Equation Of The Gas State Processes (Part - 1)

Q. 1. A vessel of volume V = 30 | contains ideal gas at the temperature 0°C. After a
portion of the gas has been let out, the pressure in the vessel decreased by Ap =
0.78 atm (the temperature remaining constant). Find the mass of the released gas.
The gas density under the normal conditions p = 1.3 g/I.

Solution. 1. Let mz and m2 be the masses of the gas in the vessel before and after the
gas is released. Hence mass of the gas released,

A = my = m,

Now from ideal gas equation

'R R
pVe= mlHTD and p, V= miHT“

As V and T are same before and after the release of the gas.

R R
Py =p) V= (my=my) 5Ty = Am =T,
So,

A= Pi-P) VM ApVM
or, RT, RT, 1)

p
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We also know

(Where po = standard atmospheric pressure and To= 273 %)

From Egs. (1) And (2) we get

Am = p'l-"'—ﬂE- I~3x3ﬁxﬁ- g
Py 1

Q. 2. Two identical vessels are connected by a tube with a valve letting the gas pass
from one vessel into the other if the pressure difference ap = 1.10 atm. Initially
there was a vacuum in one vessel while the other contained ideal gas at a
temperature t; = 27°C and pressure p: = 1.00 atm. Then both vessels were heated
to a temperature t. =107°C. Up to what value will the pressure in the first vessel
(which had vacuum initially) increase?



Solution. 2. Let m; be the mass of the gas enclosed.
Then, P1V=ViRT
When heated, some gas, passes into the evacuated vessel till pressure difference

becomes 47 Let Py and P 1o the pressure on the two sides of the valve.

Ve v RT,m (v. =v',JRT
Then Py V= V,RT, and P 2 y ™ (v W 2
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Or,

Q. 3. A vessel of volume V = 20 | contains a mixture of hydrogen and helium at a
temperature t = 20°C and pressure p = 2.0 atm. The mass of the mixture is equal to
m = 5.0 g. Find the ratio of the mass of hydrogen to that of helium in the given
mixture.

Solution. 3. Let the mixture contain vi and v> moles of Hz and He respectively. If
molecular weights of H, and He are M1 and M3, then respective masses in the mixture
are equal to

m: = viMz: and mz = voaM>

Therefore, for the total mass of the mixture we get,

m=mi+mxorm=vi My +v> M (1)

Also, if v is the total number of moles of the mixture in the vessels, then we know,



V=Vi+V; (2)
Solving (1) and (2) for v1 and v, we get,

(v My —m) m-vM,
L R
17 M- M, 2T M- M,

(v M, - m) (m—v M)
and m; = MZW

i, -

Therefore, we get *  © MM,

m M, (vM,-m)

or mzu M, (m-vM)

One can also express the above result in terms of the effective molecular weight M of
the mixture, defined as,

m, M, M-M, M/M,-1

Thus,

Using the data and table, we get:

my
M= 30g and, —= 050
ity

Q. 4. A vessel contains a mixture of nitrogen (m: = 7.0 g) and carbon dioxide (m; =
11 g) at a temperature T = 290 K and pressure po, = 1.0 atm. Find the density of
this mixture, assuming the gases to be ideal.

Solution. 4. We know, for the mixture, N> and CO> (being regarded as ideal gases, their
mixture too behaves like an ideal gas)

pV=vRT, so p,V=vRT
Where, v is the total number of moles of the gases (mixture) present and V is the
volume of the vessel. If vi and v2 are number of moles of N2 and CO: respectively

present in the mixture, then



V=V1+\V

Now number of moles of N2 and CO: is, by definition, given by

Where, m; is the mass of N2 (Molecular weight = M1) in the mixture and mg is the mass
of CO. (Molecular weight = M) in the mixture.

Therefore density of the mixture is given by

mti-mj ml-rml

P= "V T WRI/Py)

_ P mtm Po(my + my) M, M,
RT w;+v, RT(m;M;+m,M,)

= 1:5kg/m" on substitution

Q. 5. A vessel of volume V = 7.5 1 contains a mixture of ideal gases at a
temperature T = 300 K: v1 = 0.10 mole of oxygen, v2 = 0.20 mole of nitrogen, and
vz = 0.30 mole of carbon dioxide. Assuming the gases to be ideal, find:

(a) the pressure of the mixture;

(b) the mean molar mass M of the given mixture which enters its equation of state
pV = (m/M) RT, where m is the mass of the mixture.

