
vè;k; 1

leqPp;(Sets)

v In these days of conflict between ancient and modern studies; there must purely be

something to be said for a study which did not begin with Pythagoras and will not end

with Einstein; but is the oldest and the youngest — G.H.Hardy

1.1 Hkwfedk (Introduction)
orZeku le; esa xf.kr osQ vè;;u esa leqPp; dh ifjdYiuk vk/kjHkwr gSA vktdy bl ifjdYiuk
dk iz;ksx xf.kr dh izk;% lHkh 'kk[kkvksa esa gksrk gSA leqPp; dk iz;ksx laca/ ,oa iQyu dks ifjHkkf"kr
djus osQ fy, fd;k tkrk gSA T;kferh;] vuqØe] izkf;drk vkfn osQ vè;;u esa leqPp; osQ Kku dh
vko';drk iM+rh gSA

leqPp; fl¼kar dk fodkl teZu xf.krK Georg Cantor (1845-1918) }kjk fd;k x;k FkkA
f=kdks.kferh; Js.kh osQ iz'uksa dks ljy djrs le; mudk leqPp; ls igyh ckj ifjp; gqvk FkkA bl
vè;k; esa ge leqPp; ls lacaf/r oqQN ewyHkwr ifjHkk"kkvksa vkSj lafØ;kvksa ij fopkj djsaxsA

Georg Cantor

(1845-1918 A.D.)



1.2 leqPp; vkSj mudk fu:i.k (Sets and their
Representations)
nSfud thou esa ge cgq/k oLrqvksa osQ laxzg dh ppkZ djrs gSa] tSls rk'k dh xM~Mh] O;fDr;ksa dh
HkhM+] fØosQV Vhe vkfnA xf.kr esa Hkh ge fofHkUu laxzgksa] dh ppkZ djrs gSa] mnkgj.kkFkZ] izko`Qr
la[;kvksa dk laxzg fcanqvksa dk laxzg] vHkkT; la[;kvksa dk laxzg vkfnA fo'ks"kr%] ge fuEufyf[kr laxzg
ij fopkj djsaxs%

(i) 10 ls de fo"ke izko`Qr la[;k,¡] vFkkZr~ 1] 3] 5] 7] 9

(ii) Hkkjr dh ufn;k¡]

(iii) vaxzs”kh o.kZekyk osQ Loj] ;kuh] a, e, i, o, u,

(iv) fofHkUu izdkj osQ f=kHkqt]

(v) la[;k 210 osQ vHkkT; xq.ku[kaM] vFkkZr~] 2] 3] 5 rFkk 7]

(vi) lehdj.k x  – 5x + 6 = 0, osQ ewy vFkkZr~] 2 rFkk 3

;gk¡ ge ;g ns[krs gSa fd mi;qZDr izR;sd mnkgj.kksa esa ls oLrqvksa dk ,d lqifjHkkf"kr laxzg bl vFkZ
esa gS fd fdlh oLrq osQ laca/ esa ge ;g fu.kZ; fuf'pr :i ls ys ldrs gSa fd og oLrq ,d iznÙk
laxzg esa gS vFkok ugha gSA mnkgj.kr% ge ;g fuf'pr :i ls dg ldrs gSa fd ^uhy unh*] Hkkjr dh
ufn;ksa osQ laxzg esa ugha gSA blosQ foijhr xaxk unh bl laxzg esa fuf'pr:i ls gSA

ge uhps ,sls leqPp; osQ dqN vkSj mnkgj.k ns jgs gSa] ftudk iz;ksx xf.kr esa fo'ks"k:i ls fd;k
tkrk gS

N : izko`Qr la[;kvksa dk leqPp;

ZZZZZZZZ : iw.kk±dksa dk leqPp;

Q: ifjes; la[;kvksa dk leqPp;

R : okLrfod la[;kvksa dk leqPp;
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Z+ Z+: /u iw.kk±dksa dk leqPp;

Q+ : /u ifjes; la[;kvksa dk leqPp;

R+ : /u okLrfod la[;kvksa dk leqPp;

bu fo'ks"k leqPp;ksa osQ fy, fu/kZfjr mi;qZDr izrhdksa dk iz;ksx ge bl iqLrd esa fujarj djrs jgsaxsA

blosQ vfrfjDr fo'o osQ ik¡p lokZf/d fo[;kr xf.krKksa dk laxzg ,d lqifjHkkf"kr leqPp; ugha gS]
D;ksafd lokZf/d fo[;kr xf.krKksa osQ fu.kZ; djus dk ekinaM ,d O;fDr ls nwljs O;fDr osQ fy,
fHkUu&fHkUu gks ldrk gSA vr% ;g ,d lqifjHkkf"kr laxzg ugha gSA

vr% ^oLrqvksa osQ lqifjHkkf"kr laxzg* dks ge ,d leqPp; dgrs gSaA ;gk¡ ij gesa fuEufyf[kr fcanqvksa
ij è;ku nsuk gS%

(i) leqP;; osQ fy, oLrq,¡] vo;o rFkk lnL; i;kZ;okph in gSaA

(ii) leqP;; dks izk;% vaxzs”kh o.kZekyk osQ cM+s v{kjksa ls fu:fir djrs gSa] tSls A, B, C, X, Y, Z

vkfn

(iii) leqPp; osQ vo;oksa dks vaxzs”kh o.kZekyk osQ NksVs v{kjksa }kjk iznf'kZr djrs gSa] tSls a, b, c, x, y,

z vkfn

;fn a, leqPp; A dk ,d vo;o gS] rks ge dgrs gaS fd ^a leqPp; A esa gS*A okD;ka'k ^vo;o
gS* ^lnL; gS* ;k ^esa gS* dks lwfpr djus osQ fy, ;wukuh izrhd ^^∈ (epsilon)** dk iz;ksx fd;k
tkrk gSA vr% ge ‘a ∈ A’ fy[krs gSaA ;fn b, leqPp; A dk vo;o ugha gS] rks ge ‘b ∉ A’ fy[krs
gSa vkSj bls ^^b leqPp; A esa ugha gS** i<+rs gSaA

bl izdkj vaxzs”kh o.kZekyk osQ Lojksa osQ leqPp; V osQ lEca/ esa a ∈ V foaQrq b ∉ V. blh izdkj
la[;k 30 osQ vHkkT; xq.ku[kaMksa osQ leqPp; P osQ fy,] 3 ∈ P foaQrq 15 ∉ P.

fdlh leqPp; dks fu:fir djus dh nks fof/;k¡ gSa%

(i) jksLVj ;k lkj.khc¼ :i

(ii) leqPp; fuekZ.k :i



(i) jksLVj :i esa] leqPp; osQ lHkh vo;oksa dks lwphc¼ fd;k tkrk gS] vo;oksa dks] ,d nwljs ls]
v/Z&fojke }kjk i`Fkd fd;k tkrk gS vkSj mu lHkh dks ,d e>ys dks"Bd osQ Hkhrj fy[krs gSaA
mnkgj.kkFkZ] 7 ls de lHkh le /u iw.kk±dksa osQ leqPp; dk o.kZu jksLVj :i esa {2, 4, 6} }kjk fd;k
tkrk gSA fdlh leqPp; dks jksLVj :i esa iznf'kZr djus osQ dqN vkSj mnkgj.k uhps fn, gSa%

(a) la[;k 42 dks foHkkftr djus okyh lHkh izko`Qr la[;kvksa dk leqPp; {1, 2, 3, 6, 7, 14, 21, 42}

gSA

(b) vaxzs”kh o.kZekyk osQ lHkh Lojksa dk leqPp; {a, e, i, o, u} gSA

(c) fo"ke izko`Qr la[;kvksa dk leqPp; {1, 3, 5, . . .} gSA var osQ fcanq] ftudh la[;k rhu gksrh gS]
;g crykrs gSa fd bu fo"ke la[;kvksa dh lwph varghu gSA

uksV dhft, fd jksLVj :i esa vo;oksa dks lwphc¼ djus esa muosQ Øe dk egRo ugha gksrk gSA bl
izdkj mi;ZqDr leqPp; dks {1, 3, 7, 21, 2, 6, 14, 42}izdkj Hkh iznf'kZr dj ldrs gSaA

AfVIi.kh& ;g è;ku j[kuk pkfg, fd leqPp; dks jksLVj :i esa fy[krs le; fdlh vo;o
dks lkekU;r% nksckjk ugha fy[krs gSa] vFkkZr~] izR;sd vo;o nwljs ls fHkUu gksrk gSA mnkgj.k osQ
fy, 'kCn ‘School’ esa iz;qDr v{kjksa dk leqPp; { S, C, H, O, L} gSA

(ii) leqPp; fuekZ.k :i esa] fdlh leqPp; osQ lHkh vo;oksa esa ,d loZfu"B xq.k/eZ gksrk gS tks
leqPp; ls ckgj osQ fdlh vo;o esa ugha gksrk gSA mnkgj.kkZFk leqPp; {a, e, i, o, u} osQ lHkh
vo;oksa esa ,d loZfu"B xq.k/eZ gS fd buesa ls izR;sd vo;o vaxzs”kh o.kZekyk dk ,d Loj gS vkSj
bl xq.k/eZ okyk dksbZ vU; v{kj ugha gSAbl leqPp; dks V ls fu:fir djrs gq, ge fy[krs gSa fd]

V = {x : x vaxzs”kh o.kZekyk dk ,d Loj gS}A

;gk¡ è;ku nsuk pkfg, fd fdlh leqPp; osQ vo;oksa dk o.kZu djus osQ fy, ge izrhd ‘x’ dk
iz;ksx djrs gSa] (x osQ LFkku ij fdlh vU; izrhd dk Hkh iz;ksx fd;k tk ldrk gS] tSls] v{kj y, z

vkfnA) ftlosQ mijkar dksyu dk fpÉ ¶%¸ fy[krs gSaA dksyu osQ fpÉ osQ ckn leqPp; osQ vo;oksa
osQ fof'k"V xq.k/eZ dks fy[krs gSa vkSj fiQj laiw.kZ dFku dks e>ys dks"Bd { } osQ Hkhrj fy[krs gSaA
leqPp; V osQ mi;qZDr o.kZu dks fuEufyf[kr izdkj ls i<+k tkrk gS] ¶lHkh x dk leqPp; tgk¡ x



vaxzs”kh o.kZekyk dk ,d Loj gSA¸

bl o.kZu esa dks"Bd dk iz;ksx ¶lHkh x dk leqPp;¸ osQ fy, vkSj dksyu dk iz;ksx ^tgk¡ x* osQ
fy, fd;k tkrk gSA mnkgj.k osQ fy,

A = {x : x ,d izko`Qr la[;k gS vkSj 3 < x < 10} dks fuEufyf[kr izdkj ls i<+rs gSa %

^^lHkh x dk leqPp;] tgk¡ x ,d izko`Qr la[;k gS vkSj x,3 vkSj 10 osQ chp esa gSaA vr% la[;k,a
4]5]6]7]8 vkSj 9 leqPp; A osQ vo;o gSaA

;fn ge Åij (a), (b) vkSj (c) esa jksLVj :i esa of.kZr leqPp;ksa dks Øe'k% A, B, C ls izdV djsa]
rks A, B vkSj C dks leqPp; fuekZ.k :i esa] fuEufyf[kr izdkj ls Hkh fu:fir fd;k tk ldrk gSA

A = {x : x ,d izko`Qr la[;k gS tks la[;k 42 dks foHkkftr djrh gS}

B = {y : y vaxzs”kh o.kZekyk dk ,d Loj gS}

C = {z : z ,d fo"ke izko`Qr la[;k gS}

mnkgj.k 1 & lehdj.k x  + x – 2 = 0 dk gy leqPp; jksLVj :i esa fyf[k,A

gy & iznÙk lehdj.k bl izdkj fy[kk tk ldrk gS]

(x – 1) (x + 2) = 0, vFkkZr~ x = 1, – 2

vr% iznÙk lehdj.k dk gy leqPp; jksLVj :i esa bl izdkj fy[kk tk ldrk gS {1, – 2}.

mnkgj.k 2 & leqPp; {x : x ,d /u iw.kk±d gS vkSj x  < 40} dks jksLVj :i esa fyf[k,A

gy & 1, 2, 3, 4, 5, vkSj 6 vHkh"V la[;k,¡ gSaA vr% {1, 2, 3, 4, 5, 6} iznÙk leqPp; dk jksLVj :i
gSA

mnkgj.k 3 & leqPp; A = {1, 4, 9, 16, 25, . . . } dks leqPp; fuekZ.k :i esa fyf[k,A
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gy & leqPp; A dks ge bl izdkj fy[k ldrs gSa]

A = {x : x ,d izko`Qr la[;k dk oxZ gS}

fodYir% ge bl izdkj Hkh fy[k ldrs gSa]

A = {x : x = n , tgk¡ n ∈ N}

mnkgj.k 4 & leqPp; dks leqPp; fuekZ.k :i esa fyf[k,A

gy & ge ns[krs gaS fd fn, x, leqPp; osQ izR;sd vo;o dk va'k mlosQ gj ls 1 de gSA ;g Hkh
fd va'k ,d izko`Qr la[;k gS tks 1 ls izkjaHk gksdj mÙkjksÙkj ,d ls vf/d gksrh tkrh gS vkSj 6 ls
vf/d ugha gSA vr% leqPp; fuekZ.k :i esa bls bl izdkj fy[krs gSa]

{ n, ,d izko`Qr la[;k gS vkSj 1 ≤ n ≤ 6}

mnkgj.k 5 & ckb± vksj jksLVj :i esa of.kZr izR;sd leqPp; dk nkb± vksj leqPp; fuekZ.k :i esa
of.kZr leqPp; ls lgh feyku dhft,%

(i) {P, R, I, N, C, A, L} (a) { x : x ,d /u iw.kk±d gS rFkk 18 dk Hkktd gS}

(ii) { 0 } (b) { x : x ,d iw.kk±d gS vkSj x  – 9 = 0}

(iii) {1, 2, 3, 6, 9, 18} (c) {x : x ,d iw.kk±d gS vkSj x + 1= 1}

(iv) {3, –3} (d) {x : x 'kCn PRINCIPAL dk ,d v{kj gS}

gy & pw¡fd (d) esa] 'kCn PRINCIPAL esa 9 v{kj gSa vkSj nks v{kj P vkSj I dh iqujko`fÙk gqbZ gS]
vr% (i) dk lgh feyku (d) ls gksrk gSA blh izdkj (ii) dk lgh feyku (c) ls gksrk gS] D;ksafd x +

1 = 1 dk rkRi;Z gS fd x = 0. ;g Hkh fd] 1] 2] 3] 6] 9 vkSj 18 esa ls izR;sd 18 dk Hkktd gS]

2

2



blfy, (iii) dk lgh feyku (a) ls gksrk gSA var esa x  – 9 = 0 vFkkZr~ x = 3, –3 vkSj blfy, (iv)

dk lgh feyku (b) ls gksrk gSA

iz'ukoyh 1.1
1 & fuEufyf[kr esa dkSu ls leqPp; gSa\ vius mÙkj dk vkSfpR; crkb,A

(i) J v{kj ls izkjaHk gksus okys o"kZ osQ lHkh eghuksa dk laxzgA

(ii) Hkkjr osQ nl lcls vf/d izfrHkk'kkyh ys[kdksa dk laxzgA

(iii) fo'o osQ loZJs"B X;kjg cYysoktksa dk laxzgA

(iv) vkidh d{kk osQ lHkh ckydksa dk laxzgA

(v) 100 ls de lHkh izko`Qr la[;kvksa dk laxzgA

(vi) ys[kd izsepan }kjk fyf[kr miU;klksa dk laxzgA

(vii) lHkh le iw.kk±dksa dk laxzgA

(viii) bl vè;k; esa vkus okys iz'uksa dk laxzgA

(ix) fo'o osQ lcls vf/d [krjukd tkuojksa dk laxzgA

2 eku yhft, A = {1, 2, 3, 4, 5, 6}, fjDr LFkkuksa esa mi;qDr izrhd ∈ vFkok ∉ Hkfj,A

(i) 5. . .A (ii) 8 . . . A (iii) 0. . .A

(iv) 4. . . A (v) 2. . .A (vi) 10. . .A

3 fuEufyf[kr leqPp;ksa dks jksLVj :i esa fyf[k,%

(i) A = {x : x ,d iw.kk±d gS vkSj –3 < x < 7}

(ii) B = {x : x la[;k 6 ls de ,d izko`Qr la[;k gS}
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(iii) C = {x : x nks vadksa dh ,slh izko`Qr la[;k gS ftlosQ vadksa dk ;ksxiQy 8 gS}

(iv) D = {x : x ,d vHkkT; la[;k gS tks la[;k 60 dh Hkktd gS}

(v) E = TRIGONOMETRY 'kCn osQ lHkh v{kjksa dk leqPp;

(vi) F = BETTER 'kCn osQ lHkh v{kjksa dk leqPp;

4 fuEufyf[kr leqPp;ksa dks leqPp; fuekZ.k :i esa O;Dr dhft,%

(i) (3, 6, 9, 12} (ii) {2,4,8,16,32} (iii) {5, 25, 125, 625}

(iv) {2, 4, 6, . . .} (v) {1,4,9, . . .,100}

5 fuEufyf[kr leqPp;ksa osQ lHkh vo;oksa (lnL;ksa) dks lwphc¼ dhft,%

(i) A = {x : x ,d fo"ke izko`Qr la[;k gS}

(ii) B = {x : x ,d iw.kk±d gS]  < x <  }

(iii) C = {x : x ,d iw.kk±d gS] x2 ≤ 4}

(iv) D = {x : x, LOYAL 'kCn dk ,d v{kj gS}

(v) E = {x : x o"kZ dk ,d ,slk eghuk gS] ftlesa 31 fnu ugha gksrs gSa}

(vi) F = {x : x vaxzs”kh o.kZekyk dk ,d O;atu gS] tks k ls igys vkrk gS}

6. ckb± vksj jksLVj :i esa fyf[kr vkSj nkb± vksj leqPp; fuekZ.k :i esa of.kZr leqPp;ksa dk
lgh feyku dhft,%

(i) {1, 2, 3, 6} (a) {x : x ,d vHkkT; la[;k gS vkSj 6 dh Hkktd gS}

(ii) {2, 3} (b) {x : x la[;k 10 ls de ,d fo"ke izko`Qr la[;k gS}

(iii) {M,A,T,H,E,I,C,S} (c) {x : x ,d izko`Qr la[;k gS vkSj 6 dh Hkktd gS}

(iv) {1, 3, 5, 7, 9} (d) {x : x MATHEMATICS 'kCn dk ,d v{kj gS}



1.3 fjDr leqPp; (The Empty Set)
leqPp; A = { x : x fdlh Ldwy dh d{kk XI esa vè;;ujr ,d fo|kFkhZ gS }

ge ml Ldwy esa tk dj d{kk XI esa vè;;ujr fo|kfFkZ;ksa dks fxu dj mudh la[;k Kkr dj ldrs
gSaA vr% leqPp; A osQ vo;o;ksa dh la[;k lhfer gSA

vc uhps fy[ks leqPp; B ij fopkj dhft,%

B = { x : x orZeku esa d{kk X rFkk XI nksuksa esa vè;;ujr fo|kFkhZ gSa}

ge ns[krs gSa fd ,d fo|kFkhZ ,d lkFk nksuksa d{kkvksa X rFkk XI esa vè;;u ugha dj ldrk gSA vr%
leqPp; B esa dksbZ Hkh vo;o ugha gSA

ifjHkk"kk 1 & ,d leqPp; ftlesa ,d Hkh vo;o ugha gksrk gS] fjDr leqPp; ;k 'kwU; leqPp;
dgykrk gSA bl ifjHkk"kk osQ vuqlkj B ,d fjDr leqPp; gS tc fd A ,d fjDr leqPp; ugha gSA
fjDr leqPp; dks izrhd φ vFkok { } ls iznf'kZr djrs gSaA

ge uhps fjDr leqPp;ksa osQ dqN mnkgj.k ns jgs gSa%

(i) eku yhft, fd A = {x : 1 < x < 2, x ,d izko`Qr la[;k gS

;gk¡ A fjDr leqPp; gS] D;ksafd 1 vkSj 2 osQ eè; dksbZ izko`Qr la[;k ugha gksrh gSA

(ii) B = {x : x  – 2 = 0 vkSj x ,d ifjes; la[;k gS}. ;gk¡ B fjDr leqPp; gS] D;ksafd lehdj.k x

– 2 = 0, x osQ fdlh Hkh ifjes; eku ls larq"V ugha gksrk gSA

(iii) C = {x : x la[;k 2 ls vf/d ,d le vHkkT; la[;k gS} rks C fjDr leqPp; gS] D;ksafd osQoy
la[;k 2 gh le vHkkT; la[;k gSA

(iv) D = { x : x  = 4, x fo"ke gS}. rks D fjDr leqPp; gS] D;ksafd lehdj.k x  = 4, x osQ fdlh
fo"ke eku ls larq"V ugha gksrk gSA
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1.4 ifjfer vkSj vifjfer leqPp; (Finite and Infinite Sets)
eku yhft, fd A = {1, 2, 3, 4, 5}, B = {a, b, c, d, e, g}

rFkk C = { bl le; fo'o osQ fofHkUu Hkkxksa esa jgus okys iq#"k}

ge ns[krs gSa fd A esa 5 vo;o gSa vkSj B esa 6 vo;o gSaA C esa fdrus vo;o gSa\ tSlk fd Li"V
gS fd C osQ vo;oksa dh la[;k gesa Kkr ugha gS] foaQrq ;g ,d izko`Qr la[;k gS] tks cgqr cM+h gks
ldrh gSA fdlh leqPp; S osQ vo;oksa dh la[;k ls gekjk vfHkizk; leqPp; osQ fHkUu vo;oksa dh
la[;k ls gS vkSj bls ge izrhd n (S) }kjk iznf'kZr djrs gSaA ;fn n (S) ,d izko`Qr la[;k gS] rks S

,d vkfjDr ifjfer leqPp; gksrk gSA

vkb, izko`Qr la[;kvksa osQ leqPp; N ij fopkj djsaA ge ns[krs gSa bl leqPp; osQ vo;oksa dh la[;k
lhfer ugha gS] D;ksafd izko`Qr la[;kvksa dh la[;k vlhfer gksrh gSA bl izdkj ge dgrs gSa fd izko`Qr
la[;kvksa dk leqPp; ,d vifjfer leqPp; gksrk gSA mi;qZDr leqPp; A, B rFkk C ifjfer leqPp;
gSa vkSj n(A) = 5, n(B) = 5 vkSj n(C) = dksbZ lhfer la[;kA

ifjHkk"kk 2 & ,d leqPp;] tks fjDr gS vFkok ftlosQ vo;oksa dh la[;k fuf'pr gksrh gS] ifjfer
leqPp; dgykrk gS] vU;Fkk leqPp; vifjfer leqPp; dgykrk gSA

vkb, dqN mnkgj.kksa ij fopkj djsa%

(i) ;fn W lIrkg osQ fnuksa dk leqPp; gS] rks W ifjfer gSA

(ii) eku yhft, fd S, lehdj.k x  –16 = 0 osQ gyksa dk leqPp; gS] rks S ifjfer gSA

(iii) eku yhft, fd G, fdlh js[kk ij fLFkr lHkh fcanqvksa dk leqPp; gS] rks G vifjfer gSA

tc ge fdlh leqPp; dks jksLVj :i esa fu:fir djrs gSa] rks ge ml leqPp; osQ lHkh vo;oksa dks
dks"Bd { } osQ Hkhrj fy[krs gSaA fdlh vifjfer leqPp; osQ lHkh vo;oksa dks dks"Bd { } osQ Hkhrj
fy[kuk laHko ugha gS] D;ksafd ,sls leqPp; osQ vo;oksa dh la[;k lhfer ugha gksrh gSA vr% ge
fdlh vifjfer leqPp; dks jksLVj :i esa izdV djus osQ fy, mlosQ de ls de brus vo;oksa dks
fy[krs gS] ftlls ml leqPp; dh lajpuk Li"V gks losQ vkSj rnksijkar rhu fcanq yxkrs gSaA

mnkgj.kkFkZ {1, 2, 3 . . .} izko`Qr la[;kvksa dk leqPp; gS, {1, 3, 5, 7, . . .} fo"ke izko`Qr la[;kvksa dk
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leqPp; gS vkSj {. . .,–3, –2, –1, 0,1, 2 ,3, . . .} iw.kk±dksa dk leqPp; gSA ;s lHkh leqPp; vifjfer
gSaA

AfVIi.kh  lHkh vifjfer leqPp; dk o.kZu jksLVj :i esa ugha fd;k tk ldrk gSA mnkgj.k osQ
fy, okLrfod la[;kvksa osQ leqPp; dk o.kZu bl :i esa ugha fd;k tk ldrk gS] D;ksafd bl
leqPp; osQ vo;oksa dk dksbZ fo'ks"k iSVuZ (izfreku) ugha gksrk gSA

mnkgj.k 6 & crykb, fd fuEufyf[kr leqPp;ksa esa dkSu ifjfer gS vkSj dkSu vifjfer gS%

(i) {x : x ∈ N vkSj (x – 1) (x –2) = 0}

(ii) {x : x ∈ N vkSj x  = 4}

(iii) {x : x ∈ N vkSj 2x –1 = 0}

(iv) {x : x ∈ N vkSj x ,d vHkkT; la[;k gS}

(v) {x : x ∈ N vkSj x fo"ke gS}

gy (i) iznÙk leqPp; = {1, 2}. vr% ;g ifjfer gSA

(ii) iznÙk leqPp; = {2}. vr% ;g ifjfer gSA

(iii) iznÙk leqPp; = φ. vr% ;g ifjfer gSA

(iv) fn;k gqvk leqPp; lHkh vHkkT; la[;kvksa dk leqPp; gS vkSj D;ksafd vHkkT; la[;kvksa dk
leqPp; vuar gS_ vr% iznÙk leqPp; vifjfer gSA

(v) D;ksafd fo"ke izko`Qr la[;k,¡ vuar gSa] vr% iznÙk leqPp; vifjfer gSA

1.5 leku leqPp; (Equal Sets)
nks fn, x, leqPp;ksa A vkSj B, esa] ;fn A dk izR;sd vo;o B dk Hkh vo;o gS rFkk B dk
izR;sd vo;o A dk Hkh vo;o gS] rks leqPp; A vkSj B, leku dgykrs gSaA Li"Vr;k nksuksa
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leqPp;ksa esa rF;r% leku vo;o gksrs gSaA

ifjHkk"kk 3 nks leqPp; A vkSj B leku dgykrs gSa] ;fn muesa rF;r% leku vo;o gksa vkSj ge
fy[krs gSa A = B, vU;Fkk leqPp; vleku dgykrs gSa vkSj ge fy[krs gSa A ≠ B.

vkb, ge fuEufyf[kr mnkgj.kksa ij fopkj djsa%

(i) eku yhft, fd A = {1, 2, 3, 4} vkSj B = {3, 1, 4, 2}. rks A = B.

(ii) eku yhft, fd A] 6 ls de vHkkT; la[;kvksa rFkk P, 30 osQ vHkkT; xq.ku[kaMksa osQ leqPp; gSaA
Li"V gS fd leqPp; A vkSj P leku gSa] D;ksafd osQoy 2] 3 vkSj 5 gh la[;k 30 osQ vHkkT;
xq.ku[kaM gSa vkSj 6 ls de Hkh gSaA

AfVIi.kh  ;fn fdlh leqPp; osQ ,d ;k ,d ls vf/d vo;oksa dh iqujko`fÙk gksrh gS] rks
leqPp; cnyrk ugha gSA mnkgj.k osQ fy, leqPp; A = {1, 2, 3} vkSj B = {2, 2, 1, 3, 3} leku
gSa] D;ksafd A dk izR;sd vo;o B esa gSa vkSj bldk foykse Hkh lR; gSA blh dkj.k ge izk;%
fdlh leqPp; dk o.kZu djrs le; mlosQ vo;oksa dh iqujko`fÙk ugha djrs gSaA

mnkgj.k 7 & leku leqPp;ksa osQ ;qXe Nk¡fV,] ;fn ,slk dksbZ ;qXe gS] vkSj dkj.k Hkh crykb,%

A = {0}, B = {x : x > 15 vkSj x < 5},

C = {x : x – 5 = 0 }, D = {x : x2 = 25},

E = {x : x lehdj.k x  – 2x –15 = 0 dk ,d /u iw.kk±d ewy gS}.

gy ;gk¡ 0 ∈ A vkSj 0 leqPp;ksa B, C, D vkSj E, esa ls fdlh esa Hkh ugha gS] vr% A ≠ B, A ≠ C, A

≠ D, A ≠ E.

D;ksafd B = φ foaQrq vkSj dksbZ leqPp; fjDr ugha gSA

vr% B ≠ C, B ≠ D rFkk B ≠ E.

C = {5} ijarq –5 ∈ D, blfy, C ≠ D
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;gk¡ D;ksafd E = {5}, C = E , D = {–5, 5} vkSj E = {5}, vr% D ≠ E.

bl izdkj leku leqPp;ksa dk ;qXe osQoy C rFkk E gSA

mnkgj.k 8 & fuEufyf[kr leqPp; ;qXeksa esa ls dkSu ls leku gSa\ vius mÙkj dk vkSfpR; crkb,A

(i) X, 'kCn “ALLOY” osQ v{kjksa dk leqPp; rFkk B, 'kCn “LOYAL” osQ v{kjksa dk leqPp;A

(ii) A = {n : n ∈ Z rFkk n2 ≤ 4} vkSj B = {x : x ∈ R rFkk x  – 3x + 2 = 0}.

gy & (i) ;gk¡ X = {A, L, L, O, Y}, B = {L, O, Y, A, L}. vr% X vkSj B leku leqPp; gSa] D;ksafd
fdlh leqPp; osQ vo;oksa dh iqujko`fÙk ls leqPp; cnyrk ugha gSA vr%

X = {A, L, O, Y} = B

(ii) A = {–2, –1, 0, 1, 2}, B = {1, 2}. D;ksafd 0 ∈ A vkSj 0 ∉ B, blfy, A vkSj B leku ugha gSaA

iz'ukoyh 1.2
1. fuEufyf[kr esa ls dkSu ls fjDr leqPp; osQ mnkgj.k gSa\

(i) 2 ls HkkT; fo"ke izko`Qr la[;kvksa dk leqPp;A

(ii) le vHkkT; la[;kvksa dk leqPp;A

(iii) { x : x ,d izko`Qr la[;k gS, x < 5 vkSj lkFk gh lkFk x > 7 }

(iv) { y : y fdUgha Hkh nks lekarj js[kkvksa dk mHk;fu"B fcanq gS}

2. fuEufyf[kr leqPp;ksa esa ls dkSu ifjfer vkSj dkSu vifjfer gSa\

(i) o"kZ osQ eghuksa dk leqPp;A

(ii) {1, 2, 3, . . .}
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(iii) {1, 2, 3, . . .99, 100}

(iv) 100 ls cM+s /u iw.kk±dksa dk leqPp;A

(v) 99 ls NksVs vHkkT; iw.kk±dksa dk leqPp;A

3. fuEufyf[kr leqPp;ksa esa ls izR;sd osQ fy, crkb, fd dkSu ifjfer gS vkSj dkSu vifjfer
gS\

(i) x-v{k osQ lekarj js[kkvksa dk leqPp;A

(ii) vaxzs”kh o.kZekyk osQ v{kjksa dk leqPp;A

(iii) mu la[;kvksa dk leqPp; tks 5 osQ xq.kt gSaA

(iv) i`Foh ij jgus okys tkuojksa dk leqPp;A

(v) ewy fcanq (0]0) ls gks dj tkus okys o`Ùkksa dk leqPp;A

4. fuEufyf[kr esa crykb, fd A = B gS vFkok ugha gS%

(i) A = { a, b, c, d } B = { d, c, b, a }

(ii) A = { 4, 8, 12, 16 } B = { 8, 4, 16, 18}

(iii) A = {2, 4, 6, 8, 10} B = { x : x le /u iw.kk±d gS vkSj x ≤ 10}

(iv) A = {x : x la[;k 10 dk ,d xq.kt gS}, B = { 10, 15, 20, 25, 30, . . . }

5. D;k fuEufyf[kr leqPp; ;qXe leku gSa\ dkj.k lfgr crkb,A

(i) A = {2, 3}, B = {x : x lehdj.k x  + 5x + 6 = 0 dk ,d gy gS}

(ii) A = { x : x 'kCn ‘FOLLOW’ dk ,d v{kj gS}

B = { y : y 'kCn ‘WOLF’ dk ,d v{kj gS}

6. uhps fn, gq, leqPp;ksa esa ls leku leqPp;ksa dk p;u dhft,%

A = { 2, 4, 8, 12}, B = { 1, 2, 3, 4}, C = { 4, 8, 12, 14},
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D = { 3, 1, 4, 2}, E = {–1, 1}, F = { 0, a},

G = {1, –1}, H = { 0, 1}

1.6 mileqPp; (Subsets)
uhps fn, leqPp;ksa ij fopkj dhft,%

X = vkiosQ fo|ky; osQ lHkh fo|kfFkZ;ksa dk leqPp;]

Y = vkidh d{kk osQ lHkh fo|kfFkZ;ksa dk leqPp;A

ge ns[krs gaS fd Y dk izR;sd vo;o] X dk Hkh ,d vo;o gS] ge dgrs gSa fd Y, X dk ,d
mileqPp; gSa X dk ,d mileqPp; gS] izrhdksa esa X ⊂ Y }kjk izdV djrs gSaA izrhd ⊂, dFku
^,d mileqPp; gS*] vFkok ^varfoZ"V gS* osQ fy, iz;qDr gksrk gSA

ifjHkk"kk 4 & ;fn leqPp; A dk izR;sd vo;o] leqPp; B dk Hkh ,d vo;o gS] rks A] B dk
mileqPp; dgykrk gSA

nwljs 'kCnksa esa] A ⊂ B, ;fn tc dHkh a ∈ A, rks a ∈ B. cgq/k izrhd ^⇒*] ftldk vFkZ ^rkRi;Z
gS* gksrk gS] dk iz;ksx lqfo/ktud gksrk gSA bl izrhd dk iz;ksx dj osQ] ge mileqPp; dh ifjHkk"kk
bl izdkj fy[k ldrs gSa%

A ⊂ B, ;fn a ∈ A ⇒ a ∈ B

ge mi;qZDr dFku dks bl izdkj i<+rs gSa] “A, B dk ,d mileqPp; gS] ;fn bl rF; dk] fd a, A

dk ,d vo;o gS rkRi;Z gS fd a, B dk Hkh ,d vo;o gS**A ;fn A, B dk ,d mileqPp; ugha
gS] rks ge fy[krs gSa fd A ⊄ B A

gesa è;ku nsuk pkfg, fd A dks B, dk leqPp; gksus osQ fy, osQoy ek=k ;g vko';d gS fd A dk
izR;sd vo;o B esa gSA ;g laHko gS fd B dk izR;sd vo;o A esa gks ;k u gksA ;fn ,slk gksrk gS
fd B dk izR;sd vo;o A esa Hkh gS] rks B ⊂ A. bl n'kk esa] A vkSj B leku leqPp; gSa vkSj bl



izdkj A ⊂ B vkSj B ⊂ A ⇔ A = B, tgk¡ ^⇔* f}/k rkRi;Z (two way implications) osQ fy,
izrhd gS vkSj ftls izk;% ^;fn vkSj osQoy ;fn* i<+rs gSa rFkk la{ksi esa ‘iff’ fy[krs gSaA

ifjHkk"kk ls fu"d"kZ fudyrk gS fd izR;sd leqPp; Lo;e~ dk mileqPp; gS] vFkkZr~ A ⊂ A A pw¡fd
fjDr leqPp; φ esa dksbZ vo;o ugha gksrk gS vr% ge bl ckr ls lger gSa fd φ izR;sd leqPp;
dk ,d mileqPp; gSA vc ge dqN mnkgj.kksa ij fopkj djrs gSa%

(i) ifjes; la[;kvksa dk leqPp; Q, okLrfod la[;kvksa osQ leqPp; R dk ,d mileqPp; gS vkSj
ge fy[krs gSa fd Q ⊂ R.

(ii) ;fn A, la[;k 56 osQ lHkh Hkktdksa dk leqPp; gS vkSj B, la[;k 56 osQ lHkh vHkkT; Hkktdksa
dk leqPp; gS] rks B, A dk ,d mileqPp; gS vkSj ge fy[krs gSa fd B ⊂ A.

(iii) eku yhft, fd A = {1, 3, 5} vkSj B = {x : x la[;k 6 ls de ,d fo"ke izko`Qr la[;k gS} rks A

⊂ B rFkk B ⊂ A, vr% A = B

(iv) eku yhft, fd A = { a, e, i, o, u} vkSj B = { a, b, c, d}. rks A, B dk ,d mileqPp; ugha gS
rFkk B Hkh A dk mileqPp; ugha gSA

eku yhft, fd A vkSj B nks leqPp; gSaA ;fn A ⊂ B rFkk A ≠ B , rks A, B dk mfpr mileqPp;
dgykrk gS vkSj B, A dk vf/leqPp; dgykrk gSA mnkgj.kkFkZ]-

A = {1, 2, 3}, B = {1, 2, 3, 4} dk ,d mfpr mileqPp; gSA

;fn leqPp; A esa osQoy ,d vo;o gks] rks ge bls ,d ,dy leqPp; dgrs gSaA vr% { a } ,d
,dy leqPp; gSA

mnkgj.k 9 & uhps fy[ks leqPp;ksa ij fopkj dhft,%

φ, A = { 1, 3 }, B = {1, 5, 9}, C = {1, 3, 5, 7, 9}.

izR;sd leqPp; ;qXe osQ chp lgh izrhd ⊂ vFkok ⊄ Hkfj,_

(i) φ . . . B (ii) A . . . B (iii) A . . . C (iv) B . . . C



gy & (i) φ ⊂ B, D;ksafd φ izR;sd leqPp; dk mileqPp; gksrk gSA

(ii) A ⊄ B D;ksafd 3 ∈ A vkSj 3 ∉ B

(iii) A ⊂ C D;ksafd 1, 3 ∈ A rFkk 1, 3 ∈ C

(iv) B ⊂ C D;ksafd B dk izR;sd vo;o C esa Hkh gSA

mnkgj.k 10 & ku yhft, A = { a, e, i, o, u}, B = { a, b, c, d}. D;k A, B dk ,d mileqPp; gS\
ugha (D;ksa\)A D;k A, B dk mi leqPp; gSa\ ugha (D;ksa\)

mnkgj.k 11 & eku yhft, A, B vkSj C rhu leqPp; gSaA ;fn A ∈ B rFkk B ⊂ C, rks D;k ;g
lR; gS fd A ⊂ C? ;fn ugha rks ,d mnkgj.k nhft,A

gy eku yhft, fd A = {1}, B = {{1}, 2} vkSj C = {{1}, 2, 3} Li"Vr;k ;gk¡

uksV dhft, fd fdlh leqPp; dk ,d vo;o ml leqPp; dk mileqPp; ugha gks ldrk gSA

1.6.1 okLrfod la[;kvksa osQ leqPp; osQ mileqPp;

tSlk fd vuqPNsn 1-6 ls Li"V gksrk gS fd leqPp; R osQ cgqr ls egRoiw.kZ mileqPp; gSaA buesa ls
oqQN osQ uke ge uhps ns jgs gSa%

izko`Qr l[;kvksa dk leqPp; N = {1, 2, 3, 4, 5, . . .}

iw.kk±dksa dk leqPp; Z = {. . ., –3, –2, –1, 0, 1, 2, 3, . . .}

ifjes; la[;kvksa dk leqPp; Q = { x : x = , p, q ∈ Z rFkk q ≠ 0}] ftudks bl izdkj i<+rs gSa%

“Q mu lHkh la[;kvksa x dk leqPp; bl izdkj gS] fd x HkkxiQy , osQ cjkcj gS] tgk¡ p vkSj q



iw.kk±d gS vkSj q 'kwU; ugha gSA** Q osQ vo;oksa esa –5 (ftls 5/1 ls Hkh iznf'kZr fd;k tk ldrk gS) ,

, , vkSj  vkfn lfEefyr gSaA

vifjes; la[;kvksa dk leqPp;] ftls T, ls fu:fir djrs gSa] 'ks"k vU; okLrfod la[;kvksa (ifjes;
la[;kvksa dks NksM+dj) ls feydj curk gSA vr% T = {x : x ∈ R vkSj x ∉ Q} = R – Q vFkkZr~ og

lHkh okLrfod la[;k,¡ tks ifjes; ugha gSA T osQ lnL;ksa esa , , vkSj π vkfn lfEefyr gSaA

bu leqPp;ksa osQ eè; dqN Li"V laca/ bl izdkj gSa_

N ⊂ Z ⊂ Q, Q ⊂ R, T ⊂ R, N ⊄ T.

1.6.2 varjky R osQ mileqPp; osQ :i esa (Interval as subsets of R)

eku yhft, fd a, b ∈ R vkSj a < b. rc okLrfod la[;kvksa dk leqPp; { y : a < y < b} ,d
foo`r varjky dgykrk gS vkSj izrhd (a, b) }kjk fu:fir gksrk gSA a vkSj b osQ chp fLFkr lHkh fcanq
bl varjky esa gksrs gSa ijarq a vkSj b Lo;a bl varjky esa ugha gksrs gSaA

og varjky ftlesa vaR; fcanq Hkh gksrs gSa] lao`r (can) varjky dgykrk gS vkSj izrhd ,sls varjky Hkh
gSa tks ,d vaR; fcanq ij can vkSj nwljs ij [kqys gksrs gSa

[ a, b ) = {x : a ≤ x < b}, a ls b, rd ,d [kqyk varjky gS] ftlesa a varfoZ"V gS foaQrq b vioftZr
gSA

( a, b ] = { x : a < x ≤ b } a ls b, rd ,d [kqyk varjky gS] ftlesa b lfEefyr gS foaQrq a vioftZr
gSA

bu laosQrksa }kjk okLrfod la[;kvksa osQ leqPp; osQ mileqPp;ksa osQ mYys[k djus dh ,d oSdfYid
fof/ feyrh gSA mnkgj.k osQ fy,] ;fn A = (–3, 5) vkSj B = [–7, 9], rks A ⊂ B. leqPp; [ 0, ∞)

½.ksrj okLrfod la[;kvksa osQ leqPp; dks n'kkZrk gS] tcfd ( – ∞, 0 ) ½.k okLrfod la[;kvksa osQ
leqPp; dks n'kkZrk gSA ( – ∞, ∞ ), – ∞ ls ∞ rd foLr`r js[kk ls
lacaf/r okLrfod la[;kvksa osQ leqPp; dks iznf'kZr djrk gSA



vko`Qfr 1.1

okLrfod js[kk ij R osQ mileqPp;ksa osQ :i esa of.kZr mi;qZDr varjkyksa dks vko`Qfr 1.1 esa n'kkZ;k
x;k gS%

;gk¡ ge è;ku nsrs gSa fd ,d varjky esa vla[; vlhe ek=kk esa vusd fcanq gksrs gSaA mnkgj.kkFkZ]
leqPp; leqPp; {x : x ∈ R : –5 < x ≤ 7} dks varjky (–5, 7] :i esa fy[k ldrs gSa rFkk varjky
[–3, 5) dks leqPp; fuekZ.k :i esa {x : –3 ≤ x < 5} }kjk fy[k ldrs gSaA la[;k (b – a) dks varjky
(a, b), [a, b], [a, b) rFkk (a, b] esa ls fdlh dh Hkh yackbZ dgrs gSaA

1.7 ?kkr leqPp; (Power Set)
leqPp; {1, 2} ij fopkj dhft,A leqPp; {1, 2} osQ lHkh mileqPp;ksa dks fyf[k,A gesa Kkr gS fd
φ lHkh leqPp;ksa dk mileqPp; gksrk gSA blfy, φ, leqPp; {1, 2} dk ,d mileqPp; gSA ge
ns[krs gSa fd {1} vkSj { 2 } Hkh leqPp; {1, 2}osQ mileqPp; gSaA gesa ;g Hkh Kkr gS fd izR;sd
leqPp; Lo;a dk mileqPp; gksrk gSA blfy, { 1, 2 } Hkh leqPp; {1, 2} dk ,d mileqPp; gSA
vr% leqPp; { 1, 2 } osQ dqy feyk dj pkj mileqPp; gSa] uker% φ, { 1 }, { 2 } vkSj { 1, 2 }- bu
lHkh mileqPp;ksa osQ leqPp; dks leqPp; { 1, 2 } dk ?kkr leqPp; dgrs gSaA

ifjHkk"kk 5 & leqPp; A osQ mileqPp;ksa osQ laxzg dks A dk ?kkr leqPp; dgrs gSaA bls P(A) ls
fu:fir djrs gSA P(A) dk izR;sd vo;o ,d leqPp; gksrk gSA

vr% mi;qZDr fooj.k esa] ;fn A = { 1, 2 }, rks

P( A ) = { φ,{ 1 }, { 2 }, { 1,2 }}

;g Hkh uksV dhft, fd n [ P (A) ] = 4 = 22

O;kid:i ls] ;fn A ,d ,slk leqPp; gS fd n(A) = m, rks ;g fl¼ fd;k tk ldrk gS fd n [

P(A)] = 2m.



1.8 lkoZf=kd leqPp; (Universal Set)
lkekU;r% fdlh fo'ks"k lanHkZ esa gesa ,d vk/kjHkwr leqPp; osQ vo;oksa vkSj mileqPp;ksa ij fopkj
djuk iM+rk gS] tks fd ml fo'ks"k lanHkZ esa izklafxd gksrs gSaA mnkgj.k osQ fy,] la[;k&iz.kkyh dk
vè;;u djrs le; gesa izko`Qr la[;kvksa osQ leqPp; vkSj mlosQ mileqPp;ksa esa #fp gksrh gS] tSls
vHkkT; la[;kvksa dk leqPp;] le la[;kvksa dk leqPp; bR;kfnA ;g vk/kjHkwr leqPp; ^lkoZf=kd
leqPp;* dgykrk gSA lkoZf=kd leqPp; dks lkekU;r% izrhd U ls fu:fir djrs gSa vkSj blosQ
mileqPp;ksa dks v{kj A, B, C, vkfn }kjkA

mnkgj.kkFkZ] iw.kk±dksa osQ leqPp; Z osQ fy,] ifjes; la[;kvksa dk leqPp; Q, ,d lkoZf=kd leqPp; gks
ldrk gS] ;k okLrfod la[;kvksa dk leqPp; R Hkh ,d lkoZf=kd leqPp; gks ldrk gSA ,d vU;
mnkgj.k esa ekuo tula[;k vè;;u osQ fy, fo'o osQ leLr ekuo dk leqPp;] lkoZf=kd leqPp;
gksxkA

iz'ukoyh 1.3
1. fjDr LFkkuksa esa izrhd ⊂ ;k ⊄ dks Hkj dj lgh dFku cukb,%

(i) { 2, 3, 4 } . . . { 1, 2, 3, 4,5 }

(ii) { a, b, c } . . . { b, c, d }

(iii) {x : x vkiosQ fo|ky; dh d{kk XI dk ,d fo|kFkhZ gS}. . .{x : x vkiosQ fo|ky; dk ,d
fo|kFkhZ gS}

(iv) {x : x fdlh lery esa fLFkr ,d o`Ùk gS} . . .{x : x ,d leku lery esa o`Ùk gS ftldh
f=kT;k 1 bdkbZ gSA}

(v) {x : x fdlh lery esa fLFkr ,d f=kHkqt gS} . . . {x : x fdlh lery esa fLFkr ,d vk;r gS}

(vi) {x : x fdlh lery esa fLFkr ,d leckgq f=kHkqt gS} . . . {x : x fdlh lery esa fLFkr ,d
f=kHkqt gS}



(vii) {x : x ,d le izko`Qr la[;k gS} . . . {x : x ,d iw.kk±d gS}

2. tk¡fp, fd fuEufyf[kr dFku lR; gSa vFkok vlR; gSa%

(i) { a, b } ⊄ { b, c, a }

(ii) { a, e } ⊂ { x : x vaxzs”kh o.kZekyk dk ,d Loj gS}

(iii) { 1, 2, 3 } ⊂ { 1, 3, 5 }

(iv) { a } ⊂ { a, b, c }

(v) { a } ∈ { a, b, c }

(vi) { x : x la[;k 6 ls de ,d le izko`Qr la[;k gS} ⊂ { x : x ,d izko`Qr la[;k gS] tks la[;k
36 dks foHkkftr djrh gS}

3. eku yhft, fd A = { 1, 2, { 3, 4 }, 5 } A fuEufyf[kr esa ls dkSu lk dFku lgh ugha gS vkSj
D;ksa\

(i) {3, 4} ⊂ A

(ii) {3, 4} ∈ A

(iii) {{3, 4}} ⊂ A

(iv) 1 ∈ A (v) 1 ⊂ A

(vi) {1, 2, 5} ⊂ A

(vii) {1, 2, 5} ∈ A

(viii) {1, 2, 3} ⊂ A

(ix) φ ∈ A (x) φ ⊂ A

(xi) {φ} ⊂ A

4. fuEufyf[kr leqPp;ksa osQ lHkh mileqPp; fyf[k,%

(i) {a} (ii) {a, b} (iii) {1, 2, 3} (iv) φ



5. P(A) osQ fdrus vo;o gSa] ;fn A = φ?

6. fuEufyf[kr dks varjky :i esa fyf[k,%

(i) {x : x ∈ R, – 4 < x ≤ 6} (ii) {x : x ∈ R, – 12 < x < –10}

(iii) {x : x ∈ R, 0 ≤ x < 7} (iv) {x : x ∈ R, 3 ≤ x ≤ 4}

7. fuEufyf[kr varjkyksa dks leqPp; fuekZ.k :i esa fyf[k,%

(i) (– 3, 0) (ii) [6 , 12] (iii) (6, 12] (iv) [–23, 5)

8. fuEufyf[kr esa ls izR;sd osQ fy, vki dkSu&lk lkoZf=kd leqPp; izLrkfor djsaxs\

(i) ledks.k f=kHkqtksa dk leqPp;A (ii) lef}ckgq f=kHkqtksa dk leqPp;A

9. leqPp; A = {1, 3, 5}, B = {2, 4, 6} vkSj C = {0, 2, 4, 6, 8} iznÙk gSaA bu rhuksa leqPp; A,

B vkSj C osQ fy, fuEufyf[kr esa ls dkSu lk (ls) lkoZf=kd leqPp; fy, tk ldrs gSa\

(i) {0, 1, 2, 3, 4, 5, 6} (ii) φ

(iii) {0,1,2,3,4,5,6,7,8,9,10} (iv) {1,2,3,4,5,6,7,8}

1.9 osu vkjs[k (Venn Diagrams)
leqPp;ksa osQ chp vf/dka'k laca/ksa dks vkjs[kksa }kjk fu:fir fd;k tk ldrk gS ftUgsa osu vkjs[k
dgrs gSaA osu vkjs[k dk uke vaxzst roZQ'kkL=kh John Venn (1834 bZñ-1883 bZñ) osQ uke ij j[kk
x;k gSA bu vkjs[kksa esa vk;r vkSj can oØ lkekU;r% o`Ùk gksrs gSaA fdlh lkoZf=kd leqPp; dks izk;%
,d vk;r }kjk vkSj mlosQ mileqPp;ksa dks ,d o`Ùk }kjk iznf'kZr djrs gSaA

fdlh osu vkjs[k esa leqPp;ksa osQ vo;oksa dks muosQ fo'ks"k leqPp; esa fy[kk tkrk gS tSls vko`Qfr 1-
2 vkSj 1-3 esa



vko`Qfr 1.2

n`"Vkar 1 vko`Qfr 1.2 esa, U = {1,2,3, ..., 10} ,d lkoZf=kd leqPp; gS vkSj A = {2,4,6,8,10}

mldk ,d mileqPp; gS]

n`"Vkar 2 vko`Qfr 1.3 esa, U = {1,2,3, ..., 10} ,d lkoZf=kd leqPp; gS] ftlosQ A = {2,4,6,8,10} ,

B = {4, 6} mileqPp; gSa vkSj B ⊂ A.

ikBd osu vkjs[kksa dk foLr`r iz;ksx ns[ksaxs tc ge leqPp;ksa osQ lfEeyu] loZfu"B vkSj varj ij
fopkj djsaxsA

1.10 leqPp;ksa ij lafØ;k,¡ (Operations on Set s)
fiNyh d{kkvksa esa ge lh[k pqosQ gSa fd la[;kvksa ij ;ksx] varj] xq.kk vkSj Hkkx dh lafØ;k,¡ fdl
izdkj laiUu dh tkrh gSaA buesa ls izR;sd lafØ;k dks nks la[;kvksa ij laiUu fd;k x;k Fkk] ftlls
,d vU; la[;k izkIr gqbZ FkhA mnkgj.k osQ fy, nks la[;kvksa 5 vkSj 13 ij ;ksx dh lafØ;k laiUu



djus ls gesa la[;k 18 izkIr gksrh gSA iqu% la[;kvksa 5 vkSj 13 ij xq.kk dh lafØ;k laiUu djus ij
gesa la[;k 65 izkIr gksrh gSA blh izdkj] dqN ,slh lafØ;k,¡ gS] ftudks nks leqPp;ksa ij laiUu djus
ls] ,d vU; leqPp; cu tkrk gSA vc ge leqPp;ksa ij gksus okyh dqN lafØ;kvksa dks ifjHkkf"kr
djsaxs vkSj muosQ xq.k/eks± dh tk¡p djsaxsA ;gk¡ ls vkxs ge leqPp;ksa dk mYys[k fdlh lkoZf=kd
leqPp; osQ mileqPp;ksa osQ :i esa djsaxsA

1.10.1 leqPp;ksa dk lfEeyu (Union of sets)

eku yhft, fd A vkSj B dksbZ nks leqPp; gSaA A vkSj B dk lfEeyu og leqPp; gS ftlesa A osQ
lHkh vo;oksa osQ lkFk B osQ Hkh lHkh vo;o gksa] rFkk mHk;fu"B vo;oksa dks osQoy ,d ckj fy;k
x;k gksA izrhd ‘∪’ dk iz;ksx lfEeyu dks fu:fir djus osQ fy, fd;k tkrk gSA izrhdkRed :i esa
ge A ∪ B fy[krs gSa vkSj bls ‘A lfEeyu B’ i<+rs gSaA

mnkgj.k 12 &eku yhft, fd A = {2, 4, 6, 8} vkSj B = { 6, 8, 10, 12}- A ∪ B Kkr dhft,A

gy ge ns[krs gSa fd A ∪ B = { 2, 4, 6, 8, 10, 12}

uksV dhft, fd A ∪ B fy[krs le; mHk;fu"B vo;o 6 vkSj 8 dks osQoy ,d ckj fy[krs gSaA

mnkgj.k 13 eku yhft, fd A = { a, e, i, o, u } vkSj B = { a, i, u }. n'kkZb, fd A ∪ B = A.

gy Li"Vr;k A ∪ B = { a, e, i, o, u } = A.

bl mnkgj.k ls Li"V gksrk gS fd fdlh leqPp; A vkSj mlosQ mileqPp; B dk lfEeyu leqPp;
A Lo;a gksrk gS] vFkkZr~ ;fn B ⊂ A, rks A ∪ B = A.

mnkgj.k 14 & eku yhft, fd X = {jke] xhrk] vdcj} d{kk XI osQ fo|kfFkZ;ksa dk tks fo|ky;
dh gkdh Vhe esa gSa] ,d leqPp; gSA eku yhft, fd Y = {xhrk] MsfoM] v'kksd} d{kk XI osQ



fo|kfFkZ;ksa dk] tks fo|ky; dh iQqVcky Vhe esa gSa] ,d leqPp; gSA X ∪ Y Kkr dhft, vkSj bl
leqPp; dh O;k[;k dhft,A

gy ;gk¡ X ∪ Y = {jke] xhrk] vdcj] MsfoM] v'kksd}. ;g d{kk XI osQ mu fo|kfFkZ;ksa dk leqPp;
gS] tks ;k rks fo|ky; dh gkdh Vhe esa gSa ;k iQqVcky Vhe esa gSa ;k nksuksa Vheksa esa gSaA

vr% ge nks leqPp;ksa osQ lfEeyu dh ifjHkk"kk bl izdkj dj ldrs gSa%

ifjHkk"kk 6 & nks leqPp;ksa A vkSj B dk lfEeyu leqPp;] og leqPp; gS ftlesa os lHkh vo;o
gSa] tks ;k rks A esa gSa ;k B esa gSa (mu vo;oksa dks lfEefyr djrs gq, tks nksuksa esa gSa)A izrhdkRed
:i esa ge fy[krs gSa fd A ∪ B = { x : x ∈A ;k x ∈ B } gSA

nks leqPp;ksa osQ lfEeyu dks vko`Qfr 1-4 esa fn[kk, x, osu vkjs[k ls iznf'kZr fd;k tk ldrk gSA

vko`Qfr 1.4

vko`Qfr 1-4 esa Nk;kafdr Hkkx A ∪ B dks iznf'kZr djrk gSA

lfEeyu dh lafØ;k osQ dqN xq.k/eZ%

(i) A ∪ B = B ∪ A (Øe fofue; fu;e)

(ii) ( A ∪ B ) ∪ C = A ∪ ( B ∪ C)

(lkgp;Z fu;e)

(iii) A ∪ φ = A (rRled fu;e] φ lafØ;k ∪ dk rRled vo;o gS)

(iv) A ∪ A = A (oxZle fu;e)



(v) U ∪ A = U (U dk fu;e)

1.10.2 leqPp;ksa dk loZfu"B (Intersection of sets)

leqPp; A vkSj B dk loZfu"B mu lHkh vo;oksa dk leqPp; gS] tks A vkSj B nksuksa esa mHk;fu"B
gSA izrhd ‘∩’ dk iz;ksx loZfu"B dks fu:fir djus osQ fy, fd;k tkrk gSA leqPp; A vkSj B dk
loZfu"B mu lHkh vo;oksa dk leqPp; gS] tks A vkSj B nksuksa esa gksaA izrhdkRed :i esa ge fy[krs
gSa fd

A ∩ B = {x : x ∈ A vkSj x ∈ B}

mnkgj.k 15 & mnkgj.k 12 osQ leqPp; A vkSj B ij fopkj dhft,A A ∩ B Kkr dhft,A

gy ge ns[krs gSa fd osQoy 6 vkSj 8 gh ,sls vo;o gSa tks A vkSj B nksuksa esa mHk;fu"B gSaA vr% A

∩ B = { 6, 8 }

mnkgj.k 16 mnkgj.k 14 osQ leqPp; X vkSj Y ij fopkj dhft,A X ∩ Y Kkr dhft,A

gy ge ns[krs gSa osQoy ^xhrk* gh ,d ek=k ,slk vo;o gS] tks nksuksa esa mHk;fu"B gSA vr% X ∩ Y =

{xhrk}

mnkgj.k 17 eku yhft, fd A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} vkSj B = { 2, 3, 5, 7 } A ∩ B Kkr
dhft, vkSj bl izdkj fn[kkb, fd A ∩ B = B.

gy ge ns[krs gSa fd A ∩ B = { 2, 3, 5, 7 } = B ge è;ku nsrs gSa fd B ⊂ A vkSj A ∩ B = B

ifjHkk"kk 7 leqPp; A vkSj B dk loZfu"B mu lHkh vo;oksa dk leqPp; gS] tks A vkSj B nksuksa esa
gksA izrhdkRed :i esa] ge fy[krs gSa fd

A ∩ B = {x : x ∈ A vkSj x ∈ B}



vko`Qfr 1.5

vko`Qfr 1-5 esa Nk;kafdr Hkkx] A vkSj B osQ loZfu"B dks iznf'kZr djrk gSA

;fn A vkSj B ,sls nks leqPp; gksa fd A ∩ B = φ, rks A vkSj B vla;qDr leqPp; dgykrs gSaA
mnkgj.k osQ fy, eku yhft, fd A = { 2, 4, 6, 8 } vkSj B = { 1, 3, 5, 7 }] rks A vkSj B vla;qDr
leqPp; gSa] D;ksafd A vkSj B esa dksbZ Hkh vo;o mHk;fu"B ugha gSA

vko`Qfr 1.6

vla;qDr leqPp;ksa dks osu vkjs[k }kjk fu:fir fd;k tk ldrk gS] tSlk vko`Qfr 1-6 esa iznf'kZr gSA

mi;qZDr vkjs[k esa A vkSj B vla;qDr leqPp; gSaA

loZfu"B lafØ; osQ dqN xq.k/eZ

(i) A ∩ B = B ∩ A (Øe fofue; fu;e)

(ii) ( A ∩ B ) ∩ C = A ∩ ( B ∩ C ) (lkgp;Z fu;e)

(iii) φ ∩ A = φ, U ∩ A = A (φ vkSj U osQ fu;e)A



(iv) A ∩ A = A (oxZle fu;e)

(v) A ∩ (B ∪ C) = ( A ∩ B ) ∪ ( A ∩ C ) (forj.k ;k caVu fu;e)

vFkkZr~ ∩ forfjr gksrk gS ∪ ijA

uhps cus osu vkjs[kksa [vko`Qfr;ksa 1-7 (i)&(v)] }kjk bl ckr dks ljyrk ls ns[k ldrs gSaA

 

 



1.10.3 leqPp;ksa dk varj (Difference of sets)

leqPp;ksa A vkSj B dk varj mu vo;oksa dk leqPp; gS tks A esa gSa foaQrq B esa ugha gSa] tc fd A

vkSj B dks blh Øe esa fy;k tk,A izrhrkRed :i esa bls A–B fy[krs gSa vkSj “ A varj B” i<+rs gSaA

mnkgj.k 18 &eku yhft, fd A = { 1, 2, 3, 4, 5, 6}, B = { 2, 4, 6, 8 } A – B vkSj B – A Kkr
dhft, A

gy ge izkIr djrs gSa fd, A – B = { 1, 3, 5 }, D;ksafd vo;o 1, 3, 5 leqPp; A esa gSa foaQrq B esa
ugha gSa rFkk B – A = { 8 }, D;ksafd vo;o 8] B esa gS foaQrq A esa ugha gSA

ge ns[krs gSa fd A – B ≠ B – A

mnkgj.k 19 eku yhft, fd V = { a, e, i, o, u } rks B = { a, i, k, u}] rks V – B vkSj B – V Kkr



dhft,A

gy ;gk¡, V – B = { e, o }, D;ksafd vo;o e, o leqPp; V esa gSa foaQrq B esa ugha gS rFkk B – V = { k

}, D;ksafd vo;o k leqPp; B esa gS ijarq V esa ugha gSA

ge uksV djrs gSa fd V – B ≠ B – V leqPp; fuekZ.k laosQru dk iz;ksx djrs gq, ge leqPp;ksa osQ
varj dh ifjHkk"kk dks iqu% bl izdkj fy[k ldrs gSa%

A – B = { x : x ∈ A vkSj x ∉ B }

nks leqPp;ksa A vkSj B osQ varj dks osu vkjs[k }kjk n'kkZ;k tk ldrk gS tSlk fd vko`Qfr 1-8 esa
iznf'kZr gSA

vko`Qfr 1.8

Nk;kafdr Hkkx nks leqPp; A vkSj B osQ varj dks n'kkZrk gSA

vko`Qfr 1.9

fVIi.kh  leqPp; A – B, A ∩ B vkSj B – A ijLij vla;qDr gksrs gSa vFkkZr~ buesa ls fdlh nks



leqPp;ksa dk loZfu"B leqPp; ,d fjDr leqPp; gksrk gS tSlk fd vko`Qfr 1-9 esa iznf'kZr gSA

iz'ukoyh 1.4
1. fuEufyf[kr esa ls izR;sd leqPp; ;qXe dk lfEeyu Kkr dhft,%

(i) X = {1, 3, 5}, Y = {1, 2, 3}

(ii) A = [ a, e, i, o, u}, B = {a, b, c}

(iii) A = {x : x ,d izko`Qr la[;k gS vkSj 3 dk xq.kt gS} ,B = {x : x la[;k 6 ls de ,d izko`Qr
la[;k gS}

(iv) A = {x : x ,d izko`Qr la[;k gS vkSj 1 < x ≤ 6 } ,B = {x : x ,d izko`Qr la[;k gS vkSj 6 < x

< 10 }

(v) A = {1, 2, 3}, B = φ

2. eku yhft, fd A = { a, b }, B = {a, b, c}. D;k A ⊂ B ? A ∪ B Kkr dhft,A

3. ;fn A vkSj B nks ,sls leqPp; gSa fd A ⊂ B, rks A ∪ B D;k gS ?

4. ;fn A = {1, 2, 3, 4}, B = {3, 4, 5, 6}, C = {5, 6, 7, 8 } vkSj D = { 7, 8, 9, 10}, rks
fuEufyf[kr Kkr dhft,%

(i) A ∪ B (ii) A ∪ C (iii) B ∪ C (iv) B ∪ D

(v) A ∪ B ∪ C (vi) A ∪ B ∪ D (vii) B ∪ C ∪ D

5. iz'u 1 esa fn, izR;sd leqPp; ;qXe dk loZfu"B leqPp; Kkr dhft,A

6. ;fn A = { 3, 5, 7, 9, 11 }, B = {7, 9, 11, 13}, C = {11, 13, 15}vkSj D = {15, 17}; rks
fuEufyf[kr Kkr dhft,%

(i) A ∩ B (ii) B ∩ C (iii) A ∩ C ∩ D



(iv) A ∩ C (v) B ∩ D (vi) A ∩ (B ∪ C)

(vii) A ∩ D (viii) A ∩ (B ∪ D) (ix) ( A ∩ B ) ∩ ( B ∪ C ) (x) ( A ∪ D) ∩ ( B ∪ C)

7. ;fn A = {x : x ,d izko`Qr la[;k gS}, B = {x : x ,d le izko`Qr la[;k gS} ,C = {x : x ,d
fo"ke izko`Qr la[;k gS} D = {x : x ,d vHkkT; la[;k gS}, rks fuEufyf[kr Kkr dhft,%

(i) A ∩ B (ii) A ∩ C (iii) A ∩ D

(iv) B ∩ C v (v) B ∩ D (vi) C ∩ D

8. fuEufyf[kr leqPp; ;qXeksa esa ls dkSu ls ;qXe vla;qDr gSa\

(i) {1, 2, 3, 4} rFkk {x : x ,d izko`Qr la[;k gS vkSj 4 ≤ x ≤ 6 }

(ii) { a, e, i, o, u } rFkk { c, d, e, f }

(iii) {x : x ,d le iw.kk±d gS} vkSj {x : x ,d fo"ke iw.kk±d gS}

9. ;fn A = {3, 6, 9, 12, 15, 18, 21}, B = { 4, 8, 12, 16, 20 },

C = { 2, 4, 6, 8, 10, 12, 14, 16 }, D = {5, 10, 15, 20 }; rks fuEufyf[kr dks Kkr dhft,%

(i) A – B (ii) A – C (iii) A – D (iv) B – A

(v) C – A (vi) D – A (vii) B – C (viii) B – D

(ix) C – B (x) D – B (xi) C – D (xii) D – C

10. ;fn X= { a, b, c, d } vkSj Y = { f, b, d, g}, rks fuEufyf[kr dks Kkr dhft,%

(i) X – Y (ii) Y – X (iii) X ∩ Y

11. ;fn R okLrfod la[;kvksa vkSj Q ifjes; la[;kvksa osQ leqPp; gSa] rks R – Q D;k gksxk ?

12. crkb, fd fuEufyf[kr dFkuksa esa ls izR;sd lR; gS ;k vlR;\ vius mÙkj dk vkSfpR; Hkh
crkb,%

(i) { 2, 3, 4, 5 } rFkk { 3, 6} vla;qDr leqPp; gSaA

(ii) { a, e, i, o, u } rFkk { a, b, c, d }vla;qDr leqPp; gSaA



(iii) { 2, 6, 10, 14 } rFkk { 3, 7, 11, 15} vla;qDr leqPp; gSaA

(iv) { 2, 6, 10 } rFkk { 3, 7, 11} vla;qDr leqPp; gSaA

1.11 leqPp; dk iwjd (Complement of a Set)
eku yhft, fd lHkh vHkkT; la[;kvksa dk lkoZf=kd leqPp; U gS rFkk A, U dk og mileqPp; gS]
ftlesa os lHkh vHkkT; la[;k,¡ gSa tks 42 dh Hkktd ugha gSaA bl izdkj A = {x : x ∈ U vkSj x la[;k
42 dk Hkktd ugha gS}A ge ns[krs gSa fd 2 ∈ U foaQrq 2 ∉ A, D;ksafd 2 la[;k 42 dk ,d Hkktd
gSA blh izdkj 3 ∈ U foaQrq 3 ∉ A, rFkk 7 ∈ U foaQrq 7 ∉ A vc osQoy 2] 3 rFkk 7 gh U osQ ,sls
vo;o gSa tks Aesa ugha gSaA bu rhu vHkkT; la[;kvksa dk leqPp; vFkkZr~ leqPp; {2, 3, 7}, U osQ
lkis{k A dk iwjd leqPp; dgykrk gS vkSj bls izrhd A′ ls fu:fir fd;k tkrk gSA vr% A′ = {2,

3, 7} bl izdkj ge ns[krs gSa fd A′ = {x : x ∈ U vkSj x ∉ A } gSA blls fuEufyf[kr ifjHkk"kk izkIr
gksrh gS%

ifjHkk"kk 8 &eku yhft, fd U ,d lkoZf=kd leqPp; gS vkSj A, U dk ,d mileqPp; gS] rks A

dk iwjd leqPp; U osQ mu vo;oksa dk leqPp; gS] tks A osQ vo;o ugha gSaA izrhdkRed :i esa
ge U osQ lkis{k A osQ iwjd dks izrhd A′ ls fu:fir djrs gSaA vr% A′ = {x : x ∈ U vkSj x ∉ A }

ge fy[k ldrs gSaA A = U – A ,è;ku nhft, fd A osQ iwjd leqPp; dks] fodYir%] lkoZf=kd
leqPp; U rFkk leqPp; A osQ varj osQ :i esa ns[kk tk ldrk gSA

mnkgj.k 20 &eku yhft, fd U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} vkSj A = {1, 3, 5, 7, 9} gS rks
A′ Kkr dhft,A

gy ge uksV djrs gSa osQoy 2] 4] 6] 8] 10 gh U osQ ,sls vo;o gSa tks A esa ugha gSaA

mnkgj.k 21 eku yhft, fd U ,d lg f'k{kk fo|ky; osQ d{kk XI osQ lHkh fo|kfFkZ;ksa dk



lkoZf=kd leqPp; gS vkSj A, d{kk XI dh lHkh yM+fd;ksa dk leqPp; gS rks A′ Kkr dhft,A

gy D;ksafd A, d{kk XI dh lHkh yM+fd;ksa dk leqPp; gS] vr% A′ Li"Vr;k d{kk osQ lHkh yM+dksa
dk leqPp; gSA

AfVIi.kh  ;fn A lkoZf=kd leqPp; U dk ,d mileqPp; gS] rks bldk iwjd A′ Hkh U dk
,d mileqPp; gksrk gSAiqu% mi;qZDr mnkgj.k 20 esa]

A′ = { 2, 4, 6, 8, 10 }

vr% (A′)′ = {x : x ∈ U vkSj x ∉ A′}

= {1, 3, 5, 7, 9} = A

iwjd leqPp; dh ifjHkk"kk ls Li"V gS fd lkoZf=kd leqPp; U osQ fdlh mileqPp; A′ osQ fy, (A

′)′ = A

vc fuEufyf[kr mnkgj.k esa ge ( A ∪ B)′ rFkk A′ ∩ B′ osQ gy fudkysaxsA

mnkgj.k 22 & eku yhft, fd U = {1, 2, 3, 4, 5, 6}, A = {2, 3} vkSj B = {3, 4, 5}] A′, B′ , A′ ∩ B

′, A ∪ B Kkr dhft, vkSj fiQj fl¼ dhft, fd ( A ∪ B)′ = A′ ∩ B′.

gy & Li"Vr;k A′ = {1, 4, 5, 6}, B′ = { 1, 2, 6 }A vr% A′ ∩ B′ = { 1, 6 }

iqu% A ∪ B = { 2, 3, 4, 5 } gSA blfy, (A ∪ B)′ = { 1, 6 }

( A ∪ B)′ = { 1, 6 } = A′ ∩ B′

bl izdkj ge ns[krs gSa fd ( A ∪ B)′ = A′ ∩ B′. ;g fl¼ fd;k tk ldrk gS fd mi;qZDr ifj.kke
O;kid :i ls lR; gksrk gS ;fn A vkSj B lkoZtfud leqPp; U osQ dksbZ nks mileqPp; gSa] rks ( A

∪ B)′ = A′ ∩ B′. blh izdkj ( A ∩ B)′ = A′ ∪ B′ bu ifj.kkeksa dks 'kCnksa esa bl izdkj O;Dr djrs gSa%

^^nks leqPp;ksa osQ lfEeyu dk iwjd muosQ iwjd leqPp;ksa dk lkoZfu"B gksrk gS rFkk nksuksa leqPp;ksa
osQ lkoZfu"B dk iwjd muosQ iwjd leqPp;ksa dk lfEeyu gksrk gSA** budks De Morgan osQ fu;e



dgrs gSaA

vko`Qfr 1.10

;g uke xf.krK De Morgan osQ uke ij j[kk x;k gSA

fdlh leqPp; A osQ iwjd A′ dks osu vkjs[k }kjk fu:fir fd;k tk ldrk gS tSlk fd vko`Qfr 1-10
esa iznf'kZr gSA

Nk;kafdr Hkkx leqPp; A osQ iwjd A′ dks n'kkZrk gSA

iwjdksa osQ dqN xq.k/eZ

1. iwjd fu;e : (i) A ∪ A′ = U (ii) A ∩ A′ = φ

2. De Morgan dk fu;e : (i) (A ∪ B)´ = A′ ∩ B′ (ii) (A ∩ B = A′ ∪ B′

3. f}&iwjd fu;e : (A′)′ = A

4. φ′ vkSj U osQ fu;e % φ′ = U vkSj U′ = φ.

bu fu;eksa dk lR;kiu osu vkjs[kksa }kjk fd;k tk ldrk gSA

iz'ukoyh 1.5
1. eku yhft, fd U = {1, 2, 3, 4, 5, 6, 7, 8, 9 }, A = {1, 2, 3, 4}, B = {2, 4, 6, 8 } vkSj C = {

3, 4, 5, 6 } rks fuEufyf[kr Kkr dhft,%



(i) A′ (ii) B′ (iii) (A ∪ C)′ (iv) (A ∪ B)′ (v) (A′)′ (vi) (B – C)′

2. If U = { a, b, c, d, e, f, g, h}] rks fuEufyf[kr leqPp;ksa osQ iwjd Kkr dhft,%

(i) A = {a, b, c} (ii) B = {d, e, f, g}

(iii) C = {a, c, e, g} (iv) D = { f, g, h, a}

3. izko`Qr la[;kvksa osQ leqPp; dks lkoZf=kd leqPp; ekurs gq,] fuEufyf[kr leqPp;ksa osQ iwjd
fyf[k,%

(i) {x : x ,d izko`Qr le la[;k gS} (ii) { x : x ,d izko`Qr fo"ke la[;k gS}

(iii) {x : x la[;k 3 dk ,d /u xq.kt gS} (iv) { x : x ,d vHkkT; la[;k gS}

(v) {x : x, 3 vkSj 5 ls foHkkftr gksus okyh ,d la[;k gS}

(vi) { x : x ,d iw.kZ oxZ la[;k gS} (vii) { x : x ,d iw.kZ ?ku la[;k gS}

(viii) { x : x + 5 = 8 } (ix) { x : 2x + 5 = 9}

(x) { x : x ≥ 7 } (xi) { x : x ∈ N vkSj 2x + 1 > 10 }

4. ;fn U = {1, 2, 3, 4, 5, 6, 7, 8, 9 }, A = {2, 4, 6, 8} vkSj B = { 2, 3, 5, 7}] rks lR;kfir
dhft, fd%

(i) (A ∪ B)′ = A′ ∩ B′ (ii) (A ∩ B)′ = A′ ∪ B′

5. fuEufyf[kr esa ls izR;sd osQ fy, mi;qZDr osu vkjs[k [khafp,%

(i) (A ∪ B)′ (ii) A′ ∩ B′ (iii) (A ∩ B)′ (iv) A′ ∪ B′

6. eku yhft, fd fdlh lery esa fLFkr lHkh f=kHkqtksa dk leqPp; lkoZf=kd leqPp; U gSA
;fn A mu lHkh f=kHkqtksa dk leqPp; gS ftuesa de ls de ,d dks.k 600 ls fHkUu gS] rks A′

D;k gS\

7. fuEufyf[kr dFkuksa dks lR; cukus osQ fy, fjDr LFkkuksa dks Hkfj,%

(i) A ∪ A′ = . . . (ii) φ′ ∩ A = . . .



(iii) A ∩ A′ = . . . (iv) U′ ∩ A = . . .

1.12 nks leqPp;ksa osQ lfEeyu vkSj loZfu"B ij vk/kfjr
O;kogkfjd iz'u (Practical Problems on Union and
Intersection of Two Sets)
igys osQ vuqPNsnksa esa ge nks leqPp;ksa osQ lfEeyu] loZfu"B rFkk varj osQ ckjs esa lh[k pqosQ gSaA bl
vuqPNsn esa ge vius izfrfnu osQ thou ls lEcfU/r dqN iz'uksa dks ljy djsaxsA bl vuqPNsn esa izkIr
lw=kksa dk iz;ksx vkxs vkus okys vè;k;ksa] tSls izkf;drk (vè;k; 16) esa Hkh fd;k tk,xkA

(i) eku yhft, fd A vkSj B ifjfer leqPp; gSaA ;fn A ∩ B = φ, rks

n ( A ∪ B ) = n ( A ) + n ( B ) ... (1)

A ∪ B osQ vo;o ;k rks A esa gSa ;k B esa gSa ijarq nksuksa esa ugha gSa] D;ksafd A ∩ B = φ. vr% ifj.kke
(1) rRdky izkIr gksrk gSA

(ii) O;kid :i ls ;fn A vkSj B ifjfer leqPp; gS] rks n ( A ∪ B ) = n ( A ) + n ( B )

– n ( A ∩ B ) ... (2)

vko`Qfr 1.11

uksV dhft, fd leqPp; A – B, A ∩ B rFkk B – A vla;qDr gSa vkSj budk lfEeyu A ∪B gS



(vko`Qfr 1-11)A blfy,

n ( A ∪ B) = n ( A – B) + n ( A ∩ B ) + n ( B – A )

= n ( A – B) + n ( A ∩ B ) + n ( B – A ) + n ( A ∩ B ) – n ( A ∩ B)

= n ( A ) + n ( B ) – n ( A ∩ B), tks ifj.kke (2) dks lR;kfir djrk gSA

(iii) iqu% ;fn A, B vkSj C ifjfer leqPp; gSa] rks

n ( A ∪ B ∪ C ) = n ( A ) + n ( B ) + n ( C ) – n ( A ∩ B ) – n ( B ∩ C)

– n ( A ∩ C ) + n ( A ∩ B ∩ C ) ... (3)

okLro esa ge ns[krs gSa fd

n ( A ∪ B ∪ C ) = n (A) + n ( B ∪ C ) – n [ A ∩ ( B ∪ C ) ] [ (2) }kjk ]

= n (A) + n ( B ) + n ( C ) – n ( B ∩ C ) – n [ A ∩ ( B ∪ C ) ] [ (2) }kjk ]

D;ksafd A ∩ ( B ∪ C ) = ( A ∩ B ) ∪ ( A ∩ C ), gesa izkIr gksrk gS fd

n [ A ∩ ( B ∪ C ) ] = n ( A ∩ B ) + n ( A ∩ C ) – n [ ( A ∩ B) ∩ (A ∩ C)]

= n ( A ∩ B ) + n ( A ∩ C ) – n (A ∩ B ∩ C)

vr% n ( A ∪ B ∪ C ) = n (A) + n ( B ) + n ( C ) – n ( A ∩ B ) – n ( B ∩ C) – n ( A ∩ C ) +
n ( A ∩ B ∩ C )

bl izdkj ifj.kke (3) fl¼ gqvkA

mnkgj.k 23 & ;fn X vkSj Y nks ,sls leqPp; gSa fd X ∪ Y esa 50 vo;o gSa] X esa 28 vo;o gSa
vkSj Y esa 32 vo;o gSa] rks X ∩ Y esa fdrus vo;o gSa\

gy & fn;k gS fd n (X ∪ Y) = 50, n (X) = 28, n (Y) = 32, n (x ∩ Y) = ?

lw=k n (X ∪ Y) = n (X) + n (Y) – n (X ∩ Y) osQ iz;ksx }kjk ge ns[krs gSa fd

n (X ∩ Y) = n (X) + n (Y) – n (X ∪ Y)



= 28 + 32 – 50 = 10

fodYir% eku yhft, fd n ( X ∩ Y ) = k, rks

vko`Qfr 1.12

n (X – Y) = 28 – k , n (Y – X) = 32 – k (vko`Qfr 1-12 osQ osu vkjs[k }kjk)

blls feyrk gS fd 50 = n (X ∪ Y) = n (X – Y) + n (X ∩ Y) + n (Y – X)

= (28 – k) + k + (32 – k)

vr% k = 10.

mnkgj.k 24 &,d fo|ky; esa 20 vè;kid gSa tks xf.kr ;k HkkSfrdh i<+krs gSaA buesa ls 12 xf.kr
i<+krs gSa vkSj 4 HkkSfrdh vkSj xf.kr nksuksa dks i<+krs gSaA fdrus vè;kid HkkSfrdh i<+krs gSa\

gy eku yhft, fd M mu vè;kidksa dk leqPp; fu:fir djrk gS] tks xf.kr i<+krs gSa vkSj P mu
vè;kidksa dk leqPp; fu:fir djrk gS] tks HkkSfrdh i<+krs gSaA gesa iz'u osQ dFku esa vkus okys 'kCn
^;k* ls lfEeyu rFkk 'kCn ^vkSj* ls loZfu"B dk laosQr feyrk gSA blfy,

n ( M ∪ P ) = 20 , n ( M ) = 12 vkSj n ( M ∩ P ) = 4

ge n ( P ) Kkr djuk pkgrs gSaA

ifj.kke n ( M ∪ P ) = n ( M ) + n ( P ) – n ( M ∩ P ), osQ iz;ksx }kjk]

20 = 12 + n ( P ) – 4



vr% n ( P ) = 12

vr,o 12 vè;kid HkkSfrdh i<+krs gSaA

mnkgj.k 25 &35 fo|kfFkZ;ksa dh ,d d{kk esa] 24 fØosQV [ksyuk ilan djrs gSa vkSj 16 iQqVcky
[ksyuk ilan djrs gSaA blosQ vfrfjDr izR;sd fo|kFkhZ de ls de ,d [ksy vo'; [ksyuk ilan
djrk gSA fdrus fo|kFkhZ fØosQV vkSj iQqVcky nksuksa [ksyuk ilan djrs gSa\

gy &eku yhft, fd fØosQV [ksyuk ilan djus okys fo|kfFkZ;ksa dk leqPp; X gSA eku yhft, fd
iqQVcky [ksyuk ilan djus okys fo|kfFkZ;ksa dk leqPp; Y gSA bl izdkj X ∪ Y mu fo|kfFkZ;ksa dk
leqPp; gS] tks de ls de ,d [ksyuk ilan djrs gSa vkSj X ∩ Y mu fo|kfFkZ;ksa dk leqPp; gS] tks
nksuksa gh [ksy [ksyuk ilan djrs gSaA

fn;k gS fd n (X) = 24, n (Y) = 16, n (X ∪ Y) = 35, n (X ∩ Y) = ?

lw=k n (X ∪ Y) = n (X) + n (Y) – n (X ∩ Y), osQ iz;ksx }kjk] ge izkIr djrs gSaA

35 = 24 + 16 – n (X ∩ Y)

blfy, n (X ∩ Y) = 5 vFkkZr~ 5 fo|kFkhZ nksuksa [ksy [ksyuk ilan djrs gSaA

mnkgj.k 26 &fdlh Ldwy osQ 400 fo|kfFkZ;ksa osQ losZ{k.k esa 100 fo|kFkhZ lsc dk jl] 150 fo|kFkhZ
larjs dk jl vkSj 75 fo|kFkhZ lsc rFkk larjs nksuksa dk jl ihus okys ik, tkrs gSaA Kkr dhft, fd
fdrus fo|kFkhZ u rks lsc dk jl ihrs gSa vkSj u larjs dk gh\

gy eku yhft, fd U losZ{k.k fd, x, fo|kfFkZ;ksa osQ leqPp; dks fu:fir djrk gSA rFkk A lsc
dk jl ihus okys vkSj B larjs dk jl ihus okys fo|kfFkZ;ksa osQ leqPp;ksa dks fu:fir djrs gSA bl
izdkj n (U) = 400, n (A) = 100, n (B) = 150 vkSj n (A ∩ B) = 75.

vc n (A′ ∩ B′) = n (A ∪ B)′

= n (U) – n (A ∪ B)



= n (U) – n (A) – n (B) + n (A ∩ B)

= 400 – 100 – 150 + 75 = 225

vr% 225 fo|kFkhZ u rks lsc dk vkSj u larjs dk jl ihrs gSaA

mnkgj.k 27 &200 O;fDr fdlh peZ jksx ls ihfM+r gSa] buesa 120 O;fDr jlk;u C  50 O;fDr
jlk;u C  vkSj 30 O;fDr jlk;u C  vkSj C  nksuksa gh ls izHkkfor gq, gSa] rks ,sls O;fDr;ksa dh
la[;k Kkr dhft, tks izHkkfor gq, gksa %

(i) jlk;u C  foaQrq jlk;u C  ls ugha]

(ii) jlk;u C  foaQrq jlk;u C  ls ugha]

(iii) jlk;u C  vFkok jlk;u C  ls izHkkfor gq, gSaA

gy eku yhft, fd U, peZ jksx ls ihfM+r O;fDr;ksa osQ lkoZf=kd leqPp; dks fu:fir djrk gS] A,

jlk;u C  ls izHkkfor O;fDr;ksa osQ leqPp; dks rFkk B, jlk;u C  ls izHkkfor O;fDr;ksa osQ leqPp;
dks fu:fir djrs gSaA

;gk¡ ij n ( U) = 200, n ( A ) = 120, n ( B ) = 50 rFkk n ( A ∩ B ) = 30

(i) fn, gq, osu vkjs[k (vko`Qfr 1-13) esa ge ns[krs gSa fd

vko`Qfr 1.13

A = ( A – B ) ∪ ( A ∩ B ).

1,

2 1 2

1 2

2 1

1 2

1 2



vr% n (A) = n( A – B ) + n( A ∩ B )

(D;ksafd A – B) vkSj A ∩ B vla;qDr gSa)

vFkok n ( A – B ) = n ( A ) – n ( A ∩ B ) = 120 –30 = 90

vr% jlk;u C  foaQrq jlk;u C  ls ugha izHkkfor O;fDr;ksa dh la[;k 90 gSA

(ii) vko`Qfr 1-13 ls B = ( B – A) ∪ ( A ∩ B).

blfy, n (B) = n (B – A) + n ( A ∩ B) (D;ksafd A – B rFkk A – B val;qDr gSaA)

vFkok n ( B – A ) = n ( B ) – n ( A ∩ B )

= 50 – 30 = 20

vr% jlk;u C  foaQrq jlk;u C  ls ugha izHkkfor O;fDr;ksa dh la[;k 20 gSA

(iii) jl;ku C  vFkok jlk;u C  ls izHkkfor O;fDr;ksa dh la[;k vFkkZr~

n ( A ∪ B ) = n ( A ) + n ( B ) – n ( A ∩ B )

= 120 + 50 – 30 = 140.

iz'ukoyh 1.6
1. ;fn X vkSj Y nks ,sls leqPp; gSa fd n ( X ) = 17, n ( Y ) = 23 rFkk n ( X ∪ Y ) = 38, rks
n ( X ∩ Y ) Kkr dhft,A

2. ;fn X vkSj Y nks ,sls leqPp; gSa fd X ∪ Y esa 18] X esa 8 vkSj Y esa 15 vo;o gksa] rks
X ∩ Y esa fdrus vo;o gksaxs\

3. 400 O;fDr;ksa osQ lewg esa] 250 fganh rFkk 200 vaxzs”kh cksy ldrs gSaA fdrus O;fDr fganh
rFkk vaxzs”kh nksuksa cksy ldrs gSa\

4. ;fn S vkSj T nks ,sls leqPp; gSa fd S esa 21] T esa 32 vkSj S ∩ T esa 11 vo;o gksa] rks

1 2

2 1

1 2



S ∪ T esa fdrus vo;o gksaxs\

5. ;fn X vkSj Y nks ,sls leqPp; gSa fd X esa 40] X ∪ Yesa 60 vkSj X ∩ Y esa 10 vo;o
gksa] rks Y esa fdrus vo;o gksaxs\

6. 70 O;fDr;ksa osQ lewg esa] 37 dkWi+Qh] 52 pk; ilan djrs gSa vkSj izR;sd O;fDr nksuksa esa ls
de ls de ,d is; ilan djrk gS] rks fdrus O;fDr dkWi+Qh vkSj pk; nksuksa dks ilan djrs gSa\

7. 65 O;fDr;ksa osQ lewg esa] 40 O;fDr fØosQV] vkSj 10 O;fDr fØosQV rFkk Vsful nksuksa dks
ilan djrs gSa] rks fdrus O;fDr osQoy Vsful dks ilan djrs gSa foaQrq fØosQV dks ugha\ fdrus
O;fDr Vsful dks ilan djrs gSa\

8. ,d desVh esa] 50 O;fDr izsaQp] 20 O;fDr Lisfu'k vkSj 10 O;fDr Lisfu'k vkSj izsaQp nksuksa gh
Hkk"kkvksa dks cksy ldrs gSaA fdrus O;fDr bu nksuksa gh Hkk"kkvksa esa ls de ls de ,d Hkk"kk cksy
ldrs gSa\

fofo/ mnkgj.k

mnkgj.k 28 &fn[kkb, fd 'kCn “ CATARACT ” osQ o.kZ foU;kl osQ v{kjksa dk leqPp; rFkk 'kCn “

TRACT” osQ o.kZfoU;kl osQ v{kjksa dk leqPp; leku gSA

gy eku yhft, fd X “CATARACT” osQ v{kjksa dk leqPp; gS] rks

X = { C, A, T, A, R, A, C, T } = { C, A, T, R }

eku yhft, fd Y “ TRACT” osQ v{kjksa dk leqPp; gS] rks

Y = { T, R, A, C }

D;ksafd X dk izR;sd vo;o Y esa gS rFkk Y dk izR;sd vo;o X esa gS] vr% X = Y

mnkgj.k 29 &leqPp; { –1, 0, 1 } osQ lHkh mileqPp;ksa dh lwph cukb,A

gy ekuk A = {–1, 0, 1} gSA leqPp; A dk og mileqPp; ftlesa dksbZ Hkh vo;o ugha gS fjDr
leqPp; φ gSA A osQ ,d vo;o okys mileqPp; { –1 }, { 0 }, { 1 } gSaA A osQ nks vo;o okys



leqPp; { –1, 0 }, {–1, 1} ,{0, 1} gSaA A osQ rhu vo;o okyk mileqPp; A Lo;a gSA bl izdkj A osQ
lHkh mileqPp; φ, { –1 }, { 0 }, { 1 }, {–1, 0}, {–1, 1} ,{0, 1} rFkk {–1, 0, 1} gSaA

mnkgj.k 30 &fl¼ dhft, fd A ∪ B = A ∩ B dk rkRi;Z gS fd A = B

gy ;fn dksbZ vo;o a ∈ A, rks a ∈ A ∪ B. D;ksafd A ∪ B = A ∩ B , blfy, a ∈ A ∩ B. vr%
a ∈ B. bl izdkj A ⊂ B. blh izdkj ;fn b ∈ B, rks b ∈ A ∪ B. D;ksafd A ∪ B = A ∩ B

blfy,, b ∈ A ∩ B. bl izdkj b ∈ A. vr% B ⊂ A vr,o A = B.

mnkgj.k 31 &leqPp;ksa A, B osQ fy, fl¼ dhft, fd P ( A ∩ B ) = P ( A ) ∩ P ( B ).

gy eku yhft, fd X ∈ P (A ∩ B)] rks X ⊂ A ∩ B. blfy, X ∈ P (A) rFkk X ∈ P (B), ftldk
rkRi;Z gqvk fd X ∈ [P ( A ) ∩ P (B)]- bl izdkj P ( A ∩ B ) ⊂ [P ( A ) ∩ P ( B )]- eku yhft,
fd Y ∈ [P ( A ) ∩ P ( B )]] rks Y ∈ P ( A ) rFkk Y ∈ P ( B )] bl izdkj Y ⊂ A vkSj Y ⊂ B.

blfy, Y ⊂ A ∩ B, ftldk rkRi;Z gS fd Y ∈ P ( A ∩ B ), vr,o [P ( A ) ∩ P ( B )]

mnkgj.k 32 &,d cktkj vuqla/ku lewg us 1000 miHkksDrkvksa dk losZ{k.k fd;k vkSj lwfpr fd;k
fd 720 miHkksDrkvksa us mRikn A rFkk 450 miHkksDrkvksa us mRikn B ilan fd;kA nksuksa mRiknksa dks
ilan djus okys miHkksDrkvksa dh U;wure la[;k D;k gS\

gy eku yhft, fd U losZ{k.k miHkksDrkvksa dk leqPp; gS] S mu miHkksDrkvksa dk leqPp; gS
ftUgksusa mRikn A ilan fd;k vkSj T mu miHkksDrkvksa dk leqPp; gS ftUgksaus mRikn B ilan fd;kA
fn;k gS fd]

n ( U ) = 1000, n ( S ) = 720, n ( T ) = 450

bl izdkj n ( S ∪ T ) = n ( S ) + n ( T ) – n ( S ∩ T )

= 720 + 450 – n (S ∩ T) = 1170 – n ( S ∩ T )



Li"V gS fd n ( S ∪ T ) vf/dre rc gksxk tc n ( S ∩ T ) U;wure gS] foaQrq S ∪ T ⊂ U, ftldk
rkRi;Z gS fd n ( S ∪ T ) ≤ n ( U ) = 1000 A bl izdkj n ( S ∪ T ) dk vf/dre eku 1000 gSA
blfy, n ( S ∩ T ) dk U;wure eku 170 gSA vr% nksuksa mRiknksa dks ilan djus okys miHkksDrkvksa dh
U;wure la[;k 170 gSA

mnkgj.k 33 &500 dkj ekfydksa ls iwNrkN djusa ij ik;k x;k fd 400 yksx A izdkj dh dkj osQ]
200 yksx B izdkj dh dkj osQ rFkk 500 yksx A vkSj B nksuksa izdkj dh dkjksa osQ ekfyd FksA D;k
;s vk¡dM+s lgh gSa\

gy eku yhft, fd iwNrkN fd, x, dkj ekfydksa dk leqPp; U gS] A izdkj dh dkj osQ
ekfydksa dk leqPp; M gS vkSj B izdkj dh dkj osQ ekfydksa dk leqPp; S gSA

fn;k gS fd n ( U ) = 500, n (M ) = 400, n ( S ) = 200 vkSj n ( S ∩ M ) = 50.

bl izdkj n ( S ∪ M ) = n ( S ) + n ( M ) – n ( S ∩ M ) = 200 + 400 – 50 = 550

foaQrq S ∪ M ⊂ U ftldk rkRi;Z gS fd n ( S ∪ M ) ≤ n ( U ).

;g ,d fojks/ksfDr gSA vr% iznÙk vk¡dM+s lgh ugha gSA

mnkgj.k 34 &,d egkfo|ky; esa iqQVcky osQ fy, 38] ckLosQV cky osQ fy, 15 vkSj fØosQV osQ
fy, 20 ind iznku fd, x,A ;fn ;s ind dqy 58 yksxksa dks feys vkSj osQoy rhu yksxksa dks rhuksa
[ksyksa osQ fy, feys] rks fdrus yksxksa dks rhu esa ls Bhd&Bhd nks [ksyksa osQ fy, feys\

gy eku yhft, fd F, B rFkk C mu yksxksa osQ leqPp; fu:fir djrs gSa ftUgsa Øe'k% iqQVcky]
ckLosQVcky rFkk fØosQV osQ fy, ind feysA

;gk¡ n ( F ) = 38, n ( B ) = 15, n ( C ) = 20, n (F ∪ B ∪ C ) = 58 vkSj n (F ∩ B ∩ C ) = 3

iqu% n (F ∪ B ∪ C ) = n ( F ) + n ( B ) + n ( C ) – n (F ∩ B ) – n (F ∩ C ) – n (B ∩ C ) n ( F ∩

B ∩ C ),



bl izdkj n ( F ∩ B ) + n ( F ∩ C ) + n ( B ∩ C ) = 18

vko`Qfr 1.14

vko`Qfr 1-14 esa fn, osu vkjs[k ij fopkj dhft,%

;gk¡ a mu yksxksa dh la[;k gS] ftudks osQoy iqQVcky rFkk ckLosQVcky osQ fy, ind feys] b mu
yksxksa dh la[;k gS] ftudks osQoy iqQVcky rFkk fØosQV osQ fy, ind feys vkSj c mu yksxksa dh
la[;k gS] ftudks osQoy ckLosQVcky rFkk fØosQV osQ fy, ind feysA d mu yksxksa dh la[;k gS
ftudks rhuks gh [ksyksa osQ fy, ind feysA bl izdkj d = n ( F ∩ B ∩ C ) = 3 vkSj
a + d + b + d + c + d = 18

vr% a + b + c = 9, tksfd mu yksxksa dh la[;k gS] ftudksa rhuksa [ksyksa esa ls nks [ksyksa osQ fy, ind
feysA

vè;k; 1 ij fofo/ iz'ukoyh

1. fuEufyf[kr leqPp;ksa esa ls dkSu fdldk mileqPp; gS] bldk fu.kZ; dhft,%

A = {x : x ∈ R rFkk x  – 8x + 12 = 0 dks larq"V djus okyh lHkh okLrfod la[;k,¡ x }, B =

{2, 4, 6}, C = { 2, 4, 6, 8, . . . }, D = { 6 }.

2. Kkr dhft, fd fuEufyf[kr esa ls izR;sd dFku lR; gS ;k vlR; gSA ;fn lR; gS] rks mls
fl¼ dhft,A ;fn vlR; gS] rks ,d mnkgj.k nhft,A

(i) ;fn x ∈ A rFkk A ∈ B , rks x ∈ B

(ii) ;fn A ⊂ B rFkk B ∈ C , rks A ∈ C

2



(iii) ;fn A ⊂ B rFkk B ⊂ C , rks A ⊂ C

(iv) ;fn A ⊄ B rFkk B ⊄ C , rks A ⊄ C

(v) ;fn x ∈ A rFkk A ⊄ B , rks x ∈ B

(vi) ;fn A ⊂ B rFkk x ∉ B , rks x ∉ A

3. eku yhft, A, B, vkSj C ,sls leqPp; gSa fd A ∪ B = A ∪ C rFkk A ∩ B = A ∩ C] rks
n'kkZb, fd B = C.

4. fn[kkb, fd fuEufyf[kr pkj izfrca/ rqY; gSa%

(i) A ⊂ B (ii) A – B = φ (iii) A ∪ B = B (iv) A ∩ B = A

5. fn[kkb, fd ;fn A ⊂ B, rks C – B ⊂ C – A.

6. eku yhft, fd P ( A ) = P ( B ), fl¼ dhft, fd A = B

7. fdUgha Hkh leqPp;ksa A rFkk B osQ fy,] D;k ;g lR; gS fd P ( A ) ∪ P ( B ) = P ( A ∪

B )? vius mÙkj dk vkSfpR; crkb,A

8. fdUgha nks leqPp;ksa A rFkk B osQ fy, fl¼ dhft, fd,

A = ( A ∩ B ) ∪ ( A – B ) vkSj A ∪ ( B – A ) = ( A ∪ B )

9. leqPp;ksa osQ xq.k/eks± dk iz;ksx djosQ fl¼ dhft, fd%

(i) A ∪ ( A ∩ B ) = A (ii) A ∩ ( A ∪ B ) = A.

10. fn[kykb, fd A ∩ B = A ∩ C dk rkRi;Z B = C vko';d :i ls ugha gksrk gSA

11. eku yhft, fd A vkSj B leqPp; gSaA ;fn fdlh leqPp; X osQ fy,

(laosQr% A = A ∩ ( A ∪ X ) , B = B ∩ ( B ∪ X ) vkSj forj.k fu;e dk iz;ksx dhft,)

12. ,sls leqPp; A, B vkSj C Kkr dhft, rkfd A ∩ B, B ∩ C rFkk A ∩ C vkfjDr leqPp;
gksa vkSj A ∩ B ∩ C = φ.

13. fdlh fo|ky; osQ 600 fo|kfFkZ;ksa osQ losZ{k.k ls Kkr gqvk fd 150 fo|kFkhZ pk;] 225



fo|kFkhZ dkWi+Qh rFkk 100 fo|kFkhZ pk; vkSj dkWi+Qh nksuksa ihrs gSaA Kkr dhft, fd fdrus fo|kFkhZ
u rks pk; ihrs gSa vkSj u dkWi+Qh ihrs gSaA

14. fo|kfFkZ;ksa osQ ,d lewg esa] 100 fo|kFkhZ fganh] 50 fo|kFkhZ vaxzs”kh rFkk 25 fo|kFkhZ nksuksa
Hkk"kkvksa dks tkurs gSaA fo|kfFkZ;ksa esa ls izR;sd ;k rks fganh ;k vaxzs”kh tkurk gSA lewg esa dqy
fdrus fo|kFkhZ gSa\

15. 60 yksxksa osQ losZ{k.k esa ik;k x;k fd 25 yksx lekpkj i=k H, 26 yksx lekpkj i=k T,

26 yksx lekpkj i=k I, 9 yksx H rFkk I nksuksa] 11 yksx H rFkk T nksuksa]<+rs gSa] rks fuEufyf[kr
Kkr dhft,%

(i) de ls de ,d lekpkj i=k i<+us okyksa dh la[;kA

(ii) Bhd&Bhd osQoy ,d lekpkj i=k i<+us okyksa dh la[;kA

16. ,d losZ{k.k esa ik;k x;k fd 21 yksx mRikn A, 26 yksx mRikn B, 29 yksx mRikn C

ilan djrs gSaA ;fn 14 yksx mRikn A rFkk B, 12 yksx mRikn C rFkk A, 14 yksx mRikn B

rFkk C vkSj 8 yksx rhuks gh mRiknksa dks ilan djrs gSaA Kkr dhft, fd fdrus yksx osQoy
mRIkkn C dks ilan djrs gSaA

lkjka'k

bl vè;k; esa leqPp;ksa ls lacaf/r oqQN ewyHkwr ifjHkk"kkvksa vkSj lafØ;kvksa ij fopkj fd;k x;k
gSA ftldk lkj uhps fn;k gSA

• ,d leqPp; oLrqvksa dk lqifjHkkf"kr laxzg gksrk gSA

• ,d leqPp; ftlesa ,d Hkh vo;o ugha gksrk gS] fjDr leqPp; dgykrk gSA

• ,d leqPp; ftlesa vo;oksa dh la[;k fuf'pr gksrh gS ifjfer leqPp; dgykrk gS vU;Fkk
vifjfer leqPp; dgykrk gSA



• nks leqPp; A vkSj B leku dgykrs gSa ;fn muesa rF;r% leku vo;o gksaA

• ,d leqPp; A fdlh leqPp; B dk mileqPp; dgykrk gS] ;fn A dk izR;sd vo;o B

dk Hkh vo;o gksA varjky leqPp; R osQ mileqPp; gksrs gSaA

• fdlh leqPp; A dk ?kkr leqPp; A osQ lHkh mileqPp;ksa dk laxzg gksrk gSA

• nks leqPp; A vkSj B dk lfEeyu mu lHkh vo;oksa dk leqPp; gksrk gS tks ;k rks A esa gksa
;k B esa gksaA

• nks leqPp; A vkSj B dk loZfu"B mu lHkh vo;oksa dk leqPp; gksrk gS tks A vkSj B nksuksa
esa mHk;fu"B gksaA nks leqPp; A vkSj B dk varj] tc A rFkk B blh Øe esa gks] mu lHkh
vo;oksa dk leqPp; gS] tks A esa gksa foaQrq B esa ugha gksaA

• fdUgha nks leqPp; A rFkk B osQ fy,] (A ∪ B)′ = A′ ∩ B′ rFkk (A ∩ B)′ = A′ ∪ B′

• ;fn A vkSj B ,sls ifjfer leqPp; gSa fd A ∩ B = φ, rks] n (A ∪ B) = n (A) + n (B) vkSj
;fn A ∩ B ≠ φ, rks n (A ∪ B) = n (A) + n (B) – n (A ∩ B)

,sfrgkfld i`"BHkwfe

teZu xf.kr Georg Cantor (1845 bZñ & 1918 bZñ ) dks vk/qfud leqPp; fl¼kar osQ
vf/dka'k Hkkx dk tUenkrk ekuk tkrk gSA leqPp; fl¼kar ij muosQ 'kks/ i=k 1874 bZñ ls
1897 bZñ osQ chp osQ fdlh le; esa izdk'k esa vk,A mudk leqPp; fl¼kar dk vè;;u ml
le; gqvk tc os a  sin x + a  sin 2x + a  sin 3x + ... osQ :i dh f=kdks.kferh; Js.kh dk
vè;;u dj jgs FksA

1874 bZñ esa vius ,d 'kks/ i=k esa ;g izdkf'kr fd;k fd okLrfod la[;kvksa dks iw.kk±dksa osQ
lkFk ,d&,d laxrrk esa ugha j[kk tk ldrk gSA 1879 bZñ osQ mÙkjk/Z esa vewrZ leqPp;ksa osQ
fofHkUu xq.k/eks± dks n'kkZus okys muosQ vusd 'kks/ i=k izdkf'kr gq,A

Cantor osQ 'kks/ dks ,d vU; fo[;kr xf.krK Richard Dedekind (1831bZñ-1916bZñ) us
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iz'kaluh; <ax ls Lohdkj fd;kA ysfdu Kronecker (1810-1893 bZñ) us vifjfer leqPp;ksa dks]
mlh izdkj ls ysus osQ fy, ftl izdkj ifjfer leqPp;ksa dks fy;k tkrk gS] mudh HkRlZuk dhA
,d nwljs teZu xf.krK Gottlob Frege us 'krkCnh dh lekfIr ij leqPp; fl¼kar dks rdZ'kkL=k
osQ fu;eksa osQ :i esa izLrqr fd;kA ml le; rd laiw.kZ leqPp; fl¼kar lHkh leqPp;ksa osQ
leqPp; osQ vfLrRo dh dYiuk ij vk/kfjr FkkA ;g fo[;kr vaxzst nkf'kZfud Bertand

Russell (1872 bZ--1970 bZñ) Fks ftUgksaus 1902 bZñ esa cryk;k fd lHkh leqPp;ksa osQ leqPp;
osQ vfLrRo dh dYiuk ,d fojks/ksfDr dks tUe nsrh gSA bl izdkj Russell dh fo[;kr
fojks/ksfDr feyhA Paul R.Halmos us blosQ ckjs esa viuh iqLrd ‘Naïve Set Theory’ esa fy[kk
gS fd ^^dqN ugha esa lc dqN lekfgr gS**A

bu lHkh fojks/ksfDr;ksa osQ ifj.kkeLo:i leqPp; fl¼kar dk igyk vfHkx`ghrhdj.k 1908 bZñ esa
Ernst Zermelo }kjk izdkf'kr fd;k x;kA 1922 bZñ esa Abraham Fraenkel us ,d nwljk izLrko
Hkh fn;kA 1925 bZñ esa John Von Neumann us fu;ferhdj.k dk vfHkx`ghr Li"V :i ls izLrqr
fd;kA blosQ ckn 1937 bZñ esa Paul Bernays us lUrks"ktud vfHkx`ghfrdj.k izLrqr fd;kA bu
vfHkx`ghrksa esa lq/kj] Kurt Gödel }kjk 1940 bZñ esa vius eksuksxzkiQ esa izLrqr fd;k x;kA bl
lqèkkj dks Von Neumann-Bernays (VNB) vFkok Gödel-Bernays (GB) dk leqPp; fl¼kar
dgrs gSaA

bu lHkh dfBukb;ksa osQ ckotwn] Cantor osQ leqPp; fl¼kar dks orZeku dky osQ xf.kr esa iz;ksx
fd;k tkrk gSA okLro esa vktdy xf.kr osQ vf/dka'k ladYiuk,¡ rFkk ifj.kkeksa dks leqPp;
lS¼kafrd Hkk"kk esa izLrqr djrs gSaA



vè;k; 2

laca/ ,oa iQyu(Relations and Functions)

Mathematics is the indispensable instrument of all physical research.– Berthelot v

2.1 Hkwfedk (Introduction)
xf.kr dk vf/dka'k Hkkx iSVuZ vFkkZr~ ifjorZu'khy jkf'k;ksa osQ chp vfHkKs; (igpku ;ksX;)dfM+;ksa
dks Kkr djus ds ckjs esa gSA gekjs nSfud thou esa] ge laca/ksa dks fpf=kr djus okys vusd iSVuks± osQ
ckjs esa tkurs gaS] tSls HkkbZ vkSj cgu] firk vkSj iq=k] vè;kid vkSj fo|kFkhZ bR;kfnA xf.kr esa Hkh gesa
cgqr ls laca/ feyrs gSa tSls ^la[;k m, la[;k n, ls NksVh gS*] ^js[kk l, js[kk m, osQ lekarj gS*]
^leqPp; A, leqPp; B dk mileqPp; gS*A bu lHkh esa ge ns[krs gSa fd fdlh laca/ ea ,sls ;qXe
lfEefyr gksrs gSa ftuosQ ?kVd ,d fuf'pr Øe esa gksrs gSaA bl vè;k; esa ge lh[ksaxs fd fdl izdkj
nks leqPp;ksa osQ lnL;ksa osQ ;qXe cuk, tk ldrs gSa vkSj fiQj mu ;qXeksa esa vkus okys nksuksa lnL;ksa osQ
chp cuus okys laca/ksa dks lqLi"V djsaxsA var esa] ge ,sls fo'ks"k laca/ksa osQ ckjs esa tkusaxs] tks iQyu
cuus osQ ;ksX; gSaA iQyu dh ifjdYiuk xf.kr esa vR;ar egÙoiw.kZ gS D;ksafd ;g ,d oLrq ls nwljh
oLrq osQ chp xf.krkuqlkj ;FkkrF; laxrrk osQ fopkj dk vfHkxzg.k djrh gSA



G.W.Leibnitz

(1646-1716 A.D.)

2.2 leqPp;ksa dk dkrhZ; xq.ku (Cartesian Product of Sets)
eku yhft, fd A, nks izdkj osQ jaxksa dk vkSj B, rhu oLrqvksa dk leqPp; gS] vFkkZr~ A = {yky]
uhyk}vkSj B = {b, c, s},

tgk¡ b, c vkSj s Øe'k% fdlh fo'ks"k cSx] dksV vkSj deht dks fu:fir djrs gSaA bu nksuksa leqPp;ksa
ls fdrus izdkj dh jaxhu oLrqvksa osQ ;qXe cuk, tk ldrs gSa\ Øec¼ rjhosQ ls izxfr djrs gq, ge
ns[krs gSa fd fuEufyf[kr 6 fHkUu&fHkUu ;qXe izkIr gksrs gSaA (yky, b), (yky, c), (yky, s), (uhyk,



b), (uhyk, c), (uhyk, s)A bl izdkj gesa 6 fHkUu&fHkUu oLrq,¡ izkIr gksrh gSa (vko`Qfr 2-1)A

vko`Qfr 2.1

fiNyh d{kkvksa ls Lej.k dhft, fd] ,d Øfer ;qXe] vo;oksa dk og ;qXe gS] ftls oØ dks"Bd
esa fy[krs gSa vkSj ftudks ,d nwljs ls fdlh fo'ks"k Øe esa lewfgr fd;k tkrk gS vFkkZr~ (p,q), p ∈

P vkSj q ∈ QA bls fuEufyf[kr ifjHkk"kk ls Li"V fd;k tk ldrk gSA

ifjHkk"kk 1 & nks vfjDr leqPp;ksa P rFkk Q dk dkrhZ; xq.ku P × Q mu lHkh Øfer ;qXeksa dk
leqPp; gS] ftudks izFke ?kVd P ls rFkk f}rh; ?kVd Q, ls ysdj cuk;k tk ldrk gSA vr%

P × Q = { (p,q) : p ∈ P, q ∈ Q }

;fn P ;k Q esa ls dksbZ Hkh fjDr leqPp; gS] rks mudk dkrhZ; xq.ku Hkh fjDr leqPp; gksrk gS]
vFkkZr~ P × Q = φ

mijksDr n`"Vkar ls ge tkurs gSa fd

A × B = {(yky,b), (yky,c), (yky,s), (uhyk,b), (uhyk,c), (uhyk,s)}A

iqu% fuEufyf[kr nks leqPp;ksa ij fopkj dhft,A

A = {DL, MP, KA}, tgk¡ DL, MP, KA fnYyh] eè; izns'k] rFkk dukZVd dks fu:fir djrs gSa vkSj B

= {01,02, 03}Øe'k% fnYyh] eè; izns'k vkSj dukZVd }kjk xkfM+;ksa osQ fy, tkjh ykblsal IysV dh
lkaosQfrd la[;k,¡ izdV djrs gSaA

;fn rhu jkT; fnYyh] eè; izns'k vkSj dukZVd] xkfM+;ksa osQ ykblsal IysV osQ fy, laosQr i¼fr
(laosQfrdh) bl izfrca/ osQ lkFk cuk jgs gksa fd laosQr i¼fr] leqPp; A osQ vo;o ls izkjaHk gks] rks



bu leqPp;ksa ls izkIr gksus okys ;qXe dkSu ls gSa rFkk bu ;qXeksa dh oqQy la[;k fdruh gS (vko`Qfr 2-
2)\

vko`Qfr 2.2

izkIr gksus okys ;qXe bl izdkj gSa] (DL,01), (DL,02), (DL,03), (MP,01), (MP,02), (MP,03),

(KA,01), (KA,02), (KA,03) vkSj leqPp; A rFkk leqPp; B dk dkrhZ; xq.ku bl izdkj gksxk]

A × B = {(DL,01), (DL,02), (DL,03), (MP,01), (MP,02), (MP,03), (KA,01), (KA,02),(KA,03)}.

;g ljyrk ls ns[kk tk ldrk gS fd dkrhZ; xq.ku esa bl izdkj 9 ;qXe gSa D;ksafd leqPp; A vkSj B

esa ls izR;sd esa 3 vo;o gSaA blls gesa 9 laHko laosQr i¼fr;k¡ feyrh gSaA ;g Hkh uksV dhft, fd
bu vo;oksa osQ ;qXe cukus dk Øe egÙoiw.kZ (fu.kkZ;d) gSA mnkgj.k osQ fy, lkaosQfrd la[;k (DL,

01) ogh ugha gS tks lkaosQfrd la[;k (01, DL) gSA

var esa Li"Vhdj.k osQ fy, leqPp; A= {a1, a2} vkSj

B = {b1, b2, b3, b4} ij fopkj dhft, (vko`Qfr 2-3)A

vko`Qfr 2.3

;gk¡ A × B = {( a1, b1), (a1, b2), (a1, b3), (a1, b4), (a2, b1), (a2, b2), (a2, b3), (a2, b4)}.



;fn A vkSj B] okLrfod la[;kvksa osQ leqPp; osQ mileqPp; gksa] rks bl izdkj izkIr 8 Øfer ;qXe
fdlh lery osQ fcanqvksa dh fLFkfr fu:fir djrs gSa rFkk ;g Li"V gS fd (a1, b2) ij fLFkr fcanq]
(b2, a1) ij fLFkr fcanq ls fHkUu gSaA

A fVIi.kh

(i) nks Øfer ;qXe leku gksrs gSa] ;fn vkSj osQoy ;fn muosQ laxr izFke ?kVd leku gksa vkSj
laxr f}rh; ?kVd Hkh leku gksaA

(ii) ;fn A esa p vo;o rFkk B esa q vo;o gSa] rks A × B esa pq vo;o gksrs gSa vFkkZr~ ;fn
n(A) = p rFkk n(B) = q, rks n(A × B) = pq.

(iii) ;fn A rFkk B vfjDr leqPp; gSa vkSj A ;k B esa ls dksbZ vifjfer gS] rks A × B Hkh
vifjfer leqPp; gksrk gSA

(iv) A × A × A = {(a, b, c) : a, b, c ∈ A}. ;gk¡ (a, b, c) ,d Øfer f=kd dgykrk gSA

mnkgj.k 1 & ;fn (x + 1, y – 2) = (3,1), rks x vkSj y osQ eku Kkr dhft,A

gy D;ksafd Øfer ;qXe leku gS] blfy, laxr ?kVd Hkh leku gksaxsA

vr% x + 1 = 3 vkSj y – 2 = 1.

ljy djus ij x = 2 vkSj y = 3.

mnkgj.k 2 & ;fn P = {a, b, c} vkSj Q = {r}, rks P × Q rFkk Q × P Kkr dhft,A D;k nksuksa dkrhZ;
xq.ku leku gSa\

gy dkrhZ; xq.ku dh ifjHkk"kk ls P × Q = {(a, r), (b, r), (c, r)} vkSj Q × P = {(r, a), (r, b), (r, c)}

D;ksafd] Øfer ;qXeksa dh lekurk dh ifjHkk"kk ls] ;qXe (a, r) ;qXe (r, a), osQ leku ugha gS vkSj ;g



ckr dkrhZ; xq.ku osQ izR;sd ;qXe osQ fy, ykxw gksrh gS] ftlls ge fu"d"kZ fudkyrs gSa fd P × Q ≠

Q × P.

rFkkfi] izR;sd leqPp; esa vo;oksa dh la[;k leku gSA

mnkgj.k 3 & eku yhft, fd A = {1,2,3}, B = {3,4} vkSj C = {4,5,6}. fuEufyf[kr Kkr dhft,%

(i) A × (B ∩ C) (ii) (A × B) ∩ (A × C)

(iii) A × (B ∪ C) (iv) (A × B) ∪ (A × C)

gy (i) nks leqPp;ksa osQ loZfu"B dh ifjHkk"kk ls (B ∩ C) = {4}.

vr% A × (B ∩ C) = {(1,4), (2,4), (3,4)}.

(ii) vc (A × B) = {(1,3), (1,4), (2,3), (2,4), (3,3), (3,4)}

vkSj (A × C) = {(1,4), (1,5), (1,6), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6)}

blfy, (A × B) ∩ (A × C) = {(1, 4), (2, 4), (3, 4)}.

(iii) D;ksafd (B ∪ C) = {3, 4, 5, 6}

vr% A × (B ∪ C) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,3), (3,4), (3,5), (3,6)}.

(iv) Hkkx (ii) ls A × B rFkk A × C leqPp;ksa osQ iz;ksx ls gesa fuEufyf[kr izkIr gksrk gS%

(A × B) ∪ (A × C) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6),

(3,3), (3,4), (3,5), (3,6)}.

mnkgj.k 4 & ;fn P = {1, 2}, rks leqPp; P × P × P Kkr dhft,A

gy P × P × P = {(1,1,1), (1,1,2), (1,2,1), (1,2,2), (2,1,1), (2,1,2), (2,2,1), (2,2,2)}.



mnkgj.k 5 & ;fn R leLr okLrfod la[;kvksa dk leqPp; gS] rks dkrhZ; xq.ku R × R vkSj R × R

× R D;k fu:fir djrs gaS ?

gy dkrhZ; xq.ku R × R leqPp; R × R={(x, y) : x, y ∈ R}

dks fu:fir djrk gS] ftldk iz;ksx f}foe lef"V osQ fcanqvksa osQ funsZ'kkadksa dks izdV djus osQ fy,
fd;k tkrk gSA R × R × R leqPp; R × R × R ={(x, y, z) : x, y, z ∈ R}

dks fu:fir djrk gS] ftldk iz;ksx f=kfoeh; vkdk'k osQ fcanqvksa osQ funsZ'kkadksa dks izdV djus osQ
fy, fd;k tkrk gSA

mnkgj.k 6 & ;fn A × B ={(p, q),(p, r), (m, q), (m, r)}, rks A vkSj B dks Kkr dhft,A

gy A = izFke ?kVdksa dk leqPp; = {p, m} ,B = f}rh; ?kVdksa dk leqPp; = {q, r}.

iz'ukoyh 2-1

1. ;fn , rks x rFkk y Kkr dhft,A

2. ;fn leqPp; A esa 3 vo;o gSa rFkk leqPp; B = {3, 4, 5}, rks (A×B) esa vo;oksa dh la[;k
Kkr dhft,A

3. ;fn G = {7, 8} vkSj H = {5, 4, 2}, rks G × H vkSj H × G Kkr dhft,A

4. crykb, fd fuEufyf[kr dFkuksa esa ls izR;sd lR; gS vFkok vlR; gSA ;fn dFku vlR; gS]
rks fn, x, dFku dks lgh cuk dj fyf[k,A

(i) ;fn P = {m, n} vkSj Q = { n, m}, rks P × Q = {(m, n),(n, m)}.

(ii) ;fn A vkSj B vfjDr leqPp; gSa] rks A × B Øfer ;qXeksa (x, y) dk ,d vfjDr leqPp;



gS] bl izdkj fd x ∈ A rFkk y ∈ B.

(iii) ;fn A = {1, 2}, B = {3, 4}, rks A × (B ∩ φ ) = φ.

