_ matched with statements p, q, r, s in column II. If the correct

c. T, 1 5q. units d T — 1 sq. units match are a-p, a-s, b-1, c-p, c-q and d-s, then the correctly bubbled
2 4 x 4 matrix should be as follows:

. a 7+ 1 sq. units hn—lsq.units'

15. Line x = 0 divides the region mentioned above in two

parts. The ratio of area of left-hand side of line to that of : P g r s
right-hand side of line is ' B
a
a l+mmw bh2-mrx . : _ » @@
o s R ociclo

16. The area of the region of curve and line x=0and x = % 1s \ ‘ ¢ @ @

. Jeeoe  |I
$q. units b - + 5 sq. units ’

3

. n .
sq. units d — — — sq. units
q. > 6 q.

®
4+

A|®A|&

K mlél

e

For Problems 17—19

Computing area with paramem'ca’lly represented
> boundaries: !

If the boundary of a figure is represented by parati!etnc "

equatlon i.e., x=x(1), y=y(¢), then the area of the figure'is

: evaluated by one of the three formulas

L!E

s——jy £)dt, S= j (t)dr
Lo
1 ﬁ
S=— - yx")dt,
2£ x')
where o and B are the values of the parameter ¢ ' . ‘ : : I_O 5

corresponding respectively to the beginning and the end
of the traversal of the curve corresponding to increasing f. .




"c___oiu‘lﬁxi'zij -

Ape 32/5 $q..units

ql sq. units’

c I. 4"sq."units' 7‘

Solutlons on pag

Integer Type ok '

1.

L

. If the area bounded by the curve f{x) = 2 (x -

The area enclosed by the curve C: y = x\]9 —x° (x > 0)

and the x-axis is

. Let Sbe the area bounded by the curve y =sinx (0 <x <)
and the x-axis and T be the area bounded by the curves

y = sin x(OSxSlzr—),y=a cos x(OSxS%) and the

x-axis (where a € R").

i 1
The value of (3a) such that S: T=1: 3 is

. Let C be a curve passing through M(2, 2) such that the-

slope of the tangent at any point to the curve is reciprocdl
of the ordinate of the point. If the area bounded by curve

A .
C and line x = 2 is 4, then the value of 37 is

. The area enclosed by f(x)=12 +ax +—x* coordi-nates axes

and the ordinates at x = 3 (f(3) > 0) is 45 square units. If
m and n are the x-axis intercepts of the graph of y = f(x)
then the value of (;m + n + a) is

1) and
x-axis is A, then the value of 284 is

K

6.

7.
Ls.

Ll .

10.

12.

Archives

by C, Cyand'the linex =a. If D; =

. If S'is the sum of cubes of possible value of ‘c
. the area of the figure bounded by the curve y =

Area 9.13

If the area bounded by the curve y=x?+1 and the tangents
to it drawn from the origin is 4, then the value of 34 is

If the area enclosed by the curve y= Jx andx= —\/)—; the

circle X% + y* = 2 above the x-axis, is 4 then the value of

—IEA is

The value of ‘a’ (a > 0) for which the area bounded by the

curvesy—g+ ,y=0,x=aandx= 2ahasthe1east

value is

Area bounded by the relation [2x] + [y] =5, x, y > 0, is
(where [-] represents greatest integer functxon) 'y
The area bounded by the curves y =x (x—3)?and y = xls
(in sq. units) :

. Ifthe area of the region {(x, y): 0<y<x*+1,0<y<x+1,
0 <x <2} is 4, then the value of 34 — 17 is

If S is the sum of possible values of ¢ for which the area Qf
the figure bounded by the curves y = sin 2x, the straight
lines x = w6, x = ¢ and the abscissa axis is equal to 1/2,’

‘then the value of 7/S is
. If 4 is the area bdunded by the curves y = \/1—1\:2 and

y=x> —x, then the value of 7/A.

. ' 1
. Consider two curves C;: y=— and C,: y =In x on the xy
X .

"plane. Let D, denotes the region surrounded by C,, C,

and the line x = 1 and D, denotes the region surrounded
D,, then the sum of
loganthm of possible values of a is

a’ (a>0) is the value of parameter for each of which the

area of the figure bounded by the stralght llne/ .

a® -ax x? +2_ax+3a .

=. and the parabola y = is the
Y 1+a* P Y 1+a*

greatest, then the value of ais

> for which
8x% —x°, "
then straight lines x =1 and x = ¢ and the abscissa axis is’
equal to 16/3, then the value of [S], where [ - ] denotes the
greatest integer function, is

Subjective

1.

L1z

0
T

Find the area bounded by the curve x* = 4y and the -
straight line x =4y -2. (IIT-JEE, 1981)

Foranyrealtx-—(e +e’)y—% (e - e")lsapomton

the hyperbola ?- y2 = 1. Show that the area bounded by
the hyperbola and the lines joining its centre to the points
corresponding to ¢ and £, is ¢;. (IXT-JEE, 1982)
Find the area bounded by the x-axis, part of the curve

= (1 +—8—) and the ordinates at x = 2 and x = 4. If the
x

ordinate at x = a divides the area into two equal parts, then” T
find a. - (IITJEE, 1983)”
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10.

11.

" 15.

Find the area of the Vregion bounded by the x-axis ax_1d the
/4 4

curves defined by y =tan x, (where 3 <x< 5) and

y=cotx (Where 1;— <x s%) . (OT-JEE, 1984)

Sketch the region bounded by the curves y = \/5 -5
and y = |x — 1| and find its area. (lIT-JEE 1985)

. Find the area bounded by the curves x> + y* = 4

2—_ 2y andx=y. (IlTJEE 1986):

. Find the area bounded by the curves X2+ y? =25,

4y=1|4 — x| and x = 0 above the x-axis. (IIT-JEE, 1987)

. Find the area of the region bounded by the curv?a

T .
C: y =tan x, tangent drawn to Cat x = 2 and the x-axis.

. Compute the area of the region bounded by the curves

y=exlogxandy= % . (ITT-JEE, 1990)

Sketch the curves and identify the region bounded by
x= %,x=2,y=1nxandy=2_".\F\indtheareaofﬂ1is

region. “.(UT-JEE, 1991
Sketch the region bounded by the curves y = x*and”

2
y = 5 . Find the area. (IT-JEE, 1992)

14+x

. In what ratio does the x-axis divide the area of the region
bounded by the parabolas y = 4x — PLandy=x"-x? * ';

Y

. Consider a square with vertices at (1, 1), (-1, 1), (-1,-1)

and (1, —1). Let S be the region consisting of all points
inside the square which are nearer to the origin than to
any edge. Sketch the region S and find its area.

(UT-JEE, 1995) ;
. Let 4, be the area bounded by the curve y = (tanx)" and

the linesx=0,y=0and x= Z Prove that forn>2, 4,

1
= —— and ded
T2 Ty AN " om—2

Find all the possible values of b > 0, so that the area

of the bounded region enclosed between the parabolas
. 5 )

y=x——_bx2andy= % is maximum.

. Let O (0, 0), 4(2, 0) and B[l, %) be the vertices of a

triangle. Let R be the region consisting of all those points
Pinside AOAB which satisfy d(P, OA) <min [d(P, OB),d(P,
AB)), where d denotes the distance from the point to the
corresponding line. Sketch the reglon R and find its area. .

. Let f(x) = Maximum 2 (1 - x> Zx(l - x)}, whqre

0 <x< 1. Determine the area of the region bounded by the
curves y=f(x), x-axis,x=0andx=1.

. Let C; and C, be the graphs of the functions y = * and

y=2x, respectively, where 0 < x< 1. Let C; be the graph of

s

a function y=/{x), where 0 <x < 1, {0)=0. For a point Pon
C,, let the lines through P, parallel to the axis, meet C, and
C, at O and R, respectively (see Fig. 9.22). If for every
position of P (on C)), the areas of the shaded regions OPQ
and ORP are equal, determine the function f(x).

(172, 1) o
(0, 1) 4

= e mmmm oo

{0, 0) (1,0)

Fig. 9.22

19. Let f(x) be a continuous function given by
V> {2 | x|< 1} :
fx)= . Find the area of the region

+ax+b, [xp1 ‘4
in the third quadrant bounded by the curves x = =2)?
and y = f(x) lying on the left of the line 8x + 1 =0.

20. Find the area of the region bounded by the curves y = x%,
' =[2 —x* and y =2, which lies to the rlght of the linex=1.

21. Fmd the area bounded by the curve x* =y, x* = -y and

_ y2=4x—3."
6?22. If f(x) be aidifferentiable function such that f *(x )
= g(x), g"(x) exists, | f()| <1 and (f10))” + (g(0))* =
~ Prove that there is a point ¢ where ¢ € (-3, 3) such that
g(o).g” (¢)<0. (OT-JEE, 2005)
KS. If f(x) is a quadratic polynomial and a, b, c are
5 three real and distinct numbers . satisfying

4a*> 4a 1 rf(—l) 3a? +3a
ap? 4b 1| fQ) | =36 +3b|.
4 4c 1L/ ] |32 +3c L
Givenf{(x) cuts the x-axis at 4 and ¥ is the point of maxima. '
If AB is any chord which subtends a right angle at ¥, find
curve f(x) and area bounded by the chord 4B and
curve f(x). o . (IT-JEE, 2005)
Objective
Multiple choice questions with one correct answer -

\91 The area bounded by the curves y = f(x), the x-axis and the
ordinatesx=1andx=bis (b—1)sin (3b+4). Then f(x)is
a. (x—1)cos(3x+4)

b. sin(3x+4)
¢ sin(3x+4)+3(x—1)cos(3x + 4)
d None of these (IT-JEE, 1982)
2. The area bounded by the curvesy = |x|— 1 and y =~ x| + Isis
© . a 1sq.units b 2 sq. units
¢. 242 sq. units d 4 sq. units

(IIT-JEE, 2002)

s et

3

"‘:ei.‘ﬁ



3. The area bounded by the curves y = Jx ,2yt3=xand
x-axis in the 1st quadrant is
a. 9 sq. units
¢. 36 sq. units

b. 27/4 sq. units
d 9 sq-units :
(IT-JEE, 2002)
4. The area bounded by the parabolas y = (x+ 1)? and
y=(x- 1)? and the line y = 1/41s
a. 4 sq. units b. 1/6 sq. units
c. 4/3 sq. units d 1/3 sq. units
" (CT-JEE, 2005)
U 5. The area enclosed between the curves y = ax? and x = ay*
(where @ > 0) is 1 sq. unit, then the value of a is
a. /43 b. 172 el d1s3
_ (IT-JEE, 2004)
LO 6. Let the straight line x = b divide.the area enclosed by
y=(1-x)% y=0andx=0 into two parts R, (0 <x<b) and

Subjective Type

o x+D)EF2)—
1 =R
(x—1)(x—-2)
Graph will cut x-axis atx=—1 andx= 2.
It is discontinuous at x =1 and x = 2.

lim f(x)—>1, lim f(x)—>+eo
x—yzteo . x>

lim f(x) — —°

x—-1"

lim f(x)—> e,
x—2 .

