CHAPTER

1 4 Inverse Trigonometric
Functions

| IRE LYW JEE Advanced/ IIT-)EE

W Fill in the Blanks . Ifsin_l( P )

X-—+—-..
2 4
1.  Leta,b, c bepositive real numbers. Let

fatarb+0) a5+ _xt n
0=tan!,|BEFOHC) | on1 [HAFOFC +eos! | xT ——+—— . [==
g be an ca 2 4 2
.1 [e(@a+b+c) for 0 <|x| < 2, thenx equals (2001S)
+tan b @ 12 b) 1 © -12 d -1
5. The value of x for which sin (cot ~! (1+x)) = cos (tan"! x) is
Then tan6=__ (1981 - 2 Marks) (2004S)
N x @ 12 b) 1 @© 0 d -12
2.  The numerical value of tan {Ztan_1 (g) _Z} is equal 6. If0<x<I,then
to (1984 - 2 Marks) VI+2 [ cos (cot™! x) + sin ot 932~ 1112=  (2008)
3. The greater of the two angles 4 =2 tan”! (ZJ_ 2-1) and @) \/x_z ®) x
1+x
B=3sin"!(1/3)+ sin~! (3/5) is .
(1989 - 2 Marks) © xVl+x? @ V1+x?
23 n
. -1
(o3l MCQs with One Correct Answer 7 The value of cot [Z]cot [szl 2k]] is
n= =
1.  The value of tan[cos'1 (i) +tan”! (gﬂ is (JEE Adv. 2013)
5 3 B2 B o
(1983 - 1 Mark) @ 3% ©® 33 © 2% @35

6 7 16
(@ 17 (b) % © - (d) none 1) I MCQs with One or More than One Correct

2. If we consider only the principle values of the inverse

trigonometric functions then the value of 1. The principal value of sin™! (sin 23—“] is (1986 - 2 Marks)
g 1 . 1 .
tan(cos ' _sin —) is (1994)
2 W7 @-ZoX ©% @ nn
@ @ (b) 2 © ﬁ d 2 6 4
3 3 29 29 2. Ifa=3sin’! (ﬁ) and B =3cos™! (5) , where the inverse
3. The number of real solutions of . ) . .
5 trigonometric functions take only the principal values, then
tan~! \[x(x+1)+ sin ' VxZ 4 x+1=7/2is the correct option(s) is (are) (JEE Adv. 2015)
(1999 - 2 Marks) (@) cosp>0 (b) sinp<0

(@) zero (b) one (¢) two (d) infinite (¢) cos(a+P)>0 (d) cosa<0
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e Topic-wise Solved Papers - MATHEMATICS

E Subjective Problems 2. Findall the solution of 4cos® xsinx - 2sin? x = 3sinx
(1983 - 2 Marks)

2
1.  Find the value of : cos(2cos~lx + sin"'x) at x = % ,where 3 provethat cos tan-! sin cot-! x = fxz +1 (2002 - 5 Marks)
x“+2
1 1

x<m/2.
(1981 - 2 Marks)

0<cos  x<mand —x/2<sin”

|38 Match the Following

DIRECTIONS (Q. 1 & 2) : Each question contains statements given in two columns, which have to be

matched. The statements in Column-1 are labelled A, B, C and D, while the statements in Column-II are PAar s t
labelled p, q, v, s and t. Any given statement in Column-I can have correct matching with ONE OR (P JOIG!s] ¢
MORE statement(s) in Column-1I. The appropriate bubbles corresponding to the answers to these ®60@®
questions have to be darkened as illustrated in the following example : ’r1410)0]0

®©OO®

Caw»

If the correct matches are A-p, s and t; B-q and r;, C-p and q, and D-s then the correct darkening of
bubbles will look like the given.

1.  Match the following (2006 - 6M)
Column 1 Column I1

0
A) Ztam“[zL_z]=t,thentant= ® 1
i=1 I

(B) Sides a, b, c of a triangle ABC are in AP and ()]

w|&y

a b
cos0; = brc €080y, = ——, cosf3 =
+c a+c

then tan? (9_1) + tan? (6—3) =
2 2

(©) Alineis perpendicular tox + 2y +2z=0and ()

c
a+b’

w|N

passes through (0, 1, 0). The perpendicular

distance of this line from the origin is

2. Let (x, ) be such that sin”! (ax)+ cos™! )+ cos”! (bxy) = g (2007)

Match the statements in Column I with statements in Column II and indicate your answer by darkening the appropriate bubbles
in the 4 x 4 matrix given in the ORS.

