3.3 Gravitation

Newtonian gravitation

’ G
New.ton.s law of Fi= leﬂnzfﬂ12 (3.40)
gravitation r?,
Newtonian field 9=—V¢ (3:41)
equations? Vip=—V-g=4nGp (3.42)
GM ,
Fields from an _VTV r>a)
ie =
! 90=3 " dur (343)
isolated — Fo(r<a)
. 3
uniform sphere, a
mass M, r from _G7M (r>a)
the centre = r 3.44
V=36 L (3.44)
—(*=3a") (r<a)
2a3

mjy Mmasses

F, force on m; (=—F,)

rip vector from my to myp

- unit vector

G constant of gravitation

g  gravitational field strength
¢  gravitational potential

p  mass density

r vector from sphere centre
M mass of sphere

S}

radius of sphere

L

“The gravitational force on a mass m is mg.




General relativity”

ds invariant interval
Line element ds* = g dxtdx" = —d7? (3.45) | dc proper time interval
Zuv metric tensor
1 i dx*  differential of x*
Christoffel F“ﬁy = ng (géﬁ,y +g5«,,ﬁ —gﬁy,(s) (3.46) F“ﬁy Chr%stofffel symbols
symbols and b=, =0/0x' (347) | pertaldifl wrtxt
covariant . . " Aﬁ 4 s covariant diff. w.r.t. x
. .. A:‘/ :A,}’ +I By (3.48) ¢ scalar
differentiation 5 ” .
Ba;}, = B%,",' —r o:yB/f (349) | 4 contravariant vector
B, covariant vector
_ 1 H
R“ﬁvé - F“M”/F Bo —F“W-F By
FT% —T% 5 (3.50)
Riemann tensor  Buy:p —Bupn= RVW,;B;J (3.51) Rpys  Riemann tensor
Ra/)’yé = _Ra/)’(iy 5 Rﬂm/é = _R(x[)’yé (352)
Rupys + Rospy + Ruyop =0 (3.53)
Do# u
— v tangent vector
Geodesic Di 0 (3.54) (=dx*/d2)
equation DA* _ dA4* A affine parameter (e.g., ©
where DJ = dz _’_l—*ﬂ“ﬁAerﬂ (3'55) for material particles)
Geodesic D2éx
— _RF  oEByy I i iati
deviation YE R apy¥ EPp (3_56) ¢ geodesic deviation
Ricci tensor Ryp=R’,5=¢ o Rsuap = Rgs (3.57) | Ry  Ricci tensor
. . 1 G* Einstein tensor
W RUV oW
Finstein tensor ~ G* =R 58 R (3.58) R Ricei scalar (g Ryy)
Einste.in’s field G =8 T™ (3.59) TH stress—ener'gy tensor
equations P pressure (in rest frame)
Perfect fluid T = (p+ p)uu’ + pg" (3.60) p der.lsny (in rest .frame)
u’ fluid four-velocity
: 2M oM\ ! M spherically symmetric
Schwarzschﬂd ds* =~ (1 - ) de* + <1 - > dr? mass (see page 183)
solution r r .
. N 5 1 20de? 361 (r,0,¢) spherical polar coords.
(exterior) +7r*(d0* +sin”0 d¢*) (361) |, time
Kerr solution (outside a spinning black hole)
A—a*sin®0 2Mrsin®0 J angular momentum
A== T4 20T dedg (along 2) !
(2 +a2)? —Qa2A sin?0 ) e « =i
3 sin0dg? + - dr’ +0°d0>  (3.62) | A =r-2Mr+d
0 A 0? =r2+a’cos’0

“General relativity conventionally uses the (—1,1,1,1) metric signature and “geometrized units” in which G=1 and
c=1. Thus, 1kg=7.425x%10"2m etc. Contravariant indices are written as superscripts and covariant indices as
subscripts. Note also that ds? means (ds)? etc.



