(Proofs in Mathematics)

** Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters
— VLADIMIR ARNOLD <

A.1.1 9fieRT (Introduction)

FHel [X, X T XI H T hoH, §Ja HU, HAF o FuyA, faam qen gfaures
ey SR AR, S e, Wea g FEes faa=m i Geheuiel o an
o 1g I 2

T5l & o e & fag (v w6 w1 fafes fafet wfeem sl

A.1.2 SUufa =T 82 (What is a Proof?)

fopelt TS w1 SUUT § el 1 Teh STshd fafate il 8, fraeh Toish e
o afiferca =1 ferell aRenfrg wg =1 fopelt arfompeia =n femelt Ut wremr gror wefore s
g, fo frmafaes fafyr qon e sraftafod wsf gR1 Shaet T @ifshes fmt w1 wam
w0 T e f S S

TH YR Yodeh ST iR qehl i Teh @l Bidl ©, T § qeieh shi aat
RereaTd qen Frehs Bid €1 eifurehal g ferelt wren 1 sEd fRu gu qe © werer Gfa
5N fag w & g Fl-wf e w @i fag FA 1 oTden SUSh TG qreA
1 TG T A 2ial 81 39 YR frelt " i fag e w1 < fafuat wefvia e
T, A YT U9 SA¥El ST U9 qe Uk oifaRed Yod fafy § dF
fo=-fo=1 alieh B €, feeht ==l = w1 T 2l

YeIel IUUTA U8 Wied H1 98 IYUfd 7, 9 7 @Y ¥9 H yed qedi 9 Ry o
e T IR T e 2
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266 TfoTd

(i) Hrer-dier STTET (Approach) 7€ Tehi 1 Uk §@ell €, S Yad el Shicqd
oAl § WY IR ek, PRI, IRefid ugi qen g8 g [ S St
Y deh o Ml o gA gN, Tag TRy ST el TRy w1 wEif st @

frefafead 38 | foar Sifaa:
JEEIOT 19/ 22— 5x+6=07 x=3Aqx=27%I

T X2 - 5x+6=0 (g B
= (x—=3)(x—2)=0 (T =FTh hl qoI Aok G a8 M)
=  x—3=0Ax—2=0 (TEYHIUG A ab=07d a=0Ab=0,a,b c REN)
=  x—=3+3=0+3Ax—2+2=0+2 (THIH & A 9 H THH FE&A S
T ITH! Yhfa gRafda T2 el 2l)
=  x+0=3Ax+0=2 (IM & Faa qulish o acdqm(Identity) T o
TN §)
=  x=3Wx=2 (AN & FTq YUk o qHF T F YA GRII)
X=5%+6=0=>x=3Ax=2
Qﬁp‘ﬁ\ﬁ??)ﬁ “x2—5x+6:0”%3ﬁ'{qﬁ'ﬂ?§a§% “x=3AMx=2" Bl
FHOH p oh ASTH x° — 5x + 6 hl, TP qod Th 3T Feeh (x —3) (x—2) W
gftreenfd X % B9 Tk oS 11— 3) (x— 2) =07 I HW T
?E'TEBITFTBB?\I%
(i) =SH (x—3) (x —2) foFE TR otk x> — Sx + 6% TAA (qed) © ?
(i) Torel =oSTeh i SUeh THH Uk 3 =ioeh § BH shil Fieeniid &Y ¥ehd € 2 30
Y o &I g9 fuselt serell & UrEe 5N fag R g € ereiq
X-5%+6=x"-3x-2x+6=x(x-3)-2(x-3)=(x-3)(x-2)
fgdia 997 ek o oY ®Y (dqeh o fE) gR E9e Bl €

T SWA r YIRAT (Premise) AT YA HUA B @1 2, SE@ wod
§:“x—3=0 Ax—2=0" Y S | TAF =0 (steps) =T Sifecr wre® (brackets)
¥ e 2
T Wikl TR da o =erd! @l € W aeh BH 3Afad Ry W el uge S €

Teh 1 WdlehlcHsh GUQeddl HA SR € WHIUM i H B TR p = g
T B

p'{}l URY Hh A W p:>r:>s:>...:>q7=lﬁ AT hifsTl of:
“p= g’ TA B
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SETETT 2 THg HINT 1w LR > RS fx)=2x + 5 g IR &, Th Toheh!
(one-one) HEA B

syufe == A fF wed £ e B AR fx) = f() = ¥ = x,

(Toheh! o 1 qRT)