5. ;fn A = {–1, 1}, rks A × A × A Kkr dhft,A

6. ;fn A × B = {(a, x),(a , y), (b, x), (b, y)} rks A rFkk B Kkr dhft,A

7. eku yhft, fd A = {1, 2}, B = {1, 2, 3, 4}, C = {5, 6} rFkk D = {5, 6, 7, 8}. lR;kfir
dhft, fd

(i) A × (B ∩ C) = (A × B) ∩ (A × C). (ii) A × C, B × D dk ,d mileqPp; gSA

8. eku yhft, fd A = {1, 2} vkSj B = {3, 4}. A × B fyf[k,A A × B osQ fdrus mileqPp;
gksaxs\ mudh lwph cukb,A

9. eku yhft, fd A vkSj B nks leqPp; gSa] tgk¡ n(A) = 3 vkSj n(B) = 2. ;fn (x, 1),(y, 2),

(z, 1), A × B esa gSa] rks A vkSj B, dks Kkr dhft,] tgk¡ x, y vkSj z fHkUu&fHkUu vo;o gSaA

10. dkrhZ; xq.ku A × A esa 9 vo;o gSa] ftuesa (–1,0) rFkk (0,1) Hkh gSA leqPp; A Kkr
dhft, rFkk A × A osQ 'ks"k vo;o Hkh Kkr dhft,A

2.3 laca/ (Relation)
nks leqPp;ksa P = {a,b,c} rFkk Q = {Ali, Bhanu, Binoy, Chandra, Divya} ij fopkj dhft,A P rFkk
Q osQ dkrhZ; xq.ku esa 15 Øfer ;qXe gSa] ftUgsa bl izdkj lwphc¼ fd;k tk ldrk gS]

P × Q = {(a, Ali), (a,Bhanu), (a, Binoy), ..., (c, Divya)}.

vc ge izR;sd Øfer ;qXe (x, y) osQ izFke ?kVd x rFkk f}rh; ?kVd y osQ chp ,d laca/ R

LFkkfir dj P × Q dk ,d mileqPp; bl izdkj izkIr dj ldrs gSaA

R = { (x,y): x, uke y dk izFke v{kj gS, x ∈ P, y ∈ Q} bl izdkj

R = {(a, Ali), (b, Bhanu), (b, Binoy), (c, Chandra)}



laca/ R dk ,d n`f"V&fp=k.k] ftls rhj vkjs[k dgrs gSa] vkd`fr 2-4 esa iznf'kZr gSA

vko`Qfr 2.4

ifjHkk"kk 2 & fdlh vfjDr leqPp; A ls vfjDr leqPp; B esa laca/ dkrhZ; xq.ku A × B dk ,d
mileqPp; gksrk gS ;g mileqPp; A × B osQ Øefr ;qXeksa osQ izFke rFkk f}rh; ?kVdksa osQ eè; ,d
laca/ LFkkfir djus ls izkIr gksrk gSA f}rh; ?kVd] izFke ?kVd dk izfrfcac dgykrk gSA

ifjHkk"kk 3 & leqPp; A ls leqPp; B esa laca/ R osQ Øfer ;qXeksa osQ lHkh izFke ?kVdksa osQ
leqPp; dks laca/ R dk izkar dgrs gSaA

ifjHkk"kk 4 & nleqPp; A ls leqPp; B esa laca/ R osQ Øfer ;qXeksa osQ lHkh f}rh; ?kVdksa osQ
leqPp; dks laca/ R dk ifjlj dgrs gSaA leqPp; B laca/ R dk lg&izkar dgykrk gSA uksV dhft,
fd] ifjlj ⊆ lgizkar

fVIi.kh  (i) ,d laca/ dk chth; fu:i.k ;k rks jksLVj fof/ ;k leqPp; fuekZ.k fof/ }kjk
fd;k tk ldrk gSA

(ii) ,d rhj vkjs[k fdlh laca/ dk ,d n`f"V fp=k.k gSA

mnkgj.k 7 &eku yhft, fd A = {1, 2, 3, 4, 5, 6}. R = {(x, y) : y = x + 1 } }kjk A ls A esa ,d



laca/ ifjHkkf"kr dhft,A

(i) bl laca/ dks ,d rhj vkjs[k }kjk n'kkZb,A

(ii) R osQ izkar] lgizkar rFkk ifjlj fyf[k,A

gy (i) ifjHkk"kk }kjk R = {(1,2), (2,3), (3,4), (4,5), (5,6)}.

laxr rhj vkjs[k vko`Qfr 2-5 esa iznf'kZr gSA

vko`Qfr 2.5

(ii) ge ns[k ldrs gSa fd izFke ?kVdksa dk leqPp; vFkkZr~ izkar={1, 2, 3, 4, 5,} blh izdkj] f}rh; ?
kVdksa dk leqPp; vFkkZr~ ifjlj = {2, 3, 4, 5, 6}rFkk lgizkar = {1, 2, 3, 4, 5, 6}.

mnkgj.k 8 &uhps vko`Qfr 2-6 esa leqPp; P vkSj Q osQ chp ,d laca/ n'kkZ;k x;k gSA bl laca/
dks (i) leqPp; fuekZ.k :i esa (ii) jksLVj :i esa fyf[k,A blosQ izkar rFkk ifjlj D;k gSa\

vko`Qfr 2.6

gy Li"Vr% laca/ R, “x, y dk oxZ gS”

(i) leqPp; fuekZ.k :i esa, R = {(x, y): x, y dk oxZ gS] x ∈ P, y ∈ Q}



(ii) jksLVj :i esa, R = {(9, 3), (9, –3), (4, 2), (4, –2), (25, 5), (25, –5)}

bl laca/ dk izkar {4, 9, 25} gSA

bl laca/ dk ifjlj {– 2, 2, –3, 3, –5, 5}.

uksV dhft, fd vo;o 1, P osQ fdlh Hkh vo;o ls lacaf/r ugha gS rFkk leqPp; Q bl laca/ dk
lgizkar gSA

AfVIi.kh  fdlh leqPp; A ls leqPp; B esa laca/ksa dh dqy la[;k] A × B osQ laHko
mileqPp;ksa dh la[;k osQ cjkcj gksrh gSA ;fn n(A ) = p vkSj n(B) = q, rks n(A × B) = pq vkSj
laca/ksa dh oqQy la[;k 2pq gksrh gSA

mnkgj.k 9 eku yhft, fd A = {1, 2} vkSj B = {3, 4}. A ls B esa laca/ksa dh la[;k Kkr dhft,A

gy ;gk¡ A × B = {(1, 3), (1, 4), (2, 3), (2, 4)}.

D;ksafd n (A×B ) = 4, blfy, A×B osQ mileqPp;ksa dh la[;k 24 gSA blfy, A ls B osQ laca/ksa dh
la[;k 24 gSA

AfVIi.kh  A ls A osQ laca/ dks ^A ij laca Hkh dgrs gSaA

iz'uokyh 2.2
1. eku yhft, fd A = {1, 2, 3,...,14}.R = {(x, y) : 3x – y = 0, tgk¡ x, y ∈ A} }kjk] A ls
A dk ,d laca/ R fyf[k,A blosQ izkar] lgizkar vkSj ifjlj fyf[k,A

2. izko`Qr la[;kvksa osQ leqPp; ij R = {(x, y) : y = x + 5, x la[;k 4 ls de] ,d izko`Qr
la[;k gS] x, y ∈ N}}kjk ,d laca/ R ifjHkkf"kr dhft,A bl laca/ dks (i) jksLVj :i esa blosQ



izkar vkSj ifjlj fyf[k,A

3. A = {1, 2, 3, 5} vkSj B = {4, 6, 9}. A ls B esa ,d laca/ R = {(x, y): x vkSj y dk varj
fo"ke gS] x ∈ A, y ∈ B} }kjk ifjHkkf"kr dhft,A R dks jksLVj :i esa fyf[k,A

4. vko`Qfr 2-7] leqPp; P ls Q dk ,d laca/ n'kkZrh gSA bl laca/ dks

(i) leqPp; fuekZ.k :i (ii) jksLVj :i esa fyf[k,A blosQ izkar rFkk ifjlj D;k gSa\

vko`Qfr 2.7

5. eku yhft, fd A = {1, 2, 3, 4, 6}. eku yhft, fd R, A ij {(a, b): a , b ∈ A, la[;k a

la[;k b dks ;FkkoFk foHkkftr djrh gS}}kjk ifjHkkf"kr ,d laca/ gSA

(i) R dks jksLVj :i esa fyf[k,

(ii) R dk izkar Kkr dhft,

(iii) R dk ifjlj Kkr dhft,A

6. R = {(x, x + 5) : x ∈ {0, 1, 2, 3, 4, 5}} }kjk ifjHkkf"kr laca/ R osQ izkar vkSj ifjlj Kkr
dhft,A

7. laca/ R = {(x, x3) : x la[;k 10 ls de ,d vHkkT; la[;k gS} dks jksLVj :i esa fyf[k,A

8. eku yhft, fd A = {x, y, z} vkSj B = {1, 2}, A ls B osQ laca/ksa dh la[;k Kkr dhft,A

9. eku yhft, fd R, Z ij] R = {(a,b): a, b ∈ Z, a – b ,d iw.kkZad gS}, }kjk ifjHkkf"kr ,d
laca/ gSA R osQ izkar rFkk ifjlj Kkr dhft,A



2.4 iQyu (Function)
bl vuqPNsn esa] ge ,d fo'ks"k izdkj osQ laca/ dk vè;;u djsaxs] ftls iQyu dgrs gSaA ge iQyu
dks ,d fu;e osQ :i esa ns[k ldrs gSa] ftlls oqQN fn, gq, vo;oksa ls u, vo;o mRiUu gksrs gSaA
iQyu dks lwfpr djus osQ fy, vusd in iz;qDr fd, tkrs gSa] tSls ^izfrfp=k* vFkok ^izfrfp=k.k*

ifjHkk"kk 5 &,d leqPp; A ls leqPp; B dk laca/] f ,d iQyu dgykrk gS] ;fn leqPp; A osQ
izR;sd vo;o dk leqPp; B esa] ,d vkSj osQoy ,d izfrfcac gksrk gSA

nwljs 'kCnksa esa] iQyu f, fdlh vfjDr leqPp; A ls ,d vfjDr leqPp; B dk gS] bl izdkj dk
laca/ fd f dk izkar A gS rFkk f osQ fdlh Hkh nks fHkUu Øfer ;qXeksa osQ izFke ?kVd leku
ugha gSaA

;fn f, A ls B dk ,d iQyu gS rFkk (a, b) ∈ f, rks f (a) = b, tgk¡ b dks f osQ varxZr a dk
izfrcEc rFkk a dks b dk ^iwoZ izfrfcac* dgrs gSaA

A ls B osQ iQyu f dks izrhdkRed :i esa f: A B ls fu:fir djrs gSaA

fiNys mnkgj.kksa ij è;ku nsus ls ge ljyrk ls ns[krs gSa fd mnkgj.k 7 esa fn;k laca/ ,d iQyu ugha
gS] d;ksafd vo;o 6 dk dksbZ izfrfcac ugha gSA

iqu% mnkgj.k 8 esa fn;k laca/ ,d iQyu ugha gS D;skafd blosQ izkar osQ oqQN vo;oksa osQ ,d ls
vf/d izfrfcac gSaA mngkj.k 9 Hkh iQyu ugha gS (D;ksa\)A uhps fn, mnkgj.kksa esa cgqr ls
laca/ksa ij fopkj djsaxs] ftuesa ls oqQN iQyu gSa vkSj nwljs iQyu ugha gSaA

mnkgj.k 10 eku yhft, fd N izko`Qr la[;kvksa dk leqPp; gs vkSj N ij ifjHkkf"kr ,d laca/ R
bl izdkj gS fd R = {(x, y) : y = 2x, x, y ∈ N}.

R osQ izkar] lgizkar rFkk ifjlj D;k gSa? D;k ;g laca/] ,d iQyu gS\

gy R dk izkar] izko`Qr la[;kvksa dk leqPp; N gSA bldk lgizkar Hkh N gSA bldk ifjlj le izko`Qr
la[;kvksa dk leqPp; gSA



D;ksafd izR;sd izko`Qr la[;k n dk ,d vkSj osQoy ,d gh izfrfcac gS] blfy, ;g laca/ ,d iQyu
gSA

mnkgj.k 11 uhps fn, laca/ksa esa ls izR;sd dk fujh{k.k dhft, vkSj izR;sd n'kk esa dkj.k lfgr
crykb, fd D;k ;g iQyu gS vFkok ugha\

(i) R = {(2,1),(3,1), (4,2)}, (ii) R = {(2,2),(2,4),(3,3), (4,4)}

(iii) R = {(1,2),(2,3),(3,4), (4,5), (5,6), (6,7)}

gy (i) D;ksafd R osQ izkar osQ izR;sd vo;o 2] 3] 4 osQ izfrfcac vf}rh; gSa] blfy, ;g laca/ ,d
iQyu gSA

(ii) D;kafd ,d gh izFke vo;o 2] nks fHkUu&fHkUu izfrfcacksa 2 vkSj 4 ls lacaf/r gS] blfy, ;g
laca/ ,d iQyu ugha gSaA

(iii) D;ksafd izR;sd vo;o dk ,d vkSj osQoy ,d izfrfcac gS] blfy, ;g laca/ ,d iQyu gSA

ifjHkk"kk 6 ,d ,sls iQyu dks ftldk ifjlj okLrfod la[;kvksa dk leqPp; ;k mldk dksbZ
mileqPp; gks] okLrfod eku iQyu dgrs gSaA ;fn okLrfod pj okys fdlh okLrfod eku iQyu
dk izkar Hkh okLrfod la[;kvksa dk leqPp; vFkok mldk dksbZ mileqPp; gks rks bls okLrfod
iQyu Hkh dgrs gSaA

mnkgj.k 12 eku yhft, fd N okLrfod la[;kvksa dk leqPp; gSA f : N → N,

f (x) = 2x + 1, }kjk ifjHkkf"kr ,d okLrfod eku iQyu gSA bl ifjHkk"kk dk iz;ksx djosQ] uhps nh
xbZ lkj.kh dks iw.kZ dhft,A

x 1 2 3 4 5 6 7

y f (1) = ... f (2) = ... f (3) = ... f (4) = ... f (5) = ... f (6) = ... f (7) = ...



gy iw.kZ dh gqbZ lkj.kh uhps nh xbZ gS%

x 1 2 3 4 5 6 7

y f (1) = 3 f (2) = 5 f (3) = 7 f (4) = 9 f (5) = 11 f (6) = 13 f (7) = 15

2.4.1 oqQN iQyu vkSj muosQ vkys[k (Some functions and their graphs)

(i) rRled iQyu (Identity function) eku yhft, R okLrfod la[;kvksa dk leqPp; gSA y = f(x),

izR;sd x ∈ R }kjk ifjHkkf"kr okLrfod eku iQyu f : R → RgSA bl izdkj osQ iQyu dks rRled
iQyu dgrs gSaA ;gk¡ ij f osQ izkar rFkk ifjlj R gSaA bldk vkys[k ,d ljy js[kk gksrk gS (vko`Qfr
2-8)A ;g js[kk ewy fcanq ls gks dj tkrh gSA

vko`Qfr 2.8

(ii) vpj iQyu (Constant function) y = f (x) = c tgk¡ c ,d vpj gS vkSj izR;sd x ∈ R }kjk
ifjHkkf"kr ,d okLrfod eku iQyu f: R → R gSA ;gk¡ ij f dk izkar R gS vkSj mldk ifjlj {c}
gSA f dk vkys[k x-v{k osQ lekarj ,d js[kk gS] mnkgj.k osQ fy, ;fn f(x)=3 izR;sd x ∈ RgS] rks
bldk vkys[k vko`Qfr 2-9 esa n'kkZbZ js[kk gSA



vko`Qfr 2.9

(iii) cgqin iQyu ;k cgqinh; iQyu (Polynomial function) iQyu f : R → R, ,d cgqinh;

iQyu dgykrk gS] ;fn R osQ izR;sd x osQ fy,] y = f (x) = a0 + a1x + a2x2 + ...+ an xn, tgk¡ n

,d ½.ksrj iw.kkZad gS rFkk a0, a1, a2,...,an ∈ R.

f(x) = x3 – x2 + 2, vkSj g(x) = x4+ x, }kjk ifjHkkf"kr iQyu ,d cgqinh; iQyu gS tc fd

h(x) = + 2x }kjk ifjHkkf"kr iQyu h, cgqinh; iQyu ugha gSA (D;ksa\)

mnkgj.k 13 y = f(x) = x2, x ∈ R }kjk iQyu f: R → R, dh ifjHkk"kk dhft,A bl ifjHkk"kk dk
iz;ksx djosQ uhps nh xbZ rkfydk dks iwjk dhft,A bl iQyu dk izkar rFkk ifjlj D;k gSa\ f dk
vkys[k Hkh [khafp,A

x – 4 –3 –2 –1 0 1 2 3 4

y = f(x) =
x2



gy iwjh dh gqbZ rkfydk uhps nh xbZ gS%

x – 4 –3 –2 –1 0 1 2 3 4

y = f(x) =
x2 16 9 4 1 0 1 4 9 16

f dk izkar = {x : x∈ R}, f dk ifjlj = {x2: x ∈ R}. f dk vkys[k vko`Qfr 2-10 esa iznf'kZr gSA

vko`Qfr 2.10

mnkgj.k 14 & f (x) = x3, x∈R }kjk ifjHkkf"kr iQyu f :R → Rdk vkys[k [khafp,A

gy & ;gk¡ ij

f(0) = 0, f(1) = 1, f(–1) = –1, f(2) = 8, f(–2) = –8, f(3) = 27; f(–3) = –27, bR;kfnA

f = {(x,x3): x∈ R} f dk vkys[k vko`Qfr 2-11 esa [khapk x;k gSA



vko`Qfr 2.11

(iv) ifjes; iQyu (Rational functions) , osQ izdkj osQ iQyu tgk¡ f(x) rFkk g(x) ,d
izkar esa] x ds ifjHkkf"kr cgqinh; iQyu gaS] ftlesa g(x) ≠ 0 ifjes; iQyu dgykrs gSaA

mnkgj.k 15 & ,d okLrfod eku iQyu f : R – {0} → R dh ifjHkk"kk ,

x ∈ R – {0} }kjk dhft,A bl ifjHkk"kk dk iz;ksx djosQ fuEufyf[kr rkfydk dks iw.kZ dhft,A bl
iQyu dk izkar rFkk ifjlj D;k gSa\

x –2 –1.5 –1 –0.5 0.25 0.5 1 1.5 2

y = 
... ... ... ... ... ... ... ... ...

gy & iw.kZ dh xbZ rkfydk bl izdkj gS%

x –2 –1.5 –1 –0.5 0.25 0.5 1 1.5 2



y = 
– 0.5 – 0.67 –1 – 2 4 2 1 0.67 0.5

bldk izkar] 'kwU; osQ vfrfjDr leLr okLrfod la[;k,¡ gSa rFkk bldk ifjlj Hkh 'kwU; osQ vfrfjDr
leLr okLrfod la[;k,¡ gSaA f dk vkys[k vko`Qfr 2-12 esa iznf'kZr gSA

vko`Qfr 2.12

(v) ekikad iQyu (Modulus functions) : f(x) = |x| izR;sd x ∈ R }kjk ifjHkkf"kr iQyu f: R→R,

ekikad iQyu dgykrk gSA x osQ izR;sd ½.ksÙkj eku osQ fy, f(x), x osQ cjkcj gksrk gSA ijarq x osQ
½.k ekuksa osQ fy,, f(x) dk eku x, osQ eku osQ ½.k osQ cjkcj gksrk gS] vFkkZr~

ekikad iQyu dk vkys[k vko`Qfr 2-13 esa fn;k gSA ekikad iQyu dks fujis{k eku iQyu Hkh dgrs gSaA



vko`Qfr 2.13

(vi) fpÉ iQyu (Signum functions) izR;sd x ∈ R] osQ fy,

vko`Qfr 2.14



}kjk ifjHkkf"kr iQyu f:R→R fpÉ iQyu dgykrk gSA fpÉ iQyu dk izkar R gSA ifjlj leqPp; {–

1, 0, 1}gSA vko`Qfr 2-14 esa fpÉ iQyu dk vkys[k n'kkZ;k x;k gSA

(vii) egÙke iw.kk±d iQyu (Greatest integer functions):f(x) = [x], x ∈ R }kjk ifjHkkf"kr iQyu
f: R → R, x ls de ;k x osQ cjkcj egÙke iw.kkZad dk eku xzg.k (/kj.k) djrk gS ,slk iQyu
egÙke iw.kkZad iQyu dgykrk gSA

[x], dh ifjHkk"kk ls ge ns[k ldrs gSa fd

[x] = –1 ;fn –1 ≤ x < 0

[x] = 0 ;fn 0 ≤ x < 1

[x] = 1 ;fn 1 ≤ x < 2

[x] = 2 ;fn 2 ≤ x < 3 bR;fn

bl iQyu dk vkys[k vko`Qfr 2-15 esa n'kkZ;k x;k gSA

vko`Qfr 2.15

2.4.2 okLrfod iQyuksa dk chtxf.kr (Algebra of real functions)

bl vuqPNsn esa] ge lh[ksaxs fd fdl izdkj nks okLrfod iQyuksa dks tksM+k tkrk gS] ,d okLrfod
iQyu dks nwljs esa ls ?kVk;k tkrk gS] ,d okLrfod iQyu dks fdlh vfn'k (;gk¡ vkfn'k dk



vfHkizk; okLrfod la[;k ls gS) ls xq.kk fd;k tkrk gS] nks okLrfod iQyuksa dk xq.kk fd;k tkrk gS
rFkk ,d okLrfod iQyu dks nwljs ls Hkkx fn;k tkrk gSA

(i) nks okLrfod iQyuksa dk ;ksx eku yhft, fd f : X → R rFkk g : X → R dksbZ nks okLrfod
iQyu gSa] tgk¡ X ⊂ R. rc ge (f + g): X → R dks] lHkh x ∈ XosQ fy,] (f + g) (x) = f (x) + g (x),

}kjk ifjHkkf"kr djrs gSaA

(ii) ,d okLrfod iQyu esa ls nwljs dks ?kVkuk eku yhft, fd f : X → RrFkk g: X → R dksbZ nks
okLrfod iQyu gSa] tgk¡ X ⊂ R. rc ge (f – g) : X→Rdks lHkh x ∈ X, osQ fy, (f–g) (x) = f(x) –

g(x), }kjk ifjHkkf"kr djrs gSaA

(iii) ,d vfn'k ls xq.kk eku yhft, fd f : X→R ,d okLrfod eku iQyu gS rFkk α ,d vfn'k
gSA ;gk¡ vfn'k ls gekjk vfHkizk; fdlh okLrfod la[;k ls gSA rc xq.kuiQy α f , X ls R esa ,d
iQyu gS] tks (α f ) (x) = α f (x), x ∈ X ls ifjHkkf"kr gksrk gSA

(iv) nks okLrfod iQyuksa dk xq.ku nks okLrfod iQyuksa f: X → R rFkk g: X→Rdk xq.kuiQy (;k
xq.kk) ,d iQyu fg: X→R gS] tks lHkh (fg) (x) = f(x) g(x), x ∈ X }kjk ifjHkkf"kr gSA bls fcanq'k%
xq.ku Hkh dgrs gSaA

(v) nks okLrfod iQyuksa dk HkkxiQy eku yhft, fd f rFkk g X→R }kjk ifjHkkf"kr] nks

okLrfod iQyu gSa] tgk¡ X R. f dk g ls HkkxiQy] ftls  ls fu:fir djrs gSa] ,d iQyu

gS] tks lHkh x ∈ X tgk¡ g(x) 0, osQ fy,] , }kjk ifjHkkf"kr gSA

mnkgj.k 16 &eku yhft, fd f(x) = x2 rFkk g(x) = 2x + 1 nks okLrfod iQyu gSaA (f + g) (x), (f –

g) (x), (fg) (x),  Kkr dhft,A

gy Li"Vr%



(f + g) (x) = x2 + 2x + 1, (f –g) (x) = x2 – 2x – 1,

(fg) (x) = x2 (2x + 1) = 2x3 + x2,  = , x ≠ 

mnkgj.k 17 &eku yhft, fd f(x) =  rFkk g(x) = x ½.ksÙkj okLrfod la[;kvksa osQ fy,

ifjHkkf"kr nks iQyu gSa] rks (f + g) (x), (f – g) (x) (fg) (x) vkSj  (x) Kkr dhft,A

gy ;gk¡ gesa fuEufyf[kr ifj.kke feyrs gSa%

(f + g) (x) = + x, (f – g) (x) =  – x ,

(fg) x =  vkSj  

iz'ukoyh 2.3
1. fuEufyf[kr laca/ksa esa dkSu ls iQyu gSa\ dkj.k dk mYys[k dhft,A ;fn laca/ ,d iQyu
gS] rks mldk ifjlj fu/kZfjr dhft,%

(i) {(2,1), (5,1), (8,1), (11,1), (14,1), (17,1)}

(ii) {(2,1), (4,2), (6,3), (8,4), (10,5), (12,6), (14,7)}

(iii) {(1,3), (1,5), (2,5)}.

2. fuEufyf[kr okLrfod iQyuksa osQ izkar rFkk ifjlj Kkr dhft,%

(i) f(x) = –  (ii) f(x) = .

3. ,d iQyu f(x) = 2x –5 }kjk ifjHkkf"kr gSA fuEufyf[kr osQ eku fyf[k,%



(i) f (0), (ii) f (7), (iii) f (–3).

4. iQyu ‘t’ lsfYl;l rkieku dk iQkjsugkbV rkieku esa izfrfp=k.k djrk gS] tks

t(C) =  + 32 }kjk ifjHkkf"kr gSa fuEufyf[kr dks Kkr dhft,%

(i) t (0) (ii) t (28) (iii) t (–10) (iv) C dk eku] tc t (C) = 212.

5. fuEufyf[kr esa ls izR;sd iQyu dk ifjlj Kkr dhft,%

(i) f (x) = 2 – 3x, x ∈ R, x > 0.

(ii) f (x) = x2 + 2, x ,d okLrfod la[;k gSA

(iii) f (x) = x, x ,d okLrfod la[;k gSA

fofo/ mnkgj.k
mnkgj.k 18 &eku yhft, fd R okLrfod la[;kvksa dk leqPp; gSA ,d okLrfod iQyu f: R→R

dks f(x) = x + 10 }kjk ifjHkkf"kr dhft, vksj bl iQyu dk vkys[k [khafp,A

gy ;gk¡] ge ns[krs gSa fd f(0) = 10, f(1) = 11, f(2) = 12, ..., f(10) = 20, vkfn vkSj f(–1) = 9, f(–

2) = 8, ..., f(–10) = 0, bR;kfnA

vr% fn, gq, iQyu osQ vkys[k dk vkdkj vko`Qfr 2-16 esa n'kkZ, x, :i dk gksxkA



vko`Qfr 2.16

AfVIi.kh  f(x) = mx + c , x ∈ R, ,d jSf[kd iQyu dgykrk gS] tgk¡ m ,oa c vpj gSaA
mijksDr iQyu jSf[kd iQyu dk ,d mnkgj.k gSA

mnkgj.k 19 &eku yhft, fd R, Q ls Q esa R = {(a,b): a,b ∈ Q rFkk a – b ∈ Z}. }kjk
ifjHkkf"kr] ,d laca/ gSA fl¼ dhft, fd

(i) (a,a) ∈ R lHkh a ∈ Q osQ fy,

(ii) (a,b) ∈ Rdk rkRi;Z gS fd (b, a) ∈ R

(iii) (a,b) ∈ RvkSj (b,c) ∈ R dk rkRi;Z gS fd (a,c) ∈R

gy (i) D;ksafd a – a = 0 ∈ Z, ftlls fu"d"kZ fudyrk gS fd (a, a) ∈ R.

(ii) (a,b) ∈ R dk rkRi;Z gS fd a – b ∈ Z. blfy,, b – a ∈ Z. vr%, (b, a) ∈ R

(iii) (a, b) rFkk (b, c) ∈ RrkRi;Z gS fd a – b ∈ Z. b – c ∈ Z. blfy,, a – c = (a – b) + (b – c) ∈

Z. vr%, (a,c) ∈ R

mnkgj.k 20 &;fn f = {(1,1), (2,3), (0, –1), (–1, –3)}, Zls Z.esa ,d ^jSf[kd iQyu gS] rks f(x) Kkr
dhft,A

gy D;ksafd f ,d jSf[kd iQyu gS] blfy, f (x) = mx + c. iqu% D;ksafd (1, 1), (0, – 1) ∈ R gSA
blfy,] f (1) = m + c = 1 rFkk f (0) = c = –1. blls gesa m = 2 feyrk gS vkSj bl izdkj
f(x) = 2x – 1.

mnkgj.k 21 &iQyu  dk izkar Kkr dhft,A



gy D;ksafd x2 –5x + 4 = (x – 4) (x –1), blfy, iQyu f, x = 4 vkSj x = 1 osQ vfrfjDr vU; lHkh
okLrfod la[;kvksa osQ fy, ifjHkkf"kr gSA vr% f dk izkar R – {1, 4} gSA

mnkgj.k 22 &iQyu f ,

f (x) = 

}kjk ifjHkkf"kr gSA f (x) dk vkys[k [khafp,A

gy &;gk¡ f(x) = 1 – x, x < 0, ls

f(– 4) = 1 – (– 4) = 5;

f(– 3) = 1 – (– 3) = 4,

f(– 2) = 1 – (– 2) = 3

f(–1) = 1 – (–1) = 2; bR;kfn

vkSj f(1) = 2, f (2) = 3, f (3) = 4

f(4) = 5 bR;kfn] D;ksafd f(x) = x + 1, x > 0.

vr% f dk vkys[k vko`Qfr 2-17 esa n'kkZ, :i dk gksxkA



vko`Qfr 2.17

vè;k; 2 ij fofo/ iz'ukoyh

1. laca/ f ,  }kjk ifjHkkf"kr gSA

laca/ g,  }kjk ifjHkkf"kr gSA

n'kkZb, fd D;ksa f ,d iQyu gS vkSj g iQyu ugha gSA

2. ;fn f (x) = x2, rks  Kkr dhft,A



3. iQyu f (x)  dk izkar Kkr dhft,A

4. f (x) =  }kjk ifjHkkf"kr okLrfod iQyu f dk izkar rFkk ifjlj Kkr dhft,A

5. f (x) =  }kjk ifjHkkf"kr okLrfod iQyu f dk izkar rFkk ifjlj Kkr dhft,A

6. eku yhft, fd R ls R esa ,d iQyu gSA f dk ifjlj
fu/kZfjr dhft,A

7. eku yhft, fd f, g : R→R Øe'k% f(x) = x + 1, g(x) = 2x – 3. }kjk ifjHkkf"kr gSA f+g,f –

g vkSj  Kkr dhft,A

8. eku yhft, fd f = {(1,1), (2,3), (0,–1), (–1, –3)} Z ls Z esa] f(x) = ax + b, }kjk ifjHkkf"kr
,d iQyu gS] tgk¡ a, b. dksbZ iw.kkZad gSaA a, b dks fu/kZfjr dhft,A

9. R = {(a, b) : a, b ∈ N rFkk a = b2} }kjk ifjHkkf"kr N ls N esa] ,d laca/ R gSA D;k
fuEufyf[kr dFku lR; gSa\

(i) (a,a) ∈ R, lHkh a ∈ N, (ii) (a,b) ∈ R, dk rkRi;Z gS fd (b,a) ∈ R

(iii) (a,b) ∈ R, (b,c) ∈ R dk rkRi;Z gS fd (a,c) ∈ R?

izR;sd n'kk esa vius mÙkj dk vkSfpR; Hkh crykb,A

10. eku yhft, fd A ={1,2,3,4}, B = {1,5,9,11,15,16} vkSj f = {(1,5), (2,9), (3,1), (4,5),

(2,11)}. D;k fuEufyf[kr dFku lR; gSa\

(i) f , A ls B esa ,d laca/ gSA (ii) f , A ls B esa ,d iQyu gSA



izR;sd n'kk esa vius mÙkj dk vkSfpR; crykb,A

11. eku yhft, fd f , f = {(ab, a + b) : a, b ∈ Z} }kjk ifjHkkf"kr Z × Z dk ,d mileqPp;
gSA D;k f, Z ls Z esa ,d iQyu gS\ vius mÙkj dk vkSfpR; Hkh Li"V dhft,A

12. eku yhft, fd A = {9,10,11,12,13} rFkk f : A→N, f (n) = n dk egÙke vHkkT; xq.kd
}kjk] ifjHkkf"kr gSA f dk ifjlj Kkr dhft,A

lkjka'k

• bl vè;k; esa geusa laca/ rFkk iQyu dk vè;;u fd;k gSA bl vè;k; dh eq[; ckrksa dks
uhps fn;k tk jgk gSA

•Øfer ;qXe fdlh fo'ks"k Øe esa lewfgr vo;oksa dk ,d ;qXeA

•dkrhZ; xq.ku leqPp;ksa A rFkk B dk dkrhZ; xq.ku] leqPp;

•A × B = {(a,b): a ∈ A, b ∈ B} gksrk gSA fo'ks"k :i ls R × R = {(x, y): x, y ∈ R} vkSj R × R

× R = (x, y, z): x, y, z ∈ R}

•;fn (a, b) = (x, y), rks a = x rFkk b = y.

•;fn n(A) = p rFkk n(B) = q, rks n(A × B) = pq.

•A × φ = φ

•lkekU;r% A × B ≠ B × A.

•laca/ leqPp; A ls leqPp; B esa laca/ R, dkrhZ; xq.ku A × B dk ,d mileqPp; gksrk gS]
ftls A × B osQ Øfer ;qXeksa osQ izFke ?kVd x rFkk f}rh; ?kVd y osQ chp fdlh laca/ dks
of.kZr djosQ izkIr fd;k tkrk gSA

•fdlh vo;o x dk] laca/ R osQ varxZr] izfrfcac y gksrk gS] tgk¡ (x, y) ∈ R,



•laca/ RosQ Øfer ;qXeksa osQ izFke ?kVdksa dk leqPp;] laca/ Rdk izkar gksrk gSA

•laca/ R osQ Øfer ;qXeksa osQ f}rh; ?kVdksa dk leqPp;] laca/ R dk ifjlj gksrk gSA

•iQyu leqPp; A ls leqPp; B esa iQyu f ,d fof'k"V izdkj dk laca/ gksrk gS] ftlesa
leqPp; A osQ izR;sd vo;o x dk leqPp; B esa ,d vkSj osQoy ,d izfrfcac y gksrk gS bl
ckr dks ge f: A→B tgk¡ f(x) = y fy[krs gSaA A

•A iQyu f dk izkar rFkk B mldk lgizkar gksrk gSA

•iQyu f dk ifjlj] f osQ izfrfcacksa dk leqPp; gksrk gSA

•fdlh okLrfod iQyu osQ izkar rFkk ifjlj nksuksa gh okLrfod la[;kvksa dk leqPp; vFkok
mldk ,d mileqPp; gksrk gS%

•iQyuksa dk chtxf.kr iQyu f : X → RrFkk g : X → R,osQ fy, ge fuEufyf[kr ifjHkk"kk,¡ nsrs
gSaA

•(f + g) (x) = f(x) + g(x), x ∈ X

(f – g) (x) = f (x) – g(x), x ∈ X

•(f.g) (x) = f (x) .g (x), x ∈ X, k dksbZ vpj gSA

•(kf) (x) = k f (x), x ∈ X

•  = , x ∈ X, g(x) ≠ 0

,sfrgkfld i`"BHkwfe

•iQyu 'kCn loZizFke Gottfried Wilhelm Leibnitz (1646&1716 bZú) }kjk lu~ 1673 esa fyf[kr
ySfVu ik.Mqfyfi "Methodus tangentium inversa, seu de fuctionibus" esa ifjyf{kr gqvk gSA



Leibnitz us bl 'kCn dk iz;ksx vfo'ys"k.kkRed Hkko esa fd;k gSA mUgksaus iQyu dks ^xf.krh;
dk;Z* rFkk ^deZpkjh* osQ inksa }kjk mRiÂ ek=k ,d oØ osQ :i esa vf/dfYir fd;k gSA

•tqykbZ 5] lu~ 1698 esa John Bernoulli usa Leibnitz dks fy[ks ,d iz=k esa igyh ckj lqfopkfjr
:i ls iQyu 'kCn dk fo'ys"k.kkRed Hkko esa fof'k"V iz;ksx fu/kZfjr fd;k gSA mlh ekg
esaLeibnit z us viuh lgefr n'kkZrs gq, mÙkj Hkh ns fn;k FkkA

•vaxzs”kh Hkk"kk esa iQyu (Function) 'kCn lu~ 1779 osQ Chamber's Cyclopaedia esa ik;k tkrk
gSA chtxf.kr esa iQyu 'kCn dk iz;ksx pj jkf'k;ksa vkSj la[;kvksa vFkok fLFkj jkf'k;ksa }kjk la;qDr
:i ls cus fo'ys"k.kkRed O;atdks osQ fy, fd;k x;k gSA



vè;k; 3

f=kdks.kferh; iQyu
(Trigonometric Functions)

vA mathematician knows how to solve a problem, he can not solve it. – Milne v

3.1 Hkwfedk (Introduction)
'kCn ^fVªxksuksesVªh* dh O;qRifÙk xzhd 'kCnksa ^fVªxksu* rFkk ^esVªksu* ls gqbZ gS rFkk bldk vFkZ ^f=kHkqt dh
Hkqtkvksa dks ekiuk* gksrk gSA bl fo"k; dk fodkl ewyr% f=kHkqtksa ls lacaf/r T;kferh; leL;kvksa dks
gy djus osQ fy, fd;k x;k FkkA bldk vè;;u leqnzh ;k=kkvksa osQ dIrkuksa] losZ;jksa] ftUgsa u,
Hkw&Hkkxksa dk fp=k rS;kj djuk gksrk Fkk rFkk vfHk;arkvksa vkfn osQ }kjk fd;k x;kA orZeku esa bldk
mi;ksx cgqr lkjs {ks=kksa tSls foKku] Hkwdai 'kkL=k] fo|qr ifjiFk (lfoZQV) osQ fMtkbu rS;kj djus] v.kq
dh voLFkk dk o.kZu djus] leqnz esa vkusokys Tokj dh Å¡pkbZ osQ fo"k; esa iwokZuqeku yxkus esa]
lkaxhfrd y; (Vksu) dk fo'ys"k.k djus rFkk vU; nwljs {ks=kksa esa gksrk gSA



Arya Bhatt

(476-550 B.C.)

fiNyh d{kkvksa esa geus U;wu dks.kksa osQ f=kdks.kferh; vuqikr osQ fo"k; esa vè;;u fd;k gS] ftls
ledks.kh; f=kHkqtksa dh Hkqtkvksa osQ vuqikr osQ :i esa crk;k x;k gSA geus f=kdks.kferh; loZlfedkvksa
rFkk muosQ f=kdks.kferh; vuqikrksa osQ vuqiz;ksxksa dks Å¡pkbZ rFkk nwjh osQ iz'uksa dks gy djus esa fd;k
gSA bl vè;k; esa] ge f=kdks.kferh; vuqikrksa osQ laca/ksa dk f=kdks.kferh; iQyuksa osQ :i esa
O;kidhdj.k djsaxs rFkk muosQ xq.k/eks± dk vè;;u djsaxsA

3.2 dks.k (Angles)
,d dks.k og eki gsS tks ,d fdj.k osQ mlosQ izkjafHkd fcanq osQ ifjr% ?kweus ij curk gSA fdj.k osQ
?kw.kZu dh ewy fLFkfr dks izkjafHkd Hkqtk rFkk ?kw.kZu osQ vafre fLFkfr dks dks.k dh vafre Hkqtk dgrs
gSaA ?kw.kZu fcanq dks 'kh"kZ dgrs gSaA ;fn ?kw.kZu okekoÙkZ gS rks dks.k /ukRed rFkk ;fn ?kw.kZu nf{k.kkoÙkZ
gS rks dks.k ½.kkRed dgykrk gS (vko`QfÙk 3-1)A fdlh dks.k dk eki] ?kw.kZu (?kqeko) dh og ek=kk
gS tks Hkqtk dks izkjafHkd fLFkfr ls vafre fLFkfr rd ?kqekus ij izkIr gksrk gSA dks.k dks ekius osQ fy,
vusd bdkb;k¡ gSaA dks.k dh ifjHkk"kk bldh bdkbZ dk laosQr nsrh gS] mnkgj.k osQ fy, izkjafHkd js[kk
dh fLFkfr ls ,d iw.kZ ?kqeko dks dksa.k dh ,d bdkbZ fy;k tk ldrk gS tSlk] vko`Qfr 3-2 esa n'kkZ;k
x;k gSA



vko`Qfr 3-1

vko`Qfr 3-2

;g loZnk cM+s dks.kksa osQ fy, lqfo/ktud gSA mnkgj.kr% ,d ?kwers gq, ifg;s osQ ?kqeko esa cuk, x,
dks.k osQ fo"k; esa dg ldrs gSa fd ;g 15 ifjØek izfr lsdaM gSA ge dks.k osQ ekius dh nks vU;
bdkb;ksa osQ fo"k; esa crk,¡xs ftudk lkekU;r% iz;ksx fd;k tkrk gS] ;s fMxzh eki rFkk jsfM;u eki gSaA

3.2.1 fMxzh eki (Degree measure) ;fn izkjafHkd Hkqtk ls vafre Hkqtk dk ?kqeko ,d iw.kZ
ifjØe.k dk (

)ok¡ Hkkx gks rks ge dks.k dk eki ,d fMxzh dgrs gSa] bls 1° ls fy[krs gSaA ,d fMxzh dks feuV esa
rFkk ,d feuV dks lsdaM esa foHkkftr fd;k tkrk gSA ,d fMxzh dk lkBok¡ Hkkx ,d feuV dgykrk
gS] bls 1′ ls fy[krs gSa rFkk ,d feuV dk lkBok¡ Hkkx ,d lsdaM dgykrk gS] bls 1′′ ls fy[krs gSaA
vFkkZr~ 1° = 60′, 1′ = 60″

oqQN dks.k ftudk eki 360°] 180°] 270°] 420°] – 30°] – 420° gS mUgsa vko`Qfr 3-3 esa n'kkZ;k
x;k gSA



3.2.2 jsfM;u eki (Radian measure) dks.k dks ekius osQ fy, ,d nwljh bdkbZ Hkh gS] ftls
jsfM;u eki dgrs gSaA bdkbZ o`Ùk (o`Ùk dh f=kT;k ,d bdkbZ gks) osQ osaQnz ij ,d bdkbZ yackbZ osQ
pki }kjk cus dks.k dks ,d jsfM;u eki dgrs gSaA vko`Qfr 3-4 (i)&(iv) esa] OA izkjafHkd Hkqtk gS rFkk
OB vafre Hkqtk gSA vko`Qfr;ksa esa dks.k fn[kk, x, gSa ftuosQ eki
1 jsfM;u] –1 jsfM;u]

jsfM;u rFkk

jsfM;u gSaA



(i)

(ii)

(iii)



(iv)

vko`Qfr 3-4 (i) – (iv)

ge tkurs gSa fd bdkbZ f=kT;k osQ o`Ùk dh ifjf/ 2π gksrh gSA vr% izkjafHkd Hkqtk dh ,d iw.kZ
ifjØek osaQnz ij 2π jsfM;u dk dks.k varfjr djrh gSA

;g loZfofnr gS fd r f=kT;k okys ,d o`Ùk esa] r yackbZ dk pki osaQnz ij ,d jsfM;u dk dks.k
varfjr djrk gSA ge tkurs gSa fd o`Ùk osQ leku pki osaQnz ij leku dks.k varfjr djrs gSaA pwafd r

f=kT;k osQ o`Ùk esa r yackbZ dk pki osaQnz ij ,d jsfM;u dk dks.k varfjr djrk gS] blfy, l yackbZ
dk pki osaQnz ij

jsfM;u dk dks.k varfjr djsxkA vr% ;fn ,d o`Ùk] ftldh f=kT;k r gS] pki dh yackbZ l rFkk osaQnz
ij varfjr dks.k θ jsfM;u gS] rks ge ikrs gSa fd θ =

;k l = r θ.

3.2.3 jsfM;u rFkk okLrfod la[;kvksa osQ eè; laca/ (Relation between radian and real

numbers) ekuk fd bdkbZ o`Ùk oQk osaQnz] O ij gSa rFkk o`Ùk ij oQksbZ fcanq A gSA ekuk oQks.k dh
izkjafHkoQ Hkqtk OA gS] rks o`Ùk osQ pki dh yackbZ ls o`Ùk osQ osaQnz ij pki }kjk varfjr dks.k dh eki
jsfM;u esa izkIr gksrh gSA eku yhft, o`Ùk osQ fcanq A ij Li'kZ js[kk PAQ gSA ekuk fcanq A okLrfod



la[;k 'kwU; iznf'kZr djrk gS] AP /ukRed okLrfod la[;k n'kkZrk gS rFkk AQ Í.kkRed okLrfod
la[;k n'kkZrk gS (vko`QfÙk 3-5)A ;fn ge o`Ùk dh vksj js[kk AP dks ?kM+h dh foijhr fn'kk esa ?kqekus
ij rFkk js[kk AQ dks ?kM+h dh fn'kk esa ?kqek,¡ rks izR;sd okLrfod la[;k osQ laxr jsfM;u eki gksxk
rFkk foykser%A bl izdkj jsfM;u eki rFkk okLrfod la[;kvksa dks ,d rFkk leku eku ldrs gSaA

vko`Qfr 3-5

3.2.4 fMxzh rFkk jsfM;u osQ eè; laca/ (Relation between degree and radian) D;ksafd o`Ùk]
osaQnz ij ,d dks.k cukrk gS ftldh eki 2π jsfM;u gS rFkk ;g 360° fMxzh eki gS] blfy, 2π
jsfM;u ¾ 360° ;k π jsfM;u ¾ 180°

mi;qZDr laca/ gesa jsfM;u eki dks fMxzh eki rFkk fMxzh eki dks jsfM;u eki esa O;Dr djrs gSaA π
dk fudVre eku

dk mi;ksx djosQ] ge ikrs gSa fd



1 jsfM;u ¾

¾ 57°16′ fudVre

iqu% 1° ¾

jsfM;u ¾ 0.01746 jsfM;u (fudVre)

dqN lkekU; dks.kksa osQ fMxzh eki rFkk jsfM;u eki osQ laca/ fuEufyf[kr lkj.kh esa fn, x, gSa%

fMxzh 30° 45° 60° 90° 180° 270° 360°

jsfM;u π/ 6 π/ 4 π/ 3 π/ 2 π 3π/ 2 2π

lkaosQfrd izpyu

pw¡fd dks.kksa dh eki ;k rks fMxzh esa ;k jsfM;u esa gksrh gS] vr% izpfyr ifjikVh osQ vuqlkj tc ge
dks.k θ° fy[krs gSa] ge le>rs gSa fd dks.k dk eki θ fMxzh gS rFkk tc ge dks.k β fy[krs gSa] ge
le>rs gSa fd dks.k dk eki β jsfM;u gSSA

è;ku nhft, tc dks.k dks jsfM;u eki esa O;Dr djrs gSa] rks izk;% jsfM;u fy[kuk NksM+ nsrs gSa vFkkZr~

dks bl fopkj dks è;ku esa j[kdj fy[krs gSa fd π rFkk

dh eki jsfM;u gSA vr% ge dg ldrs gSa fd



jsfM;u eki =(π/ 180)

fMxzh eki

fMxzh eki = (180 / π)

jsfM;u eki

mnkgj.k 1 & 40° 20′ dks jsfM;u eki esa cnfy,A

gy ge tkurs gSa fd 180° = π jsfM;u

blfy,] 40° 20′ = 40

fMxzh = (π/180)

jsfM;u =

jsfM;u

blfy, 40° 20′ =

jsfM;u

mnkgj.k 2 &6 jsfM;u dks fMxzh eki esa cnfy,A



gy ge tkurs gSa fd π jsfM;u = 180°

blfy, 6 jsfM;u =

6 fMxzh =

fMxzh

= 343

fMxzh = 343° +

feuV [D;ksafd 1° = 60′]

= 343° + 38′ +

feuV [D;ksafd 1′ = 60″]

= 343° + 38′ + 10.9″ = 343°38′ 11″ fudVre blfy, 6 jsfM;u = 343° 38′ 11″ fudVre

mnkgj.k 3 &ml o`Ùk dh f=kT;k Kkr dhft, ftlesa 60° dk osQanzh; dks.k ifjf/ ij 37-4 lseh
yackbZ dk pki dkVrk gS (

dk iz;ksx djsa)A



gy ;gk¡ l = 37-4 lseh rFkk θ = 60° =

jsfM;u

vr% r =

] ls ge ikrs gSa

r =

= 35-7 lseh

mnkgj.k 4 &,d ?kM+h esa feuV dh lqbZ 1.5 lseh yach gSA bldh uksd 40 feuV esa fdruh nwj tk
ldrh gSa (π = 3-14 dk iz;ksx djsa)\

gy 60 feuV esa ?kM+h dh feuV okyh lqbZ ,d ifjØe.k iw.kZ djrh gS] vr% 40 feuV esa feuV dh
lqbZ ,d ifjØe.k dk

Hkkx iwjk djrh gSA blfy,

θ= (2/3)x360 ;k

jsfM;u



vr% r; dh xbZ okafNr nwjh

l = r θ = 1.5

lseh = 2π lseh = 2

3.14 lseh = 6.28 lseh

mnkgj.k 5 &;fn nks o`Ùkksa osQ pkiksa dh yackbZ leku gks vkSj os vius osQanz ij Øe'k% 65° rFkk 110°

dk dks.k cukrs gSa] rks mudh f=kT;kvksa dk vuqikr Kkr dhft,A

gy ekuk nks o`Ùkksa dh f=kT;k,¡ Øe'k% r  rFkk r  gSa rks

θ  = 65° =

=

jsfM;u

rFkk θ  = 110° =

=

jsfM;u

ekuk fd izR;sd pki dh yackbZ l gS] rks l = r θ  = r θ , ftlls

1 2

1

2

1 1 2 2



r  =

r  , vFkkZr~~]

=

blfy, r1 : r2 = 22 : 13.

iz'ukoyh 3.1
1. fuEufyf[kr fMxzh eki osQ laxr jsfM;u eki Kkr dhft,%

(i) 25° (ii) – 47°30′ (iii) 240° (iv) 520°

2. fuEufyf[kr jsfM;u eki osQ laxr fMxzh eki Kkr dhft, (

dk iz;ksx djsa)%

(i)

(ii) – 4 (iii)

1

2



(iv)

3. ,d ifg;k ,d feuV esa 360° ifjØe.k djrk gS rks ,d lsdaM esa fdrus jsfM;u eki dk dks.k
cuk,xk\

4. ,d o`Ùk] ftldh f=kT;k 100 lseh gS] dh 22 lseh yackbZ dh pki o`Ùk osQ osaQnz ij fdrus fMxzh
eki dk dks.k cuk,xh (

dk iz;ksx dhft,)A

5. ,d o`Ùk] ftldk O;kl 40 lseh gS] dh ,d thok 20 lseh yackbZ dh gS rks blosQ laxr NksVs pki
dh yackbZ Kkr dhft,A

6. ;fn nks o`Ùkksa osQ leku yackbZ okys pki vius osaQnzksa ij Øe'k% 60° rFkk 75° osQ dks.k cukrs gksa]
rks mudh f=kT;kvksa dk vuqikr Kkr dhft,A

7. 75 lseh yackbZ okys ,d nksyk;eku nksyd dk ,d fljs ls nwljs fljs rd nksyu djus ls tks dks.k
curk gS] mldk eki jsfM;u esa Kkr dhft,] tcfd mlosQ uksd }kjk cuk, x, pki dh yackbZ
fuEufyf[kr gSa%

(i) 10 lseh

(ii) 15 lseh

(iii) 21 lseh

3.3 f=kdks.kferh; iQyu (Trigonometric Function)
iwoZ d{kkvksa esa] geus U;wu dks.kksa osQ f=kdks.kferh; vuqikrksa dks ledks.k f=kHkqt dh Hkqtkvksa osQ :i esa
vè;;u fd;k gSA vc ge fdlh dks.k osQ f=kdks.kferh; vuqikr dh ifjHkk"kk dks jsfM;u eki osQ inksa
esa rFkk f=kdks.kferh; iQyu osQ :i esa vè;;u djsaxsA



vko`Qfr 3-6

eku yhft, fd ,d bdkbZ o`Ùk] ftldk osaQnz funsZ'kkad v{kksa dk ewy fcanq gksA ekuk fd P (a, b) o`Ùk
ij dksbZ fcanq gS rFkk dks.k AOP = x jsfM;u vFkkZr~ pki dh yackbZ AP = x (vko`Qfr 3-6) gSA ge
ifjHkkf"kr djrs gSa%

cos x = a rFkk sin x = b

pw¡fd ∆OMP ledks.k f=kHkqt gS] ge ikrs gSa]

OM  + MP  = OP  ; ;k a  + b  = 1

bl izdkj bdkbZ o`Ùk ij izR;sd fcanq osQ fy,] ge ikrs gSa fd

a  + b  = 1 ;k cos  x + sin  x = 1

D;ksafd ,d iw.kZ ifjØek (?kw.kZu) }kjk o`Ùk osQ osQanz ij 2π jsfM;u dk dks.k varfjr gksrk gS] blfy,
∠ AOB =

2 2 2 2 2

2 2 2 2



, ∠ AOC = π RkFkk ∠ AOD =

A

osQ izkar xq.kt okys lHkh dks.kksa dks prqFkk±'kh; dks.k ;k o`Ùkiknh; dks.k (quadrantal angles)

dgrs gSaA

fcanqvksa A, B, C rFkk D osQ funsZ'kkad Øe'k% (1, 0), (0, 1), (–1, 0) rFkk (0, –1) gSa]

blfy, prqFkk±'kh; dks.kksa osQ fy, ge ikrs gSa]

cos 0° = 1 sin 0° = 0

cos

= 0 sin

= 1

cosπ = − 1 sinπ = 0

cos

= 0 sin

= –1



cos 2π = 1 sin 2π = 0

vc] ;fn ge fcanq P ls ,d iw.kZ ifjØek ysrs gSa] rks ge mlh fcanq P ij igq¡prs gSaA bl izdkj ge
ns[krs gSa fd ;fn x, 2π osQ iw.kkZad xq.kt esa c<+rs (;k ?kVrs) gSa] rks f=kdks.kferh; iQyuksa osQ ekuksa esa
dksbZ ifjorZu ugha gksrk gSA

bl izdkj sin (2nπ + x) = sin

, n ∈ Z

cos (2nπ + x) = cos

, n ∈ Z

iqu% sin x = 0, ;fn x = 0, ± π, ± 2π , ± 3π, ...vFkkZr~ x, π dk iw.kkZad xq.kt gSA

rFkk cos x = 0, ;fn

= ±

, ±

, ±

, ... vFkkZr~ cos x = 0,tc x,

dk fo"ke xq.kt gSA bl izdkj

sin x = 0 ls izkIr gksrk gS fd x = nπ, tgk¡ n dksbZ iw.kkZad gSA



cos x = 0 ls izkIr gksrk gS fd x = (2n + 1)

, tgk¡ n dksbZ iw.kkZad gSA

vc ge vU; f=kdks.kferh; iQyuksa dks sine rFkk cosine osQ inksa esa ifjHkkf"kr djrs gSa%

cosec x =

, x ≠ nπ, tgk¡ n dksbZ iw.kkZad gSs

sec x =

, x ≠ (2n + 1)

, tgk¡ n dksbZ iw.kkZad gSA

tan x =

, x ≠ (2n +1)

, tgk¡ n dksbZ iw.kkZad gSA

cot x =



, x ≠ n π, tgk¡ n dksbZ iw.kkZad gSA

ge lHkh okLrfod x osQ fy, ns[krs gSa fd sin  x + cos  x = 1

bl izdkj 1 + tan  x = sec  x (D;ksa\)

1 + cot  x = cosec  x (D;ksa\)

iwoZ d{kkvksa esa] ge 0°, 30°, 45°, 60° rFkk 90° osQ f=kdks.kferh; vuqikrksa osQ ekuksa dh ppkZ dj
pqosQ gSaA bu dks.kksa osQ f=kdks.kferh; iQyuksa osQ eku ogh gSa tks fiNyh d{kkvksa esa i<+ pqosQ
f=kdks.kferh; vuqikrksa osQ gSaA bl izdkj] ge fuEufyf[kr lkj.kh ikrs gSa%

0° π/6 π/4 π/3 π/2 π 3π/2

sin 0 1 0 – 1

cos 1 0 – 1 0

tan 0 1 0

cosec x, sec x rFkk cot x dk eku Øe'k% sin x, cos x rFkk tan x osQ eku ls mYVk (foykse) gSA

3-3-1 f=kdks.kferh; iQyuksa osQ fpÉ (Signs of trigonometric functions) ekuk fd bdkbZ o`Ùk
ij P (a, b) dksbZ fcanq gSa] ftldk osQanz ewy fcanq gSa] rFkk ∠ AOP = x, ;fn ∠ AOQ = – x, rks fcanq
Q osQ funsZ'kkad (a, – b) gksaxs (vko`Qfr 3-7)A blfy, cos (– x) = cos x rFkk sin (– x) = – sin x pw¡fd
bdkbZ o`Ùk osQ izR;sd fcanq P (a, b) osQ fy, – 1 ≤ a ≤ 1 rFkk – 1 ≤ b ≤ 1, vr%] ge x osQ lHkh ekuksa
osQ fy, – 1 ≤ cos x ≤ 1 rFkk –1 ≤ sin x ≤ 1, ikrs gSaA fiNyh d{kkvksa ls gedks Kkr gS fd izFke
prqFkk±'k (0 < x <

2 2

2 2

2 2



) esa a rFkk b nksuksa /ukRed gSa] nwljs prqFkk±'k (

< x <π) esa a ½.kkRed rFkk b /ukRed gSa] rhljs prqFkk±'k (π < x <

) esa a rFkk b nksuksa ½.kkRed gSa] rFkk prqFkZ prqFkk±'k (

< x < 2π) esa a /ukRed rFkk b ½.kkRed gSA blfy, 0 < x < π osQ fy, sin x /ukRed rFkk π < x

< 2π osQ fy, ½.kkRed gksrk gSA blh izdkj] 0 < x <

osQ fy, cos x /ukRed]

< x <

osQ fy, ½.kkRed rFkk

< x < 2π osQ fy, /ukRed gksrk gSA blh izdkj] ge vU; f=kdks.kferh; iQyuksa osQ fpÉ fofHkUu
prqFkk±'kksa esa Kkr dj ldrs gSaA blosQ fy, gekjs ikl fuEufyf[kr lkj.kh gS%

I II III



sin x + + –

cos x + – –

tan x + + +

cosec x + – –

sec x + – –

cot x + – +

3.3.2 f=kdks.kferh; iQyuksa dk izkar rFkk ifjlj (Domain and range of trigonometric

functions) sine rFkk cosine iQyuksa dh ifjHkk"kk ls] ge ;g ikrs gSa fd os lHkh okLrfod
la[;kvksa osQ fy, ifjHkkf"kr gSaA iqu%] ge ;g Hkh ikrs gSa fd izR;sd okLrfod la[;k x osQ fy,]

– 1 ≤ sin x ≤ 1 rFkk – 1 ≤ cos x ≤ 1

vr% y = sin x rFkk y = cos x dk izkar lHkh okLrfod la[;kvksa dk leqPp; gS rFkk ifjlj varjky
[–1, 1], vFkkZr~] – 1 ≤ y ≤ 1 gSA

pw¡fd] cosec x =

, y = cosec x dk izkar] leqPp; { x : x ∈ R rFkk x ≠ n π, n ∈ Z} rFkk ifjlj leqPp; {y : y ∈

R, y ≥ 1 ;k y ≤ – 1} gSA blh izdkj] y = secx dk izkar] leqPp; {x : x ∈ R rFkk x ≠ (2n + 1)

, n ∈ Z} rFkk] ifjlj] leqPp; {y : y ∈ R, y ≤ – 1 ;k y ≥ 1} gSA y = tan x dk izkar] leqPp; {x : x

∈ R rFkk x ≠ (2n + 1)



, n ∈ Z} rFkk ifjlj lHkh okLrfod la[;kvksa dk leqPp; gSA y = cot x dk izkar] leqPp; {x : x ∈

R rFkk x ≠ n π, n ∈ Z}] ifjlj lHkh okLrfod la[;kvksa dk leqPp; gSA

ge ns[krs gSa fd izFke prqFkk±'k esa] tc x, 0 ls

dh vksj c<+rk gS] rks sin x Hkh 0 ls 1 dh vksj c<+rk gS] nwljs prqFkk±'k esa tc x,

ls π dh vksj c<+rk gS rks sin x, 1 ls 0 dh vksj ?kVrk gSA rhljs prqFkk±'k esa tc x, π ls

dh vksj c<+rk gS rks sin x, 0 ls –1 dh vksj ?kVrk gS rFkk var esa dks.k

ls 2π dh vksj c<+rk gS rks sin x, –1 ls 0 dh vksj c<+rk tkrk gSA blh izdkj ge vU;
f=kdks.kferh; iQyuksa osQ fo"k; esa fopkj dj ldrs gSaA oLrqr% gekjs ikl fuEufyf[kr lkj.kh gS%



fVIi.kh mi;qZDr lkj.kh esa] ;g dFku fd varjky 0 < x <

esa tan x dk eku 0 ls ∞ (vuar) rd c<+rk gS dk vFkZ gS fd tSls&tSls x dk eku

dh vksj c<+rk gS oSls&oSls tan x dk eku cgqr vf/d gks tkrk gSA blh izdkj] tc ge ;g dg
ldrs gSa fd prqFkZ prqFkk±'k esa cosec x dk eku –1 ls – ∞ (½.kkRed vuar) rd esa ?kVrk gS rks
bldk vFkZ gS fd tc x ∈ (

, 2π) rc tSls&tSls x,2π dh vksj vxzlj gksrk gS] cosec x cgqr vf/d ½.kkRed eku ysrk gSA
lk/kj.kr% fpÉ ∞ rFkk – ∞ iQyuksa rFkk pjksa osQ fo'ks"k izdkj osQ O;ogkj dks crkrs gSaA

geus ns[kk fd sin x rFkk cos x osQ ekuksa dk varjky 2π osQ i'pkr~ iqujko`fÙk gksrh gSA tSls] cosec
x rFkk sec x osQ ekuksa dh Hkh varjky 2π osQ ckn iqujko`fÙk gksrh gSA ge vxys vuqPNsn esa tan (π +

x) = tan x ns[krs gSaA tSls] tan x osQ ekuksa esa varjky π osQ i'pkr~ iqujko`fÙk gksrh gS] D;ksafd cot x,

tan x dk iwjd gS] blosQ ekuks esa Hkh varjky π osQ i'pkr~ iqujko`fÙk gksrh gSA f=kdks.kferh; iQyuksa esa
bl Kku (xq.k/eZ) rFkk O;ogkj dk mi;ksx djus ij] ge iQyuksa dk vkys[k [khap ldrs gSaA bu
iQyuksa dk vkys[k uhps fn, x, gSa%

vko`Qfr 3-8



vko`Qfr 3-9

vko`Qfr 3-10



vko`Qfr 3-11

vko`Qfr 3-12



vko`Qfr 3-13

mnkgj.k 6 ;fn cos x = –

gks vkSj x r`rh; prqFkk±'k esa fLFkr gS] rks vU; ik¡p f=kdks.kferh; iQyuksa osQ ekuksa dks Kkr dhft,A

gy D;ksafd cos x = –

, ge ikrs gSa fd sec x =

vc sin  x + cos  x = 1 ;k sin  x = 1 – cos  x

;k sin  x = 1 –

2 2 2 2

2



=

vr% sin x = ±

pw¡fd x r`rh; prqFkk±'k esa gS] rks sin x dk eku ½.kkRed gksxkA blfy,

sin x = –

blls ;g Hkh izkIr gksrk gS fd

cosec x = –

iqu%] ge ikrs gSa

tan x =

=

rFkk cot x =

=



mnkgj.k 7 ;fn cot x = –

gks vkSj x f}rh; prqFkk±'k esa fLFkr gSa] rks vU; ik¡p f=kdks.kferh; iQyuksa dks Kkr dhft,A

gy D;ksafd cot x = –

, ge ikrs gSa tan x = –

vc sec  x = 1 + tan  x = 1 +

=

vr% sec x = ±

pw¡fd x f}rh; prqFkk±'k esa fLFkr gS] sec x dk eku ½.kkRed gksxkA blfy,

sec x = –

2 2



blls ;g Hkh izkIr gksrk gS fd

iqu% ge ikrs gSa

sin x = tan x cos x = (–

)

(–

) =

rFkk cosec x =

=

mnkgj.k 8 sin



dk eku Kkr dhft,A

gy ge tkurs gSa fd sin x osQ ekuksa esa varjky 2π osQ i'pkr~ iqujko`fÙk gksrh gSA blfy,

sin

= sin (10π +

) = sin

=

.

mnkgj.k 9 cos (–1710°) dk eku Kkr dhft,A

gy ge tkurs gSa fd cos x osQ ekuksa esa varjky 2π ;k 360° osQ i'pkr~ iqujko`fÙk gksrh gSA blfy,
cos (–1710°) = cos (–1710° + 5

360°)

= cos (–1710° + 1800°) = cos 90° = 0

iz'ukoyh 3-2
fuEufyf[kr iz'uksa esa ik¡p vU; f=kdks.kferh; iQyuksa dk eku Kkr dhft,%



1. cos x = –

, x rhljs prqFkk±'k esa fLFkr gSA

2. sin x =

, x nwljs prqFkk±'k esa fLFkr gSA

3. cot x =

, x r`rh; prqFkk±'k esa fLFkr gSA

4. sec x =

, x prqFkZ prqFkk±'k esa fLFkr gSA

5. tan x = –

, x nwljs prqFkk±'k esa fLFkr gSA

iz'u la[;k 6 ls 10 osQ eku Kkr dhft,%

6. sin 765°

7. cosec (– 1410°)

8. tan



9. sin (–

)

10. cot (–

)

3.4 nks dks.kksa osQ ;ksx vkSj varj dk f=kdks.kferh; iQyu
(Trigonometric Functions of Sum and Difference of two
Angles)
bl Hkkx esa ge nks la[;kvksa (dks.kksa) osQ ;ksx ,oa varj osQ fy, f=kdks.kferh; iQyuksa rFkk muls
lacaf/r O;atdksa dks O;qRiUu djsaxsA bl laca/ esa bu ewy ifj.kkeksa dks ge f=kdks.kferh; loZlfedk,¡
dgsaxsA ge ns[krs gSa fd

1. sin (– x) = – sin x

2. cos (– x) = cos x

vc ge oqQN vkSj ifj.kke fl¼ djsaxs%

3. cos (x + y) = cos x cos y – sin x sin y

bdkbZ o`Ùk ij fopkj dhft,] ftldk osQanz ewy fcanq ij gksA ekuk fd dks.k P OP , x rFkk dks.k
P OP , y gSa rks dks.k P OP , (x + y) gksxkA iqu% ekuk dks.k P OP , (– y) gSaA vr% P , P , P

rFkk P  osQ funsZ'kkad P (cos x, sin x), P  [cos (x + y), sin (x + y)], P  [cos (– y), sin (– y)] vkSj
P  (1, 0) gksaxs (vko`Qfr 3-14)A

4 1

1 2 4 2 4 3 1 2 3

4 1 2 3

4



vko`Qfr 3-14

f=kHkqtksa P OP  rFkk P OP  ij fopkj dhft,A os lok±xkle gSa (D;ksa)A blfy, P P  vkSj P P

cjkcj gSaA nwjh lw=k dk mi;ksx djus ij

P P  = [cos x – cos (– y)]  + [sin x – sin(–y)]

= (cos x – cos y)  + (sin x + sin y)

= cos x + cos  y – 2 cos x cos y + sin  x + sin  y + 2sin x sin y

= 2 – 2 (cos x cos y – sin x sin y) (D;ksa?)

iqu% P P  = [1 – cos (x + y)]  + [0 – sin (x + y)]

= 1 – 2cos (x + y) + cos2 (x + y) + sin2 (x + y)

1 3 2 4 1 3 2 4

1 32 2 2

2 2

2 2 2 2

2 42 2 2



= 2 – 2 cos (x + y)

D;ksafd P P  = P P , ge ikrs gSa_ P P  = P P

blfy,, 2 –2 (cos x cos y – sin x sin y) = 2 – 2 cos (x + y)

vr% cos (x + y) = cos x cos y – sin x sin y

4. cos (x – y) = cos x cos y + sin x sin y

loZlfedk 3 esa y osQ LFkku ij – y j[kus ij

cos (x + (– y)) = cos x cos (– y) – sin x sin (– y)

;k cos (x – y) = cos x cos y + sin x sin y

5. cos (

) = sin x

loZlfedk 4 esa x osQ LFkku ij

rFkk y osQ LFkku ij x j[kus ij ge ikrs gSa

cos (

) = cos

cos x + sin

1 3 2 4 1 32 2 42



sin x = sin x

6. sin (

) = cos x

loZlfedk 5 dk mi;ksx djus ij ge ikrs gSa

sin (

) = cos

= cos x.

7. sin (x + y) = sin x cos y + cos x sin y

ge tkurs gSa fd sin (x + y) = cos

= cos

= cos (

) cos y + sin



sin y

= sin x cos y + cos x sin y

8. sin (x – y) = sin x cos y – cos x sin y

;fn ge loZlfedk 7 esa y osQ LFkku ij – y j[ksa rks mijksDr ifj.kke ikrs gSaA

9. x vkSj y osQ mi;qZDr ekuksa dks loZlfedkvksa 3] 4] 7 vkSj 8 esa j[kus ij ge fuEufyf[kr ifj.kke
fudky ldrs gSa%

cos

= – sin x sin

= cos x

cos (π – x) = – cos x sin (π – x) = sin x

cos (π + x) = – cos x sin (π + x) = – sin x

cos (2π – x) = cos x sin (2π – x) = – sin x

blh izdkj osQ laxr ifj.kke tan x, cot x, sec x ,oa cosec x osQ fy, sin x vkSj cos x osQ
iQyuksa osQ ifj.kkeksa ls vklkuh ls fudkys tk ldrs gSaA

10. ;fn x,y vkSj (x + y) esa ls dksbZ

dk fo"ke xq.kkad ugha gSa rks]



tan (x + y) =

D;ksafd x, y rFkk (x + y) esa ls dksbZ

dk fo"ke xq.kkad ugha gSa] blfy, cos x,

cos y rFkk cos (x + y) 'kwU; ugha gSaA vc

tan (x + y) =

=

va'k vkSj gj esa cos x cos y, ls foHkkftr djus ij ge ikrs gSaA

tan (x + y) =

=

11. tan ( x – y) =



;fn loZlfedk 10 esa y osQ LFkku ij – y j[kus ij] ge ikrs gSa

tan (x – y) = tan [x + (– y)]

=

=

12. ;fn x, y rFkk (x + y) esa ls dksbZ Hkh dks.k π, dk xq.kkad ugha gSa] rks

cot ( x + y) =

D;ksafd x, y rFkk (x + y) dks.kksa esa ls dksbZ Hkh π, dk xq.kkad ugha gSa] blfy, sin x, sin y rFkk sin (x

+ y) 'kwU; ugha gSaA vc

cot ( x + y) =

va'k vkSj gj dks sin x sin y, ls foHkkftr djus ij] ge ikrs gSa

cot (x + y) =



13. cot (x – y) =

;fn loZlfedk 12 esa y osQ LFkku ij – y j[krs gSa rks ge mijksDr ifj.kke ikrs gSaA

14. cos 2x = cos x – sin  x = 2 cos  x – 1 = 1 – 2 sin  x =

ge tkurs gSa fd

cos (x + y) = cos x cos y – sin x sin y

y osQ LFkku ij x, j[ksa rks] ge ikrs gSa

cos 2x = cos x – sin  x

= cos  x – (1 – cos  x) = 2 cos x – 1

iqu% cos 2x = cos  x – sin  x

= 1 – sin  x – sin  x = 1 – 2 sin  x.

vr% ge ikrs gSa cos 2x = cos x – sin x =

va'k vkSj gj dks cos x ls foHkkftr djus ij] ge ikrs gSa

cos 2x =

15. sin 2x = 2 sinx cos x =

2 2 2 2

2 2

2 2 2

2 2

2 2 2

2 2

2



ge tkurs gSa fd

sin (x + y) = sin x cos y + cos x sin y

y osQ LFkku ij x j[kus ij] ge ikrs gSa%

sin 2x = 2 sin x cos x.

iqu% sin 2x =

izR;sd in dks cos x ls foHkkftr djus ij] ge ikrs gSa%
sin 2x =

16. tan 2x =

ge tkurs gSa fd

tan (x + y) =

y osQ LFkku ij x j[kus ij] ge ikrs gSa]

2



17. sin x = 3 sin x – 4 sin  x

ge ikrs gSa]

sin 3x = sin (2x + x)

= sin 2x cos x + cos 2x sin x

= 2 sin x cos x cos x + (1 – 2sin2 x) sin x

= 2 sin x (1 – sin  x) + sin x – 2 sin  x

= 2 sin x – 2 sin  x + sin x – 2 sin  x

= 3 sin x – 4 sin  x

18. cos x = 4 cos  x – 3 cos x

ge ikrs gSa]

cos 3x = cos (2x +x)

= cos 2x cos x – sin 2x sin x

= (2cos x – 1) cos x – 2sin x cos x sin x

= (2cos x – 1) cos x – 2cos x (1 – cos x)

= 2cos x – cos x – 2cos x + 2 cos  x

= 4cos x – 3cos x

19.

ge ikrs gSa] tan 3x = tan (2x + x)

=

3 3

2 3

3 3

3

3 3

2

2 2

3 3

3



20. (i) cos x + cos y =

(ii) cos x – cos y = –

(iii) sin x + sin y =

(iv) sin x – sin y =

ge tkurs gSa fd

cos (x + y) = cos x cos y – sin x sin y ... (1)

vkSj cos (x – y) = cos x cos y + sin x sin y ... (2)

(1) vkSj (2) dks tksM+us ,oa ?kVkus ij] ge ikrs gSa]



cos (x + y) + cos(x – y) = 2 cos x cos y ... (3)

vkSj cos (x + y) – cos (x – y) = – 2 sin x sin y ... (4)

vkSj Hkh sin (x + y) = sin x cos y + cos x sin y ... (5)

vkSj sin (x – y) = sin x cos y – cos x sin y ... (6)

(5) vkSj (6) dks tksM+us ,oa ?kVkus ij] ge ikrs gSa]

sin (x + y) + sin (x – y) = 2 sin x cos y ... (7)

sin (x + y) – sin (x – y) = 2cos x sin y ... (8)

ekuk fd x + y = θ rFkk x – y = φ] blfy,

(3), (4), (7) rFkk (8) esa x vkSj y osQ eku j[kus ij] ge ikrs gSa]

cos θ + cos φ = 2 cos

cos θ – cos φ = – 2 sin

sin θ + sin φ = 2 sin

sin θ – sin φ = 2 cos



D;ksafd θ rFkk φ dks dksbZ okLrfod la[;k eku ldrs gSaA ge θ osQ LFkku ij x rFkk φ osQ LFkku
ij y j[kus ij] ge ikrs gSa%

cos x + cos y = 2 cos

; cos x – cos y = – 2 sin

, sin x + sin y = 2 sin

; sin x – sin y = 2 cos

A fVIi.kh  loZlfedk 20 ls ge fuEu ifj.kke ikrs gSa%

21. (i) 2 cos x cos y = cos (x + y) + cos (x – y)

(ii) –2 sin x sin y = cos (x + y) – cos (x – y)

(iii) 2 sin x cos y = sin (x + y) + sin (x – y)

(iv) 2 cos x sin y = sin (x + y) – sin (x – y)

mnkgj.k 10 & fl¼ dhft,%



gy ck;k¡ i{k =

= 3 ×

× 2 – 4 sin

× 1 = 3 – 4 sin

= 3 – 4 ×

= 1 = nk;k¡ i{k

mnkgj.k 11 sin 15° dk eku Kkr dhft,A

gy sin 15° = sin (45° – 30°)

= sin 45° cos 30° – cos 45° sin 30°

=



mnkgj.k 12 tan

dk eku Kkr dhft,A

gy tan

= tan

= tan

=

=

mnkgj.k 13 fl¼ dhft,%



.

gy ge ikrs gSa]

ck;k¡ i{k

va'k vkSj gj dks cos x cos y ls foHkkftr djus ij] ge ikrs gSa]

ck;k¡ i{k =

= nk;k¡ i{k

mnkgj.k 14 fn[kkb,

tan 3 x tan 2 x tan x = tan 3x – tan 2 x – tan x

gy ge tkurs gSa fd 3x = 2x + x

blfy, tan 3x = tan (2x + x)

;k

;k tan 3x – tan 3x tan 2x tan x = tan 2x + tan x

;k tan 3x – tan 2x – tan x = tan 3x tan 2x tan x

;k tan 3x tan 2x tan x = tan 3x – tan 2x – tan x



mnkgj.k 15 fl¼ dhft,%

gy loZlfedk 20(i) dk mi;ksx djus ij] ge ikrs gSa]

ck;k¡ i{k =

=

= 2 cos

cos x = 2 ×

cos x =

cos x = nk;k¡ i{k

mnkgj.k 16 fl¼ dhft,



gy loZlfedkvksa 20(i) rFkk 20(iv) dk mi;ksx djus ij] ge ikrs gSa]

ck;k¡ i{k =

=

= nk;k¡ i{k

mnkgj.k 17 fl¼ dhft,

gy ge ikrs gSa]

ck;k¡ i{k =

=



=

= tan x = nk;k¡ i{k

iz'ukoyh 3.3
fl¼ dhft,%

1. sin

+ cos

– tan

2. 2sin

+ cosec

3.

2

2

2

2

2



4.

5. eku Kkr dhft,%

(i) sin 75° (ii) tan 15°

fuEufyf[kr dks fl¼ dhft,%

6.

7.

8.

9.

10. sin (n + 1)x sin (n + 2)x + cos (n + 1)x cos (n + 2)x = cos x

11.



12. sin 6x – sin 4x = sin2x sin10x 13. cos 2x – cos 6x = sin 4x sin 8x

14. sin2 x + 2 sin 4x + sin 6x = 4 cos  x sin 4x

15. cot 4x (sin 5x + sin 3x) = cot x (sin 5x – sin 3x)

16.

17.

18.

19.

20.

21.

22. cot x cot 2x – cot 2x cot 3x – cot 3x cot x = 1

23.

24. cos 4x = 1 – 8sin  x cos  x

2 2 2 2

2

2 2



25. cos 6x = 32 cos x – 48cos x + 18 cos x – 1

3.5 f=kdks.kferh; lehdj.k (Trigonometric Equations)
,d pj jkf'k esaa f=kdks.kferh; iQyuksa okys lehdj.k dks f=kdks.kferh; lehdj.k dgrs gSaA bl
vuqPNsn esa] ge ,sls lehdj.kksa osQ gy Kkr djsaxsA ge igys i<+ pqosQ gSa fd sin x rFkk cos x osQ
ekuksa esa 2π varjky osQ i'pkr~ iqujko`fÙk gksrh gS rFkk tan

osQ ekuksa esa π varjky osQ i'pkr~ iqujko`fÙk gksrh gSA f=kdks.kferh; lehdj.k osQ ,sls gy tgk¡ 0 ≤
x < 2π gksrk gS] eq[; gy (principal solution) dgykrs gSaA iw.kkZad ‘n’ ls ;qDr O;atd tks fdlh
f=kdks.kferh; lehdj.k osQ lHkh gy O;Dr djrk gS] mls O;kid gy (general solution) dgrs gSaA
ge iw.kkZadksa osQ leqPp; dks ‘Z’ ls iznf'kZr djsaxsA

fuEufyf[kr mnkgj.k f=kdks.kferh; lehdj.kksa dks gy djus esa lgk;d gksaxs%

mnkgj.k 18 & lehdj.k

dk eq[; gy Kkr dhft,A

gy ge tkurs gSa fd

rFkk

blfy,] eq[; gy

rFkk

6 4 2



gSA

mnkgj.k 19 & lehdj.k

dk eq[; gy Kkr dhft,A

gy ge tkurs gSa fd

. bl izdkj]

rFkk

bl izdkj

blfy,] eq[; gy

rFkk



gSaA

vc] ge f=kdks.kferh; lehdj.kksa dk O;kid gy Kkr djsaxsA ge ns[krs gSa fd

sin

= 0 rks

= nπ, tgk¡ n ∈ Z

cos

= 0 rks

= (2n + 1

, tgk¡ n ∈ Z

vc ge fuEu ifj.kke fl¼ djsaxs%

izes; 1 fdUgha okLrfod la[;k,¡ x rFkk y osQ fy,

sin x = sin y lss x = nπ + (–1)n y, tgk¡ n ∈ Z izkIr gksrk gSA

miifÙk ;fn sin x = sin y, rks

sin x – sin y = 0 ;k 2cos

= 0

vFkkZr~ cos



= 0 ;k sin

= 0

blfy,

= (2n + 1

;k

= n π, tgk¡ n ∈ Z

vFkkZr~ x = (2n + 1) π – y ;k x = 2nπ + y tgk¡ n ∈ Z

vr% x = (2n + 1)π + (–1)2n + 1 y ;k x = 2nπ +(–1)2n y, tgk¡ n ∈ Z

mi;qZDr nksuksa ifj.kkeksa dks feykus ij] ge ikrs gSa% x = nπ + (–1)n y tgk¡ n ∈ Z

izes; 2 dksbZ okLrfod la[;k,¡ x rFkk y osQ fy,] cos x = cos y ls x = 2nπ ± y, tgk¡ n ∈ Z

izkIr gksrk gSA

miifÙk ;fn cos x = cos y, rks

cos x – cos y = 0 vFkkZr~ –2 sin

sin



= 0

bl izdkj sin

= 0 ;k sin

= 0

blfy,

= nπ ;k

= nπ, tgk¡ n ∈ Z

vFkkZr~ x = 2nπ – y ;k x = 2nπ + y, tgk¡ n ∈ Z

vr% x = 2nπ ± y, tgk¡ n ∈ Z

izes; 3 fl¼ dhft, fd ;fn x rFkk y dk

fo"ke xq.kt ugha gS rks

tan x = tan y ls x = nπ + y, tgk¡ n ∈ Z izkIr gksrk gSA

miifÙk ;fn tan x = tan y,rks tan x – tan y = 0

;k



;k sin (x – y) = 0 (D;ksa\)

blfy, x – y = nπ vFkkZr~ x = nπ + y, tgk¡ n ∈ Z

mnkgj.k 20 sin

= –

dk gy Kkr dhft,A

gy ge ikrs gSa sin

= –

=

vr% sin x =

blfy,

, tgk¡ n ∈ Z



A fVIi.kh

, x dk ,d ,slk eku gS ftlosQ laxr

gSA x dk dksbZ Hkh vU; eku ysdj lehdj.k gy fd;k tk ldrk gS] ftlosQ fy,

gks] ;g lHkh fof/;ksa ls izkIr gy ,d gh gksaxs ;|fi os izR;{kr% fofHkUu fn[kkbZ iM+ ldrs gSaA

mnkgj.k 21

dks gy dhft,A

gy ge ikrs gSa

blfy,

, tgk¡ n ∈ Z.

mnkgj.k 22



dks gy dhft,A

gy ge ikrs gSa]

=

;k

blfy,

, tgk¡ n ∈ Z

;k

, tgk¡ n ∈ Z

mnkgj.k 23 gy dhft, sin 2x – sin 4x + sin 6x = 0

gy lehdj.k dks fy[k ldrs gSa]



;k

vFkkZr~

blfy, sin 4x = 0 ;k

vFkkZr~

;

vr%

;k

, tgk¡ n ∈ Z

vFkkZr~

, tgk¡ n ∈ Z

mnkgj.k 24 gy dhft, 2 cos  x + 3 sin x = 0

gy lehdj.k dks bl izdkj fy[k ldrs gSa

2



;k

;k

vr% sin x =

;k sin x = 2

ijarq sin x = 2 vlaHko gS (D;ksa\)

blfy, sin x =

=

vr%] gy%

gS, tgk¡ n ∈ Z

iz'ukoyh 3-4
fuEufyf[kr lehdj.kksa dk eq[; rFkk O;kid gy Kkr dhft,%

1.



2. sec x = 2

3.

4. cosec x = – 2

fuEufyf[kr izR;sd lehdj.kksa dk O;kid gy Kkr dhft,%

5. cos 4 x = cos

6. cos 3x + cos

– cos 2x = 0

7. sin 2x + cos

= 0 8. sec  2x = 1– tan 2x

9. sin x + sin 3x + sin 5x = 0

fofo/ mnkgj.k
mnkgj.k 25 ;fn sin x =

, cos y =

gSS] tgk¡ x rFkk y nksuksa f}rh; prqFkk±'k esa fLFkr gksa rks sin (x + y) dk eku Kkr dhft,A

gy ge tkurs gSa fd

sin (x + y) = sin x cos y + cos x sin y ... (1)

vc cos2x= 1 – sin2x = 1 –

2



=

blfy, cos x =

D;ksafd x f}rh; prqFkk±'k esa fLFkr gS] vr% cos x ½.kkRed gSA

vr% cos x =

vc sin y = 1 – cos y = 1 –

vFkkZr~ sin y =

D;ksafd y f}rh; prqFkk±'k esa fLFkr gS] sin y /ukRed gSA blfy, sin y =

gSA sin x, sin y,

=

2 2



mnkgj.k 26 fl¼ dhft,%

gy ge ikrs gSa]

ck;k¡ i{k =

=

=

=

=



=

= nk;k¡ i{k

mnkgj.k 27 tan

dk eku Kkr dhft,A

gy eku yhft,

gks rks

vc

;k

eku yhft, y = tan



rks 1 =

;k y  + 2y – 1 = 0

blfy, y =

D;ksafd

izFke prqFkk±'k esa fLFkr gS] y = tan

/ukRed gSA vr%

mnkgj.k 28 ;fn

, rks sin

, cos

2



rFkk tan

osQ eku Kkr dhft,A

gy D;ksafd

gS blfy, cos

½.kkRed gSA

iqu%

.

blfy, sin

/ukRed gksxk rFkk cos

½.kkRed gksxkA

vc sec x = 1 + tan x =

blfy, cos  x =

2 2

2



;k cos x =

(D;ksa\)

vc

= 1 – cos x =

blfy, sin 2

=

;k sin

=

(D;ksa\)

iqu% 2cos

= 1+ cos

2



=

blfy, cos

=

;k cos

=

(D;ksa\)

vr% tan

=

= – 3

mnkgj.k 29 fl¼ dhft,% cos x + cos

2

2 2



gy ge ikrs gSa]

ck;k¡ i{k =

=

=

=

=

=

= nk;k¡ i{k

vè;k; 3 ij fofo/ iz'ukoyh



fl¼ dhft,%

1.

2. (sin 3x + sin x) sin x + (cos 3x – cos x) cos x = 0

3. (cos x + cos y)  + (sin x – sin y)  = 4 cos

4. (cos

– cos y)  + (sin

– sin y)  = 4 sin

5. sin x + sin 3x + sin 5x + sin 7x = 4 cos x cos 2x sin 4x

6.

7. sin 3x + sin 2x – sin x = 4sin x cos

cos

fuEufyf[kr izR;sd iz'u esa sin

2 2 2

2

2 2



, cos

rFkk tan

Kkr dhft,%

8. tan

=

, x f}rh; prqFkk±'k esa gSA

9. cos

=

,

r`rh; prqFkk±'k esa gSA

10. sin

=

,



f}rh; prqFkk±'k esa gSA

lkjka'k
;fn ,d o`Ùk] ftldh f=kT;k r, pki dh yackbZ l rFkk osQanz ij varfjr dks.k θ jsfM;u gSa] rks l =

r θ

jsfM;u eki =

fMxzh eki

fMxzh eki =

jsfM;u eki

cos x + sin x = 1

1 + tan x = sec x

1 + cot2x = cosec x

cos (2nπ + x) = cos x

sin (2nπ + x) = sin x

sin (– x) = – sin x

cos (– x) = cos x

cos (x + y) = cos x cos y – sin x sin y

cos (x – y) = cos x cos y + sin x sin y

cos

2 2

2 2

2



) = sin x

sin

) = cos x

sin (x + y) = sin x cos y + cos x sin y

sin (x – y) = sin x cos y – cos x sin y

cos

= – sin x sin

= cos x

cos (π – x) = – cos x sin (π – x) = sin x

cos (π + x) = – cos x sin (π + x) = – sin x

cos (2π – x) = cos x sin (2π – x) = – sin x

;fn x, y vkSj (x

y) esa ls dksbZ dks.k

dk fo"ke xq.kkad ugha gSa] rks tan (x + y) =



tan (x – y) =

;fn x, y vkSj (x

y) esa ls dksbZ dks.k π dk fo"ke xq.kkad ugha gSa] rks

cot (x + y) =

cot (x – y) =

cos 2x = cos  x – sin  x = 2cos  x – 1 = 1 – 2 sin  x

sin 2x = 2 sin

cos x

tan 2x =

2 2 2 2



sin 3x = 3sinx– 4sin 3

cos 3x = 4cos3

– 3co

tan 3x =

(i) cos x + cos y = 2cos

(ii) cos x – cos y = – 2sin

(iii) sin x + sin y = 2 sin

(iv) sin x – sin y = 2cos

(i) 2cos x cos y = cos( x + y) + cos( x – y)

(ii) – 2sin x sin y = cos (x + y) – cos (x – y)

(iii) 2sin x cos y = sin (x + y) + sin (x – y)

(iv) 2 cos x sin y = sin (x + y) – sin (x – y)



sinx = 0 gks rks x = nπ, tgk¡ n ∈ Z

cos x = 0 gks rks x = (2n + 1)

, tgk¡ n ∈ Z

sin x = sin y gks rks x = nπ + (– 1)n y, tgk¡ n ∈ Z

cos x = cos y, gks rks x = 2nπ ± y, tgk¡ n ∈ Z

tan x = tan y gks rks x = nπ + y, tgk¡ n ∈ Z

,sfrgkfld i`"BHkwfe
,slk fo'okl fd;k tkrk gS fd f=kdks.kferh dk vè;;u loZizFke Hkkjr esa vkjaHk gqvk FkkA
vk;ZHkê~V (476 bZ-)] czãxqIr (598 bZ-) HkkLdj izFke (600 bZ-) rFkk HkkLdj f}rh; (1114 bZ-
)us izeq[k ifj.kkeksa dks izkIr fd;k FkkA ;g laiw.kZ Kku Hkkjr ls eè;iwoZ vkSj iqu% ogk¡ ls ;wjksi
x;kA ;wukfu;ksa us Hkh f=kdks.kfefr dk vè;;u vkjaHk fd;k ijarq mudh dk;Z fof/ bruh vuqi;qDr
Fkh] fd Hkkjrh; fof/ osQ Kkr gks tkus ij ;g laiw.kZ fo'o }kjk viukbZ xbZA

Hkkjr esa vk/qfud f=kdks.kferh; iQyu tSls fdlh dks.k dh T;k (sine) vkSj iQyu osQ ifjp;
dk iwoZ fooj.k fl¼kar (laLo`Qr Hkk"kk esa fy[kk x;k T;ksfr"kh; dk;Z) esa fn;k x;k gS ftldk
;ksxnku xf.kr osQ bfrgkl esa izeq[k gSA

HkkLdj izFke (600 bZ-) us 90° ls vf/d] dks.kksa osQ sine osQ eku osQ y, lw=k fn;k FkkA
lksygoha 'krkCnh dk ey;kye Hkk"kk esa dk;Z ;qfDr Hkk"kk esa sin (A + B) osQ izlkj dh ,d
miifÙk gSA18°, 36°, 54°, 72°, vkfn osQ sine rFkk cosine osQ fo'kq¼ eku HkkLdj f}rh; }kjk
fn, x, gSaA

sin  x cos  x vkfn dks pki sin x pki cos x, vkfn osQ LFkku ij iz;ksx djus dk lq>ko–1 –1



T;ksfr"kfon Sir John F.W. Hersehel (1813 bZ-) }kjk fn, x, FksA Å¡pkbZ vkSj nwjh lacaf/r iz'uksa
osQ lkFk Thales (600 bZ- iwoZ) dk uke vifjgk; :i ls tqM+k gqvk gSA mUgsa feJ osQ egku
fijkfeM dh Å¡pkbZ osQ ekiu dk Js; izkIr gSA blosQ fy, mUgksaus ,d Kkr Å¡pkbZ osQ lgk;d
naM rFkk fijkfeM dh ijNkb;ksa dks ukidj muosQ vuqikrksa dh rqyuk dk iz;ksx fd;k FkkA ;s
vuqikr gSa

= tan (lw;Z dk mUurka'k)

Thales dks leqnzh tgk”k dh nwjh dh x.kuk djus dk Hkh Js; fn;k tkrk gSA blosQ fy, mUgksaus
le:i f=kHkqtksa osQ vuqikr dk iz;ksx fd;k FkkA Å¡pkbZ vkSj nwjh lac/h iz'uksa dk gy le:i
f=kHkqtksa dh lgk;rk ls izkphu Hkkjrh; dk;ks± esa feyrs gSaA



vè;k; 4

xf.krh; vkxeu dk fl¼kar
(Principle of Mathematical Induction)

vAnalysis and natural philosopy owe their most important discoveries to this fruitful

means, which is called induction. Newton was indebted to it for his theorem of the

binomial and the principle ofuniversal gravity. – Laplace v

G. Peano
(1858-1932 A.D.)



4.1 Hkwfedk (Introduction)
xf.krh; fparu dk ,d vk/kjHkwr fl¼kar fuxefud roZQ gSA roZQ'kkL=k osQ vè;;u ls m¼`r ,d
vukSipkfjd vkSj fuxefud roZQ dk mnkgj.k rhu dFkuksa esa O;Dr roZQ gS%&

(a) lqdjkr ,d euq"; gSA

(b) lHkh euq"; ej.k'khy gSa] blfy,]

(c) lqdjkr ej.k'khy gSA

;fn dFku (a) vkSj (b) lR; gSa] rks (c) dh lR;rk LFkkfir gSA bl ljy mnkgj.k dks xf.krh; cukus
osQ fy, ge fy[k ldrs gSaA

(i) vkB nks ls HkkT; gSA

(ii) nks ls HkkT; dksbZ la[;k le la[;k gS] blfy,]

(iii) vkB ,d le la[;k gSA

bl izdkj la{ksi esa fuxeu ,d izfØ;k gS ftlesa ,d dFku fl¼ djus dks fn;k tkrk gS] ftls xf.kr
esa izk;% ,d vuqekfur dFku (conjecture) vFkok izes; dgrs gSa] roZQ laxr fuxeu osQ pj.k izkIr
fd, tkrs gSa vkSj ,d miifÙk LFkkfir dh tk ldrh gS] vFkok ugha dh tk ldrh gS] vFkkZr~ fuxeu
O;kid fLFkfr ls fo'ks"k fLFkfr izkIr djus dk vuqiz;ksx gSA

fuxeu osQ foijhr] vkxeu roZQ izR;sd fLFkfr osQ vè;;u ij vk/kfjr gksrk gS rFkk blesa izR;sd ,oa
gj laHko fLFkfr dks è;ku esa j[krs gq, ?kVukvksa osQ fujh{k.k }kjk ,d vuqekfur dFku fodflr fd;k
tkrk gSA bldks xf.kr esa izk;% iz;ksx fd;k tkrk gS rFkk oSKkfud fparu] tgk¡ vk¡dM+ksa dk laxzg rFkk
fo'kys"k.k ekud gksrk gS] dk ;g eq[; vk/kj gSA bl izdkj] ljy Hkk"kk esa ge dg ldrs gSa fd
vkxeu 'kCn dk vFkZ fof'k"V fLFkfr;ksa ;k rF;ksa ls O;kidhdj.k djus ls gSA

chtxf.kr esa ;k xf.kr dh vU; 'kk[kkvksa esa] oqQN ,sls ifj.kke ;k dFku gksrs gSa ftUgsa ,d /u iw.kk
±d n osQ inksa esa O;Dr fd;k tkrk gSA ,sls dFkuksa dks fl¼ djus osQ fy, fof'k"V rduhd ij
vk/kfjr leqfpr fl¼kar gS tks xf.krh; vkxeu dk fl¼kar (Principle of Mathematical

Induction) dgykrk gSA



4.2 izsj.kk (Motivation)
xf.kr esa] ge lEiw.kZ vkxeu dk ,d :i ftls xf.krh; vkxeu dgrs gSa] iz;qDr djrs gSaA xf.krh;
vkxeu fl¼kar osQ ewy dks le>us osQ fy,] dYiuk dhft, fd ,d iryh vk;rkdkj Vkbyksa dk
lewg ,d fljs ij j[kk gS] tSls vko`Qfr 4-1 esa iznf'kZr gSA

vko`Qfr 4-1

tc izFke Vkby dks fufnZ"V fn'kk esa /Ddk fn;k tkrk gS rks lHkh Vkbysa fxj tk,¡xhA iw.kZr% lqfuf'pr
gksus osQ fy, fd lHkh Vkbysa fxj tk,¡xh] bruk tkuuk i;kZIr gS fd

(a) izFke Vkby fxjrh gS] vkSj

(b) ml ?kVuk esa tc dksbZ Vkby fxjrh gS] mldh mÙkjoÙkhZ vfuok;Zr% fxjrh gSA

;gh xf.krh; vkxeu fl¼kar dk vk/kj gSA

ge tkurs gSa fd izko`Qr la[;kvksa dk leqPp; N okLrfod la[;kvksa dk fo'ks"k Øfer mileqPp; gSA
okLro esa] R dk lcls NksVk mileqPp; N gS] ftlesa fuEufyf[kr xq.k gSa%

,d leqPp; S vkxefud leqPp; (Inductive set) dgykrk gS ;fn 1 ∈ S vkSj x + 1 ∈ S tc
dHkh x ∈ S. D;ksafd N, tks fd ,d vkxefud leqPp; gS] R dk lcls NksVk mileqPp; gS]
ifj.kker% R osQ fdlh Hkh ,sls mileqPp; esa tks vkxefud gS] N vfuok;Z :i ls lekfgr gksrk gSA



n`"Vkar

eku yhft, fd ge izko`Qr la[;kvksa 1, 2, 3,...,n, osQ ;ksx osQ fy, lw=k izkIr djuk pkgrs gSa vFkkZr~
,d lw=k tks fd n = 3 osQ fy, 1 + 2 + 3 dk eku nsrk gS] n = 4 osQ fy, 1 + 2 + 3 + 4 dk eku
nsrk gS bR;kfnA vkSj eku yhft, fd ge fdlh izdkj ls ;g fo'okl djus osQ fy, izsfjr gksrs gSa fd

lw=k 1 + 2 + 3+...+ n = lgh gSA

;g lw=k okLro esa oSQls fl¼ fd;k tk ldrk gS\ ge] fuf'pr gh n osQ bPNkuqlkj pkgs x,] /u
iw.kk±d ekuksa osQ fy, dFku dks lR;kfir dj ldrs gSa] fdarq bl izfØ;k dk eku n osQ lHkh ekuksa osQ
fy, lw=k dks fl¼ ugha dj ldrh gSA blosQ fy, ,d ,slh fØ;k Ük`a[kyk dh vko';drk gS] ftldk
izHkko bl izdkj dk gks fd ,d ckj fdlh /u iw.kk±d osQ fy, lw=k osQ fl¼ gks tkus osQ ckn vkxkeh
/u iw.kk±dksa osQ fy, lw=k fujarj vius vki fl¼ gks tkrk gSA bl izdkj dh fØ;k Ük`a[kyk dks xf.krh;
vkxeu fof/ }kjk mRiUu le>k tk ldrk gSA

4.3 xf.krh; vkxeu dk fl¼kar (The Principle of
Mathematical Induction)
dYiuk dhft, /u iw.kk±d P(n) ls lac¼ ,d fn;k dFku bl izdkj gS fd

(i) n = 1, osQ fy, dFku lR; gS vFkkZr~ P(1) lR; gS vkSj

(ii) ;fn n = k, ,d izko`Qr la[;k] osQ fy, dFku lR; gS rks n = k + 1, osQ fy, Hkh dFku lR; gS
vFkkZr~ P(k) dh lR;rk dk rkRi;Z gS P (k + 1) dh lR;rkA vr% lHkh izko`Qr la[;k n osQ fy, P(n)

lR; gSA

xq.k (i) ek=k rF; dk dFku gSA ,slh ifjfLFkfr;k¡ Hkh gks ldrh gSa tc n ≥ 4 osQ lHkh ekuksa osQ fy,
dFku lR; gksA bl fLFkfr esa] izFke pj.k n = 4 ls izkjaHk gksxk vkSj ge ifj.kke dks
n = 4 osQ fy, vFkkZr~ P(4) lR;kfir djsaxsA

xq.k (ii) izfrcaf/r xq.k/eZ gSA ;g fu'p;iwoZd ugha dgrk fd fn;k dFku n = k osQ fy, lR; gS]
ijarq osQoy bruk dgrk gS fd ;fn ;g n = k osQ fy, dFku lR; gS] rks n = k + 1 osQ fy, Hkh lR;



gSA bl izdkj xq.k/eZ dh lR;rk fl¼ djus osQ fy, osQoy izfrcaf/r lkè; (conditional

proposition) dks fl¼ djrs gSa% ¶;fn n = k osQ fy, dFku lR; gS rks ;g n = k + 1 osQ fy, Hkh
lR; gS¸A bls dHkh&dHkh vkxeu dk pj.k (Induction step) dgk tkrk gSA bl vkxeu pj.k esa
^n = k osQ fy, dFku lR; gS* dh vfHk/kj.kk (assumption) vkxeu ifjdYiuk (Induction

hypothesis) dgykrh gSA

mnkgj.kkFkZ% xf.kr esa cgq/k ,d lw=k [kkstk tk ldrk gS tks fdlh iSVuZ osQ vuq:i gksrk gS] tSls

1 = 1
2 =1

4 = 2
2
 = 1 + 3

9 = 3
2 = 1 + 3 + 5

16 = 4
2
 = 1 + 3 + 5 + 7, bR;kfnA

è;ku nhft, fd izFke nks fo"ke izko`Qr la[;kvksa dk ;ksx f}rh; izko`Qr la[;k dk oxZ gS] izFke rhu
fo"ke izko`Qr la[;kvksa dk ;ksx r`rh; izko`Qr la[;k dk oxZ gS] bR;kfnA vr% bl iSVuZ ls izrhr gksrk gS
fd

1 + 3 + 5 + 7 + ... + (2n – 1) = n
2 , vFkkZr~

izFke n fo"ke izko`Qr la[;kvksa dk ;ksx n dk oxZ gSA

eku yhft, fd

P(n): 1 + 3 + 5 + 7 + ... + (2n – 1) = n
2

ge fl¼ djuk pkgrs gSa fd P(n)] n osQ lHkh ekuksa osQ fy, lR; gSA xf.krh; vkxeu osQ iz;ksx
okyh miifÙk osQ izFke pj.k esa P(1) dks lR; fl¼ djrs gSaA bl pj.k dks ewy pj.k dgrs gSaA izR;
{kr%

1 = 12 vFkkZr~ P(1) lR; gSA

vxyk pj.k vkxeu pj.k (Induction step) dgykrk gSA ;gk¡ ge dYiuk djrs gSa fd P (k) lR;



gS tgk¡ k ,,d izko`Qr la[;k gS vkSj gesa P (k + 1) dh lR;rk fl¼ djus dh vko';drk gS D;ksafd
P (k) lR; gS] vr%

P (k) : 1 + 3 + 5 + 7 + ... + (2k – 1) = k2 ... (1)

P (k+1) ij fopkj dhft,

P (k + 1) : 1 + 3 + 5 + 7 + ... + (2k – 1) + {2(k +1) – 1} ... (2)

= k
2 + (2k + 1) [(1) osQ iz;ksx ls]

= (k + 1)
2

blfy,, P (k + 1) lR; gS vkSj vc vkxefud miifÙk iw.kZ gqbZA

vr% lHkh izko`Qr la[;kvksa n osQ fy, P(n) lR; gSA

mnkgj.k 1 & lHkh n ≥ 1 osQ fy,] fl¼ dhft,

1
2
 + 2

2
 + 3

2
 + 4

2
 +…+ n

2
 = .

gy & eku yhft, fd fn;k dFku P(n) gS] vFkkZr~

P(n) : 1
2
 + 2

2
 + 3

2
 + 4

2
 +…+ n

2
 = 

n = 1 osQ fy,] P(1): 1 = =  tksfd lR; gSA

fdlh /u iww.kk±d k osQ fy, dYiuk dhft, fd P(k) lR; gS] vFkkZr~

1
2
 + 2

2
 + 3

2
 + 4

2
 +…+ k

2
 =  ...(1)



vc ge fl¼ djsaxs fd P(k + 1) Hkh lR; gS]

(1
2
 +2

2
 +3

2
 +4

2
 +…+k

2
 ) + (k + 1) 

2

=  [(1) osQ iz;ksx ls]

=

= 

= 

bl izdkj, P(k + 1) lR; gS tc dHkh P (k) lR; gSAvr% xf.krh; vkxeu fl¼kar ls lHkh izko`Qr
la[;kvksa N osQ fy, dFku P(n) lR; gSA

mngkj.k 2 & lHkh /u iw.kk±d n osQ fy, fl¼ dhft, fd 2
n > n.

gy & eku yhft, fd P(n): 2
n > n

tc n=1, 2
1
>1. vr% P(1) lR; gSA

dYiuk dhft, fd fdlh /u iw.kk±d k osQ fy, P(k) lR; gS vFkkZr~

P(k) : 2
k > k ... (1)

vc ge fl¼ djsaxs fd P(k +1) lR; gS tc dHkh P(k) lR; gSA

(1) osQ nksuksa i{kksa esa 2 dk xq.kk djus ij ge



2. 2
k
 > 2k izkIr djrs gSaA

vFkkZr~ 2 k + 1 > 2k = k + k > k + 1

blfy,, P(k + 1) lR; gS tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu }kjk] izR;sd /u iw.kkZd n

osQ fy, P(n) lR; gSA

mnkgj.k 3 lHkh iw.kk±d n ≥ 1 osQ fy,] fl¼ dhft,%

.

gy eku yhft, fd fn;k dFku P(n) gS rFkk ge

P(n): fy[krs gSa

bl izdkj P(1): , tksfd lR; gSA vr% P(n), n = 1 osQ fy, lR; gSA

dYiuk dhft, fd iw.kk±d k osQ fy, P(k) lR; gS

vFkkZr~  ... (1)

gesa P(k + 1) dks lR; fl¼ djuk gS tc P(k) lR; gSA bl gsrq fuEufyf[kr ij fopkj dhft,A



=  = 

 [(1) osQ iz;ksx ls]

=  =  =  = 

bl izdkj dFku P(k + 1) lR; gS tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu fl¼kar }kjk lHkh
iw.kk±dksaa n ≥ 1 osQ fy, P(n) lR; gSA

mnkgj.k 4 & izR;sd /u iw.kk±d n osQ fy,] fl¼ dhft, fd 7n – 3n] 4 ls foHkkftr gksrk gSA

gy eku yhft, fn;k dFku P(n) gS vFkkZr~

P(n) : n – 3n] 4 ls foHkkftr gSA

ge ikrs gSa

P(1): 7
1 – 3

1 = 4 tks fd 4 ls foHkkftr gksrk gSA bl izdkj P(n), n = 1 osQ fy, lR; gSA

dYiuk dhft, fd ,d /u iw.kk±d k osQ fy, P(k) lR; gS]

vFkkZr, P(k) : 7
k
 – 3

k
, 4 ls foHkkftr gksrk gSA

vr% ge fy[k ldrs gSa 7k – 3k = 4d, tgk¡ d ∈ N.

vc] ge fl¼ djuk pkgrs gSa fd P(k + 1) lR; gS] tc dHkh P(k ) lR; gSA



vc 7
(k+1) – 3

(k + 1)
 = 7

(k + 1) – 7.3
k + 7.3

k – 3
(k + 1)

= 7(7
k
 – 3

k
) + (7 – 3)3

k

= 7(4d) + (7 – 3)3
k

= 7(4d) + 4.3
k
 = 4(7d + 3

k
)

vafre iafDr ls ge ns[krs gSa fd 7(k + 1) – 3(k + 1), 4 ls foHkkftr gksrk gSA bl izdkj, P(k + 1)

lR; gS tc dHkh P(k) lR; gSA blfy,] xf.krh; vkxeu fl¼kar ls izR;sd /u iw.kk±d n osQ fy,
dFku P(n) lR; gSA

mnkgj.k 5 lHkh izko`Qr la[;kvksa n osQ fy, fl¼ dhft, fd (1 + x)
n ≥ (1 + nx), tgk¡

x > – 1.

gy eku yhft, fd fn;k dFku P(n) gS

vFkkZr~ P(n): (1 + x)
n ≥ (1 + nx), x > – 1 osQ fy,

tc n = 1, P(n) lR; gS D;ksafd ( 1+x) ≥ (1 + x) tks x > –1 osQ fy, lR; gS

dYiuk dhft, fd

P(k): (1 + x)
k ≥ (1 + kx), x > – 1 lR; gSA ... (1)

vc ge fl¼ djuk pkgrs gSa fd P(k + 1) lR; gSa] x > –1 osQ fy,] tc dHkh P(k) lR; gSA ... (2)

loZlfedk (1 + x)
k
 + 1 = (1 + x)

k (1 + x) ij fopkj dhft,A

fn;k gS fd x > –1, bl izdkj (1+x) > 0.

blfy, (1 + x)
k ≥ (1 + kx), dk iz;ksx dj ge ikrs gSa]

(1 + x) k + 1 ≥ (1 + kx)(1 + x)

vFkkZr~ (1 + x)
k + 1 ≥ (1 + x + kx + kx

2
). ... (3)



;gk¡ k ,d izko`Qr la[;k gS vkSj x2 ≥ 0 bl izdkj kx2 ≥ 0. blfy,]

(1 + x + kx + kx
2
) ≥ (1 + x + kx),

vkSj bl izdkj] ge izkIr djrs gSa

(1 + x)k + 1 ≥ (1 + x + kx)

vFkkZr~ (1 + x)
k + 1 ≥ [1 + (1 + k)x]

bl izdkj] dFku (2) fl¼ gksrk gSA vr% xf.krh; vkxeu fl¼kar ls lHkh izko`Qr la[;kvksa n osQ
fy, P(n) lR; gSA

mnkgj.k 6 fl¼ dhft, fd lHkh n ∈ N osQ fy, 2.7
n
 + 3.5

n – 5, 24 ls HkkT; gSA

gy eku yhft, fd dFku P(n) bl izdkj ifjHkf"kr gS fd

P(n) : 2.7
n + 3.5

n – 5, 24 ls HkkT; gS

tc n = 1 osQ fy, P(n) lR; gSA ge ikrs gSa

2.7 + 3.5 – 5 = 24 tks fd 24 ls HkkT; gSA

dYiuk dhft, fd P(k) lR; gSA

vFkkZr~ 2.7
k + 3.5

k – 5 = 24q, tcfd q ∈ N ... (1)

vc ge fl¼ djuk pkgrs gSa fd P(k + 1) lR; gSA tc dHkh P(k) lR; gSA

ge ikrs gSa]

2.7
k+1 + 3.5

k+1 – 5 = 2.7
k
 . 7

1
 + 3.5

k
 . 5

1
 – 5

= 7 [2.7
k + 3.5

k – 5 – 3.5
k + 5] + 3.5

k . 5 – 5

= 7 [24q – 3.5
k
 + 5] + 15.5

k
 –5



= 7 × 24q – 21.5
k
 + 35 + 15.5

k
 – 5

= 7 × 24q – 6.5
k
 + 30

= 7 × 24q – 6 (5
k
 – 5)

= 7 × 24q – 6 (4p) [(5
k
 – 5), 4 dk xq.kt gS (D;ksa\)] p ∈ N

= 7 × 24q – 24p

= 24 (7q – p)

= 24 × r, r = 7q – p, dksbZ izko`Qr la[;k gSA ... (2)

O;atd (1) dk nk;k¡ i{k 24 ls HkkT; gSA

bl izdkj] P(k + 1) lR; gS] tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu fl¼kar ls] lHkh n ∈ N

osQ fy, P(n) lR; gSA

mnkgj.k 7 fl¼ dhft, fd%

1
2
 + 2

2
 + ... + n

2
 > , n ∈ N

gy eku yhft, fd fn;k dFku P(n) gS]

vFkkZr~ , P(n) : 12 + 22 + ... + n2 > , n ∈ N

ge è;ku nsrs gSa fd n = 1 osQ fy,] P(n) lR; gS D;ksafd P(1) : 

dYiuk dhft, fd P(k) lR; gS]



vFkkZr~ , P(k) : 1
2 + 2

2 + ... + k
2 >  ... (1)

vc ge fl¼ djsaxs fd P(k + 1) lR; gS tc dHkh P(k) lR; gSA

ge ikrs gSa] 1
2 + 2

2 + 3
2 + ... + k

2 + (k + 1)
2

=  [(1)osQ iz;ksx ls]

=  [k
3
 + 3k

2
 + 6k + 3]

=  [(k + 1)
3
 + 3k + 2] >  (k + 1)

3

bl izdkj] P(k + 1) lR; gqvk tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu }kjk n ∈ N osQ fy,
P(n) lR; gSA

mnkgj.k 8 izR;sd izko`Qr la[;k n osQ fy, xf.krh; vkxeu fl¼kar }kjk ?kkrkadksa dk fu;e (ab)
n
 =

a
n
b

n fl¼ dhft,A

gy eku yhft, fn;k dFku P(n) gSA

vFkkZr~ P(n) : nn
vko`Qfr 3- 18px;"> .

ge è;ku nsrs gSa fd n = 1 osQ fy, P(n) lR; gS] pw¡fd (ab)
1 = a

1
b

1
.

dYiuk dhft, P(k) lR; gS

vFkkZr~ (ab)
k = a

k
b

k ... (1)



ge fl¼ djsaxs fd P(k + 1) lR; gS tc fd P(k) lR; gSA

vc] ge ikrs gSa]

(ab)
k + 1 = (ab)

k (ab)

= (a
k
 b

k
) (ab) [(1) ls]

= (a
k
 . a

1
) (b

k
 . b

1
)

= a
k+1

 . b
k+1

blfy,] P(k + 1) lR; gS tc dHkh P(k) lR; gSA vr% xf.krh; vkxeu fl¼kar }kjk izR;sd izko`Qr
la[;k n osQ fy, P(n) lR; gSA

iz'ukoyh 4.1
lHkh n ∈ N osQ fy, xf.krh; vkxeu fl¼kar osQ iz;ksx }kjk fl¼ dhft, fd%

1. 1 + 3 + 3
2
 + ... + 3

n – 1
 = .

2. 1
3 + 2

3 + 3
3 + … +n

3 = .

3. .

4. 1.2.3 + 2.3.4 +…+ n(n+1) (n+2) = 



5. 1.3 + 2.3
2
 + 3.3

3
 +…+ n.3

n
 = 

6. 1.2 + 2.3 + 3.4 +…+ n (n+1) = 

7. 1.3 + 3.5 + 5.7 +…+ (2n–1) (2n+1) = 

8. 1.2 + 2.2
2
 + 3.2

2
 + ...+n.2

n
 = (n–1) 

2n + 1
 + 2

9. 

10. 

11. 

12. a + ar + ar
2
 +…+ ar

n-1
 = 

13. 

14. 



15. 1
2
 + 3

2
 + 5

2
 + …+ (2n–1)

2
 = 

16. 

17. 

18. 1 + 2 + 3 +…+ n < (2n + 1)
2

19. n (n + 1) (n + 5)] la[;k 3 dk ,d xq.kt gSA

20. 10
2n – 1 + 1 la[;k 11 ls HkkT; gSA

21. x
2n – y

2n
, ( x + y ) ls HkkT; gSA

22. 32n+2 – 8n – 9, la[;k 8 ls HkkT; gSA

23. 41n – 14n] la[;k 27 dk ,d xq.kt gSA

24. (2n + 7) < (n + 3)
2

lkjka'k
vko`Qfr 3- 19px; font-weight: normal; text-align: justify;"> xf.krh; fparu dk
,d ewy vk/kj fuxeukRed foospu gSA fuxeu osQ foijhr] vkxefud foospu] fHkUu n'kkvksa osQ
vè;;u }kjk ,d vuqekfur dFku fodflr djus ij fuHkZj djrk gS] tcrd fd gj ,d n'kk
dk izs{k.k u dj fy;k x;k gksA

vko`Qfr 3- 19px; font-weight: normal; text-align: justify;"> xf.krh; vkxeu
fl¼kar ,d ,slk lk/u gS ftldk iz;ksx fofo/ izdkj osQ xf.krh; dFkuksa dks fl¼ djus osQ



fy, fd;k tk ldrk gSA /u iw.kk±dksa ls lacaf/r bl izdkj osQ izR;sd dFku dks eku ysrs gSa]
ftldh lR;rk osQ fy, tk¡ph tkrh gSA blosQ ckn fdlh /u iw.kk±d k osQ fy, dh lR;rk dks
eku dj dh lR;rk fl¼ djrs gSaA

,sfrgkfld i`"BHkwfe
vko`Qfr 3- 19px; font-weight: normal; text-align: justify;">vU; ladYiukvksa vkSj
fof/;ksa osQ foijhr xf.krh; vkxeu }kjk miifÙk fdlh O;fDr fo'ks"k }kjk fdlh fuf'pr dky esa
fd;k x;k vkfo"dkj ugha gSA ;g dgk tkrk gS fd xf.krh; vkxeu fl¼karPhythagoreans dks
Kkr FkkA xf.krh; vkxeu fl¼kar osQ izkjaHk djus dk Js; izQkalhlh xf.krK Blaise Pascal dks
fn;k tkrk gSA vkxeu 'kCn dk iz;ksx vaxzs”k xf.krK John Wallis us fd;k FkkA ckn esa bl
fl¼kar dk iz;ksx f}in izes; dh miifÙk izkIr djus esa fd;k x;kA us xf.kr osQ {ks=k esa fofHkUu
fo"k;ksa ij cgqr ;ksxnku fd;k gSA og igys O;fDr Fks] ftUgksaus bls ifjHkkf"kr fd;k gS vkSj
xf.krh; vkxeu uke fn;k gS rFkk xf.krh; Jsf.k;ksa osQ vfHklj.k Kkr djus osQ fy, De Morgan
dk fu;e
fodflr fd;kA

vko`Qfr 3- 19px; font-weight: normal; text-align: justify;"> us Li"Vr;k O;Dr
vfHk/kj.kkvksa osQ iz;ksx }kjk izko`Qr la[;kvksa osQ xq.kksa dh O;qRifÙk djus dk mÙkjnkf;Ro fy;k]
ftUgsa vc fi;kuksa osQ vfHkx`ghr dgrs gSaA fi;kuksa osQ vfHkx`ghr esa ls ,d dk iquoZQFku xf.krh;
vkxeu dk fl¼kar gSA



vè;k; 5

lfEeJ la[;k,¡ vkSj f}?kkrh; lehdj.k
(Complex Numbers and Quadratic Equations)

vMathematics is the Queen of Sciences and Arithmetic is the Queen of Mathematics. –

Gauss v

5.1 Hkwfedk (Introduction)
fiNyh d{kkvksa esa geus ,d vkSj nks pj dh ,d ?kkrh; lehdj.kksa dk rFkk ,d pj dh f}?kkrh;
lehdj.kksa dk vè;;u fd;k gSA geus ns[kk gS fd lehdj.k x  + 1 = 0 dk dksbZ okLrfod gy ugha
gS D;ksafd x  + 1 = 0 ls gesa x  = – 1 izkIr gksrk gS vkSj izR;sd okLrfod la[;k dk oxZ Js.ksrj
gksrk gS blfy, okLrfod la[;k iz.kkyh dks c`gn iz.kkyh osQ :i esa c<+kus dh vko';drk gS ftlls
fd ge lehdj.k x  = – 1 dk gy izkIr dj losQaA okLro esa] eq[; mís'; lehdj.k ax  + bx + c

= 0 dk gy izkIr djuk gS] tgk¡ D = b  – 4ac<0 gS, tksfd okLrfod la[;kvksa dh iz.kkyh esa laHko
ugha gSA

2

2 2

2 2

2



W. R. Hamilton

(1805-1865 A.D.)

5.2 lfEeJ la[;k,¡ (Complex Numbers)
ge dYiuk djsa fd

laosQru i ls fu:fir gSA rc gesa

izkIr gksrk gSA bldk rkRi;Z gS fd i, lehdj.k x  + 1 = 0 dk ,d gy gSA

a a+ ib osQ izk:i dh ,d la[;k tgk¡ a vkSj b okLrfod la[;k,¡ gSa] ,d lfEeJ la[;k ifjHkkf"kr
djrh gSA mnkgj.k osQ fy,] 2 + i3, (– 1) +

,

2



lfEeJ la[;k,¡ gSaA

lfEeJ la[;k z = a + ib osQ fy,] a okLrfod Hkkx dgykrk gS rFkk Rez }kjk fu:fir fd;k
tkrk gS vkSj b dkYifud Hkkx dgykrk gS rFkk Imz }kjk fu:fir fd;k tkrk gSA mnkgj.k osQ fy,]
;fn z = 2 + i5, rc Rez = 2 vkSj Imz = 5 nks lfEeJ la[;k,¡ z  = a + ib rFkk z  = c + id
leku gksaxh ;fn a = c vkSj b = d.

mnkgj.k 1 ;fn 4x + i(3x – y) = 3 + i (– 6), tgk¡ x vkSj y okLrfod la[;k,¡ gSa] rc x vkSj y Kkr
dhft,A

gy gesa fn;k gS 4x + i (3x – y) = 3 + i (– 6) ... (i)

nksuksa vksj osQ okLrfod rFkk dkYifud Hkkxksa dks leku ysrs gq,] gesa izkIr gksrk gS]

4x = 3, 3x – y = – 6,

ftUgsa ;qxir~ gy djus ij]

vkSj

5.3 lfEeJ la[;kvksa dk chtxf.kr (Algebra of Complex
Numbers)
bl Hkkx esa] ge lfEeJ la[;kvksa osQ chtxf.kr dk fodkl djsaxsA

5.3.1 nks lfEeJ] la[;kvksa dk ;ksx (Addition of two complex numbers) ;fn z  = a + ib vkSj z

= c + id dksbZ nks lfEeJ la[;k,¡ gSaA rc z  + z  osQ ;ksx dks fuEufyf[kr :i ls ifjHkkf"kr fd;k

1 2

1 2

1 2



tkrk gS%

z  + z  = (a + c) + i (b + d), tks fd iqu% ,d lfEeJ la[;k gSA

mnkgj.k osQ fy,] (2 + i3) + (– 6 +i5) = (2 – 6) + i (3 + 5) = – 4 + i 8

lfEeJ la[;kvksa osQ ;ksx fuEufyf[kr izxq.kksa dks larq"V djrs gSaA

(i) laojd fu;e nks lfEeJ la[;kvksa dk ;ksxiQy ,d lfEeJ la[;k gksrh gS] vFkkZr lkjh lfEeJ
l[;kvksa z  rFkk z  osQ fy,] z  + z  ,d lfEeJ la[;k gSA

(ii) Øe fofue; fu;e fdUgha nks lfEeJ la[;kvksa z  rFkk z  osQ fy, z  + z  = z  + z

(iii) lkgp;Z fu;e fdUgha rhu lfEeJ la[;kvksa z , z  rFkk z  osQ fy, (z  + z ) + z  = z  +

(z  + z ).

(iv) ;ksxkRed rRled dk vfLrRo lfEeJ la[;k 0 + i 0 (0 osQ }kjk n'kkZ;k tkrk gS)] ;ksxkRed
rRled vFkok 'kwU; lfEeJ la[;k dgykrk gS ftlls fd izR;sd lfEeJ la[;k z, z + 0 = z.

