Mathematics & Statistics

Academic Year: 2016-2017 Marks: 70
Date: July 2017

Question 1: [12]

Question 1: Select and write the correct answer from the given alternatives in each of
the following sub-questions: [6]

Question 1.1.1: [3]
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Question 1.1.2: [3]
fa=3i—j+4kb =21 +35 — k=51 +2j+3kthena. (bxe) =
(A) 100
(B) 101
(C)110
(D) 109

Solution:



(€) 110

=3(9+2) +1(6 —5) +4(4 + 15)
=33+1+76
=110

Question 1.1.3: If a line makes angles 90°, 135°, 45° with the X, Y, and Z axes

respectively, then its direction cosines are
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Let q, B, y be the angles made by the line with positive directions of X, Y, Z axes

respectively.

a=90° B=135°y=45°

| =cos 90°, m = cos 135° n = cos 45°
Now, m = cos 135° = cos(180° — 45°)
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Direction cosines of the line are (0,
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Question 1.2: Attempt any THREE of the following:

Question 1.2.1:

[6]
[2]



r= (% — 27+ .‘H:] - l(ﬂ +7+ ﬂ:) is parallel to the plane r. (33: —23 +pi:) = 10, find the value of p.

Solution:

Since, line is parallel to the plane

b.n=0
(2;'.+_}'+2i\‘.).(3;.*23+pi:) —0
(6—2+2p) =0

===

Question 1.2.2: If a line makes angles q, B, y with co-ordinate axes, prove that cos 2a +
cos2B3 + cos2y+ 1 =0. [2]

Solution 1: Consider cos 2a + cos2p + cos2y+ 1

2cos® a — 1) (2cos2.t3* 1) + (2c052"y —1)

(
2(cos a + cos® B+ cos 'y) -3
2(1

(1) =3 [vcos’a+ cos’ B+ cos’y=1]

o |
c.cos20+ cos2f +cos2y = —1

c.cos2a+cos2f +cos2y+1=0

Solution 2: L.H.S: cos 2a + cos23 + cos2y + 1
—2cos®a — 1+ 2cos?f— 1+ 2cos®y—1+1
= 2(cos’ a + cos® B+ cos®y) — 2
=2x1-2
=2-2
=10
= RH.S

Question 1.2.3: Write the negations of the following statements: [2]



afne Non+ 7T =6
b. The kitchen is neat and tidy.

Solution:
(a).dn € Nsuchthatn+7 <6

(b} The kitchen is not neat or it is not tidy.

Question 1.2.4: Find the angle between the lines whose direction ratios are 4, -3, 5 and
3,4,5. [2]

Solution: Let 6 be the acute angle between the lines whose direction ratios are 4, -3, 5
and 3, 4, 5.

Then,
0 ajas + bibs + c1e2
costl = ;
Vai + 8+ chyfad+ 8+
confi 4(3) + (—3)(4) + 5(5)
Ve + @)+ VT ET R
B 12-12+25
V16 + 9+ 25.vV9 + 16 + 25
25| 1
50| 2
1
= —
COS 2

1
8 = cos l(;) zg

™
The angle between the lines is 3

Question 1.2.5: If & 5: € are position vectors of the points A, B, C respectively such that

33+ 50 =82 = 0. 114 the ratio in which A divides BC. [2]

Solution:



Given:3a +5b— 8z =0

3@ =8¢ — 5b

_ 8z — 5b

4T 73
8¢ — 5b

a=— [3=8—5]
8 5

A(a) divides BC externally in the ratio 8 : 5.

Question 2:

Question 2.1 | Attempt any TWO of the following:

Question 2.1.1:

If tan~!(2z) + tan ' (3z) = g_. then find the value of x.

Solution:
tan '(2z) + tan !(3z) = %
1( 2z + 3z ) T
tan | ————— | =—
1 (2z)(3z) 4
S5z

6z + 5z —1=0

6z +6z—z—1=0
6z(z+ 1) —1(%+1) =0
(z+1)(6z—1)=0

r=—1orz=—

But x = -1 does not satisfy tan '(2z) + tan '(3z) =

o
6

¢ P —

e

[14]
[6]
[3]



Question 2.1.2: Write the converse, inverse and contrapositive of the following

statement. “If it rains then the match will be cancelled.” [3]
Solution: Let

p: It rains,

g : the match will be cancelled.

