Exercise 13.2

Answer 1E.

(a)

The objective 1s to draw the vectors r(4_5)—r{4) and r(4_2)—r[4}_
Draw the graph of the vector, »(4.5)—#(4)

I

V-axis

| r(4.5) - r(4)

X-axis

Draw the graph of the vector, » (4.2}—?’(4}
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Draw the vector M
0.5
v-axis 1': r{4.5)—r{4]
' 0.5
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"33} | v(4.5) - r(4)
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v X-axis
Draw the vector r{4_2)—r(4]
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(c)

Write the expression for ' {4} and the unit tangent vector T (4)

. , _ r{ﬁ‘r-l-ff;)—r{ﬁl}
Expression for » {4):];_1,% 5

Unit tangent vector. T (t)= %
AL
7" (4)
"7y
()
Draw the vector T (4)
Draw the tangent line at P
V-axis

| 1(4.5) - r(4)

T(4)

X-axis




Answer 4E.

(a)

Consider the following vector equation:

r{;}:{;{ﬁ) ...... (1)
The parametric equations are as follows:
2 3

x=i, y=I

Sketch the plane curve for the vector equation r(f)= {rj ,rj)




Answer 5E.
Consider the vector equation,
r(¢)=sinsi+2costj
Rewrite the vector equation as,
r(r)=(sin,2cost)
(a)
The objective is to sketch the plane curve with the given vector equation.
Comparing it with r(#)= (: x(r],y{r}}. we get x=sint, y = 2cos!
v =2cost
y= 2m
=2J1-¥
3
2
Jlrz—z - ;—j =]

It represents the ellipse with major axis is y-axis.

The sketch of the plane curve is,

k] -'.'.'l"

r{t)z {sin!,Et:ost}




(b)
Consider r(f)=(sint,2cost)
The objective is to find r'(r).

Differentiate r(¢)with respectto *¢'.

¢ (1) =5 (int) 5 (2c0s1)

= {msf. -2sin l)

Hence, the derivative of r(7)is |r'(r)={coss,—2sinr)

(C)

The objective is to sketch the position vector of r{r}and the tangent vector r'{:] at = %

o 0 2oy
“—r |r_|_={cn~_~.r=—25mr,

r(t)={sint.2cost}—

2

Answer 6E.
The given vector equation 15
r[.ﬁ) =g ?+e"}
From the parametric equations
x=g', y=g"
1
Then x=-—

¥
Oy =1

Which iz an equilateral hyperbola rotated through 457



(B)
Now ;'[.ﬁ:l = (j%je ];+(%é‘_!]}

1Le ;'[3:]:@3—24;'
(Aj, (C)




(a)

Consider the vector equation
r(r)=e”i+e'j . (1)

The parametric equations are
x=e", y=¢€

Sketch the plane curve for the vector equation r(r)=e"i+¢'j

14y

r(r)= {E*:":e"}

(b)
To find the derivative of the vector equation r(r)=¢"i+¢']

Recall the theoram,

Ifr(r)= (f(:),g{r],h{r}}. where f,g, and h are differentiable functions, then
¢(0)=(r'(0).2 ()0 - (2)
Now differentiate r(f)=e"i+€'j.
. d;an). (d ).,
r {'}:[E{EI }]H[E(e )]j Using theorem (2)
r'(1)=2e"i+¢j

Therefore the derivative of the vector equation r(r)=e"i+¢€'j is

r(r)=2"i+ej| (3)




(<)
Now find the position vectorat y=0
Substitute y = () in vector equation (1)
r(0)= e+
r(0)=i+j

Therefore the position vectorat g=0 is

r(0)=i+j

Now find the tangent vector at s =0
Substitute y = in vector equation (3)
r'(0)=2e"" +¢"j
r(0)=2i+j

Therefore the position vectorat y=0 is

r(0)=2i+j

Sketch of the position vector r(0)=(1,1) and r’(0)=(2,1)

1§y

r(r) =(€:z:€:}




Answer 9E.
Consider the following vector function:
r(r)=(rsint, i’ ,1cos 2¢)
Find the derivative of the vector function r(f).
Let. r(r)=(f(¢).g(r).h(r))=(rsint.r* ,rcos 2r).
Here. f(r)=tsint,g(r)=r" and h(r)=rcos2s.

Differentiate each component of r(r).

f’{lj=%(rsinr]
=r%{sinr}+sim%{:)

=tcost +sinr(1)

=rcost+sin/
, d ;.
g [0?&;(")
=2

a*(:):%{msz;)
=r%(m52t)+m52f%(e‘)

=1(=sin z:}%(zmmz;u)
=1(-sin2s)(2)+cos2s
=-2rsin2r +cos2r

Clearly, the functions f(r),g(r) and h(r) are differentiable, then the derivative of the vector

function r(z)is given as follows:
r'(0)=(7"(1).8'().K (1))
=({rmsHsEm],ll,(—zlsinlr +m52.r]}

Therefore, the derivative of the vector function r[r}is

r'(1)=|((rcost +sinr),2r,(~2¢sin 21 +cos 21))|




Answer 10E.

o T E

he deri 7 ~ =
4 T L LI R PRIV AL LI WLAARA

(2]

- S

]

Siven r:.f.1= <tanf. seci. 1/ 1 =

erivativeis r | f|= <sec 1|, secittanit|, — >

Answer 11E.
We know that the derivative of any vector valued function of the form

i =+ gy +kiHk iz givenby 1 [f,:l = i [i)i + g'[f,:lj + Ez'(ﬁ)k.

Evaluate f'(z).

£ =20
=1
Mow, find g'(z]).
HORETY
=10

Determine }z'[z).

Wie) = E(EJE)

Replace the obtained values in r'(2) = F ()i + g'(e)j+ A'(£)k.

L . 1
Thus, we get the derivative as rr[.ﬁjl =1+ —k|

N3




Answer 12E.

