Subjective Questions of Differential Equations

Q. 1. If (a + bx) e = x, then prove that a’

¥
Solution. (@+&x)ex =x

¥

— £x= X

a+bx (1)

Diff. w.r. to x, we get

ay
'I [(x)dx_y} a+bx—bx
e =
x? {a+ .E:x}2

- (2)

¥
) X
From (1) using g* =
1) e a+bx

(o) o

, We get

Differentiating (3) w. r. to X, we get

ﬁ+ﬁ_ﬁ=(a+bx)a—arb

rd12 dx dx (a+bx)?

o« (42
d? i:.£1+1‘.:l.1r}2
= ﬁﬁ=[ ar)
del La+bx .(4)

Comparing (3) and (4) we get



-

Q. 2. A normal is drawn at a point P(x, y) of a curve. It meets the x—axis at Q. If
PQ is of constant length k, then show that the differential equation describing such

y£=i B -y

CUrvesis - dx
Find the equation of such a curve passing through (0, k).

Solution. The length of formula PQ to any curve y = f (x) is given by

According to question

length of PQ =k

Fa
P, y)
o0
- (2 s

Which is the required differential equation of given curve. On solving this D.E. we get
the eqn of curve as follows

As it passes through (0, k) we get C =0



~ EQ" of curve is

—-.,Il'ﬁr2 —}'2 =ty Of Jr2+_1.:2 =i

Q. 3. Lety = f (x) be a curve passing through (1, 1) such that the triangle formed
by the coordinate axes and the tangent at any point of the curve lies in the first
guadrant and has area 2. Form the differential equation and determine all such
possible curves.

Ans. x+y=2andxy =1, x,y >0
Solution. Equation of the tangent to the curve y = f (x) at point
(xy)isY -y =f'(x)(X-x) ...(1)

P(r— Y ,n}
The line (1) meets X-axis at F'® / and Y-axis in

Q0 y-xf'(x)

\

Area of triangle OPQ is

_1 Y P
- E{OP}I[OQ}—E{I f.(x)_]u X (%))
_ 0-vw)’

21'(%)

We are given that area of AOPQ =2

~(v-)? 2 L g
= W—E = (y—-xr(x))°"+4/'(x)=0

= (y-px)*+4p=0 ..(2)



where  p= fix) = 2

Since OQ >0, y - xf'(x) > 0. Also note that
p=f'(X)<0

We can write (2) as y— px = 2,/-p

= y=px+2)-p -3

Differentiating (3) with respect to x, we get

dy _ dp 1, -2, o dp
E‘“;ﬁ“z{z](p} Do

dp —1/2 dp
= — (- =10
X (-p) :

dp 124
= E[I-(—F) 1=0=

=0or x=(-p)7'"
“thenp=cwherec<0[~p <0]
Putting this value in (3) we get

y=ar+2y'r—_c

(4)

l=c+2—c = —c—2J—c+1=0

= (J—e-1*=0
of f-c=1= -c=lore=-1

Putting the value of c in (4), we get

y=-X+2,0rx+y=2

Next, putting x = (- p)¥2 or - p = x2in (3) we get



ol
=>xy=1(x>0,y>0)

Thus, the two required curves are x +y=2and xy =1, (x > 0,y> 0).

Q. 4. Determine the equation of the curve passing through the origin, in the formy

. - i . . = =sin (10x + 6y).
= f (x), which satisfies the differential equation d@x

oL m_,( 5 tan 4x )-5:
3 4—3tan4x

Solution. Put 10 x +6y = v

AnNs

dy dv dv
10+6—=— SRR T, WP
+ & & g 10 =6sinv
= _Lﬂﬁ or vd‘v " =dx
6smnv+10 12sin ) cos , +10

. natorby ™0 (
Divide numerator and denominator by and put

dt
Lﬁ=dx or ————=d
126 +1000+17) 57 +61+5

I\J&

e

Etaﬂ_l —51:3 =35x+5¢c or I;an_l—jr;-3 =4x+¢

4
Atoriginx=0,y=0

v=0, - t=tan> =0
2



Hence, from above

T L S L S
4 4 4
5t+3 3

2 4 L0
1 51533 Bndx 25+15¢
+
4 4

or4t=(5+3t)tan 4x ort (4 -3tan4 x) =5 tan 4x

v_ Standx
2 4-3tandx

Standx
tan(5x +3y) = — 22X
o 43 = Sy

Stan 4x ]
4_3tandx.