©lim f(x) >, fO)=1.

y -

[ Py

1

|
N

1\
-
o

y 2
y
Fig. 9.23
Now we have to find the area of the shaded region. The
required area
-1 -7 2 -1
= If(x)dx = I(x—zﬂ)dx = 'Jl+—6x——dx
b T2 ) | |, -DB=2)

ANSWERS AND SOLUTIONS

Area 9.15

R, (b<x<1)suchthatR —R;= % Then b equals

a 3/4 b 12 c. 13 d 174
. (OTJEE 2011)
Multiple choice questions with one or more than one correct answer
{1. For which of the following values of m is the area of the
regions bounded by the curve y =x — x* and the line y = mx
equal 9/27- :
a —4 h-2 c.2 d4
' (OT-JEE, 1999)
2. Area of the region bounded by the curve y = " and lines

x=0andy=eis (IXT-JEE, 2009)
. - €
ae-1 h. J]n(e+1—y)dy
: 1
1 e
c e—j-e_’dx d Ilnydy
0 1
A 2 1
=| +6j(———_——)dx
S x—2 x-1
=1 + 6[2Inpx—2[—Inpx— 1T
=[1+6[2(In3 - In4) — (In2 — In3)]}
=|1 +6[3In3 —5In2]|
=6ln(2‘)—1 sq. units.
27
a a+t
2. Given | [ f(x)dx|= [ f@)dx|, Ve R
a—t a

= Tf(x)dx =—aj f(x)ds

. T [ f(a) =0 and f(x) is monotonic]
=fla-H=-fla+1).

=(a-H+fla+H=0 ' ()
fla+td=-fla-=x (say)

=t=fx)-a : )
andt=a—f1(—x) &)

From equations (3) and (2), (a—f () + (a—f "' (-x)) =0
% if"(x)d’x = % }l(f“ @) +f"(—x»d¥ =2aA.

3. According to the given conditions |
T[ro-* -ty e = k][(zx2 =¥~ f(x) Jdx
Io)ifferenﬁate both sides w.r.t. '(:z’, we get

(- (-4 =k -L—f@)or .
(A +K)fQ)=k2f —kf +{' - 47
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=f()= _b [t4_kt3+(2k—4)12]
k+1
» ired f is given by fx) = —1—(x4—lbc3
Hence, require : fi1sg | k+10

+2(k-2)x%). .3
. The given curves ar¢

y=—x2+6x—5or(x—3)2=_—()’—4) : @

which is a parabola with vertex at 4,(3,4) and axis paraliel
to the y-axis. It intersects the x—axi.ls at the points P(1, 0)
and 0(5, 0) . 7
y=—P+ax-30r (-2 =-0-1 7))
which is a parabola with vertex at 4,(2, 1) and axis parallel
to the y-axis. It intersects the x-axis at the points P(1, 0)
and R(3, 0).

andy=3x—-15 3
Solving, the points of intersections of (1), 2)is (1, 0); (1),
(3)are (-2,—21)and (5,0) and (2), (3) are (-3,—24) and (4,
-3). '

" Thus, the required area is the shaded area in the diagram. _

Required area

['on _J’z)dx‘+“: - y3)dx‘

= ‘ L“,[(-x2 +6x—5)—(-x° +4x—3)]dx,
|l [ 629~ 1978

\ . _ .
- ‘L (@x- 2l +|[} (-2 +3x+10)dx
=9+ 19/6 =73/6 sq. units. '

. . 1 1
. Solving the given curves y= —;y =
ghes Y= T 4= )

P=4(x-1)=(x-2*=0
= curves touch other

1 111
= —logla-) +——==—
4 .g( ) a 2 a

=logla—1)=2 _ 1.
Sg=e+1 '

A
1

J O 4 tatakalattd

1/4
X - — X
0 x=b 2 xX=a )
}_"
Fig. 9.25
a=ée+1
‘ 1 1
-Also,l——:I _.—-___1? de =>b=1+e?
b b 4(x—1) X . .

6. x, and x, are the roots of the equation
+2x-3=kx+1, or
P+Q2-k)x—4=0

X +x, =k—-2
= .
xle ="‘4

X3

a= [[(or+1) (x* +2x ~3)Jax

X

R
= (k-2) % -Z +4
L( 2773 i

1

() 4250

N
QI | =

k-2Y 1/, . . .
=(x,—xp) [( > ) “3'((7‘2 + x1)2 ‘-xixz) + 4]

2

= (x2 +J\:i)2 .—4x1x2 \:(_k:z_)z_—-;-((k —2)2 +4) +-4}




-\/(k —2y’ +16[ " 2) i]

6

[(e -2y +16]{

6

* which is least when k =2 and Aleas = = 32/3 sq. units.

Equation of curve can be re-written as
27 +6(1+x)y+57+Tx+6=0

y_'—31+x) ,/3 x) (x-1)
-3(1 +x) +,/(3 -x)(x —1)

= .
2 .
Therefore, the curves ( y, and y,) are defined for values of
x forwhich 3 —x) (x—1)20,i.e,1<x<3.
(Actually the given equation denotes an ellipse, because
A#0and h><ab.)
Required area will be given by

O
SUSPLA Sy

A

Fig. 9.26

A= j(y1 y)dx= A= J’,/sx x—1)dx

Putx—3cosze+s1n29, ie., dx——2sm29d9

/2
A= 2_[ sin” 20 d9-— $q. units.

) ﬂ+J— G

x=0=y==xa

- y=0=x==*a

(a) Required area

A='4a.[\/a2—x2dx—4j(«/;z-—~/;)2dx _
0 . 0 ) . -

Iuvu wese

- 4] (Ja e
0

= ma® 4 [[a+x—2Vax)dx
0

2
7[a2—4[a2 +%—2«/Z§a3’2}

2 2.
na*— 4 ga——iaz =ma® 4L
2 3 : 6

(=5}
= 7r—§ a“ sq. units.

b Area included between curves and circle in Ist quadrant

1 1 (7L' 2)a®
~ma® ——axa=-—-"—

4 2 .4

Area included between [x| + |[y| =a and

curve [x] + {[] = Va inlst quadrant

. 2
i, 1(,,_2.)“:_(2_1},2 _a
A\"73)" \aT2) T

Area ra_tio =

3'(715 -2)

1.a. Clearlycan be any real number

1 —tan? 0
Lett=tan 0=x= ———>
. 1+tan” @

‘= x=c0s 20, and

-2 tan@

y=———>— =sin20

1+tan’6

=2+ =1

Thus, required area = 7 sq. umts

2.a. Given 5x2—y 0,and 0))]

Fig. 9.28



8.18 Calculus

27 -y+9=0 v M=1-x*

Eliminating y, we get - : = lined area

57— (22 +9)=0 ' ‘ : = Area of circle — area bounded by | y| = 1 - x°

= 3¢%=9= x=— 3,43 _ 2) 3z-8 .

R : =g-4. 3 = - 3 §q. umits.
"~ required area : : '
5.a. Curvetracing:y=xlog, x
Clearly, x>0,

B2 oy s
- 2Io ((2x +9)—3x )dx . - For0<x<1,xlog,x<0,and forx>1, xlog, x>0
, NG Alsoxlog,x=0=x=1.
=27 (9-3x") ax & '
0 _ Further, o =0=1+log,x=0=x=1/e, whichis a point
. B , :
= 2[9x—x3] : of minima.
i o

= 2[9J§—3J§]

=12 «/3_’ $q. units
3.d.

Fig. 9.29 Fig. 931
. . Required
Required area = shaded region equirec area

1 |
1 v
. . . = 2x — sz —
= J(xz ~x,)dy (integrating along y-axis) -([ _ (\ )z ;'; * logx dx
o v

1 , =x2;£1_fi10 'le
= [10-»)-(-Dldy | | 3 ), 12 BT
0 : . : .
: 2 1 1.. 1 1 7
7 . =|1- Z|-[0-=—Z1limx? == +—=—
=gsq.u¢n{t . ( 3) [ 4 21——-)0x logx] 3+4 12°
4,
a 6.a. y=log,(x+ e),x=loge[l) =>y=e.
B ¥, E
for y =log(x + e) shift the graph of y = log x, ¢ units left
hand side. :
. X=-—e y=e* y
Fig. 9.30
The dotted area is -
1 : 3) 1 2 ﬂ
A= [ @-xPydx =|x-Z| =1- =%,
0 3 A 33

Hence, area bounded by circlex” + y* =1 and

Fig. 9.32




7.d

Fig.9.33

Area= j—l—dx 2[tan'1 (x- 1)] 1= 7 sq. units.

G- )*+ ,

8.b x)’=a’ (a x)
a.3
=x=
y +a?

The given curve is symmetrical about x-axis, and meets it
at(a, 0).