The symbolic form of the given statementis p — q.
Converse:q —p

i.e., If the match is cancelled then it rains.

Inverse: ~p — ~q

i.e., If it does not rain then the match will not be cancelled.
Contrapositive: ~q — ~p

i.e. If the match is not cancelled then it does not rain.

Question 2.1.3: Find p and q, if the equation ¥*
a pair of perpendicular lines. [3]

Solution:
Given equation is ng — Bzy + 3y2 + 14z + 2y + g = 0 Comparing with

a22+2hzy+b3;2 + 2gz + 2fy + ¢ = Dwe gt
ﬂ':P}h: _4:?‘5:3:9':7?.?‘:1?‘::?

The given equation represents a pair of lines perpendicular to each other

at+b=10
p+3=0
p=-—3

Also, the given equation represents a pair of lines
a h g
h b fl=0
g f ¢
-3 4 7T
-4 3
7 1

|
=

—3(3¢— 1) +4(—4g—T)+7(—4—-21) =0
~0g+3—16g— 28 — 175 =0

? Bry+ 3+ 14z + 2y +q=10

represents



—0g+3— 16g— 28 — 175 =0
—25g — 200 =0
—25g = 200

g=—8

p=—3 and g= —8

Question 2.2 | Attempt any TWO of the following: [8]

Question 2.2.1: Find the equation of the plane passing through the intersection of the
planes 3x+2y - z+1=0andx+y+z - 2 =0 and the point (2, 2, 1). [4]

Solution: The equation of plane passing through the intersection of the planes 3x + 2y -
z+1=0andx+y+z-2=0is

4224+ 1)+ Me+y+22) =0 .. (1)
It passes through the point (2, 2, 1)

6+4—1+1)4+AM2+24+1—-2)=0

10+3X=0
10
A= ——
3
Now,
10
Bz+2y—2z+1)+ ( ?>(I +y+2z2—2)=0 ... [from(1)]

92 +6y—32+3—10z—10y— 102+ 20=0
—z—4y—132+423 =10

The equation of plane is z + 4y + 132 = 23

Question 2.2.2; Let (@) 3¢ B(F) pe any two points in the space and E(¥) be a point on
i mb + na
the line segment AB dividing it internally in the ratio m : n, then prove that m+n

Hence find the position vector of R which divides the line segment joining the
points A(1, -2, 1) and B(1, 4, =2) internally in the ratio 2: 1.  [4]



Solution:

b

T
e

Consider a line segment AB.

Let R be any point on it such that point R divides AB internally in the ratio m : n.
bar(OA) = bara, bar(OR) = bar and bar(OB) = barb are the position vectors of points A, R,
B respectively. Since point R divides AB internally in the ratiom : n,

AR m

RB n

n(AR) = m(RB)

AR and RB are in the same direction.
A (ﬁ) =m(RB)

n(f —a) =m(b—7)

n¥ — na = mb — mr

n¥ + mi = mb + ma

#(m +n) = mb + na

mb + na
P e (1)
m -+ n

This is the section formula for internal division
Let P. V. of point A4a = 7 — 2j + k

P. V. of point Bb = i+ 4_'}' — 2k

, m 2
Given,— = —
n 1
2(%+4}—2i:) +1(i—2}+fc)
Mow, F = — IR

2+1
3i +6j — 3k
3
P.V.ofRist =i +2j — k

F =



Question 2.2.3: The angles of the AABC are in A.P. and b:c= V3 : V2thenfind/A, /B, /C
[4]

Solution:

