Exercise 6.3

Answer 1E.
(@)
Consider the function y =log,_ x

¥ = log, x is a logarithmic function with base “a’ which is the inverse function of the function

f(x)=a

(b)

The Domain of the logarithmic function is |(0,2c)

(c)

The Range of the logarithmic function is the [set of real numbers]

Range of this function is the set of real number R

(d)

Sketch the general siope of graph of the function y=log, x, a>1

21 y=log x a>1




Answer 2E.

(A)
The logarithm with base “e” 15 called natural logarithm denoted as
log, x=Inx
(B)
The common logarithm 1s the logarithm to base 10
= (logy x is called common loganthm)
<
;' Halra saprenhal e
Fa
-3
Fig1
¥ =&" 15 the natural exponential function and y =In x 1s the natural logarithm
function
Answer 3E.

(a)
Consider the expression log, 125
Recollect that

log, x=yifandonly if 5" =y
So that,

log;125=3 Because 3% =125
Therefore, Jog, 125=



(b)

Consider the expression Iog,(L)

27
Recollect that
log, x=y Ffandonly if g = »
So that,

1 1
— |==3 Because 3= _—
hg’(z*:] 27

Therefore, '083(2'—?) =

Answer 4E.
(a)
Consider the following logarithm:

In [lJ
e
From the laws of Logarithms,

|n[i]=|nx—|ny ...... (1).

¥
Here, x and y are positive numbers.

Let, y=1and y=e
Substitute x =] and y =ein equation (1). to get the following results:

In[£]=lnl—lne

=0-1

=1

Hence, the final answer is )

(Since, Inl=02and Ine=1)

(b)
Consider the following logarithm:

log,, NIT)

Rewrite the logarithm Jog,_ /10 as follows:

1]
log,, 'JI—D =log,, {Iu}i
From the laws of Logarithms,

log,,m" =nlog,,m e 2)

Let, m=10and n =%.
Substitute gy =10 and n =%in equation {2) to get the following resulis:

log, Jio= log,, {10}%

:%k’gle(m]

!
2
=05

Hence, the final answer is _



Answer 5E.

(a)
Consider the ExprESSiDn ch"‘-s .
Note that, gh’ =x, x>0

Therefore,

em4s _ _

(b)
Consider the expression log,, 0.0001

Note that. log, (a‘) =x, foreveryxceR

Since (.000] can be written as

n.mm=L=m*’
10000

Therefore,

log,, 0.0001 = log,, (10™)

-=
Answer 6E.

(@ In, 2.25=1n, ,(1.5)"
=2In,,15
=2(1)
=2

Therefore [In,,225=2
4
®) In 4-1Ins 500=Ing| —
=Iln,5°
={-3)n,5
=(-3)1
=-3

Therefore [ln;4—la500 =-3|

Answer 7E.

(@)
Consider the following expression:
log, 6—log,15+log, 20

Find the exact value of the expression.

Recollect the formula. log, x—log, y =log, {i]
¥

Use this formula rewrite the expression.

log, 6-log,15= lngz(%]



Take the complete expression.
log, 6-log,15+log, 20

Substitute. log, 6-log, 15 =log, (%) in log, 6-log,15+log, 20.

6
log.| — |+log, 20
g_(ls) log,

Recollect the formula. log, x+log, y =log, (xy).

Use this formula rewrite the expression.
6
=log,| —-20
ﬂg‘(lﬁ ]

120
=log; [EJ Simplify
= lu’g: {8}
=log, (2’)
=3log, 2 Since Jogx' = ylogx
=3-] Since log,2=1
=3
Thus, log, 6—log,15+log, 20=3.

Therefore, Jog, 6-log,15+log, 20=

(b)
Consider the following expression:
log, 100 log, 18 -log, 50

Find the exact value of the expression.

Recollect the formula, log, x—log, ¥ =log, (i)
¥y

Use this formula rewrite the expression.

100
log, 100-log, 18 =log, [WJ



Take the complete expression.

log, 100—log, 18— log, 50

Substitute. Ingjll]ﬂ—logﬂS:logs[%) in log, 100 log, 18— log, 50.

Iﬁg] [%]-Iﬁgj 50

Recollect the formula, log, x—log, y=log, [iJ
y
Use this formula to rewrite the expression as under:

(i)

50

100
log; {_J —log; 50 = log;

18

osd (E.L]
=%8( T3 S0

=-1log,(9) Since logx’ = ylogx

=—llog; (3°)

=—2log,3

=-2.1 Since log,3=1

=-2

Thus, log, 100-log, 18—log,50=-2_
Therefore. log, 100-log, 18- log, 50 =

Answer 8E.
Consider the expression, 23

Recollect that

& =x, x>0

S0 that,
e s _ EJnf':'

=5

Therefore, 2% =
25



Consider the expression, In (ln & )

Recollect that
e =x, x>0
Lel ¢ =xthen Jnx=10
So that,
ln(ln e‘u) = ]n{]n e )
=In(xIne)
=In[x(1)]
=Inx
=10

Therefore, ln(ln e‘m) =
Answer 9E.

Consider In +/ab =In{2b)"
= %m (ab)

Infab = %[]n a+Inb]

Answer 10E.