(v) ;ksxkRed izfrykse dk vfLrRo izR;sd lfEeJ la[;k z = a + ib, osQ fy, gesa lfEeJ la[;k –

a + i(– b) (– z osQ }kjk n'kkZ;k tkrk gS) izkIr gksrh gS] tksfd ;ksxkRed izfrykse vFkok z dk ½.k
dgykrk gSA ge izsf{kr djrs gSa fd z + (–z) = 0 (;ksxkRed rRled)A

5.3.2 nks lfEeJ la[;kvksa dk varj (Difference of two complex numbers) fdUgha nh xbZ lfEeJ
la[;kvksa z  vkSj z  dk varj z  – z  fuEu izdkj ls ifjHkkf"kr fd;k tkrk gS%

z  – z  = z  + (–z ) mnkgj.kkFkZ (6 + 3i) – (2 – i) = (6 + 3 i) + (–2 + i) vkSj (2 – i) + (– 6 – 3 i) =

– 4 – 4 i

5.3.3 lfEeJ la[;kvksa dk xq.ku (Multiplication of two complex numbers) eku yhft, z  = a

+ ib rFkk z  = c + id dksbZ nks lfEeJ la[;k,¡ gSaA rc xq.kuiQy z  .z  fuEufyf[kr :i ls
ifjHkkf"kr fd;k tkrk gS%

1 2

1 2 1 2

1 2 1 2 2 1

1 2 3 1 2 3 1

2 3

1 2 1 2

1 2 1 2

1

2 1 2



z1 z  = (ac – bd) + i(ad + bc)

mnkgj.k osQ fy,, (3 + i5) (2 + i6) = (3 × 2 – 5 × 6) + i(3 × 6 + 5 × 2) = – 24 + i28

lfEeJ la[;kvksa osQ xq.ku dh lafØ;k esa fuEufyf[kr izxq.k gksrs gSa%

(i) laojd fu;e nks lfEeJ la[;kvksa dk xq.kuiQy] ,d lfEeJ la[;k gksrh gS] lkjh lfEeJ la[;kvksa
z1 rFkk z  osQ fy,] xq.kuiQy z1, z2 ,d lfEeJ la[;k gksrh gSA

(ii) Øe fofue; fu;e fdUgha nks lfEeJ la[;kvksa z1 rFkk z2 osQ fy,] z1 = z  z1

(iii) lkgp;Z fu;e fdUgha rhu lfEeJ la[;kvksa z1, z2 rFkk z  osQ fy, (z1z2) z  = z  (z  z )

(iv) xq.kkRed rRled dk vkfLrRo lfEeJ la[;k 1 + i 0 (1 osQ }kjk n'kkZ;k tkrk gS), xq.kkRed
rRled vFkok ,dy lfEeJ la[;k dgykrk gS ftlls fd izR;sd lfEeJ la[;k z osQ fy, z.

= z

(v) xq.kkRed izfrykse dk vfLrRo izR;sd 'kwU;sÙkj lfEeJ la[;k z = a + ib (a ≠ 0, b ≠ 0) osQ fy,]
gesa lfEeJ la[;k

(

vFkok –1 osQ }kjk n'kkZ;k tkrk gS) izkIr gksrh gS] z dh xq.kkRed izfrykse dgykrh gS ftlls fd

(xq.kkRed rRled)

(vi) caVu fu;e fdUgha rhu lfEeJ la[;kvksa z , z , z  osQ fy,

(a) z  (z  + z ) = z  z  + z  z

(b) (z  + z ) z  = z  z  + z  z

2

2

z  2 2

3 3 1 2 3

1

1 2 3

1 2 3 1 2 1 3

1 2 3 1 3 2 3



5.3.4 nks lfEeJ la[;kvksa dk HkkxiQy (Division of two complex numbers)

fdUgha nks nh gqbZ lfEeJ la[;kvksa z1 rFkk z2 osQ fy,] tgk¡ z2 ≠ 0, HkkxiQy

fuEufyf[kr izdkj ls ifjHkkf"kr fd;k tkrk gS

mnkgj.k osQ fy,] eku fy;k z  = 6 + 3i vkSj z  = 2 – i

rc

=

=

=

5.3.5 i dh ?kkr (Power of i ) gesa Kkr gSa %

1 2



,

,

bR;kfn] blh izdkj ge vkSj Hkh izkIr djrs gSa%

lkekU; :i ls] fdlh iw.kk±d k osQ fy,] i  = 1, i  + 1 = i, i  + 2 = –1, i  + 3 = – i

5.3.6 ,d ½.k okLrfod la[;k osQ oxZewy (The square roots of a negative real number)

Kkr gS% i  = –1 vkSj ( – i)  = i  = – 1. blfy, – 1 osQ oxZewy i vkSj – i gSaA

;|fi fpÉ

, dk vFkZ gekjs fy, osQoy i gksxkA

vc ge ns[k ldrs gSa fd i vkSj –i nksuksa lehdj.k x  + 1 = 0 vFkok x  = –1 osQ gy gSaA

blh izdkj]

4k 4k 4k 4k

2 2 2

2 2



i  = 3 (– 1) = – 3

vkSj

=

i  = – 3

blfy, – 3 osQ oxZewy

vkSj

gSaA

fiQj ls osQoy

dks n'kkZus osQ fy, gh izrhd

dk iz;ksx fd;k tkrk gS] vFkkZr~

=

.

lkekU;r;k ;fn a ,d /ukRed okLrfod la[;k gS] rc

=

2

2



=

,

ge tkurs gSa fd lHkh /ukRed okLrfod la[;kvksa a vkSj b osQ fy,

;g ifj.kke rc Hkh lR; gksxk] tc a > 0, b < 0 ;k a < 0, b > 0.

D;k gksxk \ ;fn a < 0, b < 0, ge bldh tk¡p djrs gSa uksV dhft, fd i2 =

=

=

= 1 tksfd bl ckr dk fojks/kHkkl gS fd i  = –1

blfy,]

;fn a vkSj b nksuksa ½.k okLrfod la[;k,¡ gSaA vkxs ;fn a vkSj b nksuksa esa ls dksbZ Hkh 'kwU; gS] rc
Li"V :i ls

= 0

5.3.7 rRled (Identities) ge fuEufyf[kr rRled dks fl¼ djrs gSa%

fdUgha lfEeJ la[;kvksa z  vkSj z  osQ fy, ( z  + z  )  = z  + z  + 2z z

miifÙk gesa izkIr gksrk gS] (z  + z  )  = ( z  + z  ) ( z  + z  )

2

1 2 1 2 2 12 22 1 2

1 2 2 1 2 1 2



= (z  + z ) z + (z  + z ) z  (caVu fu;e)

=

(caVu fu;e)

=

(xq.ku dk Øe fofue; fu;e)

=

blh Hkk¡fr ge fuEufyf[kr rRledksa dks fl¼ dj ldrs gSa%

(i)

(ii)

(iii)

(iv)

okLro esa cgqr ls nwljs rRledksa dks tksfd lHkh okLrfod la[;kvksa osQ fy, lR; gSa] lHkh lfEeJ
la[;kvksa dh lR;rk osQ fy, fl¼ fd;k tk ldrk gSA

mnkgj.k 2 & fuEufyf[kr dks a + ib osQ :i esa O;Dr djsa%

1 2 1 1 2 2



(i)

(ii)

gy (i)

=

=

=

=

(ii)

=



=

mnkgj.k 3 & (5 – 3i)  dks a + bi osQ :i esa O;Dr djsa%

gy gesa izkIr gS] (5 – 3i)  = 5  – 3 × 5  × (3i) + 3 × 5 (3i)  – (3i)

= 125 – 225i – 135 + 27i = – 10 – 198i

mnkgj.k 4

dks a + ib osQ :i esa O;Dr djsaA

gy gesa izkIr gS

=

=

=

3

3 3 2 2 3



5.4 lfEeJ la[;k dk ekikad vkSj la;qXeh (The Modulus and
the Conjugate of a Complex Number)
eku yhft, z = a + ib ,d lfEeJ la[;k gSA rc z dk ekikad] tks | z | }kjk n'kkZ;k tkrk gS] dks
½.ksÙkj okLrfod la[;k

}kjk ifjHkkf"kr fd;k tkrk gS vFkkZr~ | z | =

vkSj z dk la;qXeh] tks

}kjk n'kkZ;k tkrk gS] lfEeJ la[;k a – ib gksrk gS] vFkkZr~

= a – ib

mnkgj.k osQ fy,]

,

,

vkSj

,

,

= 3i – 5

ge izsf{kr djrs gSa fd ½.ksÙkj lfEeJ la[;k z = a + ib dk xq.kkRed izfrykse



zz  =

=

=

=

] gksrk gS

vFkkZr~ z

vxzr% fdUgha nks lfEeJ la[;kvksa z  ,oa z  osQ fy, fuEufyf[kr fu"d"kksaZ dks lqxerk ls O;qRiUu
fd;k tk ldrk gS%

(i)

(ii)

, ;fn

(iii)

–1

1 2



(iv)

(v)

;fn z  ≠ 0.

mnkgj.k 5 2 – 3i dk xq.kkRed izfrykse Kkr dhft,A

gy eku fy;k z = 2 – 3i

rc

= 2 + 3i vkSj

blfy,] 2 – 3i dk xq.kkRed izfrykse

z 

izkIr gksrk gSA

Åij fn;k x;k lkjk gy fuEufyf[kr <ax ls Hkh fn[kk;k tk ldrk gS%

z  =

2

–1

–1



=

mnkgj.k 6 fuEufyf[kr dks a + ib osQ :i esa O;Dr djsaA

(i)

(ii) i–35

gy (i)

=

=

=

=

(ii)



=

iz'ukoyh 5.1
iz'u 1 ls 10 rd dh lfEeJ la[;kvksa esa izR;sd dks a + ib osQ :i esa O;Dr dhft,A

1.

2.

3.

4. 3(7 + i7) + i (7 + i7) 5. (1 – i) – ( –1 + i6)

6.

7.

8. (1 – i)4 9.



10.

iz'u 11 ls 13 dh lfEeJ la[;kvksa esa izR;sd dk xq.kkRed izfrykse Kkr dhft,A

11. 4 – 3i 12.

13. – i

14. fuEufyf[kr O;atd dks a + ib osQ :i esa O;Dr dhft,%

5.5 vkxZaM ry vkSj /zqoh; fu:i.k (Argand Plane and Polar
Representation)
tSlk fd ge igys ls gh tkurs gSa fd okLrfod la[;kvksa (x, y) osQ izR;sd Øfer ;qXe osQ laxr] gesa
X Y ry esa nks ikjLifjd yac js[kkvksa osQ lanHkZ esa ftUgsa x– v{k y – v{k }kjk tkuk tkrk gS] ,d
vf}rh; fcanq izkIr gksrk gSA vFkkZr~ lfEeJ la[;k x + iy dk tks Øfer ;qXe (x,y) osQ laxr gS] ry
esa ,d vf}rh; fcanq (x, y) osQ :i esa T;kferh; fu:i.k fd;k tk ldrk gSA ;g dFku foykser%
lR; gSA

dqN lfEeJ la[;kvksa tSls 2 + 4i, –2 + 3i, 0 + 1i, 2 + 0i, –5 –2i vkSj 1–2i dks tksfd Øfer ;qXeksa
(2, 4), (–2,3), (0,1), (2,0), (–5,–2) vkSj (1, –2) osQ laxr gSa] vko`Qfr 5.1 esa fcanqvksa A, B, C, D, E

vkSj F }kjk T;kferh; fu:i.k fd;k x;k gSA ry] ftlesa izR;sd fcanq dks ,d lfEeJ la[;k }kjk
fufnZ"V fd;k x;k gS] lfEeJ ry ;k vkxZaM ry dgykrk gSA



vko`Qfr 5-1

vkxZaM ry esa lfEeJ la[;k (x + iy) dk ekikad fcanq P(x,y) ls ewy fcanq O(0,0) osQ chp dh nwjh
}kjk izkIr gksrk gS (vko`Qfr 5-2)A

vko`Qfr 5-2

x–v{k ij fcanq] lfEeJ la[;kvksa aaaa + i0 :i osQ laxr gksrs gSa vkSj y–v{k ij fcanq] lfEeJ la[;kvksa
0 + ib :i osQ laxr gksrs gSaA vkxZaM ry esa x–v{k vkSj y–v{k Øe'k% okLrfod v{k vkSj



dkYifud v{k dgykrs gSaA

vkxZaM ry esa lfEeJ la[;k z = x + iy vkSj bldh la;qXeh

= x – iy dks fcanqvksa P(x, y) vkSj Q(x, –y) osQ }kjk fu:fir fd;k x;k gSA T;kferh; Hkk"kk ls] fcanq
(x, –y) okLrfod v{k osQ lkis{k fcanq (x, y) dk niZ.k izfrfcac dgykrk gS (vko`Qfr 5-3)A

vko`Qfr 5-3

5-5-1 ,d lfEeJ la[;k dk /zqoh; fu:i.k (Polar representation of a complex number) ekuk
fd fcanq P. ½.ksÙkj lfEeJ la[;k z = x + iy dk fu:i.k djrk gSA ekuk fd fn"V js[kk[kaM OP dh
yackbZ r gS vkSj θ og dks.k gS tks OP, x–v{k dh /ukRed fn'kk osQ lkFk cukrk gSA

ge è;ku nsa fd P okLrfod la[;kvksa osQ Øfer ;qXe ( r, θ ) ls vf}rh; :i ls fuèkkZfjr fd;k tkrk
gSA ( r, θ ) fcanq P osQ /zqoh; funsZ'kkad dgykrs gSa vko`Qfr 5-4 nsf[k,A



vko`Qfr 5-4

ge ewy fcanq dks /zqo rFkk x –v{k dh /u fn'kk dks izkjafHkd js[kk ekurs gSaA

;gk¡ x = r cos θ, y = r sin θ vkSj blfy, z = r (cos θ + i sin θ), lfEeJ la[;k dk /zqoh; :i
dgykrk gSA ;gk¡

dks z dk ekikad dgrs gSa vkSj θ] lfEeJ la[;k dk dks.kkad ;k vk;ke dgykrk gS rFkk dks.kkad z

ls fu:fir gksrk gSA

fdlh lfEeJ la[;k z ≠ 0] 0 ≥ θ < 2π esa θ dk osQoy eku laxr gSaA fiQj Hkh] 2π dh yackbZ osQ
fdlh nwljs] varjky osQ fy,] mnkgj.k osQ rkSj ij – π < θ ≤ π bl izdkj dk ,d varjky gks ldrk
gSA ge θ dk ,slk eku] ftlesa dh – π < θ ≤ π, z dk eq[; vk;ke dgykrk gS vkSj arg z ls
fu:fir fd;k tkrk gSA vko`Qfr 5-5 vkSj 5-6 nsf[k,A



vko`Qfr 5-5

vko`Qfr 5-6 (– π < θ ≤ π )

mnkgj.k 7 lfEeJ la[;k

dks /zqoh; :i esa fu:fir dhft,A

vko`Qfr 5-7



mnkgj.k 8 lfEeJ la[;k

dks /zqoh; :i esa :ikarfjr dhft,A

vko`Qfr 5- 8

gy nh gqbZ lfEeJ la[;k



=

=

=

(vko`Qfr 5.8)

ekuk – 4 = r cos θ,

= r sin θ

nksuksa vksj oxZ djosQ vkSj tksM+us ij gesa izkIr gksrk gS 16 + 48 =

ftlls gesa izkIr gksrk gS] r  = 64, vFkkZr~ r = 8

blfy,] cos θ =

, sin θ =

2



blfy,] vko';d /zqoh; :i =

iz'ukoyh 5.2
iz'u 1 ls 2 rd lfEeJ la[;kvksa esa izR;sd dk ekikad vkSj dks.kkad Kkr dhft,%

1. z = – 1 –

2. z = –

+ i

iz'u 3 ls 8 rd lfEeJ la[;kvksa esa izR;sd dks /zqoh; :i esa :ikarfjr dhft,%

3. 1 – i 4. – 1 + i 5. – 1 – i

6. – 3 7.

+ i 8. i

5.6 f}?kkrh; lehdj.k (Quadratic Equations)
gesa igys gh f}?kkrh; lehdj.kksa osQ ckjs esa tkudkjh gS vkSj geus mudksa okLrfod la[;kvksa osQ
leqPp; esa mu fLFkfr;ksa esa gy fd;k gS tgk¡ fofoDrdj ≥ 0 gSA vc ge fuEufyf[kr f}?kkrh;
lehdj.k osQ ckjs esa fopkj djrs gSa%

ax  + bx + c = 0 ftlesa a, b, c okLrfod xq.kkad gSa vkSj a ≠ 0 eku yhft, fd b  – 4ac < 0

ge tkurs gSa fd ge lfEeJ la[;kvksa osQ leqPp; esa ½.kkRed okLrfod la[;kvksa osQ oxZewy

2 2



fudky ldrs gSaA blfy, mi;qZDr lehdj.k osQ gy lfEeJ la[;kvksa osQ leqPp; esa gSa tksfd

}kjk izkIr gksrs gSaA

AfVIi.kh  ;gk¡ ij] dqN yksx ;g tkuus osQ fy, mRlqd gksaxs] fd fdlh lehdj.k esa fdrus ewy
gksaxs\ bl lanHkZ esa] fuEufyf[kr izes; dks mYys[k (fcuk miifÙk) osQ fd;k x;k gS ftls
^chtxf.kr dh ewy izes;* osQ :i esa tkuk tkrk gSA

¶,d cgqin lehdj.k dk de ls de ,d ewy gksrk gS¸A bl izes; osQ iQyLo:i ge fuEufyf[kr
egÙoiw.kZ ifj.kke ij ig¡prs gSaA¶n ?kkr dh ,d cgqin lehdj.k esa n ewy gksrs gSaA¸

mnkgj.k 9 x  + 2 = 0 dks gy dhft,A

gy % gesa fn;k gS x  + 2 = 0

;k x  = – 2

vFkkZr~ x =

=

i

mnkgj.k 10 x  + x + 1= 0 dks gy dhft,A

gy ;gk¡ b  – 4ac = 1  – 4 × 1 × 1 = 1 – 4 = – 3

blfy,] blosQ gy x =

2

2

2

2

2 2



gSa

mnkgj.k 11

dks gy dhft,A

gy ;gk¡] lehdj.k dk fofoDrdj

= 1 – 20 = – 19 gSA

blfy, gy

gSA

iz'ukoyh 5.3
fuEufyf[kr lehdj.kksa esa ls izR;sd dks gy dhft,%

1. x  + 3 = 0 2. 2x  + x + 1 = 0 3. x  + 3x + 9 = 0

4. – x  + x – 2 = 0 5. x  + 3x + 5 = 0 6. x  – x + 2 = 0

7.

8.

2 2 2

2 2 2



9.

10.

fofo/ mnkgj.k

mnkgj.k 12

dk la;qXeh Kkr dhft,A

gy ;gk¡

=

=

=

=



blfy,

dk la;qXeh]

gSA

mnkgj.k 13 fuEufyf[kr lfEeJ la[;kvksa dk ekikad ,oa dks.kkad Kkr dhft,A

(i)

(ii)

gy gesa izkIr gS]

=

= 0 + i

vc] 0 = r cos θ, 1 = r sin θ



nksuksa vksj oxZ djosQ tksM+rs gq, gesa izkIr gksrk gS] r  = 1 vFkkZr~ r = 1 rFkk

cos θ = 0, sin θ = 1

blfy,, θ =π / 2

bl izdkj

dk ekikad 1 gS rFkk dks.kkad π/2gksxkA

(ii)

eku yhft,

= r cos θ, –

= r sin θ

Hkkx (i) dh rjg ge izkIr djrs gSa]

r =

, cos θ =

, sin θ =

2



blfy, θ = -π / 4

dk ekikad

rFkk dks.kkad -π /4 gSA

mnkgj.k 14 ;fn x + iy =

gS rks, fl¼ dhft, fd x  + y  = 1

gy gesa izkIr gS] x + iy =

=

=

blfy,] x – iy =

2 2



bl izdkj x  + y  = (x + iy) (x – iy) =

=

= 1

mnkgj.k 15 θ dk okLrfod eku crkb,] tcfd

mnkgj.k 16 lfEeJ la[;k

2 2



dks /zqoh; :i esa ifjofrZr dhft,A

gy gesa izkIr gS] z =

=

=

eku yhft,

nksuksa vksj oxZ djosQ] tksM+rs gq, gesa izkIr gksrk gS]

=

vFkkZr~ r



blls

izkIr gksrk gS

vè;k; 5 ij fofo/ iz'ukoyh
1.

dk eku Kkr dhft,A

2. fdUgha nks lfEeJ la[;kvksa z  vkSj z  osQ fy,] fl¼ dhft,%

Re (z1 z2) = Rez1 Rez2 – Imz1 Imz2.

3.

dks ekud :i esa ifjofrZr dhft,A

4. ;fn

] rks fl¼ dhft, fd

1 2



5. fuEufyf[kr dks /zqoh; :i esa ifjofrZr dhft,%

(i)

(ii)

iz'u 6 ls 9 esa fn, x, izR;sd lehdj.k dks gy dhft,%

6.

7.

8.

9.

10. ;fn z1 = 2 – i, z2 = 1 + i,

dk eku Kkr dhft,A



11. ;fn a + ib =

, fl¼ dhft, fd] a  + b  =

12. ekuk z  = 2 – i, z  = –2 + i, fuEu dk eku fudkfy,A

(i)

(ii)

13. lfEeJ la[;k

dk ekikad vkSj dks.kkad Kkr dhft,A

14. ;fn (x – iy) (3 + 5i), –6 – 24i dh la;qXeh gS rks okLrfod la[;k,¡ x vkSj y Kkr dhft,A

15.

dk ekikad Kkr dhft,A

16. ;fn (x + iy)  = u + iv, rks n'kkbZ, fd

2 2

1 2

3



17. ;fn α vkSj β fHkUu lfEeJ la[;k,¡ gSa tgk¡

dk eku Kkr dhft,A

18. lehdj.k

osQ 'kwU;sÙkj iw.kkZad ewyksa dh la[;k Kkr dhft,A

19. ;fn (a + ib) (c + id) (e + if) (g + ih) = A + iB gS rks n'kkZb, fd (a  + b ) (c  + d ) (e  + f )

(g  + h ) = A  + B

20. ;fn

]rks m dk U;wure iw.kkZad eku Kkr dhft,A

lkjka'k
® a + ib osQ izk:i dh ,d la[;k] tgk¡ aa vkSj b okLrfod la[;k,¡ gSa] ,d lfEeJ la[;k
dgykrh gS] a lfEeJ la[;k dk okLrfod Hkkx vkSj b bldk dkYifud Hkkx dgykrk gSA

® ekuk z  = a + ib vkSj z  = c + id] rc

(i) z  +z  = (a + c) + i (b + d)

(ii) z  z  = (ac – bd) + i (ad + bc)

® fdlh 'kwU;sÙkj lfEeJ la[;k z = a + ib (a ≠ 0, b ≠ 0) osQ fy,] ,d lfEeJ la[;k

2 2 2 2 2 2

2 2 2 2

1 2

1 2

1 2



, dk vfLrRo gksrk gS] bls

;k zz– 1 }kjk fufnZ"V fd;k tkrk gS vkSj zdk xq.kkRed izfrykse dgykrk gS ftlls fd (a +

ib)

= 1 + i0 =1 izkIr gksrk gSA

® fdlh iw.kk±d k osQ fy,, i4k = 1, i4k + 1 = i, i4k + 2 = – 1, i4k + 3 = – i

® lfEeJ la[;k z = a + ib dk la;qXeh

}kjk fufnZ"V fd;k tkrk gS vkSj

= a – ib }kjk n'kkZ;k tkrk gSA

® lfEeJ la[;k z = x + iy dk /zqoh; :i r (cos θ + i sin θ), gS] tgk¡ r =

(z dk ekikad) vkSj cosθ =

, sinθ =

(θ,z z dk dks.kkad dgykrk gSA) θ dk eku] ftlls fd – π < θ ≤ π, z dk izeq[k dks.kkad
dgykrk gSA



® ,d n ?kkrokys cgqin lehdj.k osQ n ewy gksrs gSaA

® ,d f}?kkrh; lehdj.k aax  + bx + c = 0, tgk¡ a, b, c ∈ R, a ≠ 0, b  – 4ac < 0,

osQ gy x =

i osQ }kjk izkIr gksrs gSaA

,sfrgkfld i`"BHkwfe

;wukfu;ksa us bl rF; dks igpkuk Fkk fd ,d ½.k la[;k osQ oxZewy dk okLrfod la[;k i¼fr
esa dksbZ vfLrRo ugha gS ijarq bldk Js; Hkkjrh; xf.krK Mahavira (850 bZñ) dks tkrk gS
ftUgksaus loZizFke bl dfBukbZ dk Li"Vr% mYys[k fd;kA ¶mUgksaus viuh o`Qfr ^xf.kr lkj
laxzg* esa crk;k fd ½.k (jkf'k) ,d iw.kZoxZ (jkf'k) ugha gS] vr% bldk oxZewy ugha gksrk
gSA** ,d nwljs Hkkjrh; xf.krK Bhaskara us 1150 bZñ esa viuh o`Qfr ^chtxf.kr* esa Hkh fy[kk gS]
¶½.k jkf'k dk dksbZ oxZewy ugha gksrk gS D;ksafd ;g ,d oxZ ugha gSA¸ Cardan (1545 bñ) us
x + y = 10, xy = 40 dks gy djus esa mRiUu leL;k ij è;ku fn;kA mUgksaus x = 5 +

rFkk y = 5 –

blosQ gy osQ :i esa Kkr fd;k ftls mUgksaus Lo;a vekU;dj fn;k fd ;s la[;k,¡ O;FkZ
(useless) gSaAAlbert Girard (yxHkx 1625 bZñ) us ½.k la[;kvksa osQ oxZewy dks Lohdkj fd;k
vkSj dgk fd] blls ge cgqinh; lehdj.k dh ftruh ?kkr gksxh] mrus ewy izkIr djkus esa l{ke
gksaxsA Euler us loZizFke

dks i aosQru iznku fd;k rFkk W.R. Hamilton (yxHkx 1830 bZñ) us ,d 'kq¼ xf.krh; ifjHkk"kk

2 2



nsdj vkSj rFkkdfFkr ^dkYifud la[;k* osQ iz;ksx dks NksM+rs gq, lfEeJ la[;k aa + ib dks
okLrfod la[;kvksa osQ Øfer ;qXe (a,b) osQ :i esa izLrqr fd;kA



vè;k; 6

jSf[kd vlfedk,¡
(Linear Inequalities)

vMathematics is the art of saying many things in many different ways. — Maxwellv

6.1 Hkwfedk (Introduction)
fiNyh d{kkvksa esa ge ,d pj vkSj nks pj jkf'k;ksa osQ lehdj.kksa rFkk 'kkfCnd iz'uksa dks lehdj.kksa esa
ifjo£rr djosQ gy djuk lh[k pqosQ gSaA vc gekjs efLr"d esa LoHkkor% ;g iz'u mBrk gS fd ¶D;k
'kkfCnd iz'uksa dks lnSo ,d lehdj.k osQ :i esa ifjo£rr djuk laHko gS\¸ mnkgj.kr% vkidh d{kk
osQ lHkh fo|k£Fk;ksa dh Å¡pkbZ 106 lseh- ls de gS] vkidh d{kk esa vfèkdre 60 es”ksa ;k oqQ£l;k¡
;k nksuksa lek ldrh gSaA ;gk¡ gesa ,sls dFku feyrs gSa ftuesa ‘<’ (ls de)] ‘>’ (ls vf/d)] ‘≤’

(ls de ;k cjkcj) ‘≥’ (ls vf/d ;k cjkcj) fpÉ iz;qDr gksrs gSaA bUgsa ge vlfedk,¡
(Inequalities) dgrs gSaA

bl vè;k; esa] ge ,d ;k nks pj jkf'k;ksa dh jSf[kd vlfedkvksa dk vè;;u djsaxsA vlfedkvksa dk
vè;;u foKku] xf.kr] lkaf[;dh] b"Vredkjh leL;kvksa (optimisation problems), vFkZ'kkL=k]
euksfoKku bR;kfn ls lacafèkr leL;kvksa dks gy djus esa vR;ar mi;ksxh gSA

6.2 vlfedk,¡ (Inequalities)
ge fuEufyf[kr fLFkfr;ksa ij fopkj djrs gSa%

(i) jfo 200 #i;s ysdj pkoy [kjhnus osQ fy, ck”kkj tkrk gS] pkoy 1 fdxzkñ osQ iSosQVksa esa



miyCèk gSaA ,d fdyks pkoy osQ iSosQV dk ewY; 30 #i;s gSA ;fn x mlosQ }kjk [kjhns x, pkoy
osQ iSosQVksa dh la[;k dks O;Dr djrk gks] rks mlosQ }kjk [kpZ dh xbZ èkujkf'k 30x #i;s gksxhA D;ksafd
mls pkoy dks iSosQVksa esa gh [kjhnuk gS blfy, og 200 #i;s dh iwjh èkujkf'k dks [kpZ ugha dj
ik,xk (D;ksa\)A vr%

30x < 200 ... (1)

Li"Vr% dFku (i) lehdj.k ugha gS] D;ksafd blesa lerk (equality) dk fpÉ (=) ugha gSA

(ii) js'kek osQ ikl 120 #i;s gSa ftlls og dqN jftLVj o isu [kjhnuk pkgrh gSA jftLVj dk ewY;
40 #i;s vkSj isu dk ewY; 20 #i;s gSA bl fLFkfr esa ;fn js'kek }kjk [kjhns x, jftLVj dh la[;k
x rFkk isu dh la[;k y gks rks mlosQ }kjk O;; dh x;h dqy èkujkf'k (40x +20y) #i;s gSA bl
izdkj ge ikrs gSa fd

40x + 20y ≤ 120 ... (2)

D;ksafd bl fLFkfr esa [kpZ dh x;h dqy èkujkf'k vfèkdre 120 #i;s gSA è;ku nhft, dFku (2) osQ
nks Hkkx gSaA

40x + 20y < 120 ... (3)

vkSj 40x + 20y = 120 ... (4)

dFku (3) lehdj.k ugha gS] tcfd dFku (4) lehdj.k gSA mijksDr dFku tSls (1)] (2) rFkk
(3) vlfedk dgykrs gSaA

ifjHkk"kk 1 ,d vlfedk] nks okLrfod la[;kvksa ;k nks chth; O;atdksa esa ‘<’, ‘>’, ‘≤’ ;k ‘≥’ osQ fpÉ
osQ iz;ksx ls curh gSaA

3 < 5; 7 > 5 vkfn la[;kad vlfedk osQ mnkgj.k gSaA tcfd

x < 5; y > 2; x ≥ 3, y ≤ 4 bR;kfn 'kkfCnd (pjkad) vlfedk osQ mnkgj.k gSaA

3 < 5 < 7 (bls i<+rs gSa 5] 3 ls cM+k o 7 ls NksVk gS), 3 < x < 5 (bls i<+rs gSa x, 3 ls cM+k ;k
cjkcj gS o 5 ls NksVk gS) vkSj 2 < y < 4 f}&vlfedk osQ mnkgj.k gSaA



vlfedkvksa osQ dqN vU; mnkgj.k fuEufyf[kr gSa %

ax + b < 0 ... (5)

ax + b > 0 ... (6)

ax + b ≤ 0 ... (7)

ax + b ≥ 0 ... (8)

ax + by < c ... (9)

ax + by > c ... (10)

ax + by ≤ c ... (11)

ax + by ≥ c ... (12)

ax2 + bx + c ≤ 0 ... (13)

ax2 + bx + c > 0 ... (14)

Øekad (5)] (6)] (9)] (10) vkSj (14) lqfuf'pr vlfedk,¡ rFkk Øekad (7)] (8)]

(11)] (12) vkSj (13) vlfedk,¡ dgykrh gSaA ;fn a  0 gks rks Øekad (5) ls (8) rd dh

vlfedk,¡ ,d pj jkf'k x osQ jSf[kd vlfedk,¡ gSa vkSj ;fn a  0 rFkk b  0 gks rks Øekad
(9) ls (12) rd dh vlfedk,¡ nks pj jkf'k;ksa x rFkk y osQ jSf[kd vlfedk,a¡ gSaA

Øekad (13) vkSj (14) dh vlfedk,¡ jSf[kd ugha gSaA okLro esa ;g ,d pj jkf'k x osQ
f}?kkrh; vlfedk,¡ gSa] tc a ≠ 0.

bl vè;k; esa ge osQoy ,d pj vkSj nks pj jkf'k;ksa osQ jSf[kd vlfedkvksa dk vè;;u djsaxsA

6-3 ,d pj jkf'k osQ jSf[kd vlfedkvksa dk chtxf.krh; gy
vkSj mudk vkys[kh; fu:i.k (Algebraic Solutions of Linear
Inequalities in One Variable and their Graphical
Representation)



vuqHkkx 6-2 osQ vlfedk (1) vFkkZr~ 30x < 200 ij fopkj dhft,A è;ku nsa] fd ;gk¡ x pkoy osQ
iSosQVksa dh la[;k dks O;Dr djrk gSA

Li"Vr% x ,d ½.kkRed iw.kk±d vFkok fHkUu ugha gks ldrk gSA

bl vlfedk dk ck;k¡ i{k 30x vkSj nk;k¡ i{k 200 gSA

x = 0 osQ fy,] ck;k¡ i{k = 30 (0) = 0 < 200 (nk;k¡ i{k)] tksfd lR; gSA

x = 1 osQ fy,] ck;k¡ i{k = 30 (1) = 30 < 200 nk;k¡ i{k)] tksfd lR; gSA

x = 2 osQ fy,] ck;k¡ i{k = 30 (2) = 60 < 200, tks fd lR; gSA

x = 3 osQ fy,] ck;k¡ i{k = 30 (3) = 90 < 200, tks fd lR; gSA

x = 4 osQ fy,] ck;k¡ i{k = 30 (4) = 120 < 200, tks fd lR; gSA

x = 5 osQ fy,] ck;k¡ i{k = 30 (5) = 150 < 200, tks fd lR; gSA

x = 6 osQ fy,] ck;k¡ i{k = 30 (6) = 180 < 200, tks fd lR; gSA

x = 7 osQ fy,] ck;k¡ i{k = 30 (7) = 210 < 200, tks fd vlR; gSA

mi;qZDr fLFkfr esa ge ikrs gSa fd mi;qZDr vlfedk dks lR; dFku djus okys x osQ eku osQoy 0]
1] 2] 3] 4] 5 vkSj 6 gSaA x osQ mu ekuksa dks tks fn, vlfedk dks ,d lR; dFku cukrs gksa] mUgsa
vlfedk dk gy dgrs gSaA vkSj leqPp; {0, 1, 2, 3, 4, 5, 6} dks gy leqPp; dgrs gSaA

bl izdkj] ,d pj jkf'k osQ fdlh vlfedk dk gy] pj jkf'k dk og eku gS] tks bls ,d lR;
dFku cukrk gksA

geus mi;qZDr vlfedk dk gy ^iz;kl vkSj Hkwy fofèk* (trial and error method) ls izkIr fd;k gSA
tks vf/d lqfo/ktud ugha gSA Li"Vr% ;g fofèk vfèkd le; ysus okyh rFkk dHkh&dHkh laHkkO;
ugha gksrh gSA gesa vlfedkvksa osQ gy osQ fy, vfèkd vPNh ;k Øec¼ rduhd dh vko';drk gSA
blls igys gesa la[;kad vlfedkvksa osQ dqN vkSj xq.kèkeZ lh[kus pkfg, vkSj vlfedkvksa dks gy
djrs le; mudk fu;eksa dh rjg ikyu djuk pkfg,A

vkidks Lej.k gksxk fd jSf[kd lehdj.kksa dks gy djrs le; ge fuEufyf[kr fu;eksa dk ikyu djrs



gSa%

fu;e 1 ,d lehdj.k osQ nksuksa i{kksa esa leku la[;k,¡ tksM+h (vFkok ?kVkbZ) tk ldrh gSA

fu;e 2 ,d lehdj.k osQ nksuksa i{kksa esa leku 'kwU;srj la[;kvksa ls xq.kk (vFkok Hkkx) fd;k tk
ldrk gSA

vlfedkvksa dks gy djrs le; ge iqu% bUgha fu;eksa dk ikyu rFkk fu;e 2 esa dqN la'kks/u osQ
lkFk djrs gSaA varj ek=k bruk gS fd ½.kkRed la[;kvksa ls vlfedk osQ nksuksa i{kksa dks xq.kk (;k
Hkkx) djus ij vlfedk osQ fpÉ foijhr gks tkrs gSa (vFkkZr~ ‘<' dks >, ‘≤’ dks ‘≥’ bR;kfn dj
fn;k tkrk gS)A bldk dkj.k fuEufyf[kr rF;ksa ls Li"V gS%

3 > 2 tcfd – 3 < – 2

– 8 < – 7 tcfd (–8) (–2) > (–7) (–2), vFkkZr~ 16 > 14

bl izdkj vlfedkvksa dks gy djus osQ fy, ge fuEufyf[kr fu;eksa dk mYys[k djrs gSa%

fu;e 1 ,d vlfedk osQ nksuksa i{kksa esa] vlfedk osQ fpÉksa dks izHkkfor fd, fcuk leku la[;k,¡
tksM+h (vFkok ?kVkbZ) tk ldrh gSaA

fu;e 2 fdlh vlfedk osQ nksuksa i{kksa dks leku èkukRed la[;kvksa ls xq.kk (;k Hkkx) fd;k tk
ldrk gSA ijarq nksuksa i{kksa dks leku ½.kkRed la[;kvksa ls xq.kk (;k Hkkx] djrs le; vlfedk osQ
fpÉ rnuqlkj ifjo£rr dj fn, tkrs gSaA

vkb, vc ge dqN mnkgj.kksa ij fopkj djrs gSaA

mnkgj.k 1 30 x < 200, dks gy Kkr dhft, tc

(i) x ,d izko`Qr la[;k gSA

(ii) x ,d iw.kk±d gSA

gy Kkr gS fd 30 x < 200



vFkok  (fu;e 2)

vFkok x < 

(i) tc x ,d izko`Qr la[;k gSA

Li"Vr% bl fLFkfr esa x osQ fuEufyf[kr eku dFku dks lR; djrs gSaA

x = 1] 2] 3] 4] 5] 6

vlfedk dk gy leqPp; {1] 2] 3] 4] 5] 6} gS

(ii) tc x ,d iw.kk±d gS

Li"Vr% bl fLFkfr esa fn, x, vlfedk osQ gy gSa%

..., – 3, –2, –1, 0, 1, 2, 3, 4, 5, 6

vlfedk dk gy leqPp; {...,–3, –2,–1, 0, 1, 2, 3, 4, 5, 6} gS

mnkgj.k 2 gy dhft,% 5x&3< 3x+1] tc (i) x ,d iw.kk±d gSA (ii) x ,d okLrfod la[;k gSA

gy fn;k gS] fd 5x –3 < 3x + 1

vFkok 5x –3 + 3 < 3x +1 +3 (fu;e 1)

vFkok 5x < 3x +4

vFkok 5x – 3x < 3x + 4 – 3x (fu;e 1)

vFkok 2x < 4

vFkok x < 2 (fu;e 2)

(i) tc x ,d iw.kk±d gSA bl fLFkfr esa fn, x, vlfedk osQ gy ..., – 4, – 3, – 2, – 1, 0, 1



vr% gy leqPp; {..., &4] &3] &2] &1] 0] 1}

(ii) tc x ,d okLrfod la[;k gSA bl fLFkfr esa vlfedk dk gy x < 2 ls O;Dr gSA bldk vFkZ gS
fd 2 ls NksVh leLr okLrfod la[;k,¡ vlfedk osQ gy gSaA vr% vlfedk dk gy leqPp; (– ∞,

2). gSA

geus vlfedkvksa osQ gy izko`Qr la[;kvksa] iw.kkZdksa rFkk okLrfod la[;kvksa osQ leqPp;ksa ij fopkj
djosQ Kkr fd, gSaA vkxs tc rd vU;Fkk o£.kr u gks] ge bl vè;k; esa vlfedkvksa dk gy
okLrfod la[;kvksa osQ leqPp; esa gh Kkr djsaxsA

mnkgj.k 3 gy dhft, 4x + 3 < 6x +7.

gy Kkr gS fd 4x + 3 < 6x + 7

vFkok 4x – 6x < 6x + 4 – 6x

vFkok – 2x < 4 vFkok x > – 2

vFkkZr~ –2 ls cM+h leLr okLrfod la[;k,¡] fn, x, vlfedk osQ gy gSaA vr% gy leqPp; (–2]
∞) gSA

mnkgj.k 4 gy dhft, 

gy gesa Kkr gS fd 

;k 2 (5 – 2x) ≤ x – 30

;k 10 – 4x ≤ x – 30

;k – 5x ≤ – 40,



;k x ≥ 8

vFkkZr~ ,slh leLr okLrfod la[;k,¡ tks 8 ls cM+h ;k cjkcj gSA vr% bl vlfedk osQ gy x ∈ [8]
∞)

mnkgj.k 5 gy dhft, 7x + 3 < 5x + 9 rFkk bl gy dks la[;k js[kk ij vkysf[kr dhft,A

gy gesa Kkr gS 7x + 3 < 5x + 9

;k 2x < 6 ;k x < 3

la[;k js[kk ij bUgsa ge fuEufyf[kr izdkj ls izn£'kr dj ldrs gSa (vko`Qfr 6-1)A

vko`Qfr 6-1

mnkgj.k 6 gy dhft,  rFkk bl gy dks la[;k js[kk ij vkysf[kr
dhft,A

gy 

;k 

;k 2 (3x – 4) ≥ (x – 3)

;k 6x – 8 ≥ x – 3

;k 5x ≥ 5 or x ≥ 1



vko`Qfr 6-2

la[;k js[kk ij bUgsa ge fuEufyf[kr izdkj ls izn£'kr dj ldrs gSa (vko`Qfr 6-2)%

mnkgj.k 7 d{kk XI osQ izFke l=k o f}rh; l=k dh ijh{kkvksa esa ,d Nk=k osQ izkIrkad 62 vkSj 48
gSaA og U;wure vad Kkr dhft,] ftls ok£"kd ijh{kk esa ikdj og Nk=k 60 vad dk U;wure vkSlr
izkIr dj losQA

gy eku yhft, fd Nk=k ok£"kd ijh{kk esa x vad izkIr djrk gSA

rc 

;k 110 + x ≥ 180 ;k x ≥ 70

bl izdkj ml Nk=k dks ok£"kd ijh{kk esa U;wure 70 vad izkIr djus pkfg,A

mnkgj.k 8 Øekxr fo"ke la[;kvksa osQ ,sls ;qXe Kkr dhft,] ftuesa nksuksa la[;k,¡ 10 ls cM+h gksa]
vkSj mudk ;ksxiQy 40 ls de gksaA

gy eku fy;k fd nks Øekxr fo"ke izko`Qr la[;kvksa esa NksVh fo"ke la[;k x gSA bl izdkj nwljh
fo"ke la[;k x + 2 gSA iz'ukuqlkj

x > 10 ... (1)

rFkk x + ( x + 2) < 40 ... (2)

(2) dks gy djus ij ge ikrs gSa fd

2 x + 2 < 40



;k x < 19 ... (3)

(1) vkSj (3) ls fu"d"kZ ;g gS fd

10< x <19

bl izdkj fo"ke la[;k x osQ vHkh"V eku 10 vkSj 19 osQ chp gSaA blfy, lHkh laHko vHkh"V tksM+s

(11, 13), (13, 15) (15, 17), (17, 19) gksaxsA

iz'ukoyh 6-1
1- gy dhft, % 24x < 100] tc

(i) x ,d izko`Qr la[;k gSA (ii) x ,d iw.kk±d gSA

2- gy dhft,% &12x > 30] tc

(i) x ,d izko`Qr la[;k gSA (ii) x ,d iw.kk±d gSA

3- gy dhft,% 5x&3 < 7] tc

(i) x ,d iw.kk±d (ii) x ,d okLrfod la[;k gSA

4. gy dhft, % 3x + 8 > 2, tc

(i) x ,d iw.kk±d (ii) x ,d okLrfod la[;k gSA

fuEufyf[kr iz'u 5 ls 16 rd okLrfod la[;k x osQ fy, gy dhft,%

5. 4x + 3 < 5x + 7 6. 3x – 7 > 5x – 1

7. 3(x – 1) ≤ 2 (x – 3) 8. 3 (2 – x) ≥ 2 (1 – x)

9.  10. 

11. 



12. 

13. 2 (2x + 3) – 10 < 6 (x – 2) 14. 37 – (3x + 5) > 9x – 8 (x – 3)

15. 

16. 

iz'u 17 ls 20 rd dh vlfedkvksa dk gy Kkr dhft, rFkk mUgsa la[;k js[kk ij vkysf[kr dhft,A

17. 3x – 2 < 2x + 1

18. 5x – 3 > 3x – 5

19. 3 (1 – x) < 2 (x + 4) 20. 

21- jfo us igyh nks ,dd ijh{kk esa 70 vkSj 75 vad izkIr fd, gSaA og U;wure vad Kkr dhft,]
ftls og rhljh ,dd ijh{kk esa ikdj 60 vad dk U;wure vkSlr izkIr dj losQA

22- fdlh ikB~;Øe esa xzsM 'A' ikus osQ fy, ,d O;fDr dks lHkh ik¡p ijh{kkvksa (izR;sd 100 esa
ls) esa 90 vad ;k vfèkd vad dk vkSlr izkIr djuk pkfg,A ;fn lquhrk osQ izFke pkj ijh{kkvksa osQ
izkIrkad 87] 92] 94 vkSj 95 gksa rks og U;wure vad Kkr dhft, ftlas ikapoha ijh{kk esa izkIr djosQ
lquhrk ml ikB~;Øe esa xzsM 'A' ik,xhA

23- 10 ls de Øekxr fo"ke la[;kvksa osQ ,sls ;qXe Kkr dhft, ftuosQ ;ksxiQy 11 ls vfèkd gksaA

24- Øekxr le la[;kvksa osQ ,sls ;qXe Kkr dhft,] ftuesa ls izR;sd 5 ls cM+s gksa] rFkk mudk
;ksxiQy 23 ls de gksA

25- ,d f=kHkqt dh lcls cM+h Hkqtk lcls NksVh Hkqtk dh rhu xquh gS rFkk f=kHkqt dh rhljh Hkqtk



lcls cM+h Hkqtk ls 2 lseh de gSA rhljh Hkqtk dh U;wure yackbZ Kkr dhft, tcfd f=kHkqt dk
ifjeki U;wure 61 lseh gSA

26- ,d O;fDr 91 lseh yacs cksMZ esa ls rhu yackbZ;k¡ dkVuk pkgrk gSA nwljh yackbZ lcls NksVh
yackbZ ls 3 lseh vfèkd vkSj rhljh yackbZ lcls NksVh yackbZ dh nwuh gSA lcls NksVs cksMZ dh laHkkfor
yackbZ;k¡ D;k gSa] ;fn rhljk VqdM+k nwljs VqdM+s ls de ls de 5 lseh vfèkd yack gks\

[laosQr ;fn lcls NksVs cksMZ dh yackbZ x lseh gks] rc (x + 3) lseh vkSj 2x lseh Øe'k% nwljs vkSj
rhljs VqdM+ksa dh yackbZ;k¡ gSaA bl izdkj x + (x + 3) + 2x ≤ 91 vkSj
2x ≥ (x + 3) + 5]

6-4 nks pj jkf'k;ksa osQ jSf[kd vlfedkvksa dk vkys[kh; gy
(Graphical Solution of Linear Inequalities in Two
Variables)
igys vuqHkkx esa geus ns[kk gS fd ,d pj jkf'k osQ jSf[kd vlfedk dk vkys[k ,d fp=kh; fu:i.k
gS vkSj vlfedk osQ gy dk o.kZu djus dh ,d ljy fofèk gSA vc ge nks pj jkf'k;ksa dh jSf[kd
vlfedk osQ vkys[ku dk o.kZu djsaxsA

ge tkurs gSa fd ,d js[kk dkrhZ; ry dks js[kk osQ vfrfjDr nks Hkkxksa esa ck¡Vrh gSA izR;sd Hkkx dks
vèkZ&ry dgrs gSaA ,d ÅèokZèkj js[kk ry dks ck;k¡ vèkZ&ry o nk;k¡ vèkZ&ry esa foHkkftr djrh gS
vkSj ,d ÅèosZrj (non-vertical) js[kk ,d ry dks fupyk vèkZ&ry o Åijh vèkZ&ry esa foHkkftr
djrh gSA vko`Qfr 6-3 o vko`Qfr 6-4)A



vko`Qfr 6-3 vko`Qfr 6.4

dkrhZ; ry esa ,d ¯cnqq ;k rks js[kk ij fLFkr gksxk ;k vèkZ&ry I ;k II esa fLFkr gksxkA vc ge
ijh{k.k djsaxs fd D;k ,d ry esa fLFkr ¯cnqq dk vlfedk aax + by < c ;k ax + by > c ls dksbZ
lacaèk gS\

vkb, ge eku ysa ax + by = c, ... (1)

,d js[kk gS tgk¡ a ≠ 0 rFkk b ≠ 0 gSA

vc ;gk¡ rhu laHkkouk,¡ gSa%

(i) ax + by = c (ii) ax + by > c

(iii) ax + by < c.

Li"Vr% fLFkfr (i) esa (i) dks larq"V djus okys lHkh ¯cnq (x, y) (i) }kjk fu:fir js[kk ij fLFkr gSa vkSj
foykser%A

fLFkfr (ii) esa igys ge eku ysrs gSa fd b > 0 vkSj js[kk ax + by = c, b > 0, ij ,d ¯cnq P (α,β)

ysrs gSa rkfd aα + bβ = c.

ekuk vèkZ&ry II esa dksbZ ¯cnq Q (α , γ) gS (vko`Qfr 6-5)A



vko`Qfr 6-5

vc vko`Qfr 6-5 ls ge fu"d"kZ fudkyrs gS fd

γ > β (D;ksa\)

;k b  > bβ

;k aα + b γ > aα + bβ

;k aα + b γ > c (D;ksa\)

;k] Q(α, ), vlfedk aax + by > c dks larq"V djrh gSA

vFkkZr~] js[kk ax + by = c osQ Åij vèkZ&ry II esa fLFkr lHkh ¯cnq vlfedk ax + by > c dks larq"V
djrs gSaA

foykser% ekuk js[kk ax + by = c ij ,d ¯cnq P (α, β) gS vkSj Q(α, γ) dksbZ ¯cnq] vlfedk

ax + by > c dks larq"V djrk gSA

rkfd aα + bγ > c

 aα + b γ > aα + bβ



 γ > β (D;ksafd b > 0)

vFkkZZr~ Q(α, ) vèkZ&ry II esa fLFkr gS

vr% vèkZ&ry II dk dksbZ Hkh ¯cnq vlfedk ax + by > c dks larq"V djrk gS vkSj foykser% dksbZ ¯cnq
tks vlfedk ax + by > c dks larq"V djrk gS] vèkZ&ry II esa fLFkr gksrk gSA

blh izdkj ge fl¼ dj ldrs gSa fd b < 0 osQ fy, os lHkh ¯cnq tks vlfedk ax + by > c dks
larq"V djrs gSa] vèkZ&ry I esa fLFkr gksrs gSa vkSj foykser%

vr% ge bl fu"d"kZ ij vkrs gSa fd os lHkh ¯cnq tks vlfedk ax + by > c ; b > 0 ;k b < 0 osQ
vuqlkj] dks larq"V djrs gSa os vèkZ&ry II ;k I esa ls fdlh ,d ry esa fLFkr gksrs gSa vkSj foykser%A

vlfedk ax + by > c dk vkys[ku bu vèkZ&ryksa esa ls ,d vèkZ&ry gksxk ¹(ftls gy&{ks=k
(Solution region) dgrs gSaº vkSj bl vèkZ&ry dks Nk;kafdr {ks=k (Shaded region) }kjk fu:fir
djrs gSaA

AfVIi.kh

1 og {ks=k ftlesa fdlh vlfedk osQ laiw.kZ gy fLFkr gksa] mls vlfedk dk gy&{ks=k
(Solution region) dgrs gSaA

2- fdlh vlfedk }kjk fu:fir {ks=k dks igpkuus osQ fy,] fdlh vèkZ&ry esa osQoy ,d ¯cnq
(a, b) (tks js[kk ij fLFkr u gks) ysdj tk¡puk gh i;kZIr gS fd og ml vlfedk dks larq"V
djrk gS vFkok ughaA ;fn ;g ¯cnq vlfedk dks larq"V djrk gS rks vlfedk ml vèkZ&ry dks
fu:fir djrh gS vkSj ml vèkZ&ry dks Nk;kafdr dj nsrs gSa ftlesa ;g ¯cnq gSA vU;Fkk ;g
vlfedk ml vèkZ&ry dks fu:fir djsxh ftlesa ;g ¯cnq ugha gSA viuh lqfoèkk dh n`f"V ls
¯cnq (0, 0) dks izkFkfedrk nh tkrh gSA

3- ;fn ,d vlfedk ax + by ≥ c ;k ax + by ≤ c osQ Lo:i dh gS rks js[kk ax + by = c ij
fLFkr lHkh ¯cnq Hkh mlosQ gy&{ks=k esa lfEeyr gksrs gSaA blfy, gy {ks=k ij xgjh dkyh js[kk
[khaprs gSaA

4- ;fn vlfedk ax + by > c ;k ax + by < c osQ Lo:i dh gS rks js[kk ax + by = c ij fLFkr



lHkh ¯cnq mlosQ gy&{ks=k esa lfEefyr ugha gksrs gSaA blfy, gy {ks=k ij js[kk dks ¯cnqor~ ;k
[kafMr [khaprs gSaA

vuqHkkx 6-2 esa gesa nks pj jkf'k;ksa x rFkk y dk fuEufyf[kr jSf[kd vlfedk izkIr gqbZ FkhA

40x + 20y ≤ 120 ... (1)

tc js'kek }kjk jftLVj vkSj isu osQ [kjhnus lacaèkh 'kkfCnd iz'u dks xf.krh; :i esa ifjo£rr djus
ls izkIr gqbZ FkhA

pw¡fd oLrqvksa dh la[;k ,d ½.kkRed vkSj fHkUukRed la[;k ugha gks ldrh gS] vr% ge bl
vlfedk dk gy x rFkk y dks osQoy iw.kZ la[;k osQ :i esa è;ku j[krs gq, djrs gSA bl voLFkk esa
ge x rFkk y osQ ekuksa osQ ,sls tksM+s Kkr djrs gSa ftuosQ laxr dFku (1) lR; gSA okLro esa ,sls
;qXeksa dk leqPp; vlfedk (1) dk gy leqPp; (Solution set) gksxkA x = 0 ysdj izkjaHk djus
ij ge ikrs gSa fd (1) dk ck;k¡ i{k = 40x + 20y = 40 (0) + 20y = 20y.

bl izdkj

20y ≤ 120 ;k y ≤ 6 ... (2)

vr% x = 0 osQ laxr y osQ eku 0] 1] 2] 3] 4] 5] 6 ek=k gks ldrs gSaA

bl fLFkfr esa (1) osQ gy (0] 0)] (0]1)] (0]2)] (0]3)] (0]4)] (0]5)vkSj (0]6) gSaA

blh izdkj tc x = 1] 2] 3 gSa rks (1) osQ vU; gy fuEufyf[kr gSa%

(1, 0), (1, 1), (1, 2), (1, 3), (1, 4)

(2, 0), (2, 1), (2, 2), (3, 0)

;g vko`Qfr 6.6 esa fn[kk;k x;k gSA



vko`Qfr 6-6

vc ge x rFkk y osQ izkar (domain) dks iw.kZ la[;kvksa ls foLrkfjr djosQ okLrfod la[;k,¡ djrs gSa]
vkSj ns[krs gSa fd bl voLFkk esa vlfedk (1) osQ D;k gy gksrs gSaA vki ns[ksaxs fd gy djus dh
vkysf[kr&fofèk (Graphical method) bl fLFkfr esa vfèkd lqfoèkktud gSA bl mís'; ls] ge (1)
osQ laxr lehdj.k

40x + 20y = 120 ... (3)

ij fopkj djrs gSa vkSj bldk vkys[k [khaprs gSaA

;g ,d ljy js[kk gS tks dkrhZ; ry dks vèkZ&ry I o vèkZ&ry II esa foHkkftr djrh gS

vlfedk (1) dk vkys[k [khapus osQ fy,] ge vèkZ&ry&I esa ,d ¯cnqq (0] 0) eku ysrs gSa vkSj ;g
tk¡prs gSa fd x vkSj y osQ eku vlfedk dks larq"V djrs gSa ;k ughaA

vki ;g ns[ksaxs fd x = 0, y = 0 vlfedk dks larq"V djrs gSaA bl izdkj ge dgrs gSa fd vlfedk



dk vkys[k, vèkZ&ry I gS (vko`Qfr 6-7 esa fn[kk;k x;k gS)A pw¡fd js[kk osQ lHkh ¯cnq vlfedk (1)
dks larq"V djrs gSaA vr% js[kk Hkh vkys[k dk ,d Hkkx gSA

vko`Qfr 6-7

bl izdkj fn, x, vlfedk dk vkys[k] js[kk lfgr vèkZ&ry I gSA Li"Vr% vèkZ&ry II vkys[k dk
Hkkx ugha gSA bl izdkj vlfedk (1) dk gy blosQ vkys[k (js[kk lfgr] vèkZ&ry I) osQ leLr
¯cnq gSA

vc ge dqN mnkgj.kksa dh lgk;rk ls nks pj jkf'k;ksa osQ jSf[kd vlfedkvksa osQ gy djus dh fofèk
Li"V djrs gSaA

mnkgj.k 9 3x + 2y > 6 dks vkys[kh; fofèk (Graphically) ls gy dhft,A

gy loZizFke ge lehdj.k 3x + 2y = 6 dk xzkiQ [akfMr js[kk osQ :i esa [khaprs gSa (vko`Qfr 6-8)A



vko`Qfr 6-8

;g js[kk xy & ry dks nks vèkZ&ry I rFkk II esa foHkkftr djrh gS ge ,d ¯cnq (tks js[kk ij fLFkr
ugha gS) tSls (0] 0) dk p;u djrs gSa tks vèkZ&ry I esa fLFkr gS (vko`Qfr 6-8)A vc tk¡p djrs
gSa fd ;g ¯cnq nh xbZ vlfedk dks larq"V djrk gS vFkok ughaA

ge ikrs gSa fd 3 (0) + 2 (0) > 6

;k 0 > 6 , tks vlR; gSA

vr% vèkZ&ry I] fn, gq, vlfedk dk gy&{ks=k ugha gSA Li"Vr% js[kk ij fLFkr dksbZ Hkh ¯cnq] nh xbZ
vlfedk dks larq"V ugha djrk gSA nwljs 'kCnksa esa] Nk;kafdr vèkZ&ry II] js[kk osQ ¯cnqvksa dks NksM+dj]
nh xbZ vlfedk dk gy {ks=k gSA

mnkgj.k 10 f}foeh; ry esa vlfedk 3x – 6 ≥ 0 dk vkys[ku&fofèk ls gy dhft,A

gy 3x – 6 = 0 dk vkys[k vko`Qfr 6-9 esa fn;k x;k gSA



vko`Qfr 6-9

ge ,d ¯cnq (0] 0) dk p;u djrs gSa vkSj bls nh xbZ vlfedk esa j[kus ij ge ikrs gSa fd

3 (0) – 6 ≥ 0 ;k – 6 ≥ 0 tks fd vlR; gSA

bl izdkj nh xbZ vlfedk dk gy&{ks=k js[kk x = 2 osQ nkfguh vksj Nk;kafdr Hkkx gSA

mnkgj.k 11 y < 2 dks vkys[ku&fofèk ls gy dhft,A

gy y = 2 dk vkys[k 6-10 esa fn;k x;k gSA



vko`Qfr 6-10

ge fupys vèkZ&ry I esa ,d ¯cnq tSls (0] 0) dk p;u djrs gSa vkSj nh xbZ vlfedk esa y = 0

j[kus ij ge ikrs gSa fd

1 × 0 < 2 ;k 0 < 2 tksfd lR; gSA

bl izdkj js[kk y = 2 osQ uhps dk {ks=k ftlesa ewy ¯cnq (0] 0) fLFkr gS] nh xbZ vlfedk dk gy&
{ks=k gSA vr% js[kk y = 2 osQ uhps osQ leLr ¯cnq (ftlesa js[kk osQ ¯cnq lfEefyr ugha gSa) nh xbZ
vlfedk osQ gy gSaA

iz'ukoyh 6-2
fuEufyf[kr vlfedkvksa dks vkys[ku&fofèk ls f}foeh; ry esa fu:fir dhft,A

1. x + y < 5 2. 2x + y ≥ 6 3. 3x + 4y ≤ 12 4. y + 8 ≥ 2x 5. x – y ≤ 2 6. 2x – 3y > 6

7. – 3x + 2y ≥ – 6 8. 3y – 5x < 30 9. y < – 2 10. x > – 3.

6-5 nks pj jkf'k;ksa dh vlfedk fudk; dk gy (Solution of
System of Linear Inequalities in Two Variables)
fiNys vuqHkkx esa ge nks pj jkf'k;ksa osQ jSf[kd vlfedkvksa dk vkys[ku&fofèk ls gy djuk lh[k
x, gSaA vc ge dqN mnkgj.kksa dh lgk;rk ls nks pj jkf'k;ksa dh vlfedk fudk; dks gy djus dh
fofèk Li"V djsaxsA

mnkgj.k 12 fuEufyf[kr vlfedk fudk;

x + y ≥ 5 ... (1)

x – y ≤ 3 ... (2)

dks vkys[kh; fofèk ls gy dhft,%

gy jSf[kd vlfedk x + y = 5 dk vkys[k vko`Qfr 6-11 esa [khapk x;k gSA



vko`Qfr 6-11

ge ns[krs gSa fd vlfedk (1) dk gy] js[kk x + y = 5 osQ Åijh Nk;kafdr {ks=k }kjk fu:fir gksrk
gS ftlesa js[kk ij fLFkr lHkh ¯cnqq Hkh lfEefyr gSaA

mUgha funsZ'kka{kksa ij ge lehdj.k dk Hkh vkys[k [khaprs gS tSlk fd (vko`Qfr 6.11) esa fn[kk;k x;k
gSA rc vlfedk (2) dk gy js[kk x – y = 3 osQ Åijh Nk;kafdr {ks=k }kjk fu:fir gksrk gS] ftlesa

js[kk ij lHkh fcanq Hkh lfEefyr gSaA

Li"Vr% f}Nk;kafdr {ks=k (double shaded region) tks mi;qZDr nksuksa Nk;kafdr {ks=kksa esa mHk;fu"B gSa]
ogh fn, gq, vlfedk fudk; (1) o (2) dk okafNr gy {ks=k gSA

mnkgj.k 13 fuEufyf[kr jSf[kd vlfedk fudk; dks vkys[ku fofèk }kjk gy dhft,A



5x + 4y ≤ 40 ... (1)

x ≥ 2 ... (2)

y ≥ 3 ... (3)

gy loZizFke ge lehdj.kksa 5x + 4y = 40, x = 2 vkSj y= 3 }kjk fu:fir js[kkvksa osQ vkys[k [khaprs
gSaA

rc ge ns[krs gSa fd vlfedk (1)] js[kk 5x + 4y = 40 osQ uhps Nk;kafdr {ks=k dks fu:fir djrk gS
ftlesa js[kk osQ lHkh ¯cnqq Hkh lfEefyr gSa vlfedk (2)] js[kk x = 2 osQ nkfguh vksj dk Nk;kafdr
{ks=k vkSj vlfedk (3)] js[kk y = 3 osQ Åijh Nk;kafdr {ks=k ftuesa bu js[kkvksa osQ lHkh ¯cnqq Hkh
lfEefyr gSa] dks fu:fir djrk gSA vr% loZfu"B Nk;kafdr {ks=k vkSj js[kkvksa ij lHkh ¯cnqq (vko`Qfr
6-12) fn, gq, jSf[kd vlfedk fudk; osQ gy gSaA

vko`Qfr 6-12

cgqr lh O;kogkfjd fLFkfr;ksa esa tks vlfedk fudk; ls ;qDr gSa] pj jkf'k;k¡ x vkSj y izk;% ,slh



jkf'k;k¡ gksrh gSa] tks ½.kkRed ugha gks ldrh gSaA mnkgj.kr% mRikfnr bdkb;ksa dh la[;k] Ø; dh xbZ
oLrqvksa dh la[;k] dke djus esa yxs ?kaVksa dh la[;k vkfnA Li"Vr% ,slh ifjfLFkfr esa x ≥ 0 vkSj y ≥

0 gy {ks=k izFke prqFkk±'k esa gh gksrk gSA

vkb, vc ge dqN ,sls vlfedk fudk; ij fopkj djrs gSa] ftuesa x ≥ 0, y ≥ 0 gSaA

mnkgj.k 14 fuEufyf[kr vlfedk fudk; dks vkys[kh; fofèk ls gy dhft,%

8x + 3y ≤ 100 ... (1)

x ≥ 0 ... (2)

y ≥ 0 ... (3)

gy ge js[kk 8x + 3y = 100 dk vkys[k [khaprs gSaA

vlfedk 8x + 3y ≤ 100 bl js[kk osQ uhps osQ Nk;kafdr {ks=k dks fu:fir djrk gS] ftlesa js[kk 8x

+3y =100 osQ lHkh ¯cnqq lfEefyr gSa (vko`Qfr 6-13)A



vko`Qfr 6-13

pwafd 8x + 3y ≤ 100, vr% f=kfoèk Nk;kafdr (Triple shaded) {ks=k dk izR;sd ¯cnqq tks izFke prqFkk±'k
esa gS] rFkk ftlesa js[kkvksa osQ ¯cnqq Hkh lfEefyr gSa] fn, gq, vlfedk fudk; dk gy fu:fir djrk
gSA

mnkgj.k 15 fuEufyf[kr vlfedk fudk; dks vkys[kh; fofèk ls gy dhft,A

x + 2y ≤ 8 ... (1)

2x + y ≤ 8 ... (2)

x > 0 ... (3)

y > 0 ... (4)



gy ge js[kkvksa x + 2y = 8 vkSj 2x + y = 8 dk vkys[k [khaprs gSaA vlfedk (1) vkSj (2) nksuksa
laxr js[kkvksa osQ ¯cnqqvksa lfgr vius ls uhps fLFkr {ks=kksa dks fu:fir djrs gSaA

pwafd x ≥ 0, y ≥ 0 vr% izFke prqFkk±'k esa fLFkr loZfu"B Nk;kafdr {ks=k osQ izR;sd ¯cnqq fn, gq,
vlfedk fudk; osQ gy dks fu:fir djrk gS vko`Qfr (6-14)A

vko`Qfr 6-14

iz'ukoyh 6-3
iz'u 1 ls 15 rd fuEufyf[kr vlfedk fudk; dks vkys[kh; fofèk ls gy dhft,% graphically:

1. x ≥ 3, y ≥ 2

2. 3x + 2y ≤ 12, x ≥ 1, y ≥ 2

3. 2x + y ≥ 6, 3x + 4y < 12

4. x + y ≥ 4, 2x – y > 0



5. 2x – y >1, x – 2y < – 1

6. x + y ≤ 6, x + y ≥ 4

7. 2x + y ≥ 8, x + 2y ≥ 10

8. x + y ≤ 9, y > x, x ≥ 0

9. 5x + 4y ≤ 20, x ≥ 1, y ≥ 2

10. 3x + 4y ≤ 60, x +3y ≤ 30, x ≥ 0, y ≥ 0

11. 2x + y ≥ 4, x + y ≤ 3, 2x – 3y ≤ 6

12. x – 2y ≤ 3, 3x + 4y ≥ 12, x ≥ 0 , y ≥ 1.

13. 4x + 3y ≤ 60, y ≥ 2x, x ≥ 3, x, y ≥ 0

14. 3x + 2y ≤ 150, x + 4y ≤ 80, x ≤ 15, y ≥ 0, x ≥ 0

15. x + 2y ≤ 10, x + y ≥ 1, x – y ≤ 0, x ≥ 0, y ≥ 0

fofoèk mnkgj.k
mnkgj.k 16 gy dhft, – 8 ≤ 5x – 3 < 7.

gy bl fLFkfr esa gekjs ikl nks vlfedk,¡ – 8 ≤ 5x – 3 vkSj 5x – 3 < 7 gSaA bUgsa ge lkFk&lkFk gy
djuk pkgrs gSaA ge fn, x, vlfedk osQ eè; esa pj jkf'k x dk xq.kkad ,d cukuk pkgrs gSaA

gesa Kkr gS fd – 8 ≤ 5x –3 < 7

;k –5 ≤ 5x < 10 ;k –1 ≤ x < 2

mnkgj.k 17 gy dhft, – 5 ≤  ≤ 8.



gy Kkr gS fd – 5 ≤  ≤ 8

;k –10 ≤ 5 – 3x ≤ 16 ;k – 15 ≤ – 3x ≤ 11

;k 5 ≥ x ≥ – 

ftls ge  ≤ x ≤ 5 osQ :i esa Hkh fy[k ldrs gSaA

mnkgj.k 18 fuEufyf[kr vlfedk&fudk; dks gy dhft,%

3x – 7 < 5 + x (1)

11 – 5 x ≤ 1 ... (2)

vkSj mUgsa la[;k js[kk ij vkysf[kr dhft,A

gy vlfedk (1) ls ge izkIr djrs gSa

3x – 7 < 5 + x

;k x < 6 ... (3)

vlfedk (2) ls Hkh ge izkIr djrs gSa

11 – 5 x ≤ 1

;k – 5 x ≤ – 10

;k x ≥ 2 ... (4)

;fn la[;k js[kk ij (3) rFkk (4) dks vkysf[kr djsa rks ge ikrs gSa fd x osQ mHk;fu"B eku 2 osQ
cjkcj ;k 2 ls cM+s o 6 ls NksVs gSa tks vko`Qfr 6-16 esa xgjh dkyh js[kk }kjk izn£'kr fd, x, gSaA



vko`Qfr 6-16

vr% vlfedk fudk; dk gy okLrfod la[;k x] 2 osQ cjkcj ;k 2 ls cM+k vkSj 6 ls NksVh gSA bl
izdkj 2 ≤ x < 6.

mnkgj.k 19 fdlh iz;ksx esa ued osQ vEy osQ ,d foy;u dk rkieku 30  lsfYl;l vkSj
35  lsfYl;l osQ chp gh j[kuk gSA iQkjsugkbV iSekus ij rkieku dk ifjlj Kkr dhft,] ;fn
lsaVhxzsM ls iQkjsugkbV iSekus ij ifjorZu lw=k

C =  (F – 32)

gS] tgk¡ C vkSj F Øe'k% rkieku dks va'k lsfYl;l rFkk va'k iQkjsugkbV esa fu:fir djrs gSaA

gy Kkr gS fd 30 < C < 35

C =  (F – 32), j[kus ij ge ikrs gSa]

30 <  (F – 32) < 35,

;k  × 30 < (F – 32) <  × 35

;k 54 < (F – 32) < 63

o

o



;k 86 < F < 95.

bl izdkj rkieku dk vHkh"V ifjlj 86° F ls 95° F gSA

mnkgj.k 20 ,d fuekZrk osQ ikl vEy osQ 12% foy;u osQ 600 fyVj gSaA Kkr dhft, fd 30%

vEy okys foy;u osQ fdrus fyVj mlesa feyk, tk,¡ rkfd ifj.kkeh feJ.k esa vEy dh ek=kk 15%

ls vfèkd ijarq 18% ls de gksA

gy eku yhft, fd 30% vEy osQ foy;u dh ek=kk x fyVj gSA

rc laiw.kZ feJ.k = (x + 600) fyVj

blfy, 30% x + 12% dk 600 > 15% dk (x + 600)

vkSj 30% x + 12% dk 600 < 18% dk (x + 600)

;k  +  (600) >  (x + 600)

vkSj  +  (600) <  (x + 600)

;k 30x + 7200 > 15x + 9000

vkSj 30x + 7200 < 18x + 10800

;k 15x > 1800 vkSj 12x < 3600

;k x > 120 vkSj x < 300,

vFkkZr 120 < x < 300

bl izdkj 30% vEy osQ foy;u dh vHkh"V ek=kk 120 fyVj ls vfèkd rFkk 300 fyVj ls de
gksuh pkfg,A



vè;k; 6 ij fofoèk iz'ukoyh
iz'u 1 ls 6 rd dh vlfedkvksa dks gy dhft,%

1. 2 ≤ 3x – 4 ≤ 5 2. 6 ≤ – 3 (2x – 4) < 12

3.  4. 

5.  6. .

iz'u 7 ls 10 rd dh vlfedkvksa dks gy dhft, vkSj muosQ gy dks la[;k js[kk ij fu:fir
dhft,A

7. 5x + 1 > – 24, 5x – 1 < 24

8. 2 (x – 1) < x + 5, 3 (x + 2) > 2 – x

9. 3x – 7 > 2 (x – 6) , 6 – x > 11 – 2x

10. 5 (2x – 7) – 3 (2x + 3) ≤ 0 , 2x + 19 ≤ 6x + 47 .

11. ,d foy;u dks 68  F vkSj 77  F osQ eè; j[kuk gSA lsfYl;l iSekus ij foy;u osQ rkieku

dk ifjlj Kkr dhft,] tgk¡ lsfYl;l iQkjsugkbV ifjorZu lw=k F =  C + 32 gSA

12- 8% cksfjd ,flM osQ foy;u esa 2% cksfjd ,flM dk foy;u feykdj ruq (dilute) fd;k
tkrk gSA ifj.kkeh feJ.k esa cksfjd ,flM 4% ls vfèkd rFkk 6% ls de gksuk pkfg,A ;fn gekjs
ikl 8% foy;u dh ek=kk 640 fyVj gks rks Kkr dhft, fd 2% foy;u osQ fdrus fyVj blesa
feykus gksaxs\

13- 45% vEy osQ 1125 fyVj foy;u esa fdruk ikuh feyk;k tk, fd ifj.kkeh feJ.k esa vEy
25% ls vfèkd ijarq 30% ls de gks tk,\

o o



14- ,d O;fDr osQ ckSf¼d&yfCèk (IQ) ekiu dk lw=k fuEufyf[kr gS%

IQ =  × 100,

tgk¡ MA ekufld vk;q vkSj CA dkykuqØeh vk;q gSA ;fn 12 o"kZ dh vk;q osQ cPpksa osQ ,d lewg
dh IQ] vlfedk 80 ≤ IQ ≤ 140 }kjk O;Dr gks] rks ml lewg osQ cPpksa dh ekufld vk;q dk
ifjlj Kkr dhft,A

lkjka'k
,d vlfedk] nks okLrfod la[;kvksa ;k nks chth; O;atdksa esa <, >, ≤ ;k ≥ osQ fpÉ osQ
iz;ksx ls curh gSA

,d vlfedk osQ nksuksa i{kksa esa leku la[;k tksM+h ;k ?kVk;h tk ldrh gSA

fdlh vlfedk osQ nksuksa i{kksa dks leku èkukRed] la[;k ls xq.kk (;k Hkkx) fd;k tk ldrk gSA
ijarq nksuksa i{kksa dks leku ½.kkRed la[;kvksa ls xq.kk (;k Hkkx) djus ij vlfedk osQ fpÉ
rnuqlkj cny tkrs gSaA

x osQ mu ekuksa (Values) dks tks fn,s x, vlfedk dks ,d lR; dFku cukrs gksa] mUgsa vlfedk
dk gy dgrs gSaA

x < a (;k x > a) dk la[;k js[kk ij vkys[k [khapus osQ fy, la[;k js[kk ij la[;k a ij ,d
NksVk lk o`Ùk cukdj] a ls ckb± (;k nkb±) vksj dh la[;k js[kk dks xgjk dkyk dj nsrs gSaA

x ≤ a (;k x ≥ a) dk la[;k js[kk ij vkys[k [khapus osQ fy, la[;k js[kk ij la[;k a ij ,d
NksVk dkyk o`Ùk cukdj a ls ckb± (;k nkb±) vksj dh la[;k js[kk dks xgjk dkyk dj nsrs gSaA

;fn nks pjkadksa dh ,d vlfedk osQ fpÉ ≤ ;k ≥ gksa rks js[kk ij fLFkr ¯cnq] vlfedk osQ
gy esa lfEefyr gksrs gSa vkSj vlfedk dk vkys[k] lerk }kjk fu:fir xgjh eksVh js[kk osQ ckb±
(uhps) ;k nkb± (Åij) gksrk gS tks ml {ks=k dk dksbZ Hkh ¯cnq vlfedk dks larq"V djrk gSA

;fn nks pjkadksa dh ,d vlfedk osQ fpÉ < ;k > gksa rks js[kk ij fLFkr ¯cnq] vlfedk osQ gy



esa lfEefyr ugha gksrs gSa vkSj vlfedk dk vkys[k] lerk }kjk fu:fir nkusnkj js[kk osQ ckb±
(uhps) ;k nkb± (Åij) gksrk gS tks ml {ks=k dk dksbZ Hkh ¯cnq] vlfedk dks larq"V djrk gSA

vlfedkvksa osQ fudk; dk gy {ks=k] og mHk;fu"B {ks=k gS tks fudk; esa lHkh nh xbZ
vlfedkvksa dks larq"V djrk gSA



vè;k; 7

Øep; vkSj lap;
(Permutations and Combinations)

vEvery body of discovery is mathematical in form because there is no other guidance we

can have – DARWINv

7.1 Hkwfed (Introduction)
eku yhft, fd vkiosQ ikl uacj okys rkys dk ,d lwVosQl gSA ekuk ml rkys esa 4 pØ yxs gSa vkSj
izR;sd pØ 0 ls 9 rd osQ 10 vadksa }kjk fpfÉr gSA rkys dks [kksyk tk ldrk gS ;fn 4 fof'k"V
vadks dks] fcuk nksgjk,] ,d fuf'pr Øe esa O;ofLFkr fd;k tk,A ekuk fdlh dkj.k vki vadksa osQ
bl fuf'pr Øe dks Hkwy x, gSaA vkidksa osQoy igyk vad ;kn gS tks fd 7 gSA rkys dks [kksyus osQ
fy,] vkidks 3 vadksa osQ fdrus vuqØeksa dh tk¡p djuh iM+sxh\ bl iz'u osQ mÙkj osQ fy,] vki
laHkor% 'ks"k 9 vadksa esa ls ,d le; esa 3 vadksa dks ysdj] lHkh laHko Øeksa dks vfoyac lwphc¼
djuk izkjaHk dj nsaA ijarq ;g fof/ Fkdkus okyh vkSj uhjl gksxh] D;ksafd laHko Øeksa dh la[;k cM+h
gks ldrh gSA bl vè;k; esa] ge dqN ,slh ekSfyd x.ku rduhd lh[ksaxs ftuls ge] 3 vadksa osQ
Øeksa dks lwphc¼ fd, fcuk gh] bl iz'u dk mÙkj ns losQaxsA oLrqr% ;s rduhd] oLrqvksa osQ p;u
rFkk mudks Øec¼ djus osQ fHkUu&fHkUu rjhdksa dh la[;k fu/kZfjr djus esa mi;ksxh gksrh gSaA izFke
pj.k esa] ge ml fl¼kar ij fopkj djsaxs] tks fd bu rduhdksa dks lh[kusa osQ fy, vR;f/d ekSfyd
gSA



Jacob Bernoulli

(1654-1705 A.D.)

7.2 x.kuk dk vk/kjHkwr fl¼kar (Fundamental Principle of
Counting)
vkb, ge fuEufyf[kr leL;k ij fopkj djsa% eksgu osQ ikl P , P  , P  rhu iSaV rFkk S , S  nks
deh”k+sa gSA mlosQ ikl iguus osQ fy, iSaV rFkk deh”k osQ fdrus fHkUu&fHkUu tksM+s (;qXe) gSa ,d iSaV
pquus osQ fy, 3 rjhosQ gSa] D;ksafd p;u osQ fy, 3 iSaV miyC/ gSaA blh izdkj ,d deh”k dk p;u
2 rjg ls fd;k tk ldrk gSA iSaV osQ izR;sd p;u osQ fy, deh”k osQ p;u osQ 2 fodYi laHko gSaA
vr% iSaV rFkk deh”k osQ tksM+ksa osQ p;u dh la[;k 3 × 2 = 6 gSA bl rF; dks vko`Qfr 7-1 esa Li"V
fd;k x;k gSA

1 2 3 1 2



vko`Qfr 7-1



vko`Qfr 7-2

vkb, ge blh izdkj dh ,d nwljh leL;k ij fopkj djas%

'kcue osQ ikl 2 cLrs] 3 [kkus osQ fMCcs rFkk 2 ikuh dh cksrysa gSaA og bu oLrqvksa dks fdl izdkj
ls ys tk ldrh gS (izR;sd esa ls ,d pqu dj)A

,d cLrs dks 2 fHkUu rjhdksa ls pquk tk ldrk gSA ,d cLrs osQ pqus tkus osQ ckn] ,d [kkus osQ
fMCcs dks pquus osQ 3 fHkUu rjhosQ gSaA bl izdkj cLrs vkSj [kkus osQ fMCcs osQ tksM+ksa dh la[;k 2 × 3 =

6 gSA buesa ls izR;sd tksM+s osQ fy,] ,d ikuh dh cksry dks pquus osQ 2 fHkUu rjhosQ gSaA vr% 'kcue
}kjk bu oLrqvksa dks LowQy ys tkus osQ oqQy 6 × 2 = 12 fHkUu rjhosQ gSaA ;fn ge nks cLrksa dks B ,

B , rhu [kkus osQ fMCcksa dks T , T , T  rFkk nks ikuh dh cksryksa dks W , W , uke nsa] rks bu
laHkkoukvksa dks uhps cuh vko`Qfr }kjk Li"V fd;k tk ldrk gS (vko`Qfr 7.2.)A

oLrqr% mi;qZDr izdkj dh leL;kvksa dks fuEufyf[kr fl¼kar osQ iz;ksx }kjk ljy fd;k tkrk gS] ftls
x.kuk dk vk/kjHkwr fl¼kar vFkok osQoy x.ku fl¼kar dgrs gSa vkSj ftldk dFku bl izdkj gS]

“;fn ,d ?kVuk m fHkUu rjhdksa ls ?kfVr gks ldrh gS] rnksijkar ,d vU; ?kVuk n fHkUu rjhdksa ls ?
kfVr gks ldrh gS] rks fn, gq, Øe esa nksuksa ?kVukvksa osQ fHkUu rjhdksa osQ ?kfVr gksus dh oqQy fHkUu
la[;k m×n gSA”

Åij of.kZr fl¼kar dk ?kVukvksa dh lhfer la[;k osQ fy, O;kidhdj.k fd;k tk ldrk gSA
mnkgj.kkFkZ] 3 ?kVukvksa osQ fy,] ;g fl¼kar fuEufyf[kr izdkj ls gksxk%

‘;fn ,d ?kVuk m fHkUu rjhdksa ls ?kfVr gks ldrh gS] blosQ mijkar ,d nwljh ?kVuk n fHkUu rjhdksa
ls ?kfVr gks ldrh gS] rnksijkar ,d rhljh ?kVuk p fHkUu rjhdksa ls ?kfVr gks ldrh gS] rks rhuksa ?
kVukvksa osQ ?kfVr gksus osQ fHkUu rjhdksa dh oqQy la[;k] fn, gq, Øe esa] m × n × p gSA”

izFke iz'u esa] iSaV rFkk deh”k osQ tksM+ksa dks iguus dh vHkh"V la[;k] fuEufyf[kr ?kVukvksa osQ
mÙkjksÙkj ?kfVr gksus osQ fofHkUu foU;klksa dh la[;k osQ rqY; gS%

(i) ,d iSaV osQ p;u dh ?kVuk

(ii) ,d deh”k osQ p;u dh ?kVuk

1

2 1 2 3 1 2



nwljs iz'u esa foU;klksa dh vHkh"V la[;k] fuEufyf[kr ?kVukvksa osQ mÙkjksÙkj ?kfVr gksus osQ fofHkUu
foU;klksa dh la[;k osQ cjkcj gS%

(i) ,d cLrs osQ p;u dh ?kVuk]

(ii) ,d [kkus osQ fMCcs osQ p;u dh ?kVuk]

(iii) ,d ikuh dh cksry osQ p;u dh ?kVukA

;gk¡ nksuksa esa ls izR;sd iz'u esa ?kVuk,¡ vusd laHko Øeksa esa ?kfVr gks ldrh gSa ijarq ge bu laHko
Øeksa esa ls fdlh ,d dk p;u djrs gSa vkSj bl p;fur Øe esa ?kVukvksa osQ ?kfVr gksus osQ fofHkUu
foU;klksa dh x.kuk djrs gSaA

mnkgj.k 1 'kCn ROSE, osQ v{kjksa ls cuus okys 4 v{kjksa okys] vFkZiw.kZ ;k vFkZghu] 'kCnksa dh
la[;k Kkr dhft,] tcfd v{kjksa osQ iqujko`fÙk dh vuqefr ugha gSA

gy jfpr 'kCnksa dh la[;k] 4 fjDr LFkkuksa  dks 4 v{kjksa ls mÙkjksÙkj Hkjus osQ
rjhdksa dh la[;k osQ cjkcj gS] tcfd bl ckr dk è;ku j[kk tk, fd iqujko`fÙk dh vuqefr ugha gSA
igys LFkku dks] 4 v{kj R, O, S, vkSj E esa ls fdlh ,d }kjk 4 fofHkUu rjhdksa ls Hkjk tk ldrk
gSA blosQ ckn] nwljs LFkku dks 'ks"k rhu v{kjksa esa ls fdlh ,d }kjk 3 fofHkUu rjhdksa ls Hkjk tk
ldrk gSa blosQ mijkar rhljs LFkku dks 2 fofHkUu rjhdksa ls Hkjk tk ldrk gS vkSj var esa pkSFks LFkku
dks osQoy 1 rjhds ls Hkjk tk ldrk gS bl izdkj xq.ku fl¼kar }kjk pkjksa LFkkuksa dks Hkjus osQ rjhdksa
dh la[;k 4 × 3 × 2 × 1 = 24 gSA vr% 'kCnksa dh vHkh"V la[;k 24 gSA

A fVIi.kh  ;fn v{kjksa dh iqujko`fÙk dh vuqefr gksrh] rks fdrus 'kCn cu ldrs gSa\ ;g ckr
ljyrk ls le>h tk ldrh gS fd 4 fjDr LFkkuksa esa ls izR;sd mÙkjksÙkj 4 fofHkUu rjhdksa ls Hkjk
tk ldrk gSA vr% 'kCnksa dh vHkh"V la[;k = 4 × 4 × 4 × 4 = 256.

mnkgj.k 2 fHkUu&fHkUu jaxksa osQ fn, gq, 4 >aMksa ls] fdrus fHkUu&fHkUu laosQr mRiUu fd, tk ldrs



gSa] ;fn ,d laosQr osQ fy,] ,d nwljs osQ uhps] 2 >aMksa dh vko';drk iM+rh gS\

gy mRikfnr laosQrksa dh la[;k 2 fjDr LFkkuksa  dks fHkUu&fHkUu jaxksa osQ 4 >aMksa ls
mÙkjksÙkj Hkjus osQ rjhdksa dh la[;k osQ cjkcj gSA Åij osQ fjDr LFkku dks 4 >aMksa esa ls fdlh ,d
}kjk 4 fofHkUu rjhdksa ls Hkjk tk ldrk gSA blosQ ckn] uhps osQ fjDr LFkku dks 'ks"k 3 >aMksa esa ls
fdlh ,d }kjk 3 fofHkUu rjhdksa ls Hkjk tk ldrk gSA vr% xq.ku fl¼kar }kjk laosQrksa dh vHkh"V
la[;k = 4 × 3 = 12.

mnkgj.k 3 vadksa 1] 2] 3] 4] 5 ls fdruh 2 vadh; le la[;k,¡ cu ldrh gSa] ;fn vadksa dh
iqujko`fÙk dh tk ldrh gS\

gy la[;kvksa dks cukus osQ rjhosQ] 2 fjDr LFkkuksa  dks mÙkjksÙkj mfpr izdkj ls Hkjus osQ
rjhdks dh la[;k osQ cjkcj gSA ;gk¡ bdkbZ LFkku dks Hkjus osQ fy, osQoy 2 fodYi gSa% vad 2 ;k
4] vkSj ;g 2 rjhdksa ls fd;k tk ldrk gSA blosQ i'pkr~ ngkbZ LFkku dks 5 vadksa esa ls fdlh ,d
}kjk Hkjk tk ldrk gS (D;ksafd vadksa dh iqujko`fÙk dh tk ldrh gS)A vr% blosQ 5 fodYi gSaA
vr,o xq.ku fl¼kar }kjk nks vadksa okyh le la[;kvksa dh vHkh"V la[;k = 2 × 5, vFkkZr~ 10 gSA

mnkgj.k 4 ;fn ik¡p fofHkUu >aMs miyC/ gSa] rks mu fofHkUu laosQrksa dh la[;k Kkr dhft, ftUgsa
de ls de nks >aMksa dks ,d ÅèoZ naM ij Øeor ,d dks nwljs osQ uhps j[kdj mRiUu fd;k tk
ldrk gS\

gy ,d laosQr ;k rks 2 ;k 3 ;k 4 ;k 5 >aMksa ls cuk;k tk ldrk gSA vc ge 2] 3] 4 ;k 5 >aMksa
ls cuus okys laosQrksa dh laHko la[;kvksa dh vyx&vyx x.kuk djsaxs vkSj fiQj bu la[;kvksa dks tksM+
nsaxsA

2 >aMksa }kjk cuus okys laosQrksa dh la[;k] 5 miyC/ >aMksa ls 2 fjDr LFkkuksa  dks mÙkjksÙkj
Hkjus dh la[;k osQ cjkcj gSA xq.ku fu;e osQ vuqlkj bldh la[;k = 5 × 4 = 20 gSA



blh izdkj 3 >aMksa }kjk cuus okys laosQrksa dh la[;k] 5 >aMksa ls 3 fjDr LFkkuksa  dks
mÙkjksÙkj Hkjus dh la[;k osQ cjkcj gS bldh la[;k 5 × 4 × 3 = 60 gSA

blh izdkj 4 >aMksa okys laosQrksa dh la[;k = 5 × 4 × 3 × 2 = 120

vkSj 5 >aMksa okys laosQrksa dh la[;k = 5 × 4 × 3 × 2 × 1 = 120

vr% laosQrks dh vHkh"V la[;k = 20 + 60 + 120 + 120 = 320.

iz'ukoyh 7.1
1. vad 1] 2] 3] 4 vkSj 5 ls fdruh 3 vadh; la[;k,¡ cukbZ tk ldrh gSa] ;fn

(i) vadksa dh iqujko`fÙk dh vuqefr gks ?

(ii) vadksa dh iqujko`fÙk dh vuqefr ugha gks ?

2. vad 1] 2] 3] 4] 5] 6 ls fdruh 3 vadh; le la[;k,¡ cukbZ tk ldrh gSa] ;fn vadksa dh
iqujko`fÙk dh tk ldrh gS ?

3. vaxzs”kh o.kZekyk osQ izFke 10 v{kjksa ls fdrus 4 v{kj osQ dksM cuk, tk ldrs gSa] ;fn fdlh Hkh
v{kj dh iqujko`fÙk ugha dh tk ldrh gS?

4. 0 ls 9 rd osQ vadksa dk iz;ksx djosQ fdrus 5 vadh; VsyhiQksu uacj cuk, tk ldrs gSa] ;fn
izR;sd uacj 67 ls izkjaHk gksrk gS vkSj dksbZ vad ,d ckj ls vf/d ugha vkrk gS?

5. ,d flDdk rhu ckj mNkyk tkrk gS vkSj ifj.kke vafdr dj fy, tkrs gSaA ifj.kkeksa dh laHko
la[;k D;k gS?

6. fHkUu&fHkUu jaxksa osQ 5 >aMs fn, gq, gSaA buls fdrus fofHkUu laosQr cuk, tk ldrs gSa] ;fn izR;sd
laosQr esa 2 >aMksa] ,d osQ uhps nwljs] osQ iz;ksx dh vko';drk iM+rh gS?

7.3 Øep; (Permutations)
fiNys vuqPNsn osQ mnkgj.k 1 esa] ge okLro esa v{kjksa osQ fofHkUu foU;klksa] tSls ROSE, REOS, ...,



bR;kfn] dh laHko la[;k dh x.kuk djrs gSaA bl lwph esa izR;sd foU;kl nwljs ls fHkUu gaSA nwljs 'kCnksa
esa v{kjksa osQ fy[kus dk Øe egRoiw.kZ gS buesa ls izR;sd foU;kl] 4 fofHkUu v{kjksa esa ls ,d le; esa
lHkh dks lkFk ysdj cuk;k x;k] Øep; dgykrk gS vc ;fn gesa 'kCn NUMBER, osQ v{kjksa esa ls
3 v{kjh;] vFkZiw.kZ ;k vFkZghu jfpr 'kCnksa dh la[;k fu/kZfjr djuh gS] tcfd v{kjksa dh iqujko`fÙk
dh vuqefr ugha gks] rks gesa NUM, NMU,MUN,NUB, ...bR;kfn foU;klksa dh x.kuk dh vko';drk
gSA ;gk¡ ij ge 6 fofHkUu v{kjksa esa ls ,d le; esa 3 v{kjksa dks ysdj cuus okys Øep;ksa dh x.kuk
dj jgs gSaA bl izdkj osQ 'kCnksa dh vHkh"V la[;k = 6 × 5 × 4 = 120 (xq.ku fl¼kar osQ iz;ksx }kjk)
gSaA

;fn v{kjksa dh iqujko`fÙk dh vuqefr gksrh] rks 'kCnksa dh vHkh"V la[;k 6 × 6 × 6 = 216 gksxhA

ifjHkk"kk 1 Øep; ,d fuf'pr Øe esa cuk foU;kl gS] ftldks nh gqbZ oLrqvksa esa ls ,d le; esa
oqQN ;k lHkh dks ysdj cuk;k x;k gSA

uhps fn, mi&vuqPNsn esa ge ml lw=k dks fu/kZfjr djsaxs ftldh vko';drk bl izdkj osQ iz'uksa osQ
mÙkj nsus osQ fy, iM+rh gSA

7.3.1 Øep;] tc lHkh oLrq,¡ fHkUu&fHkUu gSa (Permutations when all the objects are

distinct)

izes; 1 n fofHkUu oLrqvksa esa ls ,d le; esa r oLrqvksa dks ysdj cuk, x, Øep;ksa dh la[;k dks
izrhd P  ls fu:fir djrs gSa] tgk¡ 0 < r ≤ n rFkk fdlh Hkh Øep; esa oLrqvksa dh iqujko`fÙk dh
vuqefr ugha gS] P . = n ( n – 1) ( n – 2). . .( n – r + 1)

miifÙk Øep;ksa dh la[;k] r fjDr LFkkuksa dks

   . . .  mÙkjksÙkj

r fjDr LFkku 

n oLrqvksa ls Hkjus osQ rjhdksa dh la[;k osQ cjkcj gSA igyk LFkku n rjhdksa ls Hkjk tk ldrk gSA
blosQ ckn nwljk LFkku (n – 1) rjhdksa ls Hkjk tk ldrk gSA blosQ mijkar rhljk LFkku [n – 2)rjhdksa

n
r

n r



ls Hkjk tk ldrk gS --------- vkSj r ok¡ LFkku (n – (r – 1)] rjhdksa ls Hkjk tk ldrk gSA vr% r fjDr
LFkkuksa dks mÙkjksÙkj Hkjus osQ rjhdksa dh la[;k = n(n – 1) (n – 2) . . .

(n – (r – 1)) ;k n ( n – 1) (n – 2) ... (n – r + 1)

P  osQ fy, ;g ,d cksf>y O;atd gS vkSj gesa ,d ,sls laosQru dh vko';drk gS] ftldh
lgk;rk ls bl O;atd osQ foLrkj dks ?kVk;k tk losQA izrhd n! (ftls n Øexqf.kr i<+rs gSa)blesa
gekjh lgk;rk djrk gSA fuEufyf[kr fooj.k esa ge lh[ksaxs fd okLro esa n! dk D;k vFkZZ gS\

7.3.2 Øexqf.kr laosQru (Factorial notation) laosQru n ! izFke n izko`Qr la[;kvksa osQ xq.kuiQy
dks O;Dr djrk gS vFkkZr~ 1 × 2 × 3 × . . . × (n – 1) × n dks n! }kjk fu:fir fd;k tkrk gSA ge bl
izrhd dks 'n Øexqf.kr i<+rs gSaA bl izdkj 1 × 2 × 3 × 4 . . . × (n – 1) × n = n ! rnuqlkj

1 = 1 !

1 × 2 = 2 !

1× 2 × 3 = 3 !

1 × 2 × 3 × 4 = 4 ! bR;kfn

ge ifjHkkf"kr djrs gSa] fd 0 ! = 1

bl izdkj ge fy[k ldrs gSa] fd 5 ! = 5 × 4 ! = 5 × 4 × 3 ! = 5 × 4 × 3 × 2 !

= 5 × 4 × 3 × 2 × 1!

Li"Vr;k lHkh izko`Qr la[;k n osQ fy,

n ! = n (n – 1) !

= n (n – 1) (n – 2) ! [ ;fn n ≥ 2]

= n (n – 1) (n – 2) (n – 3) ! [ ;fn n ≥ 3] bR;kfn

mnkgj.k 5 eku fudkfy, (i) 5 ! (ii) 7 ! (iii) 7 ! – 5!

n r



gy (i) 5 ! = 1 × 2 × 3 × 4 × 5 = 120

(ii) 7 ! = 1 × 2 × 3 × 4 × 5 × 6 ×7 = 5040

vkSj (iii) 7 ! – 5! = 5040 – 120 = 4920

mngkj.k 6 ifjdyu dhft, (i)  (ii) 

gy (i) ge izkIr djrs gSa]  =  = 7 × 6 = 42

vkSj (ii)  =  = 6 × 11 = 66

mnkgj.k 7 eku fudkfy, , tgk¡ n = 5, r = 2

gy gesa fuEufyf[kr dk eku fudkyuk gS

 (D;ksafd n = 5, r = 2)

;gk¡ ij = 



mnkgj.k 8 ;fn , rks x Kkr dhft,A

gy ;gk¡ ij 

vr,o  ;k 

vr% x = 100

iz'ukokyh 7.2
1. eku fudkfy,%

(i) 8 ! (ii) 4 ! – 3 !

2. D;k 3 ! + 4 ! = 7 ! ? 3.  dk ifjdyu dhft,

4 ;fn , rks x dk eku Kkr dhft,A

5. , dk eku fudkfy, tc

(i) n = 6, r = 2 (ii) n = 9, r = 5.

7.3.3 nPr osQ fy, lw=k dh O;qRifÙk ( Derivation of the formula for nPr )



, 0 ≤ r ≤ n

vkb, ge ml voLFkk ij okil pyas tgk¡ geus fuEufyf[kr Kkr fd;k Fkk%

P  = n (n – 1) (n – 2) . . . (n – r + 1)

blosQ va'k vkSj gj dks (n – r) (n – r – 1) . . . 3 × 2 × 1, ls xq.kk djus ij] gesa izkIr gksrk gS fd

 = 

,

bl izdkj , tgk¡ 0 < r n

;g P  igys ls vf/d lqfo/ktud O;atd gSA

fo'ks"k :i ls tc r = n, rks 

Øep;ksa dh x.kuk] osQoy mu rjhdksa dh x.kuk gS] ftuesa ,d le; esa oqQN ;k lHkh oLrqvksa dk
foU;kl fd;k x;k gksA ,d Hkh oLrq osQ fcuk foU;kl dh la[;k cjkcj gS ml la[;k osQ ftlesa lHkh
oLrqvksa dks NksM+dj foU;kl fd;k x;k gks vkSj gesa Kkr gS fd ,slk djus dk osQoy ,d rjhdk gSA
blh dkj.k ls geus  P  = 1 ifjHkkf"kr fd;k gSA

P  = 1 =  ... (1)

vr% lw=k (1)] r = 0 osQ fy, Hkh ykxw gSA

n
r

n r

n 0

n 0



vr% .

izes; 2 n fofHkUu oLrqvksa esa ls ,d le; esa r oLrqvksa dks ysdj cus Øep;ksa dh la[;k] tcfd
oLrqvksa osQ iqujko`fÙk dh vuqefr gks] n  gksrh gSA

bldh miifÙk fiNys izes; dh miifÙk osQ leku gS] vr% bldks ikBd osQ fy, NksM+ fn;k x;k gSA

vc ge P  osQ lw=k dh mi;ksfxrk dks Li"V djus osQ fy, fiNys vuqPNsn osQ oqQN iz'uksa dks bl
lw=k osQ iz;ksx }kjk ljy dj jgs gSaA

mnkgj.k 1 esa 'kCnksa dh vHkh"V la[;k = P  = 4! = 24 tc iqujko`fÙk dh vuqefr ugha gSaA ;fn
iqujko`fÙk dh vuqefr gks] rks 'kCnksa dh vHkh"V la[;k 4  = 256 gksxhA

NUMBER 'kCn osQ v{kjksa esa ls 3 v{kjksa okys p;fur 'kCnksa dh la[;k =  = 4 × 5 × 6

= 120] ;gk¡ bl iz'u esa Hkh iqujko`fÙk dh vuqefr ugha gSA ;fn iqujko`fÙk dh vuqefr gks] rks 'kCnksa dh
vHkh"V la[;k  = 216 gksxhA

12 O;fDr;ksa osQ ,d leqnk; ls ,d vè;{k vkSj ,d mikè;{k osQ p;u osQ rjhdksa dh la[;k] ;g
ekudj fd ,d O;fDr ,d ls vf/d in ij ugha jg ldrk gS] Li"Vr;k

 = 132.

7.3.4 Øep;] tc lHkh oLrq,¡ fHkUu&fHkUu ugha gSa (Permutations when all the objects are

not distinct objects) eku yhft, fd gesa 'kCn ROOT osQ v{kjksa osQ iqufoZU;kl osQ rjhdksa dh

r

n r

4 4
4



la[;k Kkr djuh gSA bl n'kk esa] lHkh v{kj fHkUu&fHkUu ugha gSA ;gk¡ 2 O gaS tks leku izdkj osQ
v{kj gSaA ge bu nksuksa O dks vLFkkbZ :i ls fHkUu&fHkUu eku ysrs gSa tSls O  vkSj O . vc bl n'kk
esa 4 fofHkUu v{kjksa esa ls ,d le; esa lHkh dks ysdj cuus okys Øep;ksa dh la[;k 4! gSA bu
Øep;ksa esa ls ,d Øep; ij fopkj dhft,A blosQ laxr] ;gk¡ ij 2! Øep; rFkk 

 ,sls gSa tks fd leku Øep; gksrs ;fn  dks fHkUu&fHkUu ugha ekuk x;k gksrk vFkkZr~
;fn  nksuksa Øep; esa O gksrsA vr,o] Øep;ksa dh vHkh"V la[;k = 

bl ckr dks uhps Li"V fd;k x;k gS%

Øep; tc  Øep; tc nksuksa

fHkUu&fHkUu gaSA O osQ leku gSa

  R O O T

  T O O R

  R O T O

  T O R O

  R T O O

1 2



  T R O O

  O O R T

  O R O T

  O T O R

  O R T O

  O T R O

  O O T R

vkb, vc ge 'kCn INSTITUTE osQ v{kjksa osQ iqufoZU;kl osQ rjhdksa dh la[;k Kkr djsaA bl n'kk esa
9 v{kj gSa] ftuesa I nks ckj rFkk T rhu ckj vkrk gSA

vLFkkbZ :i ls] ge bu leku v{kjksa dks fHkUu&fHkUu eku ysrs gSa tSls  9 fofHkUu v{kjksa
esa ls ,d le; esa lHkh dks ysus ls cus Øep;ksa dh la[;k 9! gSA buesa ls ,d Øep; ekuk fd I

NT  SI  T2 U E T  ij fopkj dhft,A ;fn I , I  leku ugha gksa vkSj T , T , T  ,d tSls u gksa
rks I , I  dk 2! rjhdksa ls rFkk T , T , T  dk 3! rjhdksa ls foU;kl fd;k tk ldrk gSA ;fn I , I

1

1 2 3 1 2 1 2 3

1 2 1 2 3 1 2



leku gksa rFkk T , T , T  leku gks] rks 2! × 3! Øep; leku gksxsaA bl izdkj iwNs x, fofHkUu

Øep;ksa dh oqQy la[;k  gSA ge fuEufyf[kr izes; dk dFku (fcuk miifÙk) O;Dr dj ldrs
gSaA

izes; 3 n oLrqvksa osQ Øep;ksa dh la[;k] tgk¡ p oLrq,¡ leku izdkj dh vkSj 'ks"k fHkUu izdkj

dh gaS = .

oLrqr% bl laca/ esa ,d vf/d O;kid izes; gsS tks uhps of.kZr gS%

izes; 4 n oLrqvksa osQ Øep;ksa dh la[;k  gSA] tgk¡ p  oLrq,¡ ,d izdkj dh,
p  oLrq,¡ nwljs izdkj dh , ..., pk oLrq,¡ kok¡ izdkj dh vkSj 'ks"k (;fn dksbZ gS) fofHkUu izdkj dh
gSaA

mnkgj.k 9 ALLAHABAD 'kCn osQ v{kjksa ls cuus okys Øep;ksa dh la[;k Kkr dhft,A

gy ;gk¡ ij 9 v{kj gSa] ftuesa A, 4 ckj vk;k gS] 2 ckj L vk;k gS rFkk 'ks"k fofHkUu izdkj osQ gSaA
vr,o foU;klksa dh vHkh"V la[;k

=  = 7560

mnkgj.k 10 1 ls 9 rd osQ vadksa dk iz;ksx djosQ fdruh 4 vadh; la[;k,¡ cukbZ tk ldrh gSa]

1 2 3

1

2



;fn vadksa dh iqujko`fÙk dh vuqefr ugha gS\

gy ;gk¡ ij vadksa dk Øe egRoiw.kZ gS] mnkgj.k osQ fy, 1234 rFkk 1324 nks fHkUu&fHkUu la[;k,¡
gSaA vr% 4&vadh; la[;kvksa dh la[;k 9 fofHkUu vadksa esa ls ,d le; esa 4 vadksa dks ysdj cuus
okys Øep;ksa dh la[;k osQ cjkcj gSA bl izdkj 4&vadh; la[;kvksa dh vHkh"V la[;k 

 = 9 × 8 × 7 × 6 = 3024.

mnkgj.k 11 100 ls 1000 osQ chp fLFkr fdruh la[;k,¡ gSa] ftUgsa vad 0] 1] 2] 3] 4] 5 ls
cuk;k tk ldrk gS] ;fn vadksa osQ iqujko`fÙk dh vuqefr ugha gSA

gy 100 ls 1000 osQ chp fLFkr izR;sd la[;k ,d 3 vadh; la[;k gSA izFke ge 6 vadksa esa ls ,d
le; esa 3 vadksa dks ysdj cuus okys Øep;ksa dh la[;k dh x.kuk djrs gSaA ;g la[;k P  gS ijarq
bu Øep;ksa esa os Hkh lfEefyr gSa] ftuesa 0] lSdM+s osQ LFkku ij gSA mnkgj.k osQ fy, 092] 042 ----
bR;kfn vkSj ;s ,slh la[;k,¡ gS tks okLro esa 2 vadh; gSaA vr% vHkh"V la[;k dks Kkr djus osQ fy,]
bl izdkj dh 2 vadh; la[;kvksa osQ P  esa ls ?kVkuk iM+sxkA vc bu 2&vadh; la[;kvksa dh la[;k
Kkr djus osQ fy,] ge 0 dks lSdM+s osQ LFkku ij fLFkj dj nsrs gSa vkSj 'ks"k 5 vadks ls ,d le; esa
nks vadksa dks ysdj cuus okys iqufoZU;klksa dh la[;k Kkr djrs gSaA ;g la[;k P  gSA vr% vHkh"V

la[;k = 

= 4 × 5 × 6 – 4 ×5 = 100

mnkgj.k 12 n dk eku Kkr dhft,] bl izdkj fd

(i)  (ii) , n > 4

6 3

6 3

5 2



gy (i) fn;k gS fd

;k n (n – 1) (n – 2) (n – 3) (n – 4) = 42 n(n – 1) (n – 2)

D;ksafd n > 4 blfy, n(n – 1) (n – 2) ≠ 0

vr,o] nksuksa i{kksa dks n(n – 1) (n – 2), ls Hkkx nsus ij

(n – 3) (n – 4) = 42

;k n  – 7n – 30 = 0

;k n  – 10n + 3n – 30 = 0

;k (n – 10) (n + 3) = 0

;k n – 10 = 0 ;k n + 3 = 0

;k n = 10 ;k n = – 3

D;ksafd n ½.k la[;k ugha gks ldrh gS vr% n = 10

(ii) fn;k gS fd 

bl izdkj 3n (n – 1) (n – 2) (n – 3) = 5(n – 1) (n – 2) (n – 3) (n – 4)

;k 3n = 5 (n – 4) [ D;ksafd (n – 1) (n – 2) (n – 3) ≠ 0, n > 4]

;k n = 10

mnkgj.k 13 Kkr dhft, r, ;fn 5 P  = 6 P  .

gy ;gk¡ ij

2

2

4 r 5 r–1



;k 

;k 

;k (6 – r) (5 – r) = 6

;k r  – 11r + 24 = 0

;k r  – 8r – 3r + 24 = 0

;k (r – 8) (r – 3) = 0

;k r = 8 or r = 3.

vr% r = 8, 3.

mnkgj.k 14 DAUGHTER 'kCn osQ v{kjksa ls 8 v{kj okys foU;klksa dh la[;k Kkr dhft,] ;fn

(i) lc Loj ,d lkFk jgsaA (ii) lc Loj ,d lkFk ugha jgsaA

gy (i) DAUGHTER 'kCn esa 8 fofHkUu v{kj gSa] ftuesa ls 3 Loj gSa] vFkkZr~ A, U rFkk E D;ksafd
lHkh Lojksa dks ,d lkFk jguk gS blfy, ge oqQN le; osQ fy, mudks lfEefyr :i ls ,d oLrq
(AUE) eku ysrs gSaA ;g vosQyh oLrq 'ks"k 5 oLrqvksa (v{kjksa) osQ lkFk feydj 6 oLrq,¡ gks tkrh gSaA
fiQj ge 6 oLrqvksa esa ls ,d le; esa lHkh dks ysdj cuus okys Øep;ksa dh la[;k dh x.kuk djrs
gSaA ;g la[;k P  = 6! gSA buesa ls izR;sd Øep; osQ laxr gesa rhu Lojksa A, U,E esa ls lHkh
dks ,d le; esa ysdj 3! Øep; curs gSaA vr,o xq.ku fl¼kar ls Øep;ksa dh vHkh"V la[;k = 6 !

× 3 ! = 4320.

(ii) ;fn gesa mu Øep;ksa dh la[;k Kkr djuh gS] ftuesa lHkh Loj ,d lkFk ugha gSa] rks gesa igys 8

2

2

6 6



v{kjksa esa ls ,d le; esa lHkh dks lkFk ysdj cuus okys foU;klksa dh laHko la[;k Kkr djuh gksxh]
tks 8! gSA fiQj bl la[;k ls gesa lc Lojksa osQ ,d lkFk jgus okyh Øep;ksa dh la[;k ?kVkuh iM+sxhA

vr% vHkh"V la[;k 8 ! – 6 ! × 3 ! = 6 ! (7×8 – 6)

= 2 × 6 ! (28 – 3)

= 50 × 6 ! = 50 × 720 = 36000

mnkgj.k 15 4 yky] 3 ihyh rFkk 2 gjh fMLdksa dks ,d iafDr esa fdrus izdkj ls O;ofLFkr fd;k
tk ldrk gS] ;fn ,d gh jax dh fMLdksa esa dksbZ varj ugha gS \

gy fMLdksa dh oqQy la[;k 4 + 3 + 2 = 9 gSA bu 9 fMLdksa esa ls 4 fMLosaQ ,d izdkj dh (yky)]
3 fMLosaQ nwljs izdkj dh (ihyh) rFkk 2 fMLosaQ rhljs izdkj dh (gjh) gSaA

bl izdkj fMLdksa dks O;ofLFkr djus dh la[;k .

mnkgj.k 16 INDEPENDENCE 'kCn osQ v{kjksa ls cuus okys foU;klksa dh la[;k Kkr dhft,A bu
foU;klksa esa ls fdrus foU;klksa esa]

(i) 'kCn P ls izkjaHk gksrs gSa\

(ii) lHkh Loj lnSo ,d lkFk jgrs gSa\

(iii) Loj dHkh Hkh ,d lkFk ugha jgrs gSa\

(iv) 'kCn I ls izkjaHk gksrs gSa vkSj mudk var P ls gksrk gS ?

gy ;gk¡ ij 12 v{kj gS] ftuesa ls N rhu ckj] E pkj ckj D, nks ckj vkrk gS vkSj 'ks"k v{kjksa esa



lHkh fHkUu&fHkUu gSaA

blfy, foU;klksa dh vHkh"V la[;k 

(i) ge P dks lcls ck,¡ LFkku ij fLFkj dj nsrs gSa vkSj fiQj 'ks"k 11 v{kjksa osQ foU;kl dh x.kuk
djrs gSaA vr,o P ls izkjaHk gksus okys 'kCnksa dh vHkh"V la[;k

.

(ii) iznÙk 'kCn esa 5 Loj gSa] tks fd 4 ckj E gS rFkk 1 ckj I gS D;ksafd fd budks lnSo ,d lkFk

jguk gS] blfy, budks oqQN le; osQ fy, ,d vosQyh oLrq  le> ysrs gSaA ;g
vosQyh oLrq 'ks"k 7 oLrqvksa osQ lkFk feydj oqQy 8 oLrq,¡ gks tkrh gSaA bu 8 oLrqvksa ftuesa 3 ckj

N gS] rFkk nks ckj D gS osQ foU;klksa dh la[;k  gSA buesa ls izR;sd foU;kl osQ laxr 5 Loj

E, E, E, E rFkk I osQ foU;klksa dh la[;k gSA blfy, xq.ku fl¼kar }kjk foU;klksa dh vHkh"V

la[;k 

(iii) foU;klksa dh vHkh"V la[;k

= foU;klksa dh oqQy la[;k (fcuk fdlh izfrca/ osQ) & foU;klksa dh la[;k] ftuesa lHkh Loj ,d
lkFk jgrs gSa

= 1663200 – 16800 = 1646400

(iv) ge I rFkk P dks nksuksa fljksa ij fLFkj dj nsrs gSa (I ck,¡ fljs ij vkSj P nk,¡ fljs ij).bl izdkj
gekjs ikl 10 v{kj 'ks"k jgrs gSaA



vr% foU;klksa dh vHkh"V la[;k = = 12600

iz'ukoyh 7.3
1. 1 ls 9 rd osQ vadksa dks iz;ksx djosQ fdrus 3 vadh; la[;k,¡ cu ldrh gaS] ;fn fdlh Hkh vad
dks nksgjk;k ugha x;k gS\

2. fdlh Hkh vad dks nksgjk, fcuk fdruh 4 vadh; la[;k,¡ gksrh gSa\

3. vad 1] 2] 3] 4] 6] 7 dks iz;qDr djus ls fdruh 3 vadh; le la[;k,¡ cukbZ tk ldrh gSa] ;fn
dksbZ Hkh vad nksgjk;k ugha x;k gS\

4. vad 1] 2] 3] 4] 5 osQ mi;ksx }kjk fdruh 4 vadh; la[;k,¡ cukbZ tk ldrh gS] ;fn dksbZ Hkh
vad nksgjk;k ugha x;k gS\ buesa ls fdruh le la[;k,¡ gksaxha\

5. 8 O;fDr;ksa dh lfefr esa] ge fdrus izdkj ls ,d vè;{k vkSj ,d mikè;{k pqu ldrs gSa] ;g
ekurs gq, fd ,d O;fDr ,d ls vf/d in ij ugha jg ldrk gS\

6. ;fn n – P  : P  = 1 : 9 rks n Kkr dhft,A

7. r Kkr dhft,] ;fn (i)  (ii) .

8. EQUATION 'kCn osQ v{kjksa esa ls izR;sd dks rF;r% osQoy ,d ckj mi;ksx djosQ fdrus vFkZiw.kZ
;k vFkZghu] 'kCn cu ldrs gSa?

9. MONDAY 'kCn osQ v{kjksa ls fdrus] vFkZiw.kZ ;k vFkZghu] 'kCn cu ldrs gSa] ;g ekurs gq, fd
fdlh Hkh v{kj dh iqujko`fÙk ugha dh tkrh gS] ;fn

(i) ,d le; esa 4 v{kj fy, tkrs gSa\ (ii) ,d le; esa lHkh v{kj fy, tkrs gaS\

(iii) lHkh v{kjksa dk iz;ksx fd;k tkrk gS] fdarq izFke v{kj ,d Loj gSa\

10. MISSISSIPPI 'kCn osQ v{kjksa ls cus fHkUu&fHkUu Øep;ksa esa ls fdruksa esa pkjksa I ,d lkFk ugha
vkrs gSa\

1
3 n 4



11. PERMUTATIONS 'kCn osQ v{kjksa dks fdrus rjhdksa ls O;ofLFkr fd;k tk ldrk gS] ;fn

(i) p;fur 'kCn dk izkjaHk P ls rFkk var S ls gksrk gSA

(ii) p;fur 'kCn esa lHkh Loj ,d lkFk gSa\

(iii) p;fur 'kCn esa P rFkk S osQ eè; lnSo 4 v{kj gksa \

7.4 lap; (Combinations)
eku yhft, fd 3 ykWu Vsful f[kykfM+;ksa X, Y, Z dk ,d lewg gSA 2 f[kykfM+;ksa dh ,d Vhe cukuh
gSA bldks ge fdrus izdkj ls dj ldrs gSa\ D;k X vkSj Y dh Vhe] Y rFkk X dh Vhe ls fHkUu gS
? ;gk¡ ij f[kykfM+;ksa dk Øe egÙoiw.kZ ugha gSA okLro esa Vhe cukus osQ osQoy rhu gh laHko rjhosQ
gSaA ;g XY, YZ rFkk ZX gSa (vko`Qfr 7-3)A

vko`Qfr 7-3

;gk¡ ij] izR;sd p;u] 3 fofHkUu oLrqvksa esa ls ,d le; esa 2 dks ysdj cuk gqvk] lap; dgykrk
gSA

fdlh lap; esa p;fur oLrqvksa dk Øe egRoiw.kZ ugha gSA vc oqQN vkSj mnkgj.kksa ij fopkj djrs gSaA

ckjg O;fDr ,d dejs esa feyrs gSa vkSj izR;sd O;fDr vU; lHkh O;fDr;ksa ls gkFk feykrk gSA ^gkFk
feykus* dh oqQy la[;k dk fu/kZj.k ge fdl izdkj djrs gSaA X dk Y ls gkFk feykuk rFkk Y dk X

ls gkFk feykuk nks fHkUu gkFk feykuk ugha gSaA ;gk¡ Øe egRoiw.kZ ugha gSA ^gkFk feykus* dh oqQy
la[;k mruh gh gS] ftruh 12 fofHkUu oLrqvksa esa ls ,d le; esa 2 oLrqvksa dks ysdj cuus okys
lap;ksa dh la[;k gSA

lkr fcanq ,d o`Ùk ij fLFkr gSaA bu fcanqvksa esa ls fdUgha Hkh nks dks feykdj fdruh thok,¡ [khaph tk
ldrh gSaA ;gk¡ thokvksa dh oqQy la[;k mruh gh gS] ftruh 7 fofHkUu oLrqvksa esa ls ,d le; esa 2



oLrqvksa dks ysdj cuus okys lap;ksa dh la[;k gSA

vc ge n fofHkUu oLrqvksa esa ls ,d le; esa r oLrqvksa dks ysdj cuus okys lap;ksa dh la[;k] ftls

izrhd  ls izdV djrs gSa] Kkr djus osQ fy, lw=k izkIr djrs gSaA

eku yhft, fd gekjs ikl 4 fHkUu&fHkUu oLrq,¡ A, B, C vkSj D gSaA buesa ls ,d le; esa 2 oLrqvksa
dks ysdj ;fn bls lap; cukuk pkgsa] rks ;s lap; AB, AC, AD, BC, BD, CD gSaA ;gk¡ ij AB rFkk
BA ,d gh lap; gS] D;ksafd oLrqvksa dk Øe lap; dks ifjofrZr ugha djrk gSA blh dkj.k ls geus
BA, CA, DA, CB, DB rFkk DC dks bl lwph esa lfEefyr ugha fd;k gSA bl izdkj 4 fofHkUu
oLrqvksa esa ls ,d le; esa 2 oLrqvksa dks ysdj cuus okys lap;ksa dh la[;k bl lwph osQ izR;sd
lap; osQ laxr] gesa 2! Øep; fey ldrs gSa] D;ksafd izR;sd lap; dh 2 oLrqvksa dks 2! rjhdksa ls
iquO;ZofLFkr fd;k tk ldrk gSA blfy,] Øep;ksa dh la[;k = C  × 2!, nwljh rjiQ 4 fofHkUu
oLrqvksa esa ls ,d le; esa 2 oLrqvksa dks ysdj cuus okys Øep;ksa dh la[;k = P .

vr,o P  = C  × 2! ;k question

vc] eku yhft, fd gekjs ikl 5 fofHkUu oLrq,¡ A, B, C, D, E gSaA buesa ls ,d le; esa 3 oLrqvksa
dks ysdj] ;fn ge lap; cukrs gSa] rks ;s ABC, ABD, ABE, BCD, BCE, CDE, ACE, ACD, ADE,

BDE bu  lap;ksa esa ls izR;sd osQ laxr 3! Øep; gSa] D;ksafd izR;sd lap; dh rhu oLrqvksa

dks 3! rjhdksa ls iquO;ZofLFkr fd;k tk ldrk gSA blfy, Øep;ksa dh oqQy la[;k = 

vr%  ;k 

;s mnkgj.k] Øep; rFkk lap; osQ chp laca/ n'kkZus okyh] fuEufyf[kr izes; dh vksj laosQr djrs gSa%

4 2
4 2

4 2 4 2



izes; 5 , 0 < r ≤ n.

miifÙk nCr lap;ksa esa ls izR;sd osQ laxr r ! Øep; gSa] D;ksafd izR;sd lap; osQ r oLrqvksa dks r !
rjhdksa ls iquO;ZofLFkr fd;k tk ldrk gSA

vr% n fofHkUu oLrqvksa esa ls] ,d le; esa r oLrqvksa dks ysdj cuus okys Øep;ksa dh oqQy la[;k

C  × r!. gSA nwljh vksj ;g la[;k gSA

bl izdkj , .

fVIi.kh  1.mi;qZDr ifj.kke ls ,vFkkZr~ .

fo'ks"k :i ls] ;fn , rks .

2. ge ifjHkkf"kr djrs gSa fd nC0 = 1, vFkkZr~ n fofHkUu oLrqvksa esa ls osQoy mu rjhdksa dh la[;k
dh x.kuk djuk gS tgk¡ oqQN Hkh oLrq fy, fcuk cuk, x, lap;ksa dh la[;k 1 ekuh tkrh gSA lap;ksa
dh x.kuk djuk] ftuesa ,d le; esa oqQN ;k lHkh oLrqvksa dk p;u fd;k tkrk gSA oqQN Hkh oLrq
fy, fcuk p;u djuk] bl ckr osQ leku gS fd lHkh oLrqvksa dks NksM+ fn;k x;k gS vkSj gesa Kkr gS
fd ,slk djus dk osQoy ek=k ,d rjhdk gSA blh izdkj] ge ifjHkkf"kr djrs gSa fd C = 1.