Solution. 5. (a) The mixture contains v, v2 and vs moles of O>> N and
CO: respectively. Then the total number of moles of the mixture
V=Vi+Vo+Vs3

We know, ideal gas equation for the mixture

vRT
v

pV=vRT or p=

{vy + vy +vy) RT

v = 1968 atm on substitution

Or,

(b) M ass of oxygen (O2) present in the mixture: my = vi My



Mass of nitrogen (N2) present in the mixture: m; = voM>
Mass of carbon dioxide (CO.) present in the mixture: mz = vsMs
So, mass of the mixture

mass of the mixture

Molecular mass of the mixture total number of moles

v, M, + v, Mo+ M
Ll 33 99, 347 gs/mol. on substitution

WV, Yy

Q. 6. A vertical cylinder closed from both ends is equipped with an easily moving
piston dividing the volume into two parts, each containing one mole of air. In
equilibrium at To = 300 K the volume of the upper part is n = 4.0 times greater
than that of the lower part. At what temperature will the ratio of these volumes be
equal n' =3.0?

Solution. 6. Let p1 and p2 be the pressure in the upper and lower part of the cylinder

respectively at temperature To. At the equilibrium position for the piston:

mg
pyS+mg=p,§ o, p +-=p, . .
! s (m is the mass of the piston.)

RT,

= . ..
But Vo (where Vo is the initial volume of the lower part)

RT, mg RT, ﬂ&_i&[i_l

w,ts "~ v, o }
SO, “ 1] i} ¥ Vﬂ TI (1)

Let T be the sought temperature and at this temperature the volume of the lower part

becomes V, then according to the problem the volume of the upper part becomes n'V'

E&_EI[I_}_

R n’)
Hence, (2)

From (1) and (2).



Tll_in-
RTu( 1] RT 1 el m

2= - —[1- —t o d
Vo

As, the total volume must be constant,

Vpl(l+m)
(1+7m')

Vp(l+m)=V'l+n') o, V=

Putting the value of V in Eq. (3), we get

L (1 +I|}

- T (1 'n}v"{l +1)
i 1

“(1-3)

T, =1)n
-M,{Mzk[{
' =-1)n

Q. 7. A vessel of volume V is evacuated by means of a piston air pump. One piston
stroke captures the volume AV. How many strokes are needed to reduce the
pressure in the vessel n times? The process is assumed to be isothermal, and the
gas ideal.

Solution. 7. Let P be the density after the first stroke. The mass remains constant

¥
Vp=(V+AV) p,, o, py= f?t%':‘]u

Similarly, if p2 is the density after second stroke

2
Vv

v
Vp,=(V+AV)p, or, py= (m] Py = (m) Py

In this way after nth stroke.

v _
p'.q.. [V'I‘ﬁl‘r] PD-

Since pressure a density,

v
.= [ ) Py
Veav (Because temperature is constant)




& 1o be 1

It is required by ** N

1_(_V¥ o Evm"
so  n (veav » M v

Hence

Q. 8. Find the pressure of air in a vessel being evacuated as a function of
evacuation time t. The vessel volume is V, the initial pressure is Po. The process is
assumed to be isothermal, and the evacuation rate equal to C and independent of
pressure.

Note. The evacuation rate is the gas volume being evacuated per unit time, with
that volume being measured under the gas pressure attained by that moment.

m RT
Solution. 8. From the ideal gas equation PmMv
dp , RT dm
dt MV dr (1)

In each stroke, volume v of the gas is ejected, where v is given by
4
e

In case of continuous ejection, if (mn-1) corresponds to mass of gas in the vessel at time

t, then my is the mass at time t + At, where At, is the time in which volume v of the gas

vV .,

. . 1.£.
has come out. The rate of evacuation is therefore &

v Vv 1m[r+ﬁ.r}-m(:r]
At mir+ M) At

C=

In the limit At - 0, we get

C=ma (2)



From (1) and (2)

dp_ _CmRT C =
dr - v mv - vP

Sfs

C
= —Fd.t

P
b 1]

dp CJ’ )3 C
—= - dt or In -
-r rP v Fo v

Integrating * '

Thus  #=pe€ ™"

Q. 9. A chamber of volume V = 87 | is evacuated by a pump whose evacuation rate
(see Note to the foregoing problem) equals C = 10 1/s. How soon will the pressure
in the chamber decrease by n = 1000 times?

Solution. 9. Let p be the instantaneous density, then instantaneous mass = V,. In a short
interval dt the volume is increased by Cdt.