_ o 5
Required area = j log, (x +e)dx + je"‘ dx
l—e . 0
0

. 0 x _ oo
=|xlog, (x+e)l{_,— [ ——dx—le”" 3
1_e.x +e

1-e
j (1— e ]dx—e_‘”+e°
x+e

0

1

|x—¢log(x+e)|p *—0+1
=1-e+eloge+1=2sq. units.
)

- (x—1)2 +1

-y is maximum when (x— 1)’=0. Also graph is symmetncal

about lme x=1.

The line x = 0, i.e., y-axis is an asymptote (tangent at

infinity).
3

oo . ) oo a
= = X
Area Io xdy =2 0 7 +a?
=24 1 [tan'1 Z] _ =24 LA na? sq. units. -
a al; 2

9.c.

10. a.

2 2
Giveny=x2+x+1=(x+l) +§=>y_:7’_= x.,_l .
: 2 4 4 2)

This is a parabola with vertex at (—% , :31—) and the curve is
concave upwards.

dx
Equation of the tangent at 4 (1, 3) is y=3x

)
y=x2+x+1=>d—y=zr+1=>(—}i) =3
dx .3

-2

’

+  Fig, 9.35

Requxred (shaded) area = area ABDMN — area ONA

Now, area ABDMN = J (x* +x+ 1)dx
-1

= 2-([(x2+1)=§ -

Area of ONA = —1-x1><3=-?1.
2 2

.. Ie uiredarea=—8——§ = ﬁ = z S unité
~red 372 6 6 U

<

x

1
-

[PRPUSTI I I

\'ﬁ y=seclx .
2}




20" Calculus

Integrating along x-axis, we get

2
A= I (cosec'lx —sec™! x) dx
1

Integrating along y-axis, we get

nf4
A=2 I_(§ecy-—1)dy
0

o
=2[log|sec y +tan y| —y]o |
= 2[log|\/5+1|-—%:| =log(3 +2~/§)—§ sq. units.
1.b. Solving 2 cdsx =3 tan x, we get
2-2sin’ x=3sinx =>siqx= —;— =x= %

y

—nd o) =6 w2

24

Fig. 9.37

wl6 '
Required area = J (2cos x -3 tan x)dx
: 0

= 2sinx-—310gsecx]g/6=1——31n2+%1n3 $q. units.

.b. The curve is y =2x* —x? =x?(ix2— 1)
The curve is symmetrical about the axis of y.
Also, it is a polynomial of 4 degree having roots 0, 0,

1 .
+-—=". x = 0 is repeated root. Hence, graph touches at

2
(0,0).
The curvé intersects the axes at O(O 0) A(—l/‘/2 0) and
B(N?2,0). '
Thus, the graph of the curve is shown in Fig, 9 38.

© 13.d. Thecurveis y=-

ACUZ,0) B(14Z, 0)

/ E(-112,0) o.

C(1/2,0)

Fig. 9.38

Here, y <0, as x varies fromx=-1/2tox=1/2
~. The required area o

=2 Area OCDO

12

= 2
: 0

ydxl

/2
=2 J-o @x* fxz)dxl

- =7/120 sq. units 7
x*(x+a)

2

, which is a cubic polynomial.
a .

x2(x+a)

Since 5— = 0 has repeated root x = 0, it touches x-
a- - :

axis at (0, 0) and intersects at (~a, 0).
Y

a0 .©

Fig.9.39

x (x+a)

de =a’/12sq.
a . .

Required area = I ydx = Io[
" units. .
14.c.

i ““““’"1’&‘“&&1‘@*&3*‘}’&!“@%%*'

15.



1 .
A1=I(1+\/_——)dx
(1] .
232 2 1 37
=i{x+ T [ L
3 8 |, 3 8 24
4
2 x
L= |7 |*
SI6 )

= [8 - 2—_4+1] R
8] 8

=>'A=A1+A2= =%£81—=—13—1 sq.units

2 2
S.a, y= 52——2x'+2 =Qc_?2_)__’

) _0_13_’=x_2,. (.dl) =_1,.(§1) =2 .
dx dx x=1 dx x=4

= Tangentat (1, 1/2)isy— 1/2=—1(x— 1) or2x+2y~3=0
Tangent at (4,2)isy—2=2(x—4) or2x—y—-6=0

4 2 -
4 X 2x+2-(2x—6) |dx
5/2 2 -

= }[-’é-zﬂz}dx—ﬂff'zz"]dx —'} (2x-6)dx'
1 . ,

1 5/2

16.a.

17.a.

Fig. 9.42

1 2
A= [ +2)dx+ [ (2x—1)dx
-1 1

3 1 ‘
(—%—+2x)' +()c2—.)c)12
_ T/ '

lgs units
3 Sk UEE

y
y=-—x+1

y=x+1'

Area 9.21

N U




9.22 Calculus

X +yP—2x-3=0
= (x-1Y+y*=4

T (-\/4—(x——1 2 —(—x+1)dx
1-/2 . :
+'j(\/4—.(x—1 2 _(x+1))dx
-0

4. 9x-1 x

( 1——+——\/— 1-+~/_)—— ——_——1 §q. units.

18.c. a®’+ax+1is clearly positive for all real values of x. Area
under consideration

A= (a x° +ax +1)dx

ot—-.-

2

| Q

+1

+

NS

(2a. +3a +6)

2(d2+§-a+9) 6—E
216 16

™ \ _
—é— [Z(a + %) + %} ,  whichis clearly minimum

N = =

=

fora=- —.
4

19.d. y= \/4—_x_,y ﬁsm(T)

intersect at x = /2

_Area to the left of y-axis' s
Area to the right of y-axis

(7 o 2

2
M+ -8 N
= —————— sq. units.
2r
. 27?
.'.rat10=.——-2——.
2r+n° -8

20.b. f(x)= sinx
J@)+flm-x)=2 :
fO=2-f(n-x)= 2 —sin (7t x) =2 —sinx, where

n .
xe{—,m| -
efe]

f®)=f2m-x) =2-sin (27 —~x), wher'e% € (n, 37”:'
S =fQ2r—x)=—sinx, where x € (EZZ , 27r:l

r .
, sinx,xelZO, E]
2
- T

y=2+sinx

[N



. w/2
Area= J sinx sin dx + J‘ (2 —sinx) dx
wf2
37/2 2 :
+ j(2+s1nx )dx + J (-sinx) dx
n 3z/2 :

=1+2x§—1+2.%—1+‘1 =27 5q. units.

211a.

Fig. 9.46
2
A= [inxdx

= [xlog x= x]z

=2log2-1
=>Requ1red area=4-2(2In2-1)= 6 41n23q units.
' a-—x

22.b. ay2=x2 (a—x)=>y==x ,|—
a

: . a-x
Curve tracing 1y =x

a

~ We must have x < a
For0<x<a, y>0andforx<0 y<0
Alsoy=0=>x=0,a
Curve is symmetrical about x-axis.
Whenx — —oeo, y —>—o0
Also, it can be verified that y has only one point of maxima
for0<x<a.

Area 9.23

X dx

a
Area= ZIx

a—x

— =1 =>",1'—>—J£==-t2 :>x=a(1—t2)
a : a

0 .
= 4=2[a(-)(-2at)dt

23.d.
Y
Fig.9.48
BN
a=2f[ Wi=77 - 0*-p ] @y
0
_ =2 sq. units ' ‘ ' _
24.d. 4*=x2(4-1) _ ‘ , ')

=>y== %1’.\:2(4 —x2)

=y=x 5|47




9.24 Calculus -

25. a.

: —ax (2X la— 2\
..Area(A) 4><.‘[02 (4 x})dx
Letd—x’=t=>—2xdx=dt

/2 T
A= tdt=|— 0
A [3/] 2 ¢ -]
=>A=_? 5q.units
The two curves are
_ ' 3
'=d(a-x)=x= 5 )
S a +y
and (a— J\:)y2 =a’x
2 2,°3_ 3 - . 3
, +a’—
=Xx= 2ay 2 =2 2'a z'a' =a- 2a 2 @
a +y a +y° a +y° -

Curve (1) is symmetrical about x-axis, and have y-ax1s as
the asymptote.

Curve (2) is symmetrical about x-axis, tangent at origin as
y-axis and the asymptote x =a.

The two curves intersect at the point P(a/2 a) and
Q(a/2, —a).

= 2[—a2 +24° 5]
4

= (m—2)a® sq. units.

. Curvetracing:y=x¢"

Let % =0=3f+xf=0=x=—1.

Also, at x=— 1 % changes sign from —ve to +ve,

hence x=—1isapoint of mm1ma

. Whenx —.e0,y o0

27.c. leen parabola is(y— 2) =x-1

Also - lim xe* =

lim — = lim =0
X0 e X—)—oo _e
With sumlar types of arguments, we can draw the graph of
y=x e’
x X
-3 -,
Fig.9.51 .
Required area

o= L: xe*dx— J:__xe_"dx ‘
= '[xex ]:) - J ; Fdx - ([—x-e_‘f ]:) + L: e_xdx) |

= e—(e—l)—(i- -l —(e'1 1)) ='§ $q. units.

ay _ 17

& 2(y-2)
Wheny=3,x=2
'. dy 1.

1 o
T 2(3-2) 20 ’

Tangentat (2,3)isy-3=

> (x-2) =x-2y+4=0

- required area

=L (o-2F +)ar- Py -9

3 N

+y =1y -4yp

L)
!

_ (-2
3.

+3+§—(9 12)= 9sq units.

w]—-'




[

e b s

28.¢c.

29.b.

Fig. 9.53
|3 —x]
Forx<3;y=3-(3-x)=x
Forx=3;y=3-(x-3)=6—-x

First consider y=3 —

Considery = 2] \

Forx<¥1; y%-
) '-_—l—x

=(1+x)y=—6

y_ 0

Required area

{2l-4]

- _;-+4—6log2] - 1-231 — 6 1n2 sq. units.

max(pd, 1= x| < 1, and [y <1
which represent square bounded by x = =1 and y==1
y

Forx>-1;

—(6log(x+ 1))5; }

y=1/

Y
Fig. 9.54
Required area is lined area

Now;, shaded gea is
T7 1) 1 1
2](1——)dx=2,(x-—1nx)
72 2x) . 2 2
(1 1,1
=2l (1-0)-[=—=m=||
[( ) »(2 2 2)] '

=1-1n2 sq. units. .
= Horizontal lined area =4 — (1 —In 2) =3 + In 2 sq. units.