/A,/B,/CareinAPandb:c=v3:v2

5. 2B=A+C

2B=180"— B ... [ A+ B+ C=180"
3B = 180°

/B = 60°

In AABC by sine rule, we have

sin B B sin '
b ¢

sin B B b
sinC ¢
sin60° V3
sine /3
v3 V3
— === G
2 V2

1
sinC = —

V2
/C = 45°

S A4 =180" — 60" — 45" = 75

Thus, the angles of AABC are /A = 75", /B = 60", /C = 45"

Question 3: [14]
Question 3.1: Attempt any TWO of the following: [6]

Question 3.1.1: Find the cartesian equation of the line passing through the points A(3,
4,-7) and B(6,-1, 1). [3]



Solution:
Equation of line passing through the point A(zy,yy, 2;) and B(zs, ys, 29) is

T — T Y-y z— 2

T2 — T y2 — Y1 22— 21
Equation of line passing through the point A(3, 4,-7) and B(6,-1,1) is
z—3 y—4 z— (=1}
6-3 -1-4 1-(-7)
zg—3. y—4 z+7

3 5 8

Question 3.1.1: Find the vector equation of a line passing through the points A(3, 4, -
7) and B(6, -1, 1).

Solution: The vector equation of a line passing through the points having position
vectors @214 b is given

by =a+ A(b— a)

Here,a=3i+4j—Thkand b=6i — j + k

the vector equation of the line passing through A (3, 4, -7) and B (6,-1, 1) is

= (32 + 45— 711-) + ,\[(62 G+ A) - (32 +4j— 7&-)]

r=(3i+4j—7k) + A(3i 55+ k)

Question 3.1.2: Find the general solution of the equation sin 2x + sin 4x + sin 6x =0 [3]



Solution:
(sin2z + sinbz) + sindz = 0

2sindz.cos 2z + sindx = 0

sin4z(2cos2z + 1) =0

sindz =0 or 2cos2z +1=10

sindzx = 0 or cos2z = % = —.GO6 % = cos(7r — %)
Usingsinz =0= z =nw

sin4zr =0

4r = nw

The genral solution is x
nmw
x£Tr = ——

4

using cosz = cosa = T = 2mz + a

2T
or = ==,
cos 2z cos( 3 )

27
2z = 2mw + ?T

The genral solution is x

by
r=mm =+t 3 where m,n € z

Question 3.1.3: find the symbolic form of the following switching circuit, construct its

switching table and interpret it. [3]
A

'—+ "S.. 1

PN

{ 3 r 5

Solution: Let

p: The switch S1 is closed,
g: The switch S is closed.

Switching circuit is (pv~q)v(~pAQq)
The switching table



p q ~p ~q pv~q | ~pAq | (pv~Q)v(~pAQ)
1 1 0 0 1 0 1
1 0 0 1 1 0 1
0 1 1 0 0 1 1
0 0 1 1 1 0 1

From the last column of switching table we conclude that the current will always
flow through the circuit.

Question 3.2: Attempt any TWO of the following: [8]
Question 3.2.1: [4]
1 -1 2
fA= 1|3 0 =2 verifythat A{ad] A) = |4 1.
1 0 3
Solution:
1 -1 2]
A= 0 -2
0 3
1 -1 2
|A]=138 0 -2
1. 08 3

= 1(0) + 1(9 + 2) + 2(0)

=0+11+0
|A] =11
A“:(v-l)l"lMuzllg 32’=1(0 ~0)=1x0=0
Ap = (—1)"2M;, = 4‘3 '2‘: -1(9+2) =11
1 3
A13:(‘1)1'31\113=1‘:1)’ 3’21(00)21x0:0
1

Az = (1) My = 1‘ :



1 2

,4,_,22(41)2*211122:1)1 3‘ 1(3-2)=1
1 —1
A23:(1)2’3Mzg=1‘1 o |="10+1)=-

341 -1 2
An=(-D"Mu=1 5 " |=12-0=1x2=2
Agy = (—1)*2Myp = 1‘1 2/ _ _1(-2-6)=8

3 =2

313 1 =

Az = (-1) 1»133:1’3 O':I(O+3):lx3:3

Hence, matrix of the co-factors is

[Au Ap Al;;-] [0 —-11 0]
Aoy Ay Axg!l =13 1 -1 = [A44]