So, Vp= (V+Od) (p+dp)

(Because mass remains constant in a short interval dt)

dp C
= —=df
So, ¢ v
o__C,

Since pressure o density ¥

Py

45

p VvV’

Or By

t= ¥ In ﬁ- Eln— 1-0 min

Q. 10. A smooth vertical tube having two different sections is open from both ends
and equipped with two pistons of different areas (Fig. 2.1). Each piston slides
within a respective tube section. One mole of ideal gas is enclosed between the
pistons tied with a non-stretchable thread. The cross-sectional area of the upper
piston is AS = 10 cm? greater than that of the lower one. The combined mass of the



two pistons is equal to m = 5.0 kg. The outside air pressure is Po = 1.0 atm. By how
many kelvins must the gas between the pistons be heated to shift the pistons
through I =5.0 cm?
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Fig. 2.1,

Solution. 10. The physical system consists of one mole of gas confined in the smooth
vertical tube. Let m; and m2 be the masses of upper and lower pistons and S; and S» are
their respective areas.

For the lower piston

Piytmag= paSy+ 1,

or, T=(p-pg)S;+myg (1)
Similarly for the upper piston
PoSi+T+mg=p5,,

or, Tw(p-pg)Sy-mg ()

From (1) and (2)

(B = po) (5= 53) = (my +my) g

Or, P-P)AS=mg

So, p= ﬁ-l-pn- constant
Fromthegaslaw,pV=vRT

pav=vRAT (Because p is constant)



mg
Po+ ]QS!-R&T.
So, ( as|)

1
AT= 2(p,AS+mg)l= 09K
Hence, R*?

Q. 11. Find the maximum attainable temperature of ideal gas in each of the
following processes:

(a) p = po — aV* (b) p = peef,

Where po,,a and B are positive constants, and V is the volume of one mole of gas.

2

. @) :—--pn—uvz-pu—a(ﬂ]
Solution. 11. p

(as, V= RT/p for one mole of gas)

1l /7 3
YPo—FP = o I’uﬂz =P

o1
Thus, RVaF

RV (1)
2
For T_,,, %(PDP Ps) must be zero
-2,
Which yields, 32
S SR A S 11\ BY /)
Hence o ke 3P Viom3he 3(5] 3a

(b) P'Fu'e_ﬁv _Pne'ﬂ.ﬁff.'lr

BRT In &, and T'= ﬁ n 22
So P p P (1)

.u:
which yields

T

For Tmax the condition is

Po

P'e

Hence using this value of p in Eq. (1), we get



Q. 12. Find the minimum attainable pressure of ideal gas in the process T = To + a
V2, where To and o are positive constants, and V is the volume of one mole of gas.
Draw the approximate p vs V plot of this process.

TeTtaVie 4oL
; =gtV = [p+ 0 —m—
Solution. 12. .

(as, V = RT/p for one mole of gas)

p= Vo RT(T-Ty?

So, (1)
dp - . .

For Prin s 7 0, which gives

T=2To (2

From (1) and (2), we get,

Puia™ V& R2T, (2T, = Ty) " * = 2RVaT,



Equation Of The Gas State Processes (Part - 2)

Q. 13. A tall cylindrical vessel with gaseous nitrogen is located in a uniform
gravitational field in which the free-fall acceleration is equal to g. The temperature
of the nitrogen varies along the height h so that its density is the same throughout
the volume. Find the temperature gradient dT/dh.

Solution. 13. Consider a thin layer at a height h and thickness dh. Let p and dp+p be the

pressure on the two sides of the layer. The mass of the layer is Sdhp. Equating vertical
downward force to the upward force acting on the layer.

l | (pede)s

;iI TTFs

So, %"'Pg

(1)
But, p= %RT,'M: have dp = %cﬂ"
or, #ﬁdT-:pgdh

E—-ﬂ!- —34ka.ll‘i.

dar _
So, dh~ "R

That means, temperature of air drops by 34°C at a height of 1 km above bottom.

Q. 14. Suppose the pressure p and the density p of air are related as p/p" = const
regardless of height (n is a constant here). Find the corresponding temperature
gradient.