Column 1 Column I1
(A) Ifa=1andb=0, then (x, ) (p) lieson thecircle x2+3?=1
B) Ifa=1andb=1,they(x,y) (@ lieson(x2-1)(3?-1)=0
(©) Ifa=1andb=2,then(x,y) () liesony=x

(D) Ifa=2andb=2, then(x,y) (s) lieson(4x*—1)(3*-1)=0
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Inverse Trigonometric Functions ) M-87

DIRECTIONS (Q. 3) : Following question has matching lists. The codes for the lists have choices (a), (b), (c) and (d) out of which
ONLY ONE is correct.

3. Match List I with List II and select the correct answer using the code given below the lists : (JEE Adv. 2013)
ListI ListII
2 12
1 cos(tan_1 y)+ ysin(tan’1 ¥) +y4 15
P y2 cot(sin_l )+ tan(sin_l ) takes value 1. 3 5
Q  Ifcosx + cosy + cosz = 0 = sinx + siny + sinz then 2 2
possible value of cos Y s
n L . 1
R If cos e x | cos 2x + sinx sin 2 secx = cosx sin2x secx + 3. )

T
COS(Z + x) cos 2x then possible value of secx is

S. Ifcot(sin’lxll—xz)=sin(tan’1(x\/g)),x;t0, 4 1

then possible value of x is

Codes:

P Q R S
(a) 4 3 1 2
(b) 4 3 2 1
(© 3 4 2 1
d) 3 4 1 2
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cot™! (yJcosa) — tan~! (yJcosa) = x ,then sinx =

(@) tan? (%) () cot? (%) [2002)
o

(¢) tan a (d) cot (3)

The trigonometric equation sin~! x = 2sin "' @

has a solution for [2003]
1 1 1

a) |a|>2— b) —<|a|l<—

(@ |a> O

(c) allreal values ofa (d) |q <%

If cos™! x—cos'lg = o, then 4x% —4xycosa+y? is
equal to [2005]

@ 2sin2a (b) 4

(¢) 4sin’a (d) - 4sin’a

If sin”! (%) +cosec ! (%] = g , then the values of x is

(@ 4
© 1

b 5 [2007]

d 3

2
The value of cot(cos ec”! §+ tan~! E] is

6 3
(@) 7 ®) 7
4 5
© 7 @ 7
Ifx,y,zarein A.P. and tan~x, tan~!y and tan~!z are alsoin
A.P, then [JEE M 2013]
@ x=y=z (b) 2x=3y=6z
() 6x=3y=2z (d) 6x=4y=3z
Let tan~' y= tan~' x + tan™! ( 2x2j R
1-x
1
where |X|<$.Thenavalue of yis: [JEE M 2015]
3x—-x° 3x+x°
b
@ T3 ® T
3x—x° 3x +x°
© 150 @ T3
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Inverse Trigonometric Functions

Section-A : JEE Advanced/ 1IT-JEE

A 1. 0 2 % 3. A
C 1. (@ 2. (d) 3. (¢ 4. (b) 5 (@ 6. (¢ 7. (b)
D 1. (d) 2. (b,c,d)
E 1. _25—\/3 2. x=nm, nu+(-1)" %,nn +(=D)" (_li()n] where e N
E 1. (A-p).B)-0), (C)-q 2. (A)p.(B)q, (C)p,(D)-s 3. (b
Section-B : JEE Main/ AIEEE
1. (a) 2. None 3. (¢ 4. (d) 5. (@) 6. (a 7. (¢

| LYW JEE Advanced/ IIT-JEE

EBD_7202

A. Fill in the Blanks

[Using tan! (~x)=—tan"lx]=

1. Leta+b+c=u,then s tan@=tant=0
=tan_14/ﬂ+tan_l\/g+tan_l‘/ﬁ tan(2tan'll—2)= tan| tan 125 =1 ‘1(1)
bc ca ab 5 4 L_(1;5)J

Now we know that

tan”! x+tan”! y=n+ tan™! [lxﬂ] when xy >1
—xy

\/E\/?u
bc

being + ve real no’s.

a+b+c

>1;a,b,c

\/E \/E

7_’_ —

bc ca -1 jeu

| fau J@ ab
bc \ ca

We get 0= n+tan”!