We know that the derivative of any wector valued function of the form

r(t) = AL+ g(e)j + ki is given by r' () =

Evaluate f'(f).
e d 1
Sl = dﬁ{lﬂ‘}
_ 1
[1+.ﬁ)2
Mow, find g'(£].
ey = [ _E
2'() = .:iz(l+z}
3 1
[1+z)2
Determine k'(¢).
n Al £
Hit) = E(l +z]
_ 2+
[1+f,)2

Replace the obtained values in r'(¢) = F'(£)i+ g'(¢)j+ &'(¢)k.

r'(s) = - 1 -1+

((2+1),

(1+z)

Thus, we get the derivative as

Answer 13E.

The given vector function 13

]+

(1 +:)2

S+ g (e)i+ A (k.

Plt)=e7 — J+in(1+30)k

Then the derivative is

24

de
e, =2 T-(0)]

()=

-+

o
dlt

*(3)

(DJ+

1E r'[i)=2§e’?+i£

14 3¢

“in(1+3))k




Answer 14E.

The given vector function 13
r[i) =.:1£|::053£1?+E:-sin3£}+c cost ik

Then the derivative is

;'[.ﬁ:} = [.:z j%zlz.ﬁ Cos 33):|;+b ;t:%l[sin3 z:l}+r: ;%I[EOSE .E) i
1Le ;'[.ﬁ:l :.:z[cl::-sﬂt—ﬁtsin 33]?+3&sinjzc¢sﬁ}—Ecmszzsinﬁﬁ?
The given vector function 13

Pt =a+b+t

Then the derivative is

;'[£)=%[1)a+%[ijb+%(ﬁzjc
e (O =(Oa+(Db+(20)c
e r(f=b+ic

Answer 16E.
Consider the vector function,

r(t)=rax(b+rc)
Here, r{f} is the cross product of ra and p+sc-
Assume that u(s)=m and v(7)=b+rc

Recall that,

it u(r), v(r) are differentiable functions, then

;(u(l]x v(t))=w'(t)xv(r)+u(t)=<v'(r) - (1)
s
Then the derivative of given vector function is

r'(1)= %{m}x{hﬂc}ﬂax %{h +1c) Apply (1)
:n%[r}x{lﬁ ﬂ:}-i-mx[%[h}-:—%(rt]]

=nx[h+m]+rnx[ﬂ+ci{r}J Use i{;-}:u
dt dx
=ax(b+1e)+raxe Simplify

=ax(b+1c)+raxe Apply the rule ax(b+e¢)=axb+axc

=axb+axic+raxe o !
_ axb+1(axc)+s(axc) se the rule (ca)xb=c(axb)=ax(ch)

=axb+2r(axc) Simplify



hus, the derivative of the vector function r(r) is [axb+2r(axc)

Answer 17E.

iwen wector funchion 1s r |:f,:l = (ﬁe':r, 2arctan £, 2:3:)

=fe i +2arctanti+ 26’k
Differentiate each component of r with respectto £, we have
. d o R S
t)=—|# +—(Zarctan & |+ —| 26k
r'[t) dﬁ(ez] cﬁ[ arctan £ | .::t‘.ﬁlié )
o )

- (:E[e")w"a[z)]i +2%(arctanz)j+2%[e’)k

:[—.ﬁg"+g'¢:lx'+1 2 2j+221£:
+£

We now find r[.ﬁ) 1 (ﬁj att=0
[r[ﬁ)l_ﬂ = 0g" + 2arctan 07+ 2"k = 2k [sinn::e g =1 tan 0= D:I

({5, :[—I:TJe"+.;a”]x'+1+2EJE J+2elk=i+25+2k
The unit tangent vector at the point (0,0,2) s
)

['(0)]

4242k
NP+ 22 42
242k

Ji+4+4
242k

N

Therefore the unit tangent vector at the point with the given value
P42+ 2k

of the parameter £ 13, T[ﬁ) = =



Answer 18E.
Let © be a smooth curve represented by v on an interval £ IfT’[.E) # [, then the principal

T'(t)
[T

unit normal vector at £ 1z defined as N[.ﬁ) =

!
Let us start by evaluating T (¢) givenby rr (E) .

ol
We haver'(2) = 2" (£)i+ y' (6)] + 2'(£)k.
Evaluate x [.ﬁ:l ¥ie), andz'(2).
#) = S(Ex) Y0 =) () = S
- 3:f*+3 = 2 =3

We get v'(2) = (3 +3)i + 24 + k.
We know that || () || = J[ x'(ﬁ)}z + [yr[.ﬁ):lz .
[e(e)]) = (3 + 3+ 2 + 7

= J954+1832+ G4 df 4+ 9

= \Jort + 2267 + 18

substitute the obtained values in T (i) = ﬂ

3+ 3)i+ 24 + 3k
ri = B+
ot + 226 +18
substitute 1 for .
ﬁﬂf+ﬂi+ﬂﬁj+%

T(1) =
Jo '+ 22017 + 18

&1+ 2j + Zk

N/

$ﬁ+ﬁ+m)

Thus, we get |[T(1) = %(Ei + 2§ + 3k)

Answer 19E.
The given vector function 1z

;[.ﬁ) = c05£f+3£}+25in Dtk



Then ;'[z):%[cosﬁ)f+%(3§)}+%(25m23)5?

= —sinéi + 37 +4cos otk

Att=0,

r'[[]) =—zif Df+3}+4c¢s 0k
e r(0)=3j+4k
And ‘F'[U)‘=J3ﬂ+4ﬂ

Then T(U)z ‘;'(Dj‘

ie. f(o):%(3j+4£)
. s 3 - 4 o
e T(0)=Z2j+2k
LE I: ) 5__,? 5

Answer 20E.
Consider the vector function r(r)=2sinti+2cost j+tanrk.