[A:u Azo AssJ l2 3 X 1713%3

0 2
Now,adjA = [Agl3,, = |-11 1 8
0 -1 3
[ 2 'I 0 3 2'|
A(adjA) = oll-31 1 8
oo sllo -3
(1-1—43—21, ( —2;+L)
Mow, f=—mm— st from (1)
2+1
_ 3i+65 3k
F=—
3

P.V.ofRis7 =i +2] —k

Question 3.2.2: A company manufactures bicycles and tricycles each of which must be
processed through machines A and B. Machine A has maximum of 120 hours available
and machine B has maximum of 180 hours available. Manufacturing a bicycle requires
6 hours on machine A and 3 hours on machine B. Manufacturing a tricycle requires 4
hours on machine A and 10 hours on machine B.

If profits are Rs. 180 for a bicycle and Rs. 220 for a tricycle, formulate and solve the
L.P.P. to determine the number of bicycles and tricycles that should be manufactured in
order to maximize the profit. [4]



Solution: Let x number of bicycles and y number of tricycles be manufactured by the
company.

Total profit Z = 180x + 220y

This is the objective function to be maximized.

The given information can be tabulated as shown below:

Bicycles (x) Tricycles (y) | Maximum availability
of time (hrs)
Machine A 6 4 120
Machine B 3 10 180

The constraints are 6x + 4y < 120, 3x+ 10y <180,x =0,y =0
Given problem can be formulated as

Maximize Z = 180x + 220y

Subject to, 6x + 4y < 120,3x+ 10y < 180,x =0,y = 0.

To draw the feasible region, construct the table as follows:

Inequality 6x + 4y < 120 3x + 10y < 180
Corresponding equation (of line) | 6x + 4y =120 3x + 10y =180
Intersection of line with X-axis (20, 0) (60, 0)
Intersection of line with Y-axis (0, 30) (0, 18)

Region Origin side Origin side

Shaded portion OABC is the feasible region, whose vertices are 0=(0, 0), A =(20, 0), B
and C = (0, 18)

~agr
C(0.18) [
101

i e
30 40 50 60 —
3x+ 10y =180

Y bx+4v=120

B is the point of intersection of the lines 3x + 10y = 180 and 6x + 4y = 120.

Solving the above equations, we get
B = (10, 15) Here the objective function is,

Z = 180x + 220y



Z at 0(0, 0) = 180(0) + 220(0) = 0

Z at A(20, 0) = 180(20) + 220(0) = 3600

Z at B(10, 15) = 180(10) + 220(15) = 5100
Z at C(0, 18) = 180(0) + 220(18) = 3960

Z has maximum value 5100 at B(10, 15)
Z is maximum when x =10,y =15

Thus, the company should manufacture 10 bicycles and 15 tricycles to gain maximum
profit of Rs.5100.

Question 3.2.3: [4]

If 8 is the measure of acute angle between the pair of lines given by az® + 2hzy + by® = 0, then prove that
2y/h? — ab

tanf = | ——
an a+b

a+b£0

Solution:



Let my and ms be the slopes of the lines represented by the equation
az® + 2hzy + by’ =0 .........(1)

Then their separate eguation are

y = myx and y = mazx

therefore their combined equation is

(y — myz)(y — moz) =0

ie mymaz? — (my+ma)zy+4° =0 oo (2)

Since (1) and {2) represent the same two lines, comparing the coefficients, we get

mimz 1 mi+mg
a b 2R
2h a
L m1+m2= _T aﬂd MMy = E

Thus (mq — -mz:]2 = (mi1+ mz]2 — 4dmims
2h \ 2 a
— 2 — - _— —_—
(my —mo)” = ( R ) 4(b)

4 (h2 — ab)

Let the angle betweeny = myxand y =m>x be 6.

my —m
tanf = : 2

?

1+ mymgo

2
my — Mo
1+ mymae




44/ h—-ﬂ iE

2v' h? — ab

if b0
a+b Haths

tan# =

Hence to proved.

Question 3.2.3: find the acute angle between the lines [4]
x% = 4xy +y? = 0.