31 °HE AN Wf(xl)=f(x2)318fa'\ 2x+5=2x +5

= 2x+5-5=2x +5-5 (I 9&Il H HHE FEA Sigd 9)

= 2¢+0=2x,+0

= 2x, =2x, (STEAfoh @M | AT qeEHE I 0N
N %xlzgxz (@R el 1 T YRR e B faf e §)
= X =X,

I He Toheh! B

(ii) TIfUTdE ST

Tfordig A, |eE w fag w1 Tw uE fafy ), fowe e s

g 21 39 fafa o Syufa gofeder frefafeaa sifwea w enurfa grd 2

N & T Ysd SUag==d S §, g

(i) 9Thd W& 1 € S
(i) 9oFd W& k+1e ST ®H ke S,WS=N
Tfordte ST w1 fagia = @ T A€ Tk e “S(n), n= 1% foe ¥ 2 (St

ot 3 Ry dem j o fau O 2) 3R A woM n=k o fou 9 eF o =%
fatifed & for o8 n=k+ 1 o forq sifara: o € (S & o7 quiish k> j), @ 9=
FoA Tt Ff o[ quiies n, SRl n> j o fow o 2 2l

39 TH FS IR o B

[ cos® sin 0] a4 - [ cosn® sinn®]

T 3 AN A= L—Sine cos GJ’ : A= L—Sin n0 cosnO
cosn® sinnod
& A T P A= _Gnno cosn6
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268 TfoTd

cosO sin 0
&1 @ ¢ T P(l):Al={ }

—sin® cos O

3d: P(1) 9 2|
a9 7 fen &6 P o 2, ereriq

) [ cosk® sink©
P(k) + A" = —sink © cos kO

dl en fog e wed ® &6 P+ 1) T €, 519 %9l P(k) T ®, 31efq

o [os (ka0 sinkenol
PEFD A= Gink +1)0 cos (k+1)0
H:[: Akﬂz AkA
ffeF P(k) ¥ &, THfer

Ak cosk® sin k0] [ cos® sin0]
| —sink© cosk© —sin® cos 0

B cosk ©0cosO —sin kK Osin O cosk O sin O +sin k£ 6 cos ©
| —sink O cos®—coskOsin® —sink0sin 0 +cosk 0cos 0

(T8 o 81)

B cos(k+1)0 sin(k+1)6
| —sin(k +1)® cos (k+1)8

A: P(k+ 1) ¥ ®, 5 % P(k) T 2
AT P(n), n S Tl AET (¥F qUiish) o faw @ 2
(i) fafr= frafaat § fagsw grr staar fgiwor grr suufa

F p= g Hl fag FH w1 I8 fafy aat auft Gua ©, 59 p F oFF FHeAl
r,s,t (A o o foafea fran s s & S0 fF p=r v s v (SR “y 7 TS
g “ar & o)

e wufdee el r= gq;
s = g,
qen 1= q
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wfora & SqafaE 269
1 FHIE R S, AW (v s v )= ¢, TaE B S € SR T TR p =g
wHIfoTa Bl €1
74 fafu & afcheq %1 Y% T9a S9N I S S 21 98 fafy e w9
Y shaet aft GiaursHe € e fa@ued gR W weHl w1 @ w4 el
sarevr 4 fwdt s ABC, ¥ fag =ifsw fw
a=bcosC+ccosB
T HM ST 7 p e “ABC Th 19 & » 99 ¢ e
“g= b cos C+ccos B2
M AT fF ABC T 191 21 ¥ A ¥ BC (STeRT%HIHER 967 ) T o«
AD g@ifau)
T8 96 T R Tk S A @ Ao s @ sifushehior st a1 gk ion e
@W%W%’qpaﬁ r,sﬁmtﬁﬁ'@'ﬁ’@ﬁmm%,aﬁ
r: ABC T =<1 e 8, foad 2 C = 2
s: ABC U etfusherion freget 8, foad /2 C efusherion 21
t: ABC U "wshivl fiapst ®, fad 2 cwmapion 21
3d: B9 We &l U i GerEAet o foe ster-ster fag w2
I (i) 5 LA, £ B, q 2 CAAl & =i € (3mepfa ALl
qashv ISt ADB, 50