= ! E 3 : _ T
The objective is to find the unit tangent vector T[r):—at the point where s =—

4
The tangent vector to the curve defined by r{r] at a point pis given by r'(r

r'(s)
20

Differentiate r(r)=2sin#i+2cost j+ tansk with respeci to ',

)-

So the unit tangent vector is T(7)=

r’(r)=%{Esinr]i+%[2cmr]j+%(tanf]k.

=2cosri—2sint j+sec’ rk



The point where y = 7 EDITESpOH[iS to

() sm(on( 2

=2[%]i+2[%]j+lk
=\-E’i+\l"l?j+k
-(V2.2.1)

and

A5l (5
A

=2i- J_j+2k
(&)Y () o
_V3+3+d

=8
=22

Therefore, the unit tangent vector T(r)at the point (ﬁ, ﬁ,l}is.

_N2i-2j+2k
242
1.1, 1

s

Answer 21E.




"0 T
o =ld 3=
I+ 243
123
RN TN YN v
Pk
FOxr (=1 2 %
0 2 6

= (1267 - 6% )i - (6: - 0) 5 +(2-0)k
= 65— 6t i+ 2k
Therefore ;'[i)x;" [z) = < Bi? — 6 2>
Answer 22E.

Consider the vector function
r(r)=(e".e™, re*)
Then
r’{:):(Zez'. ~2e™, 1-2¢" +€” -l)
={2£:“'. — 207 2pe™ +c:’:)
And
r'(6)=(4e, 4™, 226"+ 24267

=(4e" . 4e™, 41e” +4¢")

Now evaluate the vector functions
r'(0)=(2¢", -2¢7°,2(0)e™ +¢™°)
=(2,-2,1)
And

[r'{;]l = J-'ie'" +4e" +{2f€'_‘r +e }:
IF'(0)| = Va+4+1

=3



Therefore, unit tangent vector is

O Foj
(a2)
3

AL

r(1)= (421',46'1', 4™ +4e3‘)

MNow

r’(0)=|(4.4. 4)

Note that, if a= (al,az,a:l} and b ={bub;~b:}- then the dot product of a and b is the
number g.h given by

a-b=ab +a,b, +ab,

Consider

r'(t)-r"(r) =(2e=‘, —2e7 21 +e"‘)-(4e=',4e"', 4te™ +4e’*)
=(2¢)(4e™)+(-2e7™)(de ™)+ (20 +&¥)(41e” +4€¥)
=8e* —8e ™ + 817" +8te" + 41" + 4"

=|(8 +12r+12)e* -8

Answer 23E.

Consider the parametric equations of a curve:
x=1+2t, y=r-1, z=r+t
The vector equation of the curve is r()= (I NNy +f).

Differentiate r(¢) with respectfo 1.

F(1)= < (1+240). 20 ), (f”})
=<;—£.3H—1,3f+1)
=(%,3:’-1,3F+|>



The value of ¢ commresponding to the point (3,!],2) s r=1.
Find the equation of the tangent line to the given curve at ¢ =1.
Al r=1:

r(1)=(1+2V1,P -1,P +1)=(3,0,2).

(1) =(%,3(1}1 -1.3(1)° +1)
={I,2,4)

The vector equation of the tangent line is

v(l‘)=r(|)+f—r"(l]
=(3,0.2)+7-(1.2.4)
=(3,0,2)+(r,2r,41)
=(3+10.20.2+4)

The standard parameterization of the tangent line to the given curve at the point {3,1]12} is

x=3+1, y=24, z=2+41]

Answer 24E.

We are suppose to find parametric equations for the tangent line to the curve with the given
parameifric equations at the specified point.

Given x= ¢’ y=te',z=te" ; (l, 0, ‘3)

The curve will pass through (1.0,0) whent=0

—y - -

. f f £ i 2 r
r r]= <e,e tle,e T2 e >
%

—
r {!]= <L1+0,1+0>= <1,1,1>

so the line is given by

<1,0,0> +1<1,1,1>
s0 parametric equations are
x=1+t, y=0+t, z=0+

Le. x=1+t, y=tandz=t



Answer 25E.
The parametric equations of the curve are:
x=e¢cost, y=e siné, z=¢&
The given point 13 (1, 0, 1)
Bytaking 1=¢" cost, O=¢"siné, 1=2”
The paratnetric value of t corresponding to the point (1,0, T s =10
The vector equation of the curve 1s

-

r[.if:] = <e'cost, e sing, e

Then ;'(f.) = <—g" [sin£+c¢s£), a” [n::osf.—sinf.), —e =

The tangent vector at £ =013
F(0)= <-11,-1>

MNow the tangent line 13 the line through (1, 0, 1) and parallel to vector =-1, 1, -1=
then the parametric equations of tangent are:

x=14+(-1)¢
y=0+(1)
z=1+(-1)z

1 e x=1-¢, v=¢ z=1-¢

Answer 26E.
Let T be a smooth curve represented by r on an interval £ The unit tangent vector T(2) at

defined as T[i) = ﬂ r'[ﬁ) 0.

Ot
Wehave r' () = x" ()1 + ¥ (2)] + 2'(f)k.
Evaluate z'(z).

x(t) = %[ £2+3)




Determine z'[.ﬁ)

d

£) = —([¢
#() = L)
=1
We get v'(£) = ! i+ 225 j+k.
Jif+3z 43
Replace ¢ with 1in r'(£) = ! 1+ 225 j+k.
Jif43 £+ 3
1, 201y,
) = + +k
r[) V{12+31 12+3]
=li+lj+k
2 2

We thus get the tangent vector as <% % 1>.

The parametric equations of a line in space parallel to a nonzero vector v = <.::, b, r:} and

pazsing through the point Plxy, v, 1) are x =x +at, y=yw + & andz =2z + £ The
numbers ¢, b, and ¢ are called direction numbers.