Solution:

The given pair of lines are X2 —dwy + yE =0
Comparing with ax? + Zhxy + byz =0, we get
a=1lh==-2b=1

2VhT —ab

tanf = V3

w

# =60 or —
3

Question 4: [12]

Question 4.1 | Select and write the correct answer from the given alternatives in each
of the following sub-questions: [6]

Question 4.1.1: [3]

Given f (x) =2x,x<0

=0,x=0
thenf (x)is .
discontinuous and not differentiable at x =0
continuous and differentiable at x =0
discontinuous and differentiable at x = 0
continuous and not differentiable at x = 0

Solution: continuous and not differentiable at x = 0

solution:



f(x)=2x,x<0
=0,x=0
Ilil}:& f(z) =I]i1:51 20 =10

zlll}:gr flz) =lim 0=0

T+

and f{0) =0
lim f(z) =lim f(z) = £(0)

Hence, f(x) is continuous at x = 0.
Mow we find left hand derivative and right hand derivative of fi0) atx = 0
Right hand derivative atx =0

. . f(O+R)—fO) . 0-0
I pr— —_— — E—
e fr[l[] ) —h]_l%ll B =fim —— = 0
Left hand derivative atx = (
0+ h)— F(O h—10
f—0 h ki h

f.f({] ') = f.'(l] ) Hence, f(x} is not differentiable at x = 0.

Question 4.1.2: [2]

1]
Hf (32 + 2z + 1)dr = 14 then a =
1]

A1
|2
€1
oy -2

Solution:
(B) 2

(23
f (32 + 2z + 1)dz = 14
0
[r3+ z2 + :z:]g: 14
A+l +a—14=0
(a—2)(02+3a+7) =0
But a2 + 3a + 7 = 0 does not have real roots

a=2



Question 4.1.3: [2]

The function f (x) = x3 = 3x2+ 3x — 100, x€ R is
(A) increasing

(B) decreasing

(C) increasing and decreasing

(D) neither increasing nor decreasing

Solution:
[A) increasing

flz) =232 + 32 — 100,z € R
fi(z) = 3z* — 6z + 3

= 3(z* — 2z +1)

— 3z —1)°

Since, (x - 13'2 is always positive x 2 1
f(x) > 0OforallxeR, x # 1

Hence, f (x) is an increasing function, forall x € R, x # 1

Question 4.2: Attempt any THREE of the following: [6]

Question 4.2.1: Differentiate 3* w.r.t. logsx [2]
Solution:
Letu =37
du
— =3%log3
dzx o8
log
letv =1 =
etv=logzx Tog3
dv 1: d
— = {1} .
dz log3 dz (log z)
1 1 £}

- log3; zlog 3

d L 3Tlog3
D 5 = 3%. z(log 3)»2

_, ~ dv 1
dv . Sins

Question 4.2.2: Check whether the conditions of Rolle’s theorem are satisfied by the
function f (x) = (x-1) (x-2) (x-3),x €1, 3] [2]

Solution:



flz) = (z — 1)(z — 2)(z — 3), z € [1,3]
—z° 6z + 11z — 6

As f(x) is a polynomial function, it is continuous and differentiable everywhere on its
domain. Thus,

a. f(x) is continuous on [1, 3]
b. f(x) is differentiable on (1, 3)

Further, f(1) =0and f(3) =0
~ (1) = (3)

Thus, all the conditions of Rolle’s theorem are satisfied.