3. D;ksafd , blfy,] lw=k , r = 0 osQ fy, Hkh
mi;qDr gSA vr%

, 0 ≤ r ≤ n.

n r

n



4.  =  = ,

vFkkZr~] n oLrqvksa esa ls r oLrqvksa dk p;u djuk] (n – r) oLrqvksa dks vLohdkj djus osQ
leku gSA

5.

izes; 6 

miifÙk ge tkurs gSa 

=  + 

=  

=  = 

mnkgj.k 17 ;fn , rks Kkr dhft,A

gy ge tkurs gSa fd 



vFkkZr~ 

;k  ;k n – 8 = 9 ;k n = 17

blfy, .

mngkj.k 18 2 iq#"kksa vkSj 3 efgykvksa osQ ,d lewg ls 3 O;fDr;ksa dh ,d lfefr cukuh gSA ;g
fdrus izdkj ls fd;k tk ldrk gS\ buesa ls fdruh lfefr;k¡ ,slh gSa] ftuesa 1 iq#"k rFkk 2 efgyk,¡
gSa\

gy ;gk¡ Øe dk egRo ugha gSA vr% gesa lap;ksa dh x.kuk djuh gSA ;gk¡ ij lfefr;ksa dh la[;k
mruh gh gS] ftruh 5 fofHkUu O;fDr;ksa esa ls ,d le; esa 3 dks ysdj cuus okys lap;ksa dh la[;k

gSA blfy, lfefr cukus osQ rjhdksa dh vHkh"V la[;k = .

iqu% 2 iq#"kksa esa ls 1 dks pquus osQ C  rjhosQ gSa rFkk 3 efgykvksa esa ls 2 pquus osQ C  rjhosQ gSaA
blfy,] bl izdkj dh lfefr;ksa dh vHkh"V la[;k

= .

mnkgj.k 19 52 rk'kksa dh ,d xM~Mh ls 4 iÙkksa dks pquus osQ rjhdksa dh la[;k D;k gS\ bu rjhdksa
esa ls fdruksa esa

(i) pkj iÙks ,d gh izdkj (suit) osQ gSa\

(ii) pkj iÙks pkj] fHkUu izdkj (suit) osQ gSa\

2 1 3 2



(iii) rLohjsa gSa\

(iv) nks iÙks yky jax osQ vkSj nks dkys jax osQ gSa\

(v) lHkh iÙks ,d gh jax osQ gSa?

gy 52 iÙkksa esa ls 4 iÙkksa dks pquus osQ mrus gh rjhosQ gSa] ftrus 52 fofHkUu oLrqvksa esa ls ,d le;
esa 4 oLrqvksa dks ys dj cuus okys lap; gSaA blfy,] rjhdksa dh vHkh"V la[;k

=  = 270725

(i) xMóh esa iÙks pkj izdkj osQ gSa b±V] fpM+h] gqdqe] iku vkSj izR;sd osQ 13 iÙks gSaA blfy, 4 b±V osQ
iÙks pquus osQ C  rjhosQ gSaA blh izdkj 4 fpM+h osQ iÙks pquus osQ C  4 gqdqe osQ iÙks pquus osQ

C  rFkk 4 iku osQ iÙks pquus osQ C  rjhosQ gSaA blfy, rjhdksa dh vHkh"V la[;k 

= 

(ii) izR;sd izdkj osQ 13 iÙks gSaA blfy, b±V osQ 13 iÙkksa esa ls 1 pquus osQ 13C1 rjhosQ gSa] iku osQ 13
iÙkksa esa ls 1 pquus osQ C ] fpM+h osQ 13 iÙkksa esa ls 1 pquus osQ C  rjhosQ gSaA vr% xq.ku
fl¼kar }kjk] rjhdksa dh vHkh"V la[;k

(iii) xM~Mh esa oqQy 12 rLohjsa gSa vkSj bu 12 iÙkksa esa ls 4 iÙks pquus gSaA bls C  rjhdksa ls fd;k

tk ldrk gSA blfy, rjhdksa dh vHkh"V la[;k = .

(iv) xM~Mh esa 26 yky jax osQ vkSj 26 dkys jax osQ iÙks gSaA vr% rjhdksa dh vHkh"V la[;k

13 4 13 4
13 4 13 4

13 1 13 1

12 4



= = 105625

(v) 26 yky jax osQ iÙkksa esa ls 4 iÙks C  rjhdksa ls pqus tk ldrs gSaA 26 dkys jaxs osQ iÙkksa esa ls
4 iÙks C  rjhdksa ls pqus tk ldrs gSaA

vr% rjhdksa dh vHkh"V la[;k 

iz'ukoyh 7.4
1. ;fn C  = C , rks C  Kkr dhft,A

2. n dk eku fudkfy,] ;fn

3. fdlh o`Ùk ij fLFkr 21 fcanqvksa ls gksdj tkus okyh fdruh thok,¡ [khaph tk ldrh gSa\

4. 5 yM+osQ vkSj 4 yM+fd;ksa esa ls 3 yM+osQ vkSj 3 yM+fd;ksa dh Vhesa cukus osQ fdrus rjhosQ gSa?

5. 6 yky jax dh] 5 lisQn jax dh vkSj 5 uhys jax dh xsanksa esa ls 9 xsanksa osQ pquus osQ rjhdksa dh
la[;k Kkr dhft,] ;fn izR;sd laxzg esa izR;sd jax dh 3 xsansa gSaA

6. 52 iÙkksa dh ,d xM~Mh esa ls 5 iÙkksa dks ysdj cuus okys lap;ksa dh la[;k fu/kZfjr dhft,] ;fn
izR;sd lap; esa rF;r% ,d bDdk gSA

7. 17 f[kykfM+;ksa eas ls] ftuesa osQoy 5 f[kykM+h xsanck”kh dj ldrs gSa] ,d fØosQV Vhe osQ 11
f[kykfM+;ksa dk p;u fdrus izdkj ls fd;k tk ldrk gS] ;fn izR;sd Vhe esa rF;r% 4 xsanck”k gSa?

8. ,d FkSyh esa 5 dkyh rFkk 6 yky xsan gSaA 2 dkyh rFkk 3 yky xsnksa osQ p;u osQ rjhdksa dh
la[;k fu/kZfjr dhft,A

9. 9 miyC/ ikB~;Øeksa esa ls] ,d fo|kFkhZ 5 ikB~;Øeksa dk p;u fdrus izdkj ls dj ldrk gS]
;fn izR;sd fo|kFkhZ osQ fy, 2 fof'k"V ikB~;Øe vfuok;Z gSa\

26 4
26 4

n 8 n 2 n 2



fofo/ mnkgj.k

mnkgj.k 20 INVOLUTE 'kCn osQ v{kjksa ls] vFkZiw.kZ ;k vFkZghu izR;sd 3 Lojksa rFkk 2 O;atuksa
okys] fdrus 'kCnksa dh jpuk dh tk ldrh gS\

gy 'kCn INVOLUTE, esa I,O,E, rFkk U, 4 Loj vkSj N, V, L rFkk T, 4 O;atu gSa

4 esa ls 3 Lojksa osQ p;u osQ rjhdksa dh la[;k = C  = 4.

4 esa ls 2 O;atuksa osQ p;u osQ rjhdksa dh la[;k = C  = 6.

vr% 3 Lojksa rFkk 2 O;atuksa osQ lap; dh la[;k 4 × 6 = 24.

vc] bu 24 lap;ksa esa ls izr;sd esa 5 v{kj gaS] ftUgsa ijLij ,d nwljs osQ lkFk 5! izdkj ls
foU;kflr fd;k tk ldrk gSA vr,o fofHkUu 'kCnksa dh vHkh"V la[;k 24 × 5 ! = 2880.

mnkgj.k 21 fdlh lewg esa 4 yM+fd;k¡ vkSj 7 yM+osQ gSaA buesa ls 5 lnL;ksa dh ,d Vhe dk p;u
fdrus izdkj ls fd;k tk ldrk gS] ;fn Vhe esa (i) ,d Hkh yM+dh ugha gS ? (ii) de ls de ,d
yM+dk rFkk ,d yM+dh gSa ? (iii) de ls de 3 yM+fd;k¡ gSa ?

gy (i) D;ksafd Vhe esa dksbZ Hkh yM+dh lfEefyr ugha gS] blfy, osQoy yM+dksa dk p;u djuk gSA
7 yM+dksa esa ls 5 yM+dksa dk p;u C  izdkj ls fd;k tk ldrk gSA vr% vHkh"V la[;k

= 

(ii) D;ksafd izR;sd Vhe esa de ls de ,d yM+dh rFkk ,d yM+dk gS] blfy, Vhe fuEufyf[kr
izdkj ls p;fur gksxh%

(a) 1 yM+dk rFkk 4 yM+fd;k¡ (b) 2 yM+osQ rFkk 3 yM+fd;k¡

(c) 3 yM+osQ rFkk 2 yM+fd;k¡ (d) 4 yM+osQ rFkk 1 yM+dh

4 3

4 2

7 5



1 yM+dk rFkk 4 yM+fd;ksa dk p;u C  × C  izdkj ls fd;k tk ldrk gSA

2 yM+osQ rFkk 3 yM+fd;ksa dk p;u izdkj ls fd;k tk ldrk gSA

3 yM+osQ rFkk 2 yM+fd;ksa dk p;u C  × C  izdkj ls fd;k tk ldrk gSA

4 yM+osQ rFkk 1 yM+dh dk p;u C  × C  izdkj ls fd;k tk ldrk gSA

vr% vHkh"V la[;k

= 7 + 84 + 210 + 140 = 441

(iii) D;ksafd Vhe esa de ls de 3 yM+fd;k¡ gSa] blfy, Vhe dh jpuk fuEufyf[kr izdkj ls gks
ldrh gS%

(a) 3 yM+fd;k¡ rFkk 2 yM+osQ vFkok (b) 4 yM+fd;k¡ rFkk 1 yM+dkA

uksV dhft, fd Vhe esa lHkh 5 yM+fd;k¡ ugha gks ldrha] D;ksafd lewg esa osQoy
4 yM+fd;k¡ gSaA

3 yM+fd;ksa rFkk 2 yM+dksa dk p;u C  × C  izdkj ls fd;k tk ldrk gSA

4 yM+fd;ksa rFkk 1 yM+osQ dk p;u C  × C  izdkj ls fd;k tk ldrk gSA

blfy, vHkh"V la[;k

mnkgj.k 22 AGAIN 'kCn osQ v{kjksa ls cuus okys] vFkZiw.kZ ;k vFkZghu] 'kCnksa dh la[;k Kkr
dhft,A ;fn bu 'kCnksa dks bl izdkj fy[kk tk, ftl izdkj fdlh 'kCndks'k esa fy[kk tkrk gS] rks
50ok¡ 'kCn D;k gS ?

gy AGAIN 'kCn esa 5 v{kj gSaa] ftuesa A nks ckj vkrk gSA blfy, 'kCnksa dh vHkh"V la[;k = 

A ls izkjaHk gksus okys 'kCnksa dh la[;k Kkr djus osQ fy,] ge A dks lcls ck,¡ LFkku ij fLFkj dj

7 1 4
4

7 3 4 2

7 4 4 1

4 3 7 2

4 4 7 1



nsrs gSa] vkSj fiQj 'ks"k 4 fHkUu v{kjksa dk] ,d le; esa lHkh dks ysdj iqufoZU;kflr djrs gSaA bu
foU;klksa dh la[;k mruh gh gS] ftruh 4 fofHkUu oLrqvksa ls] ,d le; esa lHkh dks ysdj cuus okys
Øep;ksa dh la[;k gSA vr,o A ls izkjaHk gksus okys 'kCnksa dh la[;k = 4! = 24 fiQj G ls izkjaHk

gksus okys 'kCnksa dh la[;k  = 12 D;ksafd G dks lcls ck,¡ LFkku ij LFkkfir djus osQ ckn
gekjs ikl v{kj A, A, I rFkk N 'ks"k jgrs gSaA blh izdkj I ls izkjaHk gksus okys 'kCnksa dh la[;k 12 gSA
bl izdkj vHkh rd izkIr 'kCnksa dh la[;k = 24 + 12 + 12 = 48

vc 49ok¡ 'kCn NAAGI gSA vr% 50 ok¡ 'kCn NAAIG gSA

mnkgj.k 23 1] 2] 0] 2] 4] 2] 4 vadksa osQ iz;ksx }kjk 1000000 ls cM+h fdruh la[;k,¡ cu ldrh
gSa?

gy D;ksafd 1000000 ,d 7 vadh; la[;k gS vkSj iz;ksx fd, tkus okys vadksa dh Hkh la[;k 7 gS]
blfy, osQoy 7 vadh; la[;kvksa dh gh x.kuk mÙkj esa dh tk,xhA blosQ vfrfjDr D;ksafd jfpr
la[;kvksa dks 1000000 ls cM+k gksuk pkfg,] vr% mu la[;kvksa dks 1] 2 ;k 4 ls izkjaHk gksuk pkfg,A

1 ls izkjaHk gksus okyh la[;kvksa dh la[;k =  = 60, D;ksafd tc 1 dks lcls
ck,¡ LFkku ij LFkkfir dj nsrs gSa] rks fiQj 'ks"k vad 0, 2, 2, 2, 4, 4, dks iqufoZU;kflr djrs gSa] ftuesa
2] rhu ckj rFkk 4] nks ckj vkrs gSaA

2 ls izkjaHk gksus okyh la[;kvksa dh oqQy la[;k =  = 180

4 ls izkjaHk gksus okyh la[;kvksa dh oqQy la[;k  = 120

vr% jfpr la[;kvksa dh vHkh"V la[;k = 60 + 180 + 120 = 360



oSdfYid fof/

7 vadh; la[;kvksa dk foU;kl Li"Vr;k  gS fdarq buesa os la[;k,¡ Hkh lfEefyr gSa]

ftuesa 0 lcls ck,¡ LFkku ij gSA bl izdkj osQ foU;klksa dh la[;k  = 60 (0 osQ lcls ck,¡
LFkku ij fLFkj djosQ)A

vr,o] la[;kvksa dh vHkh"V la[;k = 420 – 60 = 360

A fVIi.kh  ;fn iznÙk lwph osQ ,d ;k ,d ls vf/d vadksa dh iqujko`fÙk gksrh gS] rks ;g eku
ysrs gSa] fd fdlh Hkh la[;k esa vadksa dks mruh gh ckj iz;ksx fd;k tk ldrk gS ftruh ckj os
lwph esa fn, x, gSa] vFkkZr~] mi;qZDr iz'u esa 1 rFkk 0 osQoy ,d ckj iz;ksx fd, tk ldrs gSa]
tcfd 2 rFkk 4] Øe'k% 3 rFkk 2 ckj iz;ksx fd, tk ldrs gSaA

mnkgj.k 24 5 yM+fd;ksa vkSj 3 yM+dksa dks ,d iafDr esa fdrus izdkj ls cSBk ldrs gSa] tc fd
dksbZ Hkh nks yM+osQ ,d lkFk ugha cSBrs gSa?

gy ge igys 5 yM+fd;ksa dks cSBk nsrs gSaA bls 5! izdkj ls dj ldrs gSaA bl izdkj osQ izR;sd
foU;kl esa] rhu yM+dksa dks osQoy xq.kk ls fpfÉr LFkkuksa ij cSBk;k tk ldrk gSA

× G × G × G × G × G ×.

xq.kk ls fpfÉr 6 LFkkuksa ij 3 yM+dks dks 6P3 rjhdksa ls cSBk;k tk ldrk gSA vr% xq.ku fl¼kar ls]
bu rjhdksa dh oqQy la[;k

= 5! × P  = 6 3



= 4 × 5 × 2 × 3 × 4 × 5 × 6 = 14400

vè;k; 7 ij fofo/ iz'ukoyh
1. DAUGHTER 'kCn osQ v{kjksa ls] fdrus vFkZiw.kZ ;k vFkZghu 'kCnksa dh jpuk dh tk ldrh gS]
tcfd izR;sd 'kCn esa 2 Loj rFkk 3 O;atu gksa ?

2. EQUATION 'kCn osQ v{kjksa ls fdrus] vFkZiw.kZ ;k vFkZghu] 'kCnksa dh jpuk dh tk ldrh gS]
tcfd Loj rFkk O;atd ,d lkFk jgrs gSa ?

3. 9 yM+osQ vkSj 4 yM+fd;ksa ls 7 lnL;ksa dh ,d lfefr cukuh gSa ;g fdrus izdkj ls fd;k tk
ldrk gS] tcfd lfefr esa]

(i) rF;r% 3 yM+fd;k¡ gSa ? (ii) U;wure 3 yM+fd;k¡ gSa? (iii) vf/dre 3 yM+fd;k¡ gSa?

4. ;fn 'kCn EXAMINATION osQ lHkh v{kjksa ls cus fofHkUu Øep;ksa dks 'kCndks"k dh rjg lwphc¼
fd;k tkrk gS] rks E ls izkjaHk gksus okys izFke 'kCn ls iwoZ fdrus 'kCn gSa ?

5. 0] 1] 3] 5] 7 rFkk 9 vadksa ls] 10 ls foHkkftr gksus okyh vkSj fcuk iqujko`fÙk fd, fdruh 6
vadh; la[;k,¡ cukbZ tk ldrh gSa ?

6. vaxzs”kh o.kZekyk esa 5 Loj rFkk 21 O;atu gSaA bl o.kZekyk ls 2 fHkUu Lojksa vkSj 2 fHkUu O;atuks
okys fdrus 'kCnksa dh jpuk dh tk ldrh gS ?

7. fdlh ijh{kk osQ ,d iz'ui=k esa 12 iz'u gSa tks Øe'k% 5 rFkk 7 iz'uksa okys nks [kaMksa esa foHkDr gSa
vFkkZr~ [kaM I vkSj [kaM II. ,d fo|kFkhZ dks izR;sd [kaM ls U;wure 3 iz'uksa dk p;u djrs gq, oqQy
8 iz'uksa dks gy djuk gSA ,d fo|kFkhZ fdrus izdkj ls iz'uksa dk p;u dj ldrk gS\

8. 52 iÙkksa dh ,d xM~Mh esa ls 5 iÙkksa osQ lap; dh la[;k fu/kZfjr dhft,] ;fn 5 iÙkksa osQ izR;sd
p;u (lap;) esa rF;r% ,d ckn'kkg gSA

9. 5 iq#"kksa vkSj 4 efgykvksa dks ,d iafDr esa bl izdkj cSBk;k tkrk gS fd efgyk,¡ le LFkkuksa ij
cSBrh gSaA bl izdkj osQ fdrus foU;kl laHko gSa\

10. 25 fo|kfFkZ;ksa dh ,d d{kk ls] 10 dk p;u ,d Hkze.k&ny osQ fy, fd;k tkrk gSA 3 fo|kFkhZ
,sls gSa] ftUgksaus ;g fu.kZ; fy;k gS fd ;k rks os rhuksa ny esa 'kfey gksaxs ;k muesa ls dksbZ Hkh ny esa



'kkfey ugha gksxkA Hkze.k&ny dk p;u fdrus izdkj ls fd;k tk ldrk gS?

11. ASSASSINATION 'kCn osQ v{kjksa osQ fdrus foU;kl cuk, tk ldrs gSa] tcfd lHkh 'S' ,d
lkFk jgsa ?

lkjka'k
x.kuk dk vk/kjHkwr fl¼kar% ;fn ,d ?kVuk m fofHkUu rjhdksa ls ?kfVr gks ldrh gS] rn~ksijkar
,d nwljh ?kVuk n fofHkUu rjhdksa ls ?kfVr gks ldrh gS] rks iznÙk Øe esa ?kVukvksa osQ ?kfVr gksus
dh la[;k m × n gSA

n fofHkUu oLrqvksa esa ls ,d le; esa r dks ysdj cuus okys Øep;ksa dh la[;k] tcfd

iqujko`fÙk dh vuqefr ugha gS] nPr }kjk izdV dh tkrh gS vkSj P  = , tgk¡
0 ≤ r ≤ n.

n! = 1 × 2 × 3 × ...×n

n! = n × (n – 1) !

n fofHkUu oLrqvksa esa ls ,d le; esa r dks ysdj cuus okys Øep;ksa dh la[;k] tcfd
iqujko`fÙk dh vuqefr gS] nr gSA

n oLrqvksa esa ls ,d le; esa lHkh dks ysdj cuus okys Øep;ksa dh la[;k 
gS tgk¡ p1 oLrq,¡ ,d izdkj dh, p2 oLrq,¡ nwljs izdkj dh, ..., pk oLrq,¡ k osa izdkj dh
vkSj 'ks"k lHkh oLrq,] ;fn dksbZ gaS rks fofHkUu izdkj dh gSa%

n fofHkUu oLrqvksa esa ls ,d le; esa r dks ysdj cuus okys lap;ksa dh la[;k dks nCr ls izdV
djrs gSa vkSj

C  = , 0 ≤ r ≤ n.

n
r

n r







vè;k; 8

f}in izes; (Binomial Theorem)

vMathematics is a most exact science and its conclusions are capable of absolute

proofs. – C.P. Steinmetz v

8.1 Hkwfedk (Introduction)
fiNyh d{kkvksa esa geus lh[kk gS fd fdl izdkj a + b rFkk a – b tSls f}inksa dk oxZ o ?ku Kkr
djrs gSaA buosQ lw=kksa dk iz;ksx djosQ ge la[;kvksa osQ oxks± o ?kuksa dk eku Kkr dj ldrs gSa tSls
(98)  = [(100 – 2)] , (999)  = [(1000 – 1) ], bR;kfnA

fiQj Hkh] vf/d ?kkr okyh la[;kvksa tSls (98) , (101)  bR;kfn dh x.kuk] Øfed xq.kuiQy }kjk
vf/d tfVy gks tkrh gSA bl tfVyrk dks f}in izes; }kjk nwj fd;k x;kA

blls gesa (a + b)  osQ izlkj dh vklku fof/ izkIr gksrh gS tgk¡ ?kkrkad n ,d iw.kk±d ;k ifjes;
la[;k gSA bl vè;k; esa ge osQoy /u iw.kk±dksa osQ fy, f}in izes; dk vè;;u djsaxsaA

2 2 3 3

5 6

n



Blaise Pascal 

(1623-1662 A.D.)

8.2 /u iw.kk±dksa osQ fy, f}in izes; (Binomial Theorem for
Positive Integral Indices)
vkb, iwoZ esa dh xbZ fuEufyf[kr loZlfedkvksa ij ge fopkj djsa%

(a + b)  = 1; a + b 0

(a + b)  = a + b

(a + b)  = a  + 2ab + b

(a + b)  = a  + 3a b + 3ab  + b

(a + b)  = (a + b)  (a + b) = a  + 4a b + 6a b  + 4ab  + b

bu izlkjksa esa ge ns[krs gSa fd

0

1

2 2 2

3 3 2 2 3

4 3 4 3 2 2 3 4



(i) izlkj esa inksa dh oqQy la[;k] ?kkrkad ls 1 vf/d gSA mnkgj.kr% (a+ b)  osQ izlkj esa (a + b)

dk ?kkr 2 gS tcfd izlkj esa oqQy inksa dh la[;k 3 gSA

(ii) izlkj osQ mÙkjksÙkj inksa esa izFke a dh ?kkrsa ,d osQ Øe ls ?kV jgh gSa tcfd f}rh; jkf'k b dh
?kkrsa ,d osQ Øe ls c<+ jgh gSaA

(iii) izlkj osQ izR;sd in esa aa rFkk b dh ?kkrksa dk ;ksx leku gS vkSj a + b dh ?kkr osQ cjkcj gSA

vc ge a + b osQ mijksDr foLrkjksa esa fofHkUu inksa osQ xq.kkadksa dks fuEu izdkj O;ofLFkr djrs gSa
(vko`Qfr 8.1)

vko`Qfr 8.1

D;k ge bl lkj.kh esa vxyh iafDr fy[kus osQ fy, fdlh izfr:i dk voyksdu djrs gSa\ gk¡A ;g
ns[kk tk ldrk gS fd ?kkr 1 dh iafDr esa fy[ks 1 vkSj 1 dk ;ksx ?kkr 2 dh iafDr osQ fy, 2 nsrk
gSA ?kkr 2 dh iafDr esa fy[ks 1 vkSj 2 rFkk 2 vkSj 1 dk ;ksx ?kkr 3 dh iafDr osQ fy, 3 vkSj 3
nsrk gS vkSj vkxs Hkh blh izdkj 1 iqu% izR;sd iafDr osQ izkjaHk o var esa fLFkr gSA bl izfØ;k dks
fdlh Hkh bfPNr ?kkr rd osQ fy, fy[kk tk ldrk gSA

ge vko`Qfr 8.2 esa fn, x, izfr:i dks oqQN vkSj iafDr;k¡ fy[kdj vkxs c<+k ldrs gSaA

2 2



ikLdy f=kHkqt

vko`Qfr 8-2

ikLdy f=kHkqt

vko`Qfr 8.2 esa nh xbZ lkj.kh dks viuh :fp osQ vuqlkj fdlh Hkh ?kkr rd c<+k ldrs gSaA ;g
lajpuk ,d ,sls f=kHkqt dh rjg yxrh gS ftlosQ 'kh"kZ ij 1 fy[kk gS vkSj nks frjNh Hkqtk,a uhps dh
vksj tk jgh gSaA la[;kvksa dk O;wg izQkalhlh xf.krK Blaise Pascal osQ uke ij ikLdy f=kHkqt osQ
uke ls izfl¼ gSA bls fiaxy osQ es#izL=k osQ uke ls Hkh tkuk tkrk gSA

,d f}in dh mPp ?kkrksa dk izlkj Hkh ikLdy osQ f=kHkqt osQ iz;ksx }kjk laHko gSA vkb, ge ikLdy
f=kHkqt dk iz;ksx dj osQ (2x+3y)  dk foLrkj djsaA ?kkr 5 dh iafDr gS%

1 5 10 10 5 1

bl iafDr dk] vkSj gekjs ijh{k.kksa (i), (ii), (iii), dk iz;ksx djrs gq, ge ikrs gSa fd

(2x+3y)  = (2x)  + 5(2x)  (3y) + 10(2x)  (3y)  +10 (2x)  (3y)  + 5(2x)(3y)  + (3y)

= 32x  + 240x y + 720x y  + 1080x y  + 810xy  + 243y .

vc ;fn ge (2x+3y) , dk izlkj Kkr djuk pkgsa rks igys gesa ?kkr 12 dh iafDr Kkr djuh gksxhA
bls ikLdy f=kHkqt dh iafDr;ksa dks ?kkr 12 rd dh lHkh iafDr;k¡ fy[k dj izkIr fd;k tk ldrk gSA
;g FkksM+h lh yach fof/ gSA tSlk fd vki ns[krs gSa fd vkSj Hkh mPp ?kkrksa dk foLrkj djus osQ fy,

5

5 5 4 3 2 2 3 4 5

5 4 3 2 2 3 4 5
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fof/ vkSj vf/d dfBu gks tk,xhA

vr% ge ,d ,slk fu;e <w¡<us dk iz;Ru djrs gSa ftlls ikLdy f=kHkqt dh ,sfPNd iafDr ls igys
dh lkjh iafDr;ksa dks fy[ks fcuk gh] f}in osQ fdlh Hkh ?kkr dk foLrkj Kkr dj losQaA

blosQ fy, ge igys i<+ pqosQ ^lap;* osQ lw=kksa dk iz;ksx djosQ] ikLdy f=kHkqt esa fy[kh la[;kvksa
dks iqu% fy[krs gSaA ge tkurs gSa fd

 , 0  r  n tgk¡ n ½.ksrj iw.kk±d gSA 

vc ikLdy f=kHkqt dks iqu% bl izdkj fy[k ldrs gSa (vko`Qfr 8-3)

vko`Qfr 8.3 ikLdy f=kHkqt

mijksDr izfr:i (pattern) dks ns[kdj] iwoZ iafDr;ksa dks fy[ks fcuk ge ikLdy f=kHkqt dh fdlh Hkh
?kkr osQ fy, iafDr dks fy[k ldrs gSaA mnkgj.kr% ?kkr 7 osQ fy, iafDr gksxh%



bl izdkj] bl iafDr vkSj izs{k.k (i), (ii) o (iii), dk iz;ksx djosQ ge ikrs gSa]

bu izs{k.kksa dk mi;ksx djosQ ,d f}in osQ fdlh ½.ksrj iw.kk±d n osQ fy, izlkj fn[kk;k tk ldrk
gSA vc ge ,d f}in osQ fdlh Hkh (½.ksrj iw.kk±d) ?kkr osQ izlkj dks fy[kus dh voLFkk esa gSaA

8.2.1 f}in izes; fdlh /u iw.kk±d n osQ fy, (Binomial theorem for any positive integer

n)

miifÙk bl izes; dh miifÙk xf.krh; vkxeu fl¼kar }kjk izkIr dh tkrh gSA

eku yhft, dFku P(n) fuEufyf[kr gS%

n = 1 ysus ij

P (1) : (a + b)  = C a  + C b  = a + b

vr% P (1) lR; gSA

eku yhft, fd P (k), fdlh /u iw.kk±d k osQ fy, lR; gS] vFkkZr~~

(a+b)  = C a  + C a b + C a b  + ...+ C b  ... (1)

ge fl¼ djsaxsa fd P(k+1) Hkh lR; gS vFkkZr~~]

(a+b)  = C a  + C a b + C a b  + ...+ C b

vc,

1 1
0

1 1
1

1

k k
0

k k
1

k-1 k
2

k-2 2 k
k

k

k+1 k+1
0

k+1 k+1
1

k k+1
2

k-1 2 k+1
k+1

k+1



blls fl¼ gksrk gS fd ;fn P(k) Hkh lR; gS rks P (k+1) lR; gSA blfy,] xf.krh; vkxeu fl¼kar
}kjk] izR;sd /u iw.kk±d n osQ fy, P(n) lR; gSA

ge bl izes; dks (x + 2)  osQ izlkj dk mnkgj.k ysdj le>rs gSaA

(x+2)  = C x  + C x .2 + C x 2  + C x .2  + C x .2  + C x.2  + C .2

= x  + 12x  +60x  + 160x  + 240x  + 192x + 64

bl izdkj, (x+2)  = x  + 12x  +60x  + 160x  + 240x  + 192x + 64.

izs{k.k

1.

dk laosQru  gSA

vr% bl izes; dks bl izdkj Hkh fy[k ldrs gSaA

2. f}in izes; esa vkus okys xq.kkad dks f}in xq.kkad dgrs gSaA

6

6 6
0

6 6
1

5 6
2

4 2 6
3

3 3 6
4

2 4 6
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5 6
6

6

6 5 4 3 2

6 6 5 4 3 2



3. (a+b)  osQ izlkj esa inksa dh la[;k (n+1) gS vFkkZr~~ ?kkrkad ls 1 vf/d gSA

4. izlkj osQ mÙkjksÙkj inksa esa] a dh ?kkrsa ,d osQ Øe ls ?kV jgh gSaA ;g igys in esa n, nwljs in esa
(n–1) vkSj fiQj blh izdkj vafre in esa 'kwU; gSA Bhd mlh izdkj b dh ?kkrsa ,d osQ Øe ls c<+
jgh gSa] igys in esa 'kwU; ls 'kq: gksdj] nwljs in esa 1 vkSj fiQj blh izdkj vafre in esa n ij
lekIr gksrh gSaA

5. (a+b)n, osQ izlkj esa] a rFkk b dh ?kkrksa dk ;ksx] igys in esa n + 0 = n, nwljs in esa (n – 1) +

1 = n vkSj blh izdkj vafre in esa 0 + n = n gSA vr% ;g ns[kk tk ldrk gS fd izlkj osQ izR;sd
in esa a rFkk b dh ?kkrksa dk ;ksx n gSA

8.2.2 (a + b)  osQ izlkj dh oqQN fof'k"V fLFkfr;k¡ (Some special cases)

(i) a = x rFkk b = –y, ysdj ge ikrs gSa_

n

n



mnkgj.k 1 ,x ≠ 0 dk izlkj Kkr dhft,%

gy f}in izes; dk iz;ksx djosQ gesa izkIr gksrk gS]

= C (x )  + C (x )   + C (x )  + C (x ) +

C  

= x  + 4.x  . + 6.x  . + 4.x . + 

= x  + 12x  + 54x  + 

mnkgj.k 2 (98)  dh x.kuk dhft,A

gy ge 98 dks nks la[;kvksa osQ ;ksx ;k varj esa O;Dr djrs gSa ftudh ?kkr Kkr djuk ljy gks]
fiQj f}in izes; dk iz;ksx djrs gSaA

98 dks 100 – 2 fy[kus ij]

(98)  = (100 – 2)

= C  (100)  – C  (100) .2 + C  (100) 2  – C  (100)  (2)

+ C  (100) (2)  – C  (2)

= 10000000000 – 5 × 100000000 × 2 + 10 × 1000000 × 4 – 10 ×10000 × 8 + 5 × 100 × 16 –

32

4 0 2 4 4 1 2 3 4 2 2 2 4 3 2

4 4

8 6 4 2

8 5 2

5

5 5

5
0

5 5
1

4 5
2

3 2 5
3

2 3

5
4

4 5
5

5



= 10040008000 – 1000800032

= 9039207968

mnkgj.k 3 (1.01)  vkSj 10,000 esa ls dkSu lh la[;k cM+h gS\

gy 1.01 dks nks inksa esa O;Dr djosQ f}in izes; osQ igys oqQN inksa dks fy[kdj ge ikrs gSa

(1.01)  = (1 + 0.01)

= C  + C (0.01) + vU; /ukRed in

= 1 + 1000000 × 0.01 + vU; /ukRed in

= 1 + 10000 + vU; /ukRed in

> 10000

vr% (1.01)  > 10000

mnkgj.k 4 f}in izes; dk iz;ksx djosQ fl¼ dhft, fd 6 –5  dks tc 25 ls Hkkx fn;k tk, rks
lnSo 1 'ks"k cprk gSA

gy nks l[;kvksa a rFkk b osQ fy, ;fn ge la[;k,¡ q rFkk r izkIr dj losaQ rkfd a = bq + r rks
ge dg ldrs gSa fd a dks b ls Hkkx djus ij q HktuiQy rFkk r 'ks"kiQy izkIr gksrk gSA blh izdkj
;g n'kkZus osQ fy, fd 6 –5  dks 25 ls Hkkx djus ij 1 'ks"k cprk gS] gesa fl¼ djuk gS% 6 –5

= 25 +1 tgk¡ k ,d izko`Qr la[;k gSA

1000000

1000000 1000000

1000000 0 1000000 1

1000000

n n

n n n n

k



;g n'kkZrk gS fd tc 6  – 5  dks 25 ls Hkkx fd;k tkrk gS rks 'ks"k 1 cprk gSA

iz'ukoyh 8.1
iz'u 1 ls 5 rd izR;sd O;atd dk izlkj dhft,% 5.

1. (1–2x)  2.  3. (2x – 3)

4.  5. 

f}in izes; dk iz;ksx djosQ fuEufyf[kr dk eku Kkr dhft,

6. (96)  7. (102)  8. (101)  9. (99)

10. f}in izes; dk iz;ksx djrs gq, crkb, dkSu&lh la[;k cM+h gS (1.1)  ;k 1000.

11. (a+b)  – (a–b)  dk foLrkj dhft,A bldk iz;ksx djosQ – 

dk eku Kkr dhft,A

12. (x+1)  + (x–1)  dk eku Kkr dhft,A bldk iz;ksx djosQ ;k vU;Fkk ( +1)  + (  –

1)  dk eku Kkr dhft,A

13. fn[kkb, fd 9  – 8n – 9, 64 ls foHkkT; gS tgk¡ n ,d /u iw.kk±d gSA

14. fl¼ dhft, fd 

8.3 O;kid ,oa eè; in (General and Middle Terms)

n n

5 6

3 5 4 5

10000

4 4

6 6 6

6

n+1



1. (a + b)  osQ f}in izlkj esa geus ns[kk gS fd igyk in gS] nwljk in gS] rhljk in 

 gS vkSj vkxs blh izdkjA bu mÙkjksÙkj inksa osQ izfr:iksa esa ge dg ldrs gSa fd (r + 1)oka

in gSA (a + b)  dk (r + 1)oka in] O;kid in (General term)dgykrk gSA bls T

}kjk fy[krs gSaA vr% T  = 

2. (a + b)  osQ izlkj osQ eè; in osQ ckjs esa ge ikrs gSa

(i) ;fn n le (Even) la[;k gS rks izlkj osQ inksa dh la[;k (n+1) gksxhA D;ksafd n ,d le la[;k

gSa blfy, n + 1 ,d fo"ke la[;k gksxhA blfy, eè; in ok¡ vFkkZr~~ ok¡
in gSA

mnkgj.kkFkZ] (x + 2y)  osQ izlkj esa eè; in  vFkkZr~ 5ok¡ in gSA

(ii) ;fn n fo"ke la[;k (odd) gS rks (n+1) le la[;k gSA blfy,] izlkj osQ nks eè; in 

 rFkk  gksaxsA vr% (2x–y)  osQ izlkj esa eè; in ok¡

vFkkZr~~ pkSFkk vkSj ok¡ vFkkZr~ ik¡pok¡ in gSA

3. , tgk¡ x  0 gS] osQ izlkj esa eè; in vFkkZr~ (n+1)ok¡

in gS] D;ksafd 2n le la[;k gSA

;g C x  = C  (vpj) }kjk fn;k tkrk gSA

n

n r+1

r+1

n

8

7

2n n n 2n n



;g in x ls Lora=k in (Independent Term) ;k vpj in (Constant term) dgykrk gSA

mnkgj.k 5 ;fn (2+a)  osQ f}in izlkj dk l=kgok¡ vkSj vêòkjgok¡ in leku gks rks a dk eku Kkr
dhft,A

gy (x+y)  osQ f}in izlkj esa (r+1)ok¡ in gS%

l=kgosa in osQ fy,] r + 1 = 17, ;k r = 16

;k a =  =  = 1

mnkgj.k 6 fn[kkb, fd (1+x)  osQ izlkj esa eè; in  gS] tgk¡
n ,d /u iw.kk±d gSA

gy D;ksafd 2n ,d le la[;k gS] blfy, (1+x)  dk eè; in ok¡ vFkkZr~~ (n+1)ok¡

in gSA

50

n

2n

2n



bl izdkj] eè; in T  = C (1) (x)  = C x  = 

= 

= 

= . xn

= 

= 

= 

mnkgj.k 7 (x+2y)  osQ izlkj esa x y  dk xq.kkad Kkr dhft,A

gy eku yhft, (x+2y)  osQ izlkj esa x y , (r+1)osa in esa vkrk gSA

vc 

T  rFkk x y  esa x vkSj y osQ ?kkrkadksa dh rqyuk djus ij gesa izkIr gksrk gS] r = 3.

n+1 2n n 2n–n n 2n n
n

9 6 3

9 6 3

r+1 6 3



blfy,] x y  dk xq.kkad = C  2  =  =  = 672.

mnkgj.k 8 (x + a)  osQ f}in izlkj osQ nwljs] rhljs vkSj pkSFks in Øe'k% 240] 720 vkSj 1080 gSaA
x, a rFkk n Kkr dhft,A

gy gesa Kkr gS fd nwljk in T  = 240

;k  ... (4)

(3) dks (2), ls Hkkx djus ij]

 ... (5)

(4) o (5) ls]  ;k n = 5

vc (1) ls] 5x a = 240 vkSj (4) ls] 

6 3 9 3
3

n

2

4



bu lehdj.kksa dks gy djus ls ge x = 2 vkSj a = 3 izkIr djrs gSaA

mnkgj.k 9 ;fn (1+a)  osQ izlkj esa rhu Øekxr inksa osQ xq.kkad 1% 7% 42 osQ vuqikr esa gSa rks n

dk eku Kkr dhft,A

gy eku yhft, (1 + a)  osQ izlkj esa (r – 1)ok¡, rok¡ rFkk (r + 1)ok¡ in] rhu Øekxr in gSaA

(r – 1)ok¡ in gS rFkk bldk xq.kkad  gSA blh izdkj rosa rFkk (r + 1)osa inksa osQ xq.kkad

Øe'k%  gSaA D;ksafd xq.kkadks dk vuqikr 1 % 7 % 42 gS blfy, gesa izkIr gksrk gS]

 vFkkZr~~ n – 8r + 9 = 0 ... (1)

vkSj  vFkkZr~~ n – 7r + 1 = 0 ... (2)

lehdj.k (1) o (2) dks gy djus ij gesa n = 55 izkIr gksrk gSA

iz'ukoyh 8.2
xq.kkad Kkr dhft,%

1. (x + 3)  esa x  dk 2. (a – 2b)  esa a b  dk

fuEufyf[kr osQ izlkj esa O;kid in fyf[k,%

3. (x  – y)  4. (x  – yx) , x  0

5. (x – 2y)  osQ izlkj esa pkSFkk in Kkr dhft,A

6.  osQ izlkj esa 13ok¡ in Kkr dhft,A

n

n

8 5 12 5 7

2 6 2 12

12



fuEufyf[kr izlkjksa esa eè; in Kkr dhft,%

7.  8. 

9. (1 + a)  osQ izlkj esa fl¼ dhft, fd a  rFkk a  osQ xq.kkad cjkcj gSaA

10. ;fn (x + 1)  osQ izlkj esa (r – 1)ok¡] rok¡ vkSj (r + 1)ok¡ inksa osQ xq.kkadksa esa 1 % 3 % 5 dk
vuqikr gks] rks n rFkk r dk eku Kkr dhft,A

11. fl¼ dhft, fd (1 + x)  osQ izlkj esa x  dk xq.kkad] (1 + x)  osQ izlkj esa x  osQ xq.kkad
dk nqxuk gksrk gSA

12. m dk /ukRed eku Kkr dhft, ftlosQ fy, (1 + x)  osQ izlkj esa x  dk xq.kkad 6 gksA

fofo/ mnkgj.k

mnkgj.k 10  osQ izlkj esa x ls Lora=k in Kkr dhft,A

gy ge ikrs gSa fd T  =

= 

= 

x ls Lora=k in osQ fy,] in esa x dk ?kkrkad 0 (gksuk pkfg,)A vr% 12 – 3r = 0 ;k r = 4

m+n m n

n

2n n 2n–1 n

m 2

r+1



bl izdkj 5ok¡ in x ls Lora=k gSA blfy, vHkh"V in = (–1) C  

mnkgj.k 11 ;fn (1 + a)  osQ izlkj esa a , a  rFkk a  osQ xq.kkad lekarj Js.kh esa gksa rks fl¼
dhft, fd n  – n(4r + 1) + 4r –2 = 0

gy ge tkurs gSa fd (1 + a)  osQ izlkj esa (r + 1)ok¡ in C  gSA bl izdkj ;g ns[kk tk ldrk gS
fd a , (r + 1)osa in esa vkrk gSA vkSj bldk xq.kkad C  gSA blfy, a , a  rFkka  osQ xq.kkad
Øe'k% C , C rFkk  gSaA ijarq ;s xq.kkad lekarj Js.kh esa gSaA blfy,

C + C  = C

;k 

;k 

;k 

4 6 4

n r-1 r r+1

2 2

n n rar

r n r r-1 r r+1

n r-1 n r C +1n
r

n
r–1

n
r+1 2n

r



;k 

;k 

;k r(r + 1) + (n – r) (n – r + 1) = 2 (r + 1) (n – r + 1)

;k r  + r + n  – nr + n – nr + r  – r = 2(nr – r  + r + n – r + 1)

;k n  – 4nr – n + 4r  – 2 = 0

;k n  – n (4r + 1) + 4r  – 2 = 0

mnkgj.k 12 fn[kkb, fd (1 + x)  osQ izlkj esa eè; in dk xq.kkad] (1 + x)  osQ izlkj esa nksuksa
eè; inksa osQ xq.kkadksa osQ ;ksx osQ cjkcj gksrk gSA

gy D;ksafd 2n ,d le la[;k gS blfy, (1+x)  osQ izlkj esa osQoy ,d eè; in gS tks fd 

ok¡ vFkkZr~~ (n + 1)ok¡ in gSA

vc (n+1)ok¡ in C  gS ftldk xq.kkad C  gSA

blh izdkj] (2n–1) ,d fo"ke la[;k gS blfy, (1 + x)  osQ izlkj osQ nks eè; in 

ok¡ vkSj ok¡ vFkkZr~~ nok¡ vkSj (n + 1) ok¡ in gSA

bu inksa osQ xq.kkad Øe'k% C  vkSj C  gSaA

bl izdkj C  + Cn= Cn [D;ksafd Cr– + Cr = Cr]

;gh vHkh"V gSA

2 2 2 2

2 2

2 2

2n 2n–1

2n

2n nxn 2n n

2n–1

2n–1 n–1 2n–1 n

2n–1 n–1 2n–1 2n n 1 n n+1



mnkgj.k 13 f}in izes; dk mi;ksx djrs gq, xq.kuiQy (1 + 2a)  (2 – a)  esa a  dk xq.kkad Kkr
dhft,A

gy lcls igys ge xq.kuiQy osQ izR;sd esa f}in izes; xq.ku[kaM iz;ksx dj izlkj.k djrs gSaA bl
izdkj

gesa laiw.kZ xq.kk djus rFkk lHkh inksa osQ fy[kus dh vko';drk ugha gSA ge osQoy ogh in fy[krs gSa
ftuesa a  vkrk gSA ;fn a .a  = a  rks ;g fd;k tk ldrk gSA ftu inksa esa a  vkrk gS] os gSa%

1.10a  + (8a) (–40a ) + (24a ) (80a ) + (32a ) (–80a) + (16a ) (32) = – 438a

vr% xq.kuiQy esa a  dk xq.kkad – 438 gSA

mnkgj.k 14 (x+a)  osQ izlkj esa var ls rok¡ in Kkr dhft,A

gy (x + a)  osQ izlkj esa (n + 1) in gSaA inksa dk voyksdu djrs gq, ge dg ldrs gSa fd var esa

igyk in izlkj dk vafre in gSa vFkkZr~ (n + 1)ok¡ in (n + 1) – (1–1) gSA var ls nwljk in] izlkj

dk nok¡ in n=(n + 1) – (2 – 1) gSA var ls rhljk in] izlkj dk (n–1)ok¡ in gS vkSj n–1 = (n+1)

– (3 – 1). blh izdkj] var ls rok¡ in] izlkj dk [(n+1) – (r – 1)]ok¡ in vFkkZr~~ (n– r + 2)ok¡ in
gksxkA

vkSj izlkj dk (n–r+2)ok¡ in Cn–r+1 x  a  gSA

4 5 4

4 r 4–r 4 4

4 3 2 2 3 4 4

4

n

n

n r–1 n–r+1



mnkgj.k 15 , x > 0 osQ izlkj esa x ls Lora=k in Kkr dhft,A

gy izlkj dk O;kid in

T  = 

=  = 

D;ksafd gesa x ls Lora=k in Kkr djuk gS vFkkZr~~ ml in esa x ugha gSA

blfy,  ;k r = 9

vr% vHkh"V in C   gSA

mnkgj.k 16 , x ≠ 0, tgk¡ m ,d izko`Qr la[;k gS] osQ izlkj esa igys rhu inksa osQ
xq.kkadksa dk ;ksx 559 gSA izlkj esa x  okyk in Kkr dhft,A

gy  osQ izlkj osQ igys rhu inksa osQ xq.kkad C  , (–3) C  vkSj C  gSaA

r+1

18 9

3

m 0 m 1 9 m 2



blfy, fn, x, izfrca/ osQ vuqlkj C  –3 C + 9 C = 559.

;k 1 – 3m +  blls gesa m = 12 (m ,d izko`Qr la[;k gS) izkIr gksrk gSA

vc T  = C  x   = Cr (–3)  . x

D;ksafd gesa x  okyk in pkfg,A vr% 12 – 3r = 3 ;k r = 3.

bl izdkj] vHkh"V in = C  (–3)  x  vFkkZr~ – 5940 x  gSA

mnkgj.k 17 ;fn (1+x)  osQ izlkj esa (r–5)osa vkSj (2r–1)osa inksa osQ xq.kkad leku gksa r Kkr
dhft,A

gy (1+x)  osQ izlkj esa (r–5)osa rFkk (2r–1)osa inksa osQ xq.kkad Øe'k% Cr–6 vkSj C2r–2 gSaA
D;ksafd os leku gSa] blfy,

Cr–6 = C2r–2

;g rHkh laHko gS tcfd ;k r – 6 = 2r – 2 ;k r–6 = 34 – (2r – 2) gksA

[bl rF; dk iz;ksx djosQ fd ;fn Cr= Cp gks rks r = p ;k r = n–p]

blfy,] gesa r = – 4 ;k r = 14 izkIr gqvk ijarq r izko`Qr la[;k gS vkSj r = –4 laHko ugha gSA
vr% r = 14

vè;k; 8 ij fofo/ iz'ukoyh
1. ;fn (a + b)  osQ izlkj esa izFke rhu in Øe'k% 729] 7290 rFkk 30375 gksa rks a, b, vkSj n Kkr
dhft,A

2. ;fn (3 + ax)  osQ izlkj esa x  rFkk x  osQ xq.kkad leku gksa] rks a dk eku Kkr dhft,A

m 0 m
1

m
2

r+1 12 r
12–r 12 r 12–3r

3

12 3 3 3 3

34

34 34 34

34 34

n n

n

9 2 3



3. f}in izes; dk mi;ksx djrs gq, xq.kuiQy (1+2x)  (1–x)  esa x  dk xq.kkad Kkr dhft,A

4. ;fn a vkSj b fHkUu&fHkUu iw.kk±d gksa] rks fl¼ dhft, fd (a  – b ) dk ,d xq.ku[kaM (a – b)gS]
tcfd n ,d /u iw.kk±d gSA

[ laosQr aa  = (a – b + b)  fy[kdj izlkj dhft,A]

5. dk eku Kkr dhft,A

6.  dk eku Kkr dhft,A

7. (0.99)  osQ izlkj osQ igys rhu inksa dk iz;ksx djrs gq, bldk fudVre eku Kkr dhft,A

8. ;fn  osQ izlkj esa vkjaHk ls 5osa vkSj var ls 5osa in dk vuqikr  gks
rks n Kkr dhft,A

9.  x ≠ 0 dk f}in izes; }kjk izlkj Kkr dhft,A

10. (3x  – 2ax + 3a )3 dk f}in izes; ls izlkj Kkr dhft,A

lkjka'k
,d f}in dk fdlh Hkh /u iw.kk±d n osQ fy, izlkj f}in izes; }kjk fd;k tkrk gSA bl izes;
osQ vuqlkj

(a + b)  = C a  + C a b + C a b  + ...+ C a.b  + C b

izlkj osQ inksa osQ xq.kkadksa dk O;ofLFkr Øe ikLdy f=kHkqt dgykrk gSA

(a + b)  osQ izlkj dk O;kid in Tr+1 = Cr a .b  gSA

6 7 5

n n

n n

5

2 2

n n
0

n n
1

n–1 n
2

n–2 2 n
n–1

n–1 n
n

n

n n n–r r



(a+b)  osQ izlkj esa] ;fn n le la[;k gks rks eè; in ok¡ in gS vkSj ;fn n fo"ke

la[;k gS rks nks eè; in ok¡ rFkk ok¡ gSaA

n



vè;k; 9

vuqØe rFkk Js.kh
(Sequence and Series)

v“Natural numbers are the product of human spirit” – Dedekind v

9.1 Hkwfedk (Introduction)
xf.kr esa] 'kCn ^vuqØe* dk mi;ksx lk/kj.k v¡xsz”kh osQ leku fd;k tkrk gSA tc ge dgrs gSa fd
lewg osQ vo;oksa dks vuqØe esa lwphc¼ fd;k x;k gS rc gekjk rkRi;Z gS fd lewg dks bl izdkj
Øfed fd;k x;k gS fd ge mlosQ lnL;ksa dks izFke] f}rh;] r`rh; la[;k rFkk vkfn ls igpku
ldrs gSaA mnkgj.kr%] fofHkUu le;ksa esa ekuo dh tula[;k vFkok cSDVhfj;k vuqØe dh jpuk djrs
gSaA dksbZ /ujkf'k tks cSad [kkrsa esa tek dj nh tkrh gS] fofHkUu o"kksZa esa ,d vuqØe dk fuekZ.k djrh
gSA fdlh lkeku dh voewfY;r dhersa ,d vuqØe cukrh gSa ekuo fØ;kvksa osQ dbZ {ks=kksa esa vuqØeksa
dk cgqr egÙoiw.kZ mi;ksx gSA fof'k"V iSVuks± dk vuqlj.k djus okys vuqØe Js.kh (Progression)

dgykrs gSaA fiNyh d{kk esa] ge lekarj Js.kh osQ laca/ esa i<+ pqosQ gSaA bl vè;k; esa lekarj Js.kh
osQ ckjs esa vkSj vf/d ppkZ djus osQ lkFk&lkFk ge lekarj ekè;] xq.kksÙkj ekè;] lekarj ekè; rFkk
xq.kksÙkj ekè; esa laca/] fo'ks"k vuqØeksa osQ Øekxr n izko`Qr la[;kvksa dk ;ksx] n izko`Qr la[;kvka osQ
oxksZa dk ;ksx rFkk n izko`Qr la[;kvksa osQ ?kuksa osQ ;ksx dk Hkh vè;;u djsaxsA

Fibonacci



(1175-1250 A.D.)

9.2 vuqØe (Sequence)
vkb, ge fuEufyf[kr mnkgj.kksa ij fopkj djsa%

ekuk fd ihf<+;ksa dk varj 30 o"kZ gS vkSj O;fDr osQ 300 o"kkZas esa iwoZtksa vFkkZr~~ ekrk&firk nknk&nknh]
ijnknk&ijnknh vkfn dh la[;k Kkr dhft,A

;gk¡ ihf<+;ksa dh oqQy la[;k = = 10.

izFke] f}rh;] r`rh;] --- nloha ih<+h osQ fy, O;fDr osQ iwoZtksa dh la[;k Øe'k% 2, 4, 8, 16, 32, ...,

1024 gSA ;s la[;k,¡ ,d vuqØe dk fuekZ.k djrh gSa] ,slk ge dgrs gSaA

10 dks 3 ls Hkkx nsrs le; fofHkUu pj.kkas osQ ckn izkIr Øfed HkkxiQyksa ij fopkj dhft,A bl
izfØ;k esa ge Øe'k% 3,3.3,3.33,3.333... vkfn ikrs gSa ;s HkkxiQy Hkh ,d vuqØe dk fuekZ.k djrs
gSaA ,d vuqØe esa tks la[;k,¡ vkrh gSa mUgsa ge mldk in dgrs gSaA vuqØe osQ inksa dks ge a ,

a , a ,…, a , …, vkfn }kjk fu:fir djrs gSaA izR;sd in osQ lkFk yxh la[;k ftls inkad dgrs gSa]
mldk LFkku crkrh gSA vuqØe dk n ok¡ in n osa LFkku dks fu:fir djrk gS vkSj bls an }kjk fu:fir
djrs gSa] bls vuqØe dk O;kid in Hkh dgrs gSaA

bl izdkj] O;fDr osQ iwoZtksa (iqoZtksa) osQ vuqØe osQ inksa dks fuEu izdkj ls fu:fir djrs gSa%

a  = 2, a  = 4, a  = 8, …, a  = 1024.

blh izdkj Øfed HkkxiQyksa okys mnkgj.k esa %

aa  = 3, a  = 3.3, a  = 3.33, … a  = 3.33333, vkfnA

os vuqØe] ftuesa inksa dh la[;k lhfer gksrh gSa] mls ^ifjfer vuqØe* dgrs gSaA mnkgj.kr% iwoZtksa
dk vuqØe ifjfer vuqØe gS] D;ksafd mlesa 10 in gSa (lhfer la[;k)A

,d vuqØe] ^^vifjfer vuqØe dgk tkrk gS] ftlesa inksa dh la[;k lhfer ugha gksrh gSA**
mnkgj.kr% iwoksZDr Øekxr HkkxiQyksa dk vuqØe ,d ^vifjfer vuqØe* gSA vifjfer dgus dk vFkZ

1

2 3 n

1 2 3 10

1 2 3 6



gS] tks dHkh lekIr ugha gksrkA

izk;% ;g laHko gS fd vuqØe osQ fofHkUu inksa dks O;Dr djus osQ fu;e dks ,d cht xf.krh; lw=k
}kjk O;Dr fd;k tk ldrk gSA mnkgj.kkFkZ] izko`Qr le la[;kvksa osQ vuqØe 2, 4, 6, … ij fopkj
dhft,A

;gk¡ a  = 2 = 2 × 1 a  = 4 = 2 × 2

a  = 6 = 2 × 3 a  = 8 = 2 × 4

.... .... .... .... .... ....

.... .... .... .... .... ....

aa23 = 46 = 2 × 23 a  = 48 = 2 = 2 × 24, vkSj blh izdkj vU;A

oLrqr%] ge ns[krs gSa fd vuqØe dk nok¡ in an = 2n, fy[kk tk ldrk gSa] tcfd n ,d izko`Qr
la[;k gSA blh izdkj] fo"ke izko`Qr la[;kvksa osQ vuqØe 1,3,5,7,…,esa nosa in osQ lw=k dks aan = 2n –

1, osQ :i esa fu:fir fd;k tk ldrk gS] tcfd n ,d izko`Qr la[;k gSA

O;ofLFkr la[;kvksa 1, 1, 2, 3, 5, 8,.. dk dksbZ Li"V iSVuZ ugha gS] fdarq vuqØe dh jpuk iqujko`fÙk
laca/ }kjk O;Dr dh tk ldrh gSaA mnkgj.kr%

a  = a  = 1

a  = a  + a

an = an–2 + an–1, n > 2

bl vuqØe dks Fibonacci vuqØe dgrs gSaA

vHkkT; la[;kvksa osQ vuqØe 2,3,5,7… esa n oha vHkkT; la[;k dk dksbZ lw=k ugha gSaA ,sls of.kZr
vuqØe dks osQoy ekSf[kd fu:fir fd;k tk ldrk gSaA

izR;sd vuqØe esa ;g vis{kk ugha dh tkuh pkfg, fd mlosQ fy, fo'ks"k lw=k gksxkA fdarq fiQj Hkh
,sls vuqØe osQ fuekZ.k osQ fy, dksbZ u dksbZ lS¼kafrd ;kstuk vFkok fu;e dh vk'kk rks dh tk
ldrh gS] tks inksa a , a , a ,…,a ,… dk Øekxr :i ns losQA

1 2

3 4

24

1 2

3 1 2

1 2 3 n



mi;qZDr rF;ksa osQ vk/kj ij] ,d vuqØe dks ge ,d iQyu osQ :i esa ys ldrs gSa ftldk izkar
izko`Qr la[;kvksa dk leqPp; gks vFkok mldk mileqPp; {1, 2, 3...k}. osQ izdkj dk gksA dHkh&dHkh
ge iQyu osQ laosQr aa  osQ fy, a(n) dk mi;ksx djrs gSaA

9.3 Js.kh (Series)
ekuk fd ;fn a , a , a ,…,an vuqØe gS] rks O;atd a  + a  + a  +,…+ a  lacafèkr vuqØe ls
cuh Js.kh dgykrh gSaA Js.kh ifjfer vFkok vifjfer gksxh] ;fn vuqØe Øe'k% ifjfer vFkok
vifjfer gSA Js.kh dks laf/ jhfr esa iznf'kZr djrs gSa] ftls flXek laosQr dgrs gSaA blosQ fy, xzhd

v{kj laosQr  (flXek) dk mi;ksx djrs gSa] ftldk vFkZ gksrk gSa tksM+ukA bl izdkj] Js.kh

a  + a  + a  + ... + a  dk laf{kIr :i]  gSA

fVIi.kh Js.kh dk mi;ksx] ;ksx osQ fy, ugha] cfYd fu:fir ;ksx osQ fy, fd;k tkrk gSA  

mnkgj.kr% 1 + 3 + 5 + 7 pkj inksa okyh ,d ifjfer Js.kh gSA tc ge ^Js.kh dk ;ksx* eqgkojs dk
mi;ksx djrs gSa] rc mldk rkRi;Z ml la[;k ls gS tks inksa osQ tksM+us ls ifjf.kr gksrh gSA vr% Js.kh
dk ;ksx 16 gSA

vc ge oqQN mnkgj.kksa ij fopkj djrs gSaA

mnkgj.k 1 % nh xbZ ifjHkk"kkvksa osQ vk/kj ij fuEufyf[kr izR;sd vuqØe osQ izFke rhu in crkb, %

(i) a  = 2n + 5 (ii) a = .

gy % (i) ;gk¡ a  = 2n + 5,

n = 1, 2, 3, j[kus ij] ge ikrs gSa %

n

1 2 3 1 2 3 n

1 2 3 n

n n

n



a  = 2(1) + 5 = 7, a  = 9, a  = 11

blfy,] okafNr in 7, 9 rFkk 11 gSaA

(ii) ;gk¡ an = 

bl izdkj 

vr% izFke rhu in ,  rFkk 0 gSaA

mnkgj.k 2 % a  = (n – 1) (2 – n) (3 + n) }kjk ifjHkkf"kr vuqØe dk 20ok¡ in D;k gSa\

gy % ge n = 20 j[kus ij] ikrs gSa

a  = (20 – 1) (2 – 20) (3 + 20)

= 19 × (– 18) × (23)

= – 7866.

mnkgj.k 3 ekuk fd vuqØe a  fuEufyf[kr :i esa ifjHkkf"kr gS %

a  = 1,

a  = a  + 2 for n 2.

rks vuqØe osQ ik¡p in Kkr dhft, rFkk laxr Js.kh fyf[k,A

gy ge ikrs gSa %

a  = 1, a  = a  + 2 = 1 + 2 = 3, a  = a  + 2 = 3 + 2 = 5,

a  = a + 2 = 5 + 2 = 7, a  = a  + 2 = 7 + 2 = 9.

1 2 3

n

20

n

1

n n–1

1 2 1 3 2

4 3 5 4



vr% vuqØe osQ izFke ik¡p in 1,3,5,7 rFkk 9 gSaA

laxr Js.kh 1 + 3 + 5 + 7 + 9 +... gSA

iz'ukoyh 9.1
iz'u 1 ls 6 rd osQ vuqØeksa esa izR;sd osQ izFke ik¡p in fyf[k;s] ftudk nok¡ in fn;k x;k gS %

1. a  = n (n + 2) 2. a  = 

3. a  = 2 4.a  = 

5. a  = (–1)  5  6. a  .

fuEufyf[kr iz'u 7 ls 10 rd osQ vuqØeksa esa izR;sd dk okafNr in Kkr dhft,] ftudk nok¡ ij
fn;k x;k gS %

7. a  = 4 ; a , a  8. a  = 

9. a  = (–1) n ; a  10. .

iz'u 11 ls 13 rd izR;sd vuqØe osQ ik¡p in fyf[k, rFkk laxr Js.kh Kkr dhft, %

11. a  = 3, a  = 3a  + 2 lHkh n > 1 osQ fy,

12. a  = –1, a  = , tgk¡ n  2

13. a  = a  = 2, an = a –1, tgk¡ n > 2

n n

n n n

n n–1 n+1 n

n n – 3 17 24 n

n n – 1 3
9

1 n n–1

1 n

1 2 n–1



14. Fibonacci vuqØe fuEufyf[kr :i esa ifjHkkf"kr gS %

1 = a  = a  rFkk a  = a  + a , n.>2 rks  Kkr dhft,] tcfd n = 1, 2, 3, 4, 5

9.4 lekarj Js.kh [Arithmetic Progression (A.P.)]
iwoZ esa vè;;u fd, oqQN lw=kksa rFkk xq.kksa dk iqu% Lej.k djrs gSaA

,d vuqØe a , a  a ,…,a … dks lekarj vuqØe ;k lekarj Js.kh dgrs gSa] ;fn a  = a  + d,

n N

a  dks izFke in dgrs gSa rFkk vpj in d dks lekarj Js.kh dk lkoZ varj dgrs gSaA

eku yhft, ,d lekarj Js.kh (izekf.kr :i esa) ij fopkj djsa] ftldk izFke in a, rFkk lkoZ varj
d gS] vFkkZr~ a, a + d, a + 2d, ...

lekarj Js.kh dk nok¡ in (O;kid in) a  = a + (n – 1)d gSA

ge lekarj Js.kh dh lkekU; fo'ks"krkvksa dk ijh{k.k dj ldrs gSa%

(i) ;fn lekarj Js.kh osQ izR;sd in esa ,d vpj tksM+k tk,] rks bl izdkj izkIr vuqØe Hkh lekarj
Js.kh gksrk gSA

(ii) ;fn fdlh lekarj Js.kh osQ izR;sd in esa ls ,d vpj ?kVk;k tk, rks] bl izdkj izkIr vuqØe
Hkh lekarj Js.kh gksrk gSA

(iii) ;fn fdlh lekarj Js.kh osQ izR;sd in esa ,d vpj ls xq.kk fd;k tk, rks] bl izdkj izkIr
vuqØe Hkh lekarj Js.kh gksrk gSA

(vi) ;fn fdlh lekarj Js.kh osQ izR;sd in dks ,d v'kwU; vpj ls Hkkx fn;k tk, rks bl izdkj
izkIr vuqØe Hkh ,d lekarj Js.kh gksxkA

;gk¡ blosQ ckn] ge lekarj Js.kh osQ fy, fuEufyf[kr laosQrksa dk mi;ksx djsaxs %

aa = izFke in]] l = vafre in] d = lkoZ varj

1 2 n n–1 n–2

1 2 3 n n+1 n

1

n



n = inksa dh la[;k] Sn= lekarj Js.kh osQ n inksa dk ;ksxiQy

ekuk a, a + d, a + 2d, …, a + (n – 1) d ,d lekarj Js.kh gS] rks l = a + (n – 1) d

ge bl izdkj Hkh fy[k ldrs gSa %

vkb, oqQN mnkgj.k ysrs gSaA

mnkgj.k 4 ;fn fdlh lekarj Js.kh dk mok¡ in n rFkk nok¡ in m, tgk¡ m n, gks rks pok¡ in
Kkr dhft,A

gy ge ikrs gSa %

aa  = a + (m – 1) d = n, ... (1)

rFkk a  = a + (n – 1) d = m, ... (2)

(1) vkSj (2) dks gy djus ij] ge ikrs gSa%

(m – n) d = n – m, ;k d = –1, ... (3)

rFkk a = n + m –1 ... (4)

blfy, ap = a + (p – 1)d

= n + m – 1 +( p – 1) (–1) = n + m – p

vr%] p ok¡ in n + m – p. gSA

mnkgj.k 5 ;fn fdlh lekarj Js.kh osQ n inksa dk ;ksx Q, gS] tgk¡ P rFkk Q vpj

m

n



gks rks lkoZ varj Kkr dhft,A

gy ekuk fd a , a , …, a  nh xbZ lekarj Js.kh gS] rks

Sn = a  + a  + a  +...+ a  + a  = nP + n(n – 1)Q

blfy, S  = a  = P, S  = a  + a  = 2P + Q

blfy, a  = S  – S  = P + Q

vr% lkoZ varj gS %

d = a  – a  = (P + Q) – P = Q

mnkgj.k 6 nks lekarj Jsf<+;ksa osQ n inksa osQ ;ksxiQy dk vuqikr (3n + 8) : (7n + 15) gSA 12 osa in
dk vuqikr Kkr dhft,A

gy ekuk fd a , a , rFkk d , d , Øe'k% izFke ,oa f}rh; lekarj Jsf<+;ksa osQ izFke in rFkk lkoZ
varj gSa] rks nh gqbZ 'krZ osQ vuqlkj] ge ikrs gSa %

;k 

;k  ...(1)

vc 

 [(1) esa n = 23 j[kus ij]

;k 

1 2 n

1 2 3 n–1 n

1 1 2 1 2

2 2 1

2 1

1 2 1 2



vr% okafNr vuqikr 7 : 16 gSA

mnkgj.k 7 ,d O;fDr dh izFke o"kZ esa vk; 3,00,000 #i;s gS rFkk mldh vk; 10,000 #i;s izfr
o"kZ] mUuhl o"kks± rd c<+rh gS] rks mlosQ }kjk 20 o"kks± esa izkIr vk; Kkr dhft,A

gy ;gk¡] ge ikrs gSa] lekarj Js.kh ftldk

a a = 3,00,000, d = 10,000, rFkk n = 20

;ksx lw=k dk mi;ksx djus ij] ge ikrsa gSa]

= 10 (790000) = 79,00,000

og O;fDr 20 o"kZ osQ var esa 79,00,000 #i;s izkIr djrk gSA

9.4.1 lekarj ekè; (Arithmetic mean) fn;k gS nks la[;k,¡ a rFkk b. ge bu la[;kvksa osQ chp esa
,d la[;k A ys ldrs gSa rkfd a, A, b lekarj Js.kh esa gksa] rks la[;k A dks a vkSj b dk lekarj
ekè; (A.M.) dgrs gSaA

A – a = b – A vFkkZr~~ A =

nks la[;kvksa a rFkk b osQ eè; lekarj ekè; dks buosQ vkSlr  osQ :i esa O;kf[;r fd;k
tk ldrk gSA

mnkgj.k osQ fy,] nks la[;kvksa 4 rFkk 16 dk lekarj ekè; 10 gSA bl rjg ge ,d la[;k 10 dks 4
rFkk 16 osQ eè; j[kdj ,d lekarj Js.kh 4, 10, 16 dh jpuk djrs gSaA vc ,d LokHkkfod iz'u
mBrk gSaA D;k fn, x, fdUgha nks la[;kvksa osQ chp nks ;k vfèkd la[;kvksa dks j[kus ls lekarj Js.kh
(A.P.) rS;kj gks losQxh\ voyksdu dhft, fd la[;kvksa 4 rFkk 16 osQ chp 8 vkSj 12 j[kk tk, rks
4, 8, 12, 16 lekarj Js.kh (A.P.) gks tkrh gSA



lkekU;r% fdUgha nks la[;kvksa a rFkk b osQ chp fdruh Hkh la[;kvksa dks j[kdj lekarj Js.kh A.P. esa
ifjf.kr fd;k tk ldrk gSA

ekuk fd A , A , A , …A  a rFkk b osQ eè; n la[;k,¡ bl izdkj gSa] fd a, A , A , A , …A , b

lekarj Js.kh esa gSA

;gk¡ b, (n + 2) ok¡ in gSa] vFkkZr~

b = a + [(n + 2) – 1]d

= a + (n + 1)d

blls ikrs gSa .

bl izdkj] a rFkk b osQ eè; n la[;k,¡ fuEufyf[kr gSa%

A  = a + d = a + 

A  = a + 2d = a + 

A  = a + 3d = a + 

..... ..... ..... .....

..... ..... ..... .....

A  = a + nd = a + 

1 2 3 n 1 2 3 n

1

2

3

n



mnkgj.k 8 ,slh 6 la[;k,¡ Kkr dhft, ftudks 3 vkSj 24 osQ chp j[kus ij izkIr vuqØe ,d
lekarj Js.kh cu tk,A

gy ekuk fd A , A , A , A , A  rFkk A , 3 rFkk 24 osQ eè; 6 la[;k,¡ gSa] blfy, 3, A , A ,

A , A , A , A  24 lekarj Js.kh esa gSaA

;gk¡ a = 3, b = 24, n = 8.

blfy, 24 = 3 + (8 –1) d, blls izkIr gksrk gS d = 3.

bl izdkj A  = a + d = 3 + 3 = 6; A  = a + 2d = 3 + 2 × 3 = 9;

A  = a + 3d = 3 + 3 × 3 = 12; A  = a + 4d = 3 + 4 × 3 = 15;

A  = a + 5d = 3 + 5 × 3 = 18; A  = a + 6d = 3 + 6 × 3 = 21.

vr%] la[;k,¡ 3 rFkk 24 osQ eè; 6 la[;k,¡ 6, 9, 12, 15, 18 rFkk 21 gSaA

iz'ukoyh 9.2
1. 1 ls 2001 rd osQ fo"ke iw.kk±dksa dk ;ksx Kkr dhft,A

2. 100 rFkk 1000 osQ eè; mu lHkh izko`Qr la[;kvksa dk ;ksxiQy Kkr dhft, tks 5 osQ xq.kt gksaA

3. fdlh lekarj Js.kh esa izFke in 2 gS rFkk izFke ik¡p inksa dk ;ksxiQy] vxys ik¡p inksa osQ
;ksxiQy dk ,d pkSFkkbZ gSA n'kkZb, fd 20ok¡ in –112 gSA

4. lekarj Js.kh – 6, , – 5, … osQ fdrus inksa dk ;ksxiQy –25 gS\

5. fdlh lekarj Js.kh dk pok¡ in  rFkk q ok¡ in , gks rks fl¼ dhft, fd izFke pq inksa

dk ;ksx (pq +1) gksxk tgk¡ p .

1 2 3 4 5 6 1 2

3 4 5 6

1 2

3 4

5 6



6. ;fn fdlh lekarj Js.kh 25, 22, 19, … osQ oqQN inksa dk ;ksxiQy 116 gS rks vafre in Kkr
dhft,A

7. ml lekarj Js.kh osQ n inksa dk ;ksxiQy Kkr dhft,] ftldk k ok¡ in 5 k + 1 gSA

8. ;fn fdlh lekarj Js.kh osQ n inksa dk ;ksxiQy (pn + qn ), gS] tgk¡ p rFkk q vpj gksa rks lkoZ
varj Kkr dhft,A

9. nks lekarj Jsf<+;ksa osQ n inksa osQ ;ksxiQy dk vuqikr 5n + 4 : 9n + 6. gks] rks muosQ 18 osa inksa
dk vuqikr Kkr dhft,A

10. ;fn fdlh lekarj Js.kh osQ izFke p inksa dk ;ksx] izFke q inksa osQ ;ksxiQy osQ cjkcj gks rks
izFke (p + q) inksa dk ;ksxiQy Kkr dhft,A

11. ;fn fdlh lekarj Js.kh osQ izFke p, q, r inksa dk ;ksxiQy Øe'k% a, b rFkk c gks rks fl¼
dhft, fd 

12. fdlh lekarj Js.kh osQ m rFkk n inksa osQ ;ksxiQyksa dk vuqikr m  : n  gS rks n'kkZb, fd m osa
rFkk nosa inksa dk vuqikr (2m–1) : (2n–1) gSA

13. ;fn fdlh lekarj Js.kh osQ nosa in dk ;ksxiQy 3n  + 5n gSa rFkk bldk m ok¡ in 164 gS] rks
m dk eku Kkr dhft,A

14. 5 vkSj 26 osQ chp ,slh 5 la[;k,¡ Mkfy, rkfd izkIr vuqØe lekarj Js.kh cu tk,A

15. ;fn , a rFkk b osQ eè; lekarj ekè; gks rks n dk eku Kkr dhft,A

16. m la[;kvksa dks 1 rFkk 31 osQ j[kus ij izkIr vuqØe ,d lekarj Js.kh gS vkSj 7oha ,oa (m –1)

oha la[;kvksa dk vuqikr 5 : 9 gSA rks m dk eku Kkr dhft,A

17. ,d O;fDr ½.k dk Hkqxrku 100 #i;s dh izFke fd'r ls 'kq: djrk gSA ;fn og izR;sd fd'r
esa 5 #i;s izfr ekg c<+rk gS rks 30 oha fd'r dh jkf'k D;k gksxh\

18. ,d cgqHkqt osQ nks Øfed var%dks.kksa dk varj 50 gSA ;fn lcls NksVk dks.k 1200 gks] rks

2

2 2

2



cgqHkqt dh Hkqtkvksa dh la[;k Kkr dhft,A

9.5 xq.kksÙkj Js.kh [Geometric Progression (G . P.)]
vkb, fuEufyf[kr vuqØeksa ij fopkj djsa %

(i) 2,4,8,16,....

(ii) 

(iii) .01,0001,.000001,...

bues ls izR;sd vuqØe osQ in fdl izdkj c<+rs gSa\

mi;qZDr izR;sd vuqØe esa ge ikrs gSa fd izFke in dks NksM+] lHkh in ,d fo'ks"k Øe esa c<+rs gSaA

(i) esa ge ikrs gSa %

 vkSj bl izdkj

(ii) esa ge ikrs gSa %

 bR;kfnA

blh izdkj (iii) esa in oSQls vxzlj gksrs gSa crkb,\ fujh{k.k ls ;g Kkr gks tkrk gS fd izR;sd fLFkfr
esa] izFke in dks NksM+] gj vxyk in vius fiNys in ls vpj vuqikr esa c<+rk gSA (i) esa ;g vpj

vuqikr 2 gS] (ii) esa ;g  gS (iii) esa ;g vpj vuqikr 0.01 gSA ,sls vuqØeksa dks xq.kksÙkj
vuqØe ;k xq.kksÙkj Js.kh ;k la{ksi esa G.P. dgrs gSaA

vuqØe a , a , a , …, a , … dks xq.kksÙkj Js.kh dgk tkrk gS] ;fn izR;sd in v'kwU; gks rFkk 

= r (vpj)] k ≥ 1 osQ fy,A

1 2 3 n



a  = a, fy[kus ij ge xq.kksÙkj Js.kh ikrs gSa % a, ar, ar , ar , +…., tgk¡ a dks izFke in dgrs gSa
rFkk r dks xq.kksÙkj Js.kh dk lkoZ vuqikr dgrs gSaA (i), (ii) rFkk (iii) esa nh xbZ xq.kksÙkj Jsf<+;ksa dk

lkoZ vuqikr Øe'k% 2,  rFkk 0.01 gSA

tSlk fd lekarj Js.kh osQ lanHkZ esa] oSls gh in xq.kksÙkj Js.kh dk nok¡ [kkstus dh leL;k ;k xq.kksÙkj
Js.kh osQ n inksa dk ;ksx ftlesa cgqr la[;kvksa dk lekos'k gks rks bUgsa fcuk lw=k osQ gy djuk dfBu
gSA bu lw=kksa dks ge vxys vuqPNsn esa fodflr djsaxs%

ge bu lw=kksa osQ lkFk fuEufyf[kr laosQr dk mi;ksx djsaxsA

aa = izFke in] r = lkoZ vuqikr] l = vafre in]

n = inksa dh la[;k] Sn = izFke n inksa dk ;ksxiQy

9.5.1 xq.kksÙkj Js.kh dk O;kid in (General term of a G .P.) vkb, ,d xq.kksÙkj Js.kh G.P.

ftldk izFke v'kwU; in ‘a’ rFkk lkoZ vuqikr ‘r’ gS] ij fopkj djsaA blosQ oqQN inksa dks fyf[k,A
nwljk in] izFke in a dks lkoZ vuqikr r ls xq.kk djus ij izkIr gksrk gS] vFkkZr~ a  = ar] blh izdkj
rhljk in a  dks r ls xq.kk djus ij izkIr gksrk gS vFkkZr~ a  = a r= ar , vkfnA ge bUgsa rFkk oqQN
vkSj in uhps fy[krs gSa %

izFke in = a  = a = ar , f}rh; in = a  = ar = ar  r`rh; in = a  = ar  = ar

prqFkZ in = a  = ar  = ar , ik¡pok¡¡ in = a  = ar  = ar

D;k vki dksbZ iSVuZ ns[krs gSa\ 16ok¡ in D;k gksxk\

a  = ar  = ar

blfy, ;g izfr:i crkrk gS fd xq.kksÙkj Js.kh dk n ok¡ in .

vFkkZr~ xq.kksÙkj Js.kh bl :i esa fy[kh tk ldrh gSa % a, ar, ar , ar , … ar ; a, ar, ar ..., ar ...

Øe'k% tc Js.kh ifjfer gks ;k tc Js.kh vifjfer gksA

1 2 3

2

3 3 2 2

1 1–1 2 2–1, 3
2 3–1

4 3 4–1 5 4 5–1

16
16–1 15

2 3 n–1 2 n–1



Js.kh a + ar + ar  + ... + ar  vFkok a + ar + ar  + ... + ar  +... Øe'k% ifjfer ;k
vifjfer xq.kksÙkj Js.kh dgykrs gSaA

9.5.2. xq.kksÙkj Js.kh osQ n inkssa dk ;ksxiQy (Sum to n terms of a G .P.)

ekuk fd xq.kksÙkj Js.kh dk izFke in a rFkk lkoZ vuqikr r gSaA ekuk xq.kksÙkj Js.kh osQ n inksa dk
;ksxiQy Sn ls fy[krs gSaA rc

Sn = a + ar + ar  +...+ar  ... (1)

fLFkfr 1 ;fn r = 1, rks ge ikrs gSa

Sn = a + a + a + ... + a (n inksa rd) = na

fLFkfr 2 ;fn r  1, rks (1) dks r ls xq.kk djus ij ge ikrs gSa

rS  = ar + ar  + ar  + ... + ar  ... (2)

(2) dks (1) esa ls ?kVkus ij ge ikrs gSa

(1 – r) S  = a – ar  = a (1 – r )

blls ge ikrs gSa %

Sn =  ;k 

mnkgj.k 9 xq.kksÙkj Js.kh 5, 25,125… dk 10ok¡ rFkk nok¡ in Kkr dhft,\

gy ;gk¡ a = 5 rFkk r = 5

vFkkZr~ a10 = 5(5)  = 5(5)  = 5

rFkk an = ar  = 5(5)  = 5

2 n–1 2 n–1

2 n–1

n 2 3 n

n
n n

10–1 9 10

n–1 n–1 n



mnkgj.k 10 xq.kksÙkj Js.kh 2,8,32, ... dk dkSu&lk in 131072 gS\

gy ekuk fd 131072 xq.kksÙkj Js.kh dk nok¡ in gSA

;gk¡ a = 2 rFkk r = 4 blfy,

131072 = a  = 2(4)  ;k 65536 = 4

ftlls ge ikrs gSa 48 = 4

blfy, n – 1 = 8, vr% , n = 9, vFkkZr~ 131072 xq.kksÙkj Js.kh dk 9ok¡ in gSA

mnkgj.k 11 ,d xq.kksÙkj Js.kh esa rhljk in 24 rFkk 6ok¡ in 192 gS] rks 10ok¡ in Kkr dhft,A

gy ;gk¡ a3 = ar  24 ... (1)

rFkk a6 = ar  = 192 ... (2)

(2) dks (1) ls Hkkx nsus ij] ge ikrs gSa r = 2

(1) esa r = 2 j[kus ij] ge ikrs gSa a = 6

vr% a10 = 6 (2)  = 3072.

mnkgj.k 12 xq.kksÙkj Js.kh  osQ izFke n inksa dk ;ksx rFkk izFke 5 inksa dk ;ksxiQy
Kkr dhft,A

gy ;gk¡ a = 1, rFkk r = . blfy,

Sn =  = 

n
n–1 n–1

n–1

2

5

9



fo'ks"kr% S  =  =  = 

mnkgj.k 13 xq.kksÙkj Js.kh ... osQ fdrus in vko';d gSa rkfd mudk ;ksxiQy 
gks tk,\

gy ekuk fd n vko';d inksa dh la[;k gSaA fn;k gS a = 3, r =  rFkk 

D;ksafd 

blfy, 

;k 

;k 

;k 

;k 2  = 1024 = 2 , ;k n = 10

mnkgj.k 14 ,d xq.kksÙkj Js.kh osQ izFke rhu inksa dk ;ksxiQy  gS rFkk mudk xq.kkuiQy 1 gS]
rks lkoZ vuqikr rFkk inksa dks Kkr dhft,\

5

n 10



gy ekuk  xq.kksÙkj Js.kh osQ rhu in gSa rks

 ... (1)

rFkk  = – 1 ... (2)

(2) ls ge ikrs gSa a  = –1 vFkkZr~ a = -–1 (osQoy okLrfod ewy ij fopkj djus ls)

(1) esa a = –1 j[kus ij ge ikrs gS

 ;k 12r  + 25r + 12 = 0.

;g r esa f}?kkr lehdj.k gS] ftls gy djus ij ge ikrs gSa %  ;k 

vr% xq.kksÙkj Js.kh osQ rhu in gSa

 osQ fy, rFkk  osQ fy,

mnkgj.k 15 vuqØe 7, 77, 777, 7777,... osQ ninksa dk ;ksx Kkr dhft,A

gy bl :i esa ;g xq.kksÙkj Js.kh ugha gSaA rFkkfi bls fuEufyf[kr :i esa fy[kdj xq.kksÙkj Js.kh ls
lacaèk fu:fir fd;k tk ldrk gS%

Sn = 7 + 77 + 777 + 7777 + ... to n inksa rd

= 

= 

= 

3

2



=  .

mnkgj.k 16 ,d O;fDr dh nloha ih<+h rd iwoZtksa dh la[;k fdruh gksxh] tcfd mlosQ 2
ekrk&firk] 4 nknk&nknh] 8 ij nknk] ij nknh rFkk vkfn gSaA

gy ;gk¡ a = 2, r = 2 rFkk n = 10,

;ksxiQy dk lw=k mi;ksx djus ij 

ge ikrs gSa S10 = 2(2 ) = 2046

vr% O;fDr osQ iwoZtksa dh la[;k 2046 gSA

9.5.3 xq.kksÙkj ekè; [Geometric Mean G .M.)] nks /ukRed la[;kvksa a rFkk b dk xq.kksÙkj ekè;

la[;k  gSA blfy, 2 rFkk 8 dk xq.kksÙkj ekè; 4 gSA ge ns[krs gSa fd rhu la[;kvksa 2, 4, 8

xq.kksÙkj Js.kh osQ Øekxr in gSaA ;g nks la[;kvksa osQ xq.kksÙkj ekè; dh /kj.kk osQ O;kidhdj.k dh
vksj vxzlj djrk gSA

;fn nks /ukRed la[;k,¡ a rFkk b nh xbZ gks rks muosQ chp bfPNr la[;k,¡ j[kh tk ldrh gSa rkfd
izkIr vuqØe ,d xq.kksÙkj Js.kh cu tk,A

eku yhft, a rFkk b osQ chp n la[;k,¡ G1, G2, G3 ,…,Gn, bl izdkj gSa fd a,G1,G2,G3,

…,Gn,b xq.kksÙkj Js.kh gSA bl izdkj b xq.kksÙkj Js.kh dk (n + 2) ok¡ in gSA

ge ikrs gSa%

, ;k 

vr% , , , 

10 – 1



mnkgj.k 17 ,slh 3 la[;k,¡ Kkr dhft, ftudks 1 rFkk 256 osQ chp j[kus ij izkIr vuqØe ,d
xq.kksÙkj Js.kh cu tk,A

gy ekuk fd G1, G2,G3 rhu xq.kksÙkj ekè; 1 rFkk 256 osQ chp esa gSA

1, G1,G2,G3 ,256 xq.kksÙkj Js.kh esa gSaA

blfy, 256 = r  ftlls r =  4 (osQoy okLrfod ewy ysus ij) r = 4 osQ fy, ge ikrs gSa G1 =

ar = 4, G2 = ar  = 16, G3 = ar  = 64

blh izdkj r = – 4, osQ fy, la[;k,¡ – 4,16 rFkk – 64 gSaA

vr% 1 rFkk 256 osQ chp rhu la[;k,¡ 4, 16, 64 gSaA

9.6 lekarj ekè; rFkk xq.kksÙkj ekè; osQ chp laca/
(Relationship between A.M. and G.M.)
ekuk fd A rFkk G nh xbZ nks /ukRed okLrfod la[;kvksa a rFkk b osQ chp Øe'k% lekarj ekè;
(A.M.) rFkk xq.kksÙkj ekè; (A.M.) gSaA rks

 rFkk 

bl izdkj

 =  = 0 ... (1)

(1) ls ge A ≥ G laca/ ikrs gSaA

mnkgj.k 18 ;fn nks /ukRed la[;kvksa a rFkk b osQ chp lekarj ekè; rFkk xq.kksÙkj ekè; Øe'k%
10 rFkk 8 gSa] rks la[;k,¡ Kkr dhft,A

4

2 3



gy fn;k gS  ... (1)

rFkk  ... (2)

(1) rFkk (2) ls ge ikrs gSa

a + b = 20 ... (3)

ab = 64 ... (4)

(3), (4) ls a rFkk b dk eku loZlfedk (a – b)  = (a + b)  – 4ab esa j[kus ij ge ikrs gSa

(a – b)  = 400 – 256 = 144 ;k a – b = 12

(3) rFkk (5) dks gy djus ij] ge ikrs gSa

a = 4, b = 16 ;k a = 16, b = 4

vr% la[;k,¡ a rFkk b Øe'k% 4, 16 ;k 16, 4 gSaA

iz'ukoyh 9.3

1. xq.kksÙkj Js.kh , ... dk 20ok¡ rFkk nok¡ in Kkr dhft,A

2. ml xq.kksÙkj Js.kh dk 12ok¡ in Kkr dhft,] ftldk 8ok¡ in 192 rFkk lkoZ vuqikr 2 gSA

3. fdlh xq.kksÙkj Js.kh dk 5ok¡] 8ok¡ rFkk 11ok¡ in Øe'k% p, q rFkk s gSa rks fn[kkb, fd q  = ps.

4. fdlh xq.kksÙkj Js.kh dk pkSFkk in mlosQ nwljs in dk oxZ gS rFkk izFke in –3 gS rks 7ok¡ in Kkr
dhft,A

5. vuqØe dk dkSu lk in%

(a) 2, 2 , 4, ...; 128 gS\

(b) ,3 3 , ... ; 729 gS\

2 2

2

2



(c) gS\

6. x osQ fdl eku osQ fy, la[;k,¡  xq.kksÙkj Js.kh esa gSa\

iz'u 7 ls 10 rd izR;sd xq.kksÙkj Js.kh dk ;ksxiQy fufnZ"V inksa rd Kkr dhft,A

7. 0.15, 0.015, 0.0015, ... 20 inksa rd

8. , , 3 , ... n inksa rd

9. 1, – a, a , – a , ... n inksa rd (;fn a ≠ –1)

10. x , x , x , ... n inksa rd (;fn x  1)

11. eku Kkr dhft, 

12. ,d xq.kksÙkj Js.kh osQ rhu inksa dk ;ksxiQy  gSa rFkk mudk xq.kuiQy 1 gSA lkoZ vuqikr
rFkk inksa dks Kkr dhft,A

13. xq.kksÙkj Js.kh 3, 32, 33, … osQ fdrus in vko';d gSa rkfd mudk ;ksxiQy 120 gks tk,A

14. fdlh xq.kksÙkj Js.kh osQ izFke rhu inksa dk ;ksxiQy 16 gS rFkk vxys rhu inksa dk ;ksx 128 gS
rks xq.kksÙkj Js.kh dk izFke in] lkoZ vuqikr rFkk n inksa dk ;ksxiQy Kkr dhft,A

15. ,d xq.kksÙkj Js.kh dk izFke in a = 729 rFkk 7ok¡ in 64 gS rks S7 Kkr dhft,\

16. ,d xq.kksÙkj Js.kh dks Kkr dhft,] ftlosQ izFke nks inksa dk ;ksxiQy – 4 gS rFkk 5ok¡ in r`rh;
in dk 4 xquk gSA

17. ;fn fdlh xq.kksÙkj Js.kh dk 4 ok¡] 10ok¡ rFkk 16ok¡ in Øe'k% x, y rFkk z gSa] rks fl¼ dhft,
fd x, y, z xq.kksÙkj Js.kh esa gSaA

2 3

3 5 7



18. vuqØe 8, 88, 888, 8888… osQ n inksa dk ;ksx Kkr dhft,A

19. vuqØe 2, 4, 8, 16, 32 rFkk 128, 32, 8, 2,  osQ laxr inksa osQ xq.kuiQy ls cus vuqØe dk
;ksxiQy Kkr dhft,A

20. fn[kkb, fd vuqØe a, ar, ar , … ar  rFkk A, AR, AR ,…AR  osQ laxr inksa osQ
xq.kuiQy ls cuk vuqØe xq.kksÙkj Js.kh gksrh gS rFkk lkoZ vuqikr Kkr dhft,A

21. ,sls pkj in Kkr dhft, tks xq.kksÙkj Js.kh esa gks] ftldk rhljk in izFke in ls 9 vfèkd gks
rFkk nwljk in pkSFks in ls 18 vf/d gksA

22. ;fn fdlh xq.kksÙkj Js.kh dk pok¡] qok¡ rFkk r ok¡ in Øe'k% a, b rFkk c gks] rks fl¼ dhft,
fd a  b c  = 1

23. ;fn fdlh xq.kksÙkj Js.kh dk izFke rFkk n ok¡ in Øe'k% a rFkk b gSa] ,oa P, n inksa dk
xq.kuiQy gks] rks fl¼ dhft, fd P  = (ab)

24. fn[kkb, fd ,d xq.kksÙkj Js.kh osQ izFke n inksa osQ ;ksxiQy rFkk (n + 1) osa in ls (2n)osa in

rd osQ inksa osQ ;ksxiQy dk vuqikr  gSA

25. ;fn a, b, c rFkk d xq.kksÙkj Js.kh esa gSa rks fn[kkb, fd (a2 + b2 + c2) (b2 + c2 + d2) = (ab +

bc + cd)2 .

26. ,slh nks la[;k,¡ Kkr dhft, ftudks 3 rFkk 81 osQ chp j[kus ij izkIr vuqØe ,d xq.kksÙkj
Js.kh cu tk;A

27. n dk eku Kkr dhft, rkfd , a rFkk b osQ chp xq.kksÙkj ekè; gksA

28. nks la[;kvksa dk ;ksxiQy muosQ xq.kksÙkj ekè; dk 6 xquk gS rks fn[kkb, fd la[;k,¡ 
 osQ vuqikr esa gSaA

2 n–1 2 n–1

q–r r–p p–q

2 n



29. ;fn A rFkk G nks /ukRed la[;kvksa osQ chp Øe'k% lekarj ekè; rFkk xq.kksÙkj ekè; gksa] rks
fl¼ dhft, fd la[;k,¡  gSaA

30. fdlh dYpj esa cSDVhfj;k dh la[;k izR;sd ?kaVs i'pkr~ nqxquh gks tkrh gSA ;fn izkjaHk esa mlesa
30 cSDVhfj;k mifLFkr Fks] rks cSDVhfj;k dh la[;k nwljs] pkSFks rFkk nosa ?kaVksa ckn D;k gksxh\

31. 500 #i;s /ujkf'k 10% okf"kZd pØo`f¼ C;kt ij 10 o"kks± ckn D;k gks tk,xh] Kkr dhft,\

32. ;fn fdlh f}?kkr lehdj.k osQ ewyksa osQ lekarj ekè; ,oa xq.kksÙkj ekè; Øe'k% 8 rFkk 5 gSa] rks
f}?kkr lehdj.k Kkr dhft,A

9.7 fo'ks"k vuqØeksa osQ n inksa dk ;ksxiQy (Sum to n Terms of
Special Series)
vc ge oqQN fo'ks"k vuqØeksa osQ n inksa dk ;ksx Kkr djsaxs % os fuEufyf[kr gSaA

(i) 1 + 2 + 3 +… + n (izFke n izko`Qr la[;kvksa dk ;ksx)

(ii) 1  + 2  + 3 +… + n  (izFke n izko`Qr la[;kvksa osQ oxksZa dk ;ksx)

(iii) 1  + 2  + 3 +… + n  (izFke n izko`Qr la[;kvksa osQ ?kuksa dk ;ksx)

vkb, ge bu ij ,d osQ ckn nwljs ij fopkj djsa %

(i) Sn=1+ 2 + 3 + … + n] rks =  (Hkkx 9.4 ns[ksa)

(ii) ;gk¡ Sn=1 +2 +3 + … +n .

ge loZlfedk ij fopkj djrs gSa

Øe'k% k = 1, 2… , n j[kus ij] ge ikrs gSa

1  – 0  = 3 (1)  – 3 (1) + 1

2  – 1  = 3 (2)  + 1

2 2 2 2

3 3 3 3

2 2 2 2

3 3 2

3 3 2



3  – 2  = 3(3)  – 3 (3) + 1

.......................................

.......................................

......................................

n  – (n – 1)  = 3 (n)  – 3 (n) + 1

nksuksa i{kksa dks tksM+us ij ge ikrs gSa

n  – 0  = 3 (1  + 2  + 3  + ... + n ) – 3 (1 +2 +3 + ... + n) + n

;k 

(i) ls ge tkurs gSa

vr% Sn =  =  = 

(iii) ;gk¡ Sn = 1  + 2  + ...+n

ge loZlfedk (k + 1)  – k  = 4k  + 6k  + 4k + 1 ij fopkj djrs gSa

Øe'k% k = 1, 2, 3… n, j[kus ij] ge ikrs gSa

2  – 1  = 4(1)  + 6(1)  + 4(1) + 1

3  – 2  = 4(2)  + 6(2)  + 4(2) + 1

4  – 3  = 4(3)  + 6(3)  + 4(3) + 1

..................................................

..................................................

..................................................

(n – 1)  – (n – 2)  = 4(n – 2)  + 6(n – 2)  + 4(n – 2) + 1

3 3 2

3 3 2

3 3 2 2 2 2

3 3 3

4 4 3 2

4 4 3 2

4 4 3 2

4 4 3 2

4 4 3 2



n  – (n – 1)  = 4(n – 1)  + 6(n – 1)  + 4(n – 1) + 1

(n + 1)  – n  = 4n  + 6n  + 4n + 1

nksuksa i{kksa dks tksM+us ij] ge ikrs gSa

(n + 1)  – 1  = 4(1  + 2  + 3  +...+ n ) + 6(1  + 2  + 3  + ...+ n ) + 4(1 + 2 + 3 +...+ n) + n

, ... (1)

(i) rFkk (ii) ls] ge tkurs gSa

 rFkk 

bu ekuksa dks (1) esa j[kus ij] ge ikrs gSa

or 4Sn = n  + 4n  + 6n  + 4n – n (2n  + 3n + 1) – 2n (n + 1) – n

= n  + 2n  + n

= n (n + 1) .

vr% Sn = 

mnkgj.k 19 Js.kh 5 + 11 + 19 + 29 + 41… osQ ninksa dk ;ksxiQy Kkr dhft,A

gy vkb, fy[ksa

Sn = 5 + 11 + 19 + 29 + ... + an–1 + an

vFkok Sn = 5 + 11 + 19 + ... + an–2 + an–1 + an

?kVkus ij ge ikrs gSa

0 = 5 + [6 + 8 + 10 + 12 + ...(n – 1) inksa ] – an

4 4 3 2

4 4 3 2

4 4 3 3 3 3 2 2 2 2

4 3 2 2

4 3 2

2 2



vFkok an = 

= 5 + (n – 1) (n + 4) = n  + 3n + 1

bl izdkj Sn = 

=  = .

mnkgj.k 20 ml Js.kh osQ n inksa dk ;ksx Kkr dhft, ftldk nok¡ in n (n + 3) gSA

gy fn;k x;k gS

an = n (n + 3) = n  + 3n

bl izdkj n inksa dk ;ksxiQy

Sn = 

=  .

iz'ukoyh 9.4
iz'u 1 ls 7 rd izR;sd Js.kh osQ ninksa dk ;ksx Kkr dhft,A

1. 1 × 2 + 2 × 3 + 3 × 4 + 4 × 5 +... 2. 1 × 2 × 3 + 2 × 3 × 4 + 3 × 4 × 5 + ...

3. 3 × 1  + 5 × 2  + 7 × 3  + ... 4. ...

5. 5  + 6  + 7  + ... + 20  6. 3 × 8 + 6 × 11 + 9 × 14 + ...

7. 1  + (1  + 2 ) + (1  + 2  + 3 ) + ...

iz'u 8 ls 10 rd izR;sd Js.kh osQ n inksa dk ;ksx Kkr dhft, ftldk n ok¡ in fn;k gS%

8. n (n+1) (n+4). 9. n  + 2n

2

2

2 2 2

2 2 2 2

2 2 2 2 2 2

2



10. 

fofo/ mnkgj.k
mnkgj.k 21 ;fn fdlh lekarj Js.kh dk p ok¡] q ok¡] r ok¡ rFkk s ok¡ in xq.kksÙkj Js.kh esa gSa] rks
fn[kkb, fd (p – q), (q – r), (r-s) Hkh xq.kksÙkj Js.kh esa gksxsaA

gy ;gk¡ ap = a + (p –1) d ... (1)

aq = a + (q –1) d ... (2)

ar = a + (r –1) d ... (3)

as = a + (s –1) d ... (4)

fn;k x;k gS fd a , a , a  rFkk a  xq.kksÙkj Js.kh esa gSaA blfy,

 =  (D;ksa\) … (5)

blh izdkj  = ; (D;ksa\) … (6)

vr% (5) rFkk (6) ls

 =  vFkkZr~ p – q, q – r rFkk r – s xq.kksÙkj Js.kh esa gSaA

mnkgj.k 22 ;fn a, b, c xq.kksÙkj Js.kh esa gSa rFkk  gSa rks fl¼ dhft, x, y, z

lekarj Js.kh esa gSaA

p q r s



gy ekuk fd a1/x = b1/y = c1/z= k. gSa rks

a = kx , b = ky rFkk c = kz. … (1)

D;ksafd a, b, c xq.kksÙkj Js.kh esa gSa

b  = ac … (2)

(1) rFkk (2) osQ mi;ksx ls ge ikrs gSa

k  = k

blls gesa feyrk gS 2y = x + z.

vr% x, y rFkk z lekarj Js.kh esa gSaA

mnkgj.k 23 ;fn a, b, c, d rFkk p fofHkUu okLrfod la[;k,¡ bl izdkj gSa fd (a  + b  + c )p  –

2(ab + bc + cd)p + (b  + c  + d ) ≤ 0 rks n'kkZb, fd a, b, c rFkk d xq.kksÙkj Js.kh esa gSaA

gy fn;k gSa

(a  + b  + c ) p  – 2 (ab + bc + cd)p + (b  + c  + d ) ≤ 0 ... (1)

ijarq ck;k¡ i{k

= (a p  – 2abp+b ) + (b p  – 2bcp+c ) + (c p  – 2cdp + d ),

blls gesa feyrk gS

(ap – b)  + (bp – c)  + (cp – d)  ≥ 0 ... (2)

D;ksafd okLrfod la[;kvksa osQ oxks± dk ;ksx ½.ksrj gS] blfy, (1) rFkk (2) ls] ge ikrs gSa

vFkok ap – b = 0, bp – c = 0, cp – d = 0 blls gesa feyrk gS

2

2y x+z

2 2 2 2

2 2 2

2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2

2 2 2



vr% a, b, c rFkk d xq.kksÙkj Js.kh esa gSaA

mnkgj.k 24 ;fn p,q,r xq.kksÙkj Js.kh esa gSa rFkk lehdj.kksa px  + 2qx + r = 0 vkSj dx  + 2ex + f

= 0 ,d mHk;fu"B ewy j[krs gksa] rks n'kkZb, fd  lekarj Js.kh esa gSaA

gy lehdj.k px  + 2qx + r = 0 osQ ewy fuEufyf[kr gSa%

D;ksafd p ,q, r xq.kksÙkj Js.kh esa gSa] blfy, q  = pr, vFkkZr~ ijarq  lehdj.k dx  +

2ex + f = 0 dk Hkh ewy gS] (D;ksa\)

blfy,

;k oqQ  – 2eqp + fp  = 0 ... (1)

(1) dks pq  ls Hkkx nsus ij rFkk q  = pr dk mi;ksx djus ls] ge ikrs gSa

 ;k 

vr%  lekarj Js.kh esa gSaA

vè;k; 9 ij fofo/ iz'ukoyh
1. n'kkZb, fd fdlh lekarj Js.kh osQ (m + n)osa rFkk (m – n)osa inksa dk ;ksx mosa in dk nqxquk gSA

2. ;fn fdlh lekarj Js.kh dh rhu la[;kvksa dk ;ksx 24 gS rFkk mudk xq.kuiQy 440 gS] rks la[;k,¡
Kkr dhft,A

2 2

2

2 2

2 2

2 2



3. ekuk fd fdlh lekarj Js.kh osQ n, 2n, rFkk 3n inksa dk ;ksxiQy Øe'k% S , S  rFkk S  gS rks
fn[kkb, fd S  = 3(S  –S )

4. 200 rFkk 400 osQ eè; vkus okyh mu lHkh la[;kvksa dk ;ksxiQy Kkr dhft, tks 7 ls foHkkftr
gksaA

5. 1 ls 100 rd vkus okys mu lHkh iw.kk±dksa dk ;ksxiQy Kkr dhft, tks 2 ;k 5 ls foHkkftr gksaA

6. nks vadksa dh mu lHkh la[;kvksa dk ;ksxiQy Kkr dhft,] ftudks 4 ls foHkftr djus ij 'ks"kiQy
1 gksA

7. lHkh x , y ∈ N osQ fy, f (x + y) = f (x). f (y) dks larq"V djrk gqvk f ,d ,slk iQyu gS fd f

(1) = 3 ,oa  rks n dk eku Kkr dhft,A

8. xq.kksÙkj Js.kh osQ oqQN inksa dk ;ksx 315 gS] mldk izFke in rFkk lkoZ vuqikr Øe'k% 5 rFkk 2
gSaA vafre in rFkk inksa dh la[;k Kkr dhft,A

9. fdlh xq.kksÙkj Js.kh dk izFke in 1 gSA rhljs ,oa ik¡posa inksa dk ;ksx 90 gks rks xq.kksÙkj Js.kh dk
lkoZ vuqikr Kkr dhft,A

10. fdlh xq.kksÙkj Js.kh osQ rhu inksa dk ;ksx 56 gSA ;fn ge Øe ls bu la[;kvksa esa ls 1, 7, 21 ?
kVk,¡ rks gesa ,d lekarj Js.kh izkIr gksrh gSA la[;k,¡ Kkr dhft,A

11. fdlh xq.kksÙkj Js.kh osQ inksa dh la[;k le gSA ;fn mlosQ lHkh inksa dk ;ksxiQy] fo"ke LFkku ij
j[ks inksa osQ ;ksxiQy dk 5 xquk gS] rks lkoZ vuqikr Kkr dhft,A

12. ,d lekarj Js.kh osQ izFke pkj inksa dk ;ksxiQy 56 gSA vafre pkj inksa dk ;ksxiQy 112 gSA
;fn bldk izFke in 11 gS] rks inksa dh la[;k Kkr dhft,A

13. ;fn  gks rks fn[kkb, fd a, b, c rFkk d xq.kksÙkj Js.kh esa gSaA

14. fdlh xq.kksÙkj Js.kh esa S, n inksa dk ;ksx] P mudk xq.kuiQy rFkk R muosQ O;qRØeksa dk ;ksx gks
rks fl¼ dhft, fd P R  = S .

15. fdlh lekarj Js.kh dk pok¡] qok¡ rok¡ in Øe'k% a, b, c gSa] rks fl¼ dhft, (q – r )a + (r – p

1 2 3

3 2 1

2 n n



)b + (p – q )c = 0

16. ;fn  lekarj Js.kh esa gSa] rks fl¼ dhft, fd a, b, c lekarj Js.kh esa gSaA

17. ;fn a, b, c, d xq.kksÙkj Js.kh esa gSa] rks fl¼ dhft, fd  xq.kksÙkj Js.kh esa gSaA

18. ;fn x  – 3x +p = 0 osQ ewy a rFkk b gSa rFkk x  –12x +q = 0, osQ ewy c rFkk d gSa] tgk¡ a,

b, c, d xq.kksÙkj Js.kh osQ :i esa gSaA fl¼ dhft, fd (q + p) : (q – p) = 17:15

19. nks /ukRed la[;kvksa a rFkk b osQ chp lekarj ekè; rFkk xq.kksÙkj ekè; dk vuqikr m:n gSA
n'kkZb, fd 

20. ;fn a, b, c lekarj Js.kh esa gSa b, c, d xq.kksÙkj Js.kh esa gSa rFkk  lekarj Js.kh esa gSa]
rks fl¼ dhft, fd a, c, e xq.kksÙkj Js.kh esa gSaA

21. fuEufyf[kr Jsf.k;ksa osQ n inksa dk ;ksx Kkr dhft,A

(i) 5 + 55 +555 + …

(ii) .6 +. 66 +. 666+…

22. Js.kh dk 20ok¡ in Kkr dhft, %

2 × 4 + 4 × 6 + 6 × 8 + ... + n inksa rd

23. Js.kh 3+ 7 +13 +21 +31 +… osQ n inksa dk ;ksx Kkr dhft,A

24. ;fn S , S , S  Øe'k% izFke n izko`Qr la[;kvksa dk ;ksx] muosQ oxks± dk ;ksx rFkk ?kuksa dk

;ksx gS rks fl¼ dhft, fd 9 = S  (1 + 8S ).

25. fuEufyf[kr Jsf.k;ksa osQ n inksa rd ;ksx Kkr dhft,a%

26. n'kkZb, fd % .

27. dksbZ fdlku ,d iqjkus VSªDVj dks 12000 # esa [kjhnrk gSA og 6000 # udn Hkqxrku djrk gS
vkSj 'ks"k jkf'k dks 500 # dh okf"kZd fdLr osQ vfrfjDr ml èku ij ftldk Hkqxrku u fd;k x;k

2 2

1 2 3

3 1



gks 12% okf"kZd C;kt Hkh nsrk gSA fdlku dks VSªDVj dh oqQy fdruh dher nsuh iMs+xh\

28. 'ke'kkn vyh 22000 #i;s esa ,d LdwVj [kjhnrk gSA og 4000 #i;s udn nsrk gS rFkk 'ks"k
jkf'k dks 1000 #i;sa okf"kZd fd'r osQ vfrfjDr ml /u ij ftldk Hkqxrku u fd;k x;k gks 10%

okf"kZd C;kt Hkh nsrk gSA mls LdwVj osQ fy, oqQy fdruh jkf'k pqdkuh iM+sxh\

29. ,d O;fDr vius pkj fe=kksa dks i=k fy[krk gSA og izR;sd dks mldh udy djosQ pkj nwljs
O;fDr;ksa dks Hkstus dk funsZ'k nsrk gS] rFkk muls ;g Hkh djus dks dgrk gSa fd izR;sd i=k izkIr djus
okyk O;fDr bl Üak`[kyk dks tkjh j[ksA ;g dYiuk djosQ fd Üak`[kyk u VwVs rks 8 osa i=kksa osQ lewg Hksts
tkus rd fdruk Mkd [kpZ gksxk tcfd ,d i=k dk Mkd [kpZ 50 iSls gSA

30. ,d vkneh us ,d cSad esa 10000 #i;s 5% okf"kZd lk/kj.k C;kt ij tek fd;kA tc ls jde
cSad esa tek dh xbZ rc ls] 15 osa o"kZ esa mlosQ [kkrsa esa fdruh jde gks xbZ] rFkk 20 o"kksZa ckn oqQy
fdruh jde gks xbZ] Kkr dhft,A

31. ,d fuekZrk ?kksf"kr djrk gS fd mldh e'khu ftldk ewY; 15625 #i;s gS] gj o"kZ 20% dh
nj ls mldk voewY;u gksrk gSA 5 o"kZ ckn e'khu dk vuqekfur ewY; Kkr dhft,A

32. fdlh dk;Z dks oqQN fnuksa esa iwjk djus osQ fy, 150 deZpkjh yxk, x,A nwljs fnu 4 deZpkfj;ksa
us dke NksM+ fn;k] rhljs fnu 4 vkSj deZpkfj;ksa us dke NksM+ fn;k rFkk bl izdkj vU;A vc dk;Z
iw.kZ djus esa 8 fnu vf/d yxrs gSa] rks fnuksa dh la[;k Kkr dhft,] ftuesa dk;Z iw.kZ fd;k x;kA

lkjka'k
vuqØe ls gekjk rkRi;Z gS] ¶fdlh fu;e osQ vuqlkj ,d ifjHkkf"kr (fuf'pr) Øe esa la[;kvksa
dh O;oLFkk¸A iqu% ge ,d vuqØe dks ,d iQyu osQ :i esa ifjHkkf"kr dj ldrs gSa] ftldk
izkar izko`Qr la[;kvksa dk leqPp; gks vFkok mldk mileqPp; {1, 2, 3, ..., k} osQ izdkj dk gksA
os vuqØe] ftuesa inksa dh la[;k lhfer gksrh gS] ¶ifjfer vuqØe¸ dgykrs gSaA ;fn dksbZ
vuqØe ifjfer ugha gS rks mls vifjfer vuqØe dgrs gSaA

eku yhft, a , a , a , ... ,d vuqØe gSa rks a , a , a , ... osQ :i esa O;Dr fd;k x;k ;ksx
Js.kh dgykrk gS ftl Js.kh osQ inksa dh la[;k lhfer gksrh gS mls ifjfer Js.kh dgrs gSaA

1 2 3 1 2 3



fdlh vuqØe esa in leku fu;rkad ls yxkrkj c<+rs ;k ?kVrs gSa] lekarj Js.kh gksrh gSaA fu;rkad
dks lekarj Js.kh dk lkoZ varj dgrs gSaA lkekU;r% ge lekarj Js.kh dk izFke in a, lkoZ varj
d rFkk vafre in l ls iznf'kZr djrs gSaA lekarj Js.kh dk O;kid in ;k n ok¡ in a  = a + (n

– 1) d gSA

lekarj Js.kh osQ n inksa dk ;ksx Sn fuEufyf[kr lw=k }kjk izkIr gksrk gS%

.

dksbZ nks la[;kvksa a rFkk b dk lekarj ekè; A,  gksrk gS vFkkZr~ vuqØe a, A, b lekarj
Js.kh (A.P.) esa gSA

fdlh vuqØe dks xq.kksÙkj Js.kh ;k G.P. dgrs gSa] ;fn dksbZ in] vius fiNys in ls ,d vpj
vuqikr esa c<+rk gSA bl vpj xq.kkad dks lkoZ vuqikr dgrs gSaA lkèkkj.kr% ge xq.kksÙkj Js.kh osQ
izFke in dks a rFkk lkoZ vuqikr r ls lkaosQfrd djrs gSaA xq.kksÙkj Js.kh dk O;kid in ;k n ok¡
in a = ar  gksrk gSA

xq.kksÙkj Js.kh osQ izFke n inksa dk ;ksx  ;k  ;fn r ≠1 gksrk gSA

dksbZ nks /ukRed la[;k,¡ a rFkk b dk xq.kksÙkj ekè;  gS vFkkZr~~ vuqØe a, G, b

xq.kksÙkj Js.kh esa gSaA

,sfrgkfld i`"BHkwfe
bl ckr osQ izek.k feyrs gSa fd 4000 o"kZ iwoZ cschyksfu;k osQ fuokfl;ksa dks lekarj rFkk xq.kksÙkj
vuqØeksa dk Kku FkkA Boethius (510 A.D.) osQ vuqlkj lekarj rFkk xq.kksÙkj vuqØeksa dh

n

n n – 1



tkudkjh izkjafHkd ;wukuh (xzhd) ys[kdksa dks FkhA Hkkjrh; xf.krKksa esa ls vk;ZHkV (476 A.D.) us
igyh ckj izko`Qr la[;kvksa osQ oxks± rFkk ?kuksa dk ;ksx viuh izfl¼ iqLrd ^vk;ZHkVh;e~* tks
yxHkx 499 A.D. esa fy[kh xbZ Fkh] esa fn;kA mUgksaus p ok¡ in ls vkjaHk] lekarj vuqØe osQ n

inksa osQ ;ksx dk lw=k Hkh fn;kA vU; egku Hkkjrh; xf.krK czãxqIr (598 A.D.), egkohj (850

A.D.) rFkk HkkLdj (1114–1185 A.D.) us la[;kvksa osQ oxksZa ,oa ?kuksa osQ ;ksx ij fopkj fd;kA
,d nwljs fof'k"V izdkj dk vuqØe ftldk xf.kr esa egÙoiw.kZ xq.k/eZ gS tks Fibonacci

sequencedgykrk gS] dk vkfo"dkj bVyh osQ egku xf.krK Leonardo Fibonacci (1170–

1250 A.D.) us fd;kA l=kgoha 'krkCnh esa Jsf.k;ksa dk oxhZdj.k fof'k"V :i ls gqvkA 1671 bZ- esa
James Gregory us vifjfer vuqØe osQ lanHkZ esa vifjfer Js.kh 'kCn dk mi;ksx fd;kA
chtxf.krh; rFkk leqPp; fl¼karksa osQ leqfpr fodkl osQ mijkar gh vuqØe rFkk Jsf.k;ksa ls
lacaf/r tkudkjh vPNs <+ax ls izLrqr gks ldhA



vè;k; 10

ljy js[kk,¡ (Straight Lines)

v Geometry, as a logical system, is a means and even the most powerful means to

make children feel the strength of the human spirit that is of their own spirit. – H.

Freudenthal v

10.1 Hkwfedk (Introduction)

ge viuh iwoZorhZ d{kkvksa esa f}foeh; funsZ'kkad T;kfefr ls ifjfpr gks pqds gSaA eq[;r% ;g
chtxf.kr vkSj T;kfefr dk la;kstu gSA chtxf.kr osQ iz;ksx ls T;kfefr dk Øec¼ vè;;u
loZizFke iz[;kr izaQklhlh nk'kZfud ,oa xf.krK Rene Descartes us 1637 esa izdkf'kr viuh iqLrd
La Gemoetry esa fd;k FkkA bl iqLrd ls T;kfefr osQ vè;;u esa oØ osQ lehdj.k dk fopkj rFkk
lacaf/r oS'ysf"kd fof/;ksa dk izkjaHk gqvkA T;kfefr ,oa fo'ys"k.k dk ifj.kkeh la;kstu vc oS'ysf"kd
T;kfefr (Analytical Geometry) osQ :i esa mYysf[kr gksrk gSA iwoZorhZ d{kkvksa esa geus funsZ'kkad
T;kfefr dk vè;;u izkjaHk fd;k gS] ftlesa geus funsZ'kkad v{kksa] funsZ'kkad ry] ry esa fcanqvksa dks
vkysf[kr djuk] nks fcanqvksa osQ chp dh nwjh] foHkktu lw=k bR;kfn osQ ckjs esa vè;;u fd;k gSA ;s
lHkh ladYiuk,¡ funsZ'kkad T;kfefr osQ vk/kj (basics) gSaA vkb, ge] iwoZorhZ d{kkvksa esa vè;;u dh
xbZ funsZ'kkad T;kfefr dk Lej.k djsaA Lej.k osQ fy,] xy-ry esa (6, – 4) vkSj (3, 0) fcanqvksa osQ
la{ksi esa nksgjkus dks vko`Qfr 10-1 esa iznf'kZr fd;k x;k gSA



René Descartes

(1596 -1650 A.D.)

vko`Qfr 10-1

è;ku nhft, fd fcanq (6, – 4) /u x-v{k osQ vuqfn'k y-v{k ls 6 bdkbZ nwjh ij vkSj ½.k y-v{k osQ
vuqfn'k x-v{k ls 4 bdkbZ nwjh ij gSA blh izdkj fcanq (3]0) /u x-v{k osQ vuqfn'k y-v{k ls 3
bdkbZ nwjh ij vkSj x-v{k ls 'kwU; nwjh ij gSA

geus fuEufyf[kr egRoiw.kZ lw=kksa dk Hkh vè;;u fd;k gS%



I. P (x , y ) vkSj Q (x , y ) fcanqvksa osQ chp dh nwjh

 gSA

mnkgj.kkFkZ] (6, – 4) vkSj (3, 0) fcanqvksa osQ chp dh nwjh

bdkbZ gSA

II. (x , y ) vkSj (x , y ) fcanqvksa dks feykus okys js[kk[kaM dks m: n esa var%foHkkftr djus okys fcanq

osQ funsZ'kkad  gSaA

mnkgj.kkFkZ] ml fcanq osQ funsZ'kkad tks A(1, – 3) vkSj B (–3, 9) dks feykus okys

js[kk[kaM dks 1: 3 esa var%foHkkftr djrk gS] blfy,  vkSj 

gSaA

III. fo'ks"k :i esa ;fn m = n, rks (x , y ) vkSj (x , y ) fcanqvksa dks feykus okys js[kk[kaM osQ eè;

fcanq osQ funsZ'kkad  gSaA

IV. (x , y ), (x , y ) vkSj (x , y ) 'kh"kks± ls cus f=kHkqqt dk {ks=kiQy

oxZ bdkbZ gSA

mnkgj.kkFkZ] ,d f=kHkqt ftlosQ 'kh"kZ (4, 4), (3, – 2) vkSj (– 3, 16) gaS]

1 1 2 2

1 1 2 2

1 1 2 2

1 1 2 2 3 3



mldk {ks=kiQy = oxZ
bdkbZ gSA

fVIi.kh  ;fn f=kHkqt ABC dk {ks=kiQy 'kwU; gS] rks rhu fcanq A, B vkSj C ,d js[kk ij gksrs gSa
vFkkZr~ os Lakjs[k (collinear) gSaA

bl vè;k; esa] ge funsZ'kkad T;kfefr osQ vè;;u dks ljyre T;kferh; vko`Qfr&ljy js[kk osQ
xq.k/eks± osQ vè;;u gsrq lrr djrs jgsaxsA bldh ljyrk osQ gksrs gq, Hkh js[kk] T;kfefr dh ,d
vR;ko';d ladYiuk gS vkSj gekjs nSfud thou osQ vuqHko esa cgqr jkspd ,oa mi;ksxh <ax ls
lfEefyr gSaA ;gk¡ eq[; mís'; js[kk dk chtxf.krh; fu:i.k gS ftlosQ fy, <ky (slope) dh
ladYiuk vR;ar vko';d gSA

10.2 js[kk dh <ky (Slope of a line)

funsZ'kkad ry esa ,d js[kk x-v{k, osQ lkFk nks dks.k cukrh gS] tks ijLij laiwjd gksrs gSaA dks.k θ
(eku yhft,) tks js[kk l, x-v{k dh /ukRed fn'kk osQ lkFk cukrh gS] js[kk l, dk >qdko
(Inclination of the line l) dgykrk gSA Li"Vr;k 0° ≤ θ <180° (vko`Qfr 10.2)A

vko`Qfr 10-2



ge ns[krs gSa fd x-v{k ij laikrh js[kkvksa dk >qdko 0° gksrk gSA ,d ÅèoZ js[kk (y–v{k osQ lekarj
;k y–v{k ij laikrh) dk >qdko 90° gSA

ifjHkk"kk 1 ;fn θ fdlh js[kk l dk >qdko gS] rks tan θ dks js[kk l dh <ky dgrs gSaA

og js[kk ftldk >qdko 90° gS] mldh <ky ifjHkkf"kr ugha gSA ,d js[kk dh <ky dks m ls O;Dr
djrs gSaA bl izdkj m = tan θ, θ ≠ 90° ;g ns[kk tk ldrk gS fd x v{k dh <ky 'kwU; gS vkSj y

v{k dh <ky ifjHkkf"kr ugha gSA

10.2.1 js[kk dh <ky] tc ml ij nks fcanq fn, x, gksa (Slope of a line when coordinates

of any two points on the line are given) ge tkurs gSa] fd ;fn ,d js[kk ij nks fcanq Kkr gksa] rks
og iw.kZr;k ifjHkkf"kr gksrh gSA vr% ge js[kk dh <ky dks ml ij fn, nks fcanqvksa osQ funsZ'kkadkas osQ
in esa Kkr djrs gSaA

eku yhft, fd ,d mQèosZÙkj (non-vertical) js[kk l, ftldk >qdko θ gS] ij nks fcanq P(x , y )

vkSj Q(x , y ) gSaA Li"Vr;k x  ≠ x , vU;Fkk js[kk x-v{k ij yac gksxh] ftldh <ky ifjHkkf"kr ugha
gSA js[kk l dk >qdko θ, U;wudks.k ;k vf/d dks.k gks ldrk gSA ge nksuksa fLFkfr;ksa ij fopkj djrs
gSaA

x–v{k ij QR rFkk RQ ij PM yac [khafp, (vko`Qfr 10.3 (i) vkSj (ii) esa n'kkZ;k x;k gSA

vko`Qfr 10- 3 (i)

n'kk I tc θ U;wudks.k gS vko`Qfr 10.3 (i), esa ∠ MPQ = θ

1 1

2 2 1 2



blfy, js[kk l dh <ky = m = tan θ ... (1)

ijarq f=kHkqt ∆MPQ esa]  ... (2)

lehdj.k (1) rFkk (2) ls] ge ikrs gSa fd 

n'kk II tc θ vf/d dks.k gS %

vko`Qfr 10. 3 (ii)

vko`Qfr 10.3 (ii) esa, ∠ MPQ = 180° – θ.

blfy,] θ = 180° – ∠ MPQ.

vc] js[kk l dh <ky = m = tan θ

= tan ( 180° – ∠ MPQ)

= – tan ∠ MPQ

=  = 

iQyr% nksuksa n'kkvksa esa fcanq (x , y ) vkSj (x , y ) ls tkus okyh js[kk dh <ky1 1 2 2



10.2.2 nks js[kkvksa osQ lekarj vkSj ijLij yac gksus dk izfrca/ (Conditions for parallelism

and perpendicularity of lines) eku yhft, fd ÅèosZrj js[kkvksa l1 vkSj l  dh <kysa] tks ,d
funsZ'kkad ry esa gSa Øe'k% m  rFkk m ,gSaA eku yhft, fd buosQ >qdko Øe'k% α vkSj β gSaA ;fn
l  vkSj l  lekarj js[kk,¡ gSa (vko`Qfr 10-4) rc muosQ >qdko leku gksxsaA

vko`Qfr 10- 4

vFkkZr~ α = β, vkSj tan α = tan β

blfy, m  = m , vFkkZr~ muosQ <ky cjkcj gSaA

foykser% ;fn nks js[kkvksa l  vkSj l  osQ <ky cjkcj gSa

vFkkZr~ m  = m

rc tan α = tan β

Li'kZT;k (tangent) iQyu osQ xq.k/eZ ls (0° vkSj 180° osQ chp), α = β

vr% js[kk,¡ lekarj gSaA

vr% nks ÅèoZsÙkj js[kk,¡ l  vkSj l  lekarj gksrh gaS] ;fn vkSj osQoy ;fn muosQ <ky leku gSaA

;fn js[kk,¡ l  vkSj l  ijLij yac gSa (vko`Qfr 10-5)] rc β = α + 90°.

blfy,, tan β = tan (α + 90°)

2

1 2

1 2

1 2

1 2

1 2

1 2

1 2



= – cot α = 

vFkkZr~ m  =  ;k m  m  = – 1

vko`Qfr 10- 5

foykser% ;fn m1 m  = – 1, vFkkZr~ tan α tan β = – 1.

rc] tan α = – cot β = tan (β + 90°) ;k tan (β – 90°)

blfy,] α vkSj β dk varj 90° gSA

vr%] js[kk,¡ l  vkSj l  ijLij yac gSaA

vr% nks ÅèoZsÙkj js[kk,¡ l  vkSj l  ijLij yac gksrh gSa ;fn vkSj osQoy ;fn mudh <ky ijLij
½.kkRed O;qRozQe gSA

vFkkZr~ m =  ;k m  m  = – 1

vkb,] fuEufyf[kr mnkgj.k ij fopkj djsa%

mnkgj.k 1 mu js[kkvksa osQ <ky Kkr dhft, tks

2 1 2

2

1 2

1 2

2 1 2



(a) (3, – 2) vkSj (–1, 4) fcanqvksa ls gksdj tkrh gS]

(b) (3, – 2) vkSj (7, –2) fcanqvksa ls gksdj tkrh gS]

(c) (3, – 2) vkSj (3, 4) fcanqvksa ls gksdj tkrh gS]

(d) /u x–v{k ls 60° dk dks.k cukrh gSA

gy (a) (3, – 2) vkSj (–1, 4) fcanqvksa ls tkus okyh js[kk dh <ky

 gS

(b) (3, – 2) vkSj (7, –2) fcanqvksa ls tkus okyh js[kk dk <ky gS

(c) (3, – 2) vkSj (3, 4) fcanqvksa ls tkus okyh js[kk dk <ky , tks fd
ifjHkkf"kr ugha gSA

(d) ;gk¡ js[kk dk >qdko α = 60° A blfy,] js[kk dk <ky m = tan 60° = gSA

10.2.3 nks js[kkvksa osQ chp dk dks.k (Angle between two lines) tc ge ,d ry esa fLFkr
,d ls vf/d js[kkvksa osQ ckjs esa fopkj djrs gSa rc ns[krs gSa fd ;k rks ;s js[kk,¡ izfrPNsn djrh gaSa
;k lekarj gksrh gSaA ;gk¡ ge nks js[kkvksa osQ chp osQ dks.k ij] muosQ <kyksa osQ inksa esa fopkj djsaxsA

eku yhft, nks ÅèoZsÙkj js[kkvksa L  vkSj L  osQ <ky Øe'k% m  vkSj m  gSA ;fn L vkSj L  osQ >qdko
Øe'k% α1 vkSj α2 gksa rks

m α1 vkSj m tan α2

1 2 1 2 1 2

1 tan 2 



vko`Qfr 10- 6

ge tkurs gSa fd tc nks js[kk,¡ ijLij izfrPNsn djrh gSa rc os nks 'kh"kkZfHkeq[k dks.kksa osQ ;qXe cukrh
gSa tks ,sls gSa fd fdUgha nks layXu dks.kksa dk ;ksx 180° gSA eku yhft, fd js[kkvksa L  vkSj L  osQ

chp layXu dks.k θ vkSj  gSa (vko`Qfr 10-6)A rc

θ = α  – α1 vkSj α , α  ≠ 90°

blfy,, tan θ = tan (α  – α1)  (D;ksafd 1 + m m

≠ 0)

vkSj  = 180° – θ

bl izdkj tan  = tan (180° – θ ) = – tan θ = , D;ksafd 1 + m m  ≠ 0

vc] nks fLFkfr;k¡ mRiUu gksrh gaS%

fLFkfr I ;fn /ukRed gS] rc tan θ /ukRed gksxk vkSj tan φ ½.kkRed gksxk

ftldk vFkZ gS θ U;wudks.k gksxk vkSj  vf/d dks.k gksxkA

1 2

2 1 2

2 1 2

1 2



fLFkfr II ;fn ½.kkRed gS] rc tan θ ½.kkRed gksxk vkSj tan èkukRed gksxk

ftldk vFkZ gS θ vf/d dks.k gksxk vkSj  U;wu dks.k gksxkA

bl izdkj] m  vkSj m , <ky okyh js[kkvksa L  vkSj L  osQ chp dk U;wu dks.k (ekuk fd θ ) bl
izdkj gS]

 ... (1)

vf/d dks.k (ekuk fd )  1800 – θ osQ iz;ksx ls izkIr fd;k tk ldrk gSA

mnkgj.k 2 ;fn nks js[kkvksa osQ chp dk dks.k  gS vkSj ,d js[kk dh <ky  gS rks nwljh js[kk
dh <ky Kkr dhft,A

gy ge tkurs gSa fd m  vkSj m  <ky okyh nks js[kkvksa osQ chp U;wudks.k θ bl izdkj gS fd

 ... (1)

;gk¡ m  = , m  = m vkSj θ =

vc (1) esa bu ekuksa dks j[kus ij

1 2 1 2

1 2

1 2



ftlls izkIr gksrk gS 

blfy,] 

vr% nwljh js[kk dh <ky 3 ;k gSA vko`Qfr 10-7 esa nks mÙkj dk dkj.k Li"V fd;k x;k gS

vko`Qfr 10-7

mngkj.k 3 (–2, 6) vkSj (4, 8) fcanqvksa dks feykus okyh js[kk] (8, 12) vkSj (x, 24) fcanqvksa dks
feykus okyh js[kk ij yac gSA x dk eku Kkr dhft,A

gy (– 2, 6) vkSj (4, 8) fcanqvksa ls tkus okyh js[kk dh <ky 

(8, 12) vkSj (x, 24) fcanqvksa ls tkus okyh js[kk dh <ky 



D;ksafd nksuksa js[kk,¡ yac gSa blfy,, m  m  = –1, ftlls izkIr gksrk gS

.