Wehave x1 =2, =Ind, andz; = 1. The direction numbers are @ = l

Thus, the parametric equations are |x = 2+ %f,, y=1nd + %.ﬁ ,andz=1+;.

Answer 27E.
Wehave x° +y° =25 and ¥ 427 =20 at [3,4,2).

From x° +y* =25, we get the parametric equations for x as Scos ¢ and y as Ssin ¢,
where 0 = ¢ = 2.

Substitute the known values in ¥ +z° = 20 and solve for y.
(Ssing) + 2% = 20
z*= 20— 25sin*

z = +./20 — 25zin®;

Since the point of intersection is (3, 4, 23, we take z = /20 - 25sin° i |



We get the wector function as r[.ﬁ) = Scosii+ Ssingj+ 4f20 - 2hsin®tk

oy ) 25sint cost
Alzo, we get r'[ﬁ) = —Danéi+ Scoséj - L 1

20 = 255in?;

At (3.4, 2) we have cost :g and sing = %

We have to find r'(ﬁ) at the point (3,4, 2).

e - —s(Dia 52 25@@1{
=

- _4i+3j- 2k
2
= —4i+3j-6k

“We thus get the tangent vector as 4:—4, 3 - 6).

The parametric equations of a line in space parallel to a nonzero vector v = <.:z, b, c} atd
passing through the point P[xl,yl,zl) are x=x tai,y=31+bt andz =z +cf.

The numbers @, &, and ¢ are called direction numbers.

Wehave =3 =4 andz =2

The direction numbers are a =—-4,5 =3, andec=—-6 .

Thus, the parametric equations are x=3—4 yv=4+5f z= 26
Therefore the vector equationis r () =(3-4)i+(4+3)j+(2 -6 )k

Answer 28E.
(iven r(ﬁ) = (:ECOSE, 2ainé, czﬂ), where 0 =i <.

Differentiating we get
r'[i) = (—Esinﬁ, 2roosk, e’).

=ince the tangent line 15 parallel to the plane v@x + v = 1, we have to find £ such that
(—2 sing, 2cosk, e’) iz perpendicular to P{ﬁ 1, D>.
Then, we get r'(ﬁ) P =10,
Substituting the known values in ' I:.ﬁ) P =10
{—2 sing, 2cosi, E’)- <\,"'§ 1, D>
—Ew@sinz + Zoost = 0
ﬁsinﬁ = cost

Il
=

tani =



Plug in  with ;gin r(ﬁ) = <2CCIS£, 2eini, et'“).

r(.ﬁ) = <2cos£, Esini, £E>
) )

- <J§,1,E§>

Therefore, tangent line 15 parallel to the plane ﬁx +yv =1at

<J§,1,ﬁ>

Answer 30E.

We are given that {;) = (2 cost. 2 sinf. 4 cos 2¢) - So from this we find it's derivative to be

r'(f) = {(—2sint, 2cost, —8sin2i) - At(¥3, 1, 2), t=T1/6 and r(/6) =
(—1. ﬁ ) —4113_ ). Therefore, the paramefric equations of the tangent line are

x=ﬁ-!,}‘= 1 +1'3_r,:=1—4w'3_r-

51 ¥ B

I
-
|

b

e
!
J



Answer 31E.
Consider the parametric equations, x=tcost,y=1,z=1sinf ;(_g-,n-,[]] and the point

(-7.72,0).
The object is to find the parametric equations for the tangent line at point (—;r,;r,l]l) and

illustrate by graphing both the curve and the tangent line on common screen.

The parametric equaion is,
r(t)={x(1).»(1).2(1))
=(tcost,1,tsint)
The derivative of the parametric equation is,
r'(r) = (1'{!),y'(t],z'{)‘:l)
= (-tsinr+cosr,l,rcusr +sim'}
The parameter value corresponding to the point (-x,x,0)is r=x. s0
r'{r}:{—fsinr+cnsl,l,rmsf+sin .r}
r'(z)=(-asin(x)+cosx,1,zcos(x)+sin(7))
=(-11,-7)
The parametric equations for the tangent line to the curve with parametric equations at the
specified point [—;r,;r,ﬂ) are.
x=-a+t(-1), y=x+t(1) andz =0+1(-x)
xX=—-g-1, y=x+1 andz=-mt

Hence, the parametric equations for the tangent line to the curve is,

x==g=f,y=x+t, andz =—xit




To draw the graphing both the curve and the tangent line on a common screen, use the maple
software as follows:

Type the below commands on maple worksheet.
with( plots ):
A= spacecunne([f cost,1,1sint ).t = 5.5, axes = normal, color = bfue}:
B ::spacerume([-: sinf+cosft,l,fcost +sin r],: = =5..5, axes = normal ,color =greeﬂ]:
display(A.B):
The input and outputs are as shown below.
Input:
> with( plots) :
= A = spacecurve([-cos(r), 1, t-sin(1) |, r ==35 _5, axes = normal, color = blue);

B = spacecurve(| —1-sin(r) + cos(r), 1, 1-cos{t) + sin(r) ). r =-5 .5, axes = normal, color

= i)

> display(A, B);
Output:

Q32E.
(A

The wector equation of the curve 13
F(ﬁ)z RN AL, 28N E, CosE



The point corresponding to § =0 15
[sin 0,250 0, cos D)
LE (0.0,1)
And the point corresponding to £ = 1/2 15

i i M
Sin —, 250 —,cos—
[ 2 2 2]

LE. 12,0

Mow F'[.ﬁ) = < JTCOSTE, 2T cos AT, — Tsin 7T =
Then 7'(0)= <m,2m0 =

And P W)= <0,0,-7>

The equation of tangent line at (0, 0, 171z
F(0)+ 27 (0)

Le <00, 1= 4 <o 2m0 >

iLe ST AT o

And the equation of tangent at (1, 2, 0) 15
i)

1E <L2 0>+v <00 —ir >

LE. <12, v

The tangent lines will intersect if for some w and v,
<, =<2, T
= um=1 Zumr=2 l=—vm

1 1
= H=—, V=——
o i
Thus the point of intersection 15: (1, 2, 1)
Answer 33E.