— _yM2
Consider log,, ’z—-l-: =log,, (:—-I-:)

_1]0 z—1
B

= %[logm (2-1)—logy(= +1)]

’x -1 1
Therefore [log,, I = E[logm (z—1)—logy (= +1)]

Answer 11E.
Consider ln%:ln(xn)—ln(fz‘)
=in(x") - in(5")+1a (") ]

=2lnz—3lny—4lnz

x2

3_4
¥E

Therefore [ln =2lnx-3lny—-4lnz

Answer 12E.

Consider h(s‘mﬂn(s‘)ﬂn(m
=41ns+%]n (tJE)

=41ns+%[1nt+1n£]

= 4lns+l|:1nt+llnu
2 2

Therefore m[s‘ ko =4].ns+%lnt+%]nu




Answer 13E.

Consider 2lnz+3lny—Inz

=lnz*4Inv*—lnz (since mlna=Ina™)
=lnz’y’—Inz (since Ilna+lnb=In(ab))

2
=1n(x }(since lna-lnb=In2)
Z b

2_3
Therefore 2lnx+3]ny—lnz:ln(x 7 ]

Z

Answer 14E.

Consider log,, 4+log,, a—%logm (a+1)

= logy, (4a)—log,, [a+1)]'3
=log, (4a)—logy, a+1

4z

=log,y —/—
w 3fa+1
1 da
Therefore [log,, 4+1og, a—glogm (a+1)=log), ﬁ
a
Answer 15E.

Consider the following limit:

In5+5In3
Use the properties of following logarithmic functions:
log, (xy)=log, x+log, ¥

log, (x'): rlog, x

The logarithm with base e is called the natural logarithm log, x =Inx.
Therefore, the expression can be written as follows:
In5+5mn3=In5+In3° SINCE rlnx=Inx"

=In5+In243 Since Inx+Iny=Inxy

=1In(5x243)

=In(121 5)

Therefore, the expression of a single logarithm is In{lZlS) -

Answer 16E.

In3+lln8
3

=In3+In(8)"” Since Inx’ = yinx
= In?r.(S]nI ¥ since Inxyy=Inx+Iny.
=In(3.2) Since g* -2

=In6

Hence

ln3+%ln8=ln6

Answer 17E.

Consider %m(x+2)3+%[1nx—1n(x’+3x+2)2]

1x31n(x+2)+11nx—lx2 In{x” +32+2)
3 2 2

=1n(x+2)+%lnx—ln(x2+3x+2)



=Iln

|

((x+2)x

l“xz +3=+2

( (z+2)4
k(x +1)(x+2)
3

kx+1

Therefore %]n(x+2)3+% mx—ln(x’+3x+2)’]=1n_

Jx

=z=+1

Answer 18E.

(Given that In (a +b)+].n(a—b)—2]nc:

This can be written as In ((a+2)(a—&))-2lnc

In ([a +b) [a—b)) —lnc?
=In (s’ -4")-Inc?

2,2
—k
[a;)
z

Answer 19E.
Ine
A log,,e = ——
(A) Z12 ni2
1
Inl12
_ 1
2484907
= 0402430
Hence
ogye = 0402430
Ins
log, i=——
(C) 22 n2
_ 1144730
0.693147
= 1.651496
Hence

fog 7= 1651496

Answer 20E.

So we have
Inx

In2
Inx
Ind
Inx
Iné

Inx

y=log,x=
y=log,x=
y=log,x=

And =log, x=—
¥ gt ng

By the formula log, I:E
Ina

Since log,x=——

Ina

Since log,x=——

ga>0and a=1

Ina



Now we sketch the curves _)r:E :]'ﬂJr _lnxmy:E on the

n2 ° kW4’ 16 In8
common screen (figurel)

15 ¥

1

-1.5

Fig.1

We see that

(1) As x =07, all graphs >0

(2) Al graphs pass through (1, 0)

3 All are increasing function

4 As the base 15 increasing, the rate of increase 1s decreasing

Answer 21E.
Inx
Bytheformulalogllen—, a>0and a=1
a
We have
) In
=lo = —
=log,, x= ——
¥ Z10 nio
=log x=——
¥ 250 1n 50

In
¥=—— and y=—— onthe

n
Now we sketch the curves y=—— y=lnx,
e Y T (5 T T Y T 10 ¥ Y T hso

common screen (Figure 1)

B 5Y Y=log x
10 Y=lnx
‘|’=Lng- __T::
=L 3 x
25
ET!
Fig.1
We see that
1 as x — 0%, all graphs — -
2 all graphs pass though (1,0)
3 all are increasing
4 as the base 15 increasing, the rate of increase 15 decreasing



Answer 22E.

Bytheformulaloglx=$, a>0 and azl
a
We have
y=logyx
_Inx
In10

Now we skeich the curves y=1nx,y=lognx=ﬁ,y=e' and y=10" onthe

same screen (figurel)
y=10"
Y] 5 -
.
. E
i Y=Lnx
/fﬂw.;
1 1 X
A
Fig.1
‘We see that

(1) y=Inx and y =log,y x Both curves pass through (1, 0)
2) ¥ =In x Has more rate of increase than y =log); x
3) y=Inx is the reflected curve of y =¢" abouty=x and y =log,, x is the
reflected curve of y = 10" about the line y=x
Answer 23E.
(a)

Consider the expression y =log,,(x+5)

The graph of y=log,, x




(a)
Consider the expression y =log,,(x+5)

The graph of y=log,,x

=100 -

The graph of y =log,,(x+5)

So, shift the graph of y = log,, x five units to the left to obtain the graph of y =log,,(x+5)

=1 L



.-\'n
D

Consider the expression y=Inx

Lh

Lad

Consider the expression y=-=Inx

Reflect the graph of y = Inxabout the x—anxis to obtain the graphof y==Inx



Answer 24E.