10.2.4 rhu fcanqvksa dh lajs[krk (Collinearity of three points) ge tkurs gSa fd nks lekarj
js[kkvksa osQ <ky leku gksrs gSaA ;fn leku <ky okyh nks js[kk,¡ ,d gh fcanq ls gksdj tkrh gSa] rks
vko';d :i ls os laikrh (coincident) gksrh gSaA vr% ;fn XY-ry esa A, B vkSj C rhu fcanq gSa]
rc os ,d js[kk ij gksaxs vFkkZr~ rhuksa fcanq lajs[k gksaxs (vko`Qfr 10-8) ;fn vkSj osQoy ;fn AB dh
<ky = BC dh <kyA

vko`Qfr 10-8

mnkgj.k 4 rhu fcanq P (h, k), Q (x , y ) vkSj R (x , y ) ,d js[kk ij gSaA fn[kkb, (h – x ) (y  –

y ) = (k – y ) (x  – x )

gy D;ksafd fcanq P, Q vkSj R lajs[k gSa] ge ikrs gS

PQ dh <ky = QR dh <ky vFkkZr~ 

1 2

1 1 2 2 1 2

1 1 2 1



;k ,

;k (h – x ) (y  – y ) = (k – y ) (x  – x )

mnkgj.k 5 vko`Qfr 10.9, esa ,d jSf[kd xfr dk le; vkSj nwjh dk ys[kkfp=k fn;k gSA le; vkSj
nwjh dh nks fLFkfr;k¡] tc T = 0, D = 2 vkSj tc T = 3, D = 8 vafdr dh xb± gSaA <ky dh ladYiuk
dk iz;ksx djosQ xfr dk fu;e Kkr dhft, vFkkZr~ nwjh] le; ij fdl izdkj vkfJr gS\

vko`Qfr 10-9

gy eku yhft, fd js[kk ij dksbZ fcanq (T, D) gS tgk¡ T le; ij D nwjh fu:fir gSA blfy,] fcanq
(0, 2), (3, 8) vkSj (T, D) lajs[k gSA bl izdkj

;k D = 2(T + 1), tks fd vHkh"V laca/ gSA

iz'ukoyh 10-1
1. dkrhZ; ry esa ,d prqHkZqt [khafp, ftlds 'kh"kZ (– 4, 5), (0, 7), (5, – 5) vkSj (– 4, –2) gSaA bldk
{ks=kiQy Hkh Kkr dhft,A

1 2 1 1 2 1



2. 2a Hkqtk osQ leckgq f=kHkqt dk vk/kj y-v{k osQ vuqfn'k bl izdkj gS fd vk/kj dk eè; fcanq
ewy fcanq ij gSA f=kHkqt osQ 'kh"kZ Kkr dhft,A

3. P (x , y ) vkSj Q (x , y ) osQ chp dh nwjh Kkr dhft, tc : (i) PQ, y-v{k osQ lekarj gS] (ii)

PQ, x-v{k osQ lekarj gSA

4. x-v{k ij ,d fcanq Kkr dhft, tks (7, 6) vkSj (3, 4) fcanqvksa ls leku nwjh ij gSA

5. js[kk dh <ky Kkr dhft, tks ewy fcanq vkSj P (0, – 4) rFkk B (8, 0) fcanqvksa dks feykus okys
js[kk[kaM osQ eè; fcanq ls tkrh gaSA

6. ikbFkkxksjl izes; osQ iz;ksx fcuk fn[kykb, fd fcanq (4, 4), (3, 5) vkSj (–1, –1) ,d ledks.k
f=kHkqt osQ 'kh"kZ gSaA

7. ml js[kk dk lehdj.k Kkr dhft, tks y&v{k dh /u fn'kk ls okekoÙkZ ekik x;k 30° dk dks.k
cukrh gSA

8. x dk og eku Kkr dhft, ftlosQ fy, fcanq (x, – 1), (2,1) vkSj (4, 5) lajs[k gaSA

9. nwjh lw=k dk iz;ksx fd, fcuk fn[kykb, fd fcanq (– 2, – 1), (4, 0), (3, 3) vkSj (–3, 2) ,d
lekarj prqHkqZt osQ 'kh"kZ gSaA

10. x-v{k vkSj (3,–1) vkSj (4,–2) fcanqvksa dks feykus okyh js[kk osQ chp dk dks.k Kkr dhft,A

11. ,d js[kk dh <ky nwljh js[kk dh <ky dk nqxquk gSA ;fn nksuksa osQ chp osQ dks.k dh Li'kZT;k

(tangent)  gS rks js[kkvksa dh <ky Kkr dhft,A

12. ,d js[kk (x , y ) vkSj (h, k) ls tkrh gSA ;fn js[kk dh <ky m gS rks fn[kkb,

k – y  = m (h – x ).

13. ;fn rhu fcanq (h, 0), (a, b) vkSj (0, k) ,d js[kk ij gSa rks fn[kkb, fd .

1 1 2 2

1 1

1 1



14. tula[;k vkSj o"kZ osQ fuEufyf[kr ys[kkfp=k ij fopkj dhft, (vko`Qfr 10.10)A

js[kk AB dh <ky Kkr dhft, vkSj blosQ iz;ksx ls crkb, fd o"kZ 2010 esa tula[;k fdruh gksxh\

vko`Qfr 10-10

10.3 js[kk osQ lehdj.k osQ fofo/ :i (Various Forms of the Equation of a

Line)

ge tkurs gSa fd fdlh ry esa fLFkr ,d js[kk esa fcanqvksa dh la[;k vuar gksrh gSA js[kk vkSj fcanqvksa
ds chp dk ,d laca/ gesa fuEufyf[kr leL;k dks gy djus esa lgk;d gksrk gS%

ge oSQls dg ldrs gSa fd fn;k x;k fcanq fdlh nh gqbZ js[kk ij fLFkr gS\ bldk mÙkj ;g gks ldrk
gS fd gesa fcanqvksa osQ js[kk ij gksus dk fuf'pr izfrca/ Kkr gksA dYiuk dhft, fd XY- ry esa P

(x, y) ,d LosPN fcanq gS L osQ lehdj.k gsrq ge fcanq P osQ fy, ,d ,sls dFku ;k izfrca/ dh
jpuk djuk pkgrs gSa tks osQoy ml n'kk esa lR; gksrk gS tc fcanq P js[kk L ij fLFkr gks] vU;Fkk
vlR; gksrk gSA fuLlansg ;g dFku ,d ,slk chtxf.krh; lehdj.k gS] ftlesa x rFkk y nksuksa gh
lfEefyr gksrs gSaA

vc] ge fofHkUu izfrca/ksa osQ varxZr js[kk dh lehdj.k ij fopkj djsaxsA

10.3.1 {kSfrt ,oaÅèokZ/j js[kk,¡ (Horizontal and vertical lines) ;fn ,d {kSfrt js[kk L, x-v{k
ls a nwjh ij gS rks js[kk osQ izR;sd fcanq dh dksfV ;k rks a ;k – a gS [vko`Qfr 10.11 (a)]A blfy,]



js[kk L dk lehdj.k ;k rks y = a ;k y = – a gSA fpÉ dk p;u js[kk dh fLFkfr ij fuHkZj djrk gS
fd js[kk y-v{k osQ Åij ;k uhps gSA blh izdkj] x-v{k ls b nwjh ij fLFkr ,d ÅèokZ/j js[kk dk
lehdj.k ;k rks x = b ;k x = – b gS [vko`Qfr 10.11(b)]A

vko`Qfr 10-11

mnkgj.k 6 v{kksa osQ lekarj vkSj (– 2, 3) ls tkus okyh js[kkvksa osQ lehdj.k Kkr dhft,A

gy vko`Qfr 10.12 esa js[kkvksa dh fLFkfr;k¡ n'kkZbZ xbZ gSaA x-v{k osQ lekarj js[kk osQ izR;sd fcanq osQ y-

funsZ'kkad 3 gaS] blfy, x-v{k osQ lekarj vkSj (– 2, 3) ls tkus okyh js[kk dk lehdj.k

y = 3 gSA blh izdkj] y-v{k osQ lekarj vkSj (– 2, 3) ls tkus okyh js[kk dk lehdj.k x = – 2 gS
(vko`Qfr 10-12)A



vko`Qfr 10-12

10.3.2 fcanq&<ky :i (Point-slope form) dYiuk dhft, fd P0 (x , y ) ,d ÅèosZrj js[kk L,

ftldh <ky m gS] ij fLFkr ,d fu;r fcanq gSA eku yhft, fd L ij ,d LosPN fcanq P (x, y)

gSA(vko`Qfr 10-3)

rc] ifjHkk"kk ls] L dh <ky bl izdkj gS

 ...(1)

D;ksafd fcanq P0 (x  , y ) L osQ lHkh fcanqvksa (x, y) osQ lkFk (1) dks larq"V djrk gS vkSj ry dk
dksbZ vU; fcanq (1) dks lUrq"V ugha djrk gSA blfy, lehdj.k (1) gh okLro esa nh gqbZ js[kk L

dk lehdj.k gSA

bl izdkj] fu;r fcanq (x , y ) ls tkus okyh <ky m dh js[kk ij fcanq (x, y) gS ;fn vkSj osQoy ;fn
blosQ funsZ'kkad lehdj.k y – y  = m (x – x ) dks larq"V djrs gSaA

mnkgj.k 7 (– 2, 3) ls tkus okyh <ky&4 dh js[kk dk lehdj.k Kkr dhft,A

gy ;gk¡ m = – 4 vkSj fn;k fcanq (x  , y ) = (– 2, 3) gSA

0 0

0 0

0 0

0 0

0 0



mi;qZDr fcanq&<ky :i lw=k (1) ls nh js[kk dk lehdj.k y – 3 = – 4 (x + 2) ;k

4x + y + 5 = 0, gS tks vHkh"V lehdj.k gSA

vko`Qfr 10-13

10.3.3 nks fcanq :i (Two-point form) eku yhft, js[kk L nks fn, fcanqvksa P  (x , y ) vkSj P

(x , y ) ls tkrh gS vkSj L ij O;kid fcanq P (x, y) gS (vko`Qfr 10-14)A

vko`Qfr 10-14

rhu fcanq P , P  vkSj P lajs[k gSa] blfy,]

1 1 1 2

2 2

1 2



P P dh <ky = P P  dh <ky

vFkkZr~ 

;k 

bl izdkj] (x , y ) vkSj (x , y ) fcanqvksa ls tkus okyh js[kk dk lehdj.k

 ... (2)

mnkgj.k 8 fcanqvksa (1, –1) vkSj (3, 5) ls gksdj tkus okyh js[kk dk lehdj.k fyf[k,A

gy ;gk¡ x  = 1, y  = –1, x  = 3 vkSj y  = 5, nks fcanq :i lw=k (2) osQ iz;ksx ls js[kk dk
lehdj.k] ge ikrs gSa

;k , tks vHkh"V lehdj.k gSA

10.3.4 <ky var%[kaM :i (Slope-intercept form) dHkh&dHkh gesa ,d js[kk dk eku mldh <ky
rFkk mlosQ }kjk fdlh ,d v{k ij dkVs x, var%[kaM }kjk gksrk gSA

1 1 2

1 1 2 2

1 1 2 2



vko`Qfr 10-15

fLFkfr I dYiuk dhft, fd <ky m dh js[kk L, y-v{k ij ewy fcanq ls c nwjh ij izfrPNsn djrh gS
(vko`Qfr 10-15)A nwjh c js[kk L dk y-var%[kaM dgykrh gSA Li"V :i ls ml fcanq osQ funsZ'kkad tgk¡
;g js[kk y-v{k ls feyrh gS] (0, c) gSaA bl izdkj L dh <ky m gS vkSj ;g ,d fLFkj fcanq (0, c)

ls gksdj tkrh gSA blfy,] fcanq&<ky :i ls] L dk lehdj.k

y – c = m (x – 0 ) ;k y = mx + c

bl izdkj] <ky m rFkk y & var%[kaM c okyh js[kk ij fcanq (x, y) osQoy vkSj osQoy rHkh gksxh ;fn
y = mx + c ... (3)

è;ku nhft, fd c dk eku /ukRed ;k ½.kkRed gksxk ;fn y&v{k ls var%[kaM Øe'k% /u ;k ½.k
Hkkx ls cuk gksA

fLFkfr II dYiuk dhft, <ky m okyh js[kk x-v{k ls d var%[kaM cukrh gSA rc js[kk L dk
lehdj.k gSA y = m(x - d ) ... (4)

fLFkfr (1) esa dgh of.kZr ls fo|kFkhZ Lo;a bl lehdj.k dks izkIr dj ldrs gSaA

mnkgj.k 9 mu js[kkvksa osQ lehdj.k fyf[k, ftuosQ fy, tan θ = , tgk¡ θ js[kk dk >qdko gS



vkSj (i) y-var%[kaM – gS] (ii) x-var%[kaM 4 gSA

gy (i) ;gk¡ js[kk dh <ky = m = tan θ = vkSj y - var%[kaM c = – . blfy,] <ky&var%[kaM

:i mi;qZDr lw=k (3) ls js[kk dk lehdj.k  gS] tks
vHkh"V lehdj.k gSA

(ii) ;gk¡] m = tan θ = vkSj d = 4

blfy,] <ky&var%[kaM :i mi;qZDr lw=k (4) ls js[kk dk lehdj.k

,

gS] tks vHkh"V lehdj.k gSA

10.3.5 var%[kaM&:i (Intercept - form) dYiuk dhft, fd ,d js[kk L, x-var%[kaM a vkSj y-var%
[kaM b cukrh gSA Li"Vr;k L, x-v{k ls fcanq (a, 0) vkSj y-v{k ls fcanq (0, b) ij feyrh gS (vko`Qfr
10.16) A



vko`Qfr 10-16

js[kk osQ nks fcanq :i lehdj.k ls

,

vFkkZr~ 

bl izdkj] x&v{k vkSj y&v{k ls Øe'k% a vkSj b var%[kaM cukus okyh js[kk dk lehdj.k

fuEufyf[kr gS %  ... (5)

mnkgj.k 10 ,d js[kk dk lehdj.k Kkr dhft, tks x- vkSj y-v{k ls Øe'k% –3 vkSj 2 osQ var%
[kaM cukrh gSA

gy ;gk¡ a = –3 vkSj b = 2. mi;qZDr var%[kaM :i (5) ls js[kk dk lehdj.k



10.3.6 yac :i (Normal form) dYiuk dhft, fd fuEufyf[kr vk¡dM+ksa lfgr gedks ,d mQèoZsrj
js[kk Kkr gSA

(i) ewy fcanq ls js[kk ij yac dh yackbZA

(ii) yac ,oa /u x&v{k osQ chp dk dks.kA

eku yhft, fd L ,d js[kk gS ftldh ewy fcanq O ls ykafcd nwjh OA = p vkSj /u x-v{k vkSj
OA osQ chp dk dks.k ∠ XOA = ω. dkÙkhZ; ry esa js[kk L dh laHko fLFkfr;k¡ vko`Qfr 10.17 esa
n'kkZbZ x;h gSaA vc] gekjk mís'; L dk <ky vkSj bl ij ,d fcanq Kkr djuk gSA izR;sd fLFkfr esa x-

v{k ij AM yac Mkyk x;k gSA

vko`Qfr 10-17

izR;sd fLFkfr esa] OM = p cos ω vkSj MA = p sin ω, bl izdkj fcanq A osQ funsZ'kkad (p cos ω, p

sin ω) gaSA



blosQ vfrfjDr js[kk L, OA ij yac gSA

js[kk L dh <ky = .

bl izdkj] js[kk L dh <ky  gS vkSj fcanq A(p cos ω, p sin ω) ml ij fLFkr gSaA blfy,]
fcanq&<ky :i ls js[kk dk lehdj.k

;k x cos ω + y sin ω = p.

vr%] ewy fcanq ls ykafcd nwjh p vkSj /u x-v{k rFkk yac osQ chp dks.k ω okyh js[kk dk lehdj.k
bl izdkj gS x cos ω + y sin ω = p ... (6)

mnkgj.k 11 js[kk dk lehdj.k Kkr dhft, ftldh ewy fcanq ls ykafcd nwjh 4 bdkbZ vkSj /u x-

v{k rFkk yac osQ chp dks.k 15° gSA

vko`Qfr 10-18

gy ;gk¡ gesa fn;k gS p = 4 vkSj ω = 15° (vko`Qfr 10.18).



vc] cos 15° =  vkSj

sin 15º =  (D;ksa ?)

mi;qZDr yac :i (6) ls js[kk dk lehdj.k 

gSA ;gh vHkh"V lehdj.k gSA

mnkgj.k 12 iQkjsugkbV rki F vkSj ije rke K ,d jSf[kd lehdj.k dks larq"V djrs gSaA fn;k gS
fd K = 273 tc F = 32 vkSj K = 373 tc F = 212 rks K dks F osQ inksa esa O;Dr dhft, vkSj F

dk eku Kkr dhft, tcfd K = 0

gy dYiuk dhft, fd F, x-v{k osQ vuqfn'k vkSj K, y-v{k vuqfn'k gS rks XY-ry esa gesa nks fcanq
(32, 273) vkSj (212, 373) fLFkr gSaA nks fcanq :i lw=k ls fcanq (F, K) osQ }kjk larq"V gksus okyk
lehdj.k fuEufyf[kr gS %

;k  ... (1)

;gh vHkh"V laca/ gSA tc K = 0, lehdj.k (1) ls]



oSdfYid fof/% ge tkurs gSa fd js[kk osQ lehdj.k dk ljyre :i y = mx + c gS iqu% F dks x-

v{k osQ vuqfn'k vkSj K dks y-v{k osQ vuqfn'k ekurs gq, ge lehdj.k

K = mF + c ... (1)

osQ :i esa ys ldrs gSaA lehdj.k (1) fcanqvksa (32] 273) vkSj (212] 373) ls larq"V gksrh gS]
blfy,]

273 = 32m + c ... (2)

vkSj 373 = 212m + c ... (3)

(2) vkSj (3) dks gy djus ij] m = vkSj c = 

(1) esa m vkSj c osQ eku j[kus ij]

 ... (4)

tks fd vHkh"V laca/ gSA tc K = 0, (4) ls F = – 459.4 izkIr gksrk gSA

A fVIi.kh  ge tkurs gSa fd lehdj.k y = mx + c, esa nks vpj] uker% m vkSj c gSaA bu nks
vpjksa dks Kkr djus osQ fy, gesa js[kk osQ lehdj.k dks larq"V djus osQ fy, nks izfrca/ pkfg,A
mi;qZDr lHkh mnkgj.kksa esa gesa js[kk dk lehdj.k Kkr djus ds fy, nks izfrca/ fn;s x;s gSaA

iz'ukoyh 10.2

iz'u 1 ls 8 rd] js[kk dk lehdj.k Kkr dhft, tks fn;s x;s izfrca/ksa dks larq"V djrk gS %

1. x- vkSj y-v{kksa osQ lehdj.k fyf[k,A

2. <ky  vkSj fcanq (– 4, 3) ls tkus okyh A



3. fcanq (0, 0) ls tkus okyh vkSj <ky m okyhA

4. fcanq  ls tkus okyh vkSj x-v{k ls 75  osQ dks.k ij >qdh gqbZA

5. ewy fcanq osQ ckab± vksj x-v{k dks 3 bdkbZ dh nwjh ij izfrPNsn djus rFkk <ky&2 okyhA

6. ewy fcanq ls Åij y-v{k dks 2 bdkbZ dh nwjh ij izfrPNsn djus okyh vkSj x-dh /u fn'kk osQ
lkFk 30° dk dks.k cukus okyhA

7. fcanqvksa (–1, 1) vkSj (2, – 4) ls tkrs gq,A

8. ml js[kk dk lehdj.k Kkr dhft, ftldh ewy fcanq ls ykafcd nwjh 5 bdkbZ vkSj yac] /u x-

v{k ls 30° dk dks.k cukrh gSA

9. ∆ PQR osQ 'kh"kZ P (2, 1), Q (–2, 3) vkSj R (4, 5) gSaA 'kh"kZ R ls tkus okyh ekfè;dk dk
lehdj.k Kkr dhft,A

10. (–3, 5) ls gksdj tkus okyh vkSj fcanq (2, 5) vkSj (–3, 6) ls tkus okyh js[kk ij yac js[kk dk
lehdj.k Kkr dhft,A

11. ,d js[kk (1]0) rFkk (2]3) fcanqvksa dks feykus okyh js[kk [kaM ij yac gS rFkk mldks 1% n osQ
vuqikr esa foHkkftr djrh gSA js[kk dk lehdj.k Kkr dhft,A

12. ,d js[kk dk lehdj.k Kkr dhft, tks funsZ'kkadksa ls leku var%[kaM dkVrh gS vkSj fcanq (2, 3)

ls tkrh gSA

13. fcanq (2, 2) ls tkus okyh js[kk dk lehdj.k Kkr dhft, ftlosQ }kjk v{kksa ls dVs var%[kaMksa dk
;ksx 9 gSA

14. fcanq (0, 2) ls tkus okyh vkSj /u x-v{k ls osQ dks.k cukus okyh js[kk dk lehdj.k Kkr
dhft,A blosQ lekarj vkSj y-v{k dks ewy fcanq ls 2 bdkbZ uhps dh nwjh ij izfrPNsn djrh gqbZ js[kk
dk lehdj.k Hkh Kkr dhft,A

15. ewy fcanq ls fdlh js[kk ij Mkyk x;k yac js[kk ls fcanq (&2] 9) ij feyrk gS] js[kk dk

o



lehdj.k Kkr dhft,A

16. rk¡cs dh NM+ dh yackbZ L (lseh esa) lsfYl;l rki C dk jSf[kd iQyu gSA ,d iz;ksx esa ;fn L

= 124.942 tc C=20 vkSj L= 125.134 tc C = 110 gks] rks L dks C osQ inksa esa O;Dr dhft,A

17. fdlh nw/ HkaMkj dk Lokeh izfr lIrkg 980 fyVj nw/] 14 #- izfr fyVj osQ Hkko ls vkSj 1220
yhVj nw/ 16 #- izfr fyVj osQ Hkko ls csp ldrk gSA foozQ; ewY; rFkk ekax osQ eè; osQ laca/ dks
jSf[kd ekurs gq, ;g Kkr dhft, fd izfr lIrkg og fdruk nw/ 17 #- izfr fyVj osQ Hkko ls csp
ldrk gS\

18. v{kksa osQ chp js[kk[kaM dk eè; fcanq P (a, b) gSA fn[kkb, fd js[kk dk lehdj.k 

 gSA

19. v{kksa osQ chp js[kk[kaM dks fcanq R (h, k), 1:2 osQ vuqikr esa foHkDr djrk gSA js[kk dk lehdj.k
Kkr dhft,A

20. js[kk osQ lehdj.k dh ladYiuk dk iz;ksx djrs gq, fl¼ dhft, fd rhu fcanq (3]0)] (&2]
&2) vkSj (8] 2) lajs[k gSaA

10.4 js[kk dk O;kid lehdj.k (General Equation of a Line)

iwoZorhZ d{kkvksa esa geus nks pj jkf'k;ksa osQ ,d ?kkrh; O;kid lehdj.k Ax + By + C = 0, dk
vè;;u fd;k tgk¡ A, B vkSj C , ,sls okLrfod vpj gSa fd A vkSj B ,d lkFk 'kwU; ugha gSaA
lehdj.k Ax + By + C = 0 dk ys[kkfp=k lnSo ,d ljy js[kk gksrk gSA blfy,] tc A vkSj B ,d
lkFk 'kwU; ugha gSa rks Ax + By + C = 0, osQ :i dk dksbZ lehdj.k js[kk dk O;kid jSf[kd
lehdj.k (General linear equation) ;k js[kk dk O;kid lehdj.k (General equation) dgykrk
gSA

10.4.1 Ax + By + C = 0 osQ fofHkUu :i (Different forms of Ax + By + C = 0) lehdj.k dks
fuEufyf[kr izfØ;kvksa }kjk js[kk osQ lehdj.k osQ fofHkUu :iksa esa :ikarfjr fd;k tk ldrk gSA

(a) <ky&var%[kaM :i (Slope-intercept form) ;fn B ≠ 0, rks Ax + By + C = 0 dks



 ... (1)

tgk¡  osQ :i esa fy[kk tk ldrk gSA

ge tkurs gSa fd lehdj.k (1) ml js[kk dh <ky&var%[kaM :i gS ftldh <ky , vkSj y-

var%[kaM  gSA ;fn B = 0, rks x = , tks fd ,d ÅèokZ/j js[kk dk lehdj.k gS ftldh

<ky vifjHkkf"kr vkSj x-var%[kaM gSA

(b) var%[kaM&:i (Intercept form) ;fn C ≠ 0, rks Ax + By + C = 0 dks

 ... (1)

tgk¡ a =  vkSj b = 

ge tkurs gSa fd lehdj.k (1) ml js[kk osQ lehdj.k dk var%[kaM :i gS ftlosQ Øe'k%

x-var%[kaM vkSj y-var%[kaM gSaA

;fn C = 0, rks Ax + By + C = 0 dks Ax + By = 0, fy[kk tk ldrk gS tks ewy fcanq ls tkus okyh
js[kk gS vkSj blfy,] v{kksa ij 'kwU; var%[kaM gSsaA

(c) yac :i (Normal form) eku yhft, fd lehdj.k Ax + By + C = 0 ;k Ax + By = – C ls



fu:fir js[kk dk yac :i x cos ω + y sin ω = p gS] tgk¡ p ewy fcanq ls js[kk ij Mkys x, yac dh
yackbZ gS vkSj ω] yac ,oa x-v{k dh /ukRed fn'kk osQ chp dk dks.k gS blfy,] nksuksa lehdj.k
leku gSa vr%

 ... (1)

ftlls  izkIr gksrk gSA

vc 

vFkok 

blfy, 

bl izdkj] lehdj.k Ax + By + C = 0 dk yac :i

x cos ω + y sin ω = p

tgk¡  gSa

fpÉksa dk mfpr p;u bl izdkj fd;k tkrk gS fd p /ukRed jgsA

mnkgj.k 13 ,d js[kk dk lehdj.k 3x – 4y + 10 = 0 gSA blosQ (i) <ky (ii) x-vkSj y-var%[kaM Kkr
dhft,A

gy (i) fn;k gqvk lehdj.k 3x – 4y + 10 = 0 dks



 . ... (1)

fy[kk tk ldrk gSA (1) dh rqyuk y = mx + c, ls djus ij ge ikrs gSa fd nh gqbZ js[kk dh <ky m

= gSA

(ii) lehdj.k 3x – 4y + 10 = 0 dks bl izdkj Hkh fy[kk tk ldrk gS

 . ... (2)

(2) dh rqyuk , ls djus ij ge ikrs gSa fd x-var%[kaM

a =  vkSj y-var% [kaM b =  gSA

mnkgj.k 14 lehdj.k dks yac :i esa :ikarfjr dhft, vkSj p rFkk ω osQ
eku Kkr dhft,A

gy fn;k lehdj.k

 . ... (1)

gSA (1) dks , ls Hkkx nsus ij



 . ... (2)

(2) dh rqyuk x cos α + y sin α = p, ls djus ij] ge p = 4 vkSj α = 30° ikrs gSaA

mnkgj.k 15 vkSj js[kkvksa osQ chp dk dks.k Kkr
dhft,A

gy nh gqbZ js[kk,¡

;k  . ... (1)

vkSj ;k  . ... (2)

js[kk (1) dh <ky m1 =  vkSj js[kk (2) dh <ky m  =  gSA

nksuksa js[kkvksa osQ chp U;wudks.k (ekuk fd θ ) bl izdkj gS

 . ... (3)

m  vkSj m  osQ eku (3) esa j[kus ij]

tan θ 

2

1 2



ftlls θ = 30°. izkIr gksrk gSA vr% nksuksa js[kkvksa osQ chp dks.k ;k rks 30° ;k 180° – 30° = 150°

gSA

mnkgj.k 16 n'kkZb, fd nks js[kk,¡ , tgk¡
b1, b2 ≠ 0

(i) lekarj gSa ;fn  vkSj (ii) yac gS ;fn .

gy nh xbZ js[kk,¡ ,sls fy[kh tk ldrh gSa

 . ... (1)

vkSj  . ... (2)

js[kkvksa (1) vkSj (2) dh <ky Øe'k% m  =  vkSj m  =  gSaA

vc (i) js[kk,¡ lekarj gksaxh] ;fn m  = m , ftlls izkIr gksrk gS ;k 

(ii) js[kk,¡ yac gksaxh] ;fn m .m  = – 1, ftlls izkIr gksrk gS

1 2

1 2

1 2



 ;k a a  + b b  = 0

mnkgj.k 17 js[kk  ij yac vkSj fcanq (1] &2) ls tkus okyh js[kk dk
lehdj.k Kkr dhft,A

gy nh gqbZ js[kk dks

 fy[kk tk ldrk gSA ... (1)

js[kk (1) dh <ky m1 = . gSA blfy,] js[kk (1) osQ yac js[kk dh <ky 

 gSA

<ky &2 okyh vkSj fcanq (1, – 2) ls tkus okyh js[kk dk lehdj.k

,

gS] tks vHkh"V lehdj.k gSA

10.5 ,d fcanq dh js[kk ls nwjh (Distance of a Point From a Line)

,d fcanq dh fdlh js[kk ls nwjh fcanq ls js[kk ij Mkys yac dh yackbZ gSA eku yhft, fd L : Ax + By

+ C = 0 ,d js[kk gS] ftldh fcanq P (x , y ) ls nwjh d gSA fcanq P ls js[kk ij yac PL [khafp,
(vko`Qfr 10.19) ;fn js[kk x-v{k vkSj y-v{k dks Øe'k% Q vkSj R, ij feyrh gS rks bu fcanqvksa osQ

1 2 1 2

1 1



funsZ'kkad Q  vkSj R  gSaA

vko`Qfr 10.19

f=kHkqt PQR dk {ks=kiQy fuEufyf[kr izdkj ls fd;k tk ldrk gS%

{ks=kiQy ftlls  ... (1)

lkFk gh ∆ PQR dk {ks=kiQy = 

= 

;k] 2 ∆PQR dk {ks=kiQy = vkSj



∆PQR osQ {ks=kiQy vkSj QR osQ eku (1) esa j[kus ij]

;k .

bl izdkj] fcanq (x , y ) ls js[kk Ax + By+ C = 0 dh ykafcd nwjh (d) bl izdkj gS %

10.5.1 nks lekarj js[kkvksa osQ chp dh nwjh (Distance between two parallel lines) ge tkurs
gSa fd lekarj js[kkvksa dh <ky leku gksrs gSaA blfy,] lekarj js[kk,¡ bl :i esa fy[kh tk ldrh gSa

y = mx + c1 ... (1)

vkSj y = mx + c2 ... (2)

js[kk (1) x-v{k ij fcanq A esa izfrPNsn djsxh tSlk vko`Qfr 10-20 esa fn[kk;k x;k
gSA nks js[kkvksa osQ chp dh nwjh] fcanq A ls js[kk (2) ij yac dh yackbZ gSA blfy,] js[kkvksa (1) vkSj
(2) osQ chp dh nwjh

 gSA

1 1



vko`Qfr 10-20

bl izdkj] nks lekarj js[kkvksa vkSj osQ chp dh nwjh 

;fn js[kk,¡ O;kid :i esa nh xbZ gSa vFkkZr~ Ax + By + C  = 0 vkSj Ax + By + C  = 0, rks mi;qZDr

lw=k  dk :i ys ysrk gSA

fo|kFkhZ bls Lo;a izkIr dj ldrs gSaA

mnkgj.k 18 fcanq (3, – 5) dh js[kk 3x – 4y –26 = 0 ls nwjh Kkr dhft,A

gy nh gqbZ js[kk 3x – 4y –26 = 0 ... (1)

(1) dh rqyuk js[kk osQ O;kid lehdj.k Ax + By + C = 0, ls djus ij] ge ikrs gSa%

A = 3, B = – 4 vkSj C = – 26

fn;k gqvk fcanq (x , y ) = (3, –5) gSA fn, fcanq dh js[kk ls nwjh 

1 2

1 1



 bdkbZ gSA

mnkgj.k 19 lekarj js[kkvksa 3x – 4y +7 = 0 vkSj 3x – 4y + 5 = 0 osQ chp dh nwjh Kkr dhft,A

gy ;gk¡ A = 3, B = –4, C  = 7 vkSj C  = 5. blfy,] vHkh"V nwjh

iz'ukoyh 10-3
1. fuEufyf[kr lehdj.kksa dks <ky&var%[kaM :i esa :ikarfjr dhft, vkSj muosQ <ky rFkk y&var%
[kaM Kkr dhft,%

(i) x + 7y = 0 (ii) 6x + 3y – 5 = 0 (iii) y = 0

2. fuEufyf[kr lehdj.kksa dks var%[kaM :i esa :ikarfjr dhft, vkSj v{kksa ij buds }kjk dkVs x,
var%[kaM Kkr dhft,%

(i) 3x + 2y – 12 = 0 (ii) 4x – 3y = 6 (iii) 3y + 2 = 0.

3. fuEufyf[kr lehdj.kksa dks yac :i esa :ikarfjr dhft,A mudh ewy fcanq ls ykafcd nwfj;k¡ vkSj
yac rFkk /u x-v{k osQ chp dk dks.k Kkr dhft, %

(i) x – + 8 = 0 (ii) y – 2 = 0 (iii) x – y = 4.

4. fcanq (&1] 1) dh js[kk 12(x + 6) = 5(y – 2) ls nwjh Kkr dhft,A

1 2



5. x&v{k ij fcanqvksa dks Kkr dhft, ftudh js[kk ls nwjh;k¡ 4 bdkbZ gSaA

6. lekarj js[kkvksa osQ chp dh nwjh Kkr dhft,%

(i) 15x + 8y – 34 = 0vkSj15x + 8y + 31 = 0 (ii)l(x + y) + p = 0 vkSj l (x + y) – r = 0

7. js[kk osQ lekarj vkSj fcanq (–2, 3) ls tkus okyh js[kk dk lehdj.k Kkr
dhft,A

8. js[kk x – 7y + 5 = 0 ij yac vkSj x-var%[kaM 3 okyh js[kk dk lehdj.k Kkr dhft,A

9. js[kkvksa osQ chp dk dks.k Kkr dhft,A

10. fcanqvksa (h, 3) vkSj (4, 1) ls tkus okyh js[kk] js[kk dks ledks.k ij
izfrPNsn djrh gSA h dk eku Kkr dhft,A

11. fl¼ dhft, fd fcanq (x , y ) ls tkus okyh vkSj js[kk Ax + By + C = 0 osQ lekarj js[kk dk
lehdj.k A (x –x1) + B (y – y1) = 0 gSA

12. fcanq (2] 3) ls tkus okyh nks js[kk,¡ ijLij 60 o osQ dks.k ij izfrPNsn djrh gSaA ;fn ,d js[kk
dh <ky 2 gS rks nwljh js[kk dk lehdj.k Kkr dhft,A

13. fcanqvksa (3] 4) vkSj (&1] 2) dks feykus okyh js[kk[kaM osQ yac lef}Hkktd js[kk dk lehdj.k
Kkr dhft,A

14. fcanq (&1] 3) ls js[kk 3x + 4y-16=0 ij Mkys x;s yacikn osQ funsZ'kkad Kkr dhft,A

15. ewy fcanq ls js[kk y = mx + c ij Mkyk x;k yac js[kk ls fcanq (&1] 2) ij feyrk gSA

m vkSj c osQ eku Kkr dhft,A

16. ;fn p vkSj q Øe'k% ewy fcanq ls js[kkvksa x cos θ + y sin θ = kcos 2θ vkSj x sec θ +

y cosec θ = k, ij yac dh yackb;k¡ gSa rks fl¼ dhft, fd p  + 4q  = k .

1 1

2 2 2



17. 'kh"kks± A (2, 3), B (4, –1) vkSj C (1, 2) okys f=kHkqt ABC osQ 'kh"kZ A ls mldh laeq[k Hkqtk ij
yac Mkyk x;k gSA yac dh yackbZ rFkk lehdj.k Kkr dhft,A

18. ;fn p ewy fcanq ls ml js[kk ij Mkys yac dh yackbZ gks ftl ij v{kksa ij dVs var% [kaM a

vkSj b gksa] rks fn[kkb, fd 

fofo/ mnkgj.k

mngkj.k 20 ;fn js[kk,¡ vkSj 
laxkeh (concurrent) gSa] rks k dk eku Kkr dhft,A

gy rhu js[kk,¡ laxkeh dgykrh gSa ;fn os ,d loZfu"B fcanq ls gksdj tk, vFkkZr~ fdUgha nks js[kkvksa
dk izfrPNsn fcanq rhljh js[kk ij fLFkfr gksA ;gk¡ nh js[kk,¡ gSa%

2x + y – 3 = 0 ... (1)

5x + ky – 3 = 0 ... (2)

3x – y – 2 = 0 ... (3)

(1) vkSj (3) dks otz xq.ku fof/ ls gy djus ij]

blfy,] nks js[kkvksa dk izfrPNsn fcanq (1] 1) gSA pw¡fd mi;qZDr rhuksa js[kk,¡ laxkeh gSa] fcanq (1] 1)

lehdj.k (2) dks larq"V djsxk ftlls 2

mngkj.k 21 fcanq P (4, 1) ls js[kk 4x – y = 0 dh nwjh ml js[kk osQ vuqfn'k Kkr dhft, tks /u x-

v{k ls 135° dk dks.k cukrh gSA



gy nh gqbZ js[kk 4x – y = 0 … (1)

js[kk (1) dh fcanq P (4, 1) ls nwjh] fdlh vU; js[kk osQ vuqfn'k] Kkr djus osQ fy, gesa nksuksa js[kkvksa
osQ izfrPNsn fcanq dks Kkr djuk iM+sxkA blosQ fy, ge igys nwljh js[kk dk lehdj.k izkIr djsaxs
(vko`Qfr 10.21)A nwljh js[kk dh <ky Li'kZT;k (tangent) 135° = – 1

vko`Qfr 10.21

<ky &1 okyh vkSj fcanq P (4, 1) ls tkus okyh js[kk dk lehdj.k

 ... (2)

(1) vkSj (2) dks gy djus ij] ge x = 1 vkSj y = 4 ikrs gSa vr% nksuksa js[kkvksa dk izfrPNsn fcanq
Q (1, 4) gSA vc js[kk (1) dh fcanq (4]1) ls js[kk (2) osQ vuqfn'k nwjh = P (4, 1) vkSj Q

(1, 4) fcanqvksa osQ chp dh nwjh

= 

mngkj.k 22 dYiuk djrs gq, fd ljy js[kk,¡ fcanq osQ fy, niZ.k dh rjg dk;Z djrh gS] fcanq (1]

2) dk js[kk esa izfrfcac Kkr dhft,A



gy eku yhft, Q (h, k) fcanq P (1, 2) dk js[kk x – 3y + 4 = 0 ... (1)

esa izfrfcac gSA

vko`Qfr 10.22

blfy,] js[kk (1) js[kk[kaM PQ dk yac lef}Hkktd gS (vko`Qfr 10.22)A

vr% PQ dh <ky =  ,

ftlls  ... (2)

vkSj PQ dk eè; fcanq vFkkZr~ fcanq lehdj.k (1) dks larq"V djsxk ftlls

 ... (3)

(2) vkSj (3) dks gy djus ij] ge ikrs gSa h = vkSj k = .



vr% fcanq (1] 2) dk js[kk (1) esa izfrfcac  gSA

mnkgj.k 23 n'kkZb, fd js[kkvksa  vkSj x = 0 ls cus

f=kHkqt dk {ks=kiQy  gSA

gy nh js[kk,¡ gSa

y = m1 x + c  ... (1)

y = m2 x + c  ... (2)

x = 0 ... (3)

vko`Qfr 10-23

ge tkurs gSa fd js[kk y = mx + c js[kk x = 0 (y-v{k) dks fcanq (0, c) ij feykrh gSA blfy,
js[kkvksa (1) ls (3) rd ls cus f=kHkqt osQ nks 'kh"kZ P (0, c ) vkSj Q (0, c ) gSa (vko`Qfr 10. 23)A
rhljk 'kh"kZ lehdj.k (1) vkSj (2) dks gy djus ij izkIr gksxkA (1) vkSj (2) dks gy djus ij]

1

2

1 2



ge ikrs gSa

blfy,] f=kHkqt dk rhljk 'kh"kZ R  gSA

vc] f=kHkqt dk {ks=kiQy

gS

mnkgj.k 24 ,d js[kk bl izdkj gS fd bldk js[kkvksa 5x – y + 4 = 0 vkSj 3x + 4y – 4 = 0 osQ chp
dk js[kk[kaM fcanq (1] 5) ij lef}Hkkftr gksrk gS bldk lehdj.k izkIr dhft,A

gy nh gqbZ js[kk,¡ 5x – y + 4 = 0 ... (1)

3x + 4y – 4 = 0 ... (2)

eku yhft, fd vHkh"V js[kk (1) vkSj (2) js[kkvksa dks Øe'k% (α , β ) vkSj(α , β ) fcanqvksa ij
izfrPNsn djrh gS (vko`Qfr 10-24)A

blfy, 

;k 

1 1 2 2



vko`Qfr 10-24

gesa fn;k gS fd vHkh"V js[kk dk (α , β ) vkSj (α , β ) osQ chp osQ [kaM dk eè; fcanq (1, 5) gSA

blfy,] ,

;k α  + α  = 2 vkSj 

;k α  + α  = 2 vkSj 20 α  – 3 α  = 20 . . ... (3)

α  vkSj α , osQ ekuksa osQ fy, (3) osQ lehdj.kksa dks gy djus ij] ge ikrs gSa

α  rFkk α  vr%, β

(1]5) vkSj (α , β ) ls tkus okyh vHkh"V js[kk dk lehdj.k

1 1 2 2

1 2

1 2 1 2

1 2

1 2 1 
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 ;k 

;k 107x – 3y – 92 = 0, tks fd vHkh"V js[kk dk lehdj.k gSA

mnkgj.k 25 n'kkZb, fd ,d xfreku fcanq] ftldh nks js[kkvksa 3x – 2y = 5 vkSj 3x + 2y = 5 ls
nwjh;k¡ leku gS] dk iFk ,d js[kk gSA

gy nh js[kk,¡ 3x – 2y = 5 . ... (1)

vkSj 3x + 2y = 5 gSaA . ... (2)

eku yhft, dksbZ fcanq (h, k ) gS ftldh js[kkvksa (1) vkSj (2) ls nwjh;k¡ leku gSA blfy,

,

ftlls feyrk gS] 3h – 2k – 5 = 3h + 2k – 5 ;k – (3h – 2k – 5) = 3h + 2k – 5.

bu nksuksa laca/ksa dks gy djus ij ge ikrs gSa , k = 0 ;k h = . bl izdkj] fcanq (h, k) lehdj.kksa y

= 0 ;k x = , tks fd ljy js[kk,¡ fu:fir djrs gSa] dks larq"V djrk gSA vr% js[kkvksa (1) vkSj
(2) ls leku nwjh ij jgus okys fcanq dk iFk ,d ljy js[kk gSA

vè;k; 10 ij fofo/ iz'ukoyh
1. k osQ eku Kkr dhft, tcfd js[kk (k–3) x – (4 – k ) y + k  –7k + 6 = 02 2



(a) x-v{k osQ lekarj gSA

(b) y-v{k osQ lekarj gSA

(c) ewy fcanq ls tkrh gSA

2. θ vkSj p osQ eku Kkr dhft, ;fn lehdj.k x cos θ + y sin θ = p js[kk x + y + 2 = 0 dk
yac :i gSaA

3. mu js[kkvksa osQ lehdj.k Kkr dhft, ftuosQ v{kksa ls dVs var%[kaMksa dk ;ksx vkSj xq.kuiQy
Øe'k% 1 vkSj &6 gSA

4. y-v{k ij dkSu ls fcanq ,sls gSa] ftudh js[kk  ls nwjh 4 bdkbZ gSA

5. ewy fcanq ls fcanqvksa (cosθ, sin θ) vkSj (cos  sin ) dks feykus okyh js[kk dh ykafcd nwjh
Kkr dhft,A

6. js[kkvksa x – 7y + 5 = 0 vkSj 3x + y = 0 osQ izfrPNsn fcanq ls [khaph xbZ vkSj y-v{k osQ lekarj js[kk
dk lehdj.k Kkr dhft,A

7. js[kk ij yac ml fcanq ls [khaph xbZ js[kk dk lehdj.k Kkr dhft, tgk¡ ;g js[kk
y-v{k ls feyrh gSA

8. js[kkvksa y – x = 0, x + y = 0 vkSj x – k = 0 ls cus f=kHkqt dk {ks=kiQy Kkr dhft,A

9. p dk eku Kkr dhft, ftlls rhu js[kk,¡ 3x + y – 2 = 0, px + 2 y – 3 = 0 vkSj 2x – y – 3 = 0

,d fcanq ij izfrPNsn djsaA

10. ;fn rhu js[kk,¡ ftuosQ lehdj.k y = m x + c , y = m x + c  vkSj y = m x + c  gSa] laxkeh gSa
rks fn[kkb, fd m (c  – c ) + m  (c  – c ) + m  (c  – c  ) = 0.

11. fcanq (3] 2) ls tkus okyh ml js[kk dk lehdj.k Kkr dhft, tks js[kk x – 2y = 3 ls 45  dk

1 1 2 2 3 3

1 2 3 2 3 1 3 1 2

o



dks.k cukrh gSA

12. js[kkvksa 4x + 7y – 3 = 0 vkSj 2x – 3y + 1 = 0 osQ izfrPNsn fcanq ls tkus okyh js[kk dk lehdj.k
Kkr dhft, tks v{kksa ls leku var%[kaM cukrh gSA

13. n'kkZb, fd ewy fcanq ls tkus okyh vkSj js[kk y = mx + c ls θ dks.k cukus okyh ml js[kk dk

lehdj.k  gSA

14. (–1, 1) vkSj (5, 7) dks feykus okyh js[kk[kaM dks js[kk x + y = 4 fdl vuqikr esa foHkkftr djrh
gS\

15. fcanq (1] 2) ls js[kk 4x + 7y + 5 = 0 dh 2x – y = 0 osQ vuqfn'k] nwjh Kkr dhft,A

16. fcanq (–1, 2) ls [khaph tk ldus okyh ml js[kk dh fn'kk Kkr dhft, ftldk js[kk x + y =4 ls
izfrPNsn fcanq fn, fcanq ls 3 bdkbZ dh nwjh ij gSA

17. ledks.k f=kHkqt osQ d.kZ osQ var; fcanq (1]3) vkSj (&4] 1) gSaA f=kHkqt osQ ikn (legs)

(ledks.kh; Hkqtkvksa) osQ lehdj.k Kkr dhft, tks v{kksa osQ lekUrj gSaSSaA

18. fdlh fcanq osQ fy, js[kk dks niZ.k ekurs gq, fcanq (3] 8) dk js[kk x +3y = 7 esa izfrfcac Kkr
dhft,A

19. ;fn js[kk,¡ y = 3x +1 vkSj 2y = x + 3, js[kk y = mx + 4, ij leku :i ls vkur gksa rks m dk
eku Kkr dhft,A

20. ;fn ,d pj fcanq P (x, y) dh js[kkvksa x + y – 5 = 0 vkSj 3x – 2y +7 = 0 ls ykafcd nwfj;ksa dk
;ksx lnSo 10 jgs rks n'kkZb, fd P vfuok;Z :i ls ,d js[kk ij xeu djrk gSA

21. lekarj js[kkvksa 9x + 6y – 7 = 0 vkSj 3x + 2y + 6 = 0 ls lenwjLFk js[kk dk lehdj.k Kkr
dhft,A

22. fcanq (1] 2) ls gksdj tkus okyh ,d izdk'k fdj.k x&v{k osQ fcanq A ls ijkofrZr gksrh gS vkSj
ijkofrZr fdj.k fcanq (5] 3) ls gksdj tkrh gSA A osQ funsZ'kkad Kkr dhft,A



23. fn[kkb, fd vkSj fcanqvksa ls js[kk

ij [khaps x;s yacksa dh yackb;ksa dk xq.kuiQy b  gSA

24. ,d O;fDr lehdj.kksa 2x – 3y + 4 = 0 vkSj 3x + 4y – 5 = 0 ls fu:fir ljy js[kh; iFkksa osQ
laf/ fcanq (junction/crossing) ij [kM+k gS vkSj lehdj.k 6x – 7y + 8 = 0 ls fu:fir iFk ij
U;wure le; esa igq¡puk pkgrk gSA mlosQ }kjk vuqlfjr iFk dk lehdj.k Kkr dhft,A

lkjka'k
(x , y ) vkSj (x , y ) fcanqvksa ls tkus okyh ÅèoZsÙkj js[kk dh <ky m bl izdkj gS 

;fn ,d js[kk x-v{k dh /u fn'kk ls α dks.k cukrh gS rks js[kk dh <ky m = tan α, α ≠ 90°

gSA

{kSfrt js[kk dh <ky 'kwU; gS vkSj ÅèokZ/j js[kk dh <ky vifjHkkf"kr gSA

m  vkSj m  <kyksa okyh js[kkvksa L  vkSj L  osQ chp dk U;wu dks.k θ (eku fy;k) gks rks

.

nks js[kk,¡ lekarj gksrh gS ;fn vkSj osQoy ;fn muosQ <ky leku gSaA

nks js[kk,¡ yac gksrh gSa ;fn vkSj osQoy ;fn muosQ <kyksa dk xq.kuiQy &1 gSA

rhu fcanq A, B vkSj C lajs[k gksrs gSa ;fn vkSj osQoy ;fn AB dh <ky = BC dh <kyA

x-v{k ls a nwjh ij fLFkr {kSfrt js[kk dk lehdj.k ;k rks y = a ;k y = – a gSA

y-v{k ls b nwjh ij fLFkr ÅèokZ/j js[kk dk lehdj.k ;k rks x = b ;k x = – b

2

1 1 2 2
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fLFkj fcanq (xo, yo) ls tkus okyh vkSj <ky m okyh js[kk ij fcanq (x, y) fLFkr gksxk ;fn vkSj
osQoy ;fn blosQ funsZ'kkad lehdj.k y – yo = m (x – xo) dks larq"V djrs gSaA

fcanqvksa (x , y ) vkSj (x , y ) ls tkus okyh js[kk dk lehdj.k bl izdkj gS]

<ky m vkSj y-var%[kaM c okyh js[kk ij fcanq (x, y) gksxk ;fn vkSj osQoy ;fn

y= mx + c

;fn <ky m okyh js[kk x-var%[kaM d cukrh gS rks js[kk dk lehdj.k y = m (x – d) gSA

x- vkSj y-v{kksa ls Øe'k% a vkSj b var%[kaM cukus okyh js[kk dk lehdj.k 

ewy fcanq ls ykafcd nwjh p vkSj bl yac rFkk /u x-v{k osQ chp ω dks.k cukus okyh js[kk dk
lehdj.k x cos ω + y sin ω = p

;fn A vkSj B ,d lkFk 'kwU; u gksa rks Ax + By + C = 0 osQ :i dk dksbZ lehdj.k js[kk dk
O;kid jSf[kd lehdj.k ;k js[kk dk O;kid lehdj.k dgykrk gSA

,d fcanq (x , y ) ls js[kk Ax + By+ C = 0 dh ykafcd nwjh (d) bl izdkj gS 

lekarj js[kkvksa Ax + By + C  = 0 vkSj Ax + By + C  = 0, osQ chp dh nwjh 

 gSA

1 1 2 2

1 1

1 2



vè;k; 11

'kaoqQ ifjPNsn (Conic Sections)

vLet the relation of knowledge to real life be very visible to your pupils and let them

understand how by knowledge the world could be transformed”. – BERTRAND RUSSELL

v

11.1 Hkwfedk (Introduction)
fiNys vè;k; esa geus ,d js[kk osQ lehdj.kksa osQ fofHkUu :iksa dk vè;;u fd;k gSA bl vè;k; esa]
ge oqQN vU; oØksa dk vè;;u djsaxs tSls o`Ùk (circle)] ijoy; (parabola)] nh?kZo`Ùk (ellipse) vkSj
vfrijoy; (hyperbola)A ijoy; vkSj vfrijoy; Apollonius }kjk fn, x, uke gSaA okLro esa bu
oØksa dks 'kaoqQ ifjPNsn ;k lkekU;r% 'kkado dgk tkrk gS D;ksafd bUgsa ,d yac o`Ùkh; f}'kaoqQ vkSj
,d lery osQ ifjPNsnu ls izkIr fd;k tk ldrk gSA bu oØksa dk xzgksa osQ ?kw.kZu] nwjn'khZ;a=k
(telescope) vkSj ,aVhuk osQ fuekZ.k] vkVkseksckbYl dh gsMykbV esa] ijkorZd bR;kfn esa cgqr vf/d
mi;ksxh gksrk gSA vc ge vkxs vkus okys vuqHkkxksa esa ns[ksaxas fd fdl izdkj ,d yac o`Ùkh; f}'kaoqQ
vkSj ,d ry osQ ifjPNsnu osQ ifj.kke Lo:i fofHkUu izdkj osQ oØ izkIr gksrs gSaA



Apollonius

(262 B.C. -190 B.C.)

11.2 'kaoqQ osQ ifjPNsn
eku yhft, l ,d fLFkj ÅèokZ/j js[kk gS m ,d nwljh js[kk gS tks bl js[kk dks fLFkj fcanq V ij
izfrPNsn djrh gS vkSj blls ,d dks.k α cukrh gS (vko`Qfr 11.1)A



vko`Qfr 11- 1

eku yhft, ge js[kk m dks js[kk l osQ ifjr% bl izdkj ?kqekrs gSa fd m dh lHkh fLFkfr;ksa esa] dks.k
α vpj jgs rc mRiUu i`"B ,d yac o`Ùkh; [kks[kys f}'kaoqQ gS ftUgsa vc ls 'kaoqQ dgsaxs tks nksuksa
fn'kkvksa esa vfuf'pr nwjh rd c<+ jgs gSa (vko`Qfr 11-2)A

vko`Qfr 11- 2



vko`Qfr 11- 3

fLFkj fcanq V dks 'kaoqQ dk 'kh"kZ (vertex) vkSj fLFkj js[kk l 'kaoqQ dk v{k (axis) dgykrk gSA bu
lHkh fLFkfr;ksa esa ?kweus okyh js[kk m 'kaoqQ dh tud ( generator) dgykrh gSA 'kaoqQ dks 'kh"kZ nks
Hkkxksa esa foHkDr djrk gS ftUgsa ukis (Nappes) dgrs gSaA

;fn ge ,d ry vkSj ,d 'kaoqQ dk ifjPNsnu ysrs gSa rks bl izdkj izkIr ifjPNsn oØ] 'kaaoqQ ifjPNsn
dgykrs gSaA bl izdkj] 'kaoqQ ifjPNsn os oØ gSa ftUgsa ,d yac o`Ùkh; 'kaoqQ vkSj ,d ry osQ
ifjPNsnu ls izkIr fd;k tkrk gSA

'kaoqQ osQ ÅèokZ/j v{k vkSj ifjPNsnh ry osQ chp cus dks.k vkSj ifjPNsnh ry dh fLFkfr;ksa osQ
vuqlkj fofHkUu izdkj osQ 'kaoqQ ifjPNsn izkIr gksrs gSaA eku yhft, ifjPNsnh ry] 'kaoqQ osQ ÅèokZ/j
v{k osQ lkFk β dks.k cukrk gS (vko`Qfr 11-3)A
'kaoqQ osQ lkFk ry dk ifjPNsnu ;k rks 'kaoqQ osQ 'kh"kZ ij gks ldrk gS ;k ukis osQ nwljs fdlh Hkkx ij
Åij ;k uhps gks ldrk gaSA

11.2.1 o`Ùk] nh?kZo`Ùk] ijoy; vkSj vfrijoy; (Circle, ellipse, parabola and hyperbola)
tc ry] 'kaoqQ osQ ukis ('kh"kZ osQ vfrfjDr) dks dkVrk gS] rks gesa fuEukafdr fLFkfr;k¡ izkIr gksrh gS%

(a) tc β = 90 o, rks ifjPNsn ,d o`Ùk gksrk gS (vko`Qfr 11-4)A

(b) tc α < β < 90 o, rks ifjPNsn ,d nh?kZo`Ùk gksrk gS (vko`Qfr 11-5)A

(c) tc β = α, rks ifjPNsn ,d ijoy; gksrk gS (vko`Qfr 11-6)A

(mijksDr rhuksa fLFkfr;ksa dh izR;sd fLFkfr esa ry 'kaoqQ dks ukis osQ iw.kZr% vkj&ikj dkVrk gS)A



 

vko`Qfr 11- 4 vko`Qfr 11- 5



 

vko`Qfr 11- 6 vko`Qfr 11- 7

(d) tc 0 ≤ β < α, rks ry 'kaoqQ osQ nksuksa usIl dks dkVrk gS rks ifjPNsn oØ ,d vfrijoy; gksrk
gS (vko`Qfr 11.7)A

11.2.2 viHkz"V 'kaoqQ ifjPNsn (Degenerated conic sections) tc ry 'kaoqQ osQ 'kh"kZ ij dkVrk
gS rks fuEufyf[kr fLFkfr;k¡ izkIr gksrh gSa%

(a) tc α < β ≤ 90 o, rks ifjPNsn ,d fcanq gS (vko`Qfr 11.8)A

(b) tc β = α, rks ry] tud dks varfoZ"V djrk gS vkSj ifjPNsn ,d ljy js[kk gksrh gS (vko`Qfr
11-9)A

;g ijoy; dh viHkz"V fLFkfr gSA



vko`Qfr 11- 8 vko`Qfr 11. 9

 



vko`Qfr 11- 10(a) vko`Qfr 11- 10(b)

(c) tc 0 ≤ β < α, rks ifjPNsn ,d izfrPNsn djus okyh js[kkvksa dk ;qXe gS (vko`Qfr 11.10)A ;g
vfrijoy; dh viHkz"V fLFkfr gSA

vkxs vkus okys vuqPNsn esa ge bu 'kaoqQ ifjPNsnksa dks T;kferh; xq.kksa osQ vk/kj ij ifjHkkf"kr djrs
gq, muesa ls izR;sd osQ lehdj.k ekud :i esa izkIr djsaxsA

11.3 o`Ùk (Circle)
ifjHkk"kk 1 o`Ùk] ry osQ mu fcanqvksa dk leqPp; gksrk gS tks ry osQ ,d fLFkj fcanq ls leku nwjh ij
gksrs gSaA

fLFkj fcanq dks o`Ùk dk osaQnzz (centre) dgrs gSa rFkk o`Ùk ij fdlh ,d fcanq dh osaQnz ls nwjh dks o`Ùk
dh f=kT;k (radius) dgrs gSa (vko`Qfr 11.11)A

vko`Qfr 11-11



vko`Qfr 11.12

;fn o`Ùk dk osaQnz ewy fcanq ij gksrk gS rks o`Ùk dk lehdj.k ljyre gksrk gSA fiQj Hkh] ge Kkr osaQnz
rFkk f=kT;k osQ o`Ùk dk lehdj.k fuEufyf[kr izdkj ls O;qRiUu djsaxsa (vko`Qfr 11.12)A

o`Ùk dk osaQnz C(h, k) rFkk f=kT;k r Kkr gSA eku yhft, o`Ùk ij dksbZ fcanq P(x, y) gS (vko`Qfr
11.12)A rc ifjHkk"kk ls] | CP | = r nwjh lw=k }kjk] ge ikrs gSa

vFkkZr~ (x – h)  + (y – k)  = r

;g osaQnz (h,k) rFkk f=kT;k r okys o`Ùk dk vHkh"V lehdj.k gSA

mnkgj.k 1 osaQnz (0,0) rFkk f=kT;k r okys o`Ùk dk lehdj.k Kkr dhft,A

gy ;gk¡ h = k = 0. vr% o`Ùk dk lehdj.k x  + y  = r  gSA

mnkgj.k 2 osaQnz (–3, 2) rFkk f=kT;k 4 bdkbZ okys o`Ùk dk lehdj.k Kkr dhft,A

gy ;gk¡ h = –3, k = 2 vkSj r = 4. vr% o`Ùk dk vHkh"V lehdj.k (x + 3)2 + (y –2)2 = 16 gSA

2 2 2

2 2 2



mnkgj.k 3 o`Ùk x  + y  + 8x + 10y – 8 = 0 dk osaQnz rFkk f=kT;k Kkr dhft,A

gy fn;k x;k lehdj.k

(x  + 8x) + (y  + 10y) = 8

vc dks"Bdksa dks iw.kZ oxZ cukus ij]

(x  + 8x + 16) + (y  + 10y + 25) = 8 + 16 + 25

;k (x + 4)  + (y + 5)  = 49

;k {x – (– 4)}  + {y – (–5)}  = 72

vr% o`Ùk dk osaQnz (– 4, –5) o f=kT;k 7 bdkbZ gSA

mnkgj.k 4 fcanqvksa (2, – 2), vkSj (3,4) ls gksdj tkus okys ml o`Ùk dk lehdj.k Kkr dhft,
ftldk osaQnz js[kk x + y = 2 ij fLFkr gSA

gy eku yhft, fd o`Ùk dk lehdj.k (x – h)  + (y – k)  = r gSA

;g fcanqvksa (2] &2) vkSj (3] 4) ls tkrk gSA blfy, ge ikrs gSa fd

(2 – h)  + (–2 – k)  = r  ... (1)

vkSj (3 – h)  + (4 – k)  = r  ... (2)

rFkk o`Ùk dk osaQnz js[kk x + y = 2, ij fLFkr gS] blfy,

h + k = 2 ... (3)

lehdj.k (1), (2) o (3), dks gy djus ij] ge ikrs gSa fd

h = 0.7, k = 1.3 vkSj r = 12.58

vr% o`Ùk dk vHkh"V lehdj.k

2 2

2 2

2 2

2 2

2 2

2 2 2

2 2 2

2 2 2

2



(x – 0.7)  + (y – 1.3)  = 12.58

iz'ukoyh 11.1
fuEufyf[kr iz'u 1 ls 5 rd izR;sd esa o`Ùk dk lehdj.k Kkr dhft,%

1.osQanz (0,2) vkSj f=kT;k 2 bdkb

Z2.osQanz (–2,3) vkSj f=kT;k 4 bdkbZ

3.osQanz ( ) vkSj f=kT;k bdkbZ

4.osQanz (1,1) vkSj f=kT;k  bdkbZ

5.osQanz (–a, –b) vkSj f=kT;k  gSA

fuEufyf[kr iz'u 6 ls 9 rd esa izR;sd o`Ùk dk osaQnz vkSj f=kT;k Kkr dhft,%

6. (x + 5)  + (y – 3)  = 36 7. x  + y  – 4x – 8y – 45 = 0

8. x  + y  – 8x + 10y – 12 = 0 9. 2x  + 2y – x = 0

10. fcanqvksa (4,1) vkSj (6,5) ls tkus okys o`Ùk dk lehdj.k dhft, ftldk osQanz js[kk 4x + y = 16

ij fLFkr gSA

11. fcanqvksa (2,3) vkSj (–1,1) ls tkus okys o`Ùk dk lehdj.k Kkr dhft, ftldk osaQnz js[kk x – 3y

– 11 = 0 ij fLFkr gSA

12. f=kT;k 5 osQ ml o`Ùk dk lehdj.k Kkr dhft, ftldk osaQUnz x-v{k ij gks vkSj tks fcanq (2,3)ls
tkrk gSA

13. (0,0) ls gksdj tkus okys o`Ùk dk lehdj.k Kkr dhft, tks funsZ'kka{kksa ij a vkSj b var%[k.M
cukrk gSA

14. ml o`Ùk dk lehdj.k Kkr dhft, ftldk osQaaanz (2,2) gks rFkk fcanq (4,5) ls tkrk gSA

2 2

2 2 2 2

2 2 2 2



15. D;k fcanq (–2.5, 3.5) o`Ùk x  + y  = 25 osQ vanj] ckgj ;k o`Ùk ij fLFkr gS ?

11.4 ijoy; (Parabola)
ifjHkk"kk 2 ,d ijoy; ry osQ mu lHkh fcanqvksa dk leqPp; gS tks ,d fuf'pr ljy js[kk vkSj
ry osQ ,d fuf'pr fcanq (tks js[kk ij fLFkr ugha gS) ls leku nwjh ij gSA

fuf'pr ljy js[kk dks ijoy; dh fu;rk (directrix) vkSj fuf'pr fcanq F dks ijoy; dh ukfHk
(focus) dgrs gSa (vko`Qfr 11-13)A (vaxzsth Hkk"kk esa ‘Para’ dk vFkZ ‘ls’ o ‘bola’ dk vFkZ ‘isaQduk’,
vFkkZr~ gok esa xsan isaQdus ls cuk gqvk iFk)

vko`Qfr 11-13

fVIi.kh  ;fn fuf'pr fcanq] fuf'pr ljy js[kk ij fLFkr gks rks ry osQ mu fcanqvksa dk leqPp;
tks fuf'pr fcanq vkSj fuf'pr js[kk ls leku nwjh ij gSa] fuf'pr fcanq ls xq”kjus okyh fuf'pr
js[kk ij yacor ljy js[kk gksrh gSA ge bl ljy js[kk dks ijoy; dh viHkz"V fLFkfr dgrs gSaA

ijoy; dh ukfHk ls tkus okyh rFkk fu;rk ij yac js[kk dks ijoy; dk v{k dgk tkrk gSA ijoy;
dk v{k ftl fcanq ij ijoy; dks dkVrk gS mls ijoy; dk 'kh"kZ(vertex) dgrs gSa (vko`Qfr 11-
14)A

2 2



vko`Qfr 11-14

11.4.1 ijoy; dk izekf.kd lehdj.k (Standard equation of parabola) ijoy; dk
lehdj.k ljyre gksrk gS ;fn bldk 'kh"kZ ewy fcanq ij gks vkSj bldh lefer v{k] x-v{k ;k y-

v{k osQ vuqfn'k gksrk gSA ijoy; osQ ,sls pkj laHko fnd~foU;kl uhps vko`Qfr 11-15(a) ls (d) rd
esa n'kkZ, x, gSaA

vc ge vko`Qfr 11.15 (a) esa n'kkZ, x, ijoy; dk lehdj.k ftldh ukfHk (a, 0) a > 0 vkSj
fu;rk x = – a dks fuEuor izkIr djsaxsA

 



vko`Qfr 11-15 (a) ls (d)

eku yhft, fd ukfHk F vkSj fu;rk l gSA fu;rk ij yac FM [khafp, vkSj FM dks fcanq O ij
lef}Hkkftr dhft,A MO dks X rd c<+kb,A ijoy; dh ifjHkk"kk osQ vuqlkj eè; fcanq O ijoy;
ij gS vkSj ijoy; dk 'kh"kZ dgykrk gSA O dks ewy fcanq ekudj OX dks x-v{k vkSj blosQ yacor
OY dks y-v{k yhft,A eku yhft, fd ukfHk dh fu;rk ls nwjh 2a gSA rc ukfHk osQ funsZ'kkad (a, 0),

a > 0 gS rFkk fu;rk dk lehdj.k x + a = 0 tSlk fd vko`Qfr 11.16 esa gSA

vko`Qfr 11.16

eku yhft, ijoy; ij dksbZ fcanq P(x, y) bl izdkj gS fd



PF = PB ... (1)

tgk¡ PB js[kk l ij yac gSA B osQ funsZ'kkad (– a, y) gSaA nwjh lw=k ls ge ikrs gSa

PF =  vkSj PB = 

D;ksafd PF = PB, ge ikrs gSa]

blfy, (x – a)  + y  = (x + a)

;k x  – 2ax + a  + y  = x  + 2ax + a  ;k y = 4ax,( a > 0).

bl izdkj ijoy; ij dksbZ fcanq lehdj.k y  = 4ax dks larq"V djrk gSA ... (2)

foykser% ekuk (2) ij P(x, y) ,d fcanq gSA

vc PF = = 

=  = PB ... (3)

blfy, P(x,y), ijoy; ij fLFkr gSA

bl izdkj (2) vkSj (3) ls geus fl¼ fd;k fd ,d ijoy; ftldk 'kh"kZ ewy fcanq ij ukfHk (a,0)

rFkk fu;rk x = – a dk lehdj.k y  = 4ax gksrk gSA

foospuk lehdj.k (2) esa] ;fn a > 0, x dk eku /ukRed ;k 'kwU; gks ldrk gS ijarq ½.kkRed
ughaA bl fLFkfr esa ijoy; dks izFke vkSj prqFkZ prqFkk±'k esa vfuf'pr :i ls nwj rd c<+k;k tk
ldrk gS vkSj ijoy; dk v{k] x-v{k dk /ukRed Hkkx gSA

blh izdkj ge ijoy;ksa dk lehdj.k izkIr dj ldrs gSaA

vko`Qfr 11.15 (b) esa y  = – 4ax,

2 2 2

2 2 2 2 2 2

2

2

2



vko`Qfr 11.15 (c) esa x  = 4ay,

vko`Qfr 11.15 (d) esa x  = – 4ay,

bu pkj lehdj.kksa dks ijoy; osQ ekud lehdj.k dgrs gSaA

A fVIi.kh  ijoy; osQ ekud lehdj.k esa] ijoy; dh ukfHk fdlh ,d funsZ'kkad v{k ij
fLFkr gksrh gS] 'kh"kZ ewy fcanq ij gksrk gS vkSj fu;rk] nwljs v{k osQ lekarj gksrh gSA ;gk¡ ,sls
ijoy;ksa dk vè;;u] ftudh ukfHk dksbZ Hkh fcanq gks ldrh gS vkSj fu;rk dksbZ Hkh js[kk gks
ldrh gS] bl iqLrd osQ fo"k; ls ckgj gSA

vko`Qfr 11.15, ls izkIr ijoy; osQ izekf.kd lehdj.k osQ fujh{k.k ls fuEukafdr fu"d"kZ izkIr gksrs
gSa%

1. ijoy;] ijoy; v{k osQ lkis{k lefer gksrk gSA ;fn ijoy; osQ lehdj.k esa y  dk in gS rks
lefer] x-v{k osQ vuqfn'k gS vkSj ;fn lehdj.k esa x  dk in gS rks lefer v{k] y-v{k osQ
vuqfn'k gSA

2. ;fn lefer v{k] x-v{k osQ vuqfn'k gks vkSj

(a) x dk xq.kkad /ukRed gks rks ijoy; nkb± vksj [kqyrk gSA

(b) x dk xq.kkad ½.kkRed gks rks ijoy; ckb± vksj [kqyrk gSA

3. ;fn lefer v{k] y-v{k osQ vuqfn'k gks vkSj

(a) y dk xq.kkad /ukRed gks rks ijoy; Åij dh vksj [kqyrk gSA

(b) y dk xq.kkad ½.kkRed gks rks ijoy; uhps dh vksj [kqyrk gSA

11.4.2 ukfHkyac thok (Latus rectum)

ifjHkk"kk 3 ijoy; dh ukfHk ls tkus okyh vkSj ijoy; dh v{k osQ yacor js[kk[kaM ftlosQ vaR;
fcanq ijoy; ij gksa] dks ijoy; dh ukfHkyac thok dgrs gSa (vko`Qfr 11.17)

2

2

2

2



ijoy; y  = 4ax dh ukfHkyac thok dh yackbZ Kkr djuk (vko`Qfr 11.18)

ijoy; dh ifjHkk"kk osQ vuqlkj, AF = AC

ijarq AC = FM = 2a

vr% AF = 2a

vkSj D;ksafd ijoy;] x-v{k osQ ifjr% lefer gSA vr% AF = FB vkSj blfy, AB = ukfHkyac thok
dh yackbZ = 4a

 

vko`Qfr 11-17 vko`Qfr 11.18

mgnkj.k 5 ;fn ,d ijoy; dk lehdj.k y  = 8x gS rks ukfHk osQ funsZ'kkad] v{k] fu;rk dk
lehdj.k vkSj ukfHkyac thok dh yackbZ Kkr dhft,A

gy fn, lehdj.k esa y  dk in gS blfy, ijoy; x-v{k osQ ifjr% lefer gSA

D;ksafd lehdj.k esa in x dk xq.kkad /ukRed gS blfy, ijoy; nkfguh vksj [kqyrk gSA fn, x,

lehdj.k y  = 4ax, ls rqyuk djus ij] a = 2

vr% ijoy; dh ukfHk (2, 0) gS vkSj ijoy; dh fu;rk dk lehdj.k x = – 2 gS (vko`Qfr 11.19)A

ukfHkyac thok dh yackbZ 4a = 4 × 2 = 8

2

2

2

2



vko`Qfr 11-19

mnkgj.k 6 ukfHk (2,0) vkSj fu;rk x = – 2 okys ijoy; dk lehdj.k Kkr dhft,A

gy D;ksafd ukfHk (2,0) x-v{k ij gS blfy, x-v{k Lo;a ijoy; dk v{k gSA

vr% ijoy; dk lehdj.k y  = 4ax ;k y  = – 4ax osQ :i esa gksuk pkfg, D;ksafd fu;rk x = – 2

gS vkSj ukfHk (2,0) gS, blfy, ijoy; dk lehdj.k y  = 4ax ds :i esa gS tgk¡ a = 2. vr%
ijoy; dk vHkh"V lehdj.k y  = 4(2) x = 8x gSA

mnkgj.k 7 ,d ijoy; dk lehdj.k Kkr dhft, ftldk 'kh"kZ (0]0)vkSj ukfHk (0] 2) gSA

gy D;ksafd 'kh"kZ (0,0) ij vkSj ukfHk (0,2) ij gS] tks y-v{k ij fLFkr gS] vr% ijoy; dk v{k, y-

v{k gSA blfy, ijoy; dk lehdj.k] x  = 4ay ds :i esa gSA vr% ijoy; dk lehdj.k gS x  =

4(2)y, vFkkZr~ x  = 8y

mngkj.k 8 ml ijoy; dk lehdj.k Kkr dhft, tks y-v{k osQ ifjr% lefer gks vkSj fcanq (2,–3)

ls xq”kjrk gSA

gy D;ksafd ijoy; y-v{k osQ ifjr% lefer gS vkSj bldk 'kh"kZ ewy fcanq ij gS] vr% bldk

2 2
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lehdj.k x  = 4ay ;k x  = – 4ay, osQ :i esa gS tgk¡ fpÉ ijoy; osQ Åij ;k uhps [kqyus ij
fuHkZj djrk gS ijarq ijoy; prqFkZ prqFkk±'k esa fLFkr fcanq (2] &3) ls xq”kjrk gS blfy, ;g vo';
gh uhps dh vksj [kqysxkA vr% ijoy; dk lehdj.k x  = – 4ay osQ vuq:i gS] D;ksafd ijoy; (

2,–3), ls xq”kjrk gS] vr% gesa izkIr gksrk gS]

22 = – 4a (–3), vFkkZr~ a = 

vr% ijoy; dk lehdj.k gS

x  =  y, vFkkZr~ 3x  = – 4y

iz'ukoyh 11-2
fuEufyf[kr iz'u 1 ls 6 rd izR;sd esa ukfHk osQ funsZ'kkad] ijoy; dk v{k] fu;rk dk lehdj.k
vkSj ukfHkyac thok dh yackbZ Kkr dhft,%

1. y  = 12x 2. x  = 6y 3. y  = – 8x

4. x  = – 16y 5. y  = 10x 6. x  = – 9y

fuEufyf[kr iz'u 7 ls 12 rd izR;sd esa ijoy; dk lehdj.k Kkr dhft, tks fn, izfrca/ dks
larq"V djrk gS%

7. ukfHk (6,0), fu;rk x = – 6 8. ukfHk (0,–3), fu;rk y = 3

9. 'kh"kZ (0,0), ukfHk (3,0) 10. 'kh"kZ (0,0), ukfHk (–2,0)

11. 'kh"kZ (0,0), (2,3) ls tkrk gS vkSj v{k] x-v{k osQ vuqfn'k gSA

12. 'kh"kZ (0,0), (5,2) ls tkrk gS vkSj y-v{k osQ lkis{k lefer gSA
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11.5 nh?kZo`Ùk (Ellipse)

vko`Qfr 11-20

ifjHkk"kk 4 ,d nh?kZo`Ùk ry osQ mu fcanqvksa dk leqPp; gS ftudk ry esa nks fLFkj fcanqvksa ls nwjh
dk ;ksx vpj gksrk gSA nks fLFkj fcanqvksa dks nh?kZo`Ùk dh ukfHk;k¡ dgrs gSa (vko`Qfr 11.20)A

A fVIi.kh  nh?kZo`Ùk ij fdlh fcanq dk nks fLFkj fcanqvksa ls nwfj;ksa dk ;ksx vpj gksrk gS] og
fLFkj fcanqvksa osQ chp dh nwjh ls vf/d gksrk gSA

ukfHk;ksa dks feykus okys js[kk[kaM osQ eè; fcanq dks nh?kZo`Ùk dk osaQnz dgrs gSaA nh?kZo`Ùk dh ukfHk;ksa ls
tkus okyk js[kk[kaM] nh?kZo`Ùk dk nh/Z v{k (Major axis) dgykrk gS vkSj osaQnz ls tkus okyk vkSj nh/Z
v{k ij yacor js[kk[kaM] nh?kZo`Ùk dk y?kq v{k (Minor axis) dgykrk gSA
nhZ?kZ v{k osQ vUR; fcanqvksa dks nh?kZo`Ùk osQ 'kh"kZ dgrs gSa (vko`Qfr 11-21)A

ge nh?kZ v{k dh yackbZ dks] 2a ls y?kq v{k dh yackbZ dks] 2b ls vkSj ukfHk;ksa osQ chp dh nwjh dks
2c ls fy[krs gSaA vr% v/Z&nh?kZ v{k dh yackbZ a rFkk v/Z&y?kq v{k dh yackbZ b gS (vko`Qfr
11.22)A



 

vko`Qfr 11-21 vko`Qfr 11.22

11.5.1 v/Z&nh/Z v{k] v/Z&y?kq v{k vkSj nh?kZo`Ùk osQ osaQnz ls ukfHk dh nwjh osQ chp esa laca/
(vko`Qfr 11.23)A

vko`Qfr 11-23

vko`Qfr 11-23 esa nh?kZo`Ùk osQ nh?kZ v{k ij ,d vaR; fcanq P yhft,A

fcanq P dh ukfHk;ksa ls nwfj;ksa dk ;ksx F1P + F2P = F1O + OP + F2P

(D;ksafd F1P = F1O + OP)

= c + a + a – c = 2a

vc y?kq v{k ij ,d vaR; fcanq Q yhft,A

fcanq Q dh ukfHk;ksa ls nwfj;ksa dk ;ksx



F Q + F Q =  = 

D;ksafd P vkSj Q nksuksa nh?kZo`Ùk ij fLFkr gSaA

vr% nh?kZo`Ùk dh ifjHkk"kk ls ge ikrs gSa

2  = 2a, vFkkZr~ a =

;k a = b  + c  , vFkkZr~ c = .

11.5.2 ,d nh?kZo`Ùk dh fo'ks"k fLFkfr;k¡ (Special cases of an ellipse) mijksDr izkIr lehdj.k
c  = a  – b  esa] ;fn ge a dk eku fLFkj j[ksa vkSj c dk eku 0 ls a, rd c<+k;as rks ifj.kkeh nh?
kZo`Ùk osQ vkdkj fuEuakfdr izdkj ls cnysaxsA

fLFkfr (i) ;fn c = 0, gks rks nksuksa ukfHk;k¡] nh?kZo`Ùk osQ osaQnz esa fey tkrh gSa vkSj a  = b , ;k a = b,

vkSj blfy, nh?kZo`Ùk ,d o`Ùk cu tkrk gS (vko`Qfr 11.24)A bl izdkj o`Ùk] ,d nh?kZo`Ùk dh fo'ks"k
fLFkfr gS ftls vuqPNsn 11-3 esa of.kZr fd;k x;k gSA

vko`Qfr 11-24

fLFkfr (ii) ;fn c = a, gks rks b = 0. vkSj nh?kZo`Ùk nksuksa ukfHk;ksa dks feykus okys js[kk[kaM F F  rd
fleV tkrk gS (vko`Qfr 11.25)A
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vko`Qfr 11-25

11.5.3 mRosaQnzrk (Eccentricity)

ifjHkk"kk 5 nh?kZo`Ùk dh mRosaQnzrk] nh?kZo`Ùk osQ osaQnz ls ukfHk vkSj osaQnzz ls 'kh"kZ dh nwfj;ksa dk vuqikr

gSA mRosaQnzrk dks e osQ }kjk fufnZ"V djrs gSa] vFkkZr~  gSA

D;ksafd ukfHk dh osaQnz ls nwjh c gS blfy, mRosaQnzrk osQ in esa ukfHk dh osaQnz ls nwjh ae gSsA

11.5.4 nh?kZo`Ùk dk ekud lehdj.k (Standard equation of an ellipse) ,d nh?kZo`Ùk dk
lehdj.k ljyre gksrk gS ;fn nh?kZo`Ùk dk osaQnz ewy fcanq ij gks vkSj ukfHk;k¡ x-v{k ;k y-v{k ij
fLFkr gksaA ,sls nks laHko fndfoU;kl vko`Qfr 11.26 esa n'kkZ, x, gSaA

 

vko`Qfr 11-26

vc ge vko`Qfr 11.26 (a) esa n'kkZ, x, nh?kZo`Ùk] ftldh ukfHk;k¡ x-v{k ij fLFkr gSa] dk lehdj.k



O;qRiUu djsaxsaA

vko`Qfr 11-27

eku yhft, F  vkSj F  ukfHk;k¡ gSa vkSj js[kk[kaM F F  dk eè; fcanq O gSA eku yhft, O ewy fcanq
gS vkSj O ls F  dh vksj /ukRed x-v{k o O ls F  dh vksj ½.kkRed x-v{k gSA ekuk O ls x-

v{k ij yac js[kk y-v{k gSA F  osQ funsZ'kkad (– c, 0) rFkk F  osQ funsZ'kkad (c, 0) eku ysrs gSa
(vko`Qfr 11.27)A

eku yhft, nh?kZo`Ùk ij dksbZ fcanq P(x, y) bl izdkj gS fd P ls nksuksa ukfHk;ksa dh nwfj;ksa dk ;ksx 2a
gS vFkkZr~

PF  + PF  = 2a ... (1)

nwjh lw=k ls ge ikrs gSa]

 = 2a

vFkkZr~  = 2a – 

nksuksa i{kksa dk oxZ djus ij] ge izkIr djrs gSa

(x + c)  + y  = 4a  – 4a 

1 2 1 2
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ftlss ljy djus ij feyrk gS

iqu% oxZ djus o ljy djus ij gesa izkIr gksrk gS

 = 1

vFkkZr~  = 1(D;ksafd c  = a  – b )

vr% nh?kZo`Ùk ij dksbZ fcanq

 = 1 ... (2)

dks larq"V djrk gSA

foykser% ekuk P (x, y) lehdj.k (2) dks larq"V djrk gS] 0 < c < a. rc

y  = b  

blfy, PF  = 

= 

2 2 2

2 2

1



=  (D;ksafd b  = a  – c )

= 

blh izdkj PF2 = 

vr%PF  + PF  =  ... (3)

blfy,] dksbZ fcanq tks = 1, dks larq"V djrk gS] og T;kferh; vuqca/ksa dks Hkh larq"V
djrk gS vkSj blfy, P(x, y) nh?kZo`Ùk ij fLFkr gSA

bl izdkj (2) vksj (3) ls geus fl¼ fd;k fd ,d nh?kZo`Ùk] ftldk osaQnz ewy fcanq vkSj nh?kZ v{k

x-v{k osQ vuqfn'k gS] dk lehdj.k  = 1 gSA

foospuk nh?kZo`Ùk osQ lehdj.k ls ge ;g fu"d"kZ ikrs gSa fd nh?kZo`Ùk ij izR;sd fcanq P (x, y) osQ
fy,

 ≤ 1, vFkkZr~ x  ≤ a , blfy, – a ≤ x ≤ a.

vr% nh?kZo`Ùk js[kkvksa x = – a vkSj x = a osQ chp esa fLFkr gS vkSj bu js[kkvksa dks Li'kZ Hkh djrk gSA

2 2 2
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blh izdkj] nh?kZo`Ùk] js[kkvksa y = – b vkSj y = b osQ chp esa bu js[kkvksa dks Li'kZ djrk gqvk fLFkr gSA

blh izdkj] ge vko`Qfr 11.26 (b) esa] n'kkZ, x, nh?kZo`Ùk osQ lehdj.k  dks O;qRiUu
dj ldrs gSaA

bu nks lehdj.kksa dks nh?kZo`Ùk osQ ekud lehdj.k dgrs gSaA

A fVIi.kh  nh?kZo`Ùk osQ ekud lehdj.k esa] nh?kZo`Ùk dk osaQnz] ewy fcanq ij vkSj nh?kZ v{k o y?kq
v{k funsZ'kka{kksa ij fLFkr gSA ;gk¡ ,sls nh?kZo`Ùkksa dk vè;;u] ftudk osaQnz dksbZ vU; fcanq gks ldrk
gS vkSj osaQnz ls xq”kjus okyh js[kk] nh?kZ v{k o y?kq v{k gks ldrs gSa] bl iqLrd dh fo"k; oLrq
ls ckgj gSaA

vko`Qfr 11.26 ls izkIr nh?kZo`Ùk osQ ekud lehdj.k osQ fujh{k.k ls gesa fuEuakfdr fu"d"kZ izkIr gksrs
gSaA

1. nh?kZo`Ùk nksuksa funsZ'kka{kksa osQ lkis{k lefer gS D;ksafd ;fn nh?kZo`Ùk ij ,d fcanq (x, y) gS rks fcanq (–

x, y), (x, –y) vkSj (– x, –y) Hkh nh?kZo`Ùk ij fLFkr gSaA

2. nh?kZo`Ùk dh ukfHk;k¡ lnSo nh?kZ v{k ij fLFkr gksrh gSaA nh?kZ v{k dks lefer js[kk ij vUr% [kaM
fudkydj izkIr fd;k tk ldrk gSA tSls fd ;fn x  dk gj cM+k gS rks nh/Z v{k x-v{k osQ vuqfn'k
gS vkSj ;fn y  dk gj cM+k gS rks nh?kZ v{k y-v{k osQ vuqfn'k gksrk gSA

11.5.5 ukfHkyac thok (Latus rectum)

ifjHkk"kk 6 nh?kZo`Ùk dh ukfHk;ksa ls tkus okyh vkSj nh?kZ v{k ij yacor js[kk[kaM ftlosQ vaR; fcanq
nh?kZo`Ùk ij gksa] dks nh?kZo`Ùk dh ukfHkyac thok dgrs gSa (vko`Qfr 11.28)A

2

2



vko`Qfr 11.28

nh?kZo`Ùk  dh ukfHkyac thok dh yackbZ Kkr djuk

ekuk AF2 dh yackbZ l gS rc A osQ funsZ'kkad (c, l),vFkkZr~ (ae, l) gSA

D;ksafd A, nh?kZo`Ùk , ij fLFkr gSA blls gesa izkIr gksrk gS%

⇒ l  = b  (1 – e )

activityijarq 

blfy, l  = , vFkkZr~ 

D;ksafd nh?kZo`Ùk y-v{k osQ lkis{k lefer gksrk gS] (fu%lansg ;g nksuksa v{kksa osQ lkis{k lefer gSa)

2 2 2

2



blfy, AF  = F B. vr% ukfHkyac thok dh yackbZ  gSA

mnkgj.k 9 nh?kZo`Ùk  osQ ukfHk;ksa vkSj 'kh"kks± osQ funsZ'kkad] nh?kZ ,o y?kq v{k dh
yackb;k¡] mRosaQnzrk vkSj ukfHkyac thok dh yackbZ Kkr dhft,A

gy D;ksafd  dk gj]  osQ gj ls cM+k gS] blfy, nh?kZ v{k x-v{k osQ vuqfn'k gSaA fn, x,

lehdj.k dh , ls rqyuk djus ij

a = 5 vkSj b = 3

lkFk gh 

vr% ukfHk;ksa osQ funsZ'kkad (&4,0) vkSj (4,0) gS] 'kh"kks± osQ funsZ'kkad (&5, 0) vkSj

(5, 0) gSaA nh?kZ v{k dh yackbZ 2aa = 10 bdkb;k¡] y?kq v{k dh yackbZ 2b = 6 bdkb;k¡ vkSj

mRosaQnzrk  vkSj ukfHkyac  gSA

mnkgj.k 10 nh?kZo`Ùk 9x2 + 4y2 = 36 osQ ukfHk;ksa vkSj 'kh"kks± osQ funsZ'kkad] nh?kZ vkSj y?kq v{k dh
yackb;k¡] vkSj mRosaQnzrk Kkr dhft,A

gy fn, x, nh?kZo`Ùk dh lehdj.k dh izekf.kd lehdj.k osQ :i esa fy[kus ij

2 2



D;ksafd  dk gj]  osQ gj ls cM+k] blfy, nh?kZ v{k] y-v{k osQ vuqfn'k gS A fn, x,

lehdj.k dh ekud lehdj.k , ls rqyuk djus ij gesa izkIr gksrk gS b = 2 vkSj
a = 3

vkSj c =  = 

,oa 

vr% ukfHk;ksa osQ funsZ'kkad (0, ) o (0, – ), gSaA 'kh"kks± osQ funsZ'kkad (0,3) o (0, –3) gSa A nh?

kZ v{k dh yackbZ 2a = 6 bdkb;k¡ y?kq v{k dh yackbZ 4 bdkb;k¡ vkSj nh?kZo`Ùk dh mRosaQnzrk  gSA

mnkgj.k 11 ml nh?kZo`Ùk dk lehdj.k Kkr dhft,] ftldh ukfHk;ksa osQ funsZ'kkad (± 5, 0) rFkk 'kh"kks±
osQ funsZ'kkad (± 13, 0) gaSA

gy D;ksafd nh?kZo`Ùk dk 'kh"kZ x-v{k ij fLFkr gS vr% bldk lehdj.k  osQ
vuq:i gksxk] tgk¡ v/Z&nh?kZ v{k dh yackbZ a gSA gesa Kkr gS] fd] a = 13, c = ± 5.

vr% c  = a  – b , osQ lw=k ls gesa izkIr gksrk gS] 25 = 169 – b  ;k b = 122 2 2 2



vr% nh?kZo`Ùk dk lehdj.k  gSA

mnkgj.k 12 ml nh?kZo`Ùk dk lehdj.k Kkr dhft,] ftlosQ nh?kZ v{k dh yackbZ 20 gS rFkk ukfHk;k¡
(0, ± 5) gSaA

gy D;ksafd ukfHk;k¡ y-v{k ij fLFkr gSa] blfy, nh?kZo`Ùk dk lehdj.k  osQ vuq:i
gSA

fn;k gS a = v/Z nh?kZ v{k 

vkSj lw=k c2 = a – b ls izkIr gksrk gS]

5  = 10  – b ;k b  = 75

vr% 

mnkgj.k 13 ml nh?kZo`Ùk dk lehdj.k Kkr dhft,] ftldh nh?kZ v{k] x-v{k osQ vuqfn'k gS vkSj
(4, 3) rFkk (– 1,4) nh?kZo`Ùk ij fLFkr gSaA

gy nh?kZo`Ùk osQ lehdj.k dk ekud :i  = 1 gSA pw¡fd fcanq (4, 3) rFkk (–1, 4)

nh?kZo`Ùk ij fLFkr gSaA vr% gesa izkIr gksrk gS]

2 2
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 ... (1)

vkSj  = 1 … (2)

lehdj.k (1) vkSj (2) dks gy djus ij  o  izkIr gksrk gSA

vr% vHkh"V lehdj.k%

 ;k 7x + 15y  = 247 gSA

iz'ukoyh 11.3
fuEufyf[kr iz'uksa 1 ls 9 rd izR;sd nh?kZo`Ùk esa ukfHk;ksa vkSj 'kh"kks± osQ funsZ'kkad] nh?kZ vkSj y?kq v{k
dh yackb;k¡] mRosaQnzrk rFkk ukfHkyac thok dh yackbZ Kkr dhft,%

1.  2.  3. 

4.  5.  6. = 1

7. 36x  + 4y  = 144 8. 16x  + y  = 16 9. 4x  + 9y  = 36

fuEufyf[kr iz'uksa 10 ls 20 rd izR;sd esa] fn, izfrca/ksa dks larq"V djrs gq, nh?kZo`Ùk dk lehdj.k
Kkr dhft,%

10. 'kh"kks± (± 5, 0), ukfHk;k¡ (± 4, 0)

2 2
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11. 'kh"kks± (0, ± 13), ukfHk;k¡(0, ± 5)

12. 'kh"kks± (± 6, 0), ukfHk;k¡ (± 4, 0)

13. nh?kZ v{k osQ vaR; fcanq (± 3, 0), y?kq v{k osQ vaR; fcanq (0, ± 2)

14. nh?kZ v{k osQ vaR; fcanq (0, ± ), y?kq v{k osQ vaR; fcanq (± 1, 0)

15. nh?kZ v{k dh yackbZ 26, ukfHk;k¡ (± 5, 0)

16. nh?kZ v{k dh yackbZ 16, ukfHk;k¡ (0, ± 6).

17. ukfHk;k¡ (± 3, 0), a = 4

18. b = 3, c = 4, osaQnz ewy fcanq ij] ukfHk;k¡ x v{k ij

19. osaQnzz (0,0) ij] nh?kZ&v{k] y-v{k ij vkSj fcanqvksa (3, 2) vkSj (1,6) ls tkrk gSA

20. nh?kZ v{k] x-v{k ij vkSj fcanqvksa (4,3) vkSj (6,2) ls tkrk gSA

11.6 vfrijoy; (Hyperbola)
ifjHkk"kk 7 ,d vfrijoy;] ry osQ mu lHkh fcanqvksa dk leqPp; gS ftudh ry esa nks fLFkj
fcanqvksa ls nwjh dk varj vpj gksrk gSA

vko`Qfr 11-29

ifjHkk"kk esa ^varj* 'kCn dk iz;ksx fd;k x;k gS ftldk vFkZ gS nwj fLFkr fcanq ls nwjh ½.k fudV



fLFkr fcanq ls nwjhA nks fLFkj fcanqvksa dks nh?kZo`Ùk dh ukfHk;k¡ dgrs gSaA ukfHk;ksa dks feykus okys
js[kk[kaM osQ eè; fcanq dks vfrijoy; dk osaQnz dgrs gSaA ukfHk;ksa ls xq”kjus okyh js[kk dks vuqizLFk
v{k (transverse axis) rFkk osaQnz ls xq”kjus okyh js[kk vkSj vuqizLFk v{k ij yacor~ js[kk dks la;qXeh
v{k (conjugate axis) dgrs gSaA vfrijoy;] vuqizLFk v{k dks ftu fcanqvksa ij dkVrk gS] mUgsa
vfrijoy; osQ 'kh"kZ (vertices) dgrs gSa (vko`Qfr 11.29)A

nksuksa ukfHk;ksa osQ chp dh nwjh dks ge 2c ls iznf'kZr djrs gSa] nksuksa 'kh"kks± osQ chp dh nwjh (vuqizLFk
v{k dh yackbZ) dks 2a ls iznf'kZr djrs gSa vkSj ge jkf'k b dks bl izdkj ifjHkkf"kr djrs gSa fd b

= 2b dks la;qXeh v{k dh yackbZ Hkh dgrs gS (vko`Qfr 11.30)A

vko`Qfr 11.30

lehdj.k (1) dh vpj jkf'k P F  – P F  Kkr djuk

vko`Qfr 11-30 esa A rFkk B ij fcanq P dks j[kus ij gesa izkIr gksrk gS]

BF  – BF  = AF  – AF  (vfrijoy; dh ifjHkk"kk osQ vuqlkj)

BA +AF – BF  = AB + BF – AF

vFkkZr~ AF  = BF

blfy,] BF  – BF  = BA + AF – BF  = BA = 2a

1 2 1 1
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11.6.1 mRosaQnzrk (Eccentricity)

ifjHkk"kk 8 nh?kZo`Ùk dh rjg gh vuqikr e =  dks vfrijoy; dh mRosaQnzrk dgrs gSaA pw¡fd c ≥ a,

blfy, mRosaQnzrk dHkh Hkh ,d ls de ugha gksrh gSA mRosaQnzrk osQ laca/ esa] ukfHk;k¡ osaQnz ls ae dh
nwjh ij gksrh gSA

11.6.2 vfrijoy; dk ekud lehdj.k (Standard equation of Hyperbola) ;fn vfrijoy;
dk osaQnz ewy fcanq ij vkSj ukfHk;k¡ x-v{k vkSj y-v{k ij fLFkr gksa rks vfrijoy; dk lehdj.k
ljyre gksrk gS ,sls nks laHko fnd~foU;kl vko`Qfr 11-31 esa n'kkZ, x, gSaA

vc ge vko`Qfr 11.31(a) esa n'kkZ, x, vfrifjoy;] ftldh ukfHk;k¡ x-v{k ij fLFkr gSa dk
lehdj.k O;qRiUu djsaxsA

 

vko`Qfr 11-31

eku yhft, F  vkSj F  ukfHk;k¡ gSa vkSj js[kk[kaM F F  dk eè; fcanq O gSA eku yhft, O ewy fcanq1 2 1 2



gS vkSj O ls F  dh vksj /ukRed x-v{k o O ls F  dh vksj ½.kkRed x-v{k gSA ekuk O ls x-

v{k ij yac y-v{k gSA F  osQ funsZ'kkad (– c,0) vkSj F  osQ funsZ'kkad (c,0) eku ysrs gSa (vko`Qfr 11-
32)A

vko`Qfr 11-32

eku yhft, vfrijoy; ij dksbZ fcanq P(x, y) bl izdkj gS fd P dh nwjLFk fcanq ls o fudVLFk fcanq
ls nwjh;ksa dk varj 2a gS blfy,] PF1 – PF2 = 2a

nwjh lw=k ls ge ikrs gSa

;k 

nksuksa i{kksa dk oxZ djus ij] ge izkIr djrs gSa]

(x + c)  + y  = 4a  + 4a  + (x – c)  + y

ftls ljy djus ij feyrk gS]

 – a = 

iqu% oxZ djus o ljy djus ij gesa izkIr gksrk gS]

2 1
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;k (D;ksafd c  – a  = b )

vr% vizfrijoy; ij fLFkr dksbZ fcanq

dks larq"V djrk gSA

foykser% ekuk P(x, y), lehdj.k (3) dks larq"V djrk gS] 0 < a < c. rc]

y  = b  

bl izdkj PF  = + 

= +  = a + 

blh izdkj PF  = a – x

vfrijoy; esa c > a vkSj pw¡fd P js[kk x = a, osQ nkfguh vksj gS] x > a, vkSj blfy, x > a. ;k

a –  x ½.kkRed gks tkrk gSA vr% PF  = x – a.

2 2 2

2 2

1

2

2



blfy, PF  – PF  = a + x –  + a = 2a

è;ku nhft,] ;fn P js[kk x = – a, osQ ckb± vksj gksrk rc PF  , PF  = a – 

.

ml fLFkfr esa PF  – PF  = 2a. blfy, dksbZ fcanq tks , dks larq"V djrk gS rks
vfrijoy; ij fLFkr gksrk gSA

bl izdkj geus fl¼ fd;k fd ,d vfrijoy;] ftldk osaQnz (0,0) o vuqizLFk v{k] x-v{k osQ

vuqfn'k gS] dk lehdj.k gS .

A fVIi.kh  ,d vfrijoy; ftlesa a = b gks] ledks.kh; vfrijoy; (rectangular

hyperbola) dgykrk gSA

foospuk vfrijoy; osQ lehdj.k ls ge ;g fu"d"kZ ikrs gSa fd vfrijoy; ij izR;sd fcanq

(x, y) osQ fy,]  ≥ 1.

vFkkZr~  ≥ 1, vFkkZr~ x ≤ – a ;k x ≥ a. blfy,] oØ dk Hkkx js[kkvksa x = + a vkSj x = – a ,osQ

1 2

1 2

2 1



chp esa fLFkr ugha gS (vFkok la;qXeh v{k ij okLrfod var%[kaM ugha gksrs gSa)A

blh izdkj] vko`Qfr 11.31 (b) esa] ge vfrijoy; dk lehdj.k = 1 O;qRiUu dj
ldrs gSaA

bu nks lehdj.kksa dks vfrijoy; dk ekud lehdj.k dgrs gSaA

A fVIi.kh  vfrijoy; osQ ekud lehdj.k esa] vfrijoy; dk osaQnz] ewy fcanq ij vkSj
vuqizLFk v{k o la;qXeh v{k funsZ'kka{kks ij fLFkr gSaA rFkkfi ;gk¡ ,sls Hkh vfrijoy; gksrs gSa
ftuesa dksbZ nks yacor~ js[kk,¡ vuqizLFk v{k o la;qXeh v{k gksrs gSa ijarq ,slh fLFkfr;ksa dk vè;;u
mPp d{kkvksa esa gSaA

vko`Qfr 11.29, ls izkIr vfrijoy;ksa osQ ekud lehdj.k osQ fujh{k.k ls gesa fuEufyf[kr fu"d"kZ
izkIr gksrs gSa%

1. vfrijoy;] nksuksa funsZ'kka{kksa osQ lkis{k lefer gSa D;ksafd ;fn vfrijoy; ij ,d fcanq (x, y) gS
rks fcanq (– x, y), (x, – y) vkSj (– x, – y) Hkh vfrijoy; ij fLFkr gSaA

2. vfrijoy; dh ukfHk;k¡ lnSo vuqizLFk v{k ij fLFkr gksrh gSaA ;g lnSo ,d /ukRed in gS

ftldk gj vuqizLFk v{k nsrk gSA mnkgj.kr% dk vuqizLFk v{k] x&v{k osQ vuqfn'k

gS vkSj bldh yackbZ 6 gS tcfd  dk vuqizLFk v{k] y&v{k osQ vuqfn'k gS vkSj
bldh yackbZ 10 gSA

11.6.3 ukfHkyac thok (Latus rectum)



ifjHkk"kk 9 vfrijoy; dh ukfHk;ksa ls tkus okyh vkSj vuqizLFk v{k ij yacor~ js[kk[kaM ftlosQ vaR;
fcanq vfrijoy; ij gksa] dks vfrijoy; dh ukfHkyac thok dgrs gSaA

nh?kZo`Ùkksa dh Hkk¡fr] ;g n'kkZuk ljy gS fd vfrijoy; dh ukfHkyac thok dh yackbZ gSA

mnkgj.k 14 fuEufyf[kr vfrijoy;ksa osQ 'kh"kks± vkSj ukfHk;ksa osQ funsZ'kkadksa] mRosaQnzrk vkSj ukfHkyac
thok dh yackbZ Kkr dhft,A

(i)  (ii) y  – 16x  = 16

gy (i) fn, x, lehdj.k  dk ekud lehdj.k

ls rqyuk djus ij] ge ikrs gSa fd

a a= 3, b = 4 vkSj c = 

vr% ukfHk;ksa osQ funsZ'kkad (± 5, 0) gSa vkSj 'kh"kks± osQ funsZ'kkad (± 3, 0) gaSA

mRosaQnzrk e = 

ukfHkyac thok dh yackbZ 

2 2



(ii) fn;s x, lehdj.k osQ nksuksa i{kksa dks 16 ls Hkkx djus ij gesa izkIr gksrk gS]

ekud lehdj.k , ls rqyuk djus ij ge ikrs gSa fd

a = 4, b = 1vkSj 

vr% ukfHk;ksa osQ funsZ'kkad (0, ± ) gSa vkSj 'kh"kks± osQ funsZ'kkad (0, ± 4) gaSA

mRosaQnzrk 

ukfHkyac thok dh yackbZ .

mnkgj.k 15 ukfHk;k¡ (0, ± 3) vkSj 'kh"kks± (0, ± ) okys vfrijoy; dk lehdj.k Kkr dhft,A

gy D;kasfd ukfHk;k¡ y-v{k ij gSa, blfy, vfrijoy; dk lehdj.k osQ :i esa gSA

D;kasfd 'kh"kZ (0, ±  ), blfy, a = 

vkSj ukfHk;k¡ (0, ± 3); c = 3 vkSj b  = c  – a  = .

blfy,] vfrijoy; dk lehdj.k gS

2 2 2



 = 1, vFkkZr~ 100 y  – 44 x  = 275.

mnkgj.k 16 ml vfrijoy; dk lehdj.k Kkr dhft, ftldh ukfHk;k¡ (0, ±12) vkSj ukfHkyac
thok dh yackbZ 36 gSA

gy D;kasfd ukfHk;k¡ (0, ± 12), gS blfy, c = 12.

ukfHkyac thok dh yackbZ = , b  = 18a

blfy, c  = a  + b ; ls

144 = a  + 18a

vFkkZr a  + 18a – 144 = 0,

a = – 24, 6.

D;ksafd a ½.kkRed ugha gks ldrk gS] blfy, ge a = 6 ysrs gSa vkSj b  = 108.

vr% vHkh"V vfrijoy; dk lehdj.k

gS, vFkkZr~ 3y  – x  = 108

iz'ukoyh 11.4
fuEufyf[kr iz'u 1 ls 6 rd izR;sd esa] vfrijoy;ksa osQ 'kh"kks±] ukfHk;ksa osQ funsZ'kkad] mRosaQnzrk vkSj
ukfHkyac thok dh yackbZ Kkr dhft,%

2 2

2

2 2 2
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1.  2.  3. 9y2 – 4x2 = 36

4. 16x2 – 9y2 = 576 5. 5y2 – 9x2 = 36 6. 49y2 – 16x2 = 784.

fuEufyf[kr iz'u 7 ls 15 rd izR;sd esa] fn, x, izfrca/ksa dks larq"V djrs gq, vfrijoy; dk
lehdj.k Kkr dhft,%

7. 'kh"kZ (± 2, 0), ukfHk;k¡ (± 3, 0) 8. 'kh"kZ (0, ± 5), ukfHk;k¡ (0, ± 8)

9. 'kh"kZ (0, ± 3), ukfHk;k¡ (0, ± 5)

10. ukfHk;k¡ (± 5, 0), vuqizLFk v{k dh yackbZ 8 gSA

11. ukfHk;k¡ (0, ±13), la;qXeh v{k dh yackbZ 24 gSA

12. ukfHk;k¡ (± 3 , 0), ukfHkyac thok dh yackbZ 8 gSA

13. ukfHk;k¡ (± 4, 0), ukfHkyac thok dh yackbZ 12 gSA

14. 'kh"kZ (± 7,0), e = .