The given curves are:
nle) =<t 8 =

And [E:l: <SINE, BN 2 f

We know the angle between two curves 15 equal to the angle between their
tangents at the point of intersection

Consider E(s) =<t >
Then 7 (¢)= <1203 »
Andthen A (0)= <1,0,0 >

R (0)= V1 +0+0=1

And




Thus tangent vector at origin is

() -0

J'"1I|:D)|

i ?_f[z) = <100 —

Mow considerr, (£)= <sinf,sin 2,¢ >
Then E[ﬁ):{cﬁsﬁ,zcosﬁ,l:ﬁ-
Then 7 (0)= <1,2,1>
A (0)|= NP 2241

=6

Thus the tangent vector at origin 13

And

=29 S
’"2[0)|
: — 1 2 1
1 E E(f)zﬂﬁ,ﬁ,ﬁ}
Then ‘T_’;(z)|: é+;—l+é
_E
=z =

Let e the angle between tangents (1) and (2)
T(e). T
7 (2)||7 ()]
1 2 1
<00 ¢« —, —, — =
BB A6
(1)

Then cozd=

1
N
Then &=cos™ [yﬁ] m BA

Hence the angle between two given curves is
Answer 34E.



Consider the vectors
n(r)=<1-13+1 >

And r:{-’]: <3-5,5-2,5" >

Then the parametric equations are
x=1, y=1-1, z=3+r

And x=3-s5, y=5-2,z=5"

If the two curves intersect then they have a common point that is for some values of s and t,
rl{'f}:rl{f)
Then <z, 1-1,3+1 >=<3-5,5-2.5" >

Equate the corresponding coordinates

t=3-5 (1)
l—t=5-2 - (2)
3+ =5 - (3)

Substitute y =3 -5 from equation (1) in equation (3). 34+, =¢*

That is
3+(3-5) =5
349-65+5" =5
12=6s
5=2
Substitute 5 =2 inequation (1), y=3-5
50,
t=3-s
=3-2

—
=

These values satisfy equations (2) because 1—-2=1-2

Then the two curves intersect and then point of intersection will be obtained by substituting
t=1n < 1-1.3+ >0r g=21in <3-5 5-2.5°>

Therefore, the point of intersection is |(1,0,4)) .




To find the angle of intersection of curves,
Consider r(r)=<1,1-1,3+¢ >

Then r(f)=<1,-L2t>

Therefore r(1)=<1,-1,2> Since r =1
And e/ (1)|=V1+1+4=V6

So, tangent vector at (1. 0, 4) is

f()__ 1 1 2

Ty [ 0 A Ay

Now consider r,(s)=<3-s,5-2,5" >

Then rz’(.r):t:-l,],ls}

Therefore 7(2)=<-1,1,4> Since s =2
7(2)|=V1+1+16=18

The tangent vector at (1, 0, 4) is

And

_5(2)
Tz(z)_lr;{zl
I N B
BN TR TR TR

Let gbe the angle between tangent (4) and (5)

g BOT)
(0 o)

{L -1 i} <- ! L4 >

__J6'Je'Jo  J18' Vi3 V18 : :
=6 0 6 U}{')I e 418 Since T, (1), T,(2) are unit vectors

1 8 6 1

=_ﬁ:f§_&ﬁ 6B 68 B
v e

Since the angle between curves is equal to the angle between tangents at the point of
intersection, then the angle between given curves is 54.7°.




Answer 35E.
Consider the integral,

2

[(d—rj+ 3K

o

Evaluate the integral,

-
&

!{fiﬂ"'j+3:‘k)df
e )
(3L -3 T oL

1 1 1

=—({4-0)i-—{16-0)i+—(64-0)k

> (4-0)i-—(16-0)j+>(64-0)
=1i-—4j+32k

Therefore,

j[:i-ﬂj+3fk]dr= 2i-4j+32k
L]

Answer 36E.

=4tan"f]:’}'+ln(l+tz)];;-'
= 4[tan" 1-tan" 0]+ [In(2)~In(1) &

=4(7/)j+In(2)k

=I_}+]]12£



Answer 37E.
Consider the definite integral

(3sin® rcosri+3sinscos’ j+2sinscosrk )dr

ﬁ‘—-—|l-||-H

This means that we can evaluate an integral of a vector function by integrating each
component function.

We can extend the Fundamental theorem of calculus to continuous vector functions as follows:
b

[r(r)dr=R(1)] =R(b)-R(a)

e

Where R is an antiderivative of r_ thatis. R’(¢)=r(r). We use the noiation I r(r)dr for
indefinite integrals (anti derivatives).
Rewrite the definite integral as

3sin” rcost )i+ (3sinscos’ ) j+(2sinscosr)k |dr
( )

ﬁ‘-——ﬂdl-ﬂ

= & &
3 3 3

= I3sin’rmsrdr i+ j3sinrms2df j+| | 2sintcostdr |k ... (1)
o L] L]

To solve

o

J-3sin‘°rcosrd.f

L]

Lel sinf=u

= cosfdf =du



As i=0. u=1 and = .u=10

B | =

j.}simcus:’ dt = —r.}n:du
1] 1

=—(0°-F

3sin’rcosrdr =1

E-‘—.I.“H

To solve

2sinfcosidr

2 My 1 | B4

sin 2t dr SNce 2sinicost =sin 2/

]
o Ry i | By

3 r:r.}s!::L:‘
2

= —%[EUSH' —cnst}]

-3k

=]

L]

Ilsinrcnsrdf=l """

Therefore, substiluie the values of the equations (2), (3). (4) in equation (]) we get