(@)
Consider the expression y=In ( -.t}

The graph of y=In(-x)

k.

Recollect that the log function can be defined for log negative real number only so0 when
x>0 0" x<0 In(-x)is defined.

It will be exactly on the opposite side of x—axis or negative side of x—axis take the form
y=In(x)further In(1)=0allows thatwhen x=—]. In(—x) become zero so the graph of

y=In(—x)will be below x—axis for —] < x<(andabove x-axiswhen y<-|

Recollect that In(x)<x forall xand In(-x)<-x forall xe®R- This shows that the curve

of ln(-_r] cannot intersection the line

ln(—:r}

¥ =—xuse this information to get the possible graph of

D

JJ':—I

= th

y= lﬂ['—.’ﬁ

[

W T
!
2

5 4 -




(b) Consider the expression y=In |r|

The graph of y=In|x|

When In |t| is nothing but ln(_r]which for negative real numbers, the log function is not

defined with careful infrastructure it can be contractual that ln(—_r}include meant for negative

real number but due to the negative symbol of xit is required to use negative real numbers as
the domain of In(-x)

Answer 25E.

(@

()

(©

Given f(x)zlnx+2

Since ln x 15 not defined for = =0

Domain of f(x) =lnx+21s z> U,i_&(ﬂ,m)
Andrange of f(x)1is (—0,00)

To get z-intercept f(x) =0
= Inx+2=0

== xze_z
1e; |x—intt:ﬂ:ept =™ |
The graph of f(x)is
¥
A
f(x)=Inx+2
> X
ks
(c2.0)




Answer 26E.

Given f(x)z]n(x—l)—l
(a) Since Inxisdefinedforall x>0

Therefore x=—1>0
= z>1

ie,  [domain of f =(1,00)|

|Rangeoff(x)is]ll= (—mm)l

(b) To get =z-intercept f(x): 0
= ln(x—l)—lzﬂ
= e=x—1
= z=e+1
1e; x-interceptis e+1

©
The graph of f(x)is

o

Answer 27E.

(@  Consider e *=§
Then taking loganihms on both sides

T—dz=Iné
=  4z=7-Iné
= x=4l(?—ln6)

(b)  Consider In{3z-10)=2
= 3z—10=¢?

= x=%(10+t:2)

Answer 28E.
(@)  Given m(x’—1)=3

= 2-l=¢

= xt=1+¢
= Ji+e
)  Given X _3e* 42=10
= e -2 —e*+2=0

= & (e’ - 2)—1(e‘— 2) =0
= (&-1)(e"-2)=0



= e —1=00re*-2=0
= f=1o0r =2
= 2=0 or z=Ine’
Theror
Answer 29E.
(b)
Consider the expression Inx+In (_t - l] =1
ln.r{:r— l}=l
x(x—1)=¢' Since Inx=y then g -y
¥-x=e
¥-x—e=0
The quadratic formula for 2 _ y _e=QWith a=1,b==1,c=—¢

b —4ac

2a
x%(.im)

But negative roots are not defined in natural logarithms so it is not defined for y < ()

Only defined for x = %{] + +4g)

Answer 30E.
(A) The given equation is
93!1‘1 — k
Taking natural logarithms of both sides of the equation, we get,
Ine™ =Ink
= 3x+l=Ink Since lne"=x
= 3z=lnk-1
Ink-1
= i=—
3
Hence
Ink—1
XxX=
3

(B) The given equation is

log, (mx)=c
= mx=2 Since log x=y = i=d
x
= r=—
m
Hence
x
r=—
e
Answer 31E.

Given e—e =1
= e = =e—1
Taking logarithms on both sides,
—2z=ln (e - 1)

= x:—%ln(e—l)




Answer 32E.

Taking natural logarithm on both sides, we get
n{ 10)(1 +€Tj!_l = In3
A
ln[ lﬁ) -Hn(l +e ” )_: = In3 because [Inx +Iny = In(x)(v)]
10 ~In(1+¢™" ) =1n3 [rinx=In(x)" |
In10 —In3 = ln(l + e_r) because [Imc —lny= ln(:—)]

Inz—n=ln(l +e“)

Again taking natural logarithm on both sides, we get

—-x __ 7
Ine = ]“(.TJ

7

—xIne = ln( T) because pe= 1

Therefore, the value of Xis y = —In( %]
Answer 33E.

Consider the following equation:

In(lnx)=1
Apply exponential function to both sides of an equation In(Inx)=1.
eh(hr} =€I

From the property of exponential and logarithmic functions is as follows:
e =x.x>0.

Use the above property to ghlles) _ 1.
Inx=¢

Again apply the exponential function to both sides.

.'I.'=€f' Since ¢ =x.x>0
x=¢
Therefore, the solution of the given equation is x=-



Answer 34E.

The given equation is

e =10

Taking natural logarnthms of both sides of the equation, we get,
Ine” =ln10

= e =Inl0 Since Ine*=x

Again taking natural logarithms of both sides of the equation we get,
]ne':ln(]nlﬂ)

= x=]n(]n10)

Hence

Answer 35E.
Consider the following equation:
e —e —6=0
Rewrite the equation,

(¢ ~(e)-6=0

The obijective is to solve the equation for x.