= ‘[an[tan_l (i)—tan_l(l)} = tan[tan_1 (&ﬂ
12 1+5/12
= tan (tan" ' (=7/17)) = - 7/17
We have
A=2tan"!(2V2-1)=2tan"'(2x1.414-1)
= 2tan"1(1.828) > 2tan"' /3 = 21/3

> 4>2n/3 -
Also B=3sin"! (1/3) +sin~'(3/5)

— sin! [3x1-4xl]+sin—l(3/5)
37y

a+b \/—
— U
0=mn+tan"! abe + tan & 23 . |
1-% ab = sin'15+sin'l(0.6) = sin~1(0.852) +sin~' (0.6)
Cc
Tu-oe ¢ | [en <sin”'(3/2)+sin " (\3/2)=2.1/3
O=m+an e —w-o| "™ Va» = B<2n/3 )

From (1) and (2) we conclude 4 > B.
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C. MCQs with ONE Correct Answer

NERE)

= an[tan‘1 2+ tan”! 3]
4 3

1-3/4%x2/3 12 6

[ _1( 3/4+2/3 )] 17 12 17
=tan|tan [—— [[=—x—=

tan [cos_l L —sin”! i]
52 W17

=tan [tan~! 7—tan!4]
29 29

tan”! [x(x+1)] =n/2—sin

= tan”! Jx(x+1) =cos 'Vx? +x+1

_ 1 _
= ¢0S L —cos'Wx?+x+1
x2+x+1

-1

= +x+l=1 =>x(x+1)=0

= x=0,— 1 arethe onlyreal solutions.

2 3 2
46 ) ( 2 3
X Ty, r X
cos Lx +4..J—2 sin Lx 2+4.
4 6 2 x3
cos™!| x? +— | =cos | x——+=..
2 4
) 4 x6 x2 x3
Xt - =x-
2 4 2 4

On both sides we have G.P. of infinite terms.

5. @

=

=

x X 252 2x

= - =
Ty
RUCE 2
2

2 +x3=22+x3= x(x-1)=0
x=0,1but0<|x|< 2 =>x=1.

sin [cot'1 1+ x)] = cos(tan_l X)
sin| sin™! (;\ = cos{cos
L 1+ (1+ x)2 J
1 =
\/1+(1+x)2 \/1+x2

-1

(
\

6

(x? +x+1)

1+x

2

1+1+2x+x2=1+x2 = 2x+1=0 = x=——

)
)

.1 2 X af 2 Xt xS T
sin X——+—...] +CO0S X ——+T‘.. =E

|

6.

1
© 1+x? [{x cos(cot'1 x)+ sin(cot'1 x)}2 - 1]5

FHL (25

1

+sin (sin_l (1 Y\F -1 2
W)
]

_{"‘Jm «/1+x

= V1+x2 _(\/1+x2)2—l] = xV1+x?

® cot™! [1 + i ZkJ =cot”! [1 +n(n+1)]

k=1

= tan~! [w} =tan~! (n+1)—tan"'n

1+(n+Dn
23 23
Y [tan'(n+1)—tan ' n]=tan"! 24 —tan"'1=tan"' ==
n=1 25
23 n
. cot| Y cot™!| 1+ D2k ||= cot[tan'1 2} _2
n=1 k=1 251 23

D. MCQs with ONE or MORE THAN ONE Correct
(d Theprincipal value of

-1 (Sinz—n) =sin~! [sin(n—ﬁ)]
sin 3 3

= sin"'(sinm/3) = /3 . (d) is the correct answer.