) We have, 3‘%- - pg (See 2.13)
Solution. 14. Q)

Cp" (where C is, a const --—- Cnp
But, from p=Cr( )3

()

R .
pP= PFT' s0 using (2)
We have from gas low



C’p“-p%~ , or 1"-%{?;‘-"_]L

M ctn-1)p"?

dr_ 4T dp dp
But,  dh- dp dp dh
A M cn-1p? L (pp- Hele=l)
SO dh R Cnp' 1 ni

Q. 15. Let us assume that air is under standard conditions close to the Earth's
surface. Presuming that the temperature and the molar mass of air are
independent of height, find the air pressure at the height 5.0 km over the surface
and in a mine at the depth 5.0 km below the surface.

M
a7 P
Solution. 15. We have, dp = - p g dh and from gas law RT
P=-p9g

dp  _Mg
P Ri"cﬂlI
Integrating, we get

4 A

@ i".&f p_ _Me

.r p - "rrJ M o Mp=-Rrh
Or, * °
(Where po is the pressure at the surface of the Earth.)
p= Puf-u;ﬂar.
[Under standard condition, o= 1™ 7= 273K

- =28 x 981 = SM00B314 = 273 I
Pressure at a height of 5atm = 1x¢ ' 5 = 05 atm.
= lxe-zaﬂmn{-myuuum_ zﬂtm.]

Pressure ina mine at a depth of 5 km

Q. 16. Assuming the temperature and the molar mass of air, as well as the free-fall



acceleration, to be independent of the height, find the difference in heights at
which the air densities at the temperature 0°C differ
(a) e times; (b) by n=1.0%.

: p= LT,
Solution. 16. We have dp = - pg dh but from gas law M
- 9 pr
Thus D=y at const, temperature
dp _gM
So, P AT @

p h

dp_ | gM
fp fﬂr""
P 0

Integrating within limits

p__&M
Or’ In . RTh

— M ok RT
So, p= ppe ™ and h - -M—gtn.ﬂ.

(a) Given T= 273°K, %- e
Thus .Fli--:%]ne'l- 8 k.
() T = 273K and

PP 001 or £ = 099
Pa Pa

h = -% In £ 0.09 km on substitution
Thus Po

Q. 17. An ideal gas of molar mass M is contained in a tall vertical cylindrical vessel
whose base area is S and height h. The temperature of the gas is T, its pressure on
the bottom base is Po. Assuming the temperature and the free-fall acceleration g to
be independent of the height, find the mass of gas in the vessel.

Solution. 17. From the Barometric formula, we have

r= Pﬂe—ﬂ';kfﬂ'



And from gas law

- oM

P="RT

So, at constant temperature from these two Egs.

Mp,

- -~ Mg WRT
P= g7 ¢

Po o~ Mg WRT

(1)

Eg. (1) shows that density varies with height in the same manner as pressure. Let us
consider the mass element of the gas contained in the coltimn.

M,
dm= p (Sdh) = -E‘f;—_‘le'””’”sah

Hence the sought mass,

k

- Mp,§ o~ MEWET gy I%S(l _e—H‘;Mﬂ‘r}

RT
0

Q. 18. An ideal gas of molar mass M is contained in a very tall vertical cylindrical
vessel in the uniform gravitational field in which the free-fall acceleration equals g.
assuming the gas temperature to be the same and equal to T, find the height at
which the centre of gravity of the gas is located.

Solution. 18. As the gravitational field is constant the centre of gravity and the centre
of mass are same. The location of C.M.

fhdm fhpdﬁ

ha 2 -l

Jam  [ow
1]

- Mg k/RT
. = 4
But from Barometric formula and gas law p= o



J{: k(e'”“""m)dh
b=
f - Mg h/RT\ )
/ (E (]

Q. 19. An ideal gas of molar mass /If is located in the uniform gravitational field in
which the free-fall acceleration is equal to g. Find the gas pressure as a function of
height h, if p=po at h =0, and the temperature varies with height as

(@ T=To (1 —ah); (b) T=To (1+ ah),

where a is a positive constant.

_ kT
Mg

So,

Solution. 19. (a) We know that the variation of pressure with height of a fluid is given
by :
dp=-pgdh

pM

-'ﬂ -
P MRT o p RT

But from gas law
From these two Egs.

. _pMg
d 2 dh (1)

o _~Mgdh
Or. ? RT,(1-ah)

P k
dp _ —ng' dh
fp RT,J (L-any VB
i

Py

Integrating,

InL = In(1 - ak)Me/a"T,
Pa

Mg/aRT,

p= py(l - ah) Obvionsly :al

Hence,

(b) Proceed up to Eq. (1) of part (a), and then put T = To{* *@# and proceed further in
the same fashion to get



Py

oy o MEET
P (1 + ak)"¥ ™%

Q. 20. A horizontal cylinder closed from one end is rotated with a constant angular
velocity @ about a vertical axis passing through the open end of the cylinder. The
outside air pressure is equal to Py, the temperature to T, and the molar mass of air
to M. Find the air pressure as a function of the distance r from the rotation axis.
The molar mass is assumed to be independent of r.