Let y=¢*
Then, the equation becomes,
W -u-6=0
W =3u+2u-6=0
u(u-3)+2(u-3)=0
(u-3)(u+2)=0
u=3=0o0ru+2=0
w=3oru=-2

Therefore, y=3 0r y=-2
When y=-2, &' = -2(u=e‘)
S0, ¢* =-2 is not satisfied because the exponential value is negative.
When y=3. & =3(n=e’)
Apply natural logarithms on both sides of the above equation.
In(e*)=In3
xlne=In3 [ ]n(a')=bln(a}]
x=In3 [Im;':l]

Therefore, the solved equation for x is .

Answer 36E.
Given In (2x+1) =2-Inx
=In (2x+1)+lnx= 2
=hz(2x+0)=2 (Sinceln(a)+1n(b)=lnab)
= x(2x+1) =& (Bjr the definition oflogorithm)

=2 +x=2"
=2 +x-2=0

Then x— —1++/1482°
2x2
S e

a 4



—1-J1+822

Hence x =0, xzf{(]

_ —14+414+ 88
4

But logarithm is not defines for negative real numbers.

_ —1+ 1+8

4

Therefore, |x

Answer 37E.

(@)
Consider the equation 3 — 100
Take natural logarithm of both sides of the equation and we have, In (e‘) =x xek .
=x x>0
In(e***)=In100
2+5x=In100
5x=1In100-2
. In100-2
5

Since the natural logarithm is found on scientific calculator, we can approximate the solution: to
four decimal places,

__(n100-2)
5
=
(b)
Consider the equation In(e” -2)=3

We have, Inx = yiFandonly if o* = »

In(e‘ —2}=3
e-2=¢
e=e+2
x= In(ei-f-l)

Since the natural logarithm is found on scientific calculator, we can approximate the solution: to
four decimal places,

x=In(e’+2)
=|3.0949
Answer 38E.
(@
Consider the equation In(l +Jx ) =2
We have, Inx = yifandonly if o* =
(1+7)=¢
V=& -1
Squaring on both sides
(V&) =(e 1)
x=(e-1)
=[40.82003]

So, the approximate the solution: to four decimal places. y =[40.8200



(b)
Consider the equation V=4 _<9
Take natural logarithm of both sides of the equation

In(3"**)=n7

1
mlﬂ3= In7
1 _In7
(x-4) I3
_1
(x-4)

=1.7712

So, the approximate the solution: to four decimal places, y =|4.5645

Answer 39E.

(a) Given Ilnx <0
Then x<e’=1
But In =z 15 defined only for x>0
Therefore [lnx <0isvalidfor 0 <x <1

) Given e >35

=

Answer 40E.

(@ Given l<e™lc2
= Inl<3z-1<h?2
= 0=<3z-1<In2
= l<3z <1+In2

= L -::1(1+1n 2)
3 3

) Given 1-2lnz <3
= -2 <2lnz
= —1<lnx
= elezButz>0

Therefore b4 >l
£

Answer 41E.

Since 1f£ =12inches
Seo 3# =3x12=36 inches
Now according to the problem we have
log, x=36
Then x=2® inches [lo&x:y(:)a’:x]

Since 1fi= L miles
5280
Then 12 inches= L miles
5280

Therefore 2¥inch=—— miles
5280x12

= |108458?.?01 m.ileslss 1024528 miles

So we have to move 1084588 miles to the right before the height of the curve
reaches 3ft.




Answer 42E.
(&)
v(t) = ce™™ Where ¢ and k are constant

Then acceleration 15
aviz
a(t) = ( ) =—kre™®
P i
Or  a(f)=—kv(¢)

So a (.t) & v(t)

(B) c is the dimension of velocity because ™ has no unit.

{(C)  Initial velocity at t=0,
v(ﬂ) =ce’
v(ﬂ) =c
According to problem

1
ce™=_¢

fam—y
o | o

Then In—=-& [e’:x<:>]nx=_}r:|

et
B o\2

t=—2{ln1-12) [1ni=1nx—1ny]
k ¥

I=—%{U—1ﬂ2) [ln1=0]
or =122
k
Answer 43E.

Consider the magnitude of the earth quake,

e

The objective is to find the magnitude of the San Francisco earthquake.

Here jisintensity and gis the intensity of the standard earth quake.

Observe that the magnitude of the Loma Prieta earthquake is 7]

And the intensity of the San Francisco earthquake is 16 times the Loma Prieta earthquake.

Observe that M =7.1

I
T.1=1 - ... (1
ng..,(sj ()
And

M:lugm(%] e (2)



Solve (1) and (2) to get,

1.1-M =log,, [%)—lﬂgm [%]

7.1-M =—log,, 16
M =7.1+log, 16
=7.1+1.2011 Use log,,16=1.2011

=8.3011
=83
Hence, the magnitude of the San Francisco earihquake is M = .