or _1[1:311_1(—51;3114: )—51]
r=3 4—3tandx

Q. 5. Let u(x) and v(x) satisfy the differential

or 5x+3_v=tan_1{

) du p(x)u = fx) and dv +p(x) v=g(x)
equation @ dx

" where p(x) f(x) and g(x) are continuous

functions. If u(x1) > v(x1) for some x1 and f(x) > g(x) for all x > x1, prove that any

point (X, y) where x > x1, does not satisfy the equations y = u(x) and y = v(x).

Solution. (i) y = u (x) and y = v(x) are solutions of given differential equations.

(i) u (x1) > v(x1) for some x1

@ f)>gl)¥x>x

s (= 1)

i[ugjpix} =f|:xjg-rpdx
dx



Similarly; %[vﬁ”‘}g(x)@f”‘

Subtracting, %[{u - v}.efp dx:| =[f(x)— E(I)]QIP *

From above since J(x)>gX).¥x>x and exponential function is always +ive, then
R.H.S. is +ive.

%[(u-v}.ejf’ﬂ:-n or %:-ﬂ

F={u—v}ejpdx

Hence the function IS an increasing function.

F = (u—v)e) P& is+iveat x=1x
> F=(u-ve " is+ive ¥x> 1
(F being increasing function)
u(x) > v(x), ¥ x> x
=~ Hence there is no point (x,y) such that x > x1 which can satisfy the equations.
y =u (x) and y = v(x).
Q. 6. A curve passing through the point (1, 1) has the property that the
perpendicular distance of the origin from the normal at any point P of the curve is

equal to the distance of P from the x—axis. Determine the equation of the curve.

Ans. x?+y?2-2x=0,x-1=0

EI(X—I}+F—_}' =10
Solution. Equation of normal is

X +V

B

= ¥/



~x=1 ..

Putting x=1, y =1 gives c=%

=~ Solution is x? +y? - 2x =0 ..(2)
Hence the solutions are,
X2 +y?-2x=0x-1=0.

Q. 7. A country has a food deficit of 10%. Its population grows continuously at a



rate of 3% per year. Its annual food production every year is 4% more than that
of the last year.

Assuming that the average food requirement per person remains constant, prove

that the country will become self- sufficient in food after n years, where n is the
In10 -9

smallest integer bigger than or equal to n(1.04)-0.03"

Solution. Let Xo be initial population of the country and Yy be its initial food
production. Let the average consumption be a units. Therefore, food required initially a

Xo. It is given

90
% =”X“[EJ = 0-9a%, (i)
Let X be the population of the country in year t.
Then dX/dt = rate of change of population

3
=—X=003X
100

ax . aX
== — (.03 4t- Integratin = =
¥ - Integra aj'x J'u_uadr

= logX=003%+c = X=Agﬂ'u3r
At 1=04=1%;, thus X =-"1,X=Xuen'03’

Let Y be the food production in year t.

4 T
Then¥ = |1+ | =09aX,(1.04
= “( +mr:J a Xy (.04
(since ¥ = 0.9aX, from (i)
Food consumption in the year t is a X 0e%03
Again Y-aX 20 (given)

003 _ 04 1 10
s ﬂ.gﬂﬂﬂ‘q')f :_’ ﬂ.ruﬂ - W :_’ ﬁ =E



Taking log on both sides,

t[in(1.04)—0.03]2 In10—In9

_ In10—In9
~ In(1.04)- 0.03

Thus, the least integral value of the year n, when the country becomes self-sufficient, is

. 1a10-1n9
the smallest integer greater than or equal to ~ 1n(1.04)-0.03°

Q. 8. A hemispherical tank of radius 2 metres is initially full of water and has an
outlet of 12 cm2 cross—sectional area at the bottom. The outlet is opened at some

instant. The flow through the outlet is according to the law v(t) = 0.6 V28h(t)- \yhere
v(t) and h(t) are respectively the velocity of the flow through the outlet and the
height of water level above the outlet at time t, and g is the acceleration due to
gravity. Find the time it takes to empty the tank. (Hint : Form a differential
equation by relating the decrease of water level to the outflow).