30.c. (y—x)*=x,wherex>0 = y—x=1x

~3Lb.

Aled J.€0

3/2
= y=x+x" M
y=x-x" @

Function (1) is an increasing function. -

" Function (2) meets x-axis, whenx — x> = Oorx=0,1.

Also, for0<x<1,x— x3/z>0and forx>1,x— x3/2 <0
When x — oo, x — xm —>—oco,
From these mformatxon we can plot the graph as below

14
3l -
y:x+x32
2._
1 | y=x—x?
X = / x -
-1 O 1IN\ 2
14
Yy

Fig. 9.55
Required area -

- J‘[(x_l_xs/z) (x_._xy'z'):ld; _ Zi.xm#

¥

5/2( .5

Given curves are y=log, x and y = (log, x)*

Solving logex (log, x)* = logex 0,1=>x=landx=
e .
Also, for1 <x<e,0< loge x<1=>log, x> (log, x)?
Forx>e, log,x<(log, x)?

{xS/ZJl 4
=2 = =—sq.umts.

- y=(logx)*>0forall x>0

and whenx — 0, (loge,x)2 —> oo,

From these information, we can plot the graph of the .

functions.

Fig. 9.56.

e ) .
Then the required area = J(logx—(loge x)*)dx



9.26 _Calculus
e €
= J.log xdx—j(loge xy°dx
1 1 :
'—.[ lo 'x—-x]e —l:x(lo x)2:|e +j&ge—xxdx
-'— pe ge 1 \ ge . d ..x .

=]l—e+ 2[xlogex—x]l =3 — e sq. units.

The points in the required region satisfy

4<+y <2+ ) M
Since the curve (1) is symmetncal about both the axes, the
required area is 4 times the area of the region in the first
quadrant. Therefore, it is sufficient to skétch the region
and to find the area in the first quadrant. .
In the first quadrant, the curve (1) consist of two curves
- x*+3)?>4, and )
Pyt —2x-2y20

32. a.

=

Y @+ -2x-2y=0
9 ,

. Flg 9.57
Requlred area =4 area ABCDA :

= 4(area of semi-circle ABCA)— (area of sector ADCA)
=4(area of semi- -circle ABCA)— (area of sector OADCO
: —area of triangle OAC)
=4{m—(wr—2} =8 sq. units.
The required area will be equal to the area enclosed
by y =£(x), y-axis between the abscissa
aty=—2andy=6 '

33.c.

Hence, 4= j(G —f(x)) ax + }(f(x) —(—2)) dx

( x —3x)dx+j(x +3x+4)dx=% $g. units.

© ey

(G

34.d. Curvetracing:y=x+sinx
- d
Y —1+cosx 20Vx

2 -
Also —Z=—sinx =0whenx=nmne Z
dx R .

Hence, x = nm are points of inflection, where curve
changes its concavity.

Also forxe (0, 7), sinx>0 = x+sin x> x.
Andforx € (m, 27), sinx <0 = x +sinx <x.

" From these information; we can plot the graph of y= fi (x)
and its inverse.

y

| ~ Fig.9.59
Required area = 4A "whcre

A= j(x+smx)dx jxdx
‘—J' sinx dx = 2 square units.
de= P TIAE
P 51T+
-f

35.d. Area= jlb f(%)

1

4.

1 2x __x
2\/x?+1 ,\/x2+l. 7

S (x)

f 36.c. I’Z4f(x)di;ﬁémﬁ +Z cosp +\2p

Differentiating both sides w.r;t.- B, we get

~f(iB)=Pcos B+sin f— %sinﬁ& 2

= f'(B)=- PBsin B+ cos B+ cos f— —Z— cos f

S

(%)



oo,

y=sin™|sin x| —

i 38.c.

L

-

x2

y=(sin”! |sinx])*=

(27 —x)°

n
X, 0<x<—
2
T
T—x, a—Sx<7t

xX—7, 7:Sx<iyE
2
27t—x,—7r.<_x<27t
-2
. OSx<£
2
(z-x), Zex<n
2
(x-n), n5x<327£

,3—nSx<27lr.
2

The required area 4 is shown shaded in F 12.9.60.

nl2 R~ i

’

X

R 2

y = (sin~Ysin x|

214 Py A EL LR LI LT A SR EEEE '

Fig. 9.60

m/2

1 ) .
= 4[(x—x)dx+4 | % —x)ax
o 1

4 2[7:—3] y
= —+7 $q. units.
3 6 '

Forye [1,4), [{¥]=1 ;f=4x.

Similarl);, forxe [1,4), LJ;J =1 and

xt=4 l_\/; J y would transform into x> = 4y.

Area 9.27

The required ‘area is being shaded.

A= }(2\/; D J}]’(z\f - f;-de

4 2 (4 Y 1 :
= (_x3/2_x) + —x3/2 _L =-— 8q. units.
3 ME 12), 3

39.b.

X=2a

Fig. 9.62

Put x =2asin’6
= dx=2a2sinfcos0d0

2
= =84 J:(_l—c;)s29) do

=27, 2 .
=2a -[0 (1—2cos 20 + cos” 26)d6

=242 j:(l —2c0s 20 + M)d@

2
_ 3na®
2
40. a
y .
: _ x=12
y? 1\ l
. y = 1
x { \‘ } - X
-2 -1 10 /] 2
y=-1 e
2]
— 24
x=-1
v
Fig. 9.63

From Fig. 9.63

A= }_(el—(-xlﬁ))dﬂvf (—V1-x)dx

a7 _ 3242
I D Coul) N IS OO O
NN

0



3.28 Calculus

Multiple Correct
Answers Type |

1. b,c.

Fig. 9.64

Line y = kx + 2 passes through fixed point (0, 2) for
different value of £.

Also, it is obvious that minimum A(k) occurs when k=0, as
when line is rotated from this position about point (0, 2)
the increased part of area is more than the decreased part
of area.

.5
Minimumarea = 2 | (2-(x* —3))dx

0
"
=2 [ (5-x%)dx
0
35
3
= 2[5x—"—]0
3
3
——20;/5 S its

2. a,¢,d.
y* =4x and x2 =4y meetat O(0, 0) and 4 (4, 4).

N
X OQ s
y
Fig.9.65
4y 3
Now S, = LA Y Ed =L ea-0]=18
04 a3 Tt

2T 16
s, = jzfdx s3~2[ ] -2

32| 3
16 _16
[ 3=3
And S1=4><4~(S2+Ss)=16—(?1—%)=?

Hence, $,:5,:5,=1:1:1

3. a,c,d.
0 3
. ’ y=sin x

Fig. 9.66
We know that area bounded by y = sinx and x-axis for
x€ [0, 7]is2 sq. units.
. Then area bounded by y = sinx and y=sin’x is 4 sq. units
~ forxe [0,2x7].
Then for x € [ 0, 107], the area bounded is 20 sq. units.

Yy R y :{Isin x|
X’ )
OJ _

y

Fig. 9.67
The area bounded by y=sinxand y=|sinx| forx € [O 27’-’]

. 15 4 sq. units.
Then for x € [0, 207x], the area bounded is 40 sq. umts

Fig. 9.68 _
The area bounded by y = sinx and y =sin’x forx € [ 0,27]
is 4 sq. units. :




Then for x € [0, 107], the area bounded is 20 sq. units.
Similarly, the area bounded by y = sinx and y = sin‘x
for x € [ 0, 107 is 20 sq. units. '

. G d.

Since the curve y=ax"? + bx passes through the point (1, 2)

2=a+b ’ o
By observation the curve also passes through (0, 0).
Therefore, the area enclosed by the curve, x-axis and
x=41is given by

4 .
A= (@' +bx)dx =8 = 22, 8+8516=3
o : 3 2

= 2?“+b='1. )

Solving (1) and (2), we geta=3,b=-1.

. a,¢d.

2 2 2

: .02z 2 3/2 -
Eliminating #,we have x3 + y3 = a3 ﬁy=(a2/3 —xm) .

Fig. 9.69
From diagram, :
A=2a 2/3 __2/3 3/2dx=4a 2320 mdx
= a-2f (@) ae (@)
A= 4'a[ycix
0
/2

=4q4° I 3cos’ tsin® fcost df.
0

. a,C.

. 3 b
a,=0,b,=32,a,=a,+ _5b1=48, b,= > =16

a3 =48+_;. X 16:72’ 3= .1?6 =8

Area

So the three loops from i =1 to i =3 are alike.

Now area of ith loop (square) = —;— (diagonal)2 '

4= %(2b',_)z= 2(b,_)?

0, ==
4 2y 4
So the areas form a G.P. series
So, the sum of the G.P. upto infinite terms

=AIL___2(32)2 x_l_
1-r 1.
1-=
4
4
=2x(32y%x —
(32> 3

8
3

(32)2 square units.

Fig. 9.71

statement 1 is correct.

9.29 -

2.a. Statement 2 is correct as y = f(x) is odd and hence



9.30 Calculus

3.b.

Area='j-—(x2 —4x +3) dx =— [f‘—B—f‘x—z +3x)
)

—f'-s units
3 ST

~. Statement 1 is true.

Obviously, statement 2 is true, but does not explain
statement 1. '
Given'curvesareyz—2y+4x+5=0andx2+2x—y+2=0
or(y—1P=-4(x+1) and(x+ 1y=y-1.

Shifting origin to (-1, 1), equation of given curves
changes to Y=-4Xand X*=Y

Hence, statement 1 is true and statement 2 is correct

 explanation of statement 1.

6.d.