Answer 44E.

i
Loudness 1s defined as L =10logy, [I_)

0
Where [,=10" watt/m® (given)
According to the problem music has loudness = 120 dB
£
So 101ogy, (I_IJ =120 where 7, is the intensity of music

I
Or  log, (—‘J =12

4
Or I—1=10n [loglx=_}r<:‘>a" =x]
4
Or I =10%],

HMow the loudness of a lawn mower 15 = 106 dB

£
So 101ogy, [I—z) =106 where Z; is the intensity of mower.
0

I
=log,, [I—’J =106
1]

=1, ={10)"" 1,
=1, ={10)"" 1,

Then 4-_10h
4 (lu)msmfn
__10% 100x10® 100
_(m)“% 398x10" 398
o A3
I, 199

2

If we take approzimate value of 1.99 =2 then
1L =251



Answer 45E.

(a)
Consider the equation n= f(r)=100-2"
n=100.2""
o
100
We have log, x=y ifandonly if 5 =

In,| — |==
“\100) 3
t=3In, (L]
100
The inverse of this function is = f~' (n)=3-In, (i)
“L100
This function tells us the time elapsed when there are nbacteria.
(b)

If n=50,000 then r= £ (n)=3-1 (L) is
n r (n) n, 100

f“[SUUOU}:San[S?;;u]

100
In2

A2

In2
N 3{ 6.21 46]
0.6931
= 3{8.965’!’)
=26.8973

= hours

Answer 46E.
(A)

Wehave Q(£) =0, (1-¢7)
_ e _L20)
Y
ie*xﬂzl—%
o

=1

Taking logarithms of both sides

me*"zm(l—%@)

=07 ()

Inverse 1s = I=—aln[1——

This function denotes the time elapsed when electric change 1s Q(z)



(®B)  Giventhat O(2)=%0% of Q,

So Q(f)= %Q‘, and a=2

Then tme I=—21n[ —ﬁ)

100,
;=_zm(l]
10
Or  tn-2(-23)

Or seconds

Answer 47/E.

Consider the limit,

lim In(x* -9).

=3

The objective of the problem is to find the limit lim In(x* -9).

Let f(x)=In(x*-9).

Substitute x=3.1,3.01,3.001into the function f(x)=In(x*-9). we have

f(31)=Mm((3.17 -9
=In(0.61)
=—0.4943

£(3.01)=In((3.01) -9)

=1In(0.0601)
=-28117

£(3.001)=In((3.001)" -9)

= In(0.006001)
=-5.1158

Observe that the function values are different and negative when . _; 3*.

So it confirms that as , _ 3*then lil? In (f —9) approaches to —ao.
=,

Hence, limIn(x* —9) =[]

x=3
Let f(x)=In(x"-9).
Evaluate the above limit from the graph of the function.

The sketch of the function f(x)=In (12 —9) is shown below:



5

4 I &
N flx)=In/x>-9

3 v L J

2

L B

5 4 2 -1 90 1 2 4 5

s

Figure 1
Observe the figure 1. it seen that the line y =3and y = —3 are does not touch the graph of
f(x)=In (12 —Q)Trnm the left and right side and approaches to —o_

At y _, 3*the limit of the function approaches to —oo.

Hence, JLT In (f —9) =[]

Answer 48E.

Consider the limit,

lim log, (8x—x*).

log(8x—x*)
log(5) -

Since as y — 2. implies that gy — x* 5 0-

Let f(_t} =

Here, gy — x*is decreasing near 2, so if xapproaches 2 from the left. gy — x*will approach 0
from the right.

Obviously as y— 0", log, y —»—o_

So the value of the limit is

lim log, (8x-x*)= lim log, y
=2 ¥
= —0

Hence. IanJ log, (Ex —x ) = }

log(8x—x*)
log(5)

The sketch of the function f(_t} = is shown below:



¥

25 3

Figure 1
Observe the figure 1, it confirms that the values of the function to the right of 2 approaches to
negative values and the limit value is —oo.

Hence. lim log; [Ex-.t‘ ) =[]

Answer 49E.
We have to evaluate fim In (cos x)
-l
fimlncosx=In ([:ﬂs EI)
=0
=Inl

Answer 50E.

We have to evaluate fim 1n(sin I)
0t

Forthis let sinx=+¢
If x 1s close to 0 but greater than 0 then sinx 1e. ti1s a small positive number

close to 0.
Therefore, lirm ]n(sin x) = lim Inf
| 0t
= —0 Since fim Inx=—co.
-3
Hence

ﬂ In (sinx)=-c0




Answer 51E.

We bave to evaluate b [In(1+x")-In(1+x)]
Now kim  [In(1+x*)-In(1+x)]

. (1+x") _ x_
—52 n (1+x) Since ]n;—]nx—]ny
x’[iﬂ)
= i lnL
T x(l+1)
x
)
x| 14+ —

I—=w (1+l)
x
[1+%]
=lim Ilnx+hm In ]
(+3)
x

1 1 :
=iim lnx+fi'mln[1+F]—Emln [1+—) Since ln£=lnx—]ny

Since ln xy=Ilnx+1lny

I—o F o d ] x y
=cw+ilnl-Inl Since fim In x=co
T
i 1
and firm —=0
I—w x
=00

Hence

tim  [In(1+2*)-In(1+3)] =

E—m

Answer 52E.

We have to cvaluate &m [In (2+x)~1n(1+5)]
Now fim [In(2+x)-la(1+x)]

= fim ln[2+x] Since ]n£=lnx—].ny
T 1+x »

I(E-l-l)
—lm In 11
e (_+ 1)

x

1+

]

=fim In
1+=

I
= 1+0] Since Han E:U where k 15 a constant.

I I

Hence

fim [1n(2+x)~In(1+x)=0]




Answer 53E.