(b,c,d)

6 1 s
= in~l — > in-l = > —
o= 3sin 5 3sin > ora )

cosa <0

4 1
B =3cos! ke 3cos~! 5 or B>n

cosP <0and sinff <0

3
Also o+ B> 7” - cos(o+ B)>0.
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Inverse Trigonometric Functions o M-S-223
E. SUBJECTIVE PROBLEMS F. Match the Following
1.  Wehave cos (2 cos™ x +sin"! x) . A)->E;B)->@);O)—>@9
= cos (cos™! x + cos~! x + sin~lx) ) )
= cos (cos~! x + 7/2) A) 1= Z tan~! ( ) Zt [W}
{Using cos! x + sin™! x = n/2} 2i2 1+4i° -1
=—sin (cos~! x)
[ 2 1 1 32 d
=—yl-cos”(cos™ x) =— J 1-[cos(cos™" x)] = [tan™" (2i +1) - tan ™" (2i = 1)]
i=1
-Vl = V1=1/25 [forx=1/5] t=tan! 3 tan~! 1+ tan~!5—tan"!3
...... +tan~!(2n+1)—tan! 2n-1)+......
_@—2\/3 tan~'(2n+1)—tan™ 2n-1) 0
5 5 = = lim [tan_l @2n+1)—tan"'1]
2. Giveneq.is, e
4 cos? x sinx—2 sin?x =3 sin x . 1 2n : a1
= 4cos®xsinx—2 sinzx’—3 sinxfO = nh_r)r:otan 1+2n+1) = nh_m 0 1 1/n
= 4(1-sin?x)sinx—2sin’x—3sinx=0
= sinx[4sin?x+2sinx—1]=0 1 T
=>t=t D=—=tant=1, (A)—
= eithersinx=0or4sin?x+2sinx—1=0 an (D 4 an A= @)
Ifsinx=0= x=nn B) --a,b,careinAP=2b=a+c
= If4sin®x+2sinx—1=0 = sinx= mEE cosGl=L
4 b+c
2
_1+ _ _
1f sinxe 25 _Ginige —gin T o lotn'8/2_ a 28 bie-a
10 1+tan?@,/2 b+c 2 b+c+a
thenx = nx+(-1)* ~ 0 +b-
et D, Similarly, tan? = = 47°=¢
2 a+b+c
J5+ 1) . . (-3m
Ifsinx= —( = sin (—54°) =sin (—] 26 2 03 26 2 2
tan’ L+ tan’ 2 =———="== (B
4 10 = S avbre 3 3 B0
-3n C) Equation of line through (0, 1, 0) and perpendicular to
then x = nm(_l)n(_] © Eq gh (0, 1,0) and perp
10 x _y-1 z
x+2y+2z=0is —=—F—=-=A
— _1 n 1 nm+ (_l)n (_3_71:] 1 2 2
Hence, x = nm, nm+(-1) 10 or 10 For some value of A, the foot of perpendicular from
where 7 is some integer origintolineis (A, 24 + 1, 21)
24l Dr’s ofthis L from origin are A, 2\ + 1,24
3. To prove that cos tan~! sin cot™! x = 5 2
x“+2. S IAF2@AHD)+220=0=0= —5
L.H.S.=cos[ tan™! (sin (cot 'x))]
1 .. Foot of perpendicular is (—z,é,—i)
= cos [tan~! (sin (sin! \/—2 N ifx>0 99 9
1+ .. Required distance
and cos [tan™! (sin (1 — sin™! ))] if x<0 4 25 16 [45 5
N, = |—t—t—=,—=—
L+ ? 81781 81 V81 3 O~
In each case, 2 (A ->pB)>4(O->p,D) s
2 ) T
= cos| tan™! ! = cos [cos™! L+ =1 sin~!(ax) + cos™ !y + cos™!(bxy) = B
V1+x? 2+x
T
-1 3+ cog-] = inlax) = cos-]
241 = cos' y+cos (bxy) > sin ~'(ax) = cos™'(ax)

= = R.H S
7, S Hence Proved. Let cos™! y=a, cos™! (bxy)=B, cos~! (ax)=7y

EBD_7202



M-5-224 ¢

y=cos a, bxy =cos B, ax =cos y
We get .+ 3 =y and cos B = bxy
cos (y—a)=bxy
cos y cos o + sin y sin oL = bxy
axy+sinysina=bxy = (a—b)xy=—sinasiny
(a — b)?>x*y?* = —sin? a sin?y
=(1-cos?a) (1-cos?y)