2x

yy=e

Fig. 9.73

y= ¥ and 2y = log, x are inverse of each other
The shaded area is given as k $q. units. ’

= The required area is 2k sq. units. :
R, : points P(x,y) is nearer to (1, 0) thantox=—1

= ,/(x—1)2+y2 .<|x+l|

= y2 <4x
— Point P lies inside parabola Y2 =4x.
R, : Point P(x, y) is nearer to (0, 0) than to (8, 0)

= x| <p—8§
= X <x*—16x+64
=x<4

= Point P is towards left side of line x = 4.
The area of common region of R, and R, is the area
bounded by x =4 and 3 =4x.

) y ) x=4

y*=x

-2

v

@

2 P "

-2

)
Fig. 9.74

This area is twice the area bounded by x= 4 \/; andy=4.
Now, the area bounded by x =4 \/; andy=41is

4 ) 514 .

x x° 641 32
g={la=Z|ax=|ax-Z| =|16——=|= = sq. uni
I[ 4) { 1.2]0[ -5 e

. Hence, the area boﬁnded by R, and R, is %‘i sq. units.

Thus, statement 1 is false but statement 2 is true.

7.b. 22max. {x—y}, )1}
= k-y/ <2andx+y[£2, which forms a square of
diagonal length 4 units. :
' y
x+y=2 A x-y=2

Fig. 9.75

=> The area of the region is %x4 x 4 = 8 sq. units.

This is equal to the area of the square of side length 22

Linked Comprehension
. N ;

Type '

For Problems 1-2
1b, 2.¢

Sol.

Solving the two equations,

mx? = (e™)x

. . —kr

x =0,x,= ¢

1 2T :
m2




T =

> X

Fig. 9.76
x2 _r
So, 4 = j 2 \/_
0
2 x?
— _e—b/2xg/2 —m2
3 2

Bl U o2
e - =
2

m3

Now, = ,;7 = ¢ 2= constant.
e :
So, the sequence 4, 45, 43, ... isin G.P.
—2k e—2nk -1 1 e—2nk -1
Sum of nterms = —— ——— = —5 5~
6m’ e -1 om l—e
e 1
Sum to infinite terms = A %
PR 1

For Problems 3-5

3.d.,4.c.,5.a.
Sol. :

x3 2
3.di fx)= ?—x +a

)= P-2x=x (x—2) <0 (note that f(x) is monotonic
in(0,2))

Hence for the mlmmum and f (x) must cross the x-ax1s at
0+2

=L =1

2

Hence, f(1)= - —1+a=0

= a=

w;“\’ W]

4.c. f® =x*+3x%+x+a
) =322+6x+1=0
= x=-1% ﬁ
3
. r - J6 6
Hence, f(x) cuts the x-axis at —;—[L—l+§)+(—l——\/3—:]:|
=-1. : '

Area 9.31

f(—1)=—1+3—1+é=o

=—1.
5.a. f(x)=sinx+cosx
:_alf(_x)_ = CcoSx — sinx
dx
Ifil'g%)- =0,thencosx=sinx =>x= % and x = —

(considering any two of consecutive points of extremum).
For minimum area bounded by y=f(x) and y = a, between

x= % and x = %, graphs of g(x) must cut y=aatc
L
_4 4 m
2 4

For Problems 6—8 _
6.a, 7.¢, 8.b

Sol. Since—1<sinx<1,the curve y=eFsinxis bounded by
the curvesy =e~ andy e

Fig. 9.77

Also, the curve y = € sin x intersects the positive semi-
axis OX at the points where sin x =0, wherex,=nm, n € Z.
Also ly,| = |v coordinate in the half-wave S|

=(-1)" e*sinx, and '

inS, nt<x<(n+h)x
(n+)xm
8 =1y e~ sinxdx

nw

(nl)x

n+l
= (_2 [g""_(— sin x +cos x)]
)

(—12n+1 I:e!-(n+1)7c (_1).n+l —e™ (—l)" ]
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—nic

€ (147
= (1+e )
Sn+l —e " - 1 2 |
= s, =e and Sp= 5(l+e )
- the sequence Sy, S, Sy, ... forms an infinite G.P. with

 common ratio e "

: 5(l+e )

ZS

For -Probl_em_s 9-11

9.b, 10.2a, 11l. ¢
Sol.
9.b. Given
@G+ )= fx-)= 4xy(x2 )
= (2 - [(x +3) - (x=)’]
= (=) (P = +y) -y’
= fx+y)=(x+y) =) =%, fp) =y’
Now equations of given curves are '
y+x=0 . M
e+ =12 @

Fig. 9.78
Solving equations (1) and (2), we getx = —3 y== J—

The area bounded by curves
j 12— x2dx|+

-3
4=2

_2J§

im

-n/3

j J12-x*de=2 j 12cos 0d0
243

-n/2

-n/3
{ [ @+cos 29)(19}

—7:/2

3/210
L= 2jf§dx_—-—2[(__’2/2]—3 ‘;[0—33’2].

=43.

A=21-33 + 4J§ =27+ /3 sq. units.
10. a. The required area is = area of circle — area of square
= 127— 24 sq. units. '

Fig. 9.79
11.c. The required area

Fig. 9.80

2 \
= [ -Cy-)dy
_1 .

=9/2 sq. units.




For Problems 1213

12.¢.,13.b.
Sol.
12.¢.
y
y=1+cosx y=1+cos(x—a)
5 -
1 -~
X L - X
(o] al2 72 w2+«
y
‘Fig. 9.81
14+cosx=1+cos(x— Q)
o
X=0—X=>X= —
2

af2 o
Now j ((1 + cos x) — (l +cos(x —a))) dx

=_ T(l—(l+cos(x _;a_)))dx

o

S

x
-+ta

= [sinx—sin(x-a)],  =[sin (x - a)]

=>|:sin % —sin (— 925)] ~[o %sin (~a)]
=sin (g) ~sin (T-a)

= 2sin %—sina =1l-sinc

. a n
Hence,2sin— =1=a=—.
2 3

13.b. ”f [(1 +cos3) —[1 +Cos(5c —gm d
’ + j‘s[(l.+ cos (x - %))— (1+ cés x)) dx

[omecse- 5] (-]
ORI

= 2 sq. units.

For Problems 14 -16

14.a., 15.d., 16. 2.
Sol.
14.a. For-1<x<0

(y__ esin"x)2 =2_x2

nica Fedd

s i
0 .
A= j(esm_]Jr +\,2—x2)— (esm-lx - 2'—x2)dx :
0 .
=2J. 2 —x?dx
4
1 o, 0
=2 —x\’2 -x*|. +Zsin™? i‘
7 (2 ~1 2 \/_2__1

[l

=£+1 sq. units
5 q. .

For0<x<1,y=sin"x+ \,1 -x* ' ¥
L
1 .
A=2[{1-x" dx ' -
0 .
1 1
=2 -{\’1 -x? +lsin_1£' .
2 0o 2 1lo

=0+sin? (1)= % sq. units.

: Totaia:ea= (£+1) + 2 =7t+1;
2 2

Z+1
15.d. Ratio= 2— = %12
..o b4
2
"
16.a. A=2j,/1_—x2dx
0 .
1 1
=2(% 1-x2 2+—sin"1x
2 X 0
= ﬁ-+£ sq. umit.
4 6

For Problems 17-19
17.b., 18.a., 19.c.
SOL »

2r

17.b. 5= |- | a(l—cosf)a(l~cost)dt

2x
= |~a® [ (1-2cost+cos” 1)dt
o - :

271:- .
= —azj(1—.2cost+(l+c;SZtht
0 ’ .

a? x
—— j (3—4cost +cos 2t)dt
2%
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o2
—?[3t —4cost+cos 22"

=|-37a%| = 37a® sq. units.

6
18.a. J'Gtz—%t3+51£t4)dt

—+
23 24 245 2 8 20

J1 1. 1) 54
=64 ———+—|=".
12 8 20) 5

36 16,16 ¢ ¢ ¢

6
1 1 54 27 .
R "—yx)dx = —x— = "= sq. units.
2!(70/ s = ox T = sqm
19.c. E=1-32 and fj—y=1—4z3.
. dt
dy dx
S0, x—— y—
Oxdt ydt

= (- Y1483~ (= 1)1~ 32%)

=153~ +3% +1-1

: . .
.. required area = % I (@ =3c* -8 +32 41— Ddt
-1 -

=
o
-
=3
X
X
[F]
(=
(2}
-
-
= B
(4]

1. a.5r; b.—>p; c.—>s; d;-—>q
Sol. ’

Fig. 9.82

Required area = 2_':;: |x|'dx

1
=2(£J _2
K] 0 3

sq. units (taking absolute value).

Fig. 9.83
2 , 52 3 2
fJ‘O[(x+2)—(x-)]dyf= St

10
=24+4—-—=— i
3 =3 Q- units.

y==x y y=x
Y =x
& P(1' 1) .
x’ - ' — X
(o]
y
Fig. 9.84

4 y=4meets the parabola y* =x at 4 is (16, 4)

. Fig. 9.85
Reqﬁired area = Area of rectangle OMAC — Area OoMA

16

: 3/2
=4x16- [*Vx dr=64- X

32,

2 . 128
=64—3(4)3 =64~ T = ? sq. units.




2. a.—>q; b.op; c.—s; d. T
Sol. :

a Area=2 (%1.1 =1 sg. units.

l

’%ﬁ

N
w

- 0 1

Fig. 9.86 -

h y2 = x> and |y| = 2x, both the curve are symmetric about
y-axis '

-9
y

Fig. 9.87
4t =x"=x=0,4.

4 . '
32 .
The required area = 2 j(2x —x3/2)dx -y §q. units. .
0

[ x+\/{_'y—i =1

The curve is Symmetrical about x-axis
Jiyl=1-+xand Vx =1- {Iy]

=forx>0,y>0 J; =1-x

ZJ;’ dx 2Jx
dx x
dy

- <0, function is decreasing, the required area

1

- =2f(a-0-a-2Vx+x)ax

=gs units
T3 q. g

It.‘—8<xr<8,theny=‘2.
Ifxe (-8v2, 8] U[S,Sﬁ);theny=3,andsoon ‘

Intersection 6fy =x—landy=2. Wegetx=3 ¢ (-8,8).
Intersection of y=x—1and y =3,

wegetx=4¢ (-8v2, -8] U [8,82).