Consider the function £ (x) =log,,(x* -9)
Let y=(x"-9)

The domain of y= (_r: -9} is {_tf -9 0}

={.\'J'|x|>3}

=(-o0,-3)u(3,=)

The domain of f(x)= logm[_r: —9} is |(—e.-3)u(3.%)
Answer 54E.

Consider the function f(x)=Inx+In(2-x)
f[r:l = ln,r+ln{2 —:r)
=ln[.r(2—.r]]
Let y= [_r(l -_t}]
The domain of y=[x(2-x)]is {x/x(2-x)>0}
= {x.’.!:(z - _'r) > 0}
={x/x(x-2)<0}
={x/(x-0)(x-2) <0}

=xe(0,2)
The domain of f(x)=Inx+In(2-x)is |xe(0.2)
Answer 55E.

@ )=
j(x) 15 defined when
3-e¥ >0
=z

lne®” <In3 [Taking logarithms]
2x <In3 [lne' =x jfor all x]

? LRQ

x=—=In3
2

So domain of f(x) 5= (—m,%lnB:I

B) Let y=-3-2=
Then »* =3-2%
Or ™ =3-3
Taking loganithms of both sides
Ine™ =n(3-")
Or  2z=In(3-5")

Or x:%ln(3—y:)

Replacing z and y
f_l(x)zyzéln(B—x:)
F7(x) is defined when 3—2° >0 or 2 <3 or |1 <3
So domain of £~ (x) is = (—/3,¥3)




Answer 56E.

(A) Wehave f(x):]n(2+]n x)
j(x) is defined when

24+Ilnx >0
Cr Inx>-2
Or 2B 5 7t

Or r>e
So domain of j(x) 15 (e'a,GD)

B) Let y=In({2+lnx)
Or & =2+hx [lnxzy(:Zw’:x]
Or e’ —2=lnx
Or e("_zj =x
EReplacing xand v ¥= j_l(x) = e(‘lq)
Domain of the function f* (x) is the set of real numbers E.
Answer 57E.

Given f(x):ln(e’—3)
(a) Inx 15 defined for = >0
Here e*—3>0
= e* >3
= x>In3
Therefore domain f (x)is (In3,c0)

()  Let y:ln(e‘—3)
= el =e* -3
= = +3
= x=ln(e" +3)
=|f? (x) =In (e‘ +3)
|And domain of £ iR = (00,00}
Answer 58E.

Consider the following functions:
€™ and In(&™)

(a)

The objective is to find the values of =(®)and In(e™)
Find the value of ,={300)

Use the formula g™ — y ¢

Substitute 300 for x

&% _ 300

Find the value of In (e’"”)

Use the formula In {e‘) =x,xcR

Substitute 300 for x.
In(e*™)=300

Therefore, the values of =% and In(e*) is



(b)
Use graphing calculator to find the value of  ={(3%) _

Key sirokes:

[2nd]

Input and output screen shots.

= In{ 38825
288

Therefore, the value of  =() is

(b)

Use graphing calculator to find the value of In (e""”) :
Key strokes:

[LN] [2nd

Input and output screen shots:

The output screen shot is

Therefore, the value of In (e””} is not obtained by graphing calculator because, the

exponential value is large.

Answer 59E.

We have y =1n(x+3)

Then &7 =x+3 by [lnx:y@e':x]
Or x=& -3
Replacing xand y
y=2" -3
So inwverse function 15
Answer 60E.

We have y=21"
Taking logarithms ofboth sides

o y=1n 2"
Or Iny=10"n2 [lnxrzrlnx:l
or 107 2)

[Zln 2:]



ln ¥
O =1 .
* Ogl”[mz]

O x=logy, Iiloggy:l

Eeplacing z and ¥

Inverse function is |y =logy, (log, x)

Answer 61E.

]

Wehave f(x)=g"
Let y= "
Taking logarithms of both sides
Inv=1In "
O ©=lny
Or = ﬂiny
Eeplacing z and v
The inverse function iz | f 7 (x) = 3n x

Answer 62E.

WWe have v = [ln x:lz, =1

Then NE = I:In x)

Here x21l o lnxz0 and Jy =0

How Jg_::lnx
= é"’r; =x, vzl
Eeplacing z and v

The inverse function is | 7 (x) =],

Answer 63E.
Consider the function y =log,, [I + l]
x

Recollect that, log, x=y ifandonly if ¥ =y

1ﬂ_1-=[.+£]

'|I —_—

ST

1
Interchange xand yso, y=———

10" =1

i : N i 1.
Therefore the inverse function of y = Iugm[l +— |is
v

[ln g = x:l

[logax:y@a'v:x]

[ Inn x:|
log, x=—
Itz

[1nx=y@é"v= x:l

x=0

—

ST




Answer 64E.

x
e
1+2e*

To find the inverse of the function, solve for x in terms of y.

Consider the function y=

X

e
1+2e"

¥
y(l+ 2(»‘] =e¢" Mulliply by |4 2¢*

y+2ye' =¢'

y=¢" —2ype* Subtract 2 ye* from both sides
y=e*(1-2y) Common out ¢

JJ
1-2y

=¢" Divide by 1-2y

.x-=]n[1 J; ]Appl‘_\-' In on both sides: solve for x
“2y

y= ln[ al ] Interchange x and y
1-2x

f._.(_\_}:,"[ . ]Replatel’m’ f7(x)

1-2x

Therefore,

The inverse of the function y = € s _,f"{,r):ln[ el ]
1+2e

Answer 65E.