BD o
™~ cos A
3T BD = AB cos B=ccos B
a9 s ADC g1 . ,
CD
A—C=COSC
37iq CD =AC cos C B [ c
a D e
=b cos C f1 AT
S E) a =BD + CD
=ccosB+bcosC . (1)
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I (ii) W& £ C SAferemeptol & (STahfd Al.2)

HHH st ADB g1
BD
E =cos B
oA BD = AB cos B
=ccos B

gHRIv st ADC g1

CD
— =cos Z ACD
AC

=cos (180 -C
=—co(sC ) ST A12
31941& CD=-ACcos C
=—bcos C
3 a=BC=BD-CD
DI a=ccos B—(—bcosC)
a=ccosB+bhcosC .. (2)
300 (iii) 519 £ C F9HI0T & (SMRTaAL.3) A
T ACB, g/
BC
EZCOSB . ,
37iq BC = AB cos B
qaan a=c cos B,
b cos C =bcos 90°= 0 u
Id: eq forg "o € a=0+ccosB B a C
=bcosC+ ccosB JTHtA A1.3 .. (3

TR (1), (2) 4 (3) ¥ &9 U €, for foReht frqw ABC H
a=bcosC+ ccosB

TIM ()W = g THI0E 2

TIM (i) ¥ 5 = ¢ THI0 2

q 9T (iii) ¥ + = ¢ A0 B

3d: (r v s v t):qm%aﬂhpﬁqm 2,
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A Suufa: U TU wrea i die g w3 o6 TES |, 89 39k 9aqed
et @rem &1 fag Ftoh, Ud T+ H1 FEI0 i &
(i) Tarenfem grT Swaf| (Reductio Ad Absurdum:

Tl BH 3@ WAl 9 YR i © T Gieheu T O © qen TRt o 21 e o

i o TN g e 39 Frehd W U € o U T U he, 3T €, W U

ferienferd 21 o1a: Wed e T € 39 fafy 1w S gR wHe 2
SETET0T 5 gt 19T Gemel 1 ggee orufifia (Infinite) BT €1
1AM ofifelg, foh 0 ST gemed (PrimeNumbers)EHqﬂt_tl'QP%Gﬁ&Tqﬁﬁﬁ
21 €9 38 %A o T8 (Negation) i, 31€Iid TH& 9 G 1 TH== SURTd
T B, e A o €, ST W AT WeTsh w1 S qiihd B gEae g qEe
AT TS HI gAas I Ghd ¢ I At & P, P,, P,,..., P,EHE AT
TEme w1 g 81 3 A ofifeg

N= (P, P,P..P) +1 (1)

e ® R N o1 wemst &1 g § T €, Fife ae g w1 R off e
g affues 2|
N df 9Rd & ® a1 G G 2l

Ife N 19sg §& & a1 (1) ¥ 0 Bl © o Tk U 19" S 1 i
g, S = W T R

TE 3R, af% N U g G €, df SUh1 %0 ¥ 1 Tk 9T 95 (Divisor)
2T = g T A B o HEn NF i (qote ¥) T R w2, wien
3T 9§ frelt o g Nl fa9ifsa 0 W 0% "2 | o=al 21 37d: Nl 39
qISTeh e o S i o WA ©
fohq 78, 30 HoF o1 i goe qeft 1 wemsti i g o ot €, feriedife @)
T4 YHR AN qhuRen fm gt st gemed &1 ggesa ufiftd ®, orEed #

I gl AT HEMST 1 = SuRied Bl B

(= S for Swdaa Suufa o fafa=t gemsti # fawves grr Sudfq
F1 fare & SYEM o ©)

(ii) W9 HAT kT UlAeATeR ( contrapositive) YT o FAT gRT SUUl:
TRl FUfqay ®oMp = ¢ F a5 FH o WIH R 9 3Yh GAqed A
~q = ~p & fag w@ 21 (fornefl Taqead ® gfid T THd )|

foreht fRu gu wufaee wem o ek qen aRehedn &1 fafaa ek 374 9 y&is &1

YA w0 W Ye9 U H HiauHcHS He o B
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ISR 6 fag HNT &% £(x)=2x + 5 5R IRAfod He 2 R —» R U1 Hed 2l

&l Thed Qéh_clﬁ B ®, ?Tﬁ‘(f(xl) =fx) =>x =x,.
SHHT JANT ok TH GO A € fF2x+5=20 + 5" =% =x" T p=q,F
FY BT 7, SET 20+ 5=2x,+5 FF pT qx, = x, HI ¢ 2| TH o7 Hl TH IIE
2 o ‘g fafa” g fag #) g R

29 30 TS U o WIAuHcHe e o FANT g i YHIE Y Fehd g1 iy g
FIT F YR FH ~ g =~ p 7, FAQ AR f(x) = f(x,) Ax,=x,” F
gfauerd ® <A xzx, @ f(x) £f(x)”

A X #X,

= 2x, #2x,

= et S5+ +5
= J(x) #f(x).