. 2
Similarly, y = x — 1 will not intersect y = [2—4 + 2:| at any
other integral, except in the interval x € (- 8, 8).

The required area (shaded region) =2 x 3 — -;— X2x2
= 4 sq. units. ’
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' Y

3. a.—q; b.—os;c.—>p; d.—p . ;
Sol. - ' RERUT SO SUUNE SN o el
a [x]2=[y], where 1 <x<4 S T
= x]==D]
X
.y’
Fig. 9.92
[IxI]-Z where — SSxSS.
[Iyl]
y’. The graph is symmetrical about both the axes.
) Forx,y>0, [x]=2[y], [y]#0. -
Fig. 9.90 =» [x]=2and[y]=1or[x]=4and [y]=2.
b [Jx[1+{yl1=2 | y

The graph is symmetrical about both x-axis and y-axis.

Forx,y>0; [x]+[¥]=2.
=>[x] =0and[y]= 2[x]—1and[y]—1or[x] 2 and [y]

1.(9) Requlredarea
A= jx 9—x2dx:Put 9-x2=F =—2xdx=2tdt

. . - 3
: .9.91
- Fig. 99 . A= [fdt =9
. [K1l=2 0
The graph is symmetrical about both x-axis and y-axis. x 5
Forx,y>0; [xI]= 2=>[x] 1and[y}=2or[x]=2and[y] 2.(4) Wehave S=Jsin xdx=2,s0 T=§,wherea>0<
. 0

=1




Area 9.37

tan' g nl2 3
Now T= j sin xdx + I acosxdx——— . 4.(8) I(—x2+ax+12)dx=45givesa=4
_ tan'a . . 0 .
hence f(x) =12 +4x —x*=(2+x) (6 —x)
_ . Hencem=-2andn=6
y=acosx
m+nta=6-1+4=8
T O A ressoooos mosooos 5.9) Graphoff(x)isas
g _— y = sinx y
— _ 7; } x
o x=tan~'a 3
Fig. 9.94 : : ' . 1/4
| 2 ~irz © 19 X
ie. —cos(ta.n a)+1+a{[1 sm(tan a)l} = 3
i L i14a- @ __2 '
RN Nita® 3 Fig. 9.96
2 1 2 _4 o Lo | 1
= (a+1)— a’+1 =3 = a+§ Ja? +1. = a= 3 g= J‘(x4/3 — XYy = %_xzn_%._:mJ
Hence 3a=4 ' 0 0
e -dafer 2
3@ 54 p 7 47|28 | 28
= 284=9
NE 6.(2) Let the point of the curve is (x, x>+ 1).
X=2 Now, the slope of tangent at this point is 2x, which is
% equal to the slope of the line joining (x, x* + 1) arid (0, 0).
V X Hence2x=(+1)x = 2= +1
(o,o)% = =1 = x==I
A , o ﬂ ..... ol
Fig. 9.95 ' _"E"""E" _;r""
Let P(x /y) be any point on the curve C. :2 :1 2: - x
Now Qzl . . , -——:'-———--E—- ----- i—--——
&y : o ¢
2 : ’ ' ‘ L {..2l __N_____ I
yly=dv = L-=x+k | ' o "
‘ : Fig. 9.97
: Smce the curve passes through M(2,2),s0 k=0
Y =2x Hence equatlon of tangent is y =32x
_ 2 .
Hence required area = 2J-~[2;dx Now arca 2_'- ( x +1 2x)a‘x
: . 1
= 2ax2 ( 3’2) - =2f (-1 ax i
0 .
ol ]
_ fs =2~ | =28
v = 3 (square unit) 0




9.38 Calculus

7.8) Required area = area of one quadrant of the circle = 7/2

Y=

__________ i 1

. 2‘a x 1 x2 1 2a .
o532

2a 1
Letf"(a)= 4 52 =0 |
= a=1which is point of minima. _
9.(3) [2x]=0 = 2xe{0,1) = x
€[0,12) = [Bl=5 = ye[56)
Similarly we can consider [2x]=1,2,3,4and 5

From the graph, area is 3 sq. units

2 ' o
10.(8) Required area= ZIO (x(x —'3)2 —_x)dx = 8 s5q. units

A
T3l 4

/A 1i 27.
) .

1

]
———————

]

Fig. 9.100

11.(6) Draw the given region point of intersection of y = x> + |
y=x+1 ’
x+1=xt+1
x=0,1

3

-t

_————

12.(6) )

x

£ ]

Fig. 9.102

/2
Area OABC = j sin 2x dx =1
a

nl6 1
Area OAD= j sin2x dx =Z
0

» sin 2x is symmetric about origin
soc= —% , because area OAD = area OEF

c - l
Jsian dx==
% 2
6

- . _ _
cos 2¢c=— 3 cos2c= % (not posible)

14

15



i(2) y=\/1—x2

y=x-x

y=0in(2)x=0,1,~1

C
B E : A
1 1
A
°s
Fig. 9.103
Requlred area=area of region BCAGOHB
= Area of semi-circle BCAOB
_z
2

" (- areaof BHOEB = area of OFAGO)

4.(1) Given that D; =D,

c 1 a . 1
(v e

1

<

Dy

—

%3

L /
- &
> - p

Fig, 9.104

0 =a(loga—-1)+ —12-
a

-1 R LY
o (T—x(logx—l)) =(x(logx—,1)+—2—)
p e 1 X Je

@
@

)

Area 9.39

_ * +2ax+3d°
y=——"—""
I+a

Point of intersection of (1) and (2)

a’-ax X +2ax+3d>

1+a* 1+a*
(xt+ta)(x+2a)=0
x='—a,—2a

2 ' 2 2
Req. area = J' ( —ax| [ x +2ax:3a
Sa 1+a* I+a

3

16.(2)

- J )—6(1+ )
f(a) is max is
then f(a)=0
3+3a*-4a*=0
a*=3
x=1
x=c
£l A
c B
o E 2
Cc=-1
Fig. 9.105

o 16
given that J. ydx = 3
1 '

c-’ . .
= j(sxz—xs)azx=E '
1

c=@-17"  (c>0)
c . 8
areaOFE=J"(8x2-qc5)dx=§ (c>0)
0 .
soc=-1

Hence ¢ =—1 and (8—\/1_7)

1/3

@)



. 9840 ;Qg\l;:ulus

Archives
Subjective _ , »
1. ‘Given curves x> = 4y and x = 4y — 2 intersect, when
P=x+2

= ¥-x-2=0

= x=2,—-1
= y=1,1/4
- ,

Points of intersection are 4 (—1, 1/4), B2, 1)

-2 -1 0

Fig. 9.106

chuiréd area
= shaded region in the figure -

) 2
- x+2_x_dx
-4 4

2 3
412 31,
-1 2+4—§J—(l—2+1)
4 3 2 3
_1 1_9_(—_7)
4] 3 6
=l[£] = 9/8 sq. units.
416
2,
RALO) /oy
X
(0]
Q(-t)
y ‘
Fig. 9.107
x_e’+e“’_ -
)

It is a point on hyperbola x> ~ y*=1.

Then, the equation of line joining 7, and — ¢,, that is,

el +e e e ehpeh oo eh
T e U I

et +e
2

el +eh

area(PQRP)=2jl 2y

el e

=2 7 @ -1
] el +ell
=2[§ ,/xz —-1.—-;—log|x+l\/x_2—*l] 2

1

i
et] +e—’l 'etl - e_" I etl +e—'l e’l —eh I
) ' -l +
. 2 ) g > 5 '
2t -2t
e e )
4 08 €
e2’l e—2tl
B 0
Areaof AOPQ=2x L[ &t e |t — e
2 2 2
3 e2}1 - e—2tl | o
R @

.. required area = Ar AVOPQ —Ar(PORP)
=t (_usi_ng (1) and (2)).

. Giveny=l+%.
X

Here y is always positive, hence curve is lying above
the x-axis. :

= Req. area= f:y dx = ‘J‘:(l + 8 )/dx

>
R
=[x'—§] =4.
xho

If x = d bisects the area, then we have

. 8Y. - T
J‘(l+—2)dx=l:x—§] =[a-—§—-2+4]=—4—_
A x x4 a 2

=a- §=0
a

=d=8 :

=ag== 2\/-2_'

Sincea> 2,a= 2«/5 .




y
y=tanx
i y=cotx
_z "
6 < 3
x : ! i ! > X
n 0 z=zz =z sm
-3 6 43 2 6
_.1 — .
Y
Fig. 9.108
The two curves are
y=tanx, where —/3 <x < 73 M
'y =cotx, where /6 <x<3m/2 )

At the point of intersection of the two curves
tan x = cot x or tan’ x = 1 ortanx ==+1, x =+7/4
_Thus, the curves intersect at x = 74

The required area is the shaded area
/4

A= tanxdx+j cotxdx

/6

= [log secx] 16 Hllog sinxJ%/3

[log«/- log— J‘) {logﬁ log J'] ;

= 1og V2 + log —\25- + logg + log.«/—2_
= 2[10g V2 J—f—]

=2 1og\/§ =log 3/2 sq. units.

5. The given curves are

y=+J5— %2 O

=1 @

We can clearly see that (on squaring the both sides of (1),
equatlon (2) represents a circle.
But as y is + ve square root
- (1) represents the upper-half of the circle with centre
(0, 0)'and radius NC '
Equation (2) represents the curve

3 —x+1if x<1
r= {x -1 if x21

—WB0) lo B0
Fig. 9.109

noa  weTe

Graph of these curves is as shown in the figure with point
of intersection of '

y=,/5 —x* andy=-x+1 asd(-1,2)

andof y =+/5 —x? andy=x-1 asC(2,1)
Thus the required area
= Shaded area

—J J?;dx j | —1] dx
[ g ()] Lo

2 5.4 2 -1
= —,/5—4+—sm —-|=45-1
(2 2 JEJ (2

o (@) (5 5]

—1+2 sin™ 2 1+ sin™ 1
2 2

J5

S5 -2 .
= 7 sq. units.