"We have the function § (x) = —g"

Differentiating with respect to z

¢ d 3x d x
X)=—eg" ——e¢
7 ( ) dx ax
Or J (x) =3 5" [by chainrule and die” =g"]
y
=ince for increasing function f[x) f’(xj =0
So AT - =0
Or 2™ -1>0
Or 2 >l
3
Taking logarithms
1
Ine™ »1n [—]
3
=>2x>ln(l] [lne” =x:|
3
1 1]
=x==Iln|—
3
=x > lln [3'1)
2
:>x>—lln3 [lnxrzrlnxj
2
.. . 1
20 f[x) 17 increasing on —Eln 3,00
Answer 66E.
Wehave f [x) =y=2a" —
Then » =22 - [—3):3_3x [by chain rule and die” =e"]
y

—3x

=y'=2a" +32



Again differentiating with respect to =
¥ =2g" +3|:—3)c3_3x
= " = D" — Q"

Since f ( x)is concave downward when " <0 or f"(x) <0
= y" <0 When 2" — %™ <0

Or 2-9%™" <0
Or —9e™ oD
Or ERLIE E
9
g
Or dx <ln [—]
2

1 9
= x<—=In| -
4 [2]

S f(x) 1z concave downward on the interval (—m,%ln[%}}

Answer 67E.
(A) The given function is f(x)= ln(_r+ VX + l).

To show that f[_r] is odd function, we have to show that f[-x] = -f{_t].

Now f(-x)= ln[-x - 1,‘{-.1-}: - ]:|
= In[-_r-i- m}

Y ey Y )
(r+4e 1)

)
T (el )

{.rr - l-.\::}

=In

since @’ -b* =(a+b)(a-b)

:Inl-ln(_r-t-ﬁ] Since In'Tr_:In_r—ln_u
=[}-]n(.r+ﬁ] Since nl=0
=—In[_r+ﬁ]

=~/ (x)

Hence f(x)= ln(_r +VX + l) is an odd function.

=In



(B) We have to find the inverse function of
f(x)= In(x+JxZ—+l]
For this we put y =f[x] and solve it for x. So we have
y=In (Jr + m )
Applying exponential function to both sides of the equation we get,

L wfe)

€ =€

= e =x+ T+l o {J} Since gt =

Since f(x) is odd function. So we have
(=1 ()

= ln(—.r+.,‘{—.r“)+l)=—y

= —y:ln|:-x+ x2+1]

Applying exponential function to both sides of the equation, we get,

—r+'1:+|l'
oy _ eeied]

€ =€
= e’ :-_1’+-sJ‘_7r2 o T [E)

Subtracting equation (ii) from equation (i), we get
e —e’ = (x+ -sz + 1)—(—x+ -sz + l)

: -
=x+yx +l+x=+x +1

=2x

Or x =%[e’ —e”’ )

Finally, we interchange x and y to get the inverse function, so we have

r=%(e" —e”)

Hence

inverse function is

y=3e-e)

Answer 68E.

The equation of hine 2x—y =8 canbe writien as y=2x—8 _Ii' s slope 15 2.
Since tangent to the cure y=¢™ is perpendicular to the line 2x—» =38
Therefore,

Slope of tangent = — !

slopeof ine 2x—y =8
-1

2




The equation of given curve 1s
y=e"
Differentiating with respect to =,
Y_42 =
dx  dx
=7 (1)

—T

=—g

Now slope of tangent to the given curve = %

5o H__1
dr 2
= - =——
1 1
= ==
g 2
= " =2
Taking natural logarithms of both sides, we get,
Ineg*=In2
= x=In2 Since Ine*=x
Also y—e_'—l
2

Thus the point on the curve y =2 at which the tangent is perpendicular to the
line 2x—y =8 1s (].n 2%)
The equation of tangent to the curve at point (xl,yl) 15

y-n =[?—x](x—xl)

Therefore, the equation of tangent to the curve y=¢™ at point [].n 2%) is

1 1
y-5= 2[1 In 2)
= 2y—1=—x+ln2
= x+2y=14In2
Hence

Equat on of tangentis
x+2y=1+In2

Answer 69E.

The given equation is

T =2
Taking logarithms on both sides we get
Inx™ =In2

U
3
ey
Il
B
[+
vy
B
~y
Il
3
B
O

=
= Inzx—Inxln2=0

= Ihx[l-lk2]=0 Since, 1-102%0
=

=

=

Inx=0

B 0
g =g

Therefore, the equation x*™ has no solution



The given function 15

f(x)=2"™
Taking natural logarithms of both sides.
We have,

Vhr

In f(x)=la(z)
lnj(x)=i-1nx Since Inx” = yInx

Inx
lnf(x)zl
LB _ 1
K (x):e (constant). Since, ™ =x
Here e is a constant Thus j(x):e is a constant function and its graph is a line
parallel to the x — axis at a distance e umts above the x — axis.