T

I:(?:ﬂn: rmsr)i +(35inrcos’ ]j+{25in I cos r}k)d.' =li+j+k

2 Sy 1 | 4

Answer 38E.
To evaluate .I-f (Ezi +iji—17+i sinﬂﬁ:)dﬁ = I (let)

I =if (f:ldﬁjff(z z—l).:fz+kff (¢sinm)de =il + i1+ (let) ... (1)

~Lea-(5)



I, = If (zﬁ)cﬁ

put ¢ —1=2* implies £ =u* +1 and df = Pudu

limits vary from 0 to 1, using thisin ), we have
L= E[ug +1:I \('z?Emfu = 2[:(:;3 +ujuc1'u

= EI [:u4 +u” :I.::t'u

1
a

P EJ
15

L= Lﬂ (£sin /) dt
2

= [zj (sin7re)ds - I [% (£)(¢sin mjdz]dz}

(] i)

2

1

—2cos 27 cosA | ain
= + +

T P 7
-2 (=1} =sn2 '
=¥+[ﬁ)+51;ﬁ_51;12ﬁ (since cosm=—1,cosZm=1)
-3

= — (since snAa=0=sn 2;??)
i

now put £, £, and [ in (1) we have

7016 3
I=liv—i-Zk



3157 o
Therefore Iz[£2i+£-\|‘£—1j +£sin mﬁc)a‘g = Ei+EJ§_E§c
1 30157

Answer 39.
Consider the integral

3 3
I[sec‘r i+1(r +1) j+lzlnrk) s (Y
The objective is to solve the above integral.

Recall the result:

The integral of vector valued function of the form r(¢)= ( (1), g{r},h{r})

[r(e)de = ([ £(r)de)i+([2(e)dr)i+ ([n(r) dr)k . (2)

Use the result in (1).

j[sec’-”: i+1(r+1) j+ lmk)dr:jsec*rdx i+ [1(F +1) dij+ [ Insdr k

Evaluate the integrals of the components of the vector function.
Consider the integral,

[sec’tdt =tant +¢, Since [sec’0d0=tan0+c

Therefore the integral is,

[sec® tdt =tant +c, ... (3)



Consider the integral J'; [;2 g l}3 dr

Put ¢ 1=y then 2¢dr = du
The integral becomes,

II(I2+I)}¢# =I"3%

=—;~Iu3du

2 4 n+l

4
=—4
F
8

1 =1
= l["_]q..-;z since Ix‘d\- X

=('z"")‘ 4+, Substitute 5 =% 41

Therefore the integral is:
fo(r+1) d;_ﬂ e (4)

Consider the integral,

|7 Ined
Using integration by parts _[u dv=uv- Iu ‘v

Take y=Int,dv=1rdr-

Therefore the integral

G Imdr:%r’lm—%:%cl - (5)



Finally find the integral of the vector function (1) by substituting the limits of the components
from (3), (4), and (5).

[(sec’ rise(r +1)j+r Ink)dr

= [sec*sdr i+ [1(2* +1)dtj+ [ Inedr k

£+1)
=(tan7+¢,) i+[( r ) +c=]j+(—:liflm—-;-:3+c;) k

. g2 4 1, ]3J
=tanf i+—|r +1) j+| = Ini—=r | k+C
3{ }j (3 9

Constant vecior, C=¢ji+cj+ck

Therefore the integral of the vector function (1) is

[(sec®ti+s(r* +1)j+7 Intk)dr = tans i+é(r’ + l)dI j+[%rJL Int —%r’) k+C

Answer 41E.
Given that

—_—

= [;) =2i +38] +Vik

?(:) = | (zﬂ" +3°5 +wﬁ1) di
?(:) =i+ 4230k +c

:(1)= i4j+2/3k+e=i+j
Therefore, ¢ mustequal _y 3%

And, r(!)= 0 %(2;'3:3“'2 —2!3}{-



Answer 42E.
Givenr'(¢)=ti+¢ j+ee'k andr{0) =i +j+k
Integrate 1'(£) with respect to £, we have
r(e)= (6 +< j+ee'k)a
=i[tde+ jfde+k[ede

=i§+ je +k(z]e’d:—j(% () Ie’dt)dt)

:%:- +e'j+k(te' — [ (1)'dt)

2
=%i+e’j+k[ze’—e’]

£
= Ei +e'ji+é (I—l)k+C, here C 15 constant of integration

now r{0)= G +e%i+ (0-Dk+C
=j—k+C

implies i+ j+k = j—k+C (from given)

mmplies &'=i1+2k

put this in r(t), we have

2
()= %i t+e'j+e (t—Nk+i+2k

= {gﬂ]i +2 i+ (=) +2]k
Answer 43E.
Let  u(e)= < A0 5400, A) =
And  v(t)= <g(2). g, (0), & (2) »
w(t) o) =< A+ (e, L)+ (E). Al)+e(l)>



-

Then £[§[£)+v(£)]=ﬂ%|[ﬁ[5)+glt)) I[fzt)"'gz': ):'

ot

L5 O+s(0)>
= %uﬁ(mjﬂgl(ﬂ)]é[ﬁ(ﬁ))+%€2(5)
AW Ta0)>
:ﬁiﬁﬁyiﬁ&k%ﬁwh
a2 0. 250>
- Za()+Z5(0)

Therefore %[i[zj+$(5)]=i'[f)+5'[5)

Answer 44E.+
Let u(ﬁ)i-::fl[:]fgliﬁ),ﬂ()}
Then f(t)u(t)=<f(e) A(e). 7 () A (0). 7
d
il

SLr0u0]= <3 (70 40).5

(¢
=<' (-f)flt )+ft )f ),
A



Answer 45E.