Question 4.2.3: [2]
Evaluate: ﬂ dz
Sl COsSx
Solution:
Vvtanz
I = [ — dx
SINr.CosT

Dividing numerator and denominator by cosx.

vianzr
COS T
= - dx
SIMITCOST.COST

dx

- sinz
cos T

Vtanz 1
= SinzT B dx
cos* I

coszx -t

Vtanz 1 )
= dx
tanz cosZzx

Vianz
:/ . ° (sec2:r) dx
an T

Veana(Ls)
| | ]

.COS T

Put, tanx =1t

Seczx dx = dt

1
o (R

Vit
= Ztan% te

=2Z2+tanzx + ¢



Question 4.2.4: Find the area of the region bounded by the curve x? = 16y, linesy =2,y =

6 and Y-axis lying in the first quadrant. [2]
Solution:
=
- 'i 7 el =6
|\‘ i
\\ o b
- S~ / %

y varies fromy=2toy=6.
Equation of parabola x? = 16y

T =4\/y

b
Required area =/ zdy
@

64
= / Vydy
2

[(6)F —2%]
8 3
= 3 [6 7 2"5] sq. units
Question 4.2.5: Given X ~ B (n, p) [2]
If n =10 and p = 0.4, find E(X) and var (X).

Solution: Given,n=10,p=0.4
g=1-p=1-04=0.6

Now, E(X)=np=10x0.4=4
Var(X) =npq=10x0.4x0.6 =2.4

Question 5: [15]
Question 5.1 | Attempt any TWO of the following: [6]
Question 5.1.1: [3]

(55511.1: _ 1]3
If the function f(z) = m forx # 0 is continuous at x = 0, find (0]

Solution:



f is continuous at x = 0.
f(0) =lim f(z)
x>0

S 2 (sslnx 1)2

. ([T L g

#0) _-ltuz%) z log(1 + 2z) —iu% zlog(1 + 2z)
)

2 2
(5"“ l) sin” T

3 sinr a3
_;th.:(l) 2log{12z)
2z
2
n Sslnx . i
= liglog(1 1 2z)
B - 2r
log 5)>
s(0) = LY
Question 5.1.2: The probability mass function for X = number of major defects in a
randomly selected appliance of a certain type is [3]
X =X 0 1 2 3 4
P(X=x) |0.08 0.15 0.45 0.27 0.05

Find the expected value and variance of X.

Solution:

E(X) =) _ z;. P(z;)

= 0(0.08) + 1(0.15) + 2(0.45) + 3(0.27) + 4(0.05)
=0+ 0.15+ 0.9+ 0.81 + 0.2 = 2.06

E(Xz) = Z z?. P(z;)

= 0(0.08) + 12(0.15) + 22(0.45) + 3%(0.27) + 4%(0.05)
=0+0.15+ 1.8+ 2.43 + 0.8 = 5.18

Var(X) = E(X?) - [E(X)]?

= 5.18 — (2.06)*

= 5.18 — 4.2436

— 0.9364



Question 5.1.3: Suppose that 80% of all families own a television set. If 5 families are
interviewed at random, find the probability that [3]

a. three families own a television set.

b. at least two families own a television set.

Solution: X = Number of families who own a television set.
P = Probability of families who own a television set.

80 4

—! O"’; _— — O —

P— 80/( 100 5
4 1
q p 5 5
A 4

Given n = 5,X~B(5, 7)

2

The p.m.f. or X is given as
P(X:;t):n,zplqnl
= n "szqJ I

a. P(families own television set)

— P(X=3)

b. P(At least two families own television set)

P(X>2)=1-P(X <2)

—1-[P(X=0)+ P(X =1)]
a(3) (3) +a(3) < (3)]

o (21) 34
B 55 ) 55

Question 5.2 | Attempt any TWO of the following: [8]




Question 5.2.1: Find the approximate value of cos (60° 30'). [4]
(Given: 1° =0.0175c, sin 60° = 0.8660)

Solution:
Let f(X) = cosz
fi(z) = —sinz

0

1
z = 60°307r = 60" + (5) =a+h

Here, a = 60° = X
3

®  0.0175
ST = (i> _ 00155 _ 4 00875

2 2
f0=1(3) =e(3) = § =05

™

) = m
f1(a) = f,(g) . sm(E) — —0.8660
fla+ h) = f(a) + hfi(a)
cos(60°30/) = 0.5 + (0.00875)(—0.8660)
~ 0.5 — 0.0075775
~ 0.4924

Question 5.2.2: The rate of growth of bacteria is proportional to the number present. If,

initially, there were 1000 bacteria and the number doubles in one hour, find the number
of bacteria after 2% hours. [4]