(a-b)2x32=(1-a%2)(1-y») ..()
Fora=1, b=0, equation (1) reduces to

22 =(1-x2)(1-y%) = x2+y*=1
B) Fora=1, b=1 equation (1) becomes

(1-x%) (1-y)=0 = (*-1) (*-1)=0
(C) Fora=1,b=2 equation (1) reduces to

22 =(1-x%) (1-y%) = x*+)*=
(D) Fora=2, b=2 equation (1) reduces to

0=(1-4x%) (1-)%) = (@2-1) (*-1) =0
b)

bty gy y

= U

®) yiz { cos (tan y)+ ysin(tan~ y)\

cot(sin! y)+tan (sin”! y) )

[}
N[ —

() )

+y sin LSII’I

=|y? - yz\
+tan(tan

N | —

\/1+y2 i
R D
Y| yW1-y?)

1
= (1_y4 +y4 )2 =1
(Q Wehave cos x +cos y=—cos z
sinx+siny=-sinz
Squaring and adding we get

(EdC)

®)

©®)

Topic-wise Solved Papers - MATHEMATICS

(cos X + cos y)? + (sin x + sin y)? = cos2 z + sin? z
= 2+2cos(x-y)=1
- —y +1
= 4eos? XY 4 orcosX y=+?
Q—->@3)
We have

i
cos (Z - X) cos2x + sinxX Sin2x secx

. oL
=cosxX sin2x secx + cos (Z + x) Cos2x

= €0S82X cos(z— ]—cos(£+x]
4 4

=sin2x secx (cosx —sinx)

LT . .
= 2smzsmx cos2x = 2sin x(cos X —sin x)

= 23inx[L

V2

(cos2 x —sin? X) —(cos X —sin x)} =0

COSX +sinx ) o

V2

= 28inx(cosx—sinx)(

=sinx=0 or tanx=1or cos(x—%) =1

X
= x=0, N = secx=1or 2

- R)—> ()
cos(sin_l V1-x2 ) = sin(tan_1 x\/g)
X x\/g 5
= = oD XxX=*t——
\/l—x2 \/l+6x2 2\/5

~ (8>
Hence (P) = (4), (Q) = (3), R) = (2), ()~ (1)
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Section-B
@ cot!(ycosa )—tan~! (feoso )=x

(None) sin "' x=2sin"'q

©

1
tan‘l(m] —tan~! (\/cos o ) =

1-cosa
= tan™! =x
2yJcosa
1-cosa 2+4/cosa

—o>tanx =, —— or cotx=——
2+/cosa I-cosa

1-cosa  1-(1-2sin% a/2)
l+cosa 142 cos?a/2—1

=>sinx=

. , O
or sinx=tan E

1

o] <=

NG

Out of given four options none is absolutely correct

cos ~lx—cos _l§=

( { )
cos”! L%+ (l—xz)(l—éh =q

( 2 2. 22)
+y4-y" —4x" +
COS_ILW Vi-y2 -ax 4oy Jza

o

2

= 4—y2—4x2+x2y2

2

= 4cos 0L+x2y2 —4xycosa

= 4y +y2 —4xy cosa = 4sin® a.-

@

@

@

©

. 1x_ .13 x 3 _
= SsiIn  —=SIN - = —=—- = XxX=
5 5 5°5
-1 12 -1
cot(cosec —+tan g)_cot[t + tan
(3.2
—cot| tan~1| 43 =cot tan_ll—7
3.2 6
I-=x=
4 3

( ] 6) 6
=cotjcot " —|=—
17 17

Since, x,y,zareinAP.= 2y=x+z

Also, we have, 2 tan™! y = tan~lx + tan™! ()

= tan™! (—2); \=tan'l[x+z)
Ll—sz 1-xz

X+z X+z

= 2y=x+2z)

1y i
= y2=xz or x+z=0 = x=y=z

- -1 2
tan"'y = tan "X +tan 1[1 XJ
-X

= tan ' x+2tan"' x =3 tan"'x

3x—x3} 3x - x>
y=

-1
tan"ly = tan =
Y L— 3x? 1-3x*

M-S-225
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