14m

(10)° units
Ans. 27Jg

Solution. Let the water level be at a height h after time t, and water level falls by dh in
time dt and the corresponding volume of water gone out be dV.

= |dV|=|mh| (. dh s very small)

LA

at 9t (.- as t increases, h decreases)

v=32gh

Now, velocity of water,

Rate of flow of water = Av (A= 12 cm ?)

v (3 ] ) dh
O |2 el =gt 2
= T lsvehd) =



Also from figure,
R? = (R - h)?+r? = r? = 2hR-h?

So, %4@ NhA=—n(2hR- i’ )_%

2hR —h?
Jh

dh=—>, [2g Adt
m
Integrating,

0 3W2g T
RS-0 Dydh= -5 4| ar
-IlR( J— ) am Jn

( 3 s5)°
2 2
= 1o |ypht_B%
34.2¢ 3 3

2 2/p

Ll [_335.-'2+ﬁﬂs.-'1J __ o 14 o5p

3428\ 5 3 T340 15
56m 5 S56m 5 l4n 5 .
=——(10) = (10" = 10)” umits.
N A POV TN

Q. 9. A right circular cone with radius R and height H contains a liquid which
evaporates at a rate proportional to its surface area in contact with air
(proportionality constant = k > 0).

Find the time after which the cone is empty.

Ans. H/k

Solution. Let at time t, r and h be the radius and height of cone of water.

=~ At time t, surface area of liquid in contact with air = mr?



:
g

ATO - % o
[+ “—’ve sign shows that V decreases with time.]

> Y w? o i[l:r[rzh}=—kw
dt dr| 3

2

= l:rci[rzh]=—h|:r3
3 dtf
r_R
But from figure # H [Using similarity of A’s ]
= 5"
R
1d[ 4 rH )
Weget, ——| r*.— |=-kr"
B 3dfl:r R]
’H dr
= raar_ .2
R dt
= ﬁ=_ﬂ = :a-=ﬁ1f+-"3r
dt H

Butatt=0,r=R=>R=0+C=>C=R

—kRt
= + R

r

Now let the time at which cone is empty be T then at T, r = 0 (no liquid is left)



—kRT ¥y

0= +R = T=
k

Q. 10. A curve “C’ passes through (2, 0) an d the slope at (X, y)

x+D) +(r-3)
as x+1 Find the equation of the curve. Find the area bounded by curve

and x—axis in fourth quadrant.

4 50. unifs
Ans. 3

Solution. According to question

2
(x.y) = (x+1)" +(y-3)
Slope of curve C at (x+1)

x+1
Solis 1 -[1- 3 &
x+1 (x+1)?
o+ 3 +C
x+1 x+1

y=x(x+1)+3+C(x+1) ..(1)
As the curve passes through (2, 0)
~0=23+3+C.3

= C=-3

~ Eq". (1) becomes

y =X(x +1) + 3 - 3x-3



y = X% 2X...(2)

Which is the required eq" of curve.

This can be written as (x - 1)? = (y+ 1)

[Upward parabola with vertex at (1, —1), meeting x-axis at (0, 0) and (2, 0)]

¥

.

Area bounded by curve and x-axis in fourth quadrant is as shaded region in fig. given
by

20 f5-¢]
= ‘2_4.{ =% 5. vmits.

Q. 11. If length of tangent at any point on the curve y = f(x) intercepted between
the point and the x—axis is of length 1. Find the equation of the curve.

1_— 'ly_yz +1.,l1—;|,r2 =+x+¢

ANS.