15. ukfHk;k¡ (0, ± ), gSa rFkk (2,3) ls gksdj tkrk gSA

fofo/ mnkgj.k
mnkgj.k 17 ,d ijoy;kdkj ijkorZd dh ukfHk] blosQ 'kh"kZ osaQnz ls 5 lseh dh nwjh ij gS tSlk fd
vko`Qfr 11-33 esa n'kkZ;k x;k gSA ;fn ijkorZd 45 lseh xgjk gS] rks vko`Qfr 11-33 esa nwjh AB Kkr
dhft, (vko`Qfr 11-33)A



vko`Qfr 11.33

gy D;ksafd ukfHk dh osaQnz 'kh"kZ ls nwjh 5 lseh gS] ge a = 5 lseh ikrs gSaA ;fn 'kh"kZ ewy fcanq vkSj
niZ.k dh v{k] x&v{k osQ /u Hkkx osQ vuqfn'k gks rks ijoy;kdkj ifjPNsn dk lehdj.k

y  = 4 (5) x = 20 x gSA

;fn x = 45 rks ge ikrs gSa

y  = 900

blfy, y = 30

vr% AB = 2y = 2 × 30 = 60 lseh

mnkgj.k 18 ,d naM osQ fljs] 12 ehVj nwj j[ks vk/kjksa ij fVosQ gSaA pw¡fd naM dk Hkkj osaQnz ij
osaQfnzr gksus ls naM esa osaQnz ij 3 lseh dk >qdko vk tkrk gS vkSj >qdk gqvk naM ,d ijoy;kdkj gSA
osaQnz ls fdruh nwjh ij >qdko 1 lseh gS\

2

2



vko`Qfr 11.34

gy eku yhft, 'kh"kZ fuEure fcanq ij vkSj v{k mèokZ/j gSA ekuk funsZ'kka{k] vko`Qfr 11.34 osQ
vuqlkj n'kkZ, x, gSaA

ijoy; dk lehdj.k x  = 4ay tSlk gSA pw¡fd ;g , ls xq”kjrk gS blfy, gesa

(6)2 = 4a , vFkkZr~ a =  = 300 eh izkIr gSA

vc naM esa >qdko AB, eh gSA B osQ funsZ'kkad (x, ) gSaA

blfy, x  = 4 × 300 ×  = 24

x =  =  eh

mnkgj.k 19 15 lseh yach ,d NM+ AB nksuksa funsZ'kka{kksa osQ chp esa bl izdkj j[kh xbZ gS fd mldk
,d fljk A, x-v{k ij vkSj nwljk fljk B, y-v{k ij jgrk gS NM+ ij ,d fcanq P(x, y) bl izdkj
fy;k x;k gS fd AP = 6 lseh gSa fn[kkb, fd P dk fcanqiFk ,d nh?kZo`Ùk gS A

2
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vko`Qfr 11.35

gy eku yhft, NM+ AB, OX osQ lkFk θ dks.k cukrh gS tSlk fd vko`Qfr 11-35 esa fn[kk;k x;k gSA
AB ij fcanq P(x, y) bl izdkj gS fd AP = 6 lseh gSA

D;ksafd AB = 15 lseh, blfy, PB = 9 lseh

P ls PQ vkSj PR Øe'k% y-v{k vkSj x-v{k ij yac Mkfy,A

∆ PBR ls, cos θ = 

∆ PRA ls, sin θ = 

D;ksafd cos  θ + sin θ = 1

vr% 

;k 

vr% P dk fcanqiFk ,d nh?kZo`Ùk gSA

2 2



vè;k; 11 ij vk/kfjr fofo/ iz'ukoyh
1. ;fn ,d ijoy;kdkj ijkorZd dk O;kl 20 lseh vkSj xgjkbZ 5 lseh gSA ukfHk Kkr dhft,A

2. ,d esgjkc ijoy; osQ vkdkj dk gS vkSj bldk v{k ÅèokZ/j gSA esgjko 10 ehVj Å¡pk gS vkSj
vk/kj esa 5 ehVj pkSM+k gS ;g] ijoy; osQ nks ehVj dh nwjh ij 'kh"kZ ls fdruk pkSM+k gksxk\

3. ,d loZle Hkkjh >wyrs iqy dh osQfcy (cable)ijoy; osQ :i esa yVdh gqbZ gSA lM+d iFk tks
{kSfrt gS 100 ehVj yack gS rFkk osQfcy ls tqM+s ÅèokZ/j rkjksa ij fVdk gqvk gS] ftlesa lcls yack
rkj 30 ehVj vkSj lcls NksVk rkj 6 ehVj gSA eè; ls 18 ehVj nwj lM+d iFk ls tqM+s leFkZd
(supporting) rkj dh yackbZ Kkr dhft,A

4. ,d esgjko v/Z&nh?kZo`Ùkkdkj :i dk gSA ;g 8 ehVj pkSM+k vkSj osaQnz ls 2 ehVj Å¡pk gSA ,d
fljs ls 1-5 ehVj nwj fcanq ij esgjko dh Å¡pkbZ Kkr dhft,A

5. ,d 12 lseh yach NM+ bl izdkj pyrh gS fd blosQ fljs funsZ'kka{kks dks Li'kZ djrs gSaA NM+ osQ
fcanq P dk fcanqiFk Kkr dhft, tks x-v{k osQ laioZQ okys fljs ls 3 lseh nwj gSA

6. f=kHkqt dk {ks=kiQy Kkr dhft, tks ijoy; x  = 12y osQ 'kh"kZ dks bldh ukfHkyac thok osQ fljksa
dks feykus okyh js[kkvksa ls cuk gSA

7. ,d O;fDr nkSM+iFk ij nkSM+rs gq,s vafdr djrk gS fd mlls nks >aMk pkSfd;ksa dh nwfj;ksa dk ;ksx
lnSo 10 ehVj jgrk gSA vkSj >aMk pkSfd;ksa osQ chp dh nwjh 8 ehVj gSA O;fDr }kjk cuk, iFk dk
lehdj.k Kkr dhft,A

8. ijoy; y  = 4 ax, osQ varxZr ,d leckgq f=kHkqt gS ftldk ,d 'kh"kZ ijoy; dk 'kh"kZ gSA
f=kHkqt dh Hkqtk dh yackbZ Kkr dhft,A

lkjka'k
bl vè;k; esa fuEufyf[kr ladYiukvksa ,oa O;kidrkvksa dk vè;;u fd;k gSA

,d o`Ùk] ry osQ mu fcanqvksa dk leqPp; gS tks ry osQ ,d fLFkj fcanq ls leku nwjh ij
gksrs gSaA
osaQnz (h, k) rFkk f=kT;k r osQ o`Ùk dk lehdj.k (x – h)  + (y – k)  = r  gSA

2
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,d ijoy; ry osQ mu lHkh fcanqvksa dk leqPp; gS tks ,d fuf'pr ljy js[kk vkSj
ry osQ ,d fuf'pr fcanq ls leku nwjh ij gSaA
ukfHk (a, 0), a > 0 vkSj fu;rk x = – a okys ijoy; dk lehdj.k y  = 4ax gSA
ijoy; dh ukfHk ls tkus okyh vkSj ijoy; osQ v{k osQ yacor js[kk[kaM ftlosQ vaR;
fcanq ijoy; ij gksa] dks ijoy; dh ukfHkyac thok dgrs gSaA
ijoy; y = 4ax osQ ukfHkyac thok dh yackbZ 4a gSA
,d nh?kZo`Ùk ry osQ mu fcanqvksa dk leqPp; gS ftudh ry esa nks fLFkj fcanqvksa ls nwjh
dk ;ksx vpj gksrk gSA

x-v{k ij ukfHk okys nh?kZo`Ùk dk lehdj.k  gSA
nh?kZo`Ùk dh fdlh Hkh ukfHk ls tkus okyh vkSj nh?kZ v{k ij yacor js[kk[kaM] ftlosQ vaR;
fcanq nh?kZo`Ùk ij gksa] dks nh?kZo`Ùk dh ukfHkyac thok dgrs gSaA

nh?kZo`Ùk  osQ ukfHkyac thok dh yackbZ  gSA
nh?kZo`Ùk dh mRosaQnzrk] nh?koZ`Ùk osQ osaQnz ls ukfHk vkSj osaQnzz ls 'kh"kZ dh nwfj;ksa dk vuqikr
gSA
,d vfrijoy; ry osQ mu lHkh fcanqvksa dk leqPp; gS ftudh ry esa nks fLFkj fcanqvksa
ls nwjh dk varj vpj gksrk gSA

x-v{k ij ukfHk okys vfrijoy; dk lehdj.k gSA
vfrifjoy; dh fdlh Hkh ukfHk ls tkus okyh vkSj vuqizLFk ij yacor js[kk[kaM ftlosQ
vaR; fcanq vfrijoy; ij gksa] dks vfrijoy; dh ukfHkyac thok dgrs gSaA

vfrijoy;  osQ ukfHkyac thok dh yackbZ gSA
vfrijoy; dh mRosaQnzrk] vfrijoy; osQ osaQnz ls ukfHk vkSj osaQnzz ls 'kh"kZ dh nwfj;ksa dk
vuqikr gSA

2
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,sfrgkfld i`"BHkwfe
T;kfefr xf.kr dh lcls izkphu 'kk[kkvsa esa ls ,d gSA ;wuku osQ T;kfefrfonksa us vusd oØksa osQ
xq.k/eks± dk vUos"k.k fd;k ftudh lS¼akfrd vkSj O;kogkfjd egÙkk gSA Euclid us yxHkx 300 bZ-
iw- T;kfefr ij viuk Hkk"; fy[kkA og loZizFke O;fDr Fks ftUgksusa HkkSfrd fparu }kjk lq>k, x,
fuf'pr vfHkxzghfr;ksa osQ vk/kj ij T;kferh; fp=kksa dks laxfBr fd;kA T;kfefr] ftldk izkjaHk
Hkkjfr;ksa vkSj ;wukfu;ksa us fd;k] mlosQ vè;;u esa mUgksaus chtxf.kr dh fof/;ksa osQ vuqiz;ksx dks
vko';d ugha crk;kA T;kfefr fo"k; dh ,dhdj.k igq¡p tks Euclid] us fn;k rFkk tks lqYolw=kksa
ls izkIr Fkh bR;kfn us nh] yxHkx 1300 o"kks± rd pyrh jgha 200 bZ- iw- esa Apollonius us ,d
iqLrd] ‘The Conic’ fy[kh tks vusd egRoiw.kZ vUos"k.kksa osQ lkFk 'kaoqQ ifjPNsnksa osQ ckjs esa Fkh
vkSj 18 'krkfCn;ksa rd cstksM+ jghA

Rene Descartes (1596-1650 A.D.) osQ uke ij vk/qfud os'ysf"kd T;kfefr dks dkrhZ;
(Cartesian) dgk tkrk gS ftldh lkFkZdrk La Geometry uke ls 1637 bZ- esa izdkf'kr gqbZA
ijarq oS'ysf"kd T;kfefr osQ ewyHkwr fl¼kar vkSj fof/;ksa dks igys gh Peirre de Farmat (1601-

1665 bZ-) us vUosf"kr dj fy;k FkkA nqHkkZX;o'k] Fermates dk fo"k; ij Hkk";] Ad Locus

Planos et So LIDOS Isagoge & ‘Introduction to Plane and Solid Loci’ osQoy mudh e`R;q
osQ ckn 1679 bZ- esa izdkf'kr gqvk FkkA blfy, Descartes dh oS'ysf"kd T;kfefr dks vf}rh;
vUos"kd dk Js; feykA

Isaac Barrow us dkrhZ; fof/;ksa osQ iz;ksx dks frjLo`Qr fd;kA U;wVu us oØksa osQ lehdj.k Kkr
djus osQ fy, vKkr xq.kkadks dh fof/ dk iz;ksx fd;kA mUgksaus vusd izdkj osQ funsZ'kkadksa] /zqoh;
(Polar) vkSj f}/zqoh; (bipolar) dk iz;ksx fd;kA

Leibnitz us ^Hkqt* (abcissa)] ^dksfV* (ordinate) vkSj funsZ'kkad inksa (Coordinate)] dk iz;ksx
fd;kA L.Hospital (yxHkx 1700 bZ-) us oS'ysf"kd T;kfefr ij ,d egRoiw.kZ ikB~; iqLrd
fy[khA



Clairaut (1729 bZ-) us loZizFke nwjh lw=k dks fn;kA ;|fi ;g 'kq¼ :i esas Fkk mUgksaus jSf[kd
lehdj.k dk var%[kaM :i Hkh fn;kA Cramer (1750 bZ-) us vkSipkfjd :i ls nks funsZ'kk{kksa dks
iz;ksx djosQ o`Ùk dk lehdj.k (y – a)  + (b – x)  = r fn;kA mUgksaus ml le; esa oS'ysf"kd
T;kfefr dk loksZÙke izLrqrhdj.k fn;kA Monge (1781bZ-) us vk/qfud fcanq izo.krk osQ :i esa
js[kk dk lehdj.k fuEu izdkj ls fn;kA

y – y′ = a (x – x′)

rFkk nks js[kkvksa osQ yacor gksus dk izfrca/ aa′ + 1 = 0 fn;kA

S.F. Lacroix (1765-1843 bZ-) izfl¼ ikB~; iqLrd ys[kd Fks] ysfdu mudk oS'ysf"kd T;kfefr
esa ;ksxnku dgha dgha feyrk gSA mUgksaus js[kk osQ lehdj.k dk nks fcanq :i

vkSj (α, β) ls y = ax + b ij yac dh yackbZ  crk;kA mUgksusa nks js[kkvksa osQ

eè;LFk dks.k dk lw=k tan θ  Hkh fn;kA ;g okLro esa vk'p;Ztud gS fd
oS'ysf"kd T;kfefr osQ vUos"k.k osQ ckn bu ewyHkwr vko';d lw=kksa dks Kkr djus osQ fy, 150
o"kks± ls vf/d bar”kkj djuk iM+kA 1818 bZ- esa C. Lame] ,d flfoy bathfu;j] us nks fcanqiFkksa
E = 0 vkSj E′ = 0 osQ izfrPNsn fcanq ls tkus okys oØ mE + m′E′ = 0 dks crk;kA

foKku ,oa xf.kr nksuksa esa vusd egRoiw.kZ vUos"k.k 'kaoqQ ifjPNsnksa ls lacaf/r gSaA ;wukfu;ksa
fo'ks"kdj Archimedes (287–212 bZ-iw-) vkSj Apollonius (200 bZ-iw-) us 'kaoqQ ifjPNsnksa dk
vè;;u fd;kA vktdy ;s oØ egRoiw.kZ miØe gSa] ftlls cká varfj{k vkSj ijek.kq d.kksa osQ
O;ogkj ls lacaf/r vUos"k.kksa osQ }kjk vusd jgL;ksa dk mn~?kkVu gqvk gSA
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vè;k; 12

f=kfoeh; T;kfefr dk ifjp;

(Introduction to Three Dimensional
Geometry)

v Mathematics is both the queen and the hand-maiden of all sciences – E.T. Bellv

12-1 Hkwfedk (Introduction)
ge tkurs gSa] fd fdlh ry esa fLFkr ,d fcanq dh fLFkfr fuèkkZj.k osQ fy, gesa ml ry esa nks ijLij
yac ,oa izfrPNsfnr js[kkvksa ls ykafcd nwfj;ksa dh vko';drk gksrh gSA bu js[kkvksa dks funsZ'kka{k vkSj
mu nks ykafcd nwfj;ksa dks v{kksas osQ lkis{k ml fcanq osQ funsZ'kkad (coordinate) dgrs gSaA okLrfod
thou esa gekjk osQoy ,d ry esa fLFkr fcanqvksa ls gh lacaèk ugha jg tkrk gSA mnkgj.kr% varfj{k esa
iQsaosQ x, ,d xsan dh fofHkUu le; esa fLFkfr vFkok ,d LFkku ls nwljs LFkku rd tkus osQ nkSjku
ok;q;ku dh ,d fof'k"V le; esa fLFkfr vkfn] dks Hkh tkuus dh vko';drk iM+rh gSA



Leonhard Euler

(1707-1783 A.D.)

blh izdkj ,d dejs dh Nr ls yVdrs gq, ,d fo|qr cYc dh fupyh uksd vFkok Nr osQ ia[ks
dh uksd dh fLFkfr dk fuèkkZj.k djus osQ fy, gesa mu fcanqvksa dh nks ijLij yac nhokjksa ls nwfj;k¡
ek=k gh i;kZIr ugha gS cfYd ml fcanq dh] dejs osQ iQ'kZ ls Å¡pkbZ] dh Hkh vko';drk iM+rh gSA
vr% gesa osQoy nks ugha cfYd rhu ijLij ykafcd ryksa ls yacor~ nwfj;ksa dks fu:fir djus osQ fy,
rhu la[;kvksa dh vko';drk gksrh gS] tks fcanq dh nks ijLij yac nhokjksa ls nwfj;k¡] rFkk ml dejs osQ
iQ'kZ ls Å¡pkbZ dks O;Dr djrh gSaA dejs dh ijLij yac nhokjksa rFkk ml {kSfrt dk iQ'kZ rhu ijLij
izfrPNsfnr djus okys ry gSaA bu ijLij izfrPNsfnr djus okys ryksa ls yac nwfj;ksa dks O;Dr djus
okyh rhu la[;k,¡ ml fcanq osQ rhu funsZ'kkad ryksa osQ lkis{k funsZ'kkad dgykrs gSaA bl izdkj varfj{k
(space) esa fLFkr ,d fcanq osQ rhu funsZ'kkad gksrs gSaA bl vè;k; esa ge f=kfoeh; varfj{k esa T;kfefr
dh ewyHkwr ladYiukvksa dk vè;;u djsaxsA

12-2 f=kfoeh; varfj{k esa funsZ'kka{k vkSj funsZ'kkad&ry



(Coordinate Axes and Coordinate Planes in Three
Dimensional Space)
fcanq O ij izfrPNsfnr djus okys rhu ijLij yac ryksa dh dYiuk dhft, (vko`Qfr 12-1)A ;s rhuksa
ry js[kkvksa X'OX, Y'OY vkSj Z'OZ ij izfrPNsfnr djrs gSa ftUgsa Øe'k% x&v{k] y&v{k vkSj z&v{k
dgrs gSaA ge Li"Vr% ns[krs gSa fd ;s rhuksa js[kk,¡ ijLij yac gSaA bUgsa ge ledksf.kd funsZ'kkad
fudk; dgrs gSaA XOY, YOZ vkSj ZOX, ryksa dks Øe'k% XY&ry] YZ&ry] rFkk ZX&ry] dgrs gSaA
;s rhuksa ry funsZ'kkad ry dgykrs gSaA

vko`Qfr 12-1

ge dkxt osQ ry dks XOY ry ysrs gSaA vkSj Z'OZ js[kk dks ry XOY ij yacor ysrs gSaA ;fn
dkxt osQ ry dks {kSfrtr% j[ksa rks Z'OZ js[kk ÅèokZjr% gksrh gSA XY-ry ls OZ dh fn'kk esa Åij
dh vksj ukih xbZ nwfj;k¡ èkukRed vkSj OZ' dh fn'kk esa uhps dh vksj ukih xbZ nwfj;k¡ ½.kkRed gksrh
gSaA Bhd mlh izdkj ZX-ry osQ nkfgus OY fn'kk esa ukih xbZ nwfj;k¡ èkukRed vkSj ZX ry osQ ck,¡
OY' dh fn'kk esa ukih xbZ nwfj;k¡ ½.kkRed gksrh gSaA YZ-ry osQ lEeq[k OX fn'kk esa ukih xbZ nwfj;k¡
èkukRed rFkk blosQ ihNs OX' dh fn'kk esa ukih xbZ nwfj;k¡ ½.kkRed gksrh gSaA fcanq O dks funsZ'kkad
fudk; dk ewy fcanq dgrs gSaA rhu funsZ'kkad ry varfj{k dks vkB Hkkxksa esa ckaVrs gSa] bu v"Vk'kksa osQ
uke XOYZ, X'OYZ, X'OY'Z, XOY'Z, XOYZ', X'OY'Z', X'OY'Z' vkSj XOY'Z' gSaA vkSj ftUgsa Øe'k%
I, II, III, ...., VIII }kjk iznf'kZr djrs gSaA



12-3 varfj{k esa ,d fcanq osQ funsZ'kkad (Coordinates of a
Point in Space)
varfj{k esa fuf'pr funsZ'kka{kksa] funsZ'kkad ryksa vkSj ewy fcanq lfgr funsZ'kka{k fudk; osQ p;u osQ i'pkr~~
fn, fcanq osQ rhu funsZ'kkad (x , y, z) dks Kkr djus dh fofèk rFkk foykser% rhu la[;kvksa osQ f=kfnd
(Triplet) fn, tkus ij varfj{k esa laxr fcanq (x, y, z) osQ fuèkkZj.k djus dh fofèk dh vc ge foLrkj
ls O;k[;k djrs gSaA

varfj{k esa fn, x, fcanq P ls XY&ry ij PM yac [khaprs gSa ftldk ikn M gS (vko`Qfr 12-2)A rc
M ls x–v{k ij ML yac [khafp,] tks mlls L ij feyrk gSA eku yhft, OL=x, LM = y vkSj PM

= z rc (x, y, z) fcanq P osQ funsZ'kkad dgykrs gSaA blesa x,y, z dks Øe'k% fcanq P osQ x&funsZ'kkad]
y&funsZ'kkad] rFkk z&funsZ'kkad dgrs gSaA vko`Qfr 12-2 esa ge ns[krs gSa fd fcanq P(x, y, z) v"Vka'k
XOYZ esa fLFkr gS] vr% x, y vkSj z lHkh èkukRed gSaA

vko`Qfr 12-2

;fn P fdlh vU; v"Vka'k esa gks rks x, y vkSj z osQ fpÉ rnuqlkj ifjo£rr gks tkrs gSaA bl izdkj
varfj{k esa fLFkr fdlh fcanq P dh laxrrk okLrfod la[;kvksa osQ Øfer f=kfnd (x, y, z) ls fd;k
tkrk gSA

foykser%] fdlh f=kfnd (x, y, z) osQ fn, tkus ij ge x osQ laxr x&v{k ij fcanq L fuèkkZfjr djrs
gSaA iqu% XY&ry esa fcanq M fuèkkZfjr djrs gSa] tgk¡ blosQ funsZ'kkad (x, y) gSaA è;ku nhft, fd LM ;k
rks x&v{k ij yac gS vFkok y&v{k osQ lekarj gSA fcanq M ij igq¡pus osQ i'pkr~~ ge XY&ry ij



MP yac [khaprs gSa] blij fcanq P dks z osQ laxr fuèkkZj.k djrs gSaA bl izdkj fuèkkZfjr fcanq P osQ
funsZ'kkad (x, y, z) gSaA vr% varfj{k esa fLFkr fcanqvksa dh okLrfod la[;kvksa osQ Øfer f=kfnd (x, y, z)

ls lnSo ,osQd&laxrrk j[krs gSaA

vko`Qfr 12-3

fodYir%] varfj{k esa fLFkr fcanq P ls ge funsZ'kkad ryksa osQ lekarj rhu ry [khaprs gSa] tks x&v{k]
y&v{k vkSj z&v{k dks Øe'k% A, B rFkk C fcanqvksa ij izfrPNsfnr djrs gSa (vko`Qfr 12-3)A ;fn
OA=x, OB=y rFkk OC=z gks rks fcanq P osQ funsZ'kkad x, y vkSj z gksrs gSa vkSj bls ge P(x, y, z,) osQ
:i esa fy[krs gSaA foykser% x, y vkSj z osQ fn, tkus ij ge funsZ'kka{kksa ij fcanq A, B rFkk C fuèkkZfjr
djrs gSaA fcanq A, B rFkk C ls ge Øe'k% YZ&ry] ZX&ry rFkk XY&ry osQ lekarj rhu ry [khaprs
gSaA bu rhuksa ryksa dks ADPF, BDPE rFkk CEPF dk izfrPNsnu fcanq Li"Vr% P gS] tks Øfer&f=kfnd
( x, y z) osQ laxr gSA

ge ns[krs gSa fd ;fn varfj{k esa dksbZ fcanq P (x, y, z) gS] rks YZ, ZX rFkk XY ryksa ls yacor~ nwfj;k¡
Øe'k% x, y rFkk z gSaA

A fVIi.kh  fcanq O osQ funsZ'kkad (0, 0, 0) gSaA x&v{k ij fLFkr fdlh fcanq osQ funsZ'kkad (x, 0,

0) vkSj YZ ry esa fLFkr fdlh fcanq osQ funsZ'kkad (0, y, z) gksrs gSaA

fVIi.kh ,d fcanq osQ funsZ'kkadksa osQ fpÉ ml v"Vka'k dks fuèkkZfjr djrs gSa ftlesa fcanq fLFkr gksrk gSA



fuEufyf[kr lkj.kh vkBksa v"Vka'kksa esa funsZ'kkadksa osQ fpÉ n'kkZrh gSA

lkj.kh 12.1

v"Vka'k/funsZ'kkad I II III IV V VI VII VIII

x + – – + + – – +

y + + – – + + – –

z + + + + – – – –

mnkgj.k 1 vko`Qfr 12-3 esa] ;fn P osQ funsZ'kkad (2] 4] 5) gSa rks F osQ funsZ'kkad Kkr dhft,A

gy fcanq F osQ fy, OY osQ vuqfn'k ukih x;h nwjh 'kwU; gSA vr% F osQ funsZ'kkad (2] 0] 5) gSaA

mnkgj.k 2 os v"Vka'k Kkr dhft, ftlesa fcanq (&3] 1] 2) vkSj (&3] 1] &2) fLFkr gSaA

gy lkj.kh 12-1 ls] fcanq (&3] 1] 2) nwljs v"Vka'k esa rFkk fcanq (&3] 1] &2) NBs v"Vka'k esa fLFkr
gSaA

iz'ukoyh 12.1
1. ,d fcanq x–v{k ij fLFkr gSA blosQ y&funsZ'kkad rFkk z&funsZ'kkad D;k gSa\

2. ,d fcanq XZ–ry esa gSA blosQ y&funsZ'kkad osQ ckjs esa vki D;k dg ldrs gSa\

3. mu v"Vka'kksa osQ uke crkb,] ftuesa fuEufyf[kr fcanq fLFkr gSaA

(1, 2, 3), (4, –2, 3), (4, –2, –5), (4, 2, –5), (– 4, 2, –5), (– 4, 2, 5), (–3, –1, 6) (2, – 4, –7)

4. fjDr LFkku dh iw£r dhft,%



(i) x-v{k vkSj y-v{k nksuksa ,d lkFk fey dj ,d ry cukrs gSa] ml ry dks _______ dgrs gSaA

(ii) XY&ry esa ,d fcanq osQ funsZ'kkad _______ :i osQ gksrs gSaA

(iii) funsZ'kkad ry varfj{k dks _______ v"Vka'k esa foHkkftr djrs gSaA

12-4 nks fcanqvksa osQ chp dh nwjh (Distance between Two
Points)
f}foeh; funsZ'kkad fudk; esa geus nks fcanqvksa osQ chp dh nwjh dk vè;;u dj pqosQ gSaA vkb, vc
ge vius vè;;u dk foLrkj f=kfoeh; fudk; osQ fy, djrs gSaA

eku yhft,] ledksf.kd v{k OX, OY rFkk OZ osQ lkis{k nks fcanq P(x1, y1, z1) rFkk Q (x2, y2,

z2) gSaA

vko`Qfr 12-4

P rFkk Q fcanqvksa ls funsZ'kkad ryksa osQ lekarj ry [khafp,] ftlls gesa ,slk ?kukHk feyrk gS ftldk
fod.kZ PQ gS (nsf[k, vko`Qfr 12-4)

D;ksafd ∠ PAQ ,d ledks.k gS vr% PAQ esa]

PQ  = PA  + AQ  ... (1)

iqu% D;ksafd ∠ ANQ = ,d ledks.k] blfy, ANQ esa]

AQ  = AN  + NQ  ... (2)

2 2 2

2 2 2



(1) vkSj (2) ls gesa izkIr gksrk gS] fd

PQ  = PA  + AN  + NQ

vc] PA = y  – y , AN = x  – x  vkSj NQ = z  – z

bl izdkj] PQ  = (x  – x )  + (y  – y )  + (z  – z )

vr% PQ = 

;g nks fcanqvksa P(x , y , z ) vkSj Q(x , y , z ) osQ chp dh nwjh PQ osQ fy, lw=k gSA

fo'ks"kr% ;fn x  = y  = z  = 0, vFkkZr~ fcanq P , ewy fcanq O gks rks

OQ = ,

ftlls gesa ewy fcanq O vkSj fdlh fcanq Q (x , y , z ) osQ chp dh nwjh izkIr gksrh gSA

mnkgj.k 3 fcanqvksa P (1] &3] 4) vkSj Q(&4] 1] 2) osQ chp dh nwjh Kkr dhft,A

gy PQ fcanqvksa P (1,–3, 4) vkSj Q (– 4, 1, 2) osQ chp dh nwjh gSA

PQ = 

= 

=  bdkbZ

mnkgj.k 4 n'kkZb, fd P (–2, 3, 5), Q (1, 2, 3) vkSj R (7, 0, –1) lajs[k gSaA

gy ge tkurs gSa fd lajs[k ¯cnq] ,d gh js[kk ij fLFkr gksrs gSaA

2 2 2 2

2 1 2 1 2 1

2
2 1 2 2 1 2 2 1 2

1 1 1 2 2 2

1 1 1

2 2 2



;gk¡ PQ =

QR = 

vkSj PR = 

bl izdkj PQ + QR = PR

vr% fcanq P, Q vkSj R lajs[k gSaA

mnkgj.k 5 D;k fcanq A (3, 6, 9), B (10, 20, 30) vkSj C (25, – 41, 5) ,d ledks.k f=kHkqt osQ 'kh"kZ
gSa\

gy nwjh&lw=k ls gesa izkIr gksrk gS fd

AB  = (10 – 3)  + (20 – 6)  + (30 – 9)

= 49 + 196 + 441 = 686

BC  = (25 – 10)  + (– 41 – 20)  + (5 – 30)

= 225 + 3721 + 625 = 4571

CA  = (3 – 25)  + (6 + 41)  + (9 – 5)

= 484 + 2209 + 16 = 2709

ge ikrs gSa fd CA  + AB  ≠ BC

vr% ∆ABC ,d ledks.k f=kHkqt ugha gSA

mnkgj.k 6 nks fcanqvksa A rFkk B osQ funsZ'kkad Øe'k% (3] 4] 5) vkSj (&1] 3] &7) gSaA xfr'khy
¯cnq P osQ iFk dk lehdj.k Kkr dhft,] tcfd PA2 + PB2 = 2k2.

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2



gy ekuk xfr'khy fcanq P osQ funsZ'kkad (x, y, z) gSaA

vc PA  = (x – 3)  + (y – 4)  + ( z – 5)

PB  = (x + 1)  + (y – 3)  + (z + 7)

fn, x, izfrcUèk osQ vuqlkj] PA  + PB  = 2k ] gesa izkIr gksrk gS%

(x – 3)  + (y – 4)  + (z – 5)  + (x + 1)  + (y – 3)  + (z + 7)  = 2k

;k 2x2 + 2y2 + 2z  – 4x – 14y + 4z = 2k  – 109.

iz'ukoyh 12-2
1- fuEufyf[kr fcanq&;qXeksa osQ chp dh nwjh Kkr dhft,%

(i) (2, 3, 5) vkSj (4, 3, 1) (ii) (–3, 7, 2) vkSj (2, 4, –1)

(iii) (–1, 3, – 4) vkSj (1, –3, 4) (iv) (2, –1, 3) vkSj (–2, 1, 3)

2- n'kkZb, fd fcanq (&2] 3] 5) (1] 2] 3) vkSj (7] 0] &1) lajs[k gSaA

3- fuEufyf[kr dks lR;kfir dhft,%

(i) (0, 7, –10), (1, 6, – 6) vkSj (4, 9, – 6) ,d lef}ckgq f=kHkqt osQ 'kh"kZ gSaA

(ii) (0, 7, 10), (–1, 6, 6) vkSj (– 4, 9, 6) ,d ledks.k f=kHkqt osQ 'kh"kZ gSaA

(iii) (–1, 2, 1), (1, –2, 5), (4, –7, 8) vkSj (2, –3, 4) ,d lekarj prqHkqZt osQ 'kh"kZ gSaA

4- ,sls fcanqvksa osQ leqPp; dk lehdj.k Kkr dhft, tks fcanq (1] 2] 3) vkSj (3] 2] &1) ls
lenwjLFk gSaA

5- fcanqvksa P ls cus leqPp; dk lehdj.k Kkr dhft, ftudh fcanqvksa A (4] 0] 0) vkSj B (&4]
0] 0) ls nwfj;ksa dk ;ksxiQy 10 gSA

2 2 2 2

2 2 2 2

2 2 2

2 2 2 2 2 2 2

2 2



12-5 foHkktu lw=k (Section Formula)
Lej.k dhft, f}foeh; T;kfefr esa geus lh[kk gS fd fdl izdkj ledksf.kd dkrhZ; fudk; esa ,d
js[kk [kaM dks fn, vuqikr esa var% foHkkftr djus okys fcanq osQ funsZ'kkad Kkr djrs gSaA vc ge bl
ladYiuk dk foLrkj f=kfoeh; T;kfefr osQ fy, djrs gSaA

vko`Qfr 12-5

eku yhft, varfj{k esa nks fcanq P(x , y , z ) o Q (x , y , z ) gSaA ekuk R (x, y, z) js[kk [kaM PQ

dks m : n vuqikr esa var% foHkkftr djrk gSA XY&ry ij PL, QM vkSj RN yac [khafp,A Li"Vr%
PL || QM || RN gSa rFkk bu rhu yacksa osQ ikn XY–ry esa fLFkr gSa fcanq L, M vkSj N ml js[kk ij
fLFkr gSa tks ml ry vkSj XY&ry osQ izfrPNsnu ls curh gSA fcanq R ls js[kk LM osQ lekarj js[kk
ST [khafp,A ST js[kk [khaps x, yac osQ ry esa fLFkr gS rFkk js[kk LP (foLrkfjr) dks S vkSj MQ

dks T ij izfrPNsfnr djrh gSA tSlk vko`Qfr 12-5 esa izn£'kr gSA

Li"Vr% prqZHkqt LNRSvkSj NMTR lekarj prqZHkqt gSaA f=kHkqtksa PSR vkSj QTR Li"Vr% le:i gSaA blfy,

 = 

1 1 1 2 2 2



bl izdkj z = 

Bhd blh izdkj XZ&ry vkSj YZ&ry ij yac [khapus ij gesa izkIr gksrk gS]

vr% fcanq R tks fcanq P (x , y , z ) vkSj Q (x , y , z ) dks feykus okys js[kk [kaM dks m : n osQ
vuqikr esa var% foHkkftr djrk gS] osQ funsZ'kkad gSa]

;fn fcanq R, js[kk [kaM PQ dks m : n vuqikr esa cká foHkkftr djrk gks rks blosQ funsZ'kkad mi;qZDr
lw=k esa n dks &n ls foLFkkfir djosQ izkIr fd, tkrs gSaA bl izdkj R osQ funsZ'kkad gksaxsa]

fLFkfr 1 eè;&fcanq osQ funsZ'kkad ;fn R, js[kk[kaM PQ dk eè;&fcanq gS rks m : n = 1:1 j[kus ij

x = = vkSj z =

;s P (x , y , z ) vkSj Q (x , y , z ) dks feykus okyh js[kk [kaM osQ eè;&fcanq osQ funsZ'kkad gSaA

fLFkfr 2 js[kk [kaM PQ dks k : 1 osQ vuqikr esa var% foHkkftr djus okys fcanq R osQ funsZ'kkad 

 j[kus ij izkIr fd, tk ldrs gSa%

1 1 1 2 2 2

1 1 1 2 2 2



;g ifj.kke izk;% nks fcanqvksa dks feykus okyh js[kk ij O;kid fcanq lacaèkh iz'uksa osQ gy djus esa
iz;qDr gksrk gSA

mnkgj.k 7 fcanqvksa (1] &2] 3) vkSj (3] 4] &5) dks feykus ls cus js[kk [kaM dks vuqikr 2%3 esa
(i) var% (ii) cká foHkkftr djus okys fcanq osQ funsZ'kkad Kkr dhft,A

gy (i) eku yhft, P (x, y, z), A (1, –2, 3) vkSj B(3, 4, –5) dks feykus okys js[kk [kaM dks var%
2%3 esa foHkDr djrk gSA

blfy,] , , vkSj 

vr% vHkh"V fcanq  gSA

(ii) eku yhft, P (x, y, z), A (1, –2, 3) vkSj B(3, 4, –5) dks feykus okys js[kk [kaM dks cká vuqikr
2 : 3 esa cká foHkDr djrk gSA

blfy,] 

vkSj 

vr% vHkh"V fcanq (–3, –14, 19). gSA



mnkgj.k 8 foHkktu lw=k dk iz;ksx djosQ fl¼ dhft, fd fcanq (-4, 6, 10), (2, 4, 6) vkSj (14, 0, –

2) lajs[k gSaA

gy eku yhft, A (– 4, 6, 10), B (2, 4, 6) vkSj C(14, 0, – 2) fn, x, fcanq gSaA eku yhft, fcanq P,

AB dks k : 1 esa foHkkftr djrk gSA rks P osQ funsZ'kkad gSa%

vkb;s vc ge tk¡p djsa fd k osQ fdlh eku osQ fy, fcanq P, fcanq C osQ laikrh gSaA

 j[kus ij izkIr gksrk gS 

tc  gks rks 

vkSj 

blfy, C (14, 0, –2) og fcanq gS tks AB dks 3 : 2 vuqikr esa cká foHkDr djrk gS vkSj ogh P gSA
vr% A, B o C lajs[k gSA

mnkgj.k 9 f=kHkqt ftlosQ 'kh"kZ (x , y , z ), (x , y , z ) rFkk (x , y , z ) gSaA blosQ osQanzd
(Centroid) osQ funsZ'kkad Kkr dhft,A

gy eku yhft, ABC ,d f=kHkqt gS ftlosQ 'kh"kZ A, B, C osQ funsZ'kkad Øe'k% (x , y , z ), (x , y ,

z ) rFkk (x , y , z ), gSaA

1 1 1 2 2 2 3 3 3

1 1 1 2 2

2 3 3 3



eku yhft, BC dk eè;&fcanq D gSA blfy, D osQ funs'kkad gSa%

ekuk f=kHkqt dk osQanzd G gS tks efè;dk AD dks var 2 : 1 esa foHkktu djrk gSA blfy, G osQ
funsZ'kkad gSa%

;k 

mnkgj.k 10 fcanqvksa (4] 8] 10) vkSj (6] 10] &8) dks feykus okys js[kk [kaM] YZ&ry }kjk ftl
vuqikr esa foHkDr gksrk gS] mls Kkr dhft,A

gy eku yhft, YZ&ry fcanq P(x, y, z) ij, A (4, 8, 10) vkSj B (6, 10, –8) dks feykus okyk js[kk
[kaM dks k :1 esa foHkDr djrk gSA rks fcanq P osQ funsZ'kakd gSa_

D;ksafd P, YZ&ry ij fLFkr gS blfy, bldk x&funsZ'kkad 'kwU; gSA

vr% 



;k 

blfy, YZ&ry AB dks 2 : 3 osQ vuqikr esa cká foHkkftr djrk gSA

iz'ukoyh 12.3
1- fcanqvksa (&2] 3] 5) vkSj (1] &4] 6) dks feykus ls cus js[kk [kaM dks vuqikr (i) 2%3 esa var%
(ii) 2% 3 esa ckár% foHkkftr djus okys fcanq osQ funsZ'kkad Kkr dhft,A

2- fn;k x;k gS fd fcanq P(3] 2] &4), Q(5] 4] &6) vkSj R(9] 8] &10) lajs[k gSaA og vuqikr
Kkr dhft, ftlesa Q, PR dks foHkkftr djrk gSA

3- fcanqvksa (&2] 4] 7) vkSj (3] &5] 8) dks feykus okyh js[kk [kaM] YZ&ry }kjk ftl vuqikr esa
foHkDr gksrk gS] mls Kkr dhft,A

4- foHkktu lw=k dk iz;ksx djosQ fn[kkb, fd fcanq A(2] &3] 4)] B(&1] 2] 1) rFkk 

 lajs[k gSaA

5- P(4] 2] &6) vkSj Q(10] &16] 6) osQ feykus okyh js[kk [kaM PQ dks le f=k&Hkkftr djus okys
fcanqvksa osQ funsZ'kkad Kkr dhft,A

fofoèk mnkgj.k

mnkgj.k 11 n'kkZb, fd fcanq A (1, 2, 3), B (–1, –2, –1), C (2, 3, 2) vkSj D (4, 7, 6) ,d lekarj
prqHkqZt osQ 'kh"kZ gSa ijarq ;g ,d vk;r ugha gSA

gy ;g n'kkZus osQ fy, fd ABCD ,d lekarj prqHkqZt gS] gesa lEeq[k Hkqtkvksa dks leku fn[kkus dh
vko';drk gSA



AB =  = = 6

BC =  =  = 

CD =  = =6

DA =  = 

D;ksafd AB = CD vkSj BC = AD, blfy, ABCD ,d lekarj prqHkqZt gSA

vc ;g fl¼ djus osQ fy, fd ABCD vk;r ugha gS] gesa fn[kkuk gS fd blosQ fod.kZ AC vkSj
BD leku ugha gSa] ge ikrs gSa %

AC = 

BD = 

D;ksafd AC ≠ BD A vr% ABCD ,d vk;r ugha gSA

A fVIi.kh  fod.kZ AC rFkk BD ijLij lef}Hkkftr djrs gSa] osQ xq.k dk iz;ksx djosQ Hkh
ABCD dks lekarj prqHkqZt fl¼ fd;k tk ldrk gSA

mnkgj.k 12 fcanq P ls cus leqPp; dk lehdj.k Kkr dhft, tks bl izdkj pyrk gS fd mldh
fcanqvksa A(3] 4] &5) o B(&2] 1] 4) ls nwjh leku gSA

gy dksbZ fcanq P (x, y, z) bl izdkj gS fd PA = PB



vr% 

;k 

;k 10x+ 6y – 18z – 29 = 0.

mnkgj.k 13 ,d f=kHkqt ABC dk osQanzd (1] 1] 1) gSA ;fn A vkSj B osQ funsZ'kkad Øe'k% (3] –

5] 7) o (–1] 7] –6) gSaA fcanq C osQ funsZ'kkad Kkr dhft,A

gy ekuk C osQ funsZ'kkad (x, y, z) gS vkSj osQanzd G osQ funsZ'kkad (1, 1, 1) fn, gSaA

blfy, , ;k x = 1

, ;k y = 1

, ;k z = 2.

vr% C osQ funsZ'kkad (1, 1, 2) gSaA

vè;k; 12 ij fofoèk iz'ukoyh
1- lekarj prqHkqZt osQ rhu 'kh"kZ A(3] &1] 2) B(1] 2] &4) o C(&1] 1] 2) gSA pkSFks 'kh"kZ D osQ
funsZ'kkad Kkr dhft,A

2- ,d f=kHkqt ABC osQ 'kh"kksaZ osQ funsZ'kkad Øe'k% A(0] 0] 6) B(0] 4] 0) rFkk C(6] 0] 0) gSaA
f=kHkqt dh ekfè;dkvksa dh yackbZ Kkr dhft,A

3- ;fn f=kHkqt PQR dk osQanzd ewy fcanq gS vkSj 'kh"kZ P(2a] 2] 6)] Q(&4] 3b &10) vkSj R(8]



14] 2c) gSa rks a, b vkSj c dk eku Kkr dhft,A

4- y&v{k ij ml fcanq osQ funsZ'kkad Kkr dhft, ftldh fcanq P(3] &2] 5) ls nwjh 5  gSA

5- P(2] &3] 4) vkSj Q(8] 0] 10) dks feykus okyh js[kk[kaM ij fLFkr ,d fcanq R dk x&funsZ'kkad
4 gSA fcanq R osQ funsZ'kkad Kkr dhft,A

(laosQr eku yhft, R, PQ dks k : 1 esa foHkkftr djrk gSA fcanq R osQ funsZ'kkad 

 gSaA)

6- ;fn fcanq A vkSj B Øe'k% (3] 4] 5) rFkk (&1] 3] &7) gSaA pj fcanq P }kjk fufeZr leqPp; ls
lacf/r lehdj.k Kkr dhft,] tgk¡ PA  + PB  = k  tgk¡ k vpj gSA

lkjka'k
f=kfoeh; T;kfefr osQ ledksf.kd dkrhZ; funsZ'kkad fudk; esa funsZ'kka{k rhu ijLij yacor~
js[kk,¡ gksrh gSaA
funsZ'kka{kksa osQ ;qXe] rhu ry fuèkkZfjr djrs gSa ftUgsa funsZ'kka{k ry XY&ry] YZ&ry o
ZX&ry dgrs gSaA
rhu funsZ'kka{k ry varfj{k dks vkB Hkkxksa esa ck¡Vrs gSa ftUgsa v"Vka'k dgrs gSaA
f=kfoeh; T;kfefr esa fdlh fcanq P osQ funsZ'kkadksa dks lnSo ,d f=kfnd (x, y, z) osQ :i
esa fy[kk tkrk gSA ;gk¡ x, YZ&ry ls] y, ZX ry ls o z] XY ry ls nwjh gSA
(i) x&v{k ij fdlh fcanq osQ funsZ'kkad (x, 0, 0) gSaA
(ii) y&v{k ij fdlh fcanq osQ funsZ'kkad (0, y, 0) gSaA
(iii) z&v{k ij fdlh fcanq osQ funsZ'kkad (0, 0, z) gSaA
nks fcanqvksa P(x , y , z ) rFkk Q (x , y , z ) osQ chp dk nwjh lw=k gS%

nks fcanqvksa P (x  y  z ) rFkk Q (x , y , z ) dks feykus okys js[kk [kaM dks m : n vuqikr

2 2 2

1 1 1 2 2 2

1 1 1 2 2 2



esa var% vkSj cká% foHkkftr djus okys fcanq R osQ funsZ'kkad Øe'k% 

 gaSA
nks fcanqvksa P(x , y , z ) vkSj Q(x , y , z ) dks feykus okys js[kk [kaM PQ osQ eè;&fcanq
osQ funsZ'kkad gSa%

,d f=kHkqt ftlosQ 'kh"kksZa osQ funsZ'kkad (x , y , z ), (x , y , z ) vkSj (x , y , z ) gSa] osQ
osQanzd osQ funsZ'kkad gS%

.

,sfrgkfld i`"BHkwfe
1637 bZñ esa oS'ysf"kd T;kfefr osQ tud Rene' Descartes (1596—1650 A.D.) us ryh;
T;kfefr osQ {ks=k esa mYys[kuh; dk;Z fd;k] buosQ lgvkfo"dkjd Piarre Fermat (1601—1665

A.D.) vkSj La Hire (1640—1718 A.D.) us Hkh bl {ks=k esa dk;Z fd;kA ;|fi bu yksxksa osQ
dk;ks± esa f=kfoeh; T;kfefr osQ lacaèk esa lq>ko gS] ijarq fo'kn foospu ugha gSA Descartes dks
f=kfoeh; varfj{k esa fcanq osQ funsZ'kkadks osQ fo"k; esa tkudkjh Fkh ijarq mUgksaus bls fodflr ugha
fd;kA

1715 bZñ esa J. Bernoulli (1667—1748 A.D.) us Leibnitz dks fy[ks i=k esa rhu funsZ'kkad ryksa
dk ifjp; mYysf[kr gS ftls ge vkt iz;ksx dj jgs gSaA

1 1 1 2 2 2

1 1 1 2 2 2 3 3 3



loZizFke lu 1700 bZñ esa izasQp ,sosQMeh dks izLrqr fd, x, Antoinne Parent (1666—1716

A.D.) osQ ys[k esa oS'ysf"kd Bksl T;kfefr osQ fo"k; esa foLr`r foospu gSA

L. Euler, (1707—1783 A.D.) us lu~ 1748 esa izdkf'kr viuh iqLrd ^T;kfefr dk ifjp;* osQ
nwljs [kaM osQ ifjf'k"V osQ 5osa vè;k; esa f=kfoeh; funsZ'kkad T;kfefr dk lqO;ofLFkr ,ao Øec¼
o.kZu izLrqr fd;kA

mUuhloha 'krkCnh osQ eè; osQ ckn gh T;kfefr dk rhu ls vfèkd vk;keksa esa foLrkj fd;k x;k]
ftldk loksZÙke iz;ksx Einstein osQ lkis{kokn osQ fl¼kar esa LFkku&le; vuqØe.k (Space-Time

Continuum) esa nz"VO; gSA



vè;k; 13

lhek vkSj vodyt

(Limits and Derivatives)

v With the Calculus as a key, Mathematics can be successfully applied to the

explanation of the course of Nature – Whitehead v

13.1 Hwkfedk (Introduction)
;g vè;k; dyu dh ,d Hkwfedk gSA dyu xf.kr dh og 'kk[kk gS ftlesa eq[;r% izkar esa fcanqvksa
osQ ifjorZu ls iQyu osQ eku esa gksus okys ifjorZu dk vè;;u fd;k tkrk gSA igys ge vodyt
dk (okLrfod :i ls ifjHkkf"kr fd, fcuk) lgtkuqHkwr cks/ (Intuitive idea) djkrs gSaA rn~ksijkar ge
lhek dh lgt ifjHkk"kk nsaxs vkSj lhek osQ chtxf.kr dk oqQN vè;;u djsaxsA blosQ ckn ge
vodyt dh ifjHkk"kk djus osQ fy, okil vk,¡xs vkSj vodyt osQ chtxf.kr dk oqQN vè;;u
djsaxsA ge oqQN fo'ks"k ekud iQyuksa osQ vodyt Hkh izkIr djsaxsA



Sir Issac Newton

(1642-1727 A.D.)

13.2 vodytksa dk lgtkuqHkwr cks/ (Intuitive Idea of
Derivatives)
HkkSfrd iz;ksxksa us vuqeksfnr fd;k gS fd fiaM ,d [kM+h@Å¡ph pV~Vku ls fxjdj t lsoaQMksa esa 4.9t2

ehVj nwjh r; djrk gS vFkkZr~ fiaM }kjk ehVj esa r; dh xbZ nwjh (s) lsoaQMksa esa ekis x, le; (t) osQ
,d iQyu osQ :i esa s = 4.9t  ls nh xbZ gSA

layXu lkj.kh 13-1 esa ,d [kM+h@Å¡ph pV~Vku ls fxjk, x, ,d fiaM osQ lsoaQMksa esa fofHkUu le; (t)

ij ehVj esa r; dh nwjh (s) nh xbZ gSA

bu vk¡dM+ksa ls le; t = 2 lsoaQM ij fiaM dk osx Kkr djuk gh mís'; gSA bl leL;k rd igq¡pus
osQ fy, t = 2 lsoaQM ij lekIr gksus ckys fofo/ le;karjkyksa ij ekè; osx Kkr djuk ,d <ax gS
vkSj vk'kk djrs gSa fd blls t = 2 lsoaQM ij osx osQ ckjs esa oqQN izdk'k iM+sxkA

2



lkj.kh 13.1

t s

0 0

1 4.9

1.5 11.025

1.8 15.876

1.9 17.689

1.95 18.63225

2 19.6

2.05 20.59225

2.1 21.609

2.2 23.716

2.5 30.625

3 44.1

4 78.4

t = t1 vkSj t = t2 osQ chp ekè; osx t = t1 vkSj t = t2 lsdaMksa osQ chp r; dh xbZ nwjh dks (t2– t1)

ls Hkkx nsus ij izkIr gksrk gSA vr% izFke 2 lsdaMksa esa ekè; osx

= 



= 

blh izdkj] t = 1 vkSj t = 2 osQ chp ekè; osx

= 

blh izdkj fofo/ osQ fy, t = t1 vkSj t = 2 osQ chp ge ekè; osx dk ifjdyu djrs gSaA
fuEufyf[kr lkj.kh 13-2] t = t1 lsoaQMksa vkSj t = 2 lsoaQMksa osQ chp ehVj izfr lsoaQM esa ekè; osx (v)

nsrh gSA

lkj.kh 13.2

t1 0 1 1.5 1.8 1.9 1.95 1.99

v 9.8 14.7 17.15 18.62 19.11 19.355 19.551

bl lkj.kh ls ge voyksdu djrs gSa fd ekè; osx /hjs&/hjs c<+ jgk gSA tSls&tSls t = 2 ij lekIr
gksus okys le;karjkyksadks y?kqÙkj cukrs tkrs gSa ge ns[krs gSa fd t = 2 ij ge osx dk ,d cgqr vPNk
cks/ dj ikrs gSaA vk'kk djrs gSa fd 1-99 lsoaQM vkSj 2 lsoaQM osQ chp oqQN vizR;kf'kr ?kVuk u ?kVs
rks ge fu"d"kZ fudkyrs gSa fd t = 2 lsoaQM ij ekè; osx 19.55 eh@ls ls FkksM+k vf/d gSA

bl fu"d"kZ dks fuEufyf[kr vfHkdyuksa osQ leqPp; ls fdafpr cy feyrk gSA t = 2 lsoaQM ls izkjaHk
djrs gq, fofo/ le;karjkyksa ij ekè; osx dk ifjdyu dhft,A iwoZ dh Hkk¡fr t = 2 lsoaQM vkSj t =

t2 lsoaQM osQ chp ekè; osx (v)

= 



= 

= 

fuEufyf[kr lkj.kh 13.3, t = 2 lsoaQMksa vkSj t2 lsoaQM osQ chp ehVj izfr lsoaQM esa ekè; osx v nsrh
gS%

lkj.kh 13.3

t2 4 3 2.5 2.2 2.1 2.05 2.01

v 29.4 24.5 22.05 20.58 20.09 19.845 19.649

;gk¡ iqu% ge è;ku nsrs gSa fd ;fn ge t = 2, ls izkjaHk djrs gq, y?kqÙkj le;kUrjkyksa dks ysrs tkrs gSa
rks gesa t = 2 ij osx dk vf/d vPNk cks/ gksrk gSA

vfHkdyuksa osQ izFke leqPp; esa geus t = 2 ij lekIr gksus okys c<+rs le;kUrjkyksa esa ekè; osx Kkr
fd;k gS vkSj rc vk'kk dh gS fd t = 2 ls fdafpr iwoZ dqN vizR;kf'kr ?kVuk u ?kVsA vfHkdyuksa osQ
f}rh; leqPp; esa t = 2 ij var gksus okys ?kVrs le;karjkyksasa esa ekè; osx Kkr fd;k gS vkSj rc vk'kk
dh gS fd t = 2 osQ fdafpr ckn dqN vizR;kf'kr ?kVuk u ?kVsA fo'kq¼ :i ls HkkSfrdh; vk/kj ij
ekè; osx osQ ;s nksuksa vuqØe ,d leku lhek ij igq¡pus pkfg, ge fuf'pr :i ls fu"d"kZ fudkyrs
gSa fd t = 2 ij fiaM dk osx 19.551 eh@ls vkSj 19.649 eh@ls osQ chp gSA rduhdh :i ls ge
dg ldrs gSa fd t = 2 ij rkRdkfyd osx 19.551 eh@ls- vkSj 19.649 eh@ls- osQ chp gSA tSlk fd
Hkyh izdkj Kkr gS fd osx nwjh osQ ifjorZu dh nj gSA vr% geus tks fu"ikfnr fd;k] og
fuEufyf[kr gSA ¶fofo/ {k.k ij nwjh esa ifjorZu dh nj dk vuqeku yxk;k gSA ge dgrs gSa fd nwjh
iQyu s = 4.9t2 dk t = 2 ij vodyt 19.551 vkSj 19.649 osQ chp esa gSA¸



vko`Qfr 13-1

bl lhek dh izfØ;k dh ,d fodYi fof/ vko`Qfr 13.1 esa n'kkZbZ xbZ gSA ;g chrs le; (t) vkSj
pV~Vku osQ f'k[kj ls fiaM dh nwjh (s) dk vkys[k gSA tSls&tSls le;karjkyksa osQ vuqØe h1, h2, ...,

dh lhek 'kwU; dh vksj vxzlj gksrh gS oSls gh ekè; osxksa osQ vxzlj gksus dh ogh lhek gksrh gS tks

osQ vuqikrksa osQ vuqØe dh gksrh gS] tgk¡ C1B1 = s1 – s  og nwjh gS tks fiaM le;karjkyksa h1 =

AC1 esa r; djrk gS] bR;kfnA vko`Qfr 13-1 ls ;g fu"d"kZ fudyuk lqfuf'pr gS fd ;g ckn dh
vuqØe oØ osQ fcanq A ij Li'kZjs[kk osQ <ky dh vksj vxzlj gksrh gSA nwljs 'kCnksa esa] t = 2 le; ij
fiaM dk rkRdkfyd osx oØ s = 4.9t2 osQ t = 2 ij Li'khZ osQ <ky osQ leku gSA

13.3 lhek,¡ (Limits)
mi;qZDr foospu bl rF; dh vksj Li"Vr;k fufnZ"V djrk gS fd gesa lhek dh izfØ;k vkSj vf/d
Li"V :i ls le>us dh vko';drk gSA ge lhek dh ladYiuk ls ifjfpr gksus osQ fy, oqQN n`"Vkarksa
(illustrations) dk vè;;u djrs gSaA

iQyu f(x) = x2 ij fopkj dhft,A voyksdu dhft, fd tSls&tSls x dks 'kwU; osQ vf/d fudV
eku nsrs gSa] f(x) dk eku Hkh 0 dh vksj vxzlj gksrk tkrk gSA (ns[ksa vko`Qfr 2-10 vè;k; 2) ge

0



dgrs gS 

(bls f (x) dh lhek 'kwU; gS] tc x 'kwU; dh vksj vxzlj gksrk gS] i<+k tkrk gS) f (x) dh lhek] tc
x 'kwU; dh vksj vxzlj gksrk gS] dks ,sls le>k tk, tSls x = 0 ij f (x) dk eku gksuk pkfg,A

O;kid :i ls tc x → a, f (x) → l, rc l dks iQyu f (x) dh lhek dgk tkrk gS vkSj bls bl

izdkj fy[kk tkrk gS .

iQyu g(x) = |x|, x 0 ij fopkj dhft,A è;ku nhft, fd g(0) ifjHkkf"kr ugha gSA x osQ 0 osQ
vR;f/d fudV ekuksa osQ fy, g(x) osQ eku dk ifjdyu djus osQ fy, ge ns[krs gSa fd g(x) dk

eku 0 dh vksj vxzlj djrk gSA blfy,  g(x) = 0. x 0 osQ fy, y = |x| osQ vkys[k ls ;g
lgtrk ls Li"V gksrk gSA (ns[ksa vko`Qfr 2-13 vè;k; 2)

fuEufyf[kr iQyu ij fopkj dhft,% .

x osQ 2 osQ vR;f/d fudV ekuksa (ysfdu 2 ugha) osQ fy, h(x) osQ eku dk ifjdyu dhft,A vki
Lo;a dks Lohdkj djkb, fd lHkh eku 4 osQ fudV gSaA ;gk¡ (vko`Qfr 13-2) esa fn, iQyu y = h(x)

osQ vkys[k ij fopkj djus ls bldks fdafpr cy feyrk gSA

bu lHkh n`"Vkarksa ls ,d fn, eku x = a ij iQyu osQ tks eku xzg.k dj us pkfg, os okLro esa bl
ij vk/kfjr ugha gSa fd x oSQls a dh vksj vxzlj gksrk gSA è;ku nhft, fd x osQ la[;k a dh vksj
vxzlj gksus osQ fy, ;k rks ckb± vksj ;k nkb± vksj gS] vFkkZr~ x osQ fudV lHkh eku ;k rks a ls de
gks ldrs gSa ;k a ls vf/d gks ldrs gSaA blls LokHkkfod :i ls nks lhek,¡ & ck,¡ i{k dh lhek
vkSj nk,¡ i{k dh lhek izsfjr gksrh gSA iQyu f osQ nk,¡ i{k dh lhek f(x) dk og eku gS tks f(x) osQ
eku ls vknsf'kr gksrk gS tc x, a osQ nkb± vksj vxzlj gksrk gSA blh izdkj ck,¡ i{k dh lhekA blosQ
n`"Vkar osQ fy,] iQyu ij fopkj dhft,



vko`Qfr 13-2

vko`Qfr 13-3

vko`Qfr 13.3 esa bl iQyu dk vkys[k n'kkZ;k x;k gS ;g Li"V gS fd 0 ij f dk eku x ≤ 0 osQ
fy, f (x) osQ eku ls ij fuHkZj djrk gS tks fd 1 osQ leku gS vFkkZr~ 'kwU; ij f (x) osQ ck,¡ i{k dh



lhek gSA blh izdkj 0 ij f dk eku x > 0 osQ fy, f (x) osQ eku ij fuHkZj djrk

gS] 2 gS vFkkZr~ 0 osQ nk,¡ i{k dh lhek  gSA bl fLFkfr esa ck,¡ vkSj nk,¡ i{k
dh lhek,¡ fHkUu&fHkUu gSa vkSj vr% ge dg ldrs gSa fd tc x 'kwU; dh vksj vxzlj gksrk gS rc f

(x) dh lhek vfLrRoghu gSA (Hkys gh iQyu 0 ij ifjHkkf"kr gSA)

lkjka'k

ge dgrs gSa fd  f(x), x = a ij f (x) dk visf{kr (expected) eku gSa] ftlus x osQ ckb±
vksj fudV ekuksa osQ fy, f (x) dks eku fn, gSaA bl eku dks a ij f (x) dh ck,¡ i{k dh lhek
dgrs gSaA

ge dgrs gSa fd , x = a ij f (x) dk visf{kr eku gS ftlesa x osQ a osQ nkb± vksj
osQ fudV ekuksa osQ fy, f(x) osQ eku fn, gSaA bl eku dks a ij f (x) dh nk,¡ i{k dh lhek
dgrs gSaA

;fn nk,¡ vkSj ck,¡ i{k dh lhek,¡ laikrh gksa rks ge bl mHk;fu"B eku dks x = a ij f(x) dh

lhek dgrs gSa vkSj bls  f(x) ls fu:fir djrs gSaA

;fn nk,¡ vkSj ck,¡ i{k dh lhek,¡ laikrh ugha gksa rks ;g dgk tkrk gS fd x = a ij f(x) dh
lhek vfLrRoghu gSA

n`"Vkar 1 (Illustration 1) iQyu f(x) = x + 10 ij fopkj dhft,A ge x = 5 ij iQyu dh lhek
Kkr djuk pkgsaxsA vkb,] ge 5 osQ vR;ar fudV x osQ ekuksa osQ fy, f osQ eku dk ifjdyu djsaA 5
osQ vR;ar fudV ckb± vksj oqQN fcanq 4-9] 4-95] 4-994] 4-995--- bR;kfn gSaaA bu fcanqvksa ij f(x) osQ



eku uhps lkj.khc¼ gSaA blh izdkj] 5 osQ vR;ar fudV vkSj nkb± vksj okLrfod la[;k,¡ 5-001] 5-01]
5-1 Hkh gSaA bu fcanqvksa ij Hkh iQyu osQ eku lkj.kh 13-4 esa fn, gSaA

lkj.kh 13.4

x 4.9 4.95 4.99 4.995 5.001 5.01 5.1

f(x) 14.9 14.95 14.99 14.995 15.001 15.01 15.1

lkj.kh 13.4 ls ge fuxfer djrs gSa fd f(x) dk eku 14-995 ls cM+k vkSj 15-001 ls NksVk gS] ;g
dYiuk djrs gq, fd x = 4.995 vkSj 5-001 osQ chp oqQN vizR;kf'kr ?kVuk ?kfVr u gksA ;g dYiuk
djuk roZQlaxr gS fd 5 osQ ckb± vksj dh la[;kvksa osQ fy, x = 5 ij f (x) dk eku 15 gS

vFkkZr~ 

blh izdkj] tc x, 5 osQ nkb± vksj vxzlj gksrk gS] f dk eku 15 gksuk pkfg, vFkkZr~

vr% ;g laHkkO; gS fd f osQ ck,¡ i{k dh lhek vkSj nk,¡ i{k dh lhek] nksuksa 15 osQ cjkcj gaSA bl
izdkj

lhek 15 osQ cjkcj gksus osQ ckjs esa ;g fu"d"kZ iQyu osQ vkys[k tks vko`Qfr 2-9(ii) vè;k; 2 esa
fn;k gS] dks ns[kdj fdafpr cy nsrk gSA bl vko`Qfr esa ge è;ku nsrs gSa fd tSls&tSls x] 5 osQ ;k
rks nkb± vksj ;k ckb± vksj vxzlj gks] iQyu f (x) = x + 10 dk vkys[k fcanq (5] 15) dh vksj vxzlj
gksrk tkrk gSaA ge ns[krs gSa fd x = 5 ij Hkh iQyu dk eku 15 osQ cjkcj gksrk gSA

n`"Vkar 2 iQyu f(x) = x3 ij fopkj dhft,A vkb, ge x = 1 ij bl iQyu dh lhek Kkr djus dk
iz;kl djsaA iwoZorhZ fLFkfr dh rjg c<+rs gq, ge x osQ 1 osQ fudV ekuksa osQ fy, f(x) osQ ekuksa dks
lkj.khc¼ djrs gSaA bls lkj.kh 13-5 esa fn;k x;k gS%

lkj.kh 13.5



x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 0.729 0.970299 0.997002999 1.003003001 1.030301 1.331

bl lkj.kh ls ge fuxeu djrs gSa fd x = 1 ij f dk eku 0.997002999 ls vf/d vkSj
1.003003001 ls de gS] ;g dYiuk djrs gq, fd x = 0.999 vkSj 1.001. osQ chp oqQN vizR;kf'kr
?kVuk ?kfVr u gksA ;g ekuuk roZQlaxr gS fd x = 1 dk eku 1 osQ ckb± vksj dh la[;kvksa ij fuHkZj
djrk gS vFkkZr~

.

blh izdkj] tc x] 1 osQ nkb± vksj vxzlj gksrk gS] rks f dk eku 1 gksuk pkfg, vFkkZr~

.

vr%] ;g laHkkO; gS fd ck,¡ i{k dh lhek vkSj nk,¡ i{k dh lhek nksuksa 1 osQ cjkcj gksaA bl izdkj

.

lhek 1 osQ cjkcj gksus dk ;g fu"d"kZ iQyu osQ vkys[k tks vko`Qfr 2.11, vè;k; 2 esa fn;k gS] dks
ns[kdj fdafpr cy nsrk gSA bl vko`Qfr esa ge è;ku nsrs gSa fd tSls&tSls x] 1 osQ ;k rks nkb± vksj ;k

ckb± vksj vxzlj gks] iQyu f(x) = x3 dk vkys[k fcanq (1] 1) dh vksj vxzlj gksrk tkrk gSA
ge iqu% voyksdu djrs gSa fd x = 1 ij iQyu dk eku Hkh 1 osQ cjkcj gSA

n`"Vkar 3 iQyu f(x) = 3x ij fopkj dhft,A vkb,] x = 2 ij bl iQyu dh lhek Kkr djus dk
iz;kl djsaA fuEufyf[kr lkj.kh 13.6 Lor% Li"V djrh gSA

lkj.kh 13.6

x 1.9 1.95 1.99 1.999 2.001 2.01 2.1

f(x) 5.7 5.85 5.97 5.997 6.003 6.03 6.3



iwoZor ge voyksdu djrs gSa fd x ;k rks ck,¡ ;k nk,¡ 2 dh vksj vxzlj gksrk gS] f(x) dk eku 6
dh vksj vxzlj gksrk gqvk izrhr gksrk gSA ge bls] bl izdkj vfHkysf[kr dj ldrs gSa fd

vko`Qfr 13-4 esa iznf'kZr bldk vkys[k bl rF; dks cy nsrk gSA

;gk¡ iqu% ge è;ku nsrs gSa fd x = 2 ij iQyu dk eku x = 2 ij lhek osQ laikrh gSA

vko`Qfr 13-4

n`"Vkar 4 vpj iQyu f(x) = 3 ij fopkj dhft,A vkb, ge x = 2 ij bldh lhek Kkr djus dk
iz;kl djsaA ;g iQyu vpj iQyu gksus ds dkj.k loZ=k ,d gh eku (bl fLFkfr esa 3) izkIr djrk gS
vFkkZr~ 2 osQ vR;ar fudV fcanqvksa osQ fy, bldk eku 3 gSA vr% 

f(x) = 3 dk vkys[k gj gkyr esa (0] 3) ls tkus okyh x-v{k osQ lekarj js[kk gS vkSj vko`Qfr 2.9,

vè;k; 2 esa n'kkZ;k x;k gSA blls ;g Hkh Li"V gS fd vHkh"V lhek 3 gS rF;r% ;g ljyrk ls



voyksfdr gksrk gS fd fdlh okLrfod la[;k a osQ fy, 

n`"Vkar 5 iQyu f(x) = x2 + x ij fopkj dhft,A ge Kkr djuk pkgrs gSaA ge x = 1

osQ fudV f(x) osQ eku lkj.kh 13.7 esa lkj.khc¼ djrs gSa%

lkj.kh 13.7

x 0.9 0.99 0.999 1.01 1.1 1.2

f(x) 1.71 1.9701 1.997001 2.0301 2.31 2.64

blls ;g roZQlaxr fuxfer gksrk gS fd

.

vko`Qfr 13-5

vko`Qfr 13-5 esa n'kkZ, f(x) = x2 + x osQ vkys[k ls ;g Li"V gS fd tSls&tSls x, 1 dh vksj vxzlj
gksrk gS] vkys[k (1] 2) dh vksj vxzlj gksrk tkrk gSA

vr% ge iqu% izs{k.k djrs gSa fd



 f (x) = f (1)

vc] fuEufyf[kr rhu rF;ksa dks vki Lo;a dks Lohdkj djk,¡

rc .

rFkk .

n`"Vkar 6 iQyu f(x) = s in x ij fopkj dhft,A gekjh  esa #fp gS tgk¡ dks.k

jsfM;u esa ekik x;k gSA ;gk¡] geus  osQ fudV f(x) osQ ekuksa (fudVre) dks lkj.khc¼ fd;k gSA

lkj.kh 13.8

x

f(x) 0.9950 0.9999 0.9999 0.9950

blls ge fuxeu dj ldrs gSa fd 

blosQ vfrfjDr] ;g f(x) = s in x osQ vkys[k ls iq"V gksrk gS tks vko`Qfr 3.8 vè;k; 3 esa fn;k gSA

bl fLFkfr esa Hkh ge ns[krs gSa fd  s in x = 1.



n`"Vkar 7 iQyu f(x) = x + cos x ij fopkj dhft,A ge f (x) Kkr djuk pkgrs gaSA

;gk¡ geus 0 osQ fudV f(x) osQ eku (fudVre) lkj.khc¼ fd, gSa% (lkj.kh 13.9).

lkj.kh 13.9

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) 0.9850 0.98995 0.9989995 1.0009995 1.00995 1.0950

lkj.kh 13.9, ls ge fuxeu dj ldrs gSa fd

bl fLFkfr esa Hkh ge izs{k.k djrs gSa fd f (x) = f (0) = 1.

vc] D;k vki Lo;a dks Lohdkj djk ldrs gSa fd

okLro esa lR; gS?

n`"Vkar 8  osQ fy,] iQyu  ij fopkj dhft,A ge f (x) Kkr djuk
pkgrs gSaA

;gk¡] ge voyksdu djrs gSa fd iQyu dk izkar lHkh /ukRed okLrfod la[;k,¡ gSaA vr% tc ge
f(x) osQ eku lkj.khc¼ djrs gSa] x 'kwU; osQ ckb± vksj vxzlj gksrk gS] dk dksbZ vFkZ ugha gSA uhps ge
0 osQ fudV x osQ /ukRed ekuksa osQ fy, iQyu osQ ekuksa dks lkj.khc¼ djrs gSaa (bl lkj.kh esa n

fdlh /u iw.kk±d dks fu:fir djrk gSA



uhps nh xbZ lkj.kh 13-10 ls] ge ns[krs gSa fd tc x, 0 dh vksj vxzlj gksrk gS] f(x) cM+k vkSj cM+k
gksrk tkrk gSA ;gk¡ bldk vFkZ gS fd] f(x) dk eku fdlh nh la[;k ls Hkh cM+k fd;k tk ldrk gSA

lkj.kh 13.10

x 1 0.1 0.01 10

f(x) 1 100 10000 10

xf.krh; :i ls] ge dg ldrs gSa 

ge fVIi.kh Hkh djrs gSa fd bl ikB~;Øe esa ge bl izdkj dh lhekvksa dh ppkZ ugha djsaxsA

n`"Vkar 9 ge , Kkr djuk pkgrs gSa] tgk¡

igys dh rjg ge 0 osQ fudV x osQ fy, f(x) dh lkj.kh cukrs gSaA izs{k.k djrs gSa fd x osQ
½.kkRed ekuksa osQ fy, gesa x – 2 dk eku fudkyus dh vko';drk gS vkSj x osQ /ukRed ekuksa osQ
fy, x + 2 dk eku fudkyus dh vko';drk gksrh gSA

lkj.kh 13.11

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) – 2.1 – 2.01 – 2.001 2.001 2.01 2.1

lkj.kh 13-11 dh izFke rhu izfof"V;ksa ls] ge fuxeu djrs gSa fd iQyu dk eku –2 rd ?kV jgk gS

vkSj 

lkj.kh dh vafre rhu izfof"V;ksa ls] ge fuxeu djrs gSa fd iQyu dk eku 2 rd c<+ jgk gS vkSj

–n

2n



vr%

D;ksafd 0 ij ck,¡ vkSj nk,¡ i{kksa dh lhek,¡ laikrh ugha gSa] ge dgrs gSa fd 0 ij iQyu dh lhek
vfLrRoghu gSA

bl iQyu dk vkys[k vko`Qfr 13.6 esa fn;k gS ;gk¡] ge fVIi.kh djrs gSa fd x = 0 ij iQyu dk
eku iw.kZr% ifjHkkf"kr gS vkSj] okLro esa] 0 osQ cjkcj gS] ijarq x = 0 ij iQyu dh lhek ifjHkkf"kr
Hkh ugha gSA

vko`Qfr 13-6

n`"Vkar 10 ,d vafre n`"Vkar osQ :i esa] ge , Kkr djrs gSa tcfd

lkj.kh 13.12

x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 2.9 2.99 2.999 3.001 3.01 3.1

igys dh rjg] 1 osQ fudV x osQ fy, ge f(x) osQ ekuksa dks lkj.khc¼ djrs gSaA 1 ls de x osQ



fy, f(x) esa ekuksa ls] ;g izrhr gksrk gS fd x = 1 ij iQyu dk eku 3 gksuk pkfg, vFkkZr~

blh izdkj] 1 ls cM+s x osQ fy, f(x) osQ ekuksa ls vknsf'kr f(x) dk eku 3 gksuk pkfg,] vFkkZr~

.

ijarq rc ck,¡ vkSj nk,¡ i{kksa dh lhek,¡ laikrh gSa vkSj vr% 

.

vko`Qfr 13-7

vko`Qfr 13.7 esa iQyu dk vkys[k lhek osQ ckjs esa gekjs fuxeu dks cy nsrk gSA ;gk¡] ge è;ku nsrs
gaS fd O;kid :i ls] ,d fn, fcanq ij iQyu dk eku vkSj bldh lhek fHkUu&fHkUu gks ldrs gSa
(Hkys gh nksuksa ifjHkkf"kr gksaA)

13.3.1 lhekvksa dk chtxf.kr (Algebra of limits) mi;qZDr n`"Vkarksa ls] ge voyksdu dj pqosQ gSa
fd lhek izfØ;k ;ksx] O;odyu] xq.kk vkSj Hkkx dk ikyu djrh gS tc rd fd fopkjk/hu iQyu



vkSj lhek,¡ lqifjHkkf"kr gSaA ;g la;ksx ugha gSA okLro esa] ge budks fcuk miifÙk osQ izes; osQ :i esa
vkSipkfjd :i nsrs gSaA

izes; 1 eku yhft, fd f vkSj g nks iQyu ,sls gSa fd  f (x) vkSj  g(x) nksuksa dk
vfLrRo gSA rc

(i) nks iQyuksa osQ ;ksx dh lhek iQyuksa dh lhekvksa dk ;ksx gksrk gS] vFkkZr~

[f(x) + g (x)] =  f(x) +  g(x).

(ii) nks iQyuksa osQ varj dh lhek iQyuksa dh lhekvksa dk varj gksrk gS] vFkkZr~

[f(x) – g(x)] =  f(x) –  g(x).

(iii) nks iQyuksa osQ xq.ku dh lhek iQyuksa dh lhekvksa dk xq.ku gksrk gS] vFkkZr~

 [f(x) . g(x)] =  f(x).  g(x).

(iv) nks iQyuksa osQ HkkxiQy dh lhek iQyuksa dh lhekvksa dk HkkxiQy gksrk gS] (tcfd gj 'kwU;srj
gksrk gS)] vFkkZr~

fVIi.kh fo'ks"k :i ls fLFkfr (iii) dh ,d fof'k"V fLFkfr esa tc g(x) ,d ,slk vpj iQyu gS fd

fdlh okLrfod la[;k  osQ fy, g(x) =  ge ikrs gSa

.

vxys nks vuqPNsnksa esa] ge n`"Vkar nsaxs fd bl izes; dks fof'k"V izdkj osQ iQyuksa dh lhekvksa osQ eku
izkIr djus esa oSQls iz;ksx fd;k tkrk gSA



13.3.2 cgqinksa vkSj ifjes; iQyuksa dh lhek,¡ (Limits of polynomials and rational

functions) ,d iQyu f(x) cgqinh; iQyu dgykrk gS] ;fn f(x) 'kwU; iQyu gS ;k ;fn f(x) = a

+ a x + a2x2 +. . . + a x , tgk¡ ais ,slh okLrfod la[;k,¡ gSa fd fdlh izko`Qr la[;k n osQ fy, an

≠ 0

ge tkurs gSa fd x = a. vr%

n ij vkxeu dk ljy vH;kl gedks crkrk gS fd

vc] eku yhft,  ,d cgqinh; iQyu gSA 

 izR;sd dks ,d iQyu tSlk fopkjrs gq,] ge ikrs gSa fd

= 

= 

= 

= 

= 

0

1 n
n



(lqfuf'pr djsa fd vkius mi;qZDr esa izR;sd pj.k dk vkSfpR; le> fy;k gSA)

,d iQyu f ,d ifjes; iQyu dgykrk gS ;fn f(x) = , tgk¡ g(x) vkSj h(x) ,sls cgqin gSa
fd h(x) ≠ 0. rks

;|fi] ;fn h(a) = 0, nks fLFkfr;k¡ gSa – (i) tc g(a) ≠ 0 vkSj (ii) tc g(a) = 0. iwoZ dh fLFkfr esa
ge dgrs gSa fd lhek dk vfLrRo ugha gSA ckn dh fLFkfr esa ge

g(x) = (x – a)k g1 (x), tgk¡ k, g(x) esa (x – a) dh egÙke ?kkr gSA blh izdkj

h(x) = (x – a) lh1 (x) D;ksafd h (a) = 0. vc] ;fn k > l, ge ikrs gSa

 = 

= 

;fn k < l, rks lhek ifjHkkf"kr ugha gSA

mnkgj.k 1 lhek,¡ Kkr dhft,%

(i)  (ii) 



(iii) .

gy vHkh"V lHkh lhek,¡ oqQN cgqinh; iQyuksa dh lhek,¡ gSaA vr% lhek,¡ iznÙk fcanqvksa ij iQyuksa osQ
eku gSaA ge ikrs gSa

(i)  [x3 – x2 + 1] = 13 – 12 + 1 = 1

(ii) 

(iii)  = 1 + (–1) + (–1)2 + ... + (–1)

= 1 – 1 + 1 + ... + 1 = 1.

mnkgj.k 2 lhek,¡ Kkr dhft,%

(i)  (ii) 

(iii)  (iv) 

(v) .

gy lHkh fopkjk/hu iQyu ifjes; iQyu gSaA vr%] ge igys iznÙk fcanqvksa ij bu iQyuksa osQ eku

izkIr djrs gSaA ;fn ;g , osQ :i dk gS] ge xq.ku[kaMksa] tks lhek osQ  dk :i gksus dk dkj.k

10



gS] dks fujLr djrs gq, iQyuksa dks iqu% fy[krs gSaA

(i) ge ikrs gSa 

(ii) 2 ij iQyu dk eku izkIr djus ij ge bls  dk :i esa ikrs gSaA vr%

 =  =  D;ksafd x ≠ 2

= .

(iii) 2 ij iQyu dk eku izkIr djus ij] ge bls  osQ :i esa ikrs gSa] vr%

 = 

= 

tksfd ifjHkkf"kr ugha gSA

(iv) 2 ij iQyu dk eku izkIr djus ij] ge bls  osQ :i esa ikrs gSA vr%



 = 

= .

(v) igys ge iQyu dks ifjes; iQyu tSlk iqu% fy[krs gaSA

 = 

= 

= 

= 

1 ij iQyu dk eku izkIr djus ij ge  dk :i ikrs gSaA vr%

 = 



= 

=  =  = 2.

ge fVIi.kh djrs gSa fd mi;qZDr eku izkIr djus esa geus in (x – 1) dks fujLr fd;k D;ksafd 

.

,d egRoiw.kZ lhek dk eku izkIr djuk] tks fd vkxs ifj.kkeksa esa iz;qDr gksxh] uhps ,d izes; osQ
:i esa izLrqr gSA

izes; 2 fdlh /u iw.kk±d n osQ fy,]

.

fVIi.kh mi;qZDr izes; esa lhek gsrq O;atd lR; gS tcfd n dksbZ ifjes; la[;k gS vkSj a /ukRed
gSA

miifÙk (x  – a ) dks (x – a), ls Hkkx nsus ij] ge ns[krs gSa fd

x  – a  = (x–a) (x  + x  a + x  a2 + ... + x a  + a )

bl izdkj (x  + x  a + x  a2 + ... + x a  + a )

= a  + a a  +. . . + a  + a

= a  + a  +...+ a  +a  (n in)

= 

n n

n n n–1 n–2 n–3 n–2 n–1

n–1 n–2 n–3 n–2 n–1

n – l n–2 n–2 n–1

n–1 n – l n–1 n – l



mnkgj.k 3 eku Kkr dhft,

(i)  (ii) 

gy (i) gekjs ikl gS

= 

= 

= 15 (1)14 ÷ 10(1)9 (mi;qZDr izes; ls)

= 15 ÷ 10=

(ii) y = 1 + x, ftlls y 1 tSls x  rc

=  (mi;qZDr fVIi.kh ls) = 

13.4. f=kdks.kferh; iQyuksa dh lhek,¡ (Limits of



Trigonometric Functions)
O;kid :i ls] iQyuksa osQ ckjs esa fuEufyf[kr rF; (izes;ksa osQ :i esa dgs x,) oqQN f=kdks.kferh;
iQyuksa dh lhekvksa dk ifjdyu djus esa lqyHk gks tkrs gSaA

izes; 3 eku yhft, leku izkar okys nks okLrfod ekuh; iQyu f vkSj g ,sls gSa fd ifjHkk"kk osQ izkar

esa lHkh x osQ fy, f (x) ≤ g( x) fdlh a osQ fy, ;fn  f(x) vkSj  g(x) nksuksa dk vfLrRo

gS rks  f(x) ≤  g(x) bls vko`Qfr 13.8 esa fp=k ls Li"V fd;k x;k gSA

vko`Qfr 13.8

izes; 4 lSaMfop izes; (Sandwich Theorem) eku yhft, f, g vkSj h okLrfod ekuh; iQyu ,sls
gSa fd ifjHkk"kk osQ loZfu"B izkarksa osQ lHkh x osQ fy, f (x) ≤ g( x) ≤ h(x). fdlh okLrfod la[;k a

osQ fy, ;fn  f(x) = l

=  h(x), rks  g(x) = l. bls vko`Qfr 13.9 esa fp=k ls Li"V fd;k x;k gSA



vko`Qfr 13-9

f=kdks.kferh; iQyuksa ls lacaf/r fuEufyf[kr egRoiw.kZ vlfedk dh ,d lqanj T;kferh; miifÙk uhps
izLrqr gS%

 osQ fy,  (*)

miifÙk ge tkurs gSa fd sin (– x) = – sin x vkSj cos( – x) = cos x. vr%  osQ fy,
vlfedk dks fl¼ djus osQ fy, ;g i;kZIr gSA

vko`Qfr 13-10



vko`Qfr 13.10, esa ,sls bdkbZ o`Ùk dk osQanz O gSA dks.k AOC, x jsfM;u dk gS vkSj  A

js[kk[kaM BA vkSj CD, OA osQ yacor gaSA blosQ vfrfjDr AC dks feyk;k x;k gSA rc

∆OAC dk {ks=kiQy < o`Ùk[kaM {ks=kiQy < ∆OAB dk {ks=kiQy

vFkkZr~ 

vFkkZr~ CD < x . OA < AB. OCD esa

sin x = (pw¡fd OC = OA) vkSj vr% CD = OA sin x. blds vfrfjDr

tan x = vkSj vr% AB = OA tan x. bl izdkj

OA sin x < OA x < OA. tan x.

D;ksafd yackbZ OA /ukRed gS] ge ikrs gSa

sin x< x < tan x.

D;ksafd , sin x /ukRed gS vkSj bl izdkj sin x, ls lHkh dks Hkkx nsus ij] ge ikrs gSa

1<  lHkh dk O;qRØe djus ij] ge ikrs gSa

 miifÙk iw.kZ gqbZA

izes; 5 fuEufyf[kr nks egRoiw.kZ lhek,¡ gSa%



(i)  (ii) 

miifÙk (i) (*) esa vlfedk (Inequality) osQ vuqlkj iQyu , iQyu cos x vkSj vpj iQyu
ftldk eku 1 gks tkrk gS] osQ chp esa fLFkr gSA

blosQ vfrfjDr D;ksafd  cos x = 1, ge ns[krs gSa fd izes; osQ (i) dh miifÙk lSaMfop izes; ls
iw.kZ gSA

(ii) dks fl¼ djus osQ fy,] ge f=kdks.kfefr loZlfedk 1 – cosx = 2 sin2 dk iz;ksx djrs gSa]

rc  = 

= 

voyksdu dhft, fd geus vLi"V :i ls bl rF; dk iz;ksx fd;k gS fd  ,

osQ rqY; gSA bldks y =  j[kdj izekf.kr fd;k tk ldrk gSA



mnkgj.k 4 eku Kkr dhft,% (i)  (ii) 

gy (i)  = 

= 

= 

= 2.1.1 = 2 (tc x → 0, 4x → 0 rFkk 2x → 0)

gekjs ikl gS (ii)  =  =  = 1.1 = 1

,d lkekU; fu;e] ftldks lhekvksa dk eku fudkyrs le; è;ku esa j[kus dh vko';drk gS]
fuEufyf[kr gS%

ekuk fd lhek  dk vfLrRo gS vkSj ge bldk eku Kkr djuk pkgrs gSaA igys ge f

(a) vkSj g(a) osQ ekuksa dks tk¡psaA ;fn nksuksa 'kwU; gSa] rks ge ns[krs gSa fd ;fn ge ml xq.ku[kaM dks
izkIr dj ldrs gSa tks in lekIr gksus dk dkj.k gS] vFkkZr~ ns[ksa ;fn ge f(x) = f1 (x) f2(x) fy[k
ldsa ftlls f1 (a) = 0 vkSj f2 (a) ≠ 0 A blh izdkj g(x) = g1 (x) g2(x),fy[krs gSa tgk¡ g1(a) = 0

vkSj g2(a) ≠ 0. f(x) vkSj g(x) esa ls mHk;fu"B xq.ku[kaM (;fn laHko gS) rks fujLr dj nsrs gSa vkSj

, tgk¡ q(x) ≠ 0 fy[krs gSa ]



rc 

iz'ukoyh 13.1
iz'u 1 ls 22 rd fuEufyf[kr lhekvksa osQ eku izkIr dhft,%

1.  2.  3.

4.  5.  6. 

7.  8.  9. 

10.  11. 

12.  13.  14. 

15.  16.  17. 

18.  19. 



20. ,

21.  22. 

23.  vkSj , Kkr dhft,] tgk¡ 

24. , Kkr dhft,] tgk¡ 

25. , dk eku izkIr dhft,] tgk¡ 

26. , Kkr dhft,] tgk¡ 

27. , Kkr dhft,] tgk¡ 

28. eku yhft, 



vkSj ;fn f (x) = f (1) rks a vkSj b osQ laHko eku D;k gSa ?

29. eku yhft, a1, a2, . . ., an vpj okLrfod la[;k,¡ gS vkSj ,d iQyu 

 ls ifjHkkf"kr gSA  f (x) D;k gS ?

fdlh a ≠ a1, a2, ..., an, osQ fy,  f (x) dk ifjdyu dhft,A

30. ;fn .

rks a osQ fdu ekuksa osQ fy, f (x) dk vfLrRo gS ?

31. ;fn iQyu  dks larq"V djrk gS] rks dk eku izkIr
dhft,A

32. fdu iw.kk±dksa m vkSj n osQ fy, vkSj nksuksa dk vfLrRo gS] ;fn 

13.5 vodyt (Derivatives)
ge vuqPNsn 13.2, esa ns[k pqosQ gSa fd fofo/ le;karjkyksa ij fiaM dh fLFkfr dks tkudj ml nj dks
Kkr djuk laHko gS ftlls fiaM dh fLFkfr ifjofrZr gks jgh gSA le; osQ fofo/ {k.kksa ij ,d



fuf'pr izkpy (parameter) dk tkuuk vkSj ml nj dks Kkr djus dk iz;kl djuk ftlls blesa
ifjorZu gks jgk gS] vR;ar O;kid #fp dk fo"k; gSA okLrfod thou dh vusd fLFkfr;k¡ gksrh gSa
ftuesa ,slh izfØ;k dk;kZfUor djus dh vko';drk gksrh gSA mnkgj.kr% ,d Vadh osQ j[k&j[kko djus
okys O;fDr osQ fy, le; osQ vusd {k.kksa ij ikuh dh xgjkbZ tkudj ;g tkuuk vko';d gksrk gS
fd Vadh dc Nydus yxsxh] fofo/ le;ksa ij jkosQV dh Å¡pkbZ tkudj jkosQV oSKkfudksa dks ml
;FkkFkZ osx osQ ifjdyu dh vko';drk gksrh gS ftlls mixzg dk jkosQV ls iz{ksi.k vko';d gksA
foÙkh; laLFkkuksa dks fdlh fo'ks"k LVkd osQ orZeku ewY; tkudj blosQ ewY;ksa esa ifjorZu dh
Hkfo";ok.kh djuh vko';d gksrh gSA buesa vkSj ,slh vusd vU; fLFkfr;ksa esa ;g tkuuk vHkh"V gksrk
gS fd ,d izkpy esa nwljs fdlh izkpy osQ lkis{k ifjorZu fdl izdkj gksrk gS\ ifjHkk"kk osQ izkar osQ
iznÙk fcanq ij iQyu dk vodyt bl fo"k; dk eq[; mís'; gSA

ifjHkk"kk 1 eku yhft, f ,d okLrfod ekuh; iQyu gS vkSj bldh ifjHkk"kk osQ izkar esa ,d fcanq a

gSA a ij f dk vodyt

ls ifjHkkf"kr gS c'krsZ fd bl lhek dk vfLrRo gksA a ij f(x) dk vodyt f’ (a) ls fu:fir gksrk
gSA

voyksdu dhft, fd f' (a), a ij x osQ lkis{k ifjorZu dk ifjek.k crkrk gSA

mnkgj.k 5 x = 2 ij iQyu f(x) = 3x dk vodyt Kkr dhft,A

gy ge ikrs gSa  = = 

= .

vr% x = 2 ij iQyu 3x dk vodyt 3 gSA



mnkgj.k 6 x = –1 ij iQyu f(x) = 2x2 + 3x – 5 dk vodyt Kkr dhft,A ;g Hkh fl¼ dhft,
fd f '(0) + 3f '( –1) = 0.

gy ge igys x = 0 vkSj x = –1 ij f(x) dk vodyt Kkr djrs gSaA ge ikrs gSa fd

 = 

= 

= 

vkSj  = 

= 

= 

Li"Vr% 

fVIi.kh  bl fLFkfr esa è;ku nhft, fd ,d fcanq ij vodyt dk eku izkIr djus esa lhek Kkr
djus osQ fofo/ fu;eksa dk izHkkodkjh iz;ksx lfEefyr gSA fuEufyf[kr bldks Li"V djrk gS%



mnkgj.k 7 x = 0 ij s in x dk vodyt Kkr dhft,A

gy eku yhft, f(x) = sin x. rc

f'(0) =  =  = 

mnkgj.k 8 x = 0 vkSj x = 3 ij iQyu f(x) = 3 dk vodyt Kkr dhft,A

gy D;ksafd vodyt iQyu esa ifjorZu dks ekirk gS] lgt:i ls ;g Li"V gS fd vpj iQyu dk
izR;sd fcanq ij vodyu 'kwU; gksuk pkfg,A bls] okLro esa] fuEufyf[kr ifjdyu ls cy feyrk gSA

= .

blh izdkj  = .

vc ge ,d fcanq ij iQyu osQ vodyt dh T;kferh; O;k[;k izLrqr djrs gSaA

vko`Qfr 13-11



eku yhft, y = f(x) ,d iQyu gS vkSj eku yhft, bl iQyu osQ vkys[k ij P = (a, f(a)) vkSj
Q = (a + h, f(a + h) nks ijLij fudV fcanq gSaA vko`Qfr 13.11 vc Lo;a O;k[;kRed gSA ge tkurs gSa

fd 

f=kHkqt PQR, ls ;g Li"V gS fd og vuqikr ftldh lhek ge ys jgs gSa] ;FkkFkZrk ls tan (QPR) osQ
cjkcj gS tks fd thok PQ dk <ky gSA lhek ysus dh izfØ;k esa] tc h, 0 dh vksj vxzlj gksrk gS]
fcanq Q, P dh vksj vxzlj gksrk gS vkSj ge ikrs gSa vFkkZr~

;g bl rF; osQ rqY; gS fd thok PQ, oØ y = f(x) osQ fcanq P ij Li'khZ dh vksj vxzlj gksrh gSA

vr% 

,d fn, iQyu f osQ fy, ge izR;sd fcanq ij vodyt Kkr dj ldrs gSaA ;fn izR;sd fcanq ij
vodyt dk vfLrRo gS rks ;g ,d u;s iQyu dks ifjHkkf"kr djrk gS ftls iQyu f dk vodyt
dgk tkrk gS vkSipkfjd :i ls ge ,d iQyu osQ vodyt dks fuEufyf[kr izdkj ifjHkkf"kr djrs
gSaA

ifjHkk"kk 2 eku yhft, fd f ,d okLrfod ekuh; iQyu gS] rks 

ls ifjHkkf"kr iQyu] tgk¡ dgha lhek dk vfLrRo gS] dks x ij f dk vodyt ifjHkkf"kr fd;k tkrk
gS vkSj f'(x) ls fu:fir fd;k tkrk gSA vodyt dh bl ifjHkk"kk dks vodyt dk izFke fl¼kar
Hkh dgk tkrk gSA

bl izdkj f'(x) = 



Li"Vr% f'(x) dh ifjHkk"kk dk izkar ogh gS tgk¡ dgha mi;qZDr lhek dk vfLrRo gSA ,d iQyu osQ

vodyt osQ fofHkUu laosQru gSaA dHkh&dHkh f'(x) dks  ls fu:fir fd;k tkrk gS

;fn y = f(x), rks ;g  ls fu:fir fd;k tkrk gSA bls y ;k f(x) osQ lkis{k vodyt osQ :i esa
mYysf[kr fd;k tkrk gS bls D (f (x) ) ls Hkh fu:fir fd;k tkrk gSA

blosQ vfrfjDr x = a ij f osQ vodyt dks  ;k ls Hkh
fu:fir fd;k tkrk gSA

mnkgj.k 9 f(x) = 10 x dk vodyt Kkr dhft,A

gy ge ikrs gSa f'(x) =  = 

=  = 

mnkgj.k 10 f(x) = x2 dk vodyt Kkr dhft,A

gy ge ikrs gSa f'(x) = 

=  = 



mnkgk.k 11 ,d vpj okLrfod la[;k a osQ fy,] vpj iQyu f(x) = a dk vodyt Kkr
dhft,A

gy ge ikrs gSa f'(x) = 

=  D;ksafd 

mnkgj.k 12 f(x) =  dk vodyt Kkr dhft,A

gy ge ikrs gSa f'(x) = 

= 

= 

=  =  = 



13.5.1 iQyuksa osQ vodyt dk chtxf.kr (Algebra of derivative of functions) D;ksafd
vodyt dh ;FkkFkZ ifjHkk"kk esa lhek fu'p; gh lh/s :i eas lfEefyr gS] ge vodyt osQ fu;eksa
osQ fudVrk ls lhek osQ fu;eksa osQ vuqxeu dh vk'kk djrs gSaA ge budks fuEufyf[kr izes;ksa esa ikrs
gSa%

izes; 5 eku yhft, f vkSj g nks ,sls iQyu gSa fd muosQ mHk;fu"B izkar esa muosQ vodyu ifjHkkf"kr
gSa] rc

(i) nks iQyuksa osQ ;ksx dk vodyt mu iQyuksa osQ vodytksa dk ;ksx gSA

(ii) nks iQyuksa osQ varj dk vodyt mu iQyuksa osQ vodytksa dk varj gSA

(iii) nks iQyuksa osQ xq.ku dk vodyt fuEufyf[kr xq.ku fu;e (product rule) ls fn;k x;k gS%

(iv) nks iQyuksa osQ HkkxiQy dk vodyt fuEufyf[kr HkkxiQy fu;e (quotient rule) ls fn;k x;k gS
(tgk¡ dgha gj 'kwU;srj gS)

budh miifÙk lhekvksa dh rqY; :i izes;ksa ls vko';dh; :i ls vuqlj.k djrh gSaA ge bUgsa ;gk¡
fl¼ ugha djsaxsA lhekvksa dh fLFkfr dh rjg ;g izes; crykrk gS fd fo'ks"k izdkj osQ iQyuksa osQ
vodyt dSls ifjdfyr fd, tkrs gSaA izes; osQ vafre nks dFkuksa dks fuEufyf[kr <ax ls iqu% dgk
tk ldrk gS ftlls muosQ iquLeZj.k djus esa vklkuh ls lgk;rk feyrh gSA



eku yhft,  vkSj = g (x) rc

 = 

;g iQyuksa osQ xq.ku osQ vodyu osQ fy, Leibnitz fu;e ;k xq.ku fu;e mYysf[kr gksrk gSA blh
izdkj] HkkxiQy fu;e gS

= 

vc] vkb, ge oqQN ekud iQyuksa osQ vodyuksa dks ysaA ;g ns[kuk ljy gS fd iQyu f(x) = x dk
vodyt vpj iQyu 1 gSA ;g gS D;ksafd

f'(x) =  = 

= 

ge bldk vkSj mi;qZDr izes; dk iz;ksx f(x) = 10x = x + x + ... + x (10 in)

(mi;qZDr izes; osQ (i) ls) osQ vodyt osQ ifjdyu esa djrs gSa

 =   (10 in)

=  (10 in)

=  (10 in) = 10.

ge è;ku nsrs gSa fd bl lhek dk eku xq.ku lw=k osQ iz;ksx ls Hkh izkIr fd;k tk ldrk gSA ge



fy[krs gSa] f(x) = 10x = uv, tgk¡ u fy[krs gSa tgk¡ u izR;sd txg eku 10 ysdj vpj iQyu gS vkSj
v(x) = x. ;gk¡ ge tkurs gSa fd u dk vodyt 0 osQ cjkcj gS lkFk gh v(x) = x dk vodyt 1
osQ cjkcj gSA bl izdkj xq.ku fu;e ls] ge ikrs gSa

 = 

blh vk/kj ij f(x) = x2 osQ vodyt dk eku izkIr fd;k tk ldrk gSA ge ikrs gSa f(x) = x2 = x

.x vkSj vr%

 = 

= 

vf/d O;kid :i ls ge fuEufyf[kr izes; ikrs gSa%

izes; 6 fdlh /u iw.kk±d n osQ fy, f(x) = x  dk vodyt nx  gSA

miifÙk vodyt iQyu dh ifjHkk"kk ls] ge ikrs gSa

= .

f}in izes; dgrk gS fd (x + h)  = vkSj

(x + h)  – x  = h(nx  – 1 +... + h  – 1) bl izdkj

 =  = 

n n – 1

n

n n n n



= , = 

fodYir% ge bldks n ij vkxeu vkSj xq.ku lw=k ls Hkh fuEu izdkj fl¼ dj ldrs gSa% n = 1 osQ
fy, ;g lR; gS tSlk fd igys fn[kk;k tk pqdk gS

 = 

= (xq.ku lw=k ls)

=  (vkxeu ifjdYiuk ls)

= 

fVIi.kh  mi;qZDr izes; x,dh lHkh ?kkrksa osQ fy, lR; gS vFkkZr~ n dksbZ Hkh okLrfod la[;k gks
ldrh gSA (ysfdu ge bldks ;gk¡ fl¼ ugha djsaxs)

13.5.2 cgqinksa vkSj f=kdks.kferh; iQyuksa osQ vodyt (Derivative of polynomials and

trigonometric functions) ge fuEufyf[kr izes; ls izkjaHk djsaxs tks gedks cgqinh; iQyuksa osQ
vodyt crykrh gSA

izes; 7 eku yhft, f(x) =  ,d cgqinh; iQyu gS tgk¡
ais lHkh okLrfod la[;k,¡ gSa vkSj an  0 rc vodyt iQyu bl izdkj fn;k tkrk gS%



 

bl izes; dh miifÙk izes; 5 vkSj izes; 6 osQ Hkkx (i) dks ek=k lkFk j[kus ls izkIr dh tk ldrh gSA

mnkgj.k 13 6x  – x  + x osQ vodyt dk ifjdyu dhft,A

gy mi;qZDr izes; dk lh/k vuqiz;ksx crykrk gS fd mi;qZDr iQyu dk vodyt 

 gSA

mnkgj.k 14 x = 1ij f(x) = 1 + x + x2 + x3 +... + x  dk vodyt Kkr dhft,A .

gy mi;qZDr izes; 6 dk lh/k vuqiz;ksx crykrk gS fd mi;qZDr iQyu dk vodyt

1 + 2x + 3x2 + . . . + 50x  gSA x = 1 ij bl iQyu dk eku 1 + 2(1) + 3(1)2 + .. . + 50(1)49 = 1

+ 2 + 3 + . . . + 50 =  = 1275 gSA

mnkgj.k 15 f(x) =  dk vodyt Kkr dhft,A

gy ;g iQyu x = 0 osQ vfrfjDr izR;sd osQ fy, ifjHkkf"kr gSA ge ;gk¡ u = x + 1 vkSj v = x ysdj
HkkxiQy fu;e dk iz;ksx djrs gSaA vr% u´ = 1 vkSj v´ = 1 blfy,

100 55

50

49



mnkgj.k 16 sin x osQ vodyt dk ifjdyu dhft,A

gy eku yhft, f(x) = sin x, rc

 = 

=  ( sin A – sin B osQ lw=k dk iz;ksx djosQ)

= .

mnkgj.k 17 tan x osQ vodyt dk ifjdyu dhft,A

gy eku yhft, f(x) = tan x, rc

 = 

= 

= 



=  (sin (A + B) osQ lw=k dk iz;ksx djosQ)

= 

= 

mnkgj.k 18 f(x) = sin2 x osQ vodyt dk ifjdyu dhft,A

gy ge bldk eku izkIr djus osQ fy, Leibnitz xq.ku lw=k dk iz;ksx djrs gaSA

 = (sin x sin x)

= (sin x)' sin x + sin x (sin x)′

= (cos x) sin x + sin x (cos x)

= 2sin x cos x = sin 2x.

iz'ukoyh 13.2
1. x = 10 ij x2 – 2 dk vodyt Kkr dhft,A

2. x = l00 ij 99x dk vodyt Kkr dhft,A

3. x = 1 ij x dk vodyt Kkr dhft,A

4. izFke fl¼kar ls fuEufyf[kr iQyuksa osQ vodyt Kkr dhft,%

(i)  (ii) 



(iii)  (iv) 

5. iQyu osQ fy, fl¼ dhft, fd 

.

6. fdlh vpj okLrfod la[;k a osQ fy, 
dk vodyt Kkr dhft,

7. fdUgha vpjksa a vkSj b, osQ fy,]

(i)  (ii)  (iii)  osQ vodyt Kkr dhft,A

8. fdlh vpj a osQ fy,  dk vodyt Kkr dhft,A

9. fuEufyf[kr osQ vodyt Kkr dhft,%

(i)  (ii) 

(iii)  (iv) 

(v)  (vi) 

10. izFke fl¼kar ls cos x dk vodyt Kkr dhft,A

11. fuEufyf[kr iQyuksa osQ vodyt Kkr dhft,A



(i)  (ii)  (iii) 

(iv) cosec x (v) 

(vi)  (vii) 

fofo/ mnkgj.k

mnkgj.k 19 izFke fl¼kar ls f dk vodyt Kkr dhft, tgk¡ f bl izdkj iznÙk gS%

(i) f (x) =  (ii) f (x) = 

gy (i) è;ku nhft, fd iQyu x = 2 ij ifjHkkf"kr ugha gSA ysfdu] ge ikrs gSa

= 

= 

= 

iqu% è;ku nhft, fd x = 2 ij iQyu  Hkh ifjHkkf"kr ugha gSA

(ii) x = 0 ij iQyu ifjHkkf"kr ugha gSA ysfdu] ge ikrs gSa



 = 

= 

= 

= 

iqu% è;ku nhft, fd x = 0 ij iQyu  ifjHkkf"kr ugha gSA

mnkgj.k 20 izFke fl¼kar ls iQyu f(x) dk vodyt Kkr dhft, tgk¡ f(x)

(i)  (ii) 

gy (i) ge ikrs gSa]  = 

= 



= 

= 

=  

= cos x – sin x

(ii) 

= 

= 

= 

= 

= x cos x + sin x

mnkgj.k 21 (i) f(x) = sin 2x (ii) g(x) = cot x



osQ vodyt dk ifjdyu dhft,A

gy (i) f=kdks.kfefr lw=k sin 2x = 2 sin x cos x dk iquLeZj.k dhft,A bl izdkj

= 

= 

=  = 

(ii) ifjHkk"kk ls] g(x) =  ge HkkxiQy lw=k dk iz;ksx bl iQyu ij djsaxs] tgk¡ dgha ;g

ifjHkkf"kr gSA = = 

= 

= 

fodYir% bldks è;ku nsdj fd  , ifjdfyr fd;k tk ldrk gSA ;gk¡ ge bl rF;



dk iz;ksx djrs gSa fd tan x dk vodyt sec2 x gS tks geus mnkgj.k 17 esa ns[kk gS vkSj lkFk gh
vpj iQyu dk vodyt 0 gksrk gSA

=

= 

= 

= 

= 

mnkgj.k 22 (i)  (ii)  dk vodyt Kkr dhft,A

gy (i) eku yhft, . tgk¡ dgha
Hkh ;g ifjHkkf"kr gS] ge bl iQyu ij HkkxiQy fu;e dk iz;ksx djsaxsA



= 

= 

(ii) ge iQyu  ij HkkxiQy fu;e dk iz;ksx djsaxs tgk¡ dgha Hkh ;g ifjHkkf"kr gSA

= 

=

vè;k; 13 ij fofo/ iz'ukoyh
1. izFke fl¼kar ls fuEufyf[kr iQyuksa dk vodyt Kkr dhft,%

(i)  (ii) (x)-1 (iii) sin (x + 1)

(iv) cos (x – )

fuEufyf[kr iQyuksa osQ vodyt Kkr dhft, (;g le>k tk; fd a, b, c, d, p, q, r vkSj s fuf'pr
'kwU;srj vpj gSa vkSj m rFkk n iw.kk±d gSaA):

2. (x + a) 3. (px + q)  4. 



5.  6.  7. 

8.  9.  10.

11.  12.  13. 

14. sin (x + a) 15. cosec x cot x 16. 

17.  18.  19.

20.  21.  22.  23.

24.

25.  26.  27. 

28.  29.  30.

lkjka'k
iQyu dk visf{kr eku tks ,d fcanq osQ ckb± vksj osQ fcanqvksa ij fuHkZj djrk gS] fcanq ij



iQyu osQ ck,¡ i{k dh lhek (Left handed limit) dks ifjHkkf"kr djrk gSA blh izdkj
nk,¡ i{k dh lhek (Right handed limit)A
,d fcanq ij iQyu dh lhek ck,¡ i{k vkSj nk,¡ i{k dh lhekvksa ls izkIr mHk;fu"B eku
gSa ;fn os laikrh gksaA
;fn fdlh fcanq ij ck,¡ i{k vkSj nk,¡ i{k dh lhek,¡ laikrh u gksa rks ;g dgk tkrk gS
fd ml fcanq ij iQyu dh lhek dk vfLrRo ugha gSA

,d okLrfod la[;k a vkSj ,d iQyu f osQ fy,  f(x) vkSj f (a) leku ugha Hkh
gks ldrs (okLro esa] ,d ifjHkkf"kr gks vkSj nwljk ugha)
iQyukas f vkSj g osQ fy, fuEufyf[kr ykxw gksrs gSa%

fuEufyf[kr oqQN ekud lhek,¡ gSaA

a ij iQyu f dk vodyt

 ls ifjHkkf"kr gksrk gSA



izR;sd fcanq ij vodyt] vodyt iQyu

 ls ifjHkkf"kr gksrk gSA
iQyuksa u vkSj v osQ fy, fuEufyf[kr ykxw gksrk gS%

 c'krsZ lHkh ifjHkkf"kr gSaA
fuEufyf[kr oqQN ekud vodyt gSa%

,sfrgkfld i`"BHkwfe
xf.kr osQ bfrgkl esa dyu osQ vUos"k.k osQ Js; dh Hkkxhnkjh gsrq nks uke izeq[k gaS Issac

Newton (1642 – 1727) vkSj G.W. Leibnitz (1646 – 1717). l=kgoha 'krkCnh esa nksuksa us
Lora=krk iwoZd dyu dk vUos"k.k fd;kA dyu osQ vkxeu osQ ckn blosQ vkxkeh fodkl gsrq
vusd xf.krKksa us ;ksxnku fd;kA ifj'kq¼ ladYiuk dk eq[; Js; egku xf.krKksa A.L.Cauchy,



J.L.Lagrange vkSj Karl Weier strass dks izkIr gSA Cauchy us dyu dks vk/kj fn;k ftldks
vc ge O;kidr% ikB~~; iqLrdksa esa Lohdkj dj pqosQ gSaA Cauchy us D'Almbert dh lhek

ladYiuk osQ iz;ksx osQ }kjk vodyt dh ifjHkk"kk nhA lhek dh ifjHkk"kk ls izkjaHk djrs gq, 

= 0 osQ fy,  dh lhek tSls mnkgj.k fn,A mUgksaus

fy[kk vkSj  osQ fy, lhek dks 'f "(x) osQ fy, y*,¶function derive’e¸ uke fn;kA

1900 ls iwoZ ;g lkspk tkrk Fkk fd dyu dks i<+kuk cgqr dfBu gS] blfy, dyu ;qokvksa dh
igq¡p ls ckgj FkhA ysfdu Bhd 1900 esa baxySaM esa John Perry ,oa vU; us bl fopkj dk
izpkj djuk izkjaHk fd;k fd dyu dh eq[; fof/;k¡ vkSj /kj.kk,¡ ljy gSa vkSj LowQy Lrj ij
Hkh i<+k;k tk ldrk gSA F.L. Griffin us dyu osQ vè;;u dks izFke o"kZ osQ Nk=kksa ls izkjaHk djosQ
usr`Ro iznku fd;kA mu fnuksa ;g cgqr pqukSrhiw.kZ dk;Z FkkA

vkt u osQoy xf.kr vfirq vusd vU; fo"k;ksa tSls HkkSfrdh] jlk;u foKku] vFkZ'kkL=k]
thofoKku esa dyu dh mi;ksfxrk egRoiw.kZ gSA



vè;k; 14

xf.krh; foospu (Mathematical Reasoning)

v There are few things which we know which are not capable of mathematical reasoning

and when these can not, it is a sign that our knowledge of them is very small and

confused and where a mathematical reasoning can be had, it is as great a folly to make

use of another, as to grope for a thing in the dark when you have a candle stick standing

by you. – Arthenbot v

14.1 Hkwfedk (Introduction)
bl vè;k; esa ge xf.krh; foospu ls lacaf/r oqQN ekSfyd èkkj.kkvksa ij ppkZ djsaxsA gesa Kkr gS fd
euq";] vusdksa lgL=kkfCn;ksa esa] fuEu Lrj dh iztkfr;ksa ls] fodflr gqvk gSA euq"; esa foospu djus
osQ xq.k us mls vU; iztkfr;ksa ls Js"B cuk;k gSA ,d O;fDr bl xq.k dks fdruh vPNh rjg iz;ksx
dj ldrk gS] mlosQ foospu {kerk ij fuHkZj djrk gSA bl {kerk dks osQls fodflr fd;k tk,\ ;gk¡
ij ge foospu dh izfØ;k dh ppkZ fo'ks"k :i ls xf.kr osQ lanHkZ esa djsaxsA xf.krh; Hkk"kk esa foospu
nks izdkj osQ gksrs gSa& vkxeukRed (vkxfed) foospu rFkk fuxeukRed (fuxefud) foospuA
xf.krh; vkxeu (Mathematical Induction) osQ lanHkZ esa ge vkxeukRed foospu dh ppkZ igys dj
pqosQ gSaA bl vè;k; esa ge oqQN ewyHkwr fuxeukRed foospu ij ppkZ djsaxsA



George Boole

(1815 - 1864 A.D.)

14-2 dFku (Statements)
xf.krh; foospu dh ekSfyd bdkbZ xf.krh; dFku dh ladYiuk gSA

ge fuEufyf[kr nks OkkD;ksa esa izkjaHk djsaxsA

¶lu~ 2003 esa Hkkjr dh jk"Vªifr ,d efgyk FkhaA¸

¶fdlh gkFkh dk Hkkj ,d euq"; osQ Hkkj ls vf/d gksrk gSA¸

bu okD;ksa dks i<+rs gh ge rqjUr fu.kZ; ys ldrs gSa fd izFke okD; xyr (vlR;) rFkk nwljk okD;
lgh (lR;) gSA bl laca/ esa dksbZ Hkzkafr ugha gSA xf.kr esa ,sls okD;ksa dks dFku dgrs gSaA

blosQ foijhr fuEufyf[kr okD; ij fopkj dhft,%

¶efgyk,¡] iq#"kksa ls vf/d cqf¼eku gksrh gSaA¸

oqQN yksxksa osQ fopkj ls ;g okD; lR; gks ldrk gS ijarq oqQN vU; blls vlger gks ldrs gSaA bl



okD; osQ ckjs esa ge ;g ugha dg ldrs fd ;g lR; ;k vlR; gSA bldk rkRi;Z gS fd ;g okD;
};FkZd gSA

bl izdkj dk okD; xf.kr esa dFku osQ :i esa Lohdk;Z ugha gSA

^,d okD; xf.krkuqlkj dFku dgykrk gSA ;fn og ;k rks lR; gks vFkok vlR; gks ijarq nksuksaa (lR;
vkSj vlR;) u gksA* vc tc Hkh ge dFku dk mYys[k djsaxs gekjk rkRi;Z ¶xf.krkuqlkj Lohdk;Z¸
dFku ls gksxkA

xf.kr osQ vè;;u osQ nkSjku gesa bl izdkj osQ vusd okD; feyrs gSaA oqQN mnkgj.k bl izdkj gSa%

nks /u nks cjkcj pkjA

nks /u la[;kvksa dk ;ksxiQy /u gksrk gSA

lHkh vHkkT; la[;k,¡ fo"ke la[;k,a gksrh gSaA

buesa ls izFke nks okD; lR; gSa vkSj rhljk okD; vlR; gSA bu okD;ksa osQ ckjs esa dksbZ Hkh lafnXèkrk
ugha gSA vr% ;s (okD;) dFku gSaA

D;k vki fdlh ,sls okD; dk mnkgj.k lksp ldrs gSa tks vLi"V gks\ fuEufyf[kr okD; ij fopkj
dhft,%

x vkSj y dk ;ksxiQy 0 ls vf/d gSA

;gk¡ ge ;g lqfuf'pr ugha dj ldrs fd okD; lR; gS vFkok vlR; gS] tc rd gesa ;g Kkr u
gks fd x vkSj y D;k gSaA mnkgj.kkFkZ] x = 1, y = –3 osQ fy, ;g vlR; gS rFkk x = 1, y = 0 osQ
fy, ;g lR; gSA vr% ;g okD; ,d dFku ugha gSA fdarq fuEufyf[kr okD; ,d dFku gS

izR;sd izko`Qr la[;kvksa x vkSj y dk ;ksxiQy 0 ls vf/d gS] ,d dFku gSA

vc fuEufyf[kr okD;ksa ij fopkj dhft,%

vkgk] fdruk lqanj!