Solution. 20. Let us consider the mass element of the gas (thin layer) in the cylinder at
a distance r from its open end as shown in the figure.

dbn

4 N
: J

T =g

Using Newton’s second law for the element

Fo= mw,

(p+dp)S-pS= (pSdr)w’r

o, dp= pmzrdr- %mzrdr

F
dp Mo’ f dp _ Mmif
» RT rdr or, » X7 rdr,
[1]
So, P
2
Thus,

Q. 21. Under what pressure will carbon dioxide have the density p =500 g/1 at the
temperature T = 300 K? Carry out the calculations both for an ideal and for a Van
der Waals gas.

Solution. 21. For an ideal gas law

= 2
P MRT



p= 0082 x 300 = % atms = 279-5 atmosphere
So,

For Vander Waal gas Eq.

(pf%}ﬂ’-vb‘j- VvRT, where V = vV,

_ YRT o mRTIM _am’
Prv S5~ T v_mb YT
M

Or,

2
- PRT _ap” .
M-pb P T9-2 atm

Q. 22. One mole of nitrogen is contained in a vessel of volume V =1.00 1. Find:
(a) the temperature of the nitrogen at which the pressure can be calculated from
an ideal gas law with an error n=10% (as compared with the pressure calculated
from the Van der Waals equation of state);

(b) the gas pressure at this temperature.

RT

a RT
a) p= |5 -—5 |(1L+m)= ==
( Vb Vﬁ'l vy,

Solution. 22.

(The pressure is less for a Vander Waal gas than for an ideal gas)

a{l+n) -ﬂr[ia, 111 ]. RT A t?

or vz Ve Vu-b Vig (Vig = b)
a(1+n)(Vy-b) :
. I'= W, (here V,, is the molar volume.)
r,

- 135« 11 x (1 = 0-039) -
0082 x (0:139)

15K

(b) The corresponding pressure is



p= RT a a(l+m) a
Vb v V,V,+b) V?.:

_i{"’uw"n-ﬂ"u-b}_iﬁ’u-b}
] V; (M Vy,+hb) V;{Vﬂi-b]

1:35
- —x

1

=

96
13

—

= 0-3 atm

<
3

Q. 23. One mole of a certain gas is contained in a vessel of volume VV = 0.250 1. At a
temperature T1 = 300 K the gas pressure is p1 = 90 atm, and at a temperature T, =
350 K the pressure is p2 = 110 atm. Find the Van der Waals parameters for this
gas.

1 a 1 a
) p1= RT; '“"}':PE'RTE—_—E'
Solution. 23. V-b v V-b v
_ R[Ti'rﬂ
pop REG-T) o RT-T)
Or Pr=p P:-pP
P:=P a
=T -
Also, =~ =T v?
a T,(py-py) ILip,-p T,

Vﬁ. Ti-rl ~H I,-T,

Ip,-p T
- V: 1 1°2
or, hL-T,
Using T1 =300 K, p1 = 90 atoms, T2 = 350 K, p2 = 110 atm, V = 0.250 litre

a = 1.87 atm. litre2/mole?, b = 0.045 litre/mole

Q. 24. Find the isothermal compressibility x of a Van der Waals gas as a function

of volume V at temperatureiT.v
d

Note. By definition *~ ~ Var"

RT a (ﬂg RTV 2a
Y av) - -7
Solution. 24. v r V-b V



-3
or, V iap T

RTV?-2a(V-b) "1_ vi(V-b)
ViV -b) [Mvtza(v—b)l]

Q. 25. Making use of the result obtained in the foregoing problem, find at what
temperature the isothermal compressibility x of a Van der Waals gas is greater
than that of an ideal gas. Examine the case when the molar volume is much greater
than the parameter b.

Solution. 25. For an ideal gas

A a IRTY R = RO
..cn{l_

Now

2a_

YRIV

<&

}, to leading order in 4, b

. 2a 2b a
K=Ky if ﬁ?? or T:E

If a, b do not vary much with temperature, then the effect at high temperature is clearly

determined by b and its effect is repulsive so compressibility is less.
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