[Take V2 = 1.414]

Solution: Let ‘N’ be the number of bacteria at time 't’



Integrating on both sides, we get

dN
W=’/‘“

logN =kt + ¢
whent = 0, N = 1000
¢ = log 1000

log N = kt + log 1000

N
log(_IOOO ) = kt
N =1000e® ... (1)
when t = 1 hour, N = 2000
e =2
N =1000 % (2)°  .efrom (1)
1
whent = 25 hours, we get
N = 1000 x (2)7
— 1000 x 4 x V2 = 4000 x 1.414
N = 5656

1
Mumber of bacteria present after EE hours is 55656

Question 5.2.3: [4]

L1 ik
Prove that: f flz)dz = 2-[ flz)dz , if f (x) is an even function.
—i 1]

=0, if f () is an odd function.

Solution 1:



/Z f(z)dz = /Z f(z)dz + /;a f(z)dz

/ﬂ“ flz)dz =1+ /‘0“ f(z)dz

0
NowI=/ f(z)dz

Put x=-t
dx = -dt
Whenx=-a,t=aandwhenx=0,t=0
0
I= [ f(-t)(—dt)
a
0

Equation (i) becomes

/fz)dz—/ f(— z)d:z:+/ flz
f [f(—=2) + £(2)|dz.cr.. ()

case 1: If f(x) is an even function, then f(-x) = f(x).

Thus, equation (i) becomes

/: f(z)dz = /O‘a[.f(z) + f(z)|dz = 2Aa f(z)dz

Case 2: If f(x) is an odd function, then f(-x) = -f(x).

Thus, equation (i) becomes
[ 1@y = [(-5@) + fla)iaz =0

Solution 2: We shall use the following results :



a

[ )it ) 0

b

[ f(x)x=[7(t)ar 12

If ¢ is between a and b. then

5 c b
[f(x)ax=[f(x)ax+[f(x)dx _ (3)
Since 0 lies between -a and a. by (3). we have.

)d\—j'f d\+jf =TI+ I, ...(Say)

InZ. put x =—. Then gy =gt
When x=—a.—f=-a iy =2

When x=0.—t=0 ', =0

jf - f—f) ~dr)= jf(—r
=:[f(—t)dr By (1]
:E_f(_.\-)d\- [B(2)]
jf \)d\+jf

(1) If fis an ev enfuncnon. then f (=x)=f(x) - mthiscase,

f(.\')d.\':jf(x‘)dx‘+jf(x)dx=2jff(.\‘)d\

(i) Iffis an odd function. then f(—x)=—7(x) .. inthis case.

jf(\)d\ J.—f(\)d\+[ ()a'\'=—j.f(.\')d\'-!-j.f(.\'_)(l.\'=O.

0



Question 6:
Question 6.1 | Attempt any TWO of the following
Question 6.1.1:

If f (%) is continuous on [—4, 2] defined as
f)=68bh—3ax for-4 2 x < -2
=dx+1, for-2=2x=2

Showthatza + b =——

Solution: Since f is continuous on [-4, 2],

f is continuous on x =-2
lim f(z) = lim f(z)
- L, r-»-2¢

lim 6b—3az = lim 4z +1
T2 r——2t

6b — 3a(—2) = 4(—2) + 1
6b+6a = —7

(a+b):~%

Question 6.1.2: [3]

If u and v are two functions of x then prove that

/uud:—ufvd:—f[d—fvdz]dz

Hence evaluate, f re’

Solution:

Let /vda: = W..... (1)

d
then = — ... (2)
dx
d d d
Nowz‘-(u,w) = u. E(w) + w:i;(u)
= u.v+w—...... from(2)

By definition of integration.