}kj (njoktk) [kksfy,A

vki dgk¡ tk jgs gSa\



D;k ;s dFku gSa\ ugha] D;ksafd igyk foLe;kfncks/d (foLe;cks/d) okD; gS] nwljk ,d vkns'k gS
rFkk rhljk ,d iz'u gSA xf.krh; Hkk"kk esa buesa ls fdlh dks Hkh dFku ugha ekuk tkrk gSA ,sls okD;
ftuesa pj (vfuf'pr) le; gks tSls ¶vkt¸] ¶dy¸ ¶chrk gqvk dy¸] dFku ugha gksrs gSaA ;g
blfy, fd gesa ;g Kkr ugha gksrk fd fdlh le; dh ppkZ gks jgh gSA
mnkgj.kkFkZ] okD;

^dy 'kqØokj gSA*

,d dFku ugha gSA

;g okD; fdlh c`gLifrokj osQ fy, rks lR; gksxk ijarq vU; fnuksa osQ fy, lR; ugha gksxkA ;g ckr
mu okD;ksa osQ fy, Hkh ykxw gksrh gS ftuesa loZuke dk iz;ksx fcuk lacaf/r laKk dks crk, fd;k x;k
gks vkSj ,sls okD;ksa osQ fy, Hkh ftuesa pj (vfuf'pr) LFkkuksa dk iz;ksx fd;k x;k gks] tSls ^;gk¡*]
^ogk¡* vkfnA rkRi;Z ;g gqvk fd okD;

og xf.kr dh ,d Lukrd gS

d'ehj ;gk¡ ls cgqr nwj gSA

dFku ugha gSA

;gk¡ ,d vU; okD; ij fopkj dhft,%

,d eghus (ekg) esa 40 fnu gksrs gSaA

D;k vki bls ,d dFku dgsaxs\ uksV dhft, fd ;gk¡ ij mfYyf[kr le; ¶vfuf'pr (pj)¸ gS
vFkkZr~~ 12 eghuksa esa ls dksbZ ,dA fdarq gesa Kkr gS fd ;g okD; lnSo (eghus dk è;ku fd, fcuk)
vlR; gksrk gS D;ksafd ,d eghus esa fnuksa dh la[;k 31 ls vf/d ugha gks ldrh gSA vr% ;g okD;
,d dFku gSA blfy, ;g rF; fd ,d okD; ;k rks lR; gks ;k vlR; gks fdarq nksuksa u gks losQ
,d dFku cukrk gSA

lkekU;r% ge dFkuksa dks NksVs v{kj p, q, r, ... ls fu:fir (fufnZ"V) djrs gSa

mnkgj.k osQ fy,] dFku ¶vkx lnSo xeZ gksrh gS¸ dks ge p }kjk n'kkZrs gSaA bl ckr dks fuEufyf[kr
izdkj ls Hkh n'kkZrs gSa%



p % vkx lnSo xeZ gksrh gSA

mnkgj.k 1 tk¡fp, fd D;k fuEufyf[kr okD; dFku gSaA vius mÙkj dks dkj.k lfgr fyf[k,A

(i) 8] 6 ls de gSA

(ii) izR;sd leqPp; ,d ifjfer leqPp; gksrk gSA

(iii) lw;Z ,d rkjk gSA

(iv) xf.kr ,d dkSrqd gSA

(v) fcuk ckny osQ o"kkZ ugha gksrhA

(vi) ;gk¡ ls psUubZ fdruh nwj gS\

gy (i) ;g okD; vlR; gS D;ksafd 8 vf/d gksrk gS 6 lsA vr% ;g ,d dFku gSA

(ii) ;g okD; Hkh lnSo vlR; gS D;ksafd ,sls Hkh leqPp; gSa tks fd ifjfer ugha gksrs gSa vr% ;g
,d dFku gSA

(iii) ;g oSKkfud :i ls izekf.kr gS fd lw;Z ,d rkjk gS vkSj blfy, ;g okD; lR; gSA vr% ;g
,d dFku gSA

(iv) ;g okD; O;fDrfu"B gS D;ksafd ftUgsa xf.kr esa #fp gS muosQ fy, ;g dkSrqd gks ldrk gS fdarq
vU; osQ fy, ,slk ugha gks ldrk gSA bldk vFkZ gqvk fd ;g okD; lR; ;k vlR; ugha gSA vr%
;g ,d dFku ugha gSA

(v) ;g oSKkfud :i ls izekf.kr izko`Qfrd rF; gS fd o"kkZ gksus ls igys ckny curs gSaA blfy, ;g
lnSo lR; gSA vr% ;g ,d dFku gSA

(vi) ;g ,d iz'u gS] ftlesa 'kCn ^;gk¡* Hkh vkrk gSA vr% ;g ,d dFku ugha gSA

mijksDr mnkgj.k ;g n'kkZrs gSa fd tc dHkh ge fdlh okD; dks dFku dgrs gSa rks gesa ;g Hkh
crykuk pkfg, fd ,slk D;ksa gS iz'u osQ mÙkj dh vis{kk ;g ^D;ksa* vf/d egRoiw.kZ gSA



iz'ukoyh 14.1
1- fuEufyf[kr okD;ksa esa ls dkSu lk dFku gSa\ vius mÙkj osQ fy, dkj.k Hkh crykb,A

(i) ,d eghus esa 35 fnu gksrs gSaA

(ii) xf.kr ,d dfBu fo"k; gSA

(iii) 5 vkSj 7 dk ;ksxiQy 10 ls vf/d gSA

(iv) fdlh la[;k dk oxZ ,d le la[;k gksrh gSA

(v) fdlh prqHkqZt dh Hkqtk,¡ cjkcj (leku) yackbZ dh gksrh gSaA

(vi) bl iz'u dk mÙkj nhft,A

(vii) &1 vkSj 8 dk xq.kuiQy 8 gSA

(viii) fdlh f=kHkqt osQ lHkh var% dks.kksa dk ;ksxiQy 180  gksrk gSA

(ix) vkt ,d rwiQkuh fnu gSA

(x) lHkh okLrfod la[;k,a lfEeJ la[;k,¡ gksrh gSaA

2- okD;ksa osQ rhu ,sls mnkgj.k nhft, tks dFku ugh gSaA mÙkj osQ fy, dkj.k Hkh crykb,A

14-3 iwoZ Kkr dFkuksa ls u, dFku cukuk (New Statements
from Old)
vc ge iwoZ Kkr dFkuksa ls u, dFku cukus dh fof/ ij fopkj djsaxsA lu~ 1854 esa ,d vaxjs”k
xf.krK Georg Boole us viuh iqLrd The laws of Thoughts esa bu fof/;ksa ij fopkj&foe'kZ fd;k
gSA ;gk¡] ge nks rduhdksa ij fopkj&foe'kZ djsaxsA

dFku osQ vè;;u esa izFke pj.k osQ :i esa ge ,d egRoiw.kZ rduhd ij n`f"V Mkysaxs ftlosQ iz;ksx
ls ge xf.krh; okD;ksa dh viuh le> dks xgu dj losQaxsA bl rduhd esa ge vius vki ls u

o



osQoy ;g iz'u iwNsaxs fd ,d fn, gq, okD; osQ lR; gksus dk D;k vFkZ gksrk gS cfYd ;g Hkh fd
ml okD; osQ lR; ugha gksus dk D;k vFkZ gksrk gSA

14-3-1 fdlh dFku dk fu"ks/u (Negation of a statement) fdlh dFku dk udkjuk ml dFku
dk fu"ks/u dgykrk gSA

okD; ^ubZ fnYyh ,d uxj gSA*

bldk fu"ks/u fuEufyf[kr izdkj ls fy[kk tk ldrk gSA

;g oLrqfLFkfr ugha gS fd ubZ fnYyh ,d uxj gSA* bls bl izdkj Hkh fy[k ldrs gSaA fd

^;g vlR; gS fd ubZ fnYyh ,d uxj gSA*

ljyrk ls ;g Hkh dg ldrs gSa fd

^ubZ fnYyh ,d uxj ugha gSA*

ifjHkk"kk 1 ;fn p ,d dFku gS] rks p dk fu"ks/u og dFku gS tks p dks udkjrk gS vkSj bls izrhd
~p ls n'kkZrs (fufnZ"V djrs) gSa ftls ¶p&ugha¸ i<+rs gSaA

A fVIi.kh  fdlh dFku osQ fu"ks/u dh jpuk djrs le; ^;g oLrq fLFkfr ugha gS* vFkok ^;g
vlR; gS fd* ;gk¡ ,d mnkgj.k ls ;g Li"V fd;k x;k gS fd fdl izdkj ,d dFku osQ
fu"ksèku dk voyksdu djosQ] ge mlosQ laca/ esa viuh le> lq/kj ldrs gSaA

okD; ^teZuh esa gj dksbZ (izR;sd O;fDr) teZu Hkk"kk cksyrk gSA* ij fopkj djsaA

bl okD; dks udkjus ls gesa okD; ^teZuh esa gj dksbZ teZu Hkk"kk ugha cksyrk gSA* bldk ;g rkRi;Z
ugha gqvk fd ^teZuh esa dksbZ Hkh O;fDr teZu Hkk"kk ugha cksyrk gSA* ;g osQoy ;g crykrk gS fd
^teZuh esa de ls de ,d O;fDr ,slk gS tks teZu Hkk"kk ugha cksyrk gSA

ge oqQN vkSj mnkgj.kksa ij fopkj djsaxsA



mnkgj.k 2 fuEufyf[kr dFkuksa dk fu"ks/u fyf[k,A

(i) fdlh vk;r osQ nksuksaa fod.kks± dh yackbZ leku gksrh gSA

(ii)  ,d ifjes; la[;k gSA

gy (i) ;g dFku ;g crykrk gS fd lHkh vk;rksa esa nksuksaa fod.kks± dh yackbZ leku gksrh gSA bldk
rRi;Z ;g gqvk fd ;fn ge dksbZ vk;r ysa rks blosQ nksuksaa fod.ksZ dh yackbZ leku gksxhA bl dFku
dk fu"ks/u] ¶;g vlR; gS fd fdlh vk;r osQ nksuksaa fod.kks± dh yackbZ leku gksrh gS¸ gSA vFkkZr~~
^de ls de ,d vk;r ,slk gS] ftlosQ nksukas fod.kks± dh yackbZ leku ugha gSA*

(ii) bl dFku dk fu"ks/u fuEufyf[kr izdkj fy[kk tk ldrk gS

^;g oLrqfLFkfr ugha gS fd  ,d ifjes; la[;k gSA*

bls fuEufyf[kr izdkj ls Hkh fy[k ldrs gSa%

'  ,d ifjes; la[;k ugha gSA*

mnkgj.k 3 fuEufyf[kr dFku osQ fu"ks/u fyf[k, vkSj tk¡fp, fd D;k ifj.kkeh dFku lR; gS\

(i) vkLVªsfy;k ,d egk}hi gSA

(ii) ,sls fdlh prqHkqZt dk vfLrRo ugha gS ftldh pkjksaa Hkqtk,¡ cjkcj gksaA

(iii) izR;sd izko`Qr la[;k 0 ls vf/d gksrh gSA

(iv) 3 vkSj 4 dk ;ksxiQy 9 gSA

gy (i) ^;g vlR; gS fd vkLVªsfy;k ,d egk}hi gS*] fn;s gq, dFku dk fu"ks/u gSA bls bl izdkj
Hkh fy[k ldrs gSa fd ^vkLVªsfy;k ,d egk}hi ugha gSA* gesa Kkr gS fd ;g dFku vlR; gSA

(ii) bl dFku dk fu"ks/u bl izdkj gS] ^;g oLrqfLFkfr ugha gS fd fdlh prqHkqZt dk vfLrRo ugha gS



ftldh pkjksaa Hkqtk,¡ cjkcj gSaA*

bldk rkRi;Z gqvk fd ^,d ,sls prqHkqZt dk vfLrRo gS] ftldh pkjksaa Hkqtk,¡ cjkcj gksrh gSaA ;g
dFku lR; gS D;ksafd gesa Kkr gS fd oxZ ,d ,slk prqHkqZt gksrk gS] ftldh pkjksaa Hkqtk,¡ cjkcj gksrh
gSaA

(iii) bl dFku dk fu"ks/u bl izdkj gS] ^;g vlR; gS fd izR;sd izko`Qr la[;k 0 ls vf/d gksrh gSaA

bldks bl izdkj Hkh fy[k ldrs gSa fd ^,d ,slh izko`Qr la[;k dk vfLrRo gS tks 0 ls vf/d ugha
gSA* ;g dFku vlR; gSA

(iv) vHkh"V fu"ks/u bl izdkj gS] ^;g vlR; gS fd 3 vkSj 4 dk ;ksxiQy 9 gSA*

bls bl izdkj Hkh fy[kk tk ldrk gS fd] ^3 vkSj 4 dk ;ksxiQy 9 ugha gskrk gSA* ;g dFku lR;
gSA

14-3-2 feJ dFku (la;qDr dFku) (Compound statements) ^vkSj (rFkk)*] ^;k (vFkok)*
vkfn izdkj osQ la;kstd 'kCnksaa }kjk ,d ;k ,d ls vf/d dFku dks tksM+ dj vusd xf.krh; dFku
izkIr fd, tk ldrs gSaA fuEufyf[kr dFku ij fopkj dhft,%

^cYc ;k fctyh osQ rkj esa oqQN [kjkch gS* ;g dFku crykrk gS fd cYc esa oqQN [kjkch gS ;k
fctyh osQ rkj esa oqQN [kjkch gSA bldk rkRi;Z ;g gS fd iznÙk dFku okLro esa nks laf{kIr (NksVs)
dFku ls fey dj cuk gS] tks bl izdkj gSa%

Qq: ^cYc esa oqQN [kjkch gS*

r: fctyh osQ rkj esa oqQN [kjkch gS* vkSj

ftudks 'kCn ^;k* }kjk tksM+k x;k gSA

vc eku yhft, fd fuEufyf[kr nks dFku fn, gSa]

p: ^7 ,d fo"ke la[;k gSA*

Qqq: ^7 ,d vHkkT; la[;k gSA*



bu nksuksaa dks 'kCn ^vkSj* }kjk tksM+us ls fuEufyf[kr dFku izkIr gksxk

r: ^7 fo"ke vkSj vHkkT;] nksuksaa gh izdkj dh la[;k gSA*

;g ,d feJ dFku gSA

mijksDr ifjppkZ ls fuEufyf[kr ifjHkk"kk izkIr gksrh gS%

ifjHkk"kk 2 ,d feJ dFku og gS] tks nks ;k nks ls vf/d ,sls dFkuksa }kjk cuk gks] bl fLFkfr esa
izR;sd dFku dks ?kVd dFku dgrs gSaA

vkb, vc ge oqQN mnkgj.kksa ij fopkj djsaA

mnkgj.k 4 fuEufyf[kr feJ dFku osQ ?kVd dFku Kkr dhft,A

(i) vkdk'k uhyk gS vkSj ?kkl gjh gSA

(ii) o"kkZ gks jgh gS vkSj B.Md gSA

(iii) lHkh ifjes; la[;k,¡] okLrfod la[;k,¡ gksrh gSa vkSj lHkh okLrfod la[;k,¡] lfEeJ la[;k,¡ gksrh
gSaA

(iv) 0 ,d /u la[;k gS ;k ,d ½.k la[;k gSA

gy buesa ls izR;sd ij ge ckjh&ckjh ls fopkj djsaxsA

(i) ?kVd dFku bl izdkj gSa

p: vkdk'k uhyk gSA

q: ?kkl gjh gSA

la;kstd 'kCn ^vkSj* gSA

(ii) ?kVd dFku uhps fn, x, gSa]

p: o"kkZ gks jgh gSA



q: BaMd gSA

la;kstd 'kCn ^vkSj* gSA

(iii) ?kVd dFku uhps fy[ks gSa]

p: lHkh ifjes; la[;k,¡ okLrfod la[;k,¡ gksrh gSaA

q: lHkh okLrfod la[;k,¡ lfEeJ la[;k,¡ gksrh gSaA

la;kstd 'kCn ^vkSj* gSA

(iv) ?kVd dFku bl izdkj gSaA

p: 0 ,d /u la[;k gSaA

q: 0 ,d ½.k la[;k gSA

la;kstd 'kCn ^;k* gSA

mnkgj.k 5 fuEufyf[kr dFku osQ ?kVd dFku Kkr dhft, vkSj tk¡fp, fd os lR; gSa ;k ughaA

(i) ,d oxZ ,d prqHkqZt gksrk gS vkSj bldh pkjksaa Hkqtk,¡ cjkcj gksrh gSaA

(ii) lHkh vHkkT; la[;k,¡ ;k rks le ;k fo"ke gksrh gSaA

(iii) ,d O;fDr] ftlus xf.kr ;k oaQI;wVj foKku dk p;u fd;k gS] oaQI;wVj vuqiz;ksx esa LukdksÙkj
fMxzh ikB~;Øe (MCA) esa izos'k ys ldrk gSA

(iv) paMhx<+ gfj.kk.kk vkSj mÙkj izns'k dh jkt/kuh gSA

(v)  ,d ifjes; la[;k ;k ,d vifjes; la[;k gSA

(vi) 2] 4] vkSj 8 dk ,d xq.kt 24 gSA

gy (i) ;gk¡ ?kVd dFku bl izdkj gSa]

p: ^,d oxZ ,d prqHkqZt gksrk gSA



q: ,d oxZ dh pkjksaa Hkqtk,¡ cjkcj gksrh gSaA

gesa Kkr gS fd nksuksaa dFku lR; gSaA ;gk¡ ij la;kstd 'kCn ^vkSj* gSA

(ii) ;gk¡ ?kVd dFku bl izdkj gSa]

p: lHkh vHkkT; la[;k,¡ le gksrh gSaA

q: lHkh vHkkT; la[;k,¡ fo"ke gksrh gSaA

;g nksukas dFku vlR; gSaA ;gk¡ la;kstd 'kCn ^;k* gSA

(iii) ;gk¡ ?kVd dFku uhps fy[ks gSa]

p: ,d O;fDr] ftlus xf.kr dk p;u fd;k gS] ,e-lh-,- esa izos'k ys ldrk gSA

q: ,d O;fDr] ftlus oaQI;wVj foKku dk p;u fd;k gS] ,eñlhñ,ñ esa izos'k ys ldrk gSA

;g nksuksaa gh dFku lR; gSaA ;gk¡ la;kstd 'kCn ^;k* gSA

(iv) ;gk¡ ?kVd dFku bl izdkj gSa]

p: paMhx<+ gfj;k.kk dh jkt/kuh gSA*

q: paMhx<+ mÙkj izns'k dh jkt/kuh gSA*

bl iz'u esa izFke ?kVd dFku lR; gS vkSj nwljk vlR; gSA ;gk¡ la;kstd 'kCn ^vkSj* gSA

(v) vHkh"V ?kVd dFku uhps fy[k gSa]

p: ,d ifjes; la[;k gSA

q: ,d vifjes; la[;k gSA

;gk¡ izFke ?kVd dFku vlR; gS vkSj nwljk lR; gSA ;gk¡ la;kstd 'kCn ^;k* gSA

(vi) blesa ?kVd dFku uhps fy[ks gSa]

p: 2 dk ,d xq.kt 24 gSA



q: 4 dk ,d xq.kt 24 gSA

r: 8 dk ,d xq.kt 24 gSA

;g rhuksa gh ?kVd dFku lR; gSA ;gk¡ la;kstd 'kCn ^vkSj* gSA

vr% ge ns[krs gSa fd feJ dFku okLro esa nks ;k nks ls vf/d dFkuksa dks ^vkSj*] ^;k* izdkj osQ
'kCnksaa }kjk tksM+us ls curs gSaA ;s 'kCn xf.kr esa fof'k"V egRo j[krs gSaA vxys vuqPNsn esa ge buosQ
ckjs esa ifjppkZ djsaxsA

iz'ukoyh 14.2
1- fuEufyf[kr dFku osQ fu"ks/u fyf[k,%

(i) psÂbZ] rfeyukMq dh jkt/kuh gSA

(ii)  ,d lfEeJ la[;k ugha gSA

(iii) lHkh f=kHkqt leckgq f=kHkqt ugha gksrs gSaA

(iv) la[;k 2 la[;k 7 ls vf/d gSA

(v) izr;sd izko`Qr la[;k ,d iw.kk±d gksrh gSA

2- D;k fuEufyf[kr dFku ;qXe (dFku osQ tksM+s) ,d nwljs osQ fu"ks/u gSa\

(i) la[;k x ,d ifjes; la[;k ugha gSA

la[;k x ,d vifjes; la[;k ugha gSA

(ii) la[;k x ,d ifjes; la[;k gSA

la[;k x ,d vifjes; la[;k gSA

3- fuEufyf[kr feJ dFku osQ ?kVd dFku Kkr dhft, vkSj tk¡fp, fd os lR; gSa ;k vlR; gSa\

(i) la[;k 3 vHkkT; gS ;k fo"ke gSA



(ii) leLr (lHkh) iw.kk±d /u gSa ;k ½.k gSaA

(iii) la[;k 100] la[;kvksa 3] 11 vkSj 5 ls HkkT; gS

14-4 fo'ks"k 'kCn@okD;ka'k (Special WordsQ/Phrases)
feJ dFku esa iz;qDr ^vkSj*] ^;k* izdkj osQ oqQN la;kstd 'kCnksaa dk iz;ksx cgq/k xf.krh; dFku esa
gksrk gSA bUgsa ^la;kstd* dgrs gSaA tc dHkh ge feJ dFku dk iz;ksx djrs gSa rc ;g vko';d gks
tkrk gS fd ge bu 'kCnksaa dh Hkwfedk le> losQaA

;gk¡ ge bl ij ifjppkZ djsaxsA

14-4-1 la;kstd ^vkSj* (The word 'And') la;kstd ^vkSj* osQ iz;ksx }kjk cus fuEufyf[kr feJ
dFku ij fopkj djrs gSa%

p: fdlh fcanq dk ,d LFkku gksrk gS vkSj mldh fLFkfr fu/kZfjr dh tk ldrh gSA

bl dFku dks fuEufyf[kr nks ?kVd dFku esa fo?kfVr fd;k tk ldrk gS%

q: fdlh fcanq dk ,d LFkku gksrk gSA

r: mldh fLFkfr fu/kZfjr dh tk ldrh gSA

mijksDr nksuksaa dFku lR; gSaA

,d vU; dFku ij fopkj dhft,A

p: la[;k 42 la[;kvksa 5] 6 vkSj 7 ls HkkT; gSA

bl dFku dk fo?kVu bl izdkj gS]

q: la[;k 42 la[;k 5 ls HkkT; gSA

r: la[;k 42 la[;k 6 ls HkkT; gSA

s: la[;k 42 la[;k 7 ls HkkT; gSA



;gk¡ gesa Kkr gS fd izFke dFku vlR; gS vkSj 'ks"k nks lR; gSaA

vr% gesa fuEufyf[kr fu;e izkIr gksrk gS

1- la;kstd ¶vkSj¸ osQ iz;ksx }kjk cuk feJ dFku lR; gksxk ;fn mlosQ lHkh ?kVd dFku lR;
gksaA

2- la;kstd ¶vkSj¸ osQ iz;ksx }kjk cuk feJ dFku vlR; gksxk ;fn bldk ,d Hkh ?kVd dFku
vlR; gks (blesa og fLFkfr Hkh lfEefyr gS ftlesa blosQ oqQN ?kVd dFku ;k lHkh ?kVd
dFku vlR; gksaA)

mnkgj.k 6 fuEufyf[kr feJ dFku osQ ?kVd dFku fyf[k, vkSj tk¡fp, fd feJ dFku lR; gS
vFkok vlR; gSA

(i) ,d js[kk lh/h gksrh gS vkSj nksuksaa fn'kkvksa esa vuar rd foLr`r gksrh gSA

(ii) 0 izR;sd /u iw.kk±d vkSj izR;sd ½.k iw.kk±d ls de gksrk gSA

(iii) izR;sd ltho osQ nks iSj vkSj nks vk¡[ksa gksrh gSaA

gy (i) ?kVd dFku fuEufyf[kr gSa]

p: ,d js[kk lh/h gksrh gSaA*

q: ,d js[kk nksuksaa fn'kkvksa esa vuar rd foLr`r gksrh gSA

mijksDr nksuksa dFku lR; gSa vkSj blfy, feJ dFku Hkh lR; gSA

(ii) ;gk¡ ?kVd dFku bl izdkj gSa]

p: 0 izR;sd /u iw.kk±d ls de gksrk gSA

q: 0 izR;sd ½.k iw.kk±d ls de gksrk gSA



buesa ls nwljk dFku vlR; gSA vr% feJ dFku Hkh vlR; gSA

(iii) vHkh"V ?kVd dFku uhps fy[ks gSa]

^izR;sd ltho osQ nks iSj gksrs gSaA*

^izR;sd ltho dh nks vk¡[ksa gksrh gSaA*

;s nksuksaa gh dFku vlR; gSaA vr% feJ dFku Hkh vlR; gSA

vc fuEufyf[kr dFku ij fopkj dhft,%

p: ,sydksgkWy vkSj ikuh osQ feJ.k dks jklk;fud fof/;ksa }kjk vyx&vyx fd;k tk ldrk gSA*

bl dFku dks 'kCn ¶vkSj¸ ls iz;qDr feJ dFku ugha ekuk tk ldrk gSA ;gk¡ ij 'kCn ¶vkSj¸ nks
oLrqvksa] ,sydksgkWy rFkk ikuh dk mYys[k djrk gSA

blls ge ,d egRoiw.kZ fu"d"kZ fudkyrs gSa tks uhps fy[kh fVIi.kh esa fn;k gS%

A fVIi.kh  ;g ugha le>uk pkfg, fd 'kCn ^vkSj* ls iz;qDr okD; lnSo ,d feJ dFku gksrk
gS tSlk fd mijksDr mnkgj.k esa Li"V fd;k x;k gSA ;gk¡ ij 'kCn ^vkSj*] nks okD;ksa osQ la;kstu
osQ fy, iz;qDr ugha gSA

14-4-2 'kCn ^;k* ls iz;qDr okD; (The word 'Or') uhps fy[ks dFku ij fopkj dhft,A

p: ,d lery ij fLFkr nks js[kk,¡ ;k rks ,d nwljs dks ,d fcanq ij dkVrh gSa ;k os lekarj gksrh gSaA

gesa Kkr gS fd ;g ,d lR; dFku gSA bldk D;k vFkZ gS\ bldk vFkZ ;g gS fd ,d lery ij
fLFkr nks js[kk,¡ ;fn ,d nwljs dks dkVrh gSa] rks os lekarj ugha gSaA blosQ foijhr ;fn ,slh nksuksaa
js[kk,¡ lekarj ugha gSa] rks os ,d nwljs dks ,d fcanq ij dkVrh gS*] vFkkZr~~ ;g dFku nksuksaa gh fLFkfr;ksa
esa lR; gSA

'kCn ^;k* ls iz;qDr dFku le>us osQ fy, ge igys ;g ns[krs gSa fd vaxzs”kh Hkk"kk esa ^;k* dk iz;ksx



nks izdkj ls fd;k tkrk gSA

igys ge fuEufyf[kr dFku ij fopkj djsaxs%

^fdlh vkgkj x`g (jsLrkjk¡) esa ,d ^Fkkyh* osQ lkFk vkblØhe ;k isIlh Hkh miyC/ dh tkrh gSA*

bldk vFkZ ;g gqvk fd ,d O;fDr tks vkblØhe ugha pkgrk og ^Fkkyh* osQ lkFk isIlh ys ldrk
gS vU;Fkk og ^Fkkyh* osQ lkFk vkblØhe ys ldrk gSA vFkkZr~~ ;fn tks isIlh ugha pkgrs os vkblØhe
ys ldrs gSaA fdarq ,d O;fDr nksuksa oLrq,¡ vFkkZr~~ vkblØhe vkSj isIlh ugha ys ldrkA ;g
^vioftZr* ^;k* dgykrk gSA ;gk¡ ,d vU; dFku ij fopkj dhft,A

^,d fo|kFkhZ] ftlus thofoKku ;k jlk;u foKku fo"k;ksa dk p;u fd;k gS og lw{e thofoKku osQ
LukdksÙkj ikB~;Øe esa izos'k osQ fy, vkosnu dj ldrk gSA*

;gk¡ ij ge ;g ekurs gSa fd os fo|kFkhZ ftUgksaus thofoKku vkSj jlk;u foKku nksuksaa gh fo"k;ksa dk
p;u fd;k gSA os lw{e thofoKku ikB~;Øe esa izos'k ys ldrs gSa] lkFk gh lkFk os fo|kFkhZ ftUgksaus
bu fo"k;ksa esa ls osQoy ,d fo"k; dk p;u fd;k gS os Hkh bl ikB~;Øe esa izos'k ys ldrs gSaA bl
fLFkfr esa ge varfoZ"V ^;k* dk iz;ksx dj jgs gSaA

mijksDr nks iz;ksxksa dk varj tku ysuk egRoiw.kZ gS D;ksafd ge bldh vko';drk ml le; tc ge
;g tk¡psaxs fd dksbZ dFku lR; gS vFkok ughaA

vkb, ge ,d mnkgj.k ij fopkj djsaA

mnkgj.k 7 fuEufyf[kr izR;sd dFku esa Kkr dhft, D;k ^varfoZ"V* ^;k* vFkok ^vioftZr* ^;k* dk
iz;ksx fd;k x;k gSA viuk mÙkj dkj.k lfgr crykb,A

(i) fdlh ns'k esa izos'k djus osQ fy, vkidks ikliksVZ ;k ernkrk igpkui=k dh vko';drk iM+rh gSA

(ii) vodk'k ;k jfookj osQ fnu fo|ky; can jgrk gSA

(iii) nks js[kk,¡ ,d nwljs dks ,d fcanq ij dkVrh gSa ;k lekarj gksrh gSaA

(iv) r`rh; Hkk"kk osQ :i esa dksbZ fo|kFkhZ izsaQp (izQkalhlh) Hkk"kk ;k laLo`Qr Hkk"kk dk p;u dj ldrk
gSA



gy (i) ;gk¡ ij ^;k* varfoZ"V gS] D;ksafd fdlh ns'k esa izos'k djus osQ fy, ,d O;fDr osQ ikl
ikliksVZ vkSj ernkrk igpku i=k nksuksa gh gks ldrs gSaA

(ii) ;gk¡ ij Hkh ^;k* varfoZ"V gS] D;ksafd fo|ky; vodk'k osQ fnu vkSj lkFk gh lkFk jfookj dks can
jgrk gSA

(iii) ;gk¡ ij ^;k* vioftZr gS D;ksafd fd nksuksaa js[kkvksa osQ fy, ;g laHko ugha gS fd os ,d nwljs
dks dkVsa vkSj lkFk gh lkFk lekarj Hkh gksaA

(iv) ;gk¡ Hkh ^;k* vioftZr gS D;ksafd dksbZ fo|kFkhZ r`rh; Hkk"kk osQ :i esa izsaQp vkSj laLo`Qr nksuksa ugha
ys ldrk gSA

mijksDr mnkgj.k osQ lw{e fujh{k.k ls fuEufyf[kr fu;e izkIr gksrk gSA

la;kstd ¶;k¸ iz;qDr feJ dFku osQ fy, fu;e

1- varfoZ"V ^;k* iz;qDr feJ dFku lR; gksrk gSA] tc mldk dksbZ ,d ?kVd dFku lR; gks*
;k mlosQ nksuksaa gh ?kVd dFku lR; gksaA

2- varfoZ"V ^;k* iz;qDr feJ dFku vlR; gksrk gS] tc mlosQ nksuksaa gh ?kVd dFku vlR; gksrs
gSaA

mnkgj.k osQ fy, uhps fy[ks dFku ij fopkj dhft,] ^nks js[kk,¡ ,d nwljs dks ,d fcanq ij dkVrh gSa
;k os lekarj gSa%

blosQ ?kVd dFku fuEufyf[kr gSa%

p : nks js[kk,¡ ,d nwljs dks ,d fcanq ij dkVrh gSaA

q : os (nks js[kk,¡) lekarj gSaA

;gk¡ ;fn p lR; gSa rks q vlR; gS vkSj ;fn p vlR; gS rks q lR; gSA vr% feJ dFku lR; gSA

,d vU; dFku ij fopkj dhft,A

^la[;k 125] la[;k 7 ;k la[;k 8 dk xq.kt gSA*



blosQ ?kVd dFku bl izdkj gSa]

p : la[;k 125] la[;k 7 dk xq.kt gSA

q : la[;k 125] la[;k 8 dk xq.kt gSA

;gk¡ p vkSj q nksuksa gh vlR; gSaA vr% feJ dFku Hkh vlR; gSA

,d vkSj dFku ij fopkj dhft, tks uhps fn;k gS]

^fo|ky; can gS] ;fn vkt vodk'k dk fnu gS ;k jfookj gSA*

blosQ ?kVd dFku uhps fn, gSa]

p : fo|ky; can gS] ;fn vkt vodk'k dk fnu gSA

q : fo|ky; can gS] ;fn vkt jfookj gSA

p vkSj q nksuksa gh lR; gSaA vr% feJ dFku lR; gSA

,d vkSj dFku ij fopkj dhft,]

^eqacbZ dksydkrk ;k dukZVd dh jkt/kuh gSA*

blosQ ?kVd uhps fy[ks gSa]

p : eqacbZ] dksydkrk dh jkt/kuh gSA

q: eqacbZ] dukZVd dh jkt/kuh gSA

mijksDr nksuksaa gh dFku vlR; gSaA vr% feJ dFku Hkh vlR; gSA

vkb, vc ge oqQN mnkgj.kksa ij fopkj djsa%

mnkgj.k 8 fuEufyf[kr dFkuksa esa igpkfu, fd fdl izdkj osQ ^;k* dk iz;ksx fd;k x;k gS vkSj
tk¡fp, fd dFku lR; vFkok vlR; gSA

(i) ,d ifjes; la[;k gS ;k vifjes; la[;k gSA



(ii) fdlh lkoZtfud iqLrdky; esa izos'k gsrq cPpksa dks fo|ky; }kjk iznÙk igpku i=k ;k fo|ky;
vf/dkfj;ksa }kjk fyf[kr i=k dh vko';drk iM+rh gSA

(iii) vk;r ,d prqHkqZt ;k ,d ik¡p Hkqth; cgqHkqt gksrk gSA

gy (i) ?kVd uhps fn, gSaA

p : ,d ifjes; la[;k gSA

q: ,d vifjes; la[;k gSA

;gk¡ gesa Kkr gS fd izFke dFku vlR; gS vkSj f}rh; dFku lR; gS vkSj bl izdkj ^;k* vioftZr
gSA

(ii) ?kVd dFku fuEufyf[kr gSa

p : fdlh lkoZtfud iqLrdky; esa izos'k gsrq cPpksa dks fo|ky; }kjk iznÙk igpku i=k dh
vko';drk iM+rh gSA

q : fdlh lkoZtfud iqLrdky; esa izos'k gsrq cPpksa dks fo|ky; vf/dkfj;ksa }kjk fyf[kr i=k dh
vko';drk iM+rh gSA

;gk¡ iqLrdky; esa izos'k osQ fy, cPpksa osQ ikl ;k rks igpku i=k gksuk pkfg, vFkok fo|ky; osQ
vf/dkfj;ksa }kjk fyf[kr i=k gksuk pkfg, vFkok nksuksaa dh izys[k (dkxt+kr) gks ldrs gSaA vr% ;gk¡

ij ^;k* varfoZ"V gSA

(iii) ;gk¡ ^;k* vioftZr gSA ?kVd dFkuksa osQ vk/kj ij ;g dFku lR; gSA

14-4-3 ifjek.kokpd okD;ka'k (lwfDr) (Quantifiers Phrases) ¶,d ,sls dk vfLrRo gS¸
vkSj ¶lHkh osQ fy,@izR;sd osQ fy,¸ bu nksuksaa fo'ks"k okD;ka'kksaa dks ^ifjek.kokpd okD;ka'k
dgrs gSA

xf.krh; dFku esa cgq/k vkus okys okD;ka'kkas esa ,d okD;ka'k ^,d ,sls dk vfLrRo gS* gSA mnkgj.k
osQ fy, dFku ^,d ,sls vk;r dk vfLrRo gS ftldh Hkqtk,¡ leku yackbZ dh gSaA* ij fopkj



dhft,A bl dFku dk rkRi;Z gS fd de ls de ,d ,slk vk;r gS ftldh lHkh Hkqtkvksa dh yackbZ
leku gSA

okD;ka'k ^,d ,sls dk vfLrRo* ls fudVLFk okD;ka'k ^izR;sd osQ fy, (;k lHkh fd fy,)* gSA

vkb, bl izdkj osQ ,d dFku ij fopkj djsa]00

^iz;sd vHkkT; la[;k p osQ fy,] ,d vifjes; la[;k gSA*

bldk vFkZ gqvk fd ;fn S vHkkT; la[;kvksa dk leqPp; gS] rks leqPp S osQ lHkh vo;o p osQ

fy,]  ,d vifjes; la[;k gSA

O;kid :i ls fdlh x.krh; dFku esa ^izR;sd osQ fy,* okD;ka'k osQ iz;ksx ls ;g vFkZ gksrk gS fd
;fn fdlh leqPp; esa dksbZ fo'ks"krk gS rks ml leqPp; osQ lHkh vo;oksa esa og fo'ks"krk gksuh pkfg,A

gesa ;g Hkh è;ku nsuk pkfg, fd bl ckr dk tkuuk Hkh egRoiw.kZ gS fd fdlh okD; esa la;kstd dks
Bhd&Bhd fdl LFkku ij fy[kuk pkfg,A mnkgj.k osQ fy, fuEufyf[kr nks okD;ksa dh rqyuk dhft,%

1- izR;sd /u iw.kk±d x osQ fy, ,d ,sls /u iw.kk±d y dk vfLrRo gS fd y < x

2- ,d /u iw.kk±d y dk ,slk vfLrRo gS fd izR;sd /u iw.kk±d x osQ fy, y < x.

;|fi ,slk izrhr gksrk gS fd nksuksaa okD;ksa dk ,d gh vFkZ gS fdarq ,slk ugha gSA okLrfodrk rks ;g
gSA fd dFku (1) lR; gS tcfd (2) vlR; gSA fdlh xf.krh; okD; (dFku) osQ vFkZiw.kZ gksus osQ
fy, izrhdksa (okD;k'kksa] la;kstdksa) dk lgh LFkku ij Bhd&Bhd iz;ksx fd;k tkuk vko';d gSA

'kCn ¶vkSj¸ rFkk ^;k* la;kstd dgykrs gS rFkk ¶,d ,slk dk vfLrRo gS¸ vkSj ¶izR;sd osQ fy,¸
dks ifjek.kokpd okD;ka'k dgrs gSaA

bl izdkj geus ns[kk fd vusdksa xf.krh; dFkuksa esa oqQN fof'k"V 'kCnksaa@okD;ka'kksaa dk iz;ksx gksrk gS
ftuosQ vFkZ dks le>uk egRoiw.kZ gS] fo'ks"k :i ls tc gesa fofHkUu dFkuksa dh oS/rk dh tk¡p djuh
gSA



iz'ukoyh 14.3
1- fuEufyf[kr feJ dFkuksa esa igys la;kstd 'kCnksaa dks igpkfu, vkSj fiQj mudks ?kVd dFkuksa esa
fo?kfVr dhft,%

(i) lHkh ifjes; la[;k,¡ okLrfod la[;k,¡ gksrh gSa vkSj lHkh okLrfod la[;k,¡ lfEeJ la[;k,¡ ugha
gksrh gSaA

(ii) fdlh iw.kk±d dk oxZ /u ;k ½.k gksrk gSA

(iii) jsr (ckyw) /wi esa 'kh?kz xeZ gks tkrh gS vkSj jkf=k esa 'kh?kz BaMh ugha gksrh gSA

(iv) x = 2 vkSj x = 3, lehdj.k 3x  – x–10 = 0 osQ ewy gSaA

2- fuEufyf[kr dFkuksa esa ifjek.kokpd okD;ka'k igpkfu, vkSj dFkuksa osQ fu"ks/u fyf[k,%

(i) ,d ,slh la[;k dk vfLrRo gS] tks vius oxZ osQ cjkcj gSA

(ii) izR;sd okLrfod la[;k x osQ fy,] x, (x + 1) ls de gksrk gSA

(iii) Hkkjr osQ gj ,d jkT;@izns'k osQ fy, ,d jkt/kuh dk vfLrRo gSA

3- tk¡fp, fd D;k uhps fy[ks dFkuksa osQ tksM+s (;qXe) ,d&nwljs osQ fu"ks/u gSaA vius mÙkj osQ fy,
dkj.k Hkh crykb,%

(i) izR;sd okLrfod la[;kvksa x vkSj y osQ fy, x + y = y + x lR; gSA

(ii) ,slh okLrfod la[;kvksa x vkSj y dk vfLrRo gS ftuosQ fy, x + y = y + x lR; gSA

4- crykb, fd fuEufyf[kr dFkuksa esa iz;qDr ^;k* ^vioftZr* gS vFkok ^varfoZ"V* gSA vius mÙkj osQ
fy, dkj.k Hkh crykb,%

(i) lw;Z mn; gksrk gS ;k panzek vLr gksrk gSA

(ii) Mªkbfoax ykblsal osQ vkosnu gsrq vkiosQ ikl jk'ku dkMZ ;k ikliksVZ gksuk pkfg,A

(iii) lHkh iw.kk±d /u ;k ½.k gksrs gSaA
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14-5 varHkkZo@lizfrca/ dFku (Implications/Conditional
Statements)
bl vuqPNsn ge varHkkZo ¶;fn&rks¸] ¶osQoy ;fn¸ vkSj ¶;fn vkSj osQoy ;fn¸ ij fopkj&foe'kZ
djsaxsA

¶;fn&rks¸ ls ;qDr dFkuksa dk iz;ksx cgqr lkekU; gSA mnkgj.k osQ fy, uhps fy[ks dFku ij fopkj
dhft,

r: ;fn vkidk tUe fdlh ns'k esa gqvk gS] rks vki ml ns'k osQ ukxfjd gSaA ge ns[krs gSa fd ;g
fuEufyf[kr nks dFkuksa p vkSj q osQ ln`'k gS]

p % vkidk tUe fdlh ns'k esa gqvk gSA

q % vki ml ns'k osQ ukxfjd gSaA

rc dFku ¶;fn p rks q¸ ;g crykrk gS fd ml n'kk esa tc p lR; gks] rks q vfuok;Z :i ls
lR; gksxkA

dFku ^;fn p rks q* ls lacaf/r ,d lcls egRoiw.kZ rF; ;g gS fd ;fn p vlR; gS rks ;g q osQ
ckjs esa oqQN ugha dgrkA mnkgj.kkFkZ mijksDr dFku esa ;fn vkidk tUe fdlh ns'k esa ugha gqvk gS rks
vki q osQ laca/ esa oqQN ugha dg ldrs gSaA nwljs 'kCnksaa esa p osQ ?kfVr ugha gksus dk q osQ ?kfVr gksus
ij dksbZ izHkko ugha iM+rk gSA

dFku ¶;fn p, rks q** osQ ckjs esa ,d vU; rF; Hkh uksV dhft, fd bl dFku esa ;g varfuZfgr
ugha gS fd p ?kfVr gksrk gSA

dFku ¶;fn p, rks q¸ dks le>us osQ vusd rjhosQ gSaA ge bu rjhdksa dks fuEufyf[kr dFku osQ
ekè;e ls Li"V djsaxsA

;fn dksbZ la[;k 9 dh xq.kt gS] rks og 3 dh Hkh xq.kt gSA

eku yhft, fd p vkSj q fuEufyf[kr dFkuksa dks izxV djrs gSa]

p : dksbZ la[;k 9 dh xq.kt gSA



q : og la[;k 3 dh Hkh xq.kt gSA

bl izdkj dFku ^;fn p, rks q* fuEufyf[kr dFkuksa osQ lku gS%

1- ^p varHkkZo q q* dks p  q ls izdV fd;k tkrk gSA izrhd ^ * varHkkZo (lizfrca/ dFku)
osQ fy, iz;ksx fd;k tkrk gSA bldk vFkZ ;g fd dFku ^dksbZ la[;k 9 dh xq.kt gS* esa ;g dFku
varfuZfgr gS fd ^og la[;k 3 dh Hkh xq.kt gS*A

2- ^p i;kZIr izfrca/ gS q osQ fy,*A bldk vFkZ gqvk fd ;g Kkr gksuk fd la[;k 9 dh xq.kt gS]
i;kZIr gS ;g fu"d"kZ fudkyus osQ fy, fd og la[;k 3 dh Hkh xq.kt gSA

3- ^p osQoy ;fn q*

bldk vFkZ gqvk fd dksbZ la[;k 9 dh xq.kt gS] osQoy ;fn og la[;k 3 dh Hkh xq.kt gSA

4- ^q vfuok;Z izfrca/ gS p osQ fy,A*

bldk vFkZ gqvk fd tc dksbZ la[;k 9 dh xq.kt gS] rks og la[;k vfuok;Z :i ls 3 dh Hkh xq.kt
gSA

5- ^~ q varHkkZo ~ p*

bldk vFkZ gqvk fd ;fn dksbZ la[;k 3 dh xq.kt ugha gS] rks og la[;k 9 dh Hkh xq.kt ugha gSA

14-5-1 izfr/ukRed vkSj foykse (Contrapositive and Converse) izfr/ukRed vkSj foykse
fuf'pr :i ls oqQN vU; dFku gSa] ftUgsa okD;ka'k ^;fn&rks* ls iz;qDr dFku ls (}kjk) jfpr fd;k
tk ldrk gSA

mnkgj.kkFkZ uhps fn, okD;ka'k ^;fn&rks* okys dFku ij fopkj dhft,]

;fn HkkSfrd okrkoj.k esa ifjorZu gksrk gS rc tSfod okrkoj.k ifjofrZr gks tkrk gSA

bl dFku dk izfrèkukRed dFku

^^;fn tSfod okrkoj.k esa ifjorZu ugha gksrk gS rc HkkSfrd okrkoj.k ifjofrZr ugha gksrk gSA**

uksV dhft, fd ;s nksuksaa dFku ,d gh (leku) vFkZ O;Dr djrs gSaA



bl ckr dks le>us osQ fy, vkb, oqQN vkSj mnkgj.kksa ij fopkj djsaA

mnkgj.k 9 fuEufyf[kr dFkuksa osQ izfr/ukRed dFku fyf[k,%

(i) ;fn ,d la[;k 9 ls HkkT; gS] rks og 3 ls Hkh HkkT; gSA

(ii) ;fn vki Hkkjr esa tUes gSa] rks vki Hkkjr osQ ,d ukxfjd gSaA

(iii) ;fn ,d f=kHkqt leckgq gS] rks lef}ckgq Hkh gSA

gy mijksDr rhu dFkuksa osQ izfr/ukRed dFku bl izdkj gS]

(i) ;fn ,d la[;k 3 ls HkkT; ugha gS] rks og 9 ls Hkh HkkT; ugha gSA

(ii) ;fn vki Hkkjr osQ ukxfjd ugha gSa] rks vki Hkkjr esa ugha tUes gSaA

(iii) ;fn ,d f=kHkqt lef}ckgq ugha gS] rks og leckgq Hkh ugha gSA

mijksDr mnkgj.k n'kkZrs gSa fd dFku ^;fn p, rks q* dk izfr/ukRed dFku ^;fn q&ugha] rks p-ugha*
vFkkZr~~ ^;fn ~ q, rks ~ p* gSA blosQ ckn ge ^foykse* dgykus okys ,d vkSj in ij fopkj djsaxsA

fn, gq, dFku ^;fn p, rks q* dk foykse dFku] ;fn q rc p gSA

mnkgj.k osQ fy, dFku p^;fn ,d la[;k 10 ls HkkT; gS rks og (la[;k) 5 ls Hkh HkkT; gSA* dk
foykse dFku q* ;fn ,d la[;k 5 ls HkkT; gS] rks og (la[;k) 10 ls Hkh HkkT; gSA*

mnkgj.k 10 fuEufyf[kr dFkuksa osQ foykse fyf[k,%

(i) ;fn ,d la[;k n le gS] rks n  Hkh le gSA

(ii) ;fn vki lHkh iz'uksa dks iqfLrdk esa gy djsa] rks vkidks d{kk esa A-xzsM feysxkA

(iii) ;fn nks iw.kk±d a vkSj b bl izdkj gSa fd a > b] rks (a – b) lnSo ,d /u iw.kk±d gSA

gy bu dFkuksa osQ foykse uhps fy[ks gSa]

(i) ;fn la[;k n  le gS] rks n Hkh le gSA

2
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(ii) ;fn vkidks d{kk esa A-xzsM feyk gS] rks vkius lHkh iz'uksa dks iqfLrdk esa gy fd;k gSA

(iii) ;fn nks iw.kk±d a vkSj b bl izdkj gSa fd (a – b) lnSo ,d /u iw.kk±d gS] rksa a> b. vkb, oqQN
vkSj mnkgj.kksa ij fopkj djsaA

mnkgj.k 11 fuEufyf[kr feJ dFkuksa esa ls izR;sd osQ fy, igys laxr ?kVd dFkuksa dks igpkfu,
vkSj fiQj tk¡fp, fd D;k dFku lR; gS vFkok ughaA

(i) ;fn f=kHkqt ABC leckgq gS] rks og (f=kHkqt) lef}ckgq gSA

(ii) ;fn a vkSj b iw.kk±d gSa] rks ab ,d ifjes; la[;k gSA

gy (i) ?kVd dFku uhps fy[ksa gSa]

p : f=kHkqt ABC leckgq gSA

q : f=kHkqt lef}ckgq gSA

D;ksafd ,d leckgq f=kHkqt lef}ckgq Hkh gksrk gS] vr% fn;k gqvk dFku lR; gSA

(ii) ;gk¡ ?kVd dFku bl izdkj gS]

p : a vkSj b iw.kk±d gSaA

q : ab ,d ifjes; la[;k gSA

D;ksafd nks iw.kk±dksa dk xq.kuiQy ,d iw.kk±d gksrk gS vkSj blfy, ,d ifjes; la[;k Hkh gksrk gS] vr%
feJ dFku lR; gSA

okD;a'k ^;fn vkSj osQoy ;fn*] izrhd  }kjk izdV fd;k tkrk gS vkSj fn, gq, dFku p vkSj q

osQ fy, blosQ fuEufyf[kr lerqY; :i gSaA

(i) ^p ;fn vkSj osQoy ;fn q*

(ii) ^q ;fn vkSj osQoy ;fn p*

(iii) ^p vfuok;Z vkSj i;kZIr izfrca/ gS q osQ fy,* vkSj bldk foykse (myVk)



(iv) p q

;gk¡ fuEufyf[kr mnkgj.k ij fopkj djrs gSaA

mnkgj.k 12 uhps nks dFku ;qXe fn, gSaA izR;sd dFku ;qXe okD;ka'k ^;fn vkSj osQoy ;fn* osQ iz;ksx
}kjk lfEefyr dhft,A

(i) p: ;fn dksbZ vk;r ,d oxZ gS] rks mldh pkjksaa Hkqtk,¡ cjkcj yackbZ dh gSaA

;fn fdlh vk;r dh pkjksaa Hkqtk,¡ cjkcj yackbZ dh gS] rks vk;r ,d oxZ gSA

(ii) q: ;fn fdlh la[;k osQ vadksa dk ;ksxiQy 3 ls HkkT; gS] rks og la[;k Hkh 3 ls HkkT; gSA

qq: ;fn ,d la[;k 3 ls HkkT; gS] rks ml la[;k osQ vadksa dk ;ksxiQy Hkh 3 ls HkkT; gSA

gy (i) dksbZ vk;r ,d oxZ gS ;fn vkSj osQoy ;fn mldh pkjksaa Hkqtkvksa dh yackbZ cjkcj gSA

(ii) ,d la[;k 3 ls HkkT; gS ;fn vkSj osQoy ;fn ml la[;k osQ vadksa dk ;ksxiQy 3 ls HkkT; gSA

iz'ukoyh 14.4
1- fuEufyf[kr dFku dks okD;ka'k ^;fn&rks* dk iz;ksx djrs gq, ik¡p fofHkUu :i esa bl izdkj
fyf[k, fd muosQ vFkZ leku gksaA

;fn ,d izko`Qr la[;k fo"ke gS rks mldk oxZ Hkh fo"ke gSA

2- fuEufyf[kr dFkuksa osQ izfr/ukRed vkSj foykse dFku fyf[k,%

(i) ;fn x ,d vHkkT; la[;k gS] rks x fo"ke gSA

(ii) ;fn nks js[kk,¡ lekarj gSa] rks os ,d nwljs dks ,d lery esa ugha dkVrh gSaA

(iii) fdlh oLrq osQ BaMs gksus dk rkRi;Z (varHkkZo) gS fd mldk rkiØe de gSA

(iv) vki T;kfefr fo"k; dks vkRelkr ugha dj ldrs ;fn vkidks ;g Kku ugha gS fd fuxeukRed
foospu fdl izdkj fd;k tkrk gSA



(v) x ,d le la[;k gS ls rkRi;Z (varHkkZo) gS fd x la[;k 4 ls HkkT; gSA

3- fuEufyf[kr dFkuksa esa ls izR;sd dks ^;fn&rks* :i esa fyf[k,%

(i) vkidks ukSdjh (dke) feyus dk rkRi;Z (varHkkZo) gS fd vkidh fo'olfu;rk vPNh gSA

(ii) osQys dk isM+ iwQysxk ;fn og ,d ekg rd xje cuk jgsA

(iii) ,d prqHkqZt lekarj prqHkqZt gS ;fn mlosQ fod.kZ ,d&nwljs dks lef}Hkkftr djsaA

(iv) d{kk esa A xzsM ikus osQ fy, ;g vfuok;Z gS fd vki iqLrd osQ lHkh iz'uksa dks ljy dj ysrs
gSaA

4- uhps (a) vkSj (b) esa iznÙk dFkuksa esa ls izR;sd osQ (i) esa fn, dFku dk izfr/ukRed vkSj foykse
dFku igpkfu,A

(a) ;fn vki fnYyh esa jgrs gSa rks vkiosQ ikl tkM+s osQ diM+s gSaA

(i) ;fn vkiosQ ikl tkM+s osQ diM+s ugha gSa] rks vki fnYyh esa ugha jgrs gSaA

(ii) ;fn vkiosQ ikl tkM+s osQ diM+s gSa] rks vki fnYyh esa jgrs gSaA

(b) ;fn ,d prqHkqZt lekarj prqHkqZt gS] rks mlosQ fod.kZ ,d&nwljs dks lef}Hkkftr djrs gSaA

(i) ;fn fdlh prqHkqZt osQ fod.kZ ,d&nwljs dks lef}Hkkftr ugha djrs gSa] rks prqHkqZt ,d lekarj
prqHkqZt ugha gSaA

(ii) ;fn prqHkqZt osQ fod.kZ ,d nwljs dks lef}Hkkftr djrs gSa rks og lekarj prqHkqZt gSA

14-6 dFkuksa dh oS/rk dks izekf.kr (lR;kfir) djuk
(Validating Statements)
bl vuqPNsn esa ge bl ckr ij fopkj djsaxs fd ,d dFku fdu fLFkfr;ksa esa lR; gksrk gSA mijksDr
iz'u dk mÙkj tkuus osQ fy, gesa fuEufyf[kr iz'uksa dk mÙkj tkuuk vko';d gSA

iznÙk dFku dk vFkZ D;k gSa\ ;g dgus dk D;k vFkZ gS fd dc dFku lR; gS vkSj dc vlR; gS\

Åij fy[ks iz'uksa osQ mÙkj bl ckr ij fuHkZj djrs gSa fd iznÙk dFku esa ¶vkSj¸ rFkk ^;k* esa ls



la;kstd 'kCn dk vFkok ¶;fn vkSj osQoy ;fn¸ rFkk ¶;fn&rks¸ esa ls fdl izfrca/ dk vFkok
¶izR;sd osQ fy,¸ rFkk ¶,d ,slk dk vfLrRo gS¸ esa ls fdl ifjek.kokpd okD;ka'k dk iz;ksx fd;k
x;k gSA

;gk¡ ij bu fdlh dFku dh oS/rk Kkr djus osQ fy, oqQN izfØ;kvksa ij fopkj djsaxsA

vc ge ;g tk¡pus osQ fy, fd dksbZ dFku lR; gS ;k ugha] oqQN lkekU; fu;eksa dh lwph cukrs gSaA

fu;e 1 ;fn p rFkk q xf.krh; dFku gSa] rks ;g fl¼ djus osQ fy, fd dFku ¶p vkSj q¸ lR;
gS] ge fuEufyf[kr pj.kksa dk vuqlj.k djrs gSaA

pj.k 1 n'kkZb, fd dFku p lR; gS

pj.k 2 n'kkZb, fd dFku q lR; gS

fu;e 2 ^la;kstd ^;k* ls iz;qDr dFku*

;fn p rFkk q xf.krh; dFku gSa] rks dFku ¶p ;k q¸ dks lR; fl¼ djus osQ fy, ge fuEufyf[kr
fLFkfr;ksa esa ls fdlh ,d dks lR; izekf.kr djrs gSaA

fLFkfr 1 ;g ekurs gq, fd p vlR; gS] q dks vfuok;Zr% lR; izekf.kr dhft,A

fLFkfr 2 ;g ekurs gq, fd q vlR; gS] p dks vfuok;Zr% lR; izekf.kr dhft,A

fu;e 3 okD;ka'k ^^;fn&rks** ls iz;qDr dFku

dFku ^;fn p, rks q* dks lR; fl¼ djus osQ fy, ge fuEufyf[kr fLFkfr;ksa esa ls fdlh ,d dks
lR; izekf.kr djrs gSaA

fLFkfr 1 ;g ekurs gq, fd p lR; gS] q dks vfuok;Zr% lR; izekf.kr dhft, (izR;{k fof/)A

fLFkfr 2 ;g ekurs gq, fd q vlR; gS] p dks Hkh vfuok;Zr% vlR; izekf.kr dhft, (izfr/ukRed
fof/)A

fu;e 4 okD;ka'k (izfrca/) ¶;fn vkSj osQoy ;fn¸ ls iz;qDr dFku

dFku ¶p, ;fn vkSj osQoy ;fn q¸ dks lR; fl¼ djus osQ fy, gesa ;g izekf.kr djus dh
vko';drk gS fd]



(i) ;fn p lR; gS rks q lR; gS vkSj (ii) ;fn q lR; gS] rks p lR; gSA

vkb, ge oqQN mnkgj.kksa ij fopkj djsa%

mnkgj.k 13 tk¡fp, fd uhps fn;k x;k dFku lR; gSa vFkok ughaA

;fn x, y ∈ Z bl izdkj gSa fd x rFkk y fo"ke gSa] rks xy Hkh fo"ke gSA

gy ;gk¡ p : x, y ∈ Z, bl izdkj gSa fd x rFkk y fo"ke gSaA

q : xy fo"ke gSaA

iznÙk dFku dh oS/rk dks tk¡pus osQ fy, ge fu;e 3 dh fLFkfr 1 dk iz;ksx djrs gSa vFkkZr~~ ;g
ekurs gq, fd p lR; gS ge q dks vfuok;Zr% lR; izekf.kr djrs gSaA

p lR; gS vFkkZr~~ x rFkk y fo"ke iw.kk±d gSaA vr%

x = 2m + 1 fdlh iw.kk±d m osQ fy,A

y = 2m + 1 fdlh iw.kk±d n osQ fy,A

vr%

xy = (2m + 1) (2n + 1)

= 2(2mn + m + n) + 1

blls Li"V gS fd xy Hkh fo"ke gSA blfy, iznÙk dFku lR; gSA

eku yhft, fd ge fu;e 3 dh fLFkfr 2 osQ iz;ksx }kjk tk¡p djuk pkgrs gSa] rks gesa] fuEufyf[kr
fof/ dk iz;ksx djuk pkfg,A

ge ekurs gSa fd q lR; ugha gSA bldk rkRi;Z gS fd gesa dFku q osQ fu"ks/u ij fopkj djuk
pkfg,A

bl izdkj fuEufyf[kr dFku izkIr gksrk gS]

~ q : xq.kuiQy xy le gSA

;g osQoy rHkh laHko gS tc x vFkok y le gksa ftlls ;g izekf.kr gksrk gS fd p lR; ugha gSA



vr% geus ;g n'kkZ fn;k fd

~ q ⇒ ~ p

A fVIi.kh  mijksDr mnkgj.k ;g Li"V djrk gS fd dFku p ⇒ q dks fl¼ djus osQ fy,
dFku ~ q ⇒ ~ p fl¼ dj nsuk i;kZIr gS] tks fd iznÙk dFku dk izfr/ukRed dFku gSA

mnkgj.k 14 fuEufyf[kr dFku osQ izfr/ukRed dFku dk tk¡p dj ;g Kkr dhft, fd iznÙk dFku
lR; gS vFkok vlR; gS_

^;fn x, y ∈ Z bl izdkj fd xy fo"ke gSa] rks x rFkk y Hkh fo"ke gSA*

gy vkb, ge dFkuksa dks uhps fn, uke ls lacksf/r djsa]

p : x y fo"ke gSaA

q : x rFkk y nksuksaa gh fo"ke gSaA

gesa izfr/ukRed dFku ~ q ⇒ ~ p dks tk¡p dj Kkr djuk gS fd dFku p ⇒ q lR; gS vFkok ughaA

vc] ~ q = ;g vlR; gS fd x rFkk y nksuksaa fo"ke gSA

bldk vFkZ ;gh gqvk fd x (vFkok y) le gSA

rks] x = 2n tgk¡ n ,d iw.kk±d gSA

vr% xy = 2ny, ;g n'kkZrk gS fd xy le gSA vFkkZr~~ ~ p lR; gSA

bl izdkj geus ~ q ⇒ ~ p dks fl¼ dj fn;k gS] vr% iznÙk dFku lR; gSA

vc ge fopkj djrs gSa fd tc ,d lizfrca/ dFku vkSj mlosQ foykse dFku dks feykrs gSa rks D;k
gksrk gSA

fuEufyf[kr dFkuksa ij fopkj dhft,



p : ,d fxykl vk/k [kkyh gSA

q : ,d fxykl vk/k Hkjk gSA

gesa Kkr gS fd ;fn igyk dFku ?kfVr gksxk rks nwljk Hkh ?kfVr gksxkA bl rF; dks fuEufyf[kr izdkj
ls O;Dr dj ldrs gSaA

;fn ,d fxykl vk/k [kkyh gS] rks og vk/k Hkjk gS] ;fn ,d fxykl vk/k Hkjk gS] rks og vkèkk
[kkyh gSA ge bu nksuksaa dFkuksa dks feykrs gSa vkSj fuEufyf[kr dFku izkIr djrs gSaA

,d fxykl vk/k [kkyh gS ;fn vkSj osQoy ;fn ;g vk/k Hkjk gSA

blosQ ckn ge ,d vU; fof/ ij fopkj djsaxsA

14-6-1 fojks/ksfDr }kjk (By Contradiction) bl fof/ esa ;g fl¼ djus osQ fy, fd dksbZ
(iznÙk) dFku p lR; gS ge ;g eku ysrs gSa fd p lR; ugha gSA vFkkZr~~ ~ p lR; gSA bl izdkj ge
,d ,sls fu"d"kZ ij igq¡prs gSa tks gekjh ekU;rk (iwoZ/kj.kk) dk [kaMu djrk gSA ifj.kker% p dks
lR; gksuk pkfg,A

uhps ljy fd, mnkgj.k dks nsf[k,%

mnkgj.k 15 fojks/ksfDr }kjk fuEufyf[kr dFku dks lR;kfir dhft,] ^ ,d vifjes; la[;k gSA*

gy bl fof/ esa ge ;g eku ysrs Sa fd iznÙk dFku vlR; gSA vFkkZr~~ ^ ,d vifjes
la[;k ugha gSA* rkRi;Z ;g gqvk fd ^ ifjes; gSA*

vr% nks ,ls iw.kk±d a rFkk b dk vfLrRo gS fd  ] tgk¡ a rFkk b esa dksbZ lekiorZd
(mHk;fu"B xq.ku[kaM) ughgSA

mijksD  lehdj.k dk oxZ djus ij



 a  = 7b  la[;k 7 , la[;k a dks foHkkftr djrh gSA blfy, ,d ,sls iw.kk±d
c dk vfLrRo gS fd a = 7c

bl izdkj aa  = 49c  vkS a  = 7b

vr% 7b  = 49c  b  = 7c  la[;k 7] la[;k b dks foHkkftr djrh gSA fdarq gesa Kkr gS fd la[;k
7] la[;k a dks Hkh foHkkftr djrh gSA bldk rkRi;Z gqvk fd la[;k 7] la[;kvksa a rFkk b dk
lekiorZd gS] tks gekjh ekU;rk fd ^a rFkk b esa dksbZ lekioZrd ugha gS* dk [kaMu gSA blls Li"V

gksrk gS fd ;g ekU;rk fd ^ ifes; gS* vlR; gSA vr% iznÙk dFku fd ^  ,d vifjes;
la[;k gS* lR; gSA

blosQ mijkar ge ,d vkSj fof/ ij fopkj djsaxs] ftlosQ }kjk ge fl¼ dj ldrs gSa fd ,d iznÙk
dFku vlR; gSA bl fof/ esa ge ,d ,slh n'kk (fLFkfr) dk mnkgj.k izLrqr djrs gSa] ftlesa iznÙk
dFku oS/ ugha gksrk gSA bl izdkj osQ mnkgj.k dks ^^izR;qnkgj.k** dgrs gSA ;g uke Lo;a gh laosQr
djrk gS fd ;g mnkgj.k iznÙk dFku dk [kaMudjrk gSA

mnkgj.k 16 ,d izR;qnkgj.k }kjk fl¼ dhft, fd fuEufyf[kr dFku vlR; gS]

^;fn n ,d fo"ke iw.kk±d gS] rks n ,d vHkkT; la[;k gSA*

gy iznÙk dFku ^;fn p, rks q* osQ :i dk gSA gesa bls vlR; fl¼ djuk gS ftlosQ fy, gesa ;g
n'kkZuk gS fd ^;fn p, rks ~ q* gSA blosQ fy, gesa fdlh ,d ,sls fo"ke iw.kk±d dks [kkstuk gS] tks
vHkkT; ugha gksA la[;k 9 bl izdkj dk ,d fo"ke iw.kk±d gSA vr% la[;k 9 ,d izR;qnkgj.k gS vkSj
ge fu"d"kZ fudkyrs gSa fd iznÙk dFku vlR; gSA

bl izdkj geusa oqQN fof/;ksa ij fopkj fd;k ftuosQ iz;ksx }kjk ge ;g Kkr djrs gSa fd ,d iznÙk
dFku lR; gS vFkok ughaA

2 2
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A fVIi.kh  xf.kr esa izR;qnkgj.kksa dk iz;ksx fdlh dFku dks vLohdkj djus osQ fy, fd;k tkrk
gSA rFkkfi fdlh dFku osQ vuqeksnu esa mnkgj.kksa dks izLrqr djus ls dFku dh oS/rk izekf.kr
ugha gksrh gSA

iz'ukoyh 14.5
1- fl¼ dhft, fd dFku ;fn x ,d ,slh okLrfod la[;k gS fd x  + 4x = 0, rks x = 0

(i) izR;{k fof/ }kjk (ii) fojks/ksfDr }kjk (iii) izfr/ukRed dFku }kjkA

2- izR;qnkgj.k }kjk fl¼ dhft, fd dFku ¶fdlh Hkh ,slh okLrfod la[;kvksa a vkSj b osQ fy,]
tgk¡ a  = b , dk rkRi;Z gS fd a = b¸ lR; ugha gSA

3- izfr/ukRed fof/ }kjk fl¼ dhft, fd fuEufyf[kr dFku lR; gS]

p: ;fn x ,d iw.kk±d gS vkSj x  le gS] rks x Hkh le gSA*

4- izR;qnkgj.k }kjk fl¼ dhft, fd fuEufyf[kr dFku lR; ugha gS]

(i) p: ;fn fdlh f=kHkqt osQ dks.k leku gSa] rks f=kHkqt ,d vf/d dks.k f=kHkqt gSA

(ii) q: lehdj.k x  – 1 = 0 osQ ewy 0 vkSj 2 osQ chp fLFkr ugha gSA

5- fuEufyf[kr dFkuksa esa ls dkSu ls lR; gSa vkSj dkSu ls vlR; gSa\ izR;sd n'kk esa vius mÙkj osQ
fy, oS/ dkj.k crykb,%

(i) p: fdlh o`Ùk dh izR;sd f=kT;k o`Ùk dh thok gksrh gSA

(ii) q: fdlh o`Ùk dk osQanz o`Ùk dh izR;sd thok dks lef}Hkkftr djrk gSA

(iii) r: ,d o`Ùk] fdlh nh?kZo`Ùk dh ,d fo'ks"k fLFkfr gSA

(iv) s: ;fn x vkSj y ,sls iw.kk±d gS fd x > y, rks –x < –y gSA

(v) t:  ,d ifjes; la[;k gSA

3
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fofo/ mnkgj.k
mnkgj.k 17 tk¡fp, fd fuEufyf[kr feJ dFku esa iz;qDr ^;k* vioftZr gS vFkok varfoZ"V gSA
vius mÙkj dks roZQ laxr (mfpr) fl¼ dhft,%

t: tc o"kkZ gksrh gS] vki Hkhx tkrs gSa] ;k tc vki unh esa gksrs gSa] vki Hkhx tkrs gSaA*

rnksijkar feJ dFku osQ ?kVd dFku fyf[k, vkSj mudk iz;ksx ;g tk¡pus osQ fy, dhft, fd feJ
dFku lR; gS vFkok ughaA

gy iznÙk dFku esa iz;qDr ^;k* varfoZ"V gS] D;ksafd ;g laHko gS fd o"kkZ gks jgh gS vkSj vki unh esa
gksaA

iznÙk dFku osQ ?kVd dFku uhps fn, gSa]

p : tc o"kkZ gksrh gS vki Hkhx tkrs gSaA

q: tc vki unh esa gksrs gSa vki Hkhx tkrs gSaA

;gk¡ nksuksaa ?kVd dFku lR; gSa vkSj blfy, feJ dFku Hkh lR; gSA

mnkgj.k 18 fuEufyf[kr dFkuksa osQ fu"ks/u fyf[k,%

(i) p: izR;sd okLrfod la[;k x osQ fy,] x  > x

(ii) q: ,d ,slh ifjes; la[;k x dk vfLrRo gS rkfd x  = 2

(iii) r: izR;sd i{kh osQ ia[k gksrs gSaA

(iv) s: izkjafHkd Lrj ij izR;sd fo|kFkhZ xf.kr dk vè;;u djrk gSA

gy eku yhft, fd fn, x, dFku dks p fu:fir fd;k tkrk gSA rc p dk fu"ks/u ^^;g vlR; gS
fd p lR; gS** gksxk] vFkkZr~~ izfrca/ x  > x izR;sd okLrfod la[;k osQ fy, ykxw ugha gksrk gSA bl
ckr dks bl izdkj O;Dr dj ldrs gSa]

~p: ,d ,slh okLrfod la[;k x dk vfLrRo gS rkfd x  < x gSA

2

2

2

2



(ii) eku yhft, fd

q = ,d ,slh ifjes; la[;k x dk vfLrRo gS fd x  = 2

vr% ∼ q = ,slh (fdlh) ifjes; la[;k x dk vfLrRo ugha gS fd x  = 2

ftls bl izdkj Hkh fy[kk tk ldrk gS]

~p= izR;sd (lHkh) ifjes; la[;k x osQ fy, x  2

(iii) iznÙk dFku dk fu"ks/u uhps fy[kk gS]

~r: ,d ,sls i{kh dk vfLrRo gS] ftlosQ ia[k ugha gksrs gSaA*

(iv) iznÙk dFku dk fu"ks/u bl izdkj gS]

~s: ,d ,sls fo|kFkhZ dk vfLrRo gS tks izkjafHkd Lrj ij xf.kr dk vè;;u ugha djrk gSA*

mnkgj.k 19 okD;ka'k ^^vfuok;Z vkSj i;kZIr** dk iz;ksx djosQ fuEufyf[kr dFku dks iqu% fyf[k,A
rFkk bldh oS/rk dh tk¡p Hkh dhft,A

^^iw.kk±d n fo"ke gS ;fn vkSj osQoy ;fn n  fo"ke gSA**

gy iw.kk±d n osQ fo"ke gksus osQ fy, vfuok;Z vkSj i;kZIr izfrca/ gS fd n  vfuok;Zr% fo"ke gksA

eku yhft, fd p rFkk q fuEufyf[kr dFkuksa dks fu:fir djrs gSa]

p : iw.kk±d n fo"ke gSA

q : n  fo"ke gSA

rks ^p ;fn vkSj osQoy ;fn q* iznÙk dFku dks fu:fir djrk gS vkSj ftldh oS/rk tk¡pus osQ fy,
gesa ;g tk¡puk iM+sxk fd D;k dFku ^^;fn p, rks q** rFkk ^^;fn q, rks p** lR; gSA

fLFkfr 1 ^;fn p, rks q*

;fn p, rks q dFku ^;fn iw.kk±d n fo"ke gS] rks n  fo"ke gSA* dks fu:fir djrk gSA gesa Kkr djuk
gS fd D;k ;g dFku lR; gSA
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eku yhft, fd n fo"ke gSA rc n = 2k + 1 tgk¡ k ,d iw.kk±d gSA

bl izdkj n  = (2k + 1)

= 4k  + 4k + 1 = 2(2k  + 2k) + 1

vr% n  fo"ke gSA

fLFkfr 2 ;fn q, rks p

dFku ^;fn n ,d iw.kk±d gS vkSj n  fo"ke gS] rks n fo"ke gSA* ;fn q, rks p }kjk fu:fir gksrk gSA
gesa Kkr djuk gS fd D;k ;g dFku lR; gSA bls Kkr djus osQ fy, ge izfr/uked fof/ dk iz;ksx

djsaxsA (vFkkZr~~ ~ p ~ q)

mijksDr dFku dk izfr/ukRed dFku uhps fy[kk gS]

^;fn n ,d le iw.kk±d gS] rks n  Hkh ,d le iw.kk±d gSA*

n ,d le iw.kk±d gS blfy, n = 2k, tgk¡ k ,d iw.kk±d gSA vr% n2 = 4k  = 2(2k ) fu"d"kZr% n

le gSA

mnkgj.k 20 fuEufyf[kr dFku osQ fy, vfuok;Z rFkk i;kZIr izfrca/ksa dks Kkr dhft,A

t: ;fn vki 80 km izfr ?kaVk dh vf/d xfr ls xkM+h pykrs gSa rks vkidks tqekZuk yxsxkA

gy eku yhft, fd p vkSj q fuEufyf[kr dFkuksa dks izdV djrs gSaA

p: ;fn vki 80 km izfr ?kaVk dh vf/d xfr ls xkM+h pykrs gSaA

q : vkidks tqekZuk gksxkA

izfrca/ ;fn p rks q n'kkZrk gS fd p, q osQ fy, i;kZIr izfrca/ gSA vFkkZr~~ tqekZuk gksus osQ fy,] 80
fd-eh- izfr ?kaVk dh vf/d xfr ls xkM+h pykuk i;kZIr dFku gSA

;gk¡ “80 km izfr?kaVk dh vf/d xfr ls xkM+h pykuk”i;kZIr izfrca/ gSA

blh izdkj] ;fn p rc n'kkZrk gS fd q, p osQ fy, vfuok;Z izfrca/ gSA vFkkZr~~ “tc vki 80 km

2 2

2 2

2

2

2

2 2 2



izfr?kaVk dh vf/d xfr ls xkM+h pykrs gSa rks vfuok;Z :i ls vkidks tqekZuk gksxkA” ;gk¡ tqekZuk
gksuk” vfuok;Z izfrca/ gSA

vè;k; 14 ij fofo/ iz'ukoyh
1- fuEufyf[kr dFkuksa osQ fu"ks/u fyf[k,%

(i) izR;sd /u okLrfod la[;k x osQ fy,] la[;k x – 1 Hkh /u la[;k gSA

(ii) lHkh fcfYy;k¡ [kjksaprh gSaA

(iii) izR;sd okLrfod la[;k x osQ fy, ;k rks x > 1 ;k x < 1

(iv) ,d ,slh la[;k x dk vfLrRo gS fd 0 < x < 1

2- fuEufyf[kr lizfrca/ dFkuksa (varHkkZo) esa ls izR;sd dk foykse rFkk izfr/ukRed dFku fyf[k,%

(i) ,d /u iw.kk±d vHkkT; la[;k gS osQoy ;fn 1 vkSj iw.kk±d Lo;a osQ vfrfjDr mldk dksbZ vU;
Hkktd ugha gSA

(ii) eSa leqnz rV ij tkrk gw¡ tc dHkh /wi okyk fnu gksrk gSA

(iii) ;fn ckgj xje gS] rks vkidks I;kl yxrh gSA

3- fuEufyf[kr dFkuksa esa ls izR;sd dks ¶;fn p, rks q¸ osQ :i esa fyf[k,A

(i) loZj ij ykx vku djus osQ fy, ikloMZ dk gksuk vko';d gSA

(ii) tc dHkh o"kkZ gksrh gS ;krk;kr esa vojks/ mRiUu gksrk gSA

(iii) vki osclkbV esa izos'k dj ldrs gSa osQoy ;fn vkius fu/kZfjr 'kqYd dk Hkqxrku fd;k gksA

4- fuEufyf[kr dFkuksa esa ls izR;sd dks “p ;fn vkSj osQoy ;fn q” osQ :i esa iqu% fyf[k,%

(i) ;fn vki nwjn'kZu (Vsyhfot+u) ns[krs gSa] rks vkidk eu eqDr gksrk gS rFkk ;fn vkidk eu eqDr
gS] rks vki nwjn'kZu ns[krs gSaA

(ii) vkiosQ }kjk A&xzsM izkIr djus osQ fy, ;g vfuok;Z vkSj i;kZIr gS fd vki x`gdk;Z fu;fer :i



ls djrs gSaA

(iii) ;fn ,d prqHkqZt leku dksf.kd gS] rks og ,d vk;r gksrk gS rFkk ;fn ,d prqHkqZt vk;r gS]
rks og leku dksf.kd gksrk gSA

5- uhps nks dFku fn, gSa]

p : 25 la[;k 5 dk ,d xq.kt gSA

q : 25 la[;k 8 dk ,d xq.kt gSA

mijksDr dFkuksa dk la;kstd ^vkSj* rFkk ^;k* }kjk la;kstd djosQ feJ dFku fyf[k,A nksuksaa n'kkvksa esa
izkIr feJ dFkuksa dh oS/rk tk¡fp,A

6- uhps fy[ks dFkuksa dh oS/rk dh tk¡p muosQ lkeus fyf[kr fof/ }kjk dhft,A

(i) p : ,d vifjes; la[;k vkSj ,d ifjes; la[;k dk ;ksxiQy vifjes; gksrk gS (fojksèkksfDr fof/)A

(ii) q : ;fn n ,d ,slh okLrfod la[;k gS fd n > 3, rks n  > 9 (fojks/ksfDr fof/)A

7- fuEufyf[kr dFku dks ik¡p fHkUu&fHkUu rjhdksa ls bl izdkj O;Dr dhft, fd muosQ vFkZ leku
gksa]

q :^;fn ,d f=kHkqt leku dksf.kd gS] rks og ,d vf/d dks.k f=kHkqt gSA*

lkjka'k
bl vè;k; esa geus fuEufyf[kr fcanqvksa dh O;k[;k dh gS%

xf.krh; :i ls Lohdk;Z dFku ,d ,slk okD; gS tks ;k rks lR; gks ;k vlR; gksA

fuEufyf[kr inksa dh O;k[;k dh gS%

– fdlh dFku dk fu"ks/u % ;fn p ,d dFku gS rks ^p vlR; gS* dFku p dk fu"ks/u gS]
bldks izrhd ∼ p ls izdV djrs gSaA

– feJ dFku vkSj laxr ?kVd dFku%

2



nks ;k vf/d ljy dFkuksa osQ la;kstu ls cus dFku dks feJ dFku dgrs gSaA ljy dFkuksa dks
feJ dFku osQ ?kVd dFku dgrs gSaA

– la;kstd ^vkSj* rFkk ^;k* dh rFkk okD;ka'k ^,d ,sls dk vfLrRo gS* rFkk ^izR;sd osQ fy,*
dh HkwfedkA

– varHkkZo (izfrca/) ^;fn*] ^osQoy ;fn* rFkk ^;fn vkSj osQoy ;fn*

dFku ^;fn* p rks q dks fuEufyf[kr rjhdksa ls fy[kk tk ldrk gS]

– p varHkkZo q (izrhd p  q ls fu:fir)

– p i;kZIr izfrca/ gS q osQ fy,A

– q vfuok;Z izfrca/ gS p osQ fy,A

– p osQoy ;fn q

– ∼ q varHkZo ∼ p

– dFku p  q dk izfr/ukRd dFku ∼ q  ∼p

dFku p q dk foykse dFku q  p gSA

dFku p q rFkk blosQ foykse dks la;qDr :i ls dFku p ;fn vkSj osQoy ;fn q* dgrs
gSaA

fdlh dFku dh oS/rk Kkr djus osQ fy, fuEufyf[kr fof/;ksa dk iz;ksx djrs gSaA

(i) izR;{k fof/

(ii) izfr/ukRed fof/note

(iii) fojks/ksfDr fof/

(iv) izR;qnkgj.k osQ iz;ksx dh fof/



,sfrgkfld i`"BHkwfe
roZQ'kkL=k ij igyk 'kks/&izcU/ Aristotle (384 bZñ iwñ&322 bZñiwñ) }kjk fy[kk x;k FkkA ;g
'kks/&izcU/ fuxeukRed foospu osQ fy, fu;eksa dk ,d laxzg Fkk] ftldk vfHkizk; Kku dh
izR;sd 'kk[kk osQ vè;;u gsrq ,d vk/kj iznku djuk FkkA blosQ ckn l=kgoha lnh esa teZu
xf.krK G. W. Leibnitz (1646 & 1716 bZñ) us fuxeukRed foospu dh izfØ;k dks ;kaf=kd
cukus osQ fy, roZQ'kkL=k esa izrhdksa osQ iz;ksx dh dYiuk dh FkhA mUuhloha lnh esa vaxzs”k xf.krK
George Boole (1815&1864 bZñ) rFkk Augustus De Morgan (1806&1871 bZñ) us mudh
dYiuk dks lkdkj fd;k vkSj izrhdkRed roZQ'kkL=k fo"k; dh LFkkiuk dhA



vè;k; 15

lkaf[;dh (Statistics)

v“Statistics may be rightly called the science of averages and their estimates” –

A.L.Bowley & A.L. Boddington v

15-1 Hkwfedk (Introduction)
ge tkurs gSa fd lkaf[;dh dk ljksdkj fdlh fo'ks"k mís'; osQ fy, ,df=kr vk¡dM+ksa ls gksrk gSA ge
vk¡dM+ksa dk fo'ys"k.k ,oa O;k[;k dj muosQ ckjs esa fu.kZ; ysrs gSaA geus fiNyh d{kkvksa esa vk¡dM+ksa
dks vkysf[kd ,oa lkj.khc¼ :i esa O;Dr djus dh fof/;ksa dk vè;;u fd;k gSA ;g fu:i.k
vk¡dM+ksa osQ egRoiw.kZ xq.kksa ,oa fo'ks"krkvksa dks n'kkZrk gSA geus fn, x, vk¡dM+ksa dk ,d
izfrfuf/d eku Kkr djus dh fof/;ksa osQ ckjs esa Hkh vè;;u fd;k gSA bl ewY; dks osaQnzh; izo`fÙk
dh eki dgrs gSaA Lej.k dhft, fd ekè; (lekarj ekè;)] ekfè;dk vkSj cgqyd osaQnzh; izo`fÙk dh
rhu eki gSaA osaQnzh; izo`fÙk osQ eki gesa bl ckr dk vkHkkl fnykrs gSa fd vk¡dM+s fdl LFkku ij
osaQfnzr gSa foaQrq vk¡dM+ksa osQ leqfpr vFkZ foospu osQ fy, gesa ;g Hkh irk gksuk pkfg, fd vk¡dM+ksa esa
fdruk fc[kjko gS ;k os osaQnzh; izo`fÙk dh eki osQ pkjksa vksj fdl izdkj ,df=kr gSaA



Karl Pearson (1857-1936 A.D.)

nks cYyscktksa }kjk fiNys nl eSpksa esa cuk, x, juksa ij fopkj djsa%

cYysckt A % 30] 91] 0] 64] 42] 80] 30] 5] 117] 71

cYysckt B % 53] 46] 48] 50] 53] 53] 58] 60] 57] 52

Li"Vr;k vk¡dM+ksa dk ekè; o ekfè;dk fuEufyf[kr gSa%

Lej.k dhft, fd ge izs{k.kksa dk ekè; (  }kjk fu:fir) muosQ ;ksx dks mudh la[;k ls Hkkx
nsdj Kkr djrs gSa]



vFkkZr~ 

ekfè;dk dh x.kuk osQ fy, vk¡dM+ksa dks igys vkjksgh ;k vojksgh Øe esa O;ofLFkr fd;k tkrk gS
vkSj fiQj fuEufyf[kr fu;e yxk;k tkrk gS%

;fn izs{k.kksa dh la[;k fo"ke gS rks ekfè;dk  ok¡ izs{k.k gksrh gSA ;fn izs{k.kksa dh la[;k le

gS rks ekfè;dk osa vkSj osa izs{k.kksa dk ekè; gksrh gSA

ge ikrs gSa fd nksuksa cYyscktksa A rFkk B }kjk cuk, x, juksa dk ekè; o ekfè;dk cjkcj gS vFkkZr~
53 gSA D;k ge dg ldrs gSa fd nksuksa cYyscktksa dk izn'kZu leku gS\ Li"Vrk ughaA D;ksafd A osQ juksa
esa ifjorZu'khyrk 0 (U;wure) ls 117 (vf/dre) rd gSA tcfd B osQ juksa dk foLrkj 46
(U;wure) ls 60 (vf/dre) rd gSA

vkb, vc mi;qZDr Ldksjksa dks ,d la[;k js[kk ij vafdr djsaA gesa uhps n'kkZbZ xbZ vko`Qfr;k¡ izkIr
gksrh gSa (vko`Qfr 15-1 vkSj 15-2)A

cYysckt A osQ fy,

vko`Qfr 15-1

cYysckt B osQ fy,

vko`Qfr 15-2

ge ns[k ldrs gSa fd cYysckt B osQ laxr fcanq ,d nwljs osQ ikl&ikl gSa vkSj osaQnzh; izo`fÙk dh
eki (ekè; o ekfè;dk) osQ bnZ fxnZ xqfPNr gSa tcfd cYysckt A osQ laxr fcanqvksa esa vf/d



fc[kjko gS ;k os vf/d iSQys gq, gSaA

vr% fn, x, vk¡dM+ksa osQ ckjs esa laiw.kZ lwpuk nsus osQ fy, osaQnzh; izo`fÙk dh eki i;kZIr ugha gSaA
ifjorZu'khyrk ,d vU; ?kVd gS ftldk vè;;u lkaf[;dh osQ varxZr fd;k tkuk pkfg,A

osaQnzh; izo`fÙk dh eki dh rjg gh gesa ifjorZu'khyrk osQ o.kZu osQ fy, ,dy la[;k pkfg,A bl
la[;k dks ^izdh.kZu dh eki (Measure of dispersion)* dgk tkrk gSA bl vè;k; esa ge izdh.kZu
dh eki osQ egRo o mudh oxhZo`Qr ,oa voxhZo`Qr vk¡dM+ksa osQ fy, x.kuk dh fof/;ksa osQ ckjs esa
i<+saxsA

15.2 izdh.kZu dh eki (Measures of dispersion)
vk¡dM+ksa esa izdh.kZu ;k fo{ksi.k dk eki izs{k.kksa o ogk¡ iz;qDr osaQnzh; izo`fÙk dh eki osQ vk/kj ij
fd;k tkrk gSA

izdh.kZu osQ fuEufyf[kr eki gSa%

(i) ifjlj (Range) (ii) prqFkZd fopyu (Quartile deviation) (iii) ekè; fopyu (Mean deviation)

(iv) ekud fopyu (Standard deviation).

bl vè;k; esa ge] prqFkZd fopyu osQ vfrfjDr vU; lHkh ekiksa dk vè;;u djsaxsA

15.3 ifjlj (Range)
Lej.k dhft, fd nks cYyscktksa A rFkk B }kjk cuk, x, juksa osQ mnkgj.k esa geus Ldksjksa esa fc[kjko]
izR;sd Ük`a[kyk osQ vf/dre ,oa U;wure juksa osQ vk/kj ij fopkj fd;k FkkA blesa ,dy la[;k Kkr
djus osQ fy, ge izR;sd Ük`a[kyk osQ vf/dre o U;wure ewY;ksa esa varj izkIr djrs gSaA bl varj dks
ifjlj dgk tkrk gSA

cYysckt A osQ fy, ifjlj = 117 – 0 = 117

vkSj cYysckt B, osQ fy, ifjlj = 60 – 46 = 14

Li"Vr;k ifjlj A > ifjlj B, blfy, A osQ Ldksjksa esa izdh.kZu ;k fc[kjko vf/d gS tcfd B osQ
Ldksj ,d nwljs osQ vf/d ikl gSaA



vr% ,d Ük`a[kyk dk ifjlj = vf/dre eku – U;wure eku

vk¡dM+ksa dk ifjlj gesa fc[kjko ;k izdh.kZu dk eksVk&eksVk (rough) Kku nsrk gS] foaQrq osaQnzh; izo`fÙk
dh eki] fopj.k osQ ckjs esa oqQN ugha crkrk gSA bl mís'; osQ fy, gesa izdh.kZu osQ vU; eki dh
vko';drk gSA Li"Vr;k bl izdkj dh eki izs{k.kksa dh osaQnzh; izo`fÙk ls varj (;k fopyu) ij
vk/kfjr gksuh pkfg,A

osaQnzh; izo`fÙk ls izs{k.kksa osQ varj osQ vk/kj ij Kkr dh tkus okyh izdh.kZu dh egRoiw.kZ eki ekè;
fopyu o ekud fopyu gSaA vkb, bu ij foLrkj ls ppkZ djsaA

15.4 ekè; fopyu (Mean deviation)
;kn dhft, fd izs{k.k x dk fLFkj eku a ls varj (x – a) izs{k.k x dk a ls fopyu dgykrk gSA
izs{k.k x dk osaQnzh; ewY; 'a' ls izdh.kZu Kkr djus osQ fy, ge a ls fopyu izkIr djrs gSaA bu
fopyuksa dk ekè; izdh.kZu dh fujis{k eki gksrk gSA ekè; Kkr djus osQ fy, gesa fopyuksa dk ;ksx
izkIr djuk pkfg,] foaQrq ge tkurs gSa fd osaQnzh; izo`fÙk dh eki izs{k.kksa osQ leqPp; dh
vf/dre rFkk U;wure ewY;ksa osQ eè; fLFkr gksrk gSA blfy, oqQN fopyu ½.kkRed rFkk oqQN

/ukRed gksaxsA vr% fopyuksa dk ;ksx 'kwU; gks ldrk gSA blosQ vfrfjDr ekè;  ls fopyuksa dk
;ksx 'kwU; gksrk gSA

vr% ekè; osQ lkis{k ekè; fopyu Kkr djus dk dksbZ vkSfpR; ugha gSA

Lej.k dhft, fd izdh.kZu dh mi;qZDr eki Kkr djus osQ fy, gesa izR;sd eku dh osaQnzh; izo`fÙk dh
eki ;k fdlh fLFkj la[;k 'a' ls nwjh Kkr djuh gksrh gSA ;kn dhft, fd fdUgha nks la[;kvksa osQ
varj dk fujis{k eku mu la[;kvksa }kjk la[;k js[kk ij O;Dr fcanqvksa osQ chp dh nwjh dks n'kkZrk gSA
vr% fLFkj la[;k 'a' ls fopyuksa osQ fujis{k ekuksa dk ekè; Kkr djrs gSaA bl ekè; dks ^ekè;
fopyu* dgrs gSaA vr% osaQnzh; izo`fÙk 'a' osQ lkis{k ekè; fopyu izs{k.kksa dk 'a' ls fopyuksa osQ
fujis{k ekuksa dk ekè; gksrk gSA 'a' osQ lkis{k ekè; fopyu dks M.D. (a) }kjk izdV fd;k tkrk gSA



M.D. (a) 

fVIi.kh  ekè; fopyu osaQnzh; izo`fÙk dh fdlh Hkh eki ls Kkr fd;k tk ldrk gSA foaQrq
lkaf[;dh; vè;;u esa lkekU;r% ekè; vkSj ekfè;dk osQ lkis{k ekè; fopyu dk mi;ksx fd;k
tkrk gSA

15.4.1 voxhZo`Qr vk¡dMksa osQ fy, ekè; fopyu (Mean deviation for ungrouped data) eku
yhft, fd n izs{k.kksa osQ vk¡dM+s x1, x2, x3, ..., xn fn, x, gSaA ekè; ;k ekfè;dk osQ lkis{k ekè;

fopyu dh x.kuk esa fuEufyf[kr pj.k iz;qDr gksrs gSa%

pj.k&1 ml osaQnzh; izo`fÙk dh eki dks Kkr dhft, ftlls gesa ekè; fopyu izkIr djuk gSA eku
yhft, ;g ‘a’ gSA

pj.k&2 izR;sd izs{k.k xi dk a ls fopyu vFkkZr~ x1– a, x2– a, x3– a,. . . , xn– a Kkr djsaA

pj.k&3 fopyuksa dk fujis{k eku Kkr djsa vFkkZr~ ;fn fopyuksa esa ½.k fpÉ yxk gS rks mls gVk nsa

vFkkZr~ Kkr djsaA

pj.k&4 fopyuksa osQ fujis{k ekuksa dk ekè; Kkr djsaA ;gh ekè; 'a' osQ lkis{k ekè; fopyu gSA

vFkkZr~ 

vr% M.D. ( ) = , tgk¡ = ekè;



rFkk M.D. (M) = , tgk¡ M = ekfè;dk

AfVIi.kh  bl vè;k; esa ekfè;dk dks fpÉ M }kjk fu:fir fd;k x;k gS tc rd fd vU;Fkk
ugha dgk x;k gksA vkb, vc mi;qZDr pj.kksa dks le>us osQ fy, fuEufyf[kr mnkgj.k ysa%

mnkgj.k&1 fuEufyf[kr vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,%

6] 7] 10] 12] 13] 4] 8] 12

gy ge Øec¼ vkxs c<+rs gq, fuEufyf[kr izkIr djrs gSa%

pj.k 1 fn, x, vk¡dM+ksa dk ekè; 

gSA

pj.k 2 izs{k.kksa osQ ekè; ls Øe'k% fopyu x –

vFkkZr~ 6 – 9, 7 – 9, 10 – 9, 12 – 9, 13 – 9, 4 – 9, 8 – 9, 12 – 9 gSaA

;k –3, –2, 1, 3, 4, –5, –1, 3 gaSA

pj.k 3 fopyuksa osQ fujis{k eku 

3, 2, 1, 3, 4, 5, 1, 3 gaSA

pj.k 4 ekè; osQ lkis{k ekè; fopyu fuEufyf[kr gS%

 = 

i 



=  = 2.75

AfVIi.kh  izR;sd ckj pj.kksa dks fy[kus osQ LFkku ij ge] pj.kksa dk o.kZu fd, fcuk gh
Øekuqlkj ifjdyu dj ldrs gSaA

mnkgj.k 2 fuEufyf[kr vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,%

12, 3, 18, 17, 4, 9, 17, 19, 20, 15, 8, 17, 2, 3, 16, 11, 3, 1, 0, 5

gy gesa fn, x, vk¡dM+ksa dk ekè; ( ) Kkr djuk gksxkA

 =  = 10

ekè; ls fopyuksa osQ fujis{k eku vFkkZr~  bl izdkj gSa%

2, 7, 8, 7, 6, 1, 7, 9, 10, 5, 2, 7, 8, 7, 6, 1, 7, 9, 10, 5

blfy, 

vkSj M.D.( ) =  = 6.2

mnkgj.k 3 fuEufyf[kr vk¡dM+ksa ls ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,%

3, 9, 5, 3, 12, 10, 18, 4, 7, 19, 21

gy ;gk¡ iz{ks.kksa dh la[;k 11 gS tks fo"ke gSA vk¡dM+ksa dks vkjksgh Øe esa fy[kus ij gesa 3, 3, 4, 5,



7, 9, 10, 12, 18, 19, 21 izkIr gksrk gSA

vc ekfè;dk = ok¡ ;k 6ok¡ izs{k.k = 9 gSSA

fopyuksa dk Øe'k% fujis{k eku  bl izdkj ls gSA

6, 6, 5, 4, 2,0, 1, 3, 9, 10, 12

blfy, 

rFkk 

15.4.2 oxhZo`Qr vk¡dM+ksa osQ fy, ekè; fopyu (Mean deviation for grouped data)

ge tkurs gSa fd vk¡dM+ksa dks nks izdkj ls oxhZo`Qr fd;k tkrk gSA

(a) vlrr ckjackjrk caVu (Discrete frequency distribution)

(b) lrr ckjackjrk caVu (Continuous frequency distribution)

vkb, bu nksuksa izdkj osQ vk¡dM+ksa osQ fy, ekè; fopyu Kkr djus dh fof/;ksa ij ppkZ djsaA

(a) vlrr ckjackjrk caVu eku yhft, fd fn, x, vk¡dM+ksa esa n fHkUu isz{k.k x1, x2, ..., x  gSa

ftudh ckjackjrk,a¡ Øe'k% f1, f2 , ..., f  gSaA bu vk¡dM+ksa dks lkj.khc¼ :i esa fuEufyf[kr izdkj ls

O;Dr fd;k tk ldrk gS ftls vlrr ckjackjrk caVu dgrs gSa%

x : x  x2 x3 ... x

f : f1 f2 f3 ... f

n

n

1 n

n



(i) ekè; osQ lkis{k ekè; fopyu loZizFke ge fn, x, vk¡dM+ksa dk fuEufyf[kr lw=k }kjk ekè; 
Kkr djrs gSa%

,

tgk¡  izs{k.kksa xi dk mudh Øe'k% ckjackjrk fi ls xq.kuiQyksa dk ;ksx izdV djrk gSA rFkk

ckjackjrkvksa dk ;ksx gSA

rc ge izs{k.kksa xi dk ekè; ls fopyu Kkr djrs gSa vkSj mudk fujis{k eku ysrs gSa vFkkZr lHkh

i =1,2,..., n osQ fy, Kkr djrs gSaA

blosQ i'pkr~ fopyuksa osQ fujis{k eku dk ekè; Kkr djrs gSa] tksfd ekè; osQ lkis{k okafNr ekè;
fopyu gSA

vr%  = 

(ii) ekfè;dk osQ lkis{k ekè; fopyu ekfè;dk osQ lkis{k ekè; fopyu Kkr djus osQ fy, ge
fn, x, vlrr ckjackjrk caVu dh ekfè;dk Kkr djrs gSaA blosQ fy, izs{k.kksa dks vkjksgh Øe esa
O;ofLFkr djrs gSaA blosQ i'pkr~ lap;h ckajckjrk,¡ Kkr dh tkrh gSaA rc ml izs{k.k dk fu/kZj.k djrs



gSa ftldh lap;h ckajckjrk , osQ leku ;k blls FkksM+h vf/d gSA ;gk¡ ckjackjrkvksa dk ;ksx N ls
n'kkZ;k x;k gSA izs{k.kksa dk ;g eku vk¡dM+ksa osQ eè; fLFkr gksrk gS blfy, ;g visf{kr ekfè;dk gSA
ekfè;dk Kkr djus osQ ckn ge ekfè;dk ls fopyuksa osQ fujis{k ekuksa dk ekè; Kkr djrs gSaA bl
izdkj

mnkgj.k 4 fuEufyf[kr vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,%

gy vkb, fn, x, vk¡dM+ksa dh lkj.kh 15-1 cukdj vU; LraHk ifjdyu osQ ckn yxk,¡

lkj.kh 15.1

 ,  ,

blfy, 

vkSj

mnkgj.k 5 fuEufyf[kr vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,%



gy fn, x, vk¡dM+s igys gh vkjksgh Øe esa gSaA bu vk¡dM+ksa esa laxr lap;h ckjackjrk dh ,d drkj
vkSj yxkrs gSa (lkj.kh 15-2)A

lkj.kh 15.2

vc, N = 30 gS tks le la[;k gS,

blfy, ekfè;dk 15oha o 16oha izs{k.kksa dk ekè; gSA ;g nksuksa izs{k.k lap;h ckjackjrk 18 esa fLFkr gSa
ftldk laxr izs{k.k 13 gSA

vc ekfè;dk ls fopyuksa dk fujis{k eku vFkkZr~  fuEufyf[kr lkj.kh 15-3 esa n'kkZ, x,
gS

lkj.kh 15.3

(b) lrr ckjackjrk caVu ,d lrr ckajckjrk caVu og Ük`a[kyk gksrh gS ftlesa vk¡dM+ksa dks fofHkUu
fcuk varj okys oxks± esa oxhZo`Qr fd;k tkrk gS vkSj mudh Øe'k% ckjackjrk fy[kh tkrh gSA mnkgj.k
osQ fy, 100 Nk=kksa }kjk izkIrkdksa dks lrr ckajckjrk caVu esa fuEufyf[kr izdkj ls O;Dr fd;k x;k
gS%

(i) ekè; osQ lkis{k ekè; fopyu ,d lrr ckajckjrk caVu osQ ekè; dh x.kuk osQ le; geus ;g
ekuk Fkk fd izR;sd oxZ (Class ) dh ckjackjrk mlosQ eè;&fcanq ij osaQfnzr gksrh gSA ;gk¡ Hkh ge
izR;sd oxZ dk eè;&fcanq fy[krs gSa vkSj vlrr ckjackjrk caVu dh rjg ekè; fopyu Kkr djrs gSaA

vkb, fuEufyf[kr mnkgj.k ns[ksa



mnkgj.k 6 fuEufyf[kr vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,%

gy fn, x, vk¡dM+ksa ls fuEu lkj.kh 15-4 cukrs gSaA

lkj.kh 15.4

;gk¡ 

blfy, 

vkSj 

ekè; osQ lkis{k ekè; fopyu Kkr djus dh y?kq fof/ ge in fopyu fof/ (Step-deviation

method) dk iz;ksx djosQ osQ dfBu ifjdyu ls cp ldrs gSaA Lej.k dhft, fd bl fof/ esa
ge vk¡dM+ksa osQ eè; ;k mlosQ fcYoqQy ikl fdlh izs{k.k dks dfYir ekè; ysrs gSaA rc izs{k.kksa (;k
fofHkUu oxks± osQ eè;&fcanqvksa) dk bl dfYir ekè; ls fopyu Kkr djrs gSaA ;g fopyu la[;k js[kk
ij ewy fcanq (origin) dks 'kwU; ls izfrLFkkfir dj dfYir ekè; ij ys tkuk gh gksrk gS] tSlk fd
vko`Qfr 15-3 esa n'kk;kZ x;k gSA



vko`Qfr 15-3

;fn lHkh fopyuksa esa dksbZ lkoZ xq.ku[kaM (common factor) gS rks fopyuksa dks ljy djus osQ fy,
bUgsa bl lkoZ xq.ku[kaM ls Hkkx nsrs gSaA bu u, fopyuksa dks in fopyu dgrs gSaA in fopyu ysus
dh izfØ;k la[;k js[kk ij iSekus dk ifjorZu gksrk gS] tSlk fd vko`Qfr 15-4 esa n'kkZ;k x;k gSA

vko`Qfr 15-4

fopyu vkSj in fopyu izs{k.kksa osQ vkdkj dks NksVk dj nsrs gSa] ftlls xq.ku tSlh x.kuk,¡ ljy gks

tkrh gSaA eku yhft, u;k pj gks tkrk gS] tgk¡ ‘a’ dfYir ekè; gS o h lkoZ

xq.ku[kaM gSA rc in fopyu fof/ }kjk  fuEufyf[kr lw=k
ls Kkr fd;k tkrk gS%

vkb, mnkgj.k 6 osQ vk¡dM+ksa osQ fy, in fopyu fof/ yxk,¡A ge dfYir ekè; a = 45 vkSj h =

10, ysrs gSa vkSj fuEufyf[kr lkj.kh 15-5 cukrs gSaA

lkj.kh 15.5

blfy, = 



vkSj 

AfVIi.kh  in fopyu fof/ dk mi;ksx Kkr djus osQ fy, fd;k tkrk gSA 'ks"k izfØ;k oSlh gh
gSA

(ii) ekfè;dk osQ lkis{k ekè; fopyu fn, x, vk¡dM+ksa osQ fy, ekfè;dk ls ekè; fopyu Kkr
djus dh izfØ;k oSlh gh gS tSlh fd geus ekè; osQ lkis{k ekè; fopyu Kkr djus osQ fy, dh FkhA
blesa fo'ks"k varj osQoy fopyu ysus osQ le; ekè; osQ LFkku ij ekfè;dk ysus esa gksrk gSA

vkb, lrr ckjackjrk cVau osQ fy, ekfè;dk Kkr djus dh izfØ;k dk Lej.k djsaaA vk¡dM+ksa dks igys
vkjksgh Øe esa O;ofLFkr djrs gSaA rc lrr ckjackjrk caVu dh ekfè;dk Kkr djus osQ fy, igys ml
oxZ dks fu/kZfjr djrs gSa ftlesa ekfè;dk fLFkr gksrh gS (bl oxZ dks ekfè;dk oxZ dgrs gSa) vkSj rc
fuEufyf[kr lw=k yxkrs gSa%

tgk¡ ekfè;dk oxZ og oxZ gS ftldh lap;h ckjackjrk  osQ cjkcj ;k mlls FkksM+h vf/d gks]
ckajckjrkvksa dk ;ksx N , ekfè;dk oxZ dh fuEu lhek l] ekfè;dk oxZ dh ckajckjrk]f ] ekfè;dk oxZ
ls lVhd igys okys oxZ dh lap;h ckjackjrk C vkSj ekfè;dk oxZ dk foLrkj h gSA ekfè;dk Kkr
djus osQ i'pkr~ izR;sd oxZ osQ eè;&fcanqvksa xi dk ekfè;dk ls fopyuksa dk fujis{k eku 

vFkkZr~ izkIr djrs gSaA

rc 

bl izfØ;k dks fuEufyf[kr mnkgj.k ls Li"V fd;k x;k gS%



mnkgj.k 7 fuEufyf[kr vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,A

gy fn, x, vk¡dM+ksa ls fuEu lkj.kh 15-6 cukrs gSa%

lkj.kh 15-6

;gk¡ N = 50, blfy, oha ;k 25oha en 20&30 oxZ esa gSaA blfy, 20&30 ekfè;dk oxZ gSA ge
tkurs gSa fd

ekfè;dk =

;gk¡ l = 20, C=13, f = 15, h = 10 vkSj N = 50

blfy,] ekfè;dk 

vr%] ekfè;dk osQ lkis{k ekè; fopyu

M.D. (M) = =  = 10.16 gSA

iz'ukoyh 15.1
iz'u 1 o 2 esa fn, x, vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,A

1. 4, 7, 8, 9, 10, 12, 13, 17



2. 38, 70, 48, 40, 42, 55, 63, 46, 54, 44

iz'u 3 o 4 osQ vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,A

3. 13, 17, 16, 14, 11, 13, 10, 16, 11, 18, 12, 17

4. 36, 72, 46, 42, 60, 45, 53, 46, 51, 49

iz'u 5 o 6 osQ vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,A

5.

xi 5 10 15 20 25

fi 7 4 6 3 5

6.

xi 10 30 50 70 90

fi 4 24 28 16 8

iz'u 7 o 8 osQ vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,A

7.

xi 5 7 9 1`0 12 15

fi 8 6 2 2 2 6

8.

xi 15 21 27 30 35

fi 3 5 6 7 8



iz'u 9 o 10 osQ vk¡dM+ksa osQ fy, ekè; osQ lkis{k ekè; fopyu Kkr dhft,A

9.

vk; izfrfnu 0-
100

100-
200

200-
300

300-
400

400-
500

500-
600

600-
700

700-
800

O;fDr;ksa dh
la[;k

4 8 9 10 7 5 4 3

10.

Å¡pkbZ (lseh esa) 95-105 105-115 115-125 125-135 135-145 145-155

yM+dksa dh la[;k 9 13 26 30 12 10

11. fuEufyf[kr vk¡dM+ksa osQ fy, ekfè;dk osQ lkis{k ekè; fopyu Kkr dhft,%

vad 0-10 10-20 20-30 30-40 40-50 50-60

yM+fd;ksa dh la[;k 6 8 14 16 4 2

12- uhps fn, x, 100 O;fDr;ksa dh vk;q osQ caVu dh ekfè;dk vk;q osQ lkis{k ekè; fopyu dh
x.kuk dhft,%

[laosQr izR;sd oxZ dh fuEu lhek esa ls 0-5 ?kVk dj o mldh mPp lhek esa 0-5 tksM+ dj fn, x,
vk¡dM+ksa dks lrr ckjackjrk caVu esa cnfy,]

15.4.3 ekè; fopyu dh ifjlhek,¡ (Limitations of mean deviation) cgqr vf/d fopj.k ;k
fc[kjko okyh Ük`a[kykvksa esa ekfè;dk osaQnzh; izo`fÙk dh mi;qDr eki ugha gksrh gSA vr% bl n'kk esa



ekfè;dk osQ lkis{k ekè; fopyu ij iwjh rjg fo'okl ugha fd;k tk ldrk gSA

ekè; ls fopyuksa dk ;ksx (½.k fpÉ dks NksM+dj) ekfè;dk ls fopyuksa osQ ;ksx ls vf/d gksrk gSA
blfy, ekè; osQ lkis{k ekè; fopyu vf/d oSKkfud ugha gSA vr% dbZ n'kkvksa esa ekè; fopyu
vlarks"ktud ifj.kke ns ldrk gSA lkFk gh ekè; fopyu dks fopyuksa osQ fujis{k eku ij Kkr fd;k
tkrk gSA blfy, ;g vkSj chtxf.krh; x.kukvksa osQ ;ksX; ugha gksrk gSA bldk vfHkizk; gS fd gesa
izdh.kZu dh vU; eki dh vko';drk gSA ekud fopyu izdh.kZu dh ,slh gh
,d eki gSA

15.5 izlj.k vkSj ekud fopyu (Variance and Standard
Deviation)
;kn dhft, fd osaQnzh; izo`fÙk dh eki osQ lkis{k ekè; fopyu Kkr djus osQ fy, geus fopyuksa osQ
fujis{k ekuksa dk ;ksx fd;k FkkA ,slk ekè; fopyu dks lkFkZd cukus osQ fy, fd;k Fkk] vU;Fkk
fopyuksa dk ;ksx 'kwU; gks tkrk gSA

fopyuksa osQ fpÉksa osQ dkj.k mRiÂ bl leL;k dks fopyuksa osQ oxZ ysdj Hkh nwj fd;k tk ldrk gSA
fulansg ;g Li"V gS fd fopyuksa osQ ;g oxZ ½.ksrj gksrs gSaA

ekuk x1, x2, x3, ..., xn , n izs{k.k gSa rFkk  mudk ekè; gSA rc 

.

;fn ;g ;ksx 'kwU; gks rks izR;sd 'kwU; gks tk,xkA bldk vFkZ gS fd fdlh izdkj dk

fopj.k ugha gS D;ksafd rc lHkh izs{k.k osQ cjkcj gks tkrs gSaA ;fn NksVk gS rks

;g bafxr djrk gS fd izs{k.k x1, x2, x3,...,xn, ekè;  osQ fudV gSa rFkk izs{k.kksa dk ekè; osQ

lkis{k fopj.k de gS A blosQ foijhr ;fn ;g ;ksx cM+k gS rks izs{k.kksa dk ekè;  osQ lkis{k



fopj.k vf/d gSA D;k ge dg ldrs gSa fd ;ksx  lHkh izs{k.kksa dk ekè; osQ
lkis{k izdh.kZu ;k fopj.k dh eki dk ,d larks"ktud izrhd gS\

vkb, blosQ fy, N% izs{k.kksa 5, 15, 25, 35, 45, 55 dk ,d leqPp; A ysrs gSaA bu izs{k.kksa dk ekè;

30 gSA bl leqPp; esa  ls fopyuksa osQ oxZ dk ;ksx fuEufyf[kr gS%

 = (5–30)  + (15–30)  + (25–30)  + (35–30)  +

(45–30)  +(55–30)

= 625 + 225 + 25 + 25 + 225 + 625 = 1750

,d vU; leqPp; B ysrs gSa ftlosQ 31 izs{k.k fuEufyf[kr gSa%

15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39,

40, 41, 42, 43, 44, 45.

bu izs{k.kksa dk ekè; = 30 gSA

nksuksa leqPp;ksa A rFkk B osQ ekè; 30 gSA

leqPp; B osQ izs{k.kksa osQ fopyuksa osQ oxks± dk ;ksx fuEufyf[kr gSA

= (15–30)2 +(16–30)2 + (17–30)2 + ...+ (44–30)2 +(45–30)2

= (–15)2 +(–14)2 + ...+ (–1)2 + 02 + 12 + 22 + 32 + ...+ 142 + 152

= 2 [152 + 142 + ... + 12]

= = 5 × 16 × 31 = 2480

(D;ksafd izFke n izko`Qr la[;kvksa osQ oxks± dk ;ksx = gksrk gS] ;gk¡ n = 15

2 2 2 2

2 2



gS)

;fn gh ekè; osQ lkis{k izdh.kZu dh eki gks rks ge dgus osQ fy, izsfjr gksaxs fd
31 izs{k.kksa osQ leqPp; B dk] 6 izs{k.kksa okys leqPp; A dh vis{kk ekè; osQ lkis{k vf/d izdh.kZu

gS ;|fi leqPp; A esa 6 izs{k.kksa dk ekè;  osQ lkis{k fc[kjko (fopyuksa dk ifjlj &25 ls 25
gS) leqPp; B dh vis{kk (fopyuksa dk ifjlj &15 ls 15 gS) vf/d gSA ;g uhps fn, x, fp=kksa
ls Hkh Li"V gS%

leqPp; A, osQ fy, ge vko`Qfr 15-5 ikrs gSaA

vko`Qfr 15-5

leqPp; B, osQ fy, vko`Qfr 15-6 ge ikrs gSa

vko`Qfr 15-6

vr% ge dg ldrs gSa fd ekè; ls fopyuksa osQ oxks± dk ;ksx izdh.kZu dh mi;qDr eki ugha gSA bl

dfBukbZ dks nwj djus osQ fy, ge fopyuksa osQ oxks± dk ekè; ysa vFkkZr~ ge .

ysaA leqPp; A, osQ fy, ge ikrs gSa]

ekè; × 1750 = 291.6 gS vkSj leqPp; B, osQ fy, ;g 1/31× 2480 = 80 gSA

;g bafxr djrk gS fd leqPp; A esa fc[kjko ;k fopj.k leqPp; B dh vis{kk vf/d gS tks nksuksa



leqPp;ksa osQ visf{kr ifj.kke o T;kfefr; fu:i.k ls esy [kkrk gSA

vr% ge dks izdh.kZu dh mi;qDr eki osQ :i esa ys ldrs gSaA ;g la[;k

vFkkZr~ ekè; ls fopyuksa osQ oxks± dk ekè; izlj.k (variance) dgykrk gS vkSj (flxek dk
oxZ i<+k tkrk gS) ls n'kkZrs gSaA

vr% n izs{k.kksa x1, x2,..., xn dk izlj.k gSA

15.5.1 ekud fopyu (Standard Deviation) izlj.k dh x.kuk esa ge ikrs gSa fd O;fDrxr

izs{k.kksa xi rFkk dh bdkbZ izlj.k dh bdkbZ ls fHkUu gS] D;ksafd izlj.k esa (xi– ) osQ oxks± dk
lekos'k gS] blh dkj.k izlj.k osQ /ukRed oxZewy dks izs{k.kksa dk ekè; osQ lkis{k izdh.kZu dh
;Fkksfpr eki osQ :i esa O;Dr fd;k tkrk gS vkSj mls ekud fopyu dgrs gSaA ekud fopyu dks
lkekU;r% σ , }kjk iznf'kZr fd;k tkrk gS rFkk fuEufyf[kr izdkj ls fn;k tkrk gS%

 ... (1)

vkb, voxhZo`Qr vk¡dM+ksa dk izlj.k o ekud fopyu Kkr djus osQ fy, oqQN mnkgj.k ysrs gSaA

mnkgj.k 8 fuEufyf[kr vk¡dM+ksa osQ fy, izlj.k rFkk ekud fopyu Kkr dhft,%

6, 8, 10, 12, 14, 16, 18, 20, 22, 24

gy fn, x, vk¡dM+ksa dks fuEufyf[kr izdkj ls lkj.kh 15-7 esa fy[k ldrs gSaA ekè; dks in fopyu
fof/ }kjk 14 dks dfYir ekè; ysdj Kkr fd;k x;k gSA izs{k.kksa dh la[;k n = 10 gSA



lkj.kh 15.7

blfy,] ekè;  = dfYir ekè; + 

=

vkSj izlj.k σ 2 = =  = = = 33

vr% ekud fopyu σ =  = 5.74

15.5.2 ,d vlrr ckjackjrk caVu dk ekud fopyu (Standard deviation of a discrete

frequency distribution) eku ysa fn;k x;k vlrr caVu fuEufyf[kr gS%

x : x1, x2, x3 ,. . . , xn

f : f1, f2, f3 ,. . . , fn

bl caVu osQ fy, ekud fopyu , ... (2)

tgk¡ .

vkb, fuEufyf[kr mnkgj.k ysaA



mnkgj.k 9 fuEufyf[kr vk¡dM+ksa osQ fy, izlj.k o ekud fopyu Kkr dhft,%

gy vk¡dM+ksa dks lkj.kh osQ :i esa fy[kus ij gesa fuEufyf[kr lkj.kh 15-8 izkIr gksrh gS%

lkj.kh 15.8

N = 30, 

blfy, 

vr izlj.k =  =  = × 1374 = 45.8

vkSj ekud fopyu = 6.77

15.5.3 ,d lrr ckjackjrk caVu dk ekud fopyu (Standard deviation of a continuous

frequency distribution) fn, x, lrr ckjackjrk caVu osQ lHkh oxks± osQ eè; eku ysdj mls
vlrr ckjackjrk caVu esa fu:fir dj ldrs gSaA rc vlrr ckjackjrk caVu osQ fy, viukbZ xbZ fof/
}kjk ekud fopyu Kkr fd;k tkrk gSA

;fn ,d n oxks± okyk ckjackjrk caVu ftlesa izR;sd varjky mlosQ eè;eku xi rFkk ckjackjrk fi, }kjk
ifjHkkf"kr fd;k x;k gS] rc ekud fopyu fuEufyf[kr lw=k }kjk izkIr fd;k tk,xk%



tgk¡]  ,caVu dk ekè; gS vkSj . 

ekud fopyu osQ fy, vU; lw=k gesa Kkr gS fd

izlj.k =  = =

= 

= 

= =



;k =  =

vr% ekud fopyu σ =  ... (3)

mnkgj.k 10 fuEufyf[kr caVu osQ fy, ekè;] izlj.k vkSj ekud fopyu Kkr dhft,%

oxZ 30-40 40-50 50-60 60-70 70-80 80-90 90-100

ckjackjrk 3 7 12 15 8 3 2

gy fn, x, vk¡dM+ksa ls fuEufyf[kr lkj.kh 15-9 cukrs gSaA

lkj.kh 15.9

vr% = 

izlj.k (σ2) = = = 201

vkSj ekud fopyu σ =  = 14.18



mnkgj.k 11 fuEufyf[kr vk¡dM+ksa osQ fy, ekud fopyu Kkr dhft,%

xi 3 8 13 18 23

fi 7 10 15 10 6

gy ge vk¡dM+ksa ls fuEufyf[kr lkj.kh 15-10 cukrs gSa%

lkj.kh 15.10

vc lw=k (3) }kjk

σ = 

=

= 

= = 6.12

blfy,] ekud fopyu σ = 6.12

15.5.1 ekud fopyu (Sta15.5.4. izlj.k o ekud fopyu Kkr djus osQ fy, y?kq fof/
(Shortcut method to find variance and standard deviation) dHkh&dHkh ,d ckjackjrk caVu
osQ izs{k.kksa xi vFkok fofHkUu oxks± osQ eè;eku xi osQ eku cgqr cM+s gksrs gSa rks ekè; rFkk izlj.k Kkr
djuk dfBu gks tkrk gS rFkk vf/d le; ysrk gSA ,sls ckjackjrk caVu] ftlesa oxZ&varjky leku gksa]



osQ fy, in fopyu fof/ }kjk bl izfØ;k dks ljy cuk;k tk ldrk gSA

eku yhft, fd dfYir ekè; ‘A’ gS vkSj ekid ;k iSekus dks

 xquk NksVk fd;k x;k gS (;gk¡ h oxZ varjky gS)A eku
ysa fd in fopyu ;k u;k pj yi gSA

vFkkZr~  ;k xi = A + hyi ... (1)

ge tkurs gSa fd  ... (2)

(1) ls xi dks (2) esa j[kus ij gesa izkIr gksrk gS

 =

= =

=  

vr% = A + h  ... (3)

vc] pj 15.5.1 ekud fopyu (Stax dk izlj.k] 



=  [(1) vkSj (3) }kjk]

=

= = h2 pj yi dk izlj.k

vFkkZr ~ = 

;k =  ... (4)

(3) vkSj (4), ls gesa izkIr gksrk gS fd

=  ... (5)

vkb, mnkgj.k 11 osQ vk¡dM+ksa esa lw=k (5) osQ mi;ksx }kjk y?kq fof/ ls ekè;] izlj.k o ekud
fopyu Kkr djsaA

mnkgj.k 12 fuEufyf[kr caVu osQ fy, ekè;] izlj.k o ekud fopyu Kkr dhft,%

oxZ 30-40 40-50 50-60 60-70 70-80 80-90 90-100

ckjackjrk 3 7 12 15 8 3 2

gy eku ysa dfYir ekè; A = 65 gSA ;gk¡ h = 10



fn, x, vk¡dM+ksa ls fuEufyf[kr lkj.kh 15-11 izkIr gksrh gSA

lkj.kh 15.11

blfy, 

izlj.k

=

= 

vkSj ekud fopyu  = 14.18

iz'ukoyh 15.2
iz'u 1 ls 5 rd osQ vk¡dM+ksa osQ fy, ekè; o izlj.k Kkr dhft,A

1. 6, 7, 10, 12, 13, 4, 8, 12

2. izFke n izko`Qr la[;k,¡

3. rhu osQ izFke 10 xq.kt

4.

xi 6 10 14 18 24 28 30



fi 2 4 7 12 8 4 3

5.

xi 92 93 97 98 102 104 109

fi 3 2 3 2 6 3 3

6. y?kq fof/ }kjk ekè; o ekud fopyu Kkr dhft,A

xi 60 61 62 63 64 65 66 67 68

fi 2 1 12 29 25 12 10 4 5

iz'u 7 o 8 esa fn, x, ckjackjrk caVu osQ fy, ekè; o izlj.k Kkr dhft,A

7.

ox 0-30 30-60 60-90 90-120 120-150 150-180 180-210

ckjackjrk 2 3 5 10 3 5 2

8.

oxZ 0-10 10-20 20-30 30-40 40-50

ckjackjrk 5 8 15 16 6

9. y?kq fof/ }kjk ekè;] izlj.k o ekud fopyu Kkr dhft,A

Å¡pkbZ(lseh
esa)

70-
75

75-
80

80-
85

85-
90

90-
95

95-
100

100-
105

105-
110

110-
115

cPpksa dh



la[;k 3 4 7 7 15 9 6 6 3

10. ,d fM”kkbu esa cuk, x, o`Ùkksa osQ O;kl (feeh esa) uhps fn, x, gSaaaA

O;kl 33-36 37-40 41-44 45-48 49-52

o`Ùkksa la[;k 15 17 21 22 25

o`Ùkksa osQ O;klksa dk ekud fopyu o ekè; O;kl Kkr dhft,A

[ laosQr igys vk¡dM+ksa dks lrr cuk ysaA oxks± dks 32.5-36.5, 36.5-40.5, 40.5-44.5, 44.5 - 48.5,

48.5 - 52.5 ysa vkSj fiQj vkxs c<+sa ]

15.6 ckjackjrk caVuksa dk fo'ys"k.k (Analysis of Frequency
Distributions)
bl vè;k; osQ iwoZ vuqHkkxksa esa geus izdh.kZu dh oqQN ekiksa osQ ckjs esa i<+k gSA ekè; o ekud
fopyu dh ogh bdkbZ gksrh gS ftlesa vk¡dM+s fn, x, gksrs gSaA tc gesa nks fofHkUu bdkb;ksa okys
caVuksa dh rqyuk djuh gks rks osQoy izdh.kZu dh ekiksa dh x.kuk gh i;kZIr ugha gksrh gS vfirq ,d
,slh eki dh vko';drk gksrh gS tks bdkbZ ls Lora=k gksA bdkbZ ls Lora=k] fopj.k dh eki dks
fopj.k xq.kkad (coefficient of variation) dgrs gSa vkSj C.V. }kjk n'kkZrs gSaA

fopj.k xq.kkad dks fuEufyf[kr izdkj ls ifjHkkf"kr djrs gSa%

,

;gk¡ σ vkSj Øe'k% vk¡dM+ksa osQ ekud fopyu rFkk ekè; gSaA

nks Ük`a[kykvksa esa fopj.k dh rqyuk osQ fy, ge izR;sd Ük`a[kyk dk fopj.k xq.kkad Kkr djrs gSaA nksuksa esa
ls cM+s fopj.k xq.kkad okyh Ük`a[kyk dks vf/d fopj.k ;k fc[kjko okyh Ük`a[kyk dgrs gSaA de fopj.k
xq.kkad okyh Ük`a[kyk dks nwljh ls vf/d laxr (consistent) dgrs gSaA



15.6.1 nks leku ekè; okys ckjackjrk caVuksa dh rqyuk (Comparison of two frequency

distributions with same mean) eku ysa rFkk σ 1 igys caVu osQ ekè; rFkk ekud fopyu

gSa vkSj rFkk σ 2 nwljs caVu ossQ ekè; vkSj ekud fopyu gSaA

rc C.V. (igyk caVu) = 

vkSj C.V. (nwljk caVu) = 

fn;k gS =  =  (eku ysa)

blfy, C.V. (igyk caVu) =  ... (1)

vkSj C.V. (nwljk caVu) =  ... (2)

(1) vkSj (2) ls ;g Li"V gS fd nksuksa C.V. dh rqyuk σ 1 vkSj σ 2 osQ vk/kj ij gh dh tk

ldrh gSA vr% ge dg ldrs gSa fd leku ekè; okyh Ük`a[kykvksa esa ls vf/d ekud fopyu (;k
izlj.k) okyh Ük`a[kyk dks vf/d iz{ksfir dgk tkrk gSA lkFk gh NksVh ekud fopyu (;k izlj.k)
okyh Ük`a[kyk dks nwljh dh vis{kk vf/d laxr dgk tkrk gSA

vkb, fuEufyf[kr mnkgj.k ysaA

mnkgj.k 13 nks dkj[kkuksa A rFkk B esa deZpkfj;ksa dh la[;k vkSj muosQ osru uhps fn, x, gSaA

A B



deZpkfj;ksa dh la[;k 5000 6000

vkSlr ekfld osru 2500 : 2500 :

osruksa osQ caVu dk izlj.k 81 100

O;fDrxr osruksa esa fdl dkj[kkus A vFkok B esa vf/d fopj.k gS\

gy dkj[kkus A esa osruksa osQ caVu dk izlj.k (σ12) = 81

blfy,] dkj[kkus A esa osruksa osQ caVu dk ekud fopyu (σ 1) = 9

lkFk gh dkj[kkus B esa osruksa osQ caVu dk izlj.k (σ22) = 100

blfy,] dkj[kkus B esa osruksa osQ caVu dk ekud fopyu (σ2) = 10

D;ksafd] nksuksa dkj[kkuksa esa vkSlr (ekè;) osru leku gS vFkkZr 2500 : gS] blfy, cM+s ekud
fopyu okys dkj[kkus esa vf/d fc[kjko ;k fopyu gksxkA vr% dkj[kkus B esa O;fDrxr osruksa esa
vf/d fopj.k gSA

mnkgj.k 14 nks osruksa dk fopj.k xq.kkad 60 rFkk 70 gS vkSj muosQ ekud fopyu Øe'k% 21 vkSj
16 gSA muosQ ekè; D;k gSa\

gy fn;k gS C.V. (igyk caVu) = 60,  = 21

C.V. (nwljk caVu) = 70,  = 16

eku ysa vkSj Øe'k% igyh o nwljh caVu osQ ekè; gS] rc C.V. (igyk caVu)

= × 100



blfy, 60 =

vkSj C.V. (nwljh caVu) = ×100

vFkkZr~ 70 =

vr%  = 35 vkSj = 22.85

mnkgj.k 15 d{kk 11 osQ ,d lsD'ku esa Nk=kksa dh Å¡pkbZ rFkk Hkkj osQ fy, fuEufyf[kr ifjdyu
fd, x, gSa%

Å¡pkbZ Hkkj

ekè; 162.6 lseh 52.36 fdxzk-

izlj.k 127.69 lseh2 23.1361 fdxzk-2

D;k ge dg ldrs gSa fd Hkkjksa esa Å¡pkbZ dh rqyuk esa vf/d fopj.k gS\

gy fopj.kksa dh rqyuk osQ fy, gesa fopj.k xq.kkadksa dh x.kuk djuh gSA

fn;k gS Å¡pkb;ksa esa izlj.k = 127.69 lseh2

blfy, Å¡pkb;ksa dk ekud fopyu = = 11.3 lseh

iqu% Hkkjksa esa izlj.k = 23.1361 fdxzk-2



blfy, Hkkjksa dk ekud fopyu =  = 4.81 fdxzk-

vc] Å¡pkb;ksa dk fopj.k xq.kkad 

=

vkSj Hkkjksa dk fopj.k xq.kkad = = 9.18

Li"Vr;k Hkkjksa dk fopj.k xq.kkad Å¡pkb;ksa osQ fopj.k xq.kkad ls cM+k gSA

blfy, ge dg ldrs gSa fd Hkkjksa esa Å¡pkb;ksa dh vis{kk vf/d fopj.k gSA

iz'ukoyh 15.3
1. fuEufyf[kr vk¡dM+ksa ls crkb, fd A ;k B esa ls fdl esa vf/d fc[kjko gS%

2. 'ks;jksa X vkSj Y osQ uhps fn, x, ewY;ksa ls crkb, fd fdl osQ ewY;ksa esa vf/d fLFkjrk gS\

3. ,d dkj[kkus dh nks iQeks± A vkSj B, osQ deZpkfj;ksa dks fn, ekfld osru osQ fo'ys"k.k dk
fuEufyf[kr ifj.kke gSa%

(i) A vkSj B esa ls dkSu lh iQeZ vius deZpkfj;ksa dks osru osQ :i esa vf/d jkf'k nsrh gS\

(ii) O;fDrxr osruksa esa fdl iQeZ A ;k B, esa vf/d fopj.k gS?