IR “~g = ~p”, AR “p = ¢” TG ¥, TH TR U9 U1 |
SEET0T 7 Y HiftST R “afg s A, Invertible €, @ A, Non-singular €
T ST HUF i ThTHS ®Y H folad W p= ¢ Sl pHUA “STE A, invertible
& au q YT “A, non-singular B

UST U 1 JHIE HH o TS H 79 3Gk YIS HUF 1 HI0E i €,
31id AT ATH non-singular 3T T&T g FE A invertible T&T 21
Ife A Th non-singular 38 &l 2 O @ e g3 |A|= 0%l
e A*1=Maﬂa¢ﬁaaqﬁ%,aaﬁm|=o

|Al
31d: A, Invertible 7l 2

39 YR T I8 JEIfoa R fan f afg A TR non-singular W?{ﬁ’qﬁ%ﬁA,
invertible =& 1 FAA ~ g = ~p.
od: afs & 3TME A invertible % ar Anon-singular %I
(iii) WISTEIUT (counter example) GRT suuf:
Tford o sfierd d U0 oot off o ¥, 59 fordl ufterfeud samaehiehtor &1 9y
37U A0 FE o Gl YA S B S © SR SATIR I o HWH i
e eifofta s @t 2
Tt feafa & w1 envug @ fF, weM ol o o w1 % g, 89 T See
%3 Toh| fopdl oM i U= F3A dlell 3TN TSR0 FHEcAdl &
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ik T p = ¢ 1 TS, WA ~ (p = ¢) F1 Shealel 1 Teh SYITA erdl g 37a:
75 ot 3yufa &1 T fafy B

SETETUT 8 HUA: Yk n e NF U, (2 + 1) Th A9 HE&A T
I8 woM Fefafad &l o TUR W T 999 9 99el T4 o
22 +1=22+ 1 =55 & Tk 9T wEw 2
)22+ 1=24+1=17 & 19 T B
27 +1=28+1=257 & Tk 197 2
Tafy, gorg 3fic ¥ I sAvTHoT T ydld giar 21 sfddiTen a8 gfaured
o e fF 27 + 1 = 2% + | = 4294967297 Uh N9T HEAl & € Hifw
4294967297 = 641 x 6700417 &1 Sl < HET3H o1 ToMFEHA € (1 71 TG o SAffier)
T YhR I SATTHIH o “oieh noh faq 22 + | T 39T §&N & Vi e N
T B
TS Shelel I8 Teh S o 27 + 1 31959 721 B, o1 SSTEL0 AT IR0 o1 Efed
# & fou wafa 2
3rd: T4 fag ) fean fF Fom “ud® n e N fam, 22"+ 1 T A9sg e
27 W e 2
IETET0T 9 HeF Y Fad o ST el €1 W faeR wifu)
suufa: g9 frfafed wer W R w5 €
@ f)=x
i) g&x) =e
(i) / (x) =sinx
3 gl o xoh G HEl o foT Haa €1 K e sEsheriad W foer i d 3
x % gft 7El & fau s €1 T o 39 favarg & fow 9ft@ #xar @ fF wem
‘YR Had o erEeher el ©7 U B fohg Ak W wer “g(r) = |x|” I
SRl 1 Sie Y, S o Fad €, @ g9 TEd § T T x = 0 W aeherg Tl
21 SHHT qead € g Toh HUT “ Tk Had Wl STaheid Bl 8 3TEed €| el
“G(x) = | x| 1 herel TE Teh SETEL0T, SATIH1ehI0T 1 We i o Ty Jaie 81 o1a:
HE “P(x) = | x| I T T wmer e, “YF Had B STk gl 217 ok
TeT I FISE FEd

4

> —

o,
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