L v

Answer 70E.
Definition:
Suppose any function of the form f(x)= [g {I}T:I, £(x)>0. can be analyzed as a power of
ebywriting g(x)= 2% 5o that 7(x) _ Metinelx)
(@)

Consider the limit lim x™*

X

To find the limit, use the definition above.
Let f(x)=x"" then by definition y - ¢** so that
Fx)=ee
= =
Now,

lim x** = lim f(x) Since f(x)=x""

—lime™ Substitute fx)=e™

b

_ éhz r
=
Therefore,

lim x™* :_

X

(b)
Consider the limit lim x™*
x=nll"
Let f(x)=x"" then by definition y = g™+ S0 that
f{I) = E—hx-hr
=
Now,
lim x™™ = lim i = i
lim x '!m_f(.l’) since f(x)=x
= lim e ™ Substitute o
=" f(‘r} €

gLl

=0
Therefore,

Emx™ = @

¥ =™



(©)
Consider the limit lim x"*_
x=al)®
Let f(x)=x"" then by definition y — ¥ so that
f{ .r) al El—'xﬂ-‘:]
= eu-:f
Now,
PR . z fx
lim x —rlﬂ;f{x] since f(x)=x"

- lim & Substitute _ s
=l f{x} Bl

=
= Undefined
Therefore,

lim x"* =[Undefined]
=l

(g)

Consider the limit lim (ln Qx]_h: .

E—4T

To find the limit, use the definition above.

Let f{x} :““ zx}—lu then by definition Jp 2, = @""2*) so that

f{x} i E—h:-h{hzx]

Now,

lim(In2x)™" = lim f (x) Since f(x) = (In2x) ™
s lime—hrh{h!:j Substitute f{_‘r): E—'h;-h(hh]

EeE

- e—h =-lnfln2=)

=1
Thereiore,

lim(In2x) " =[0].

Answer 71E.
Consider the curve f(x)=(1-x)e™
(a) Required to find the interval of increase or decrease.

Use the I/D test. Compute f*(x)and find the intervals on which f”(x) is positive (Fis
increasing) and the intervals on which f* [x) is negative (ris decreasing).
f(x)=(1-x)e”
f'{x] = (l—x}(-e_‘}+ e (—1)
=g {x- 1- 1)
=" {x- 2}

since f'(x)>0when y>2and f'(x)<0when y<2.

Therefore, f is increasing on and decreasing on .



Graph shows the interval of increase or decrease

¥

10
0.8
06F
04t
02
L = = X
i Wﬁ
—02F
Increasing
Decreasing

(b) Required to find the intervals of concavity.
Compute f”(x) and use the concavity test the curve is concave upward where
f"(x)>0and concave down where f"(x)<0.
f(x)=e(1)+(x-2)-¢"
=e " (1-x+2)
=e " (3-x)

Since f"(x)>0 when y<3and f"(x)<0 when x>3
Therefore, fis concave up on and concave down on _

Graph shows the intervals of concavity

¥

1.0
03
D6l
04r
02k
L £ & x
. w 6
-02 -
= Concave Up
Concave Down

(c) Required to find the inflection points
Inflection points occur where the direction of concavity changes.
f"changessignat x=3
Plug x=3in f(x)=(1-x)e~
1G3)=(1-3)"

=-2¢"

So there is inflection point at (3, -2¢7 )




Answer 72E.

Consider the following functions:

f(t] =x'*" and g{x} =Inx

The objective is to compare the rates of growth of the functions f {x] and g{_t] in several
viewing rectangles.

Use maple commands.

Plot the function f(x) and g(x) by using plot command.

The maple command is

plot( { f. g }. x=-2_.2, thickness=2, color=[red, blue] );

Key strokes:

plot({x*.1, In(x)}. x = -2 __ 2, thickness = 2, color = [red, blue])

plot({x'®", In(x) }, x=-2 .2, thickness = 2, color= [ red, biue]);

1 /-’——
0
05 1 15 2
X
-1
-2
-3

plot({x*_1, In(x}}. x = -4 __ 4, thickness = 2, color = [red, blue])

plot({x'®", In(x) }, x=-4 .4, thickness =2, color= [ red, blue] )
1 //
1]

[
b
(]
o

-2




plot({x*.1, In{x)}, x =-5 .. 5, thickness = 2, color = [red, blue])

pfﬂ.r( {_r"l”, In(x) },.‘r=-5 ..5, thickness =2, color= | red, blue] ];

plot({x*_1, In{x)}, x=-7 .. 7, thickness = 2, color = [red, blue])

p."ﬂ.r{ {_l'l o ]', In(x) },_r=-? .7, thickness = 2, color= | red, ba'ne])
2




Answer 73E.

Consider the inequality,

In(x*-2x-2)<0
Solve the inequality as follows:

{r2 -21’—2) <e’

x*—2x-2<] SinCe ¢ =

x* —2x—2—1<( Subftract 1 from both sides
x*—2x-3<0

X =3r+x-3<0 )
Factorize

x(x—3}+]{x—3)£ﬂ'
(x=3)(x+1)<0
(x-3)<Oor (x+1)<0

x<3orx<—1 e (1)

Since In {x] is defined for all positive values of x.

F
Solve the inequality by using quadratic formula , - ~2EVb™ —4ac
2a
2
o Z(2EV2) ~4(2) supsiivie a=1,b=-2.c=-2
2(1)
23412
2

_232V3 gince 52245
2

2(' iﬁ) Common out 2 from numerator
2

x>1+3

l+J3 cxorx<l=+f3 o (2)
Therefore,

From (1) and (2) the solution set of the inequality In (x’ —-2x— 2) <0is

“1<x<l-Bor1+3<x<3