[12]
[6]
[3]



U W = w. v+ w— |dz
dz
=/u.vdx +/w.d—ud.7:.
dz
d
/u. vdr = uw.w — /w-—ud:c
dzx
d
= u/‘vd1~ /[—ﬁ /v.dz]dz
dz
[next section only required for question 2]

d
Hence, /zerdz — z./ezdm - /[——z./ezdz] dx
dx
=Ie:—f1><ezd;r

=zeT —eT + ¢

Question 6.1.3: Probability distribution of X is given by [3]

X = x 1 2 3 4
P(X=x) |0.1 0.3 0.4 0.2

Find P(X = 2) and obtain cumulative distribution function of X

Solution: By definition cumulative distribution function at x is
Pz >2)=03+04+02=0.9
f(zi) =P+ P+ P3+....... +P; where, i = 1, ..., X

Thus f(I]) = Pl =0.1
f(z2) = P, =0.1

f(;rQ):Pl +P2:O.1 +03=04
flz3) =P+ P, +P;=01+03+04=0.8
flza) =P+ P, +P3+P;=01+03+04+02=1

4
L (@) =) Pi=1
i=1

X=X 1 2 3 4

P(X = ) 0.1 0.4 0.8 T




Question 6.2 | Attempt any TWO of the following [8]

Question 6.2.1: If y = f (x) is a differentiable function of x such that inverse function x =
f ~1(y) exists, then prove that x is a differentiable function of y and [4]

dr 1 dy

— = ——, Where — #0
dy My dx 7
dz
. . 1 i m B m
Hence if y = sin 21—1E231,—§5y*_~§
d 1
then show that — — —— where |z]| < 1

dr V1 — z?

Solution: ‘y’ is a differentiable function of ‘x".
Let there be a small change &x in the value of ‘x".
Correspondingly, there should be a small change dy in the value of ‘y’.

As bz — 0,0y — 0

. éx Oy
Consider — x — =1
y Oz
Ol By
oy Y%z

Taking a‘limo on both sides, we get
L

] o B

sz 50 \ %

Since 'y’ is a differentiable function of %/,

, dy
) (E)

Asédz — 0,0y —+ 0

: ) ;
(%D;IO (6—;) = hm;(o_y) .................. (i)

sz >0 \ 9

limits on R.H.S. of (i) exist and are finite,

Hence, limits on L.H.S, of (i) also should exist and be finite.

. oz dr ——
lim [ — ) = —exists and its finite
dy 0 \ dy dy

dzx 1 dy

o Y ) 0
dy %'dz#



T =siny

Differentiating w.r.t. y, we get

dz

— = cos

dy Y

dy 1

dr  cosy

dy 1

dx Fafl— sin y

dy 1

dz /1 22

: ™ S TE Y

since NG <y < 2 y lies in | or IV guadrant.
cosy Is positive

dy 1

—_ = |z| < 1

dr V1 — 22
Question 6.2.2: [4]

: : . dy

Solve the differential equation I, Y= e
Solution:

dy T

dz #=6

d
The given equaticn is of the form d—y - =16)
T

Where, P= —1 and Q = e*
ILF=elpiz —of 1z _ oz

Solution of the given equation is

y(I.F) = fQ(I. F)dz + ¢



y. e z=f€.:.e. dz + c

ye T—z+4e

wegetc=1

yve T=z+1

y = (z + 1)e” is a particular solution of D.E.
Question 6.2.3: [3]

8
Evaluate: d
e f (z +2)(z? + 4) :

Solution:

LetI=/ & dz
(122 +9)
8 A Bz +C

Let = +
S lEt2)2+2) z+2 @ 22+4

8=A(z*+4) + (Bz+C)(z +2)

8 = A(z® +4) + Bz® + 2Bz + Cz + 2C
8 =(A+ B)z? + (2B + c)z + (44 + 2C)

Comparing the coefficients of %2, x and the constant term, we get
A+B=02B+C=0and4A+2C =8
On solving these equations, we get
A=1B=-1.C=2
8 1 2 +2

- +
(z+2)(z2+4) z+2 z2+4
1 —x + 2
— d
! /[.7:+2+ z2+4] i
1 1 2z 1

= dz — — dz + 2 d
_/:z+2z 2/$2+4 e /z2+22z

= log|z + 2| — %logl:z:2 + 4| + tan l(%) +&

+ tan 1(;) +c

T+ 2 ‘