Solution. We know that length of tangent to curve y = f (X) is given by



= Put y=sin B so that dy =cos840

= m?—sacusﬁdﬁ=ix+c
sin g
= J(omecﬁ—smﬁ}dﬁ=ix+c

= log|cosecB—cot8|+cosB==%x+c

1=vi=y" '1_'1;2 +1,||1—_'_|,r2 =tx+¢

:}[og
¥




Match the Following of Differential Equations

Match the Following

Each question contains statements given in two columns, which have to be
matched. The statements in Column-1 are labelled A, B, C and D, while the
statements in Column-11 are labelled p, g, r, s and t. Any given statement in
Column-I can have correct matching with ONE OR MORE statement(s) in
Column 11. The appropriate bubbles corresponding to the answers to these
guestions have to be darkened as illustrated in the following example :

If the correct matches are A-p, s and t; B-q and r; C-p and q; and D-s then the
correct darkening of bubbles will look like the given.

P qQr s t

900000
Ol 1Ol0)
P11 IO0]0)
PeOe®

0 ow e

Q. 1. Match the statements/expressions in Column | with the open intervals in Column
.

Column | Column 11

@ [-E E]

(A) Interval contained in the domain of definition of 22
non-zero solutions of the differential equation
(x=3)2+y'+y=0

(B) Interval containing the value of the integral
5

[(r=1)(x—2)(x = B)(x - 4)(x—5)dx
1

T
(C) Interval in which at least one of the points of local © (3’ 4]
maximum of
cos?x + sin x lies
_— _ o o (°F)
(D) Interval in which tan—1 (sin X + cos X) is increasing
t) (—m,m)

Ans. (A) — p,q,r.8,t; (B) — p,t; (C) — p,q,1,t; (D) — s



Solution.

2.
(x-3"y+y=0

= l[:vr—3}2 %=—y

[ 1)
- h—i @=I{x—13)2 “

1
| =——+lo 3
o log|y| L3 tlogc. x=

= log ¥ =L,x;&3
c x-3

1 1

= Y3 or yoce3 x=3
c

= The solution set is (- o, o)- {3}

T T L n 3m b
The interval [ 272-],[ 2} (ET][ ,EJ and (-=, m) contained in the domain
“(A)—p,q.r, st
®) Jllsl:x—l}{x —2)(x—3)(x —4)(x—5)dx
Let(x-3)=t=dx=dt
Alsowhenx = 1,t — -2

and when x — 5t —» 2

=~ Integral becomes

ji(m 2)(t + Dt - 1)(t - 2)dt

_ jzzr(rz —1)(2 —4)dt =0

as integrand is an odd function.



ta| =

] and (—m, @)

I
2?

O is contained by (
& (B) — p.t.

(C) Let f ( x) = cos? x+ sinx

= f'( X) = -2 sin X c0S X+ COSX

. ] sinx= 1 or cosx=10
For critical point f'(x) =0 2

o n_T
6 27 2
Now f'(x)=-2cos2x—sinx

F 0 g =V S| o5y 6 =V

[ () e jp =+ve and ()| g, =+ve

= X= of T==_—

=

s m
6 6 are the points of local maxima.
n

uﬁ—J
Clearly all the intervals given in column Il except [ 8

Contain at least one point of local maxima.
(C) — Db, q, I',t

(D) Let f ( x) =tan * (sin X+ cosx)

p— i T

= fan [ﬁ sm[x+ 4]}

1 T
Fix)= —..ﬁcus[x+—]
1+25m2{1+:] 4

For f (x) to be an increasing function, f'(x) >0



2 4 2
= —E{x{E
4 4
T inw
Clearly onl [ﬂ,—]c(——,—)
yony 3 4 4
(D)—s.

Integer Value Correct Type
Q. 1. Lety'(x) +y(x)g'(x) =9(x), 9'(x), y(0) =0, x € R, where f
) and g(x)
'(X) denotes dx is a given non-constant differentiable function on R with
g(0) = g(2) = 0. Then the value of y(2) is

Ans. 0

dy
+g()y =
Solution. The given equation is & ENER)

LE= oSO _ oy
. Solution is , £_ [ £0) () ¢'(x)ax
put g (x) =t so that g¢(x) dx = dt
= [&'rar =et(t—1)+c
y.e2® = g2 [g(x) — 1]+ ¢
Asy(0)=0andg(0)=0
~C=1
. y.e9%) = 99 [g(x) ~ 1] + 1
As g (2) =0, putting x = 2 we get

y (2).e99=e®[g(2) -1]+ 1=y (2) =0
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