Suppose that m and v are differentiable functions

Need to show that, %[u (1) \r(.r]] =u'(1)xv(r)+u(r)xv'(r)
Let u()=(£(1). £ (1). £ (1)) v(1)=(&:(1).8.(r).&: (1))
Find the derivatives u’(r),v'()

w(0)=(£(0).£ (). £ (1))

v(1)=(g (1).2 (1)./ (1))

Use the definition of cross product to evaluate u(r)xv(r)

i j k
'(']”(f)=\£{f) £:(1) fstfil
(1) &(7) &lr

=i(£(1)&: (1) -2: (1) £:(1))+ i = (1) £: (1)~ £i (1) &: (1))
+|r.(_ﬂ{f}g: {‘r}_gl {t]f: ('r}]

Then

_[£(1)gs(1)- fi(1) & (1). £:(1) & (1) - £i(r) & (1)
“‘”“(”'( F(0)8:(0) £ (1), (1) ) =

Recall that,

it v(r)={f(r).g(r),h(r))where f,g.h are differentiable functions, then
f()=(r (). WH () @

Differentiate (1) with respect to ¢

e <;f;(,a{r}gj ()£ (). 2 (50} {r)f.{r)g;(:)},>
! 2 (A0 £ (1), (1)

Use (2)

(£ ()& (0)+ A8 ()£ ()2:()- £ ()& (1))
=( (£ (& 0)+ £ ()£ ()& (0)-£()g (1),
(£ &)+ £(e ()£ (& (1)~ £:(1)&) (1))

Use product rule of differentiation



Now. find u'(r)xv(r),u(r)xv'(r)

u'(r)xv(r)=

i i k
£(1) £() f;'{u‘
)

gl(r) 2 (") £ {'
=i( £ ()&, (") -2:(0) £ (1) +3{& ()5 ()£ (1), (1))
k(£ (1)2:(1)-2,(1) % (1))

=<;;'(r}g,m—gz (0).£7 (1).2, (1) £ (¢) - frmgi(;})
£ ()2 (1) -2 (1) £ (1)

u(r)xv'(1)=

i i k
AORNAORNAD
Hut{'] 3’:‘(’} g;(-l'

=i (e ()& (VAO)+i(2 (VA(0)- A ()2 ()
k(£ (e (1)-8 (1) £(0))

(f (r}g;m_g;{’}f;{fhg-'(f]ﬂ(')-ﬁ(f)g;(xr>
fi(0)2: (0)-g/ (1) £:(0)

Find w'(f)xv(r)+u(r)=xv'(r)

£ (02:()-2:00) £ (0)-2.0) £ (1)-£ ()2, u)=>
£ (0)2:(1)-& () £(0)
. <f;{r)s;m—g;{rm(rLg,'{rm{r}—f,(r)g;(r}.>
fi(1)e: ()-8 (1) £:(0)
£ (0)g: ()-8 (1) £ (1) + £(1) g (¥) - (1) £ ().
~{ 2 £ ()-£ (&) +2 () A()-£(0)e! ().
£ (1) ()-8 () £ (1)+ £(0)e: (1)-g/ (1) £ (1)

u'(r)xv(r)+u(r)=xv'(s) =<

From these computations, it is clear that, %[u{f}x v[f}] =w'(r)xv(r)+u(r)xv'(r)

Thus, it is proved.



Answer 46E.
Let  u(t)=<Ale). A (). A() >

u(F () =<Al )L 0). 4 E)>
S O)= <SUAT ) SAVONS (A O)-
=< A (FO) 7L 0) AT @) 7>
=) <AL O)LAF @) >
= /(& (£ (0)
Therefore %[;[flzﬁ)ﬂzf'fijl;'lzf lif,)jl

Answer 47E.
oiven vector functions are u [ﬁ) = {sin.if cosé ﬁ} =sin & +coséi ik

andv {.ﬁ cost, sin .ﬁ} f4costi+ainik

From the formula 4 of theorem 3, we have

I:I.I f r
E[u[;)-v(.af)):u (v () +u(e) v {e) (1)
consideru'(¢) = %[sinii +cosg +ik)

=%[sinﬁ)i+%(cosf)j+%[i)k
=cosfi—sing + ik
v'(£] = %(r_:’+cos§j +sin k)

i[ )3 +jﬁ [casz)j+% [sin.ﬁ)}:

=i—sinif +cosik

[z) [ ) |: )v'(ﬁ) in [1) we have
u

.z) ()) [ms.ﬁz s1n.§.r+§:) [.ifz+cos.§j+sin£3:)+|:sin.ﬁ+c¢sg+ﬁkj-[i—sing+cos£ﬁ::}

put

o

=ifcosf—sinfcositsini+sini—cosésnt +£cosé

Therefore %[u [f,:J v[i)) =2fcost+ Z2sint — 2sinf cost

Answer 48E.
If  u(t)=sini+cost j+ik
v(t)=ti+cost j+sintk
Then 1:'[5) = Costim sin£}+k
1_;'[3:] =;—sin.ﬁ:r'+ Costh



Then using the theorem

%[ﬂ[z)x;(ﬁ)]=§'[£)x;[£)+§(ﬁ)><;'[i)

) - s - ) o~

; i i i J k
=l|cosf —szinf 1 |+|siné  cost i
5 cogf  osind 1 —zinfi cosf

I:— sin® ¢ — n::osﬁjlg+[£— n::oszsinﬁ):f+(coszz+£sin£:l£?
+(|::caszzf+f,sin E]I;+|:£—sinﬁc-::lsﬁ):.r'+(—sin2£— cas.ﬁ)i‘
= |[— sin® ¢ — I::-::usi+c::-szﬁ+£sin£:];+|:f,—sin£ cos£+£—sin£cos£:l:r'

-

+(c952£+£sin£—singi‘,—cosﬁ)k

= (cos?ﬁ—cos£+ﬁsin i);+2[£—sin£cos£):}+[ms E‘i+£sin£—cos£)§:
Answer 49E.
On applying the product rule of differentiation, we get f'(¢) = u'(¢)v(t) + u(s)v'(2)

or f'(2) = w'(2)v(2) +u(2)v'(2).