. The given curves are

x* +3? =4 (circle) )

2==2 y (parabola, concave downward) (V)

x =y (straight line through origin) €))

Solving equations (1) and (2), we get

A2y —4=0

W2 22

TR

=y=2 J2 or— J—

=xr=2 (rejectmg y=2 V2 as x2 is positive)

=x=%+2.

~. Points of intersection of (1) and (2) are B («/_ -2 )

A(—«/—,—«/i). ’ 7

" Solving (1) and (3), we get

W=d= P =2=>x=22 =.>y=:b«/5.i
~. Points of intersection are (—\/—2- ,—‘%/5),('\/5 s «/5 ). -
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"Thus, all the three curves pass through the same point

A2 ,-2).

ﬂ+f;}/,_
’ N 0- J

X ]

A2, -2)

c(o. -2

. y
Fig. 9.110

Now the required area = the shaded area

[ o e [

-2 0 «/5

co[ P dee ] pra- [P

x 2 4._1x‘/E 27 x?ﬁ
=2|:§ ,,4—x +Esm E:L +[?:|_J§—|:3-\/—2;]0
=2[—‘/22\/m+ 25in'{%)} [_2] [iﬁ]

T 2 1 .
=2|14+2~—|{—1——=m+— sq. units.
{ 4] ERMAE R

7. Given curves are

2 +yt=25 - M
4y=14—| @
x=0 ‘ 16)]

and above x-axis
Solving (1) and (2), we get
4y+4+ y=25
=(y+2y°=5"
=>y=3,-17 _
y=-17is rejected, y =3 gives the.points above x-axis.
Wheny=3,x==+4.
Hence, the points of intersection are P(4 3) and O(-4, 3).

T(-5,00\ B(=20) |

5,0)

— , y
Fig. 9.111

The required area is

-2[J o= =) ,——_J 7]

5)y 4

(59

=4+25 sin‘lg $q. units. |

. The given curve is y =tanx o

Whenx=n/4,y=1

 ie., co-ordinates of P are (n/4,1)

-~ equation of tangentat Pisy— 1 = (sec2 g—) (x—m/4)

ory=2x+1-m/2 )
The graphs of (1) and (2) are as shown in Fig. 9.112.

LY
P f
X" Ol 3 X
LM
w=-X Yz
T2 T2
Fig. 9.112

Tangent (2) meets x-axis at L(”—;g , 0)
Now the required area = the shaded area

" = Area OPMO— A(APLM)

n/4

= [ tanx dx——(OM OL)PM

. The given curves are

y=exlog,x )]




_Jogx

y Q@

ex

' . log x
The two curves intersect where ex log x= 08X
ex

= (ex —i) log x=0
. ex

1
=>x=—orx=1
e

Atx=1/e,y=—1(from (1))
Atx=1,y=0 (from (1))

. : 1 ‘
So points of intersection are (—,—1) and (1, 0).
. e 7

Curve Tracing

From the above information, the rough sketch of two
curves is as shown in Fig. 9.113 and shaded area is the
required area.

» y=exlog x

: —X
/B(1,0) (2,0

Fig. 9.113

tﬁe required area = the shaded area
1 . ’

= j [axlogx —»logx]dx‘
1/e . ex -

2 2T ] 32T
| x x 1| (logx)
=lel|=logx——| -<j—
2 4 e 2 -
1/e 1/e

10.

11.

O
@
&)
@
Y=log x
X
Fig.9.114
Required area =ABCDA
— 2 x
_-[1/2(2 —logx)dx
. 2
=|—— = (xlogx- x)
log 2 U2
~{4 ~2log2+2 |- 2 —llogl.+.—1—
log 2 log2 2 "2 2
=4;Jz—élo 2+ 2| sq. units
log2‘2g 2 q.\ )
The given curves are y=x2 _ . ¢))
andy= ——
YT @
" Solving (1) and (2), we have
1+4x?
=x*+x-2=0

TAIEd U490

€ .

= sq. units.
4e :

The given curves are

=E-1)(*+2)=0

=x=*x1
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12.

2 .
Also, y= ] is an even function.

+x>
Hence, its graph is symmetrical about y-axis.

At x = 0, y = 2, by increasing the values of x, y
decreases and when x — o, y —3 0,

4. y = 01is an asymptote of the given curve.

Thus, the graph of the two curves is as follows

Fig. 9.115

.. The required area

1
=2J. .22.—x2 dx
ol 1+ x= )
N -
=[4tan'1x'—2iJ

2 .
=7 —g sq.units.

Both the given curves are parabola.

y=dx—x* i M
andy=x*—x @
Solving (1) and (2), we get '

dx —x"=x"—x

=x=0,x=2
2

H

= Two curves intersect at O(0, 0)and 4 (g %5)

y=x2_x A(s 15) '

Fig. 9.116

Here the area below x-axis .

A4,= J:(x - xz)dx

Area above x-axis,

5/2 si2
4,= -[0 (4x—x2)d:cfj.1 (P —x)dx .
=(2x2 ) _'x-iJS./Z _(x_3 . x_z]S/Z
. 3 A 3- 2 A
2 24 24 8 3 2

_25 125 25 1 -
2 12 8 6
300-250+75-4 121 .
= = —— sq. units.
24 . 24
- ratio of area above x-axis to area below x-axis
121 1 121
Ay ="= 2 222 21914
21046 4
y 4
1,18 M A
P
N M
X 5 — X
1, -1)C ] N D(‘1 ~1)
M
@
Fig. 9.117(a)

Let us consider any point. (x, ») inside the square such

- that its distance from origin < its distance from any of the

edges, say 4D.
- OP<PM
= (x2+y2) <l-x= j? S—Z(x—%) )]

Above represents all points within the parabola P,.
If we consider the edge BC, then OP < PN will imply

y2<2(x+%) . _ ©Q
Similarly, if we consider the edges 4B and CD, we will
have ‘
2 1 . . ’
<=-2ly—-= 3)
¥ ( 2) | (
2<2 (y + %) | @

Hence, S consists of the region bounded by four

: 1 1
parabolas meeting the axes at (i—i, O)and (O, + EJ '

The point L is intersection of P, and P3 given by (1) and

3.

il T T ST e e

e

sy

b

RS

L YT —

ot

3 L4



(0, —1/2)

P2 P

x
‘U‘W’W' ™~
x

(-1/2,0) N (112,0)

C ; D
(0, -1/2)
l Yy
_ (®)
Fig. 9.117(b)

yz—x2'=—2(x—y)=2(y—x)
=y-x=0 ':

=Sy=x

=P +2x-1=0

= (x+1y7=2

=>x'=\/§—1 as x is +ve
~Lis («/—-—1 V2 -1).

-. The total area = 4[square of side (\/5 1)

-aftz-1) - [ dx}
= 4[3_ 2 ﬁ - % {(1 - 2l‘x)3/2}”\/§2—1]

4(-28) 1+ 200)= 3 [(08-9]
=16~/§—-20

sq. units.

14. We have 4, = ‘[:/_4 (tanx)" dx

+2f 12 © I 2xdx]

15.

Area .49

Yy y'= (tan x)"

0
1
y
Fig. 9.118
Since 0 <tanx < l,rwhen 0<x<m/4,
we have 0 < (tanx)"*! < (tanx)" foreachn e N

/4 n+l- nl4 n
:>j0 (tanx) +1d)c<J.0 (tanx) dx

= 4,154,
Now, forn>2,

z
2

]
]
i
1
]
[l
1.
]
1
t
1
]
1
[l
]
]
1
1
|
1
]
1
'
1
[l
]
1
[
1
]
t
1
1

' =l4
Ay+Ayeg= [, [anx)+(tan )7 dx
- J':M(tan x)" (1 +tan’x) dx

= J':Mv(tan x)" (lsec2 x) dx

1 ‘ /4

_ n+1 -

_[(h+_1)(tanx) ]0 |

[f ]n+1
fter e L]

— 1 -
"t

Since 4,47 <Apry <A, We get

A, +A,42<24,

) :
%Z_ﬁ<’4"=>2n e o

Alsoforn>2,4,+A4,<A,+A4, »= —

=>2A,,< 1
n-1

1
2n—2

=4, <

<4, <

o 1
.. d
Combining (1)and (2), we get T2

The given curves arey='x—bx2

andy=xb" - -

1Y (- 1Y 7x2.—’
(y'rb)"”("”z) dx=ty

@

2n~-2"

®

8%
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Here, clearly the first curve is a downward parabola which
meets x-axis at (0, 0) and (1/b, 0), while the second is an
upward parabola with vertex at (0, 0). .

Solving (1) and (2), we get the intersection points of two

b b
Qand | ——, ——— |
curves at (0, 0) an, 1152 (1+b2)2

Hence, the graph of given curves is as below
y

2 b b
L P\Te 07 (14 72

Fig. 9.119

Shaded portion represents the required area

»? 24 B
i 2(1+ b2)2 —3(1 +b2)3 _3(1+b2)3
B+ P
Cofie) s
1

=———5 $q. units.
1
6| —+b
(b J
1 | 1Y
Now,(;+b)220rs_—2=>('l;+ ) 24.