Substitute 2 for £ inv(£) = {t, £, £},

v(2) = {2, 4,8)

Letw(t) = x{£)i+ y(£)j +z(6)k . Then, v'(¢) = x'(e)i + »'(¢)i + 2" (¢ ) k.

2 e = %(;) () = L[ 2(e) = ()
=1 = Dt = 3%

Wegetv'(s) = i+24 + %k
Eeplace ¢ with 2.

vi(2) = i+2(2)§ +3(2) K
vi(2) = i+4j+12%

Substitute the known values in f'(2) = u'(2)v(2) + u(2)v'(2).
J2) = {30,442, 4,8)+ (1, 2, -13{1, 4,12}

{(3)(2) + (0)(4) +(4)(8)) + {(1)(1) + (23(4) + (-1)(12))
6+32+14+8-12

= 35

Therefore, we get the §' [2:1 as .



Answer 50E.

On applying the product rule of differentiation, we get

r'(f) = u'(f)xv(e) +uls) xw'(e) or v(2) = w'(2)xv(2) +uZ) x¥'(2).
Substitute 2 for # in V[f,) = <f,, £ 1‘,3).

v(2) = {2,4,8)

Let v(¢) = x(¢)i+ y(2)j + z(¢)k . Then, v'(¢) = z"(z)i

#(6) = <0 70 = Z(7) (1) = £(2)
=1 = 2t = 3%

Weget v(¢) = i+24 + %k

Eeplace ¢ with 2.
vi(2) = i+2(2) +3(2)°k
vi(2) = i+4j +12k

Substitute the known values in r'(2) = u'(2) = v(2) +u(2) x ¥'(2].
r(2) = (3,0,4}% {2,4,8)+ {1, 2, -1} x {1, 4,12)
= {16, 16,12} + {28, - 13, 2}
= {12, - 29, 14)

Therefore, we get the r'(E) as {1 2 — 29, 14}.
Answer 51E.

We know that

%[;(;)x;ﬁ-(;)]: TR+ (%P (6)

-

But  ~'(t)xr'(£)=0

Therefore i[r[.ﬁ:} W '[3)] = ;(ﬁ) " [.if:l

Bk
Answer 52E.




Answer 53E.

We know that
FEf =7 ()7 () (D)
ZFOf =2fo|2f] @

%[u(i)-v(ﬁ):l=u'[£)-v(£)+u(£)-v'(ﬁ)
MNow from (1) we have

FEf =707 ()

Then differentiating both sides with respectto t,

SR O] =207 ()

E.’"
z|;(;)\;ii\;(;)\=;'(;).;@)J(;).;'@)

(Using (1), (2))

(hsa-b=b )

i 2|F(z)‘j;ﬁF(s)‘:?(s)-?'(z)+?[s) ()
e z|;(;)% A= 27 (e) ()
SInC e ‘;(ﬁ)‘iﬂ (given)
2|;(5)E;(5)\ 27 (1)) .
= = = (Dividing with 2~ (£)])
2 () 20 g with 2 (4)
dp, . ()

Then Er[i)‘: |;|:£)‘
Therefore %;(5)‘ = rlii%g;)r)

Answer 54E.
Let the position vector r[.if:l be

NOEIRIONIORIOE
Then the parametric equations are

xszij, yzglif,j, z=§2[£)
Also  r{e)=<f (), g (6), k' (e) >

(1)

—+

It 15 given that ;[5) atd ;'(3) are perpendicular then ;[f.).r'lz.f) =1
te. < fle)g(e)h(e)= < (e g'(e).h'(t) =0

ie.  JFE)S (e +g(lg' (t)+R() R () =0



Then using equation (1)

xﬁ+yd—y+zﬁz 0
ot dlt ot
or 2o in %y
ot it ot
Or i(x2+y2+zg:]=0

i
O x +;_u‘2 +z° = constant = &° lisaj.r)
Which iz the equation of a sphere with centre at origin

Hence we say that if the position wector r[.if:l 15 always perpendicular to tangent

vectorr'[.ﬁ) . then the curve 15 a sphere with centre at origin,
Answer 55E.

Consider the following vector function:
= r{r]{r'[:}xr'{:]]
Differentiate the above function:
{ (1)) [r(r} [r(e)xr(r)]]

Use product rule to find the derivative:
— u(: ))=r"(¢).(r'(e)xr(e))+r(e)[r(r)xr(e)+r'(e)xrm(r) ]

It is known that:
t).(r'(t)xr"(1))=0

Also

r*(¢)xr"(r)=0

Use these facts in (1):

%[r[r}.(r'(-'}“ e*(1)]=r (1) [r'(e)xr=()]

'/

Therefore, it has been proved that:

u'(r)= r(:]‘[r'{:]xr'(r}]




Answer 56.

Let us start by sketching the tangent vector of a curve.

A r(t+h) - (1)
r'(f) h
,f/ 4o
e
o

—_—

From the abowe figure, we have OF = r [.ﬁ) and G'_Qh = r[.ﬁ + }3).
MNowr, we know that P_QP = G'_QP —OF or E = r(.if + ﬁz) - r[i) and 12 1n the increasing

direction of £.
Consider the case when & =0

"We can say that él:rlz.t + Ez) - r(.ﬁ):l has the same ditection as @

Thus, the tangent wvector defined by rif) points in the direction of £,



Mow, let &2 <0 and say 2 = —4&" with &' = 0
We have

OF = r(t) and OQ = r(t - &),
Then, we get
r(t - k) -r(t) = 00 - OP
- 70
We can thus say that P_QH‘ 1z 11 the direction of decreasing £

Now,
1

E[‘"ff - &) = r(e)]

- rle -4 - ()]
_ riz)—rit— &'

= X

- . _.-r
has the same direction as that of —F() .

Therefore, the tangent vector points 1n the direction of increasing £