2
Hence, area is max. wheri (% +b) =4 forwhichb=+1
‘min

but given that 5> 0
wob=1. '
: y
16. T R (1, 1 )
‘ . 3
~ /
/
= 20N
- S 2o -
) M(1, 0) AZ0)

' Fig. 9.120

e

~ d(P,04)<min [d(P,0B), d(P, AB)]
= d(P, O4)<d(P, OB) and d(P, OA)<d(P,4B)
‘When d(P, 04) = d(P, OB), Piis equidistant from 04 agg
OB, or P lies on the angular bisector of lines 04 and OB,
Hence, when d(P, 04) <d(P, OB), point P is nearer to 04
than OB or lies oxi or below the bisector of O4 and 0B
Similarly, when &P, 0O4)<d(P, 4B , Pis nearer to 04 thap
OB, or lies on or below the bisector of O4 and 4B,
. Req. area= AreaorA 0I4. ’

Now,tanﬁzo,er:‘M =1
1 3

= ZLBOA=30° = /JO4=15°
=IM=tan15°=2- .f3.

Hence, areaofAOL4=%0Ax1M =%x 2x(2-+3)

: =2 \/5 $q. units
17. f(x)=Maximum {7, (1-x)?, 2x(1 -x) }
: We draw the graphs of
y=x . )
y=(1-x)* )
y=2x(1-x) )]

Solving (1) and (3), we getx’=2x (1-x)
=3P =2 = x=0orx=2/3. -
Solving (2) and (3) we get(1-x)?=2x (1-x)
=x=13andx=1, o

y

y=(1’—x)2\r y=x

¥ =2x(1-x)

V
Fig. 9.121

From Fig. 9.121, it is clear that ,
(1-x) for0<x<1/3

fx)={2x(1 ~x)for1/3<x<2/3
x* for2/3<x<1

The required area 4 is given by

1L
A= [ f(x) ax

13 2, 23 1,
_J'o (1-x) d§+J‘I/32x(I—x)dr+L/3xdx
) 1/3 3 2/3 3 1
= [‘l(l -~ x)3] + [[xz - &H +[X—J
3 0 3 s L3 273
RO RO R
337 7383 3(3) 3/ "33




17 4

=7 $qg. units. 7
. LetheonCl,y=x2be(t, #)
:. y co-ordinate of Q is also I
Now, Q ony=2x,y="
Lx=01

2
Q(Ez—,tzj

For point R, x =t and it is on y = (x)
SR f(2))

Given that,
' Area OPQ= Area OPR

j ( y——)dy J(x —f(x))

Diff. both sides w.r.t. ¢, we get

(J? - -’;)(2:) =2-1@)
SfO=FP-F = f@=r-2
x>+ ax +b; x < -1
. flxy=492x; - 1< x<1
x* +ax+b;x$1 -
-+ f(x)is continuous at x=—1 and x =1
A1) +a()+b=-2=b-a=-3 W

2=(1)+a.l+b=>a+b=1 @

On solving, wegeta=2,b=-1

W2 +2x-Lx<~1
 f(x)=42x; -1€x<1

2 +2x-Lx>1
Given curves are y=f(x),x=—2y*and 8x+ 1=0
Solvingx_=—2y2,y=x2+2x—l(wherex<—1),weget
x=-2.
Also, y=2x, x=—2y" meetat (0, 0).

y=2xand5_c_=— 1/8 meet at (— 1 _—1)

8’ 4
The required area is the shaded region in Fig. 9.122
=R+2x-1 y
y= - y=2x

v
N

-1

(1)
--------- -2
-

Fig. 9.122

20.

a-1
_=[ _1_ 2(_x)3/2 2 ,

Area 9.47

. required area

_I“‘[ \/: (= + 2x—1),dx'_‘

-2

1 2(-x)"
P

(et 3o
+(£‘x;; _(¥2_,
3 1642 64 3

_ (ﬁ —5)_(4+8'—18)+(4~—3)_(«/5—3J
3 3 192 3
27 $q. units.
192
The given curves are :
y== | o
-p-2 | ' @

The graph of these curves is as follows :

4

\\ =

=y y=x2-2

D(2,2)

2 4 - o

Fig. 9.123
. Required area= BCDEB

- J‘E[f —(2—x2)]d3c+jj_ 2-(x* -2)ar
j (222 —2)dx+J'J_(4 —x?)ds
] e,

( 2J§¥§+2] [8———4«/_ 2‘/_}

wlN

«»\%

-8[  [C -
+ [—,’l - 2x:| dx
J_i 2 ’

—1/8
_xz}
I
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21.

22.

(230 4«/— ) sq. umts

The given curves are,

=y | o
x2 =-y v ' @
=4x-3 &)}

Clea.rly (1) and (2) meet at (0 0).

Solving (1) and (3) wegetx'—4x+3=0
=x-1)¢ +x*+x-3)=0

= -1 +2x+3)=0

=x=1=y=1

= Point of intersection is (1, 1).

Similarly, point of intersection of (2) and (3) is (1, - 1).
The graph of three curves is as follow:

Fig. 9.124

We-also observe thatatx =1 and y = 1, % for (1) and (3)

- is same and hence the two curves touch each other at (1, 1) .

Same is the case with (2) and (3) at (1, - 1).
Required area = shaded region in the figure
=2 (Ar OP4)

- Z[J;xz i - IR —3_dx]

5

_(‘*__L] :2[1_1}
4% 3 3 6
. 3/4

f®)=glx) o
ey = jf s~y =L/ 0)-70)<02.2)

23.

= | g(0)|>22 o C-FOI<1)
Casel
2(0)> 242
Let g7(x) 20 in(-3,3)
One of the two situations is possible.
X Yy
242, 242

[?) - 3 T3 o) X

' © Fig. 9.125
3 o
Ig(x)dx>6\/§>2 Ig x)dx>6ﬁ>2
0

So contradiction arises

So £”(x) has to be
negative somewhere

in (0, 3) while g (x) >0
n©,3

Soat least somewhere g”(x) <0, while g(x)>01in (-3,3).
Casell N

g(0)< -2

Let g”(x)<0 in(-3,3)
One of the two situations is possible.

So contradlctmn anses

So g (x) has to be negative
somewhere in (-3, 0) while

g(x)>0 in(-3,0)

" positive somewhere in

Al f(-N)+agf () +£(2) =

y y
3 . 3 ,
0 ) X
—242 h /_/ ’_zﬁ
Fig. 9.126

}g(x)dr<—6J§%¥2 }g(x)dx<f6\/§%—2

So contradiction arises
So g”(x) has to be

So contradiction arises

So g”(x) has to be posifive'
somewhere in (-3, 0) while

(0,3) while g(x) <0 gx)<0in(-3,0)

in(0,3)

So at least somewhere g”(x) >0 while g(x) <0in (—3 3).
So at least at one point in (—3 3).

4a® f(-1)+4af (1) + £ (2 )=3a +3(;
4b? f (~1jF4bf (1)+ £(2) = 3> +3b

3¢* +3c

Ob:
Mu,




W Area 9.49

y
V. 1) 2.b
D C 0 Ay
8; ‘
-8.-19) _ .
Fig. 9.127

Comparing coefficient of ?, a and constant term on both

sides, we get Fig. 9.128

Required area =4 x-(shaded area shown in Fig. 9.128) :

3 .

f(=1= ria f(1) andf(2)=0 @ :
1

Let f (x) = Ax> +Bx+C @ 2

, : . =2.
: 1
From(l)and(Z), A=—Z,B=0,C=1. _ . 3.d. Toﬁndthea:eabetweenﬂ1ecurvesy=\/3_c and2y+3=x
’ " and x-axis in the st quadrant.

) f(x)=—%x2+1

2\ - ‘
Let B(t, - %J be any point on the parabola

-
f(x)=y =_%+1

As AB chord subtends right angle at V'

2

-~

=>( 1) 4 ) =t=-8 Fig. 9.129
—_ x| ==
2 ~t ‘ Given curves intersect when y2 =2y+3
= B=(-8,-15) , =y -2y-3=0=(y-3)(y+1)=0=y=3,~1
= Area (BCVAB) : ' ' wheny=3,x=9 (Ist quadrant)
20 2 1 e o f Jx T(x-3
= 2x [| 1-Z- | de+x10x15 - | [| 1= |dx Required area= [ Vx dx - [ o
0 4 2. , b 4 ) .0 3
o .
_s : Il B S £
=5 . units. : 372 513 3
Objective
. : 2 1 :
_ =—-Q27-— l:(g - 27) - (2 - 9)]
‘f‘ultiple choice questions with one correct answer _ 3 21\2 2
¥ ' : = 9 sq. units

1c Given J‘l f(x) dx =(-1)sin(3b+4) v 4.d. The given curves are y = (x + 1)? and y = (x - 1)* and
:'5'7 Differentiating both sides w.r.t. b, we get- y= i . - B
= £(b)=3(b—1)cos (3b+4)+sin (3b+4) ' The graph Is a5 shown

= f(x)=sin 3x+4)+3(x~ 1) cos (Bx+4).
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N @:LL_[O_M); T
. 3 3 3 4

b-1)° : o
Nt S SRS |- S SN SR |
3 12 773 2

Multiple choice questions with one or more than one correct :
answer i

1. b,d. ThetWocurvesmeetatmx=x—x20rx2=x(l—m)

_ Sx=0,1-m
Fig. 9.130 IV i PR
The required area is the shaded portion, , , o aqm 7
given by Ar(BPCQB)= 2Ar (PQCP) (by symmetry) - . = [(1 — m) % _ i;_] = % ifm<1
172 1. | x-1Y x 1 R , : : 0

(- Sa (523 I

o : 0 ‘ 2 3] 2

’ = (1-mP=27

Butifm > 1 and 1 — m.is — ve, then

o1 . , ' : : : 0
= — sq. units. - o 2 3
3 B [(l_m)x__f_] =2
16ab 2 3 2

] 1-m
1) 9
=-—(1- - —=|==.
(1-m) (2 3) 2
=—(1-my=-27."
=m=4.
b,c,d.

5.a The area bounded by y =4ax and)c2 4by is

. Then the area bounded by y2 x/a and x2 y/a is 51—2
a

1
Given— =1=a= i—~.
' 34 NE) 2.

RequiredArea=’jln ydy
—(vlny y)l—(e e-{-1}=1
Also, jlnydyjln(e+1 »)dy

b 1
b fa-x? dx—j(l—x)zdx=l
0 b 4