4. Vhe A }kjk ,d l=k esa [ksys x, iqQVcky eSpksa osQ vk¡dM+s uhps fn, x, gSa%



fd, x, xksyksa dh la[;k 0 1 2 3 4

eSapks dh la[;k 1 9 7 5 3

Vhe B, }kjk [ksys x, eSpksa esa cuk, x, xksyksa dk ekè; 2 izfr eSp vkSj xksyksa dk ekud fopyu 1-
25 FkkA fdl Vhe dks vf/d laxr (consistent) le>k tkuk pkfkg,\

5. ipkl ouLifr mRiknksa dh yackbZ x (lseh esa) vkSj Hkkj y (xzke esa) osQ ;ksx vkSj oxks± osQ ;ksx
uhps fn, x, gSa%

yackbZ ;k Hkkj esa fdlesa vf/d fopj.k gS\

fofo/ mnkgj.k

mnkgj.k 16 20 izs{k.kksa dk izlj.k 5 gSA ;fn izR;sd izs{k.k dks 2 ls xq.kk fd;k x;k gks rks izkIr
izs{k.kksa dk izlj.k Kkr dhft,A

gy eku yhft, fd izs{k.k x1, x2, ..., x20 vkSj  mudk ekè; gSA fn;k x;k gS izlj.k = 5 vkSj n

= 20. ge tkurs gSa fd

izlj.k  , vFkkZr ~

;k  = 100 ... (1)

;fn izR;sd izs{k.k dks 2 ls xq.kk fd;k tk,] rks ifj.kkeh iszs{k.k yi , gSaA

Li"Vr;k yi = 2xi vFkkZr~ xi =



blfy,

vFkkZr~ = 2  or =

xi vkSj osQ eku (1) esa izfrLFkkfir djus ij gesa izkIr gksrk gSA

, vFkkZr~

vr% u, isz{k.kksa dk izlj.k = 

AfVIi.kh  ikBd è;ku nsa fd ;fn izR;sd izs{k.k dks k, ls xq.kk fd;k tk,] rks u, cus izs{k.kksa
dk izlj.k] iwoZ izlj.k dk k2 xquk gks tkrk gSA

mnkgj.k 17 ik¡p izs{k.kksa dk ekè; 4-4 gS rFkk mudk izlj.k 8-24 gSA ;fn rhu izs{k.k 1] 2 rFkk 6
gSa] rks vU; nks izs{k.k Kkr dhft,A

gy ekuk 'ks"k nks izs{k.k x rFkk y gSaA

blfy,] Ük`a[kyk 1, 2, 6, x, y gSA

vc] ekè; = 4.4 = 

;k 22 = 9 + x + y

blfy, x + y = 13 ... (1)



lkFk gh izlj.k = 8.24 = 

vFkkZr~ 8.24 

;k 41.20 = 11.56 + 5.76 + 2.56 + x2 + y2 –8.8 × 13 + 38.7

blfy, x2 + y2 = 97 ... (2)

ysfdu (1) ls, gesa izkIr gksrk gS

x2 + y2 + 2xy = 169 ... (3)

(2) vkSj (3), ls gesa izkIr gksrk gS

2xy = 72 ... (4)

(2) esa ls (4), ?kVkus ij]

x2 + y2 – 2xy = 97 – 72 vFkkZr~ (x – y)2 = 25

;k x – y = 5 ... (5)

vc (1) vkSj (5) ls] gesa izkIr gksrk gS

x = 9, y = 4 tc x – y = 5

;k x = 4, y = 9 tc x – y = – 5

vr% 'ks"k nks izs{k.k 4 rFkk 9 gSaA

mnkgj.k 18 ;fn izR;sd izs{k.k x1, x2, ...,xn dks ‘a’, ls c<+k;k tk, tgk¡ a ,d ½.kkRed ;k
/ukRed la[;k gS] rks fn[kkb, fd izlj.k vifjofrZr jgsxkA



gy eku ysa izs{k.k x1, x2, ...,xn dk ekè; gS] rks mudk izlj.k }kjk
fn;k tkrk gSA

;fn izR;sd izs{k.k esa a tksM+k tk, rks u, izs{k.k gksaxs

yi = xi + a ... (1)

eku yhft, u, izs{k.kksa dk ekè;  gS rc

=  = 

= 

vFkkZr~ = + a ... (2)

vr% u, izs{k.kksa dk izlj.k

=  =  ((1) vkSj (2)osQ mi;ksx ls)

=  =

vr% u, izs{k.kksa dk izlj.k ogh gS tks ewy izs{k.kksa dk FkkA

AfVIi.kh  è;ku nhft, fd izs{k.kksa osQ fdlh lewg esa izR;sd izs{k.k esa dksbZ ,d la[;k tksM+us
vFkok ?kVkus ij izlj.k vifjofrZr jgrk gSA



mnkgj.k 19 ,d fo|kFkhZ us 100 izs{k.kksa dk ekè; 40 vkSj ekud fopyu 5-1 Kkr fd;k] tcfd
mlus xyrh ls izs{k.k 40 osQ LFkku ij 50 ys fy;k FkkA lgh ekè; vkSj ekud fopyu D;k gS\

gy fn;k gS] izs{k.kksa dh la[;k (n) = 100

xyr ekè; ( ) = 40,

xyr ekud fopyu ( ) = 5.1

ge tkurs gSa fd 

vFkkZr~  ;k = 4000

vFkkZr~ isz{k.kksa dk xyr ;ksx = 4000

vr% isz{k.kksa dk lgh ;ksx = xyr ;ksx –50 +40

= 4000 – 50 + 40 = 3990

blfy, lgh ekè; = = 39.9

lkFk gh ekud fopyu σ =

=



vFkkZr~ 5.1 =

;k 26.01 = – 1600

blfy, = 100 (26.01 + 1600) = 162601

vc lgh = xyr  – (50)2 + (40)2

= 162601 – 2500 + 1600 = 161701

blfy, lgh ekud fopyu

= 

= 

= =  = 5

vè;k; 15 ij fofo/ iz'ukoyh
1. vkB isz{k.kksa dk ekè; rFkk izlj.k Øe'k% 9 vkSj 9-25 gSaA ;fn buesa ls N% izs{k.k 6] 7] 10] 12]
12 vkSj 13 gSa] rks 'ks"k nks isz{k.k Kkr dhft,A



2. lkr izs{k.kksa dk ekè; rFkk izlj.k Øe'k% 8 rFkk 16 gSaA ;fn buesa ls ik¡p izs{k.k 2] 4] 10] 12]
14 gSa rks 'ks"k nks isz{k.k Kkr dhft,A

3. N% isz{k.kksa dk ekè; rFkk ekud fopyu Øe'k% 8 rFkk 4 gSaA ;fn izR;sd isz{k.k dks rhu ls xq.kk
dj fn;k tk, rks ifj.kkeh izs{k.kksa dk ekè; o ekud fopyu Kkr dhft,A

4. ;fn n izs{k.kksa x1, x2, ...,xn dk ekè; rFkk izlj.k σ2 gSa rks fl¼ dhft, fd izs{k.kksa ax1,

ax2, ax3, ...., axn dk ekè; vkSj izlj.k Øe'k%a a  arFkk a2σ2 (a ≠ 0) gSaA

5. chl izs{k.kksa dk ekè; rFkk ekud fopyu Øe'k% 10 rFkk 2 gSaA tk¡p djus ij ;g ik;k x;k fd
izs{k.k 8 xyr gSA fuEu esa ls izR;sd dk lgh ekè; rFkk ekud fopyu Kkr dhft, ;fn

(i) xyr izs{k.k gVk fn;k tk,A

(ii) mls 12 ls cny fn;k tk,A

6. ,d d{kk osQ ipkl Nk=kksa }kjk rhu fo"k;ksa xf.kr] HkkSfrd 'kkL=k o jlk;u 'kkL=k eas izkIrkadksa dk
ekè; o ekud fopyu uhps fn, x, gaS%

fo"k; xf.kr HkkSfrd jlk;u

ekè; 42 32 40.9

ekud fopyu 12 15 20

fdl fo"k; esa lcls vf/d fopyu gS rFkk fdlesa lcls de fopyu gS\

7. 100 isz{k.kksa dk ekè; vkSj ekud fopyu Øe'k% 20 vkSj 3 gSaA ckn esa ;g ik;k x;k fd rhu
izs{k.k 21] 21 rFkk 18 xyr FksA ;fn xyr isz{k.kksa dks gVk fn;k tk, rks ekè; o ekud fopyu Kkr
dhft,A

lkjka'k
izdh.kZu dh eki vk¡dM+ksa esa fc[kjko ;k fopj.k dh ekiA ifjlj] prqFkZd fopyu]



ekè; fopyu o ekud fopyu izdh.kZu dh eki gSaA

ifjlj = vf/dre ewY; & U;wure ewY;
voxhZo`Qr vk¡dM+ksa dk ekè; fopyu

tgk¡ = ekè; vkSj M = ekfè;dk
oxhZo`Qr vk¡dM+ksa dk ekè; fopyu

voxhZo`Qr vk¡dM+ksa dk izlj.k vkSj ekud fopyu

vlrr ckjackjrk caVu dk izlj.k rFkk ekud fopyu

lrr ckjackjrk caVu dk izlj.k rFkk ekud fopyu

izlj.k vkSj ekud fopyu Kkr djus dh y?kq fof/

,

tgk¡



fopj.k xq.kkad C.V. 
leku ekè; okyh Ük`a[kykvksa esa NksVh ekud fopyu okyh Ük`a[kyk vf/d laxr ;k de
fopj.k okyh gksrh gSA

,sfrgkfld i`"BHkwfe
lkaf[;dh dk mn~Hko ySfVu 'kCn ‘status’ ls gqvk gS ftldk vFkZ ,d jktuSfrd jkT; gksrk gSA
blls irk yxrk gS fd lkaf[;dh ekuo lH;rk ftruh iqjkuh gSA 'kk;n o"kZ 3050 bZ-iw- esa ;wuku
esa igyh tux.kuk dh xbZ FkhA Hkkjr esa Hkh yxHkx 2000 o"kZ igys iz'kklfud vk¡dM+s ,df=kr
djus dh oqQ'ky iz.kkyh FkhA fo'ks"kr% panzxqIr ekS;Z (324&300 bZ-iw-) osQ jkT; dky esa dkSfVY;
(yxHkx 300 bZ-iw-)osQ vFkZ'kkL=k esa tUe vkSj e`R;q osQ vk¡dM+s ,df=kr djus dh iz.kkyh dk
mYys[k feyk gSA vdcj osQ 'kkludky esa fd, x;s iz'kklfud losZ{k.kksa dk o.kZu vcqyiQt+y
}kjk fyf[kr iqLrd vkbus&vdcjh es fn;k x;k gSA

yanu osQ osQIVu John Graunt (1620&1675) dks muosQ }kjk tUe vkSj e`R;q dh lkaf[;dh osQ
vè;;u osQ dkj.k mUgsa tUe vkSj e`R;q lakf[;dh dk tud ekuk tkrk gSA Jacob Bernoulli
(1654&1705) us 1713 es izdkf'kr viuh iqLrd Ars Conjectandi esa cM+h la[;kvksa osQ fu;e
dks fy[kk gSA

lkaf[;dh dk lS¼kafrd fodkl l=kgoha 'krkCnh osQ nkSjku [ksyksa vkSj la;ksx ?kVuk osQ fl¼kar osQ
ifjp; osQ lkFk gqvk rFkk blosQ vkxs Hkh fodkl tkjh jgkA ,d vaxzs”k Francis Galton

(1822&1921) us tho lkaf[;dh (Biometry) osQ {ks=k esa lkaf[;dh fof/;ksa osQ mi;ksx dk ekxZ
iz'kLr fd;kA Karl Pearson (1857&1936) us dkbZ oxZ ijh{k.k (Chi square test) rFkk baXySaM
esa lkaf[;dh iz;ksx'kkyk dh LFkkiuk osQ lkFk lkaf[;dh; vè;;u osQ fodkl esa cgqr ;ksxnku
fn;k gSA

Sir Ronald a. Fisher (1890&1962) ftUgsa vk/qfud lkaf[;dh dk tud ekuk tkrk gS] us bls
fofHkUu {ks=kksa tSls vuqokaf'kdh] tho&lkaf[;dh] f'k{kk] o`Qf"k vkfn esa yxk;kA



vè;k; 16

izkf;drk (ProbaBility)

vW There a mathematical reasoning can be had, it is as great a folly to make use of any

other, as to grope for a thing in the dark, when you have a candle in your hand.– JOHN

ARBUTHNOT v

16.1 Hwkfedk (Introduction)
igys dh d{kkvksa esa geus izkf;drk dh ladYiuk dks fofHkUu ifjfLFkfr;ksa dh vfuf'prrk dh eki

osQ :i esa i<+k gSA geus fdlh ikls ossQ isaQdus ij ,d le la[;k izkIr gksus dh izkf;drk  vFkkZr~

 Kkr dh FkhA ;gk¡ oqQy laHkkfor ifj.kke (outcomes) 1] 2] 3] 4] 5 vkSj 6 gSa (ftudh la[;k
N% gS)A ?kVuk ^,d le la[;k izkIr gksuk* osQ vuqdwy ifj.kke 2] 4] 6 (vFkkZr~ rhu la[;k,¡) gSaA
O;kid :i ls fdlh ?kVuk dh izkf;drk Kkr djus osQ fy, ge ?kVuk osQ vuqowQy ifj.kkeksa dh
la[;k dk oqQy ifj.kkeksa dh la[;k osQ lkFk vuqikr Kkr djrs gSaA izkf;drk osQ bl fl¼kar dks
izkf;drk dk iqjkru fl¼kar (Classical theory of probability) dgk tkrk gSA



Kolmogorove

(1903-1987 A.D.)

d{kk uoha esa geus izkf;drk dks izs{k.k vkSj ladfyr vk¡dM+ksa osQ vk/kj ij Kkr djuk lh[kk gSA bls
izkf;drk dk lkaf[;dh; n`f"Vdks.k (Statistical approach) dgrs gSaA

bu nksuksa fl¼karksa esa oqQN xaHkhj leL;k,¡ gSaA mnkgj.kr% bu fl¼karksa dks mu fØ;kdykiksa@ iz;ksxksa ij
ugha yxk;k tk ldrk gS ftuesa laHkkfor ifj.kkeksa dh la[;k vifjfer gksrh gSA iqjkru fl¼kar esa ge
lHkh laHkkfor ifj.kkeksa dks le laHkkO; ekurs gSaA Lej.k dhft, fd ifj.kkeksa dks le laHkkO; dgk
tkrk gS tc gesa ;g fo'okl djus dk dksbZ dkj.k u gks fd ,d ifj.kke osQ ?kfVr gksus dh laHkkouk
nwljs ls vf/d gSA nwljs 'kCnksa esa] ge ;g ekurs gSa fd lHkh ifj.kkeksa osQ ?kfVr gksus dh laHkkouk
(izkf;drk) leku gSA vr% geus izkf;drk dks ifjHkkf"kr djus osQ fy, le izkf;drk ;k le laHkkO;
ifj.kkeksa dk mi;ksx fd;k gSA ;g rk£dd n`f"V ls Bhd ifjHkk"kk ugha gSA blfy, :l osQ xf.krK
A.N.Kolomogrove us ,d vU; izkf;drk fl¼kar dk fodkl fd;kA mUgkasus 1933 esa izdkf'kr viuh
iqLrd ^izkf;drk dk vk/kj* (Foundation of Probability) esa izkf;drk dh O;k[;k osQ fy, oqQN
Lor% izekf.kr rF; (vfHkx`ghr) fu/kZfjr fd,A bl vè;k; esa ge izkf;drk osQ blh n`f"Vdks.k] ftls



izkf;drk dk vfHkx`ghrh; n`f"Vdks.k (Axiomatic approach of probability) dgrs gSa] dk vè;;u
djsxsaA bl n`f"Vdks.k dks le>us osQ fy, oqQN ewy 'kCnksa dks tkuuk vko';d gS] tSls fd ;kn`fPNd
ijh{k.k (Random experiment)] izfrn'kZ lef"V (Sample space)] ?kVuk,¡ (events) bR;kfnA vkb,
buosQ ckjs esa vkxs vkus okys vuqHkkxksa esa vè;;u djsasA

16.2 ;kn`fPNd ijh{k.k (Random Experiment)
nSfud thou esa ge ,sls dbZ fØ;kdyki djrs gSa ftuosQ ifj.kke lnSo ,d gh gksrs gSa pkgs mUgas
fdruh ckj Hkh nksgjk;k tk,A mnkgj.k osQ fy,] fdlh fn, x, f=kHkqt osQ dks.kksa dk eku u tkurs gq,
Hkh ge fuf'pr :i ls dg ldrs gSa fd dks.kksa dk ;ksx 180° gksxkA

ge bl izdkj osQ Hkh dbZ izk;ksfxd fØ;kdyki djrs gSa ftUgsa leku ifjfLFkfr;ksa esa nksgjkus ij Hkh
ifj.kke lnSo ,d lk ugha gksrk gSA mnkgj.k osQ fy, tc ,d flDosQ dks mNkyk tkrk gS rks fpÙk
(head) vk ldrk gS ;k iV~ (tail) vk ldrk gS ysfdu ge ;g fuf'pr ugha dj ldrs gSa fd
okLrfod ifj.kke bu nksuksa esa ls D;k gksxk\ bl izdkj osQ ijh{k.k dks ;kn`fPNd ijh{k.k dgk tkrk
gSA vr% ,d ijh{k.k dks ;kn`fPNd ijh{k.k dgk tkrk gS ;fn ;g fuEufyf[kr nks izfrca/ksa dks larq"V
djrk gS%

(i) blosQ ,d ls vf/d laHkkfor ifj.kke gksaA

(ii) ijh{k.k osQ iw.kZ gksus ls igys ifj.kke crkuk laHko u gksA

tk¡p dhft, fd ,d iklk dks isaQdus dk ijh{k.k ;kn`fPNd gS ;k ugha\

bl vè;k; esa ,d ;kn`fPNd ijh{k.k dks osQoy ijh{k.k dgk x;k gS tc rd fd vU;Fkk O;Dr u
fd;k x;k gksA

16.2.1 ifj.kke vkSj izfrn'kZ lef"V (Outcomes and sample space) fdlh ;kn`fPNd ijh{k.k
osQ fdlh lHkkafor urhts dks ifj.kke dgrs gSaA

,d iklk isQdusa osQ ijh{k.k ij fopkj djsaA ;fn ge ikls osQ Åijh iQyd ij vafdr fcanqvksa dh
la[;k esa #fp j[krs gSa rks bl ijh{k.k osQ ifj.kke 1] 2] 3] 4] 5 ;k 6 gSaA lHkh ifj.kkeksa dk leqPp;



{1, 2, 3, 4, 5, 6} bl ijh{k.k dk izfrn'kZ lef"V dgykrk gSA

vr% fdlh ;kn`fPNd ijh{k.k osQ lHkh laHkkfor ifj.kkeksa dk leqPp; ml ijh{k.k dk izfrn'kZ
lef"V dgykrk gSA izfrn'kZ lef"V dks laosQr S }kjk izdV fd;k tkrk gSA

izfrn'kZ lef"V dk izR;sd vo;o ,d izfrn'kZ fcanq dgykrk gSA nwljs 'kCnksa esa] ;kn`fPNd ijh{k.k
dk izR;sd ifj.kke Hkh izfrn'kZ fcanq dgykrk gSA

vkb, oqQN mnkgj.kksa ij fopkj djsaA

mnkgj.k 1 nks flDdksa (,d 1 # dk rFkk nwljk 2 # dk) dks ,d ckj mNkyk x;k gSA izfrn'kZ
lef"V Kkr dhft,A

gy Li"Vr% flDosQ bl vFkZ esa foHks| gSa fd ge mudks igyk flDdk vkSj nwljk flDdk lacksf/r dj
ldrs gSa D;ksafd nksuksa flDdksa esa ls fdlh ij fpÙk (H) ;k iV~ (T) izdV gks ldrs gSa] blfy, laHko
ifj.kke fuEufyf[kr gks ldrs gaS%

nksuksa flDdksa ij fpÙk = (H,H) = HH

igys flDosQ ij fpÙk vkSj nwljs ij iV~ = (H,T) = HT

igys flDosQ ij iV~ vkSj nwljs ij fpÙk = (T,H) = TH

nksuksa flDdksa ij iV~ = (T,T) = TT

vr,o] fn, gq, ijh{k.k dk izfrn'kZ lef"V

S = {HH, HT, TH, TT} gSA

A fVIi.kh  ijh{k.k osQ ifj.kke H rFkk T osQ Øfer ;qXe gSaA ljyrk osQ fy, Øfer ;qXe esa
fLFkr v¼Z&fojke (comma) dks NksM+ fn;k x;k gSA



mnkgj.k 2 iklksa osQ tksM+s (ftlesa ,d yky jax dk vkSj nwljk uhys jax dk gS) dks ,d ckj isQadus
osQ ijh{k.k dk izfrn'kZ lef"V Kkr dhft,A izfrn'kZ lef"V osQ vo;oksa dh la[;k Hkh Kkr dhft,A

gy eku yhft, fd uhys jax osQ ikls ij 1 vkSj yky jax ij 2 izdV gksrk gSA ge bl ifj.kke dks
Øfer ;qXe (1] 2) }kjk fu:fir djrs gSaA blh izdkj] ;fn uhys ikls ij 3 vkSj yky ij 5 izdV
gksrk gS] rks bl ifj.kke dks (3] 5) }kjk fu:fir djrs gSaA

O;kid :i ls izR;sd ifj.kke dks Øfer ;qXe (x, y), }kjk fu:fir fd;k tk ldrk gS tgk¡ x uhys
jax osQ ikls ij vkSj y yky ikls ij izdV gksus okyh la[;k,¡ gSaA vr,o] izfrn'kZ lef"V fuEufyf[kr
gS%

S= {(x, y): x uhys ikls ij izdV la[;k vkSj y yky ikls ij izdV la[;k gS }

bl izfrn'kZ lef"V osQ vo;oksa dh la[;k 6 × 6 = 36 gS vksj izfrn'kZ lef"V uhps iznÙk gS%

{(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (2,4), (2,5), (2,6),

(3,1), (3,2), (3,3), (3,4), (3,5), (3,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),

(5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}

mnkgj.k 3 fuEufyf[kr izR;sd ijh{k.k osQ fy, mi;qDr izfrn'kZ lef"V dk mYys[k dhft,

(i) ,d ckyd dh tsc esa ,d 1 #] ,d 2 # o ,d 5 # osQ flDosQ gSaA og viuh tsc ls ,d osQ
ckn ,d nks flDossQ fudkyrk gSA

(ii) ,d O;fDr fdlh O;Lr jktekxZ ij ,d o"kZ esa gksus okyh nq?kZVukvksa dh la[;k fy[krk gSA

gy (i) eku yhft, 1 # dk flDdk Q ls] 2 # dk flDdk H ls rFkk 5 : dk flDdk R ls
fu:fir gksrs gSaA mlosQ }kjk tsc ls fudkyk x;k igyk flDdk rhu flDdksa esa ls dksbZ Hkh ,d
flDdk Q, H ;k R gks ldrk gSA igys flDosQ Q osQ laxr nwljh ckj fudkyk x;k flDdk H ;k R

gks ldrk gSA vr% nks flDosQ fudkyus dk ifj.kke QH ;k QR gks ldrk gSA blh izdkj] H osQ laxr
nwljh ckj fudkyk x;k flDdk Q ;k R gks ldrk gSA blfy,] ifj.kke HQ ;k HR gks ldrk gSA
varr% R osQ laxr nwljh ckj fudkyk x;k flDdk H ;k Q gks ldrk gSA blfy, ifj.kke RH ;k



RQ gksxkA

vr% izfrn'kZ lef"V S={QH, QR, HQ, HR, RH, RQ } gSA

(ii) fdlh O;Lr jktekxZ ij nq?kZVukvksa dh la[;k 0 (fdlh nq?kZVuk osQ u gksus ij) ;k 1 ;k 2] ;k
dksbZ Hkh /u iw.kk±d gks ldrk gSA

vr% bl ijh{k.k osQ fy, izfrn'kZ lef"V S = {0,1,2,...} gS%

mnkgj.k 4 ,d flDdk mNkyk tkrk gSA ;fn ml ij fpÙk izdV gks rks ge ,d FkSyh] ftlesa 3
uhyh ,oa 4 li+sQn xasn gSa] esa ls ,d xsan fudkyrs gSaA ;fn flDosQ ij iV~ izdV gksrk gS rks ge ,d
iklk isQadrs gSaA bl ijh{k.k osQ izfrn'kZ lef"V dk o.kZu dhft,A

gy eku yhft, ge uhyh xsanksa dks B1, B2, B3 vkSj li+sQn xsankssa dks W1, W2, W3, W4 ls fu:fir
djrs gSaA bl ijh{k.k dk izfrn'kZ lef"V

S = { HB1, HB2, HB3, HW1, HW2, HW3, HW4, T1, T2, T3, T4, T5, T6} gSA

;gk¡ HBi dk vFkZ gS fd flDosQ ij fpÙk gS vkSj xsan Bi fudkyh xbZ gSA HWi dk vFkZ gS fd flDosQ
ij fpÙk gS vkSj xsan Wi fudkyh xbZ gSA blh izdkj Ti dk vFkZ gS fd flDosQ ij iV~ vkSj ikls ij
la[;k i izdV gqbZ gSA

mnkgj.k 5 ,d ,sls ijh{k.k ij fopkj dhft, ftlesa ,d flDosQ dks ckj&ckj rc rd mNkyrs jgrs
gSa tc rd ml ij fpÙk izdV u gks tk,A bldh izfrn'kZ lef"V dk o.kZu dhft,A

gy bl ijh{k.k esa fpÙk izFke mNky ;k f}rh; mNky ;k r`rh; mNky bR;kfn esa ls fdlh esa Hkh
izdV gks ldrk gSA

vr%] okafNr izfrn'kZ lef"V S = {H, TH, TTH, TTTH, TTTTH,...} gSA

iz'ukoyh 16.1
fuEufyf[kr iz'uksa 1 ls 7] esa izR;sd esa fufnZ"V ijh{k.k dk izfrn'kZ lef"V Kkr dhft,A



1. ,d flDosQ dks rhu ckj mNkyk x;k gSA

2. ,d iklk nks ckj iasQdk x;k gSA

3. ,d flDdk pkj ckj mNkyk x;k gSA

4. ,d flDdk mNkyk x;k gS vkSj ,d iklk isaQdk x;k gSA

5. ,d flDdk mNkyk x;k gS vkSj osQoy ml n'kk esa] tc flDosQ ij fpÙk izdV gksrk gS ,d iklk
isQadk tkrk gSA

6. X dejs esa 2 yM+osQ vkSj 2 yM+fd;k¡ gSa rFkk Y dejs esa 1 yM+dk vkSj 3 yM+fd;k¡ gSaA ml
ijh{k.k dk izfrn'kZ lef"V Kkr dhft, ftlesa igys ,d dejk pquk tkrk gS fiQj ,d cPpk pquk
tkrk gSA

7. ,d iklk yky jax dk] ,d li+sQn jax dk vkSj ,d vU; iklk uhys jax dk ,d FkSys esa j[ks gSaA
,d iklk ;kn`PN;k pquk x;k vkSj mls isQadk x;k gS] ikls dk jax vkSj blosQ Åij osQ iQyd ij
izkIr la[;k dks fy[kk x;k gSA izfrn'kZ lef"V dk o.kZu dhft,A

8. ,d ijh{k.k esa 2 cPpksa okys ifjokjksa esa ls izR;sd esa yM+osQ&yM+fd;ksa dh la[;kvksa dks fy[kk
tkrk gSA

(i) ;fn gekjh #fp bl ckr dks tkuus esa gS fd tUe osQ Øe esa cPpk yM+dk ;k yM+dh gS rks
izfrn'kZ lef"V D;k gksxh\

(ii) ;fn gekjh #fp fdlh ifjokj esa yM+fd;ksa dh la[;k tkuus esa gS rks izfrn'kZ lef"V D;k gksxh\

9. ,d fMCcs esa 1 yky vkSj ,d tSlh 3 li+sQn xsan j[kh xbZ gSaA nks xsan mÙkjksrj (in succession)

fcuk izfrLFkkfir fd, ;kn`PN;k fudkyh tkrh gSA bl ijh{k.k dk izfrn'kZ lef"V Kkr dhft,A

10. ,d ijh{k.k esa ,d flDosQ dks mNkyk tkrk gS vkSj ;fn ml ij fpÙk izdV gksrk gS rks mls iqu%
mNkyk tkrk gSA ;fn igyh ckj mNkyus ij iV~ izkIr gksrk gS rks ,d iklk isQadk tkrk gSA izfrn'kZ
lef"V Kkr dhft,A

11. eku yhft, fd cYcksa osQ ,d <sj esa ls 3 cYc ;kn`PN;k fudkys tkrs gSaA izR;sd cYc dkss tk¡pk
tkrk gS vkSj mls [kjkc (D) ;k Bhd (N) esa oxhZo`Qr djrs gSaA bl ijh{k.k dk izfrn'kZ lef"V Kkr



dhft,A

12. ,d flDdk mNkyk tkrk gSA ;fn ifj.kke fpÙk gks rks ,d iklk isaQdk tkrk gSA ;fn ikls ij ,d
le la[;k izdV gksrh gS rks ikls dks iqu% isaQdk tkrk gSA bl ijh{k.k dk izfrn'kZ lef"V Kkr dhft,A

13. dkx”k dh pkj ifpZ;ksa ij la[;k,¡ 1] 2] 3 vkSj 4 vyx&vyx fy[kh xbZ gSaA bu ifpZ;ksa dks
,d fMCcs esa j[k dj Hkyh&Hkk¡fr feyk;k x;k gSA ,d O;fDr fMCcs esa ls nks ifpZ;k¡ ,d osQ ckn
nwljh fcuk izfrLFkkfir fd, fudkyrk gSA bl ijh{k.k dk izfrn'kZ lef"V Kkr dhft,A

14. ,d ijh{k.k esa ,d iklk isaQdk tkrk gS vkSj ;fn ikls ij izkIr la[;k le gS rks ,d flDdk
,d ckj mNkyk tkrk gSA ;fn ikls ij izkIr la[;k fo"ke gS] rks flDosQ dks nks ckj mNkyrs gSaA
izfrn'kZ lef"V fyf[k,A

15. ,d flDdk mNkyk x;kA ;fn ml ij iV~ izdV gksrk gS rks ,d fMCcs esa ls ftlesa 2 yky vkSj
3 dkyh xsanas j[kh gSa] ,d xsan fudkyrs gSaA ;fn flDosQ ij fpÙk izdV gksrk gS rks ,d iklk isaQdk
tkrk gSA bl ijh{k.k dk izfrn'kZ lef"V fyf[k,A

16. ,d iklk dks ckj&ckj rc rd isaQdk tkrk gS tc rd ml ij 6 izdV u gks tk,A bl ijh{k.k
dk izfrn'kZ lef"V D;k gS\

16.3 ?kVuk (Event)
geus ;kn`fPNd ijh{k.k vkSj mlosQ izfrn'kZ lef"V osQ ckjs esa i<+k gSA fdlh ijh{k.k dk izfrn'kZ
lef"V ml ijh{k.k ls lacaf/r lHkh iz'uksa osQ fy, lkoZf=kd leqPp; (Universal set) gksrk gSA

,d flDosQ dks nks ckj mNkyus osQ ijh{k.k ij fopkj dhft,A lacaf/r izfrn'kZ lef"V S = {HH, HT,

TH, TT} gSA

vc] eku yhft, fd gekjh #fp mu ifj.kkeksa esa gS tks rF;r% ,d fpÙk izdV gksus osQ vuqdwy gksrs
gSaA ge ikrs gSa fd bl ?kVuk osQ gksus osQ vuqdwy S osQ vo;o osQoy HT vkSj TH gSaA ;g nks
vo;o ,d leqPp; E = {HT, TH} cukrs gSaA

ge tkurs gSa fd leqPp; E izfrn'kZ lef"V S dk mileqPp; gSA blh izdkj ge ikrs gSa fd fofHkUu
?kVukvksa vkSj S osQ mileqPp;ksa esa fuEufyf[kr laxrrk gS%



?kVuk dk o.kZu ‘S’ dk laxr mileqPp;

iVksa dh la[;k rF;r% nks gS A = {TT}

iVksa dh la[;k de ls de 1 gS B = {HT, TH, TT}

fpÙkksa dh la[;k vf/dre 1 gS C = {HT, TH, TT}

f}rh; mNky esa fpÙk ugha gS D = { HT, TT}

fpÙkksa dh la[;k vf/dre nks gS S = {HH, HT, TH, TT}

fpÙkksa dh la[;k nks ls vf/d gS .

mi;qZDr ppkZ ls ;g Li"V gS fd izfrn'kZ lef"V osQ fdlh mileqPp; osQ laxr ,d ?kVuk gksrh gS
vkSj fdlh ?kVuk osQ laxr izfrn'kZ lef"V dk ,d mileqPp; gksrk gSA blosQ lanHkZ esa ,d ?kVuk dks
fuEufyf[kr izdkj ls ifjHkkf"kr fd;k tkrk gS%

ifjHkk"kk izfrn'kZ lef"V S dk dksbZ mileqPp; ,d ?kVuk dgh tkrh gSA

16.3.1 ,d ?kVuk dk ?kfVr gksuk (Occurrence of an event) ,d iklk dks isaQdus osQ ijh{k.k
ij fopkj dhft,A eku yhft, fd ?kVuk ^iklk ij 4 ls NksVh la[;k izdV gksuk* dks E ls fu:fir
fd;k tkrk gSA ;fn iklk ij okLro esa ^1* izdV gksrk gS rks ge dg ldrs gSa fd ?kVuk E ?kfVr gqbZ
gSA oLrqr% ;fn ifj.kke 2 ;k 3 gSa rks ge dgrs gSa fd ?kVuk E ?kfVr gqbZ gSA

vr% fdlh ijh{k.k osQ izfrn'kZ lef"V S dh ?kVuk E ?kfVr gqbZ dgh tkrh gS ;fn ijh{k.k dk
ifj.kke ω bl izdkj gS fd ω ∈ E. ;fn ifj.kke ω ,slk gS fd ω ∉ E,rks ge dgrs gSa fd ?kVuk E

?kfVr ugha gqbZ gSA

16.3.2 ?kVukvksa osQ izdkj (Types of evEnts) ?kVukvksa dks muosQ vo;oksa osQ vk/kj ij fofHkUu
izdkjksa esa oxhZo`Qr fd;k tk ldrk gSA



1. vlaHko o fuf'pr ?kVuk,¡ (Impossible and Sure EvEnts) fjDr leqPp;  vkSj izfrn'kZ

lef"V S Hkh ?kVukvksa dks O;Dr djrs gSaA okLro esa  dks vlaHko ?kVuk vkSj S vFkkZr~ iw.kZ izfrn'kZ
lef"V dks fuf'pr ?kVuk dgrs gSaA

bUgsa le>us osQ fy, vkb, iklk isaQdus osQ ijh{k.k ij fopkj djsaA bl ijh{k.k dk izfrn'kZ lef"V S

= {1,2,3,4,5,6} gSA

eku yhft, E ?kVuk ^ikls ij izdV la[;k 7 dk xq.kt gS* dks fu:fir djrk gSA D;k vki ?kVuk E

osQ laxr mileqPp; fy[k ldrs gSa\

Li"Vr;k ijh{k.k dk dksbZ Hkh ifj.kke ?kVuk E osQ izfrca/ dks larq"V ugha djrk gS vFkkZr~ izfrn'kZ
lef"V dk dksbZ Hkh vo;o ?kVuk E oQk ?kfVr gksus dks fuf'pr ugha djrk gSaA vr% ge dg ldrs gSa
fd osQoy fjDr leqPp; gh ?kVuk E osQ laxr leqPp; gSA nwljs 'kCnksa esa] ge dg ldrs gSa fd ikls
osQ Åijh iQyd ij 7 dk xq.kt izdV gksuk vlaHko gSA

bl izdkj ?kVuk E =  ,d vlaHko ?kVuk gSA

vkb, vc ge ,d vU; ?kVuk F ^iklk ij izkIr la[;k ;k rks le gS ;k fo"ke* ij fopkj djsaA
Li"Vr;k F = {1,2,3,4,5,6,} = S.

vFkkZr~ lHkh ifj.kke ?kVuk F osQ ?kfVr gksus dks fuf'pr djrs gSaA vr% F = S ,d fuf'pr ?kVuk gSA

2. ljy ?kVuk (Simple EvEnt) ;fn fdlh ?kVuk E esa osQoy ,d gh izfrn'kZ fcanq gks] rks ?kVuk E

dks ljy ;k izkjfEHkd ?kVuk dgrs gSaA ,slk ijh{k.k ftlosQ izfrn'kZ lef"V ftlesa n i`Fkd vo;o gksa]
esa n ljy ?kVuk,¡ fo|eku gksrh gSaA

mnkgj.k osQ fy,] ,d flDoQk osQ nks mNkyksa okys ijh{k.k dk izfrn'kZ lef"V S={HH, HT, TH, TT}

gSA

;gk¡ bl izfrn'kZ lef"V dh pkj ljy ?kVuk,¡ gSa] tks fuEufyf[kr gSa%

E1= {HH}, E2={HT}, E3= { TH} vkSj E4={TT}.

3. feJ ?kVuk (Compound EvEnts) ;fn fdlh ?kVuk esa ,d ls vf/d izfrn'kZ fcanq gksrs gSa] rks



mls feJ ?kVuk dgrs gSaA mnkgj.k osQ fy, ,d flDosQ dh rhu mNkyksa osQ ijh{k.k esa fuEufyf[kr ?
kVuk,¡ feJ ?kVuk,¡ gSa%

E: rF;r% ,d fpÙk izdV gksuk

F: U;wure ,d fpÙk izdV gksuk

G: vf/dre ,d fpÙk izdV gksuk] bR;kfnA

bu ?kVukvksa osQ laxr S osQ mileqPp; fuEufyf[kr gSa%

E={HTT,THT,TTH}

F={HTT,THT, TTH, HHT, HTH, THH, HHH}

G= {TTT, THT, HTT, TTH}

mi;qZDr izR;sd mileqPp; esa ,d ls vf/d izfrn'kZ fcanq gSa blfy, ;g lc feJ ?kVuk,¡ gSaA

16.3.3 ?kVukvksa dk chtxf.kr (Algebra of Events) leqPp;ksa osQ vè;k; esa geus nks ;k vf/d
leqPp;ksa osQ la;kstu osQ fofHkUu rjhdksa osQ ckjs esa i<+k Fkk vFkkZr~ lfEeyu (union)] loZfu"B
(intersection), varj (difference)] leqPp; dk iwjd (Complement of a set)] bR;kfn osQ ckjs esa
le>k FkkA blh izdkj ge ?kVukvksa dk la;kstu leqPp; laosQruksa osQ ln`'k mi;ksx }kjk dj ldrs gSaA

eku yhft, A,B,C ,sls iz;ksx ls lac¼ ?kVuk,¡ gSa ftldh izfrn'kZ lef"V S gSA

1. iwjd ?kVuk (Complementary Event) izR;sd ?kVuk A osQ lkis{k ,d vU; ?kVuk gksrh gS
ftls ?kVuk A dh iwjd ?kVuk dgrs gSaA A′ dks ?kVuk 'A–ugha* Hkh dgk tkrk gSA

mnkgj.k osQ fy, ^,d flDosQ dh rhu mNkyksa* osQ ijh{k.k dks ysaA bldk izfrn'kZ lef"V

S= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT } gSA

eku yhft, A={HTH, HHT, THH} ?kVuk ^osQoy ,d iV dk izdV gksuk* dks n'kkZrk gSA ifj.kke
HTT osQ gksus ij ?kVuk A ?kfVr ugha gqbZ gSA fdarq ge dg ldrs gSa fd ?kVuk ^A-ugha* ?kfVr gqbZ gSA
bl izdkj] izR;sd ifj.kke osQ fy, tks A esa ugha gSa ge dgrs gSa fd ^A&ugha* ?kfVr gqbZ gSA bl



izdkj ?kVuk A osQ fy, iwjd ?kVuk ^A–ugha* vFkkZr~

A′= {HHH, HTT, THT, TTH, TTT}

;k A′= {ω : ω ∈ S vkSj ω ∉ A} = S – A gSA

2. ?kVuk 'A ;k B' (Event A or B) Lej.k dhft, fd nks leqPp;ksa A vkSj B dk lfEeyu A ∪ B

}kjk fu:fir fd;k tkrk gS ftlesa og lc vo;o lfEefyr gksrs gSa tks ;k rks A esa gSa ;k B esa gS
;k nksuksa esa gSaA

tc leqPp; A vkSj B fdlh izfrn'kZ lef"V ls lacaf/r nks ?kVuk,¡ gksa rks ‘A ∪ B’ ?kVuk A ;k B ;k
nksuksa dks fu:fir djrk gSA ?kVuk ‘A ∪ B’ dks ‘A ;k B’ Hkh dgk tkrk gSA

blfy, ?kVuk ‘A ;k B’ = A ∪ B = {ω: ω ∈ A ;k ∈ B}

3. ?kVuk 'A vkSj B' (Event A and B) ge tkurs gSa fd nks leqPp;ksa dk loZfu"B A ∩ B og
leqPp; gksrk gS ftlesa os vo;o gksrs gSa tks A vkSj B nksuksa esa mHk;fu"B gksrs gSa vFkkZr~ tks A vkSj
B nksuksa esa gksrs gSaA

;fn ‘A vkSj B’ nks ?kVuk,¡ gksa rks leqPp; A ∩ B ?kVuk ‘A vkSj B’ dks n'kkZrk gSA

bl izdkj] A ∩ B = {ω : ω ∈ A vkSj ω ∈ B}

mnkgj.k osQ fy, ,d iklk dks nks ckj isaQdus osQ ijh{k.k eas eku yhft, ?kVuk A ^igyh isaQd esa
la[;k 6 izdV gksrh gS* vkSj ?kVuk B ^nks isaQdksa ij izdV la[;kvksa dk ;ksx U;wure 11 gksrk gS* dks
O;Dr djrh gSaA rc

A = {(6,1), (6,2}, (6,3), (6,4), (6,5), (6,6)} vkSj B = {(5,6), (6,5), (6,6)}

blfy, A ∩ B = {(6,5), (6,6)}

uksV dhft, fd leqPp; A ∩ B = {(6,5), (6,6)}] ?kVuk ^igyh isaQd ij 6 izdV gksrk gS vkSj nksuksa
isaQdksa ij izdV la[;kvksa dk ;ksx U;wure 11 gksrk gS* dks O;Dr djrk gSA

4. ?kVuk ^A fdarq B ugha* (Event A but not B) ge tkurs gSa fd A – B mu lHkh vo;oksa dk
leqPp; gksrk gS tks A esa rks gSa ysfdu B esa ugha gSaA blfy,] leqPp; ^A – B* ?kVuk ‘A fdarq B



ugha’ dks O;Dr dj ldrk gSA ge tkurs gSa fd A – B = A ∩ B′

mnkgj.k 6 ,d iklk isaQdus osQ ijh{k.k ij fopkj dhft,A ?kVuk ^,d vHkkT; la[;k izkIr gksuk* dks
A ls vkSj ?kVuk ^,d fo"ke la[;k izkIr gksuk* dks B ls fu:fir fd;k x;k gSA fuEufyf[kr ?kVukvksa
(i) A ;k B (ii) A vkSj B (iii) A fdarq B ugha (iv) ‘A–ugha’ dks fu:fir djus okys leqPp; fyf[k,A

gy ;gk¡ S = {1,2,3,4,5,6}, A = {2,3,5} vkSj B = {1,3,5}

izR;{kr%

(i) ‘A ;k B’ = A ∪ B = {1,2,3,5}

(ii) ‘A vkSj B’ = A ∩ B = {3,5}

(iii) ‘A fdarq B ugha’ = A – B = {2}

(iv) ‘A–ugha’ = A´ = {1,4,6}

16.3.4 ijLij viothZ ?kVuk,¡ (Mutually exclusive events) iklk isaQdus osQ ijh{k.k dk izfrn'kZ
lef"V S = {1, 2, 3, 4, 5, 6} gSA eku yhft, ?kVuk A ^,d fo"ke la[;k dk izdV gksuk* vkSj ?kVuk
B ^,d le la[;k dk izdV gksuk* dks O;Dr djrs gSaA

Li"Vr;k ?kVuk A, ?kVuk B dks vioftZr dj jgh gS rFkk bldk foykse Hkh lR; gSA nwljs 'kCnksa esa]
,slk dksbZ ifj.kke ugha gS tks ?kVuk A vkSj B osQ ,d lkFk ?kfVr gksus dks fuf'pr djrk gS ;gk¡

A = {1, 3, 5} vkSj B = {2, 4, 6}

Li"Vr;k A ∩ B =  vFkkZr~ A vkSj B vla;qDr leqPp; gSaA

O;kidr% nks ?kVuk,¡ A vkSj B ijLij viothZ ?kVuk,¡ dgh tkrh gSa] ;fn buesa ls fdlh ,d dk ?
kfVr gksuk nwljh osQ ?kfVr gksus dks vioftZr djrk gS vFkkZr~ os ,d lkFk ?kfVr ugha gks ldrh gSaaaA
bl n'kk esa leqPp; A vkSj B vla;qDr gksrs gSaA

iqu% ,d ikls dks isaQdus osQ ijh{k.k esa ?kVuk A ^,d fo"ke la[;k izdV gksuk* vkSj ?kVuk B ^4 ls
NksVh la[;k izdV gksuk* ij fopkj dhft,A



izR;{kr% A = {1, 3, 5} vkSj B = {1, 2, 3}

vc 3 ∈ A rFkk lkFk gh 3 ∈ B

blfy, A vkSj B vla;qDr ugha gSA vr% A vkSj B ijLij viothZ ?kVuk,¡ ugha gSaA

fViI.kh ,d izfrn'kZ lef"V dh ljy ?kVuk,¡ lnSo ijLij viothZ gksrh gaSA

16.3.5 fu%'ks"k ?kVuk,¡ (Exhaustive events) ,d ikls dks isaQdus osQ ijh{k.k ij fopkj dhft,A
ge ikrs gSa S = {1, 2, 3, 4, 5, 6}.

vkb, fuEufyf[kr ?kVukvksa dks ifjHkkf"kr djsa%

A: ‘4 ls NksVh la[;k izdV gksuk’,

B: ‘2 ls cM+h fdarq 5 ls NksVh la[;k izdV gksuk’

vkSj C:‘4 ls cM+h la[;k izdV gksuk’.

rc A = {1, 2, 3}, B = {3,4} vkSj C = {5, 6}. ge ns[krs gSa fd A ∪ B ∪ C = {1,2,3} ∪ {3,4} ∪ {5,

6} = S.

,slh ?kVukvksa A, B vkSj C dks fu%'ks"k ?kVuk,¡ dgrs gSaA O;kid :i ls ;fn E1, E2, ..., En fdlh
izfrn'kZ lef"V S dh n ?kVuk,¡ gSa vkSj ;fn

rc E1, E2, ..., En dks fu%'ks"k ?kVuk,¡ dgrs gSaA nwljs 'kCnksa esa] ?kVuk,¡ E1, E2, ..., En fu%'ks"k
dgykrh gSa ;fn ijh{k.k osQ djus ij buesa ls de ls de ,d ?kVuk vo'; gh ?kfVr gksA

blosQ vfrfjDr ;fn lHkh i ≠ j osQ fy, Ei ∩ Ej =  vxzr% ;fn Ei ∩ Ej =  i ≠ j vFkkZr~ Ei vkSj

E  ijLij viothZ gSa] vkSj  gks] rks ?kVuk,¡ E1, E2, ..., En ijLij viothZ fu%'ks"k ?
kVuk,¡ dgykrh gSaA

j



vkb, vc oqQN mnkgj.kksa ij fopkj djsaA

mnkgj.k 7 nks ikls isaQosQ tkrs gSa vkSj iklksa ij izkIr la[;kvksa dk ;ksx fy[kk tkrk gSA vkb, vc ge
bl iz;ksx ls lacaf/r fuEufyf[kr ?kVukvksa ij fopkj djsa%

A: ‘izkIr ;ksx le la[;k gS’A

B: ‘izkIr ;ksx 3 dk xq.kt gS’A

C: ‘izkIr ;ksx 4 ls de gS’A

D: ‘izkIr ;ksx 11 ls vf/d gS’A

bu ?kVukvksa esa ls dkSu ls ;qXe ijLij viothZ gSa?

gy izfrn'kZ lef"V S = {(x, y): x, y = 1, 2, 3, 4, 5, 6} esa 36 vo;o gSaA

rc A = {(1, 1), (1, 3), (1, 5), (2, 2), (2, 4), (2, 6), (3, 1), (3, 3), (3, 5), (4, 2), (4, 4),

(4, 6), (5, 1), (5, 3), (5, 5), (6, 2), (6, 4), (6, 6)}

B = {(1, 2), (2, 1), (1, 5), (5, 1), (3, 3), (2, 4), (4, 2), (3, 6), (6, 3), (4, 5), (5, 4), (6, 6)}

C = {(1, 1), (2, 1), (1, 2)} vkSj D = {(6, 6)}

gesa izkIr gksrk gS

A ∩ B = {(1, 5), (2, 4), (3, 3), (4, 2), (5, 1), (6, 6)} ≠ 

blfy,] A vkSj B ijLij viothZ ugha gSaA

blh izdkj A ∩ C ≠  A ∩ D ≠  B ∩ C ≠  vkSj B ∩ D ≠ 

bl izdkj ;qXe (A, C), (A, D), (B, C), (B, D) ijLij viothZ ugha gSA

lkFk gh C ∩ D ≠  blfy,] C vkSj D ijLij viothZ ?kVuk,¡ gSaA



mnkgj.k 8 ,d flDosQ dks rhu ckj mNkyk x;k gSA fuEufyf[kr ?kVukvksa ij fopkj dhft,%

A: ‘dksbZ fpÙk izdV ugha gksrk gS’ ,

B: ‘rF;r% ,d fpÙk izdV gksrk gS’ vkSj

C: ‘de ls de nks fpÙk izdV gksrs gSa’A

D;k ;g ijLij viothZ vkSj fu%'ks"k ?kVukvksa dk leqPp; gS?

gy ifj.kke dk izfrn'kZ lef"V

S S= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} gS

vkSj A = {TTT}, B = {HTT, THT, TTH}rFkk C = {HHT, HTH, THH, HHH}

vc A ∪ B ∪ C = {TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} = S

blfy,, A, B vkSj C fu%'ks"k ?kVuk,¡ gSaA

lkFk gh A ∩ B =  A ∩ C =  vkSj B ∩ C = 

blfy,] ?kVuk,¡ ;qXe osQ vuqlkj vla;qDr gSa vFkkZr~ os ijLij viothZ gSaA

vr% A, B vkSj C ijLij viothZ o fu%'ks"k ?kVukvksa dk leqPp; cukrs gSaA

iz'ukoyh 16.2
1. ,d iklk isaQdk tkrk gSA eku yhft, ?kVuk E ^ikls ij la[;k 4 n'kkZrk* gS vkSj ?kVuk F ^ikls
ij le la[;k n'kkZrk* gSA D;k E vkSj F ijLij viothZ gSa?

2. ,d iklk isaQdk tkrk gSA fuEufyf[kr ?kVukvksa dk o.kZu dhft,%

(i) A: la[;k 7 ls de gSA (ii) B: la[;k 7 ls cM+h gSA

(iii) C: la[;k 3 dk xq.kt gSA (iv) D: la[;k 4 ls de gSA



(v) E: 4 ls cM+h le la[;k gSA (vi) F: la[;k 3 ls de ugha gSA

A ∪ B, A ∩ B, B ∪ C, E ∩ F, D ∩ E, A – C, D – E, E ∩ F′, F´ Hkh Kkr dhft,A

3. ,d ijh{k.k esa iklsa ossQ ,d tksM+s dks isaQdrs gSa vkSj mu ij izdV la[;kvksa dks fy[krs gSaA
fuEufyf[kr ?kVukvksa dk o.kZu dhft,%

A: izkIr la[;kvksa dk ;ksx 8 ls vf/d gSA

B: nksuksa iklksa ij la[;k 2 izdV gksrh gSA

C: izdV la[;kvksa dk ;ksx de ls de 7 gS vkSj 3 dk xq.kt gSA

bu ?kVukvksa ossQ dkSu&dkSu ls ;qXe ijLij viothZ gSa\

4. rhu flDdksa dks ,d ckj mNkyk tkrk gSA eku yhft, fd ?kVuk *rhu fpÙk fn[kuk* dks A ls] ?
kVuk ^nks fpÙk vkSj ,d iV~ fn[kuk* dks B ls] ?kVuk ^rhu iV~ fn[kuk* dks C vkSj ?kVuk *igys
flDosQ ij fpÙk fn[kuk* dks D ls fu:fir fd;k x;k gSA crkb, fd buesa ls dkSu lh ?kVuk,¡ (i)

ijLij viothZ gSa\ (ii) ljy gSa ? (iii) feJ gSa ?

5. rhu flDosQ ,d ckj mNkys tkrs gSaA o.kZu dhft,A

(i) nks ?kVuk,¡ tks ijLij viothZ gSaA

(ii) rhu ?kVuk,¡ tks ijLij viothZ vkSj fu%'ks"k gSaA

(iii) nks ?kVuk,¡ tks ijLij viothZ ugha gSaA

(iv) nks ?kVuk,¡ tks ijLij viothZ gSa fdarq fu%'ks"k ugha gSaA

(v) rhu ?kVuk,¡ tks ijLij viothZ gSa fdarq fu%'ks"k ugha gSaA

6. nks ikls isaQosQ tkrs gaSA ?kVuk,¡ A, B vkSj C fuEufyf[kr izdkj ls gSa%

A: igys ikls ij le la[;k izkIr gksuk

B: igys ikls ij fo"ke la[;k izkIr gksuk

C: iklksa ij izkIr la[;kvksa dk ;ksx  5 gksuk



fuEufyf[kr ?kVukvksa dk o.kZu dhft,%

(i) A′ (ii) B&ugha (iii) A ;k B

(iv) A vkSj B (v) A fdarq C ugha (vi) B ;k C

(vii) B vkSj C (viii) A ∩ B'∩ C′

7. mi;qZDr iz'u 6 dks nsf[k, vkSj fuEufyf[kr esa lR; ;k vlR; crkb, (vius mÙkj dk dkj.k
nhft,)%

(i) A vkSj B ijLij viothZ gSaA

(ii) A vkSj B ijLij viothZ vkSj fu%'ks"k gSaA

(iii) A = B′

(iv) A vkSj C ijLij viothZ gSaA

(v) A vkSj B′ ijLij viothZ gSaA

(vi) A′, B′, C ijLij viothZ vkSj fu%'ks"k ?kVuk,¡ gSaA

16.4 izkf;drk dh vfHkx`ghrh; n`f"Vdks.k (Axiomatic
Approach to Probability)
bl vè;k; osQ igys vuqPNsnksa esa geus ;kn`fPNd ijh{k.k] izfrn'kZ lef"V rFkk bu ijh{k.kksa ls lacaf/r
?kVukvksa ij fopkj fd;k gSA ge vius nSfud thou esa fdlh ?kVuk osQ ?kfVr gksus dh laHkkouk osQ
fy, vusd 'kCnksa dk mi;ksx djrs gSaA izkf;drk fl¼kar fdlh ?kVuk osQ ?kfVr gksus ;k u gksus dh
laHkkouk dks ,d eki nsus dk iz;kl gSA

fiNyh d{kkvksa esa geus fdlh ijh{k.k esa oqQy laHkkfor ifj.kkeksa dh la[;k Kkr gksus ij] fdlh ?kVuk
dh izkf;drk Kkr djus dh oqQN fof/;ksa osQ ckjs esa i<+k gSA

fdlh ?kVuk dh izkf;drk Kkr djus dh ,d vkSj fof/ vfHkx`ghrh; n`f"Vdks.k gSA bl rjhdk esa
izkf;drk,¡ fu/kZfjr djus osQ fy, vfHkx`ghfr;ksa ;k fu;eksa dks cf.kZr (depict) fd;k x;k gSA



eku ysa fd fdlh ;kn`fPNd ijh{k.k dk izfrn'kZ lef"V S gSA izkf;drk P ,d okLrfod ekuh;
iQyu gS ftldk izkar S dk ?kkr leqPp; gS] vkSj ifjlj varjky [0,1] gS tks fuEufyf[kr
vfHkx`ghfr;ksa dks larq"V djrk gS%

(i) fdlh ?kVuk E, osQ fy,] P (E) ≥ 0

(ii) P (S) = 1

(iii) ;fn E vkSj F ijLij viothZ ?kVuk,¡ gSa rks P(E ∪ F) = P(E) + P(F).

vfHkx`fgr (iii) ls ;g vuqlfjr gksrk gS fd P( ) = 0. bls fl¼ djus osQ fy, ge F =  ysrs gSa

vkSj ns[krs gSa fd E vkSj  ijLij viothZ ?kVuk,¡ gS] blfy, vfHkx`ghr (iii) ls ge ikrs gSa fd

P (E ∪  ) = P (E) + P (  ;k P(E) = P(E) + P ( ) vFkkZr~ P( ) = 0

eku yhft, fd ω1, ω2, ...,ωn izfrn'kZ lef"V S osQ ifj.kke gSa vFkkZr~ S = {ω1, ω2, ...,ωn} gSA

izkf;drk dh vfHkx`ghrh; ifjHkk"kk ls ;g fu"d"kZ fudyrk gS fd

(i) izR;sd ωi ∈ S osQ fy, 0  P (ωi) 1

(ii) P (ω1) + P (ω2) + ... + P (ωn) = 1

(iii) fdlh ?kVuk ωi osQ fy, P(A) = Σ P (ωi), ω  ∈ A

A fVIi.kh  è;ku nhft, fd ,dy leqPp; {ω i} dks ljy ?kVuk dgrs gSa vkSj laosQru dh
lqfo/k osQ fy, ge P({ωi}) dks P(ωi) fy[krs gSaA

mnkgj.k osQ fy, ,d flDosQ dks mNkyus osQ ijh{k.k esa ge izR;sd ifj.kke H vkSj T osQ lkFk la[;k

 fu/kZfjr dj ldrs gSa

i



vFkkZr~ P(H) =  vkSj P(T) =  ... (1)

Li"Vr;k ;g fu/kZj.k nksuksa izfrca/ksa dks larq"V djrk gS vFkkZr~ izR;sd la[;k u rks 'kwU; ls NksVh gS
vkSj u gh ,d ls cM+h gS

vkSj P(H) + P(T) =  +  = 1

blfy, bl n'kk esa ge dg ldrs gSa fd

H dh izkf;drk =  vkSj T dh izkf;drk = .

vkb, ge P(H) =  vkSj P(T) =  ysrs gSaA ... (2)

D;k ;g fu/kZj.k vfHkx`ghrh; rjhdk osQ izfrca/ksa dks larq"V djrk gS\

gk¡] bl n'kk esa H dh izkf;drk =  vkSj T dh izkf;drk =  gSA

ge ikrs gSa fd nksukas izkf;drk fu/kZj.k (1) vkSj (2), H vkSj T dh izkf;drkvksa osQ fy, oS/ gSaA

okLro esa nksuksa ifj.kkeksa H rFkk T dh izkf;drkvksa osQ fy, la[;k,¡ Øe'k% p rFkk (1 – p) fu/kZfjr
dj ldrs gSa] tcfd 0 ≤ p ≤ 1 vkSj P(H) + P(T) = p + (1 – p) = 1

;g izkf;drk fu/kZj.k Hkh vfHkx`ghrh; n`f"Vdks.k osQ izfrca/ksa dks larq"V djrs gSaA vr% ge dg ldrs
gSa fd fdlh ijh{k.k osQ ifj.kkeksa osQ lkFk izkf;drk forj.k vusd (;k ;g dguk vf/d mfpÙk gksxk
fd vuar) izdkj ls fd;k tk ldrk gSA

vkb, vc oqQN mnkgj.kksa ij fopkj djsaA



mnkgj.k 9 eku yhft, ,d izfrn'kZ lef"V S = {ω1, ω2, ...,ω6} gSA fuEufyf[kr esa ls izR;sd
ifj.kke osQ fy, dkSu&dkSu ls izkf;drk fu/kZj.k oS/ gSa\

ifj.kke ω1 ω2 ω3 ω4 ω5 ω6

(a)      

(b) 1 0 0 0 0 0

(c)      

(d)      

(e) 0.1 0.2 0.3 0.4 0.5 0.6

gy (a) izfrca/ (i): izR;sd la[;k p (ωi) /ukRed gS vkSj ,d ls NksVh gSA

izfrca/ (ii): izkf;drkvksa dk ;ksx

= 

blfy, ;g izkf;drk fu/kZj.k oS/ gSA

(b) izfrca/ (i): izR;sd la[;k p(ωi) ;k rks 0 gS ;k 1 gSA

izfrca/ (ii): izkf;drkvksa dk ;ksx = 1 + 0 + 0 + 0 + 0 + 0 = 1

blfy, ;g fu/kZj.k oS/ gSA

(c) izfrca/ (i): nks izkf;drk,¡ p (ω5) vkSj p(ω6) ½.kkRed gSaA blfy, ;g fu/kZj.k oS/ ugha gSA



(d) D;kasfd p (ω6) = > 1, blfy, ;g izkf;drk fu/kZj.k oS/ ugha gSA

(e) D;kasfd izkf;drkvksa dk ;ksx = 0.1 + 0.2 + 0.3 + 0.4 + 0.5 + 0.6 = 2.1 gS blfy, , ;g
izkf;drk fu/kZj.k oS/ ugha gSA

16.4.1 ?kVuk dh izkf;drk (Probability of an event) ,d e'khu }kjk fufeZr dyeksa esa ls rhu
dk ijh{k.k mUgsa vPNk (=kqfVjfgr) vkSj [kjkc (=kqfV;qDr) esa oxhZo`Qr djus osQ fy, fd;k x;kA eku
yhft, fd bl ijh{k.k dk izfrn'kZ lef"V S gSA bl ijh{k.k osQ i+QyLo:i gesa 0, 1, 2 ;k 3 [kjkc
dyesa fey ldrh gSaA

bl iz;ksx osQ laxr izfrn'kZ lef"V

S = {BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG} gSA

tgk¡ B ,d =kqfV;qDr ;k [kjkc dye dks vkSj G ,d vPNs ;k =kqfVjfgr dye dks izdV djrk gSA

eku yhft,] fd ifj.kkeksa osQ fy, fuEufyf[kr izkf;drk,¡ fu/kZfjr dh xbZ gSa%

izfrn'kZ fcanq: BBB BBG BGB GBB BGG GBG GGB GGG

izkf;drk:        

eku yhft, ?kVuk ^rF;r% ,d =kqfV;qDr dye dk fudyuk* dks A ls o ?kVuk ^U;wure nks =kqfV;qDr
dyeksa dk fudyuk* dks B ls izdV djrs gSaA

Li"Vr % A = {BGG, GBG, GGB} vkSj B = {BBG, BGB, GBB, BBB}

vc P(A) = 

= P(BGG) + P(GBG) + P(GGB) = 



vkSj P(B) = 

= P(BBG) + P(BGB) + P(GBB) + P(BBB) = 

vkb, ,d vU; ijh{k.k ^,d flDosQ dks nks ckj mNkyuk* ij fopkj djsaA

bl ijh{k.k dk izfrn'kZ lef"V S = {HH, HT, TH, TT } gSA

eku yhft, fd fofHkUu ifj.kkeksa osQ fy, fuEufyf[kr izkf;drk,¡ fu/kZfjr dh xbZ gSa%

P(HH) = , P(HT) = , P(TH) = , P(TT) = 

Li"Vr;k ;g izkf;drk fu/kZj.k vfHkx`ghrh; vfHkxe osQ izfrca/ksa dks larq"V djrk gSA vkb, vc ge
?kVuk E ^nksuksa mNkyksa esa ,d lk gh ifj.kke gS* dh izkf;drk Kkr djsaA

;gk¡ E = {HH, TT}

vc lHkh ωi ∈ E osQ fy, P(E) = P(ωi), = P(HH) + P(TT) = 

?kVuk F: ^rF;r% nks fpÙk* osQ fy,] ge ikrs gSa F = {HH}

vkSj P(F) = P(HH) = 

16.4.2 le lEHkkO; ifj.kkeksa dh izkf;drk (ProbaBility of equally likely outcomes)

eku yhft, fd ,d ijh{k.k dk izfrn'kZ lef"V

S S= {ω1, ω2, ..., ωn } gS



eku ysa fd lHkh ifj.kke le laHkkO; gSa] vFkkZr~ izR;sd ljy ?kVuk osQ ?kfVr gksus dh laHkkouk leku
gSA

vFkkZr~ lHkh ωi ∈ S osQ fy,] P(ωi) = p, tgk¡ 0 ≤ p ≤ 1

D;ksafd  blfy, p + p + ... + p (n ckj) = 1

;k np = 1 ;k p = 

eku yhft, fd izfrn'kZ lef"V S dh dksbZ ,d ?kVuk E, bl izdkj gS fd n(S) = n vkSj n(E) = m.

;fn izR;sd ifj.kke le laHkkO; gS rks ;g vuqlfjr gksrk gS fd

 = 

16.4.3 ?kVuk 'A ;k B' dh izkf;drk (ProbaBility of the event ‘A or B’) vkb, vc ge ?kVuk
‘A ;k B’, dh izkf;drk vFkkZr~ P (A ∪ B) Kkr djsaA

eku yhft,] A = {HHT, HTH, THH} vkSj B = {HTH, THH, HHH}, ^,d flDosQ dh rhu mNkyksa osQ
ijh{k.k dh nks ?kVuk,¡ gSaA

Li"Vr;k A ∪ B = {HHT, HTH, THH, HHH}

vc P (A ∪ B) = P(HHT) + P(HTH) + P(THH) + P(HHH)

;fn lHkh ifj.kke le laHkkO; gksa rks

P (A ∪ B) 



lkFk gh P(A) = P(HHT) + P(HTH) + P(THH) = 

vkSj P(B) = P(HTH) + P(THH) + P(HHH) = 

blfy, P(A) + P(B) = 

;g Li"V gS fd P(A ∪ B) ≠ P(A) + P(B)

fcanqvksa HTH vkSj THH, A rFkk B esa mHk;fu"B vo;o gSaA P(A) + P(B) osQ ifjdyu esa HTH vkSj
THH, (vFkkZr~ A ∩ B osQ vo;o) dh izkf;drk dks nks ckj lfEefyr fd;k x;k gSA vr% P(A ∪ B)

dks Kkr djus osQ fy, gesa A ∩ B osQ izfrn'kZ fcanqvksa dh izkf;drkvksa dks P(A) + P(B) esa ls ?kVkuk
gksxkA

vFkkZr~ 

= 

vr%  = 

O;kidr% ;fn A vkSj B fdlh ijh{k.k dh dksbZ nks ?kVuk,¡ gSa rc fdlh ?kVuk dh izkf;drk dh
ifjHkk"kk osQ vuqlkj gesa izkIr gksrk gS fd

.

D;ksafd , blfy,

P(A∪ B)= 



(D;ksafd A–B, A ∩ B vkSj B – A ijLij viothZ gSaA ... (1)

lkFk gh 

=

= + 

+ 

=  [(1) osQ iz;ksx ls]

= .

vr% .

bl lw=k dk oSdfYid izek.k fuEufyf[kr izdkj ls Hkh fn;k tk ldrk gSA

A ∪ B = A ∪ (B – A) tgk¡ A vkSj B – A ijLij viothZ gSaA

vkSj B = (A ∩ B) ∪ (B – A) tgk¡ A ∩ B vkSj B – A ijLij viothZ gSaA

izkf;drk dh vfHkx`ghr (iii) }kjk] gesa izkIr gksrk gS fd

P (A ∪ B) = P (A) + P (B – A) ... (2)

vkSj P(B) = P ( A ∩ B) + P (B – A) ... (3)

(2) esa ls (3) ?kVkus ij]

P (A ∪ B) – P(B) = P(A) – P (A ∩ B)

;k P(A ∪ B) = P(A) + P (B) – P (A ∩ B)



mi;qZDr ifj.kke dks osu~&vkjs[k (vko`Qfr 16-1) dk voyksdu djosQ Hkh iqu% lR;kfir fd;k tk
ldrk gSA

vko`Qfr 16.1

;fn A vkSj B vla;qDr leqPp; gksa vFkkZr~ ;s nksuksa ijLij viothZ ?kVuk,¡ gksa rks (A ∩ B) = 

blfy,] P (A ∩ B) = P (  ) = 0

vr% ijLij viothZ ?kVukvksa A vkSj B, osQ fy,] ge ikrs gSa

P(A ∪ B) = P (A) + P (B), tks foQ izkf;drk dh vfHkx`ghr (iii) gh gSA

16.4.4 ?kVuk ^A-ugha* dh izkf;drk (Probability of event 'not A') 1 ls 10 rd vafdr iw.kk±dksa
okys nl iÙkksa osQ Msd esa ls ,d iÙkk fudkyus osQ ijh{k.k dh ?kVuk A = {2, 4, 6, 8} ij fopkj
dhft,A Li"Vr;k izfrn'kZ lef"V S = {1, 2, 3, ...,10} gSA

;fn lHkh ifj.kkeksa 1, 2, 3,...,10 dks le laHkkO; eku ysa rks izR;sd ifj.kke dh izkf;drk  gksxhA

vc P(A) = P(2) + P(4) + P(6) + P(8)

= 



lkFk gh ?kVuk 'A -ugha* = A′ = {1, 3, 5, 7, 9, 10}

vc P(A′) = P(1) + P(3) + P(5) + P(7) + P(9) + P(10)

= 

bl izdkj P(A') = 

lkFk gh gesa ;g Hkh irk gS fd A' rFkk A ijLij viothZ vkSj fu%'ks"k ?kVuk,¡ gSaA vr% A ∩ A′ = 
vkSj A ∪ A′ = S

;k P(A ∪ A′) = P(S)

vc P(A) + P(A') = 1, vfHkx`ghrksa (ii) vkSj (iii) osQ iz;ksx }kjk ;k P(A′) = P(A ugha) = 1 – P(A)

vkb, le laHkkfor ifj.kkeksa okys ijh{k.kksa osQ fy, oqQN mnkgj.kksa o iz'uksa ij fopkj djsa] tc rd
fd vU;Fkk u dgk x;k gksA

mnkgj.k 10 rk'k osQ 52 iÙkksa dh ,d Hkyh&Hkk¡fr isaQVh xbZ xMóh esa ls ,d iÙkk fudkyk x;k gSA
fudkys x, iÙks dh izkf;drk Kkr dhft, ;fn

(i) iÙkk bZaV dk gSA (ii) iÙkk bDdk ugha gSA

(iii) iÙkk dkys jax dk gS (vFkkZr~ fpM+h ;k gqdqe dk),

(iv) iÙkk bZaV dk ugha gSA (v) iÙkk dkys jax dk ugha gSA

gy tc 52 iÙkksa dh Hkyh&Hkk¡fr isaQVh xbZ xMóh esa ,d iÙkk fudkyk tkrk gS rks laHko ifj.kkeksa dh
la[;k 52 gSA

(i) eku yhft, ?kVuk ^fudkyk x;k iÙkk bZaV dk gS] dks A ls n'kkZ;k x;k gSA

Li"Vr;k A esa vo;oksa dh la[;k 13 gSA



blfy,] P(A) = 

vFkkZr~] ,d b±V dk iÙkk fudkyus dh izkf;drk = 

(ii) eku yhft, fd ?kVuk ^fudkyk x;k iÙkk bDdk gS* dks B ls n'kkZrs gSaA

blfy, ^fudkyk x;k iÙkk bDdk ugha gS* dks B' ls n'kkZ;k tk,xkA

vc P(B′) = 1 – P(B) = 

(iii) eku yhft, ?kVuk ^fudkyk x;k iÙkk dkys jax dk gS* dks C ls n'kkZrs gSaA

blfy, leqPp; C esa vo;oksa dh la[;k = 26

vFkkZr~ P(C) = 

bl izdkj dkys jax dk iÙkk fudkyus dh izkf;drk = 

(iv) geus mi;qZDr (i) esa ekuk gS fd ?kVuk ^fudkyk x;k iÙkk bZaV dk gS* dks A ls n'kkZrs gSaA blfy,
?kVuk ^fudkyk x;k iÙkk bZaV dk ugha gS* dks A′ ;k ^A&ugha* ls n'kkZ,xsaA

vc P(A&ugha) = 1 – P(A) = 

(v) ?kVuk ^fudkyk x;k iÙkk dkys jax dk ugha gS* dks C′ ;k ^C&ugha* ls n'kkZ;k tk ldrk gSA

vc gesa Kkr gS fd P(C&ugha) = 1 – P(C) = 



blfy,] iÙkk dkys jax dk u gksus dh izkf;drk = 

mnkgj.k 11 ,d FkSys esa 9 fMLd gSa ftuesa ls 4 yky jax dh] 3 uhys jax dh vkSj 2 ihys jax dh
gSaA fMLd vkdkj ,oa eki esa le:i gSaA FkSys esa ls ,d fMLd ;kn`PN;k fudkyh tkrh gSA izk;fdrk
Kkr dhft, fd fudkyh xbZ fMLd (i) yky jax dh gS (ii) ihys jax dh gS (iii) uhys jax dh gS (iv)

uhys jax dh ugha gS, (v) yky jax dh gS ;k uhys jax dh gSA

gy fMLdkas dh oqQy la[;k 9 gSA blfy, laHko ifj.kkeksa dh oqQy la[;k 9 gqbZA

eku yhft, ?kVukvksa A, B o C dks bl izdkj ls ifjHkkf"kr fd;k x;k gSA

A: fudkyh xbZ fMLd yky jax dh gSA

B: fudkyh xbZ fMLd ihys jax dh gSA

C: fudkyh xbZ fMLd uhys jax dh gSA

(i) yky jax dh fMLdksa dh la[;k = 4 vFkkZr~ n (A) = 4 vr% P(A) = 

(ii) ihys jax dh fMLdksa dh la[;k = 2, vFkkZr~ n (B) = 2

blfy,] P(B) = 

(iii) uhys jax dh fMLdksa dh la[;k = 3, vFkkZr~ n(C) = 3

blfy,] P(C) = 

(iv) Li"Vr;k ?kVuk ^fMLd uhys jax dh ugha gS* 'C-ugha' gh gS ge tkurs gSa fd P(C-ugha) = 1 –

P(C)



blfy, P(C-ugha) = 

(v) ?kVuk ^yky jax dh fMLd ;k uhys jax dh fMLd* dk leqPp; ‘A ∪ C’ ls of.kZr fd;k tk
ldrk gSA

D;ksafd] A vkSj C ijLij viothZ ?kVuk,¡ gSa] blfy,

P(A ;k C) = P (A ∪ C) = P(A) + P(C) = 

mnkgj.k 12 nks fo|kfFkZ;ksa vfuy vkSj vkf'kek ,d ijh{kk esa izfo"V gq,A vfuy osQ ijh{kk esa mÙkh.kZ
gksus dh izkf;drk 0-05 gS vkSj vkf'kek osQ ijh{kk esa mÙkh.kZ gksus dh izkf;drk 0-10 gSA nksuksa osQ
ijh{kk esa mÙkh.kZ gksus dh izkf;drk 0-02 gSA izkf;drk Kkr dhft, fd

(a) vfuy vkSj vkf'kek nksuksa ijh{kk esa mÙkh.kZ ugha gks ik,xsaA

(b) nksuksa esa ls de ls de ,d ijh{kk esa mÙkh.kZ ugha gksxkA

(c) nksuksa esa ls osQoy ,d ijh{kk esa mÙkh.kZ gksxkA

gy eku yhft, E rFkk F ?kVukvksa ^vfuy ijh{kk mÙkh.kZ dj ysxk* vkSj ^vkf'kek ijh{kk mÙkh.kZ dj
ysxh* dks Øe'k% n'kkZrs gSaA

blfy, P(E) = 0.05, P(F) = 0.10 vkSj P(E ∩ F) = 0.02.

rc

(a) ?kVuk *nksuksa ijh{kk mÙkhZ.k ugha gkasxs* dks E´ ∩ F´ ls n'kkZ;k tk ldrk gSA

D;ksafd E´ ?kVuk ‘E-ugha’, vFkkZr~ ^vfuy ijh{kk mÙkh.kZ ugha djsxk* rFkk F´ ?kVuk ‘F-ugha*, vFkkZr~
^vkf'kek ijh{kk mÙkh.kZ ugha djsxh* n'kkZrs gSaA

lkFk gh E´ ∩ F´ = (E ∪ F)´ (Mh&eksjxu~ fu;e }kjk)



vc P(E ∪ F) = P(E) + P(F) – P(E ∩ F)

;k P(E ∪ F) = 0.05 + 0.10 – 0.02 = 0.13

blfy, P(E´ ∩ F´) = P(E ∪ F)´ = 1 – P(E ∪ F) = 1 – 0.13 = 0.87

(b) P(nksuksa esa ls de ls de ,d mÙkh.kZ ugha gksxk)

= 1 – P(nksuksa mÙkh.kZ gksaxs)

= 1 – 0.02 = 0.98

(c) ?kVuk ^nksuksa es ls osQoy ,d mÙkh.kZ gksxk* fuEufyf[kr ?kVuk osQ le:i gS%

^vfuy mÙkh.kZ gksxk vkSj vkf'kek mÙkh.kZ ugha gksxh*

;k ^vfuy mÙkh.kZ ugha gksxk vkSj vkf'kek mÙkh.kZ gksxh*

vFkkZr~ E ∩ F´ ;k E´ ∩ F tgk¡ E ∩ F´ vkSj E´ ∩ F ijLij viothZ gSaA

blfy,] P (nksuksa esa ls osQoy ,d mÙkh.kZ gksxk)

= P(E ∩ F´ ;k E´ ∩ F)

= P(E ∩ F´) + P(E´ ∩ F) = P (E) – P(E ∩ F) + P(F) – P (E ∩ F)

= 0.05 – 0.02 + 0.10 – 0.02 = 0.11

mnkgj.k 13 nks iq#"kksa o nks fL=k;ksa osQ lewg esa ls nks O;fDr;ksa dh ,d lfefr dk xBu djuk gSA
izkf;drk D;k gS fd xfBr lfefr esa (a) dksbZ iq#"k u gks? (b) ,d iq#"k gks ? (c) nksuksa gh iq#"k gksa?

gy lewg esa O;fDr;ksa dh oqQy la[;k = 2 + 2 = 4. bu pkj O;fDr;ksa esa ls nks dks C2 rjhosQ ls
pquk tk ldrk gSA

(a) lfefr esa dksbZ iq#"k u gksus dk vFkZ gS fd lfefr esa nks fL=k;k¡ gSaA nks fL=k;ksa esa ls nksuksa osQ pquus
osQ C2 = 1 rjhdk gSA

4

2



blfy, P(dksbZ iq#"k ugha)

(b) lfefr esa ,d iq#"k gksus dk rkRi;Z gS fd blesa ,d L=kh gS 2 iq#"kksa esa ls ,d iq#"k pquus osQ
C1 rjhosQ gSa rFkk nks fL=k;ksa esa ls ,d pquus osQ Hkh C1 rjhosQ gSaA nksuksa pqukoksa dks ,d lkFk djus

osQ C1 × C1 rjhosQ gSaA

blfy, P(,d iq:"k)

(c) nks iq#"kksa dks C2 rjhdksa ls pquk tk ldrk gSA

vr% P(nks iq#"k) 

iz'ukoyh 16.3
1. izfrn'kZ lef"V S = {ω1, ω2, ω3, ω4, ω5, ω6, ω7 } osQ ifj.kkeksa osQ fy, fuEufyf[kr esa ls dkSu
ls izkf;drk fu/kZj.k oS/ ugha gS%

ifj.kke ω1 ω2 ω3 ω4 ω  ω  ω

(a) 0.1 0.01 0.05 0.03 0.01 0.2 0.6

(b)       

(c) 0.1 0.2 0.3 0.4 0.5 0.6 0.7

(d) – 0.1 0.2 0.3 0.4 – 0.2 0.1 0.3

(e)       

2 2

2 2

2

5 6 7



2. ,d flDdk nks ckj mNkyk tkrk gSA de ls de ,d iV~ izkIr gksus dh D;k izkf;drk gS?

3. ,d iklk isaQdk tkrk gSA fuEufyf[kr ?kVukvksa dh izkf;drk Kkr dhft,%

(i) ,d vHkkT; la[;k izdV gksuk

(ii) 3 ;k 3 ls cM+h la[;k izdV gksuk

(iii) 1 ;k 1 ls NksVh la[;k izdV gksuk

(iv) N% ls cM+h la[;k izdV gksuk

(v) N% ls NksVh la[;k izdV gksuk

4. rk'k dh xMóh osQ 52 iÙkksa esa ls ,d iÙkk ;kn`PN;k fudkyk x;k gSA

(a) izfrn'kZ lef"V esa fdrus fcanq gSa\

(b) iÙks dk gqdqe dk bDdk gksus dh izkf;drk D;k gS\

(c) izkf;drk Kkr dhft, fd iÙkk (i) bDdk gS (ii) dkys jax dk gSA

5. ,d vufHkur (unbiased) flDdk ftlosQ ,d ry ij 1 vkSj nwljs ry ij 6 vafdr gS rFkk ,d
vufHkur iklk nksuksa dks mNkyk tkrk gSA izkf;drk Kkr dhft, fd izdV la[;kvksa dk ;ksx (i) 3 gSA
(ii) 12 gSA

6. uxj ifj"kn~ esa pkj iq#"k o N% fL=k;k¡ gSaA ;fn ,d lfefr osQ fy, ;kn`PN;k ,d ifj"kn~ lnL;
pquk x;k gS rks ,d L=kh osQ pqus tkus dh fdruh laHkkouk gS\

7. ,d vufHkur flDosQ dks pkj ckj mNkyk tkrk gS vkSj ,d O;fDr izR;sd fpÙk ij ,d : thrrk
gS vkSj izR;sd iV~ ij 1-50: gkjrk gSA bl ijh{k.k osQ izfrn'kZ lef"V ls Kkr dhft, fd vki pkj
mNkyksa esa fdruh fofHkUu jkf'k;k¡ izkIr dj ldrs gSaA lkFk gh bu jkf'k;ksa esa ls izR;sd dh izkf;drk
Hkh Kkr dhft,\

8. rhu flDosQ ,d ckj mNkys tkrs gSaA fuEufyf[kr dh izkf;drk Kkr dhft,%

(i) rhu fpÙk izdV gksuk (ii) 2 fpÙk izdV gksuk



(iii) U;wure 2 fpÙk izdV gksuk (iv) vf/dre 2 fpÙk izdV gksuk

(v) ,d Hkh fpÙk izdV u gksuk (vi) 3 iV~ izdV gksuk

(vii) rF;r% 2 iV~ izdV gksuk (viii) dksbZ Hkh iV~ u izdV gksuk

(ix) vf/dre 2 iV~ izdV gksuk

9. ;fn fdlh ?kVuk A dh izkf;drk  gS rks ?kVuk ^A-ugha* dh izkf;drk Kkr dhft,A

10. 'kCn 'ASSASSINATION' ls ,d v{kj ;kn`PN;k pquk tkrk gSA izkf;drk Kkr dhft, fd pquk
x;k v{kj (i) ,d Loj (vowel) gS (ii) ,d O;atu (consonant) gSA

11. ,d ykVjh esa ,d O;fDr 1 ls 20 rd dh la[;kvksa esa ls N% fHkUu&fHkUu la[;k,¡ ;kn`PN;k
pqurk gS vkSj ;fn ;s pquh xbZ N% la[;k,¡ mu N% la[;kvksa ls esy [kkrh gSa] ftUgsa ykVjh lfefr us
iwoZfu/kZfjr dj j[kk gS] rks og O;fDr buke thr tkrk gSA ykVjh osQ [ksy esa buke thrus dh
izkf;drk D;k gS\ [laosQr% la[;kvksa osQ izkIr gksus dk Øe egRoiw.kZ ugha gS]

12. tk¡p dhft, fd fuEu izkf;drk,¡ P(A) vkSj P(B) ;qfDr laxr (consistently) ifjHkkf"kr dh xbZ
gSa%

(i) P(A) = 0.5, P(B) = 0.7, P(A B) = 0.6

(ii) P(A) = 0.5, P(B) = 0.4, P(A B) = 0.8

13. fuEufyf[kr lkj.kh esa [kkyh LFkku Hkfj,%

P(A) P(B) P(A ∩ B) P(A ∪ B)

(i)    . . .

(ii) 0.35 . . . 0.25 0.6

(iii) 0.5 0.35 . . . 0.7



14. P(A) =  vkSj P(B) = , fn;k x;k gSA ;fn A vkSj B ijLij viothZ ?kVuk,¡ gSa] rks P(A

;k B), Kkr dhft,A

15. ;fn E vkSj F ?kVuk,¡ bl izdkj gSa fd P(E) = , P(F) =  vkSj P(E vkSj F) = , rks
Kkr dhft, (i) P(E ;k F) (ii) P(E&ugha vkSj F&ugha)A

16. ?kVuk,¡ E vkSj F bl izdkj gSa fd P(E &ugha vkSj F&ugha) = 0.25, crkb, fd E vkSj F

ijLij viothZ gSa ;k ugha\

17. ?kVuk,¡ A vkSj B bl izdkj gSa fd P(A) = 0.42, P(B) = 0.48 vkSj P(A vkSj B) = 0.16. Kkr
dhft,%

(i) P(A&ugha) (ii) P(B&ugha) (iii) P(A ;k B)

18. ,d ikB'kkyk dh d{kk XI osQ 40% fo|kFkhZ xf.kr i<+rs gSa vkSj 30% tho foKku i<+rs gSaA
d{kk osQ 10% fo|kFkhZ xf.kr vkSj tho foKku nksuksa i<+rs gSaA ;fn d{kk dk ,d fo|kFkhZ ;kn`PN;k
pquk tkrk gS] rks izkf;drk Kkr dhft, fd og xf.kr ;k tho foKku i<+rk gksxkA

19. ,d izos'k ijh{kk dks nks ijh{k.kksa (Tests) osQ vk/kj ij Js.khc¼ fd;k tkrk gSA fdlh ;kn`PN;k
pqus x, fo|kFkhZ dh igys ijh{k.k esa mÙkh.kZ gksus dh izk;fdrk 0.8 gS vkSj nwljs ijh{k.k esa mÙkh.kZ
gksus dh izkf;drk 0.7 gSA nksuksa esa ls de ls de ,d ijh{k.k mÙkh.kZ djus dh izkf;drk 0.95 gSA
nksuksa ijh{k.kksa dks mÙkh.kZ djus dh izkf;drk D;k gS\

20. ,d fo|kFkhZ osQ vafre ijh{kk osQ vaxzsth vkSj fganh nksuksa fo"k;ksa dks mÙkh.kZ djus dh izkf;drk
0.5 gS vkSj nksuksa esa ls dksbZ Hkh fo"k; mÙkh.kZ u djus dh izkf;drk 0.1 gSA ;fn vaxzs”kh dh ijh{kk
mÙkh.kZ djus dh izkf;drk 0.75 gks rks fganh dh ijh{kk mÙkh.kZ djus dh izkf;drk D;k gS\

21. ,d d{kk osQ 60 fo|k£Fk;ksa esa ls 30 us ,u- lh- lh- (NCC),32 us ,u- ,l- ,l- (NSS) vkSj
24 us nksuksa dks pquk gSA ;fn buesa ls ,d fo|kFkhZ ;kn`PN;k pquk x;k gS rks izkf;drk Kkr dhft, fd

(i) fo|kFkhZ us ,u-lh-lh- ;k ,u-,l-,l- dks pquk gSA



(ii) fo|kFkhZ us u rks ,u-lh-lh- vkSj u gh ,u-,l-,l- dks pquk gSA

(iii) fo|kFkhZ us ,u-,l-,l- dks pquk gS fdarq ,u-lh-lh- dks ugha pquk gSA

fofo/ mnkgj.k
mnkgj.k 14 NqfVð;ksa esa ohuk us pkj 'kgjksa A, B, C vkSj D dh ;kn`PN;k Øe esa ;k=kk dhA D;k
izkf;drk gS fd mlus

(i) A dh ;k=kk B ls igys dh?

(ii) A dh ;k=kk B ls igys vkSj B dh C ls igys dh ?

(iii) A dh lcls igys vkSj B dh lcls var esa ;k=kk dh ?

(iv) A dh ;k rks lcls igys ;k nwljs LFkku ij ;k=kk dh ?

(v) A dh ;k=kk B ls ,dne igys dh ?

gy ohuk }kjk pkj 'kgjksa A, B, C, vkSj D dh ;k=kk osQ fofHkUu <axksa dh la[;k 4! vFkkZr~ 24 gSA
blfy, n (S) = 24 D;ksafd iz;ksx dh izfrn'kZ lef"V osQ vo;oksa dh la[;k 24 gSA ;s lHkh ifj.kke
le laHkkO; ekus x, gSaA bl ijh{k.k dk izfrn'kZ lef"V

S = {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB

BACD, BADC, BDAC, BDCA, BCAD, BCDA

CABD, CADB, CBDA, CBAD, CDAB, CDBA

DABC, DACB, DBCA, DBAC, DCAB, DCBA} gSA

(i) eku yhft, ?kVuk ^ohuk A dh ;k=kk B ls igys djrh gS]* dks E ls n'kkZrs gSaA

blfy, E = {ABCD, CABD, DABC, ABDC, CADB, DACB

ACBD, ACDB, ADBC, CDAB, DCAB, ADCB}



bl izdkj 

(ii) eku yhft, ?kVuk ^ohuk us A dh ;k=kk B ls igys vkSj B dh ;k=kk C ls igys dh* dks F ls
n'kkZrs gSaA

;gk¡ F = {ABCD, DABC, ABDC, ADBC}

blfy, 

fo|k£Fk;ksa dks lykg nh tkrh gS fd (iii), (iv) o (v) dh izkf;drk Lo;a Kkr djsaA

mnkgj.k 15 tc rk'k osQ 52 iÙkksa dh xMóh ls 7 iÙkksa dk ,d lewg cuk;k tkrk gS rks bl ckr dh
izkf;drk Kkr dhft, fd blesa (i) lkjs ckn'kkg 'kkfey gaS (ii) rF;r% 3 ckn'kkg gaS (iii) U;wure 3
ckn'kkg gSaA

gy lewgksa dh oqQy laHko la[;k = C

(i) 4 ckn'kkgksa lfgr lewgksa dh la[;k = C4 × C3 (vU; 3 iÙks 'ks"k 48 iÙkksa esa ls pqus tkrs

gSa)

vr% P (lewg esa pkj ckn'kkg) = 

(ii) 3 ckn'kkg vkSj 4 vU; iÙkksa okys lewgksa dh la[;k = 4

blfy, P (rF;r% 3 ckn'kkg) = 

52
7

4 48



(iii) P(U;wure 3 ckn'kkg)

= P(rF;r% 3 ckn'kkg) + P(4 ckn'kkg)

= 

mnkgj.k 16 ;fn A, B, C fdlh ;kn`fPNd iz;ksx osQ laxr rhu ?kVuk,¡ gksa rks fl¼ dhft, fd

gy fopkfj, E = B ∪ C rc

P(A ∪ B ∪ C ) = P(A ∪ E)

=  ... (1)

vc P(E) = P(B ∪ C)

=  ... (2)

lkFk gh  = [leqPp;ksa osQ la?k ij
loZfu"B osQ forj.k fu;e }kjk]

vr% = – 

= –  ... (3)

(2) vkSj (3) dks (1) esa iz;ksx djus ij



= –

P(A ∩ B) – P(A ∩ C) – P(A ∩ B ∩ C)

mnkgj.k 17 ,d fjys nkSM+ (relay race) esa ik¡p Vheksa A, B, C, D vkSj E us Hkkx fy;kA

(a) A, B vkSj C osQ Øe'k% igyk] nwljk o rhljk LFkku ikus dh D;k izkf;drk gS\

(b) A, B vkSj C osQ igys rhu LFkkuksa (fdlh Hkh Øe) ij jgus dh D;k izkf;drk gS\

(eku yhft, fd lHkh vafre Øe le laHkkO; gSaA)

gy ;fn ge igys rhu LFkkuksa osQ fy, vafre Øeksa osQ izfrn'kZ lef"V ij fopkj djsa rks ik,¡xs fd

blesa , i.e.,  = 5 × 4 × 3 = 60 izfrn'kZ fcanq gSa vkSj izR;sd dh izkf;drk gSA

(a) A,B vkSj C Øe'k% izFke] nwljs o rhljs LFkku ij jgrs gSaA blosQ fy, ,d gh vafre Øe gS
vFkkZr~ ABC

vr% P(A, B vkSj C Øe'k% izFke] nwljs o rhljs LFkku ij jgrs gSa) = 

(b) A, B vkSj C igys rhu LFkkuksa ij gSaA blosQ fy, A, B vkSj C osQ fy, 3! rjhosQ gSaA blfy, bl
?kVuk osQ laxr 3! izfrn'kZ fcanq gksaxsA

vr% P (A, B vkSj C igys rhu LFkkuksa ij jgrs gSa) 

fofo/ iz'ukoyh
1. ,d fMCcs esa 10 yky] 20 uhyh o 30 gjh xksfy;k¡ j[kh gSaA fMCcs ls 5 xksfy;k¡ ;kn`PN;k fudkyh



tkrh gSaA izkf;drk D;k gS fd (i) lHkh xksfy;k¡ uhyh gSa ? (ii) de ls de ,d xksyh gjh g S?

2. rk'k osQ 52 iÙkksa dh ,d vPNh rjg isaQVh xbZ xMóh ls 4 iÙks fudkys tkrs gSaA bl ckr dh D;k
izkf;drk gS fd fudkys x, iÙkksa esa 3 bZaV vkSj ,d gqdqe dk iÙkk gS\

3. ,d ikls osQ nks iQydksa esa ls izR;sd ij la[;k ^1* vafdr gS] rhu iQydksa esa izR;sd ij la[;k
^2* vafdr gS vkSj ,d iQyd ij la[;k ^3* vafdr gSA ;fn iklk ,d ckj isaQdk tkrk gS] rks
fuEufyf[kr Kkr dhft,%

(i) P(2) (ii) P(1 ;k 3) (iii) P(3-ugha)

4. ,d ykVjh esa 10000 fVdV csps x, ftuesa nl leku buke fn, tkus gSaA dksbZ Hkh bZuke u feyus
dh izkf;drk D;k gS ;fn vki (a) ,d fVdV [kjhnrs gSa (b) nks fVdV [kjhnrs gSa (c) 10 fVdV
[kjhnrs gSa\

5. 100 fo|kfFkZ;ksa esa ls 40 vkSj 60 fo|kfFkZ;ksa osQ nks oxZ cuk, x, gSaA ;fn vki vkSj vkidk ,d
fe=k 100 fo|kfFkZ;ksa esa gSa rks izkf;drk D;k gS fd

(a) vki nksuksa ,d gh oxZ esa gksa ?

(b) vki nksuksa vyx&vyx oxks± esa gksa ?

6. rhu O;fDr;ksa osQ fy, rhu i=k fy[kok, x, gSa vkSj izR;sd osQ fy, irk fy[kk ,d fyiQkiQk gSA
i=kksa dks fyiQkiQksa esa ;kn`PN;k bl izdkj Mkyk x;k fd izR;sd fyiQkisQ esa ,d gh i=k gSA izkf;drk
Kkr dhft, fd de ls de ,d i=k vius lgh fyiQkisQ esa Mkyk x;k gSA

7. A vkSj B nks ?kVuk,¡ bl izdkj gSa fd P(A) = 0.54, P(B) = 0.69 vkSj P(A ∩ B) = 0.35.

Kkr dhft,%

(i) P(A ∪ B) (ii) P(A´ ∩ B´) (iii) P(A ∩ B´) (iv) P(B ∩ A´)

8. ,d laLFkk osQ deZpkfj;ksa esa ls 5 deZpkfj;ksa dk p;u izca/ lfefr osQ fy, fd;k x;k gSA ik¡p
deZpkfj;ksa dk C;ksjk fuEufyf[kr gS%

Øe uke fyax vk;q (o"kksZa esa)



1. gjh'k M 30

2. jksgu M 33

3. 'khry F 46

4. ,sfyl F 28

5. lyhe M 41

bl lewg ls izoDrk in osQ fy, ;kn`PN;k ,d O;fDr dk p;u fd;k x;kA izoDrk osQ iq#"k ;k 35
o"kZ ls vf/d vk;q dk gksus dh D;k izkf;drk gS\

9. ;fn 0] 1] 3] 5 vkSj 7 vadksa }kjk 5000 ls cM+h pkj vadksa dh la[;k dk ;kn`PN;k fuekZ.k fd;k
x;k gks rks ik¡p ls HkkT; la[;k osQ fuekZ.k dh D;k izkf;drk gS tc]

(i) vadksa dh iqujko`fÙk ugha dh tk,\ (ii) vadksa dh iqujko`fÙk dh tk,\

10. fdlh vVSph osQ rkys esa pkj pØ yxs gSa ftuesa izR;sd ij 0 ls 9 rd 10 vad vafdr gSaA
rkyk pkj vadksa osQ ,d fo'ks"k Øe (vadksa dh iqujko`fÙk ugha) }kjk gh [kqyrk gSA bl ckr dh D;k
izkf;drk gS fd dksbZ O;fDr vVSph [kksyus osQ fy, lgh Øe dk irk yxk ys\

lkjka'k
bl vè;k; esa geus izkf;drk dh vfHkx`ghrh; rjhdk osQ fo"k; esa i<+k gSA bl vè;k; dh eq[;
fo'ks"krk,¡ fuEufyf[kr gSa%

izfrn'kZ lef"V% lHkh laHkkfor ifj.kkeksa dk leqPp;
izfrn'kZ fcanq% izfrn'kZ lef"V osQ vo;o
?kVuk% izfrn'kZ lef"V dk ,d mileqPp;
vlaHko ?kVuk% fjDr leqPp;
fuf'pr ?kVuk% iw.kZ izfrn'kZ lef"V
iwjd ?kVuk ;k ugha&?kVuk : leqPp; A′ ;k S – A

?kVuk A ;k B% leqPp; A ∪ B



?kVuk A vkSj B% leqPp; A ∩ B

?kVuk A fdarq B ugha% leqPp; A – B

ijLij viothZ ?kVuk,¡% A vkSj B ijLij viothZ gksrh gSa ;fn A  B =

fu%'ks"k o ijLij viothZ ?kVuk,¡ % ?kVuk,¡ E1, E2,..., En ijLij viothZ o fu%'ks"k

gSa ;fn E1 ∪ E2 ∪ ... ∪ En = S vkSj Ei ∩ Ej = V i ≠ j

izkf;drk : izR;sd izfrn'kZ fcanq ωi osQ laxr ,d la[;k P (ωi) ,slh gS fd

(i) 0 ≤ P (ωi) ≤ 1 (ii)  lHkh ωi S = 1

(iii) P(A) = lHkh i ∈ A

la[;k P(ωi) ifj.kke ωi. dh izkf;drk dgk tkrk gSA
le laHkkfor ifj.kke % leku izkf;drk okys lHkh ifj.kke
?kVuk dh izkf;drk % ,d le laHkkfor ifj.kkeksa okys ifjfer izfrn'kZ lef"V osQ fy, ?

kVuk A dh izkf;drk ,tgk¡ n(A) = leqPp; A esa vo;oksa dh la[;k
vkSj n(S) = leqPp; S esa vo;oksa dh la[;k
;fn A vkSj B dksbZ nks ?kVuk,¡ gSa] rks

P(A ;k B) = P (A) + P(B) – P (A vkSj B)

lerqY;r% P (A B) = P (A) + P (B) – P (A  B)

;fn A vkSj B ijLij viothZ gSa] rks P (A ;k B) = P(A) + P(B)

fdlh ?kVuk A osQ fy,

P(A–ugha) = 1 – P(A)

,sfrgkfld i`"BHwkfe



izkf;drk fl¼kar dk fodkl] xf.kr dh vU; 'kk[kkvksa dh Hkk¡fr] O;kogkfjd dkj.kksa ls gqvk gSA
bldh mRifÙk 16oha 'krkCnh esa gqbZ Fkh tc bVyh us ,d fpfdRld rFkk xf.krK Jerome

Cardan (1501-1576) us bl fo"k; ij igyh iqLrd ^la;ksx osQ [ksyksa ij] (Biber de Ludo

Aleae) fy[khA ;g iqLrd muosQ ej.kksijkar lu~ 1633 esa izdkf'kr gqbZA

lu~ 1654 esa] Chevaliar de Mere uked tqvkjh us] ikls ls lacf/r oqQN leL;kvksa dks ysdj
lqizfl¼ izQaklhlh nk'kZfud ,oa xf.krK Blaise Pascal (1623&1662) ls laioZQ fd;kA Pascal bl
izdkj dh leL;kvksa esa #fp ysus yxs vkSj mUgksaus bldh ppkZ fo[;kr izQkalhlh xf.krK Pierre

de Fermat (1601&1665) ls dhA Pascal vkSj Fermat nksuksa us Lora=k :i ls leL;kvksa dks gy
fd;kA

Pascal vkSj Fermat osQ vfrfjDr ,d Mp fuoklh Christian HuygEnes (1929&1695)] ,d
fLol fuoklh J.Bernoulli (1651&1705)] ,d izQkalhlh A.De Moivre (1667&1754)]
,d vU; izQkal fuoklh Pierre Laplace (1749&1827) rFkk :lh P.L.Chebyechav

(1821&1894)] A.A.Morkov (1856&1922) vkSj A.N.Kolmogorove us Hkh izkf;drk fl¼kar esa
fof'k"V ;ksxnku fn;kA izkf;drk fl¼kar osQ vfHkx`ghfrdj.k dk Js; Kolmogorove dks feyk gSA
lu 1933 esa izdkf'kr mudh iqLrd ^izkf;drk osQ vk/kj* (Foundation of Probability) esa
izkf;drk dks leqPp; iQyu osQ :i esa izLrqr fd;k x;k gS vkSj ;g iqLrd ,d Dykfld
(Classic) ekuh tkrh gSA



mÙkjekyk
iz'ukoyh 1.1

1. (i), (iv), (v), (vi), (vii) vkSj (viii) leqPp; gSaA

2. (i) ∈ (ii) ∉ (iii) ∉ (vi) ∈ (v) ∈ (vi) ∉

3. (i) A = {–3, –2, –1, 0, 1, 2, 3, 4, 5, 6 } (ii) B = {1, 2, 3, 4, 5}

(iii) C = {17, 26, 35, 44, 53, 62, 71, 80} (iv) D = {2, 3, 5}

(v) E = {T, R, I, G, O, N, M, E, Y} (vi) F = {B, E, T, R,}

4. (i) { x : x = 3n, n ∈    Ν vkSj 1 ≤ n ≤ 4 } (ii) { x : x = 2n, n ∈    Ν
vkSj 1 ≤ n ≤ 5 }

(iii) { x : x = 5n, n ∈    Ν vkSj 1 ≤ n ≤ 4 } (iv) { x : x ,d le izko`Qr
la[;k gS}

(v) { x : x = n2, n∈Ν vkSj 1 ≤ n ≤ 10 }

5. (i) A = {1, 3, , 5, . . . } (ii) B = {0, 1, 2, 3, 4 }

(iii) C = { –2, –1, 0, 1, 2 } (iv) D = { L, O, Y, A }

(v) E = { iQjojh] vizSy] twu] flracj] uoacj}

(vi) F = {b, c, d, f, g, h, j }

6. (i) ↔ (c) (ii) ↔ (a) (iii) ↔ (d) (iv) ↔ (b)



iz'ukoyh 1.2

1. (i), (iii), (iv)

2. (i) ifjfer (ii) vifjfer (iii) ifjfer (iv) vifjfer (v) ifjfer

3. (i) vifjfer (ii) ifjfer (iii) vifjfer (iv) ifjfer (v) vifjfer

4. (i) gk¡ (ii) ugha (iii) gk¡ (iv) ugha

5. (i) ugha (ii) gk¡ 6. B= D, E = G

iz'ukoyh 1.3

1. (i) ⊂ (ii) ⊄ (iii) ⊂ (iv) ⊄ (v) ⊄ (vi) ⊂ (vii) ⊂

2. (i) vlR; (ii) lR; (iii) vlR; (iv) lR; (v) vlR; (vi) lR;

3. (i), (v), (vii), (viii), (ix), (xi)

4. (i) φ { a }, (ii) φ, { a }, { b }, { a, b }

(iii) φ, { 1 }, { 2 }, { 3 }, { 1, 2 }, { 1, 3 }, { 2, 3 }, { 1, 2, 3 } (iv) φ

5. 1

6. (i) (– 4, 6] (ii) (– 12, –10) (iii) [ 0, 7 ) (iv) [ 3, 4 ]

7. (i) { x : x ∈ R, – 3 < x < 0 } (ii) { x : x ∈ R, 6 ≤ x ≤ 12 }

(iii) { x : x ∈ R, 6 < x ≤ 12 } (iv) { x R : – 23 ≤ x < 5 } 
9. (iii)



iz'ukoyh 1.4

1. (i) X ∪ Y = {1, 2, 3, 5 } (ii) A ∪ B = { a, b, c, e, i, o, u }

(iii) A ∪ B = {x : x = 1, 2, 4, 5 ;k la[;k 3 dk xq.kt }

(iv) A ∪ B = {x : 1 < x < 10, x ∈ N} (v) A ∪ B = {1, 2, 3 }

2. gk¡, A ∪ B = { a, b, c } 3. B

4. (i) { 1, 2, 3, 4, 5, 6 } (ii) {1, 2, 3, 4, 5, 6, 7,8 } (iii) {3, 4, 5, 6, 7, 8 }

(iv) {3, 4, 5, 6, 7, 8, 9, 10} (v) {1, 2, 3, 4, 5, 6, 7, 8 }

(vi) {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} (vii) { 3, 4, 5, 6, 7, 8, 9, 10 }

5. (i) X ∩ Y = { 1, 3 } (ii) A ∩ B = { a } (iii) { 3 } (iv) φ (v) φ

6. (i) { 7, 9, 11 } (ii) { 11, 13 } (iii) φ (iv) { 11 }

(v) φ (vi) { 7, 9, 11 } (vii) φ

(viii) { 7, 9, 11 } (ix) {7, 9, 11 } (x) { 7, 9, 11, 15 }

7. (i) B (ii) C (iii) D (iv) φ (v) { 2 } (vi) { x : x ,d fo"ke vHkkT; la[;k gS }
8. (iii)

9. (i) {3, 6, 9, 15, 18, 21} (ii) {3, 9, 15, 18, 21 } (iii) {3, 6, 9, 12, 18, 21}

(iv) {4, 8, 16, 20 } (v) { 2, 4, 8, 10, 14, 16 } (vi) { 5, 10, 20 }

(vii) {20 ) (viii) { 4, 8, 12, 16 } (ix) { 2, 6, 10, 14}

(x) { 5, 10, 15 } (xi) {2, 4, 6, 8, 12, 14, 16} (xii) {5, 15, 20}



10. (i) { a, c } (ii) {f, g } (iii) { b , d }

11. vifjes; la[;kvksa dk leqPp; 12. (i) F (ii) F (iii) T (iv) T

iz'ukoyh 1.5

1. (i) { 5, 6, 7, 8, 9} (ii) {1, 3, 5, 7, 9 } (iii) {7, 8, 9 }

(iv) { 5, 7, 9 } (v) { 1, 2, 3, 4 } (vi) { 1, 3, 4, 5, 6, 7, 9 }

2. (i) { d, e, f, g, h} (ii) { a, b, c, h } (iii) { b, d , f, h }

(iv) { b, c, d, e )

3. (i) { x : x ,d fo"ke izko`Qr la[;k gS}

(ii) { x : x ,d le izko`Qr la[;k gS }

(iii) { x : x ∈ N vkSj x la[;k 3 dk xq.kt ugha gS}

(iv) { x : x ,d /u HkkT; la[;k gS vkSj x = 1 ]

(v) { x : x ∈ N vkSj x ,d /u iw.kk±d gS tks 3 ls HkkT; ugha gS ;k tks 5 ls HkkT;
ugha gS}

(vi) { x : x ∈ N vkSj x ,d iw.kZ oxZ la[;k ugha gS}

(vii) { x : x ∈ N vkSj x ,d iw.kZ ?ku la[;k ugha gS}

(viii) { x : x ∈ N vkSj x = 3 } (ix) { x : x ∈ N vkSj x = 2 }

(x) { x : x ∈ N vkSj x < 7 } (xi) { x : x ∈ N vkSj x > }



6. A' lHkh leckgq f=kHkqtksa dk leqPp; gSA

7. (i) U (ii) A (iii) φ (iv) φ

iz'ukoyh 1.6

1. 2 2. 5 3. 50 4. 42

5. 30 6. 19 7. 25, 35 8. 60

vè;k; 1 ij fofo/ iz'ukoyh

1. A ⊂ B, A ⊂ C, B ⊂ C, D ⊂ A, D ⊂ B, D ⊂ C

2. (i) vlR; (ii) vlR; (iii) lR; (iv) vlR; (v) vlR;

(vi) lR;

7. vlR; 12. ge eku ldrs gSa fd] A = { 1, 2 }, B = { 1, 3 }, C = { 2 , 3 }

13. 325 14. 125 15. (i) 52 (ii) 30 16. 11

iz'ukoyh 2.1

1. x = 2 vkSj y = 1 2. A × B esa vo;oksa dh la[;k 9 gSA

3. G × H = {(7, 5), (7, 4), (7, 2), (8, 5), (8, 4), (8, 2)}

H × G = {(5, 7), (5, 8), (4, 7), (4, 8), (2, 7), (2, 8)}

4. (i) vlR;

P × Q = {(m, n) (m, m) (n, n), (n, m)}



(ii) lR;

(iii) lR;

5. A × A = {(– 1, – 1), (– 1, 1), (1, – 1), (1, 1)}

A × A × A = {(–1, –1, –1), (–1, –1, 1), (–1, 1, –1), (–1, 1, 1), (1, –1, –
1), (1, –1, 1), (1, 1, –1), (1, 1, 1)}

6. A = {a, b}, B = {x, y}

8. A × B = {(1, 3), (1, 4), (2, 3), (2, 4)}

A × B osQ 24 = 16 mileqPp; gSa

9. A = {x, y, z} vkSj B = {1,2}

10. A = {–1, 0, 1},

A × A osQ 'ks"k vo;o (–1, –1), (–1, 1), (0, –1), (0, 0), (1, –1), (1, 0), (1,
1) gSaA

iz'ukoyh 2.2

1. R = {(1, 3), (2, 6), (3, 9), (4, 12)}

R dk izkar = {1, 2, 3, 4}

R dk ifjlj = {3, 6, 9, 12}

R dk lg izkar = {1, 2, ..., 14}

2. R = {(1, 6), (2, 7), (3, 8)}



R dk izkar = {1, 2, 3}

R dk ifjlj = {6, 7, 8}

3. R = {(1, 4), (1, 6), (2, 9), (3, 4), (3, 6), (5, 4), (5, 6)}

4. (i) R = {(x, y) : y = x – 2, x = 5, 6, 7 osQ fy,}

(ii) R = {(5,3), (6,4), (7,5)}. R dk izkar = {5, 6, 7}, R dk ifjlj = {3, 4, 5}

5. (i) R = {(1, 1), (1,2), (1, 3), (1, 4), (1, 6), (2 4), (2, 6), (2, 2), (4, 4),
(6, 6),
(3, 3), (3, 6)}

(ii) R dk izkar = {1, 2, 3, 4, 6}

(iii) R dk ifjlj = {1, 2, 3, 4, 6}

6. R dk izkar = {0, 1, 2, 3, 4, 5,} 7. R = {(2, 8), (3, 27), (5, 125), (7,
343)}

R dk ifjlj = {5, 6, 7, 8, 9, 10}

8. A ls B esa laca/ksa dh la[;k = 26 9. R dk izkar = Z

R dk ifjlj = Z

iz'ukoyh 2.3

1. (i) gk¡] izkar = {2, 5, 8, 11, 14, 17}, ifjlj = {1}

(ii) gk¡] izkar = (2, 4, 6, 8, 10, 12, 14}, ifjlj = {1, 2, 3, 4, 5, 6, 7}

(iii) ugha



2. (i) izkar = R, ifjlj = (– ∞, 0]

(ii) iQyu dk izkar = {x : –3 ≤ x ≤ 3}

(iii) iQyu dk ifjlj = {x : 0 ≤ x ≤ 3}

3. (i) f (0) = –5 (ii) f (7) = 9 (iii) f (–3) = –11

4. (i) t (0) = 32 (ii) t (28) =  (iii) t (–10) = 14 (iv) 100

5. (i) ifjlj = (– ∞, 2) (ii) ifjlj = [2, ∞) (iii) ifjlj = R

vè;k; 2 ij fofo/ iz'ukoyh

2. 2.1 3. iQyu dk izkar] la[;kvksa 6 vkSj 2 dks NksM+dj 'ks"k okLrfod la[;kvksa dk
leqPp; gSA

4. izkar = [1, ∞), ifjlj = [0, ∞)

5. izkar = R, ifjlj = ½.ksrj okLrfod la[;k,¡a

6. ifjlj = dksbZ Hkh /u okLrfod la[;k bl izdkj fd 0 ≤ x < 1

7. (f + g) x = 3x – 2 8. a = 2, b = – 1 9. (i) ugha (ii) ugha (iii) ugha

(f – g) x = – x + 4

 

 



10. (i) gk¡, (ii) ugha 11. ugha 12. f dk ifjlj = {3, 5, 11, 13 }

iz'ukoyh 3.1

1. (i)  (ii)  (iii)  (iv) 

2. (i) 39° 22′ 30″ (ii) –229° 5′ 29″ (iii) 300° (iv) 210°

3. 12π 4. 12° 36′ 5.  6. 5 : 4

7. (i)  (ii)  (iii) 

iz'ukoyh 3.2

1. 

2. 

3. 

4. 



5. 

6.  7. 2 8.  9.  10. 1

iz'ukoyh 3.3

5. (i)  (ii) 2 – 

iz'ukoyh 3.4

1. , n ∈ Z 2. , n ∈ Z

3.  n ∈ Z 4. , n ∈ Z

5. or x = nπ, n ∈ Z 6. , n ∈ Z

7. , n ∈ Z

8. , n ∈ Z 9. ,n ∈ Z



vè;k; 3 ij fofo/ iz'ukoyh

8. , 2

9. 

10. 

iz'ukoyh 5.1

 

1. 3 2. 0 3. i 4. 14 + 28 i

5. 2 – 7 i 6.  7.  8. – 4

9.  10.  11.  12. 

13. i 14. 

iz'ukoyh 5.2



1.  2.  3. 

4.  5. 

6. 3 (cos π + i sin π) 7.  8. 

iz'ukoyh 5.3

1.  2.  3.  4. 

5.  6.  7.  8. 

9.  10. 

vè;k; 5 ij fofo/ iz'ukoyh

1. 2 – 2 i 3. 



5. (i) , (ii) 

6.  7.  8.  9. 

10.  12.  13.  14. x = 3, y = – 3 15. 2
17. 1 18. 0 20. 4

iz'ukoyh 6.1

1. (i) {1, 2, 3, 4} (ii) {... – 3, – 2, –1, 0, 1,2,3,4,}

2. (i) dksbZ gy ugha gSA (ii) {... – 4, – 3}

3. (i) {... – 2, – 1, 0, 1} (ii) (–∞, 2)

4. (i) {–1, 0, 1, 2, 3, ...} (ii) (–2, ∞)

5. (–4, ∞) 6. (– ∞, –3) 7. (–∞, –3] 8. (–∞, 4]

9. (– ∞, 6) 10. (–∞, –6) 11. (–∞, 2] 12. (– ∞, 120]

13. (4, ∞) 14. (–∞, 2] 15. (4, ∞) 16. (–∞, 2]

17. x < 3,  18. x ≥ –1, 



19. x > – 1,  20. x ≥ , 

21. 35 ls vf/d ;k mlosQ cjkcj 22. 82 ls cM+h ;k mlosQ cjkcj

23. (5,7), (7,9) 24. (6,8), (8,10), (10,12)

25. 9 cm 26. 8 ls cM+h ;k mlosQ cjkcj fdarq 22 ls de ;k mlosQ cjkcj

iz'ukoyh 6.2

1.

 2.



 3.

 4.

 



5. 

6.

 

 



7.  

8.  

 



9.  

10. 

 

iz'ukoyh 6.3

 



1.

2.   



3.  

4.  

 

 



5. 

6.  

 



7.  

8. 

 



9. 

 10.  



11. 

12.  

 



13. 

14. 

 



 

15. 

vè;k; 6 ij fofo/ iz'ukoyh

1. [2, 3] 2. (0, 1] 3. 

4. (– 23, 2] 5.  6. 

7. (–5, 5) 



8. (–1, 7) 

9. (5, ∞) 

10. [– 7, 11]

 

11. 20°C rFkk 25°C osQ chp

12. 320 yhVj ls vf/d ijarq 1280 yhVj ls deA

13. 562.5 yhVj ls vf/d fdarq 900yhVj ls deA

14. 9.6  MA 16.8

iz'ukoyh 7.1

1. (i) 125, (ii) 60. 2. 108 3. 5040 4. 336

5. 8 6. 20

iz'ukoyh 7.2

 

1. (i) 40320, (ii) 18 2. 30, No 3. 28 4. 64

5. (i) 30, (ii) 15120



iz'ukoyh 7.3

1. 504 2. 4536 3. 60 4. 120, 48

5. 56 6. 9 7. (i) 3, (ii) 4 8. 40320

9. (i) 360, (ii) 720, (iii) 240 10. 33810

11. (i) 1814400, (ii) 2419200, (iii) 25401600

iz'ukoyh 7.4

1. 45 2. (i) 5, (ii) 6 3. 210 4. 40

5. 2000 6. 778320 7. 3960 8. 200

9. 35

vè;k; 7 ij fofo/ iz'ukoyh

1. 3600 2. 1440 3. (i) 504, (ii) 588, (iii) 1632

4. 907200 5. 120 6. 50400 7. 420

8. 4C1×48C4 9. 2880 10. 22C7+22C10 11. 151200

iz'ukoyh 8.1

1. 1–10x + 40x2 – 80x3 + 80x4 – 32x5

2. 



3. 64 x6 –576 x5 + 2160 x4 – 4320 x3 + 4860 x2 – 2916 x + 729

4. 

5. 

6. 884736 7. 11040808032 8. 104060401

9. 9509900499 10. (1.1)10000 > 1000 11. 8(a3b + ab3); 

12. 2(x6 + 15x4 + 15x2 + 1), 198

iz'ukoyh 8.2

1. 1512 2. – 101376 3. 

4.  5. – 1760 x9y3 6. 18564

7.  8. 61236 x5y5 10. n = 7; r = 3

12. m = 4

vè;k; 8 ij fofo/ iz'ukoyh



1. a = 3; b = 5; n = 6 2. a =  3. 171

5. 396  6. 2a8 + 12a6 – 10a4 – 4a2 + 2

7. 0.9510 8. n = 10

9. 

10. 27x6 – 54ax5 + 117a2x4 – 116a3x3 + 117a4x2 – 54a5x + 27a6

iz'ukoyh 9.1

1. 3, 8, 15, 24, 35 2.  3. 2, 4, 8, 16 and 32

4.  5. 25, –125, 625, –3125, 15625

6.  7. 65, 93 8. 

9. 729 10. 

11. 3, 11, 35, 107, 323; 3 + 11 + 35 + 107 + 323 + ...



12. 

13. 2, 2, 1, 0, –1; 2 + 2 + 1 + 0 + (–1) + ... 14. 

iz'ukoyh 9.2

1. 1002001 2. 98450 4. 5 or 20 6. 4

7.  8. 2q 9.  10. 0

13. 27 14. 11, 14, 17, 20 vkSj 23 15. 1

16. 14 17. Rs 245 18. 9

iz'ukoyh 9.3

1.  2. 3072 4. – 2187

5. (a) 13th , (b) 12th, (c) 9th 6. ± 1 7. 

8.  9.  10. 



11.  12. 

13. 4 14.  15. 2059

16.  18. 
19. 496 20. rR 21. 3, –6, 12, –24 26. 9 vkSj 27

27.  30. 120, 480, 30 (2n) 31. Rs 500 (1.1)10 32. x2 –16x +
25 = 0

iz'ukoyh 9.4

1.  2. 

3.  4.  5. 2840

6. 3n (n + 1) (n + 3) 7. 

8. 



9.  10. 

vè;k; 9 ij fofo/ iz'ukoyh

2. 5, 8, 11 4. 8729 5. 3050 6. 1210

7. 4 8. 160; 6 9. ± 3 10. 8, 16, 32

11. 4 12. 11

21. (i)  , (ii)  22. 1680

23.  25. 

27. Rs 16680 28. Rs 39100 29. Rs 43690 30. Rs 17000; 20,000

31. Rs 5120 32. 25 fnu

iz'ukoyh 10.1

1. oxZ bdkbZ

2. (0, a), (0, – a) vkSj ;k (0, a), (0, – a), vkSj 



3. (i) (ii)  4.  5. 

7.  8. x = 1 10. 135°

11. 1 vkSj 2, ;k  vkSj 1, ;k – 1 vkSj –2, ;k  vkSj – 1 14. ,
104.5 djksM+

iz'ukoyh 10.2

1. y = 0 vkSj x = 0 2. x – 2y + 10 = 0 3. y = mx

4.  5. 2x + y + 6 = 0

6.  7. 5x + 3y + 2 = 0

8.  9. 3x – 4y + 8 = 0 10. 5x – y + 20 = 0

11. (1 + n)x + 3(1 + n)y = n +11 12. x + y = 5

13. x + 2y – 6 = 0, 2x + y – 6 = 0

14.  15. 2x – 9y + 85 = 0

16.  17. 1340 yhVj 19. 2kx + hy =



3kh.

iz'ukoyh 10.3

1. (i)  (ii)  (iii) y = 0x + 0,
0, 0

2. (i)  (ii) 

(iii)  y-v{k ij vUr%[k.M =  vkSj x-v{k ij dksbZ vUr%[k.M ughaA

3. (i) x cos 120° + y sin 120° = 4, 4, 120° (ii) x cos 90° + y sin 90°
= 2, 2, 90°;

(iii) x cos 315° + y sin 315° = , , 315° 4. 5 bdkbZ

5. (– 2, 0) vkSj (8, 0) 6. (i) 

7. 3x – 4y + 18 = 0 8. y + 7x = 21 9. 30° vkSj 150°

10. 



12. 

13. 2x + y = 5 14.  15. 

17. y – x = 1, 

vè;k; 10 ij fofo/ iz'ukoyh

1. (a) 3, (b) ± 2, (c) 6 ;k 1 2. 

3.  4. 

5.  6.  7. 2x – 3y + 18 = 0

8. k2 oxZ bdkbZ 9. 5 11. 3x – y = 7, x + 3y = 9 12. 13x + 13y = 6

14. 1 : 2 15. 

16. js[kk x - v{k osQ lekUrj gS ;k y - v{k ij yEc gSA



17. x = 1, y = 1. 18. (–1, – 4). 19. 

21. 18x + 12y + 11 = 0 22.  24. 119x + 102y = 125

iz'ukoyh 11.1

1. x2 + y2 – 4y = 0 2. x2 + y2 + 4x – 6y –3 = 0

3. 36x2 + 36y2 – 36x – 18y + 11 = 0 4. x2 + y2 – 2x – 2y = 0

5. x2 + y2 + 2ax + 2by + 2b2 = 0 6. c(–5, 3), r = 6

7. c(2, 4), r =  8. c(4, – 5), r =  9. c ( , 0) ; r = 

10. x2 + y2 – 6x – 8y + 15 = 0 11. x2 + y2 – 7x + 5y – 14 = 0

12. x2 + y2 + 4x – 21 = 0 & x2 + y2 – 12x + 11 = 0

13. x2 + y2 – ax – by = 0 14. x2 + y2 – 4x – 4y = 5

15. o`Ùk osQ Hkhrj_ D;ksafd fcUnq dh o`Ùk osQ osQUnz ls nwjh o`Ùk dh f=kT;k ls de gSA

iz'ukoyh 11.2

1. F (3, 0), v{k - x - v{k] fu;rk x = – 3, ukfHkyac thok dh yackbZ = 12



2. F (0, ), v{k - y - v{k, fu;rk y = – , ukfHkyac thok dh yackbZ = 6

3. F (–2, 0), v{k - x - v{k, fu;rk x = 2, ukfHkyac thok dh yackbZ = 8

4. F (0, –4), v{k - y - v{k, fu;rk y = 4, ukfHkyac thok dh yackbZ = 16

5. F ( , 0) v{k - x - v{k, fu;rk x = – , ukfHkyac thok dh yackbZ =
10

6. F (0, ) , v{k - y - v{k, fu;rk y = , ukfHkyac thok dh yackbZ = 9

7. y2 = 24x 8. x2 = – 12y 9. y2 = 12x

10. y2 = –8x 11. 2y2 = 9x 12. 2x2 = 25y

iz'ukoyh 11.3

1. F (± ,0); V (± 6, 0); nh?kZ v{k = 12; y?kq v{k = 8 , e = ,

ukfHkyac thok = 

2. F (0, ± ); V (0, ± 5); nh?kZ v{k = 10 y?kq v{k = 4 , e = ;



ukfHkyac thok = 

3. F (± , 0); V (± 4, 0); nh?kZ v{k = 8; y?kq v{k = 6 , e =  ;

ukfHkyac thok = 

4. F (0, ± ); V (0,± 10); nh?kZ v{k = 20; y?kq v{k = 10 , e =  ;
ukfHkyac thok = 5

5. F (± ,0); V (± 7, 0); nh?kZ v{k =14 ; y?kq v{k = 12 , e = ;

ukfHkyac thok = 

6. F (0, ± ); V (0,± 20); nh?kZ v{k =40 ; y?kq v{k = 20 , e =  ;
ukfHkyac thok = 10

7. F (0, ± 4 ); V (0,± 6); nh?kZ v{k =12 ; y?kq v{k = 4 , e = ;

ukfHkyac thok =



8. ; V (0,± 4); nh?kZ v{k = 8 ; y?kq v{k = 2 , e = ;

ukfHkyac thok =

9. F (± ,0); V (± 3, 0); nh?kZ v{k = 6 ; y?kq v{k = 4 , e = ;

ukfHkyac thok =

10.  11.  12. 

13.  14.  15. 

16.  17.  18. 

19.  20. x2 + 4y2 = 52 ;k 

iz'ukoyh 11.4

1. ukfHk (± 5, 0), 'kh"kZ (± 4, 0); e = ; ukfHkyac thok = 



2. ukfHk (0 ± 6), 'kh"kZ (0, ± 3); e = 2; ukfHkyac thok = 18

3. ukfHk (0, ± ), 'kh"kZ (0, ± 2); e = ; ukfHkyac thok 

4. ukfHk (± 10, 0), 'kh"kZ (± 6, 0); e = ; ukfHkyac thok 

5. ukfHk (0,± ), 'kh"kZ (0,± ); e = ; ukfHkyac thok 

6. ukfHk (0, ± ), 'kh"kZ (0, ± 4); e = ; ukfHkyac thok 

7.  8.  9. 

10.  11.  12. 

13.  14.  15. 

vè;k; 11 ij fofo/ iz'ukoyh

1. ukfHk fn, gq, O;kl osQ eè; fcUnq ij gSA

2. 2.23 m (yxHkx) 3. 9.11 m (yxHkx) 4. 1.56m (yxHkx)



5.  6. 18 oxZ bdkbZ 7. 

8. 

iz'ukoyh 12.1

1. y rFkk z - funsZ'kkad 'kwU; gSA 2. y - funsZ'kkad 'kwU; gSA

3. I, IV, VIII, V, VI, II, III, VII

4. (i) XY - lery (ii) (x, y, 0) (iii) vkB {ks=kA

iz'ukoyh 12.2

1. 

4. x – 2z = 0 5. 9x2 + 25y2 + 25z2 – 225 = 0

iz'ukoyh 12.3

1.  2. 1 : 2

3. 2 : 3 5. (6, – 4, – 2), (8, – 10, 2)

vè;k; 12 ij fofo/ iz'ukoyh



1. (1, – 2, 8) 2.  3. a = – 2, b = , c = 2 4. (0, 2, 0)
vkSj (0, – 6, 0)

5. (4, – 2, 6) 6. 

iz'ukoyh 13.1

1. 6 2.  3. π 4. 

5.  6. 5 7.  8. 

9. b 10. 2 11. 1 12. 

13.  14.  15.  16. 

17. 4 18.  19. 0 20. 1

21. 0 22. 2 23. 3, 6

24. x = 1 ij lhek dk vfLrRo ugha gSA

25. x = 0 ij lhek dk vfLrRo ugha gSA 26. x = 0 ij lhek dk vfLrRo ugha gSA



27. 0 28. a = 0, b = 4

29.  f (x) = 0 vkSj  f (x) = (a – a1) (a – a2) ... (a – ax)

30. lHkh a, a ≠ 0 osQ fy,  f (x) dk vfLrRo gSA 31. 2

32.  f (x) osQ vfLrRo gsrq m = n vfuok;Z :i ls gksuk pkfg,_ m rFkk n osQ

fdlh Hkh iw.kk±d eku osQ fy,  f (x) dk vfLrRo gSA

iz'ukoyh 13.2

 

1. 20 2. 99 3. 1

4. (i) 3x2 (ii) 2x – 3 (iii)  (iv) 

6. 

7. (i)  (ii)  (iii) 

8. 



9. (i) 2 (ii) 20x3 – 15x2 + 6x – 4 (iii)  (iv) 15x4 + 

(v)  (vi)  10. – sin x

11. (i) cos2 x (ii) sec x tan x

(iii) 5sec x tan x – 4sin x (iv) – cosec x cot x

(v) – 3cosec2 x – 5 cosec x cot x (vi) 5cos x+ 6sin x

(vii) 2sec2 x – 7sec x tan x

 

vè;k; 13 ij fofo/ iz'ukoyh

1. (i) – 1 (ii)  (iii) cos (x + 1) (iv)  2. 1

3.  4. 2c (ax+b) (cx + d) + a (cx + d)2

5.  6.  7. 



8.  9.  10. 

11.  12. 

13.  14. cos (x+a)

15. – cosec3 x – cosec x cot2 x 16. 

17.  18.  19. n sinn–1x cos x 20. 

 21. 

22. 

23. 

24. 



25. 

26. 

27.  28.  29. 

30. 

iz'ukoyh 14.1

1. (i) ;g okD; lnSo vlR; gS] D;ksafd fdlh ekg esa vf/dre 31 fnu gksrs gSaA
vr,o ;g ,d dFku gSA

(ii) ;g ,d dFku ugha gS] D;ksafd oqQN yksxksa osQ fy, xf.kr ljy gks ldrh gS vkSj
oqQN vU; yksxksa osQ fy, ;g dfBu gks ldrh gSA

(iii) ;g okD; lnSo lR; gS D;ksafd] ;ksxiQy 12 gS vkSj ;g 10 ls vf/d gSA vr%
;g ,d dFku gSA

(iv) ;g okD; dHkh lR; gksrk gS vkSj dHkh lR; ugha gksrk gSA mnkgj.k osQ fy, 2 dk
oxZ ,d le la[;k gS vksj 3 dk oxZ ,d fo"ke la[;k gSA blfy, ;g ,d
dFku ugha gSA

(v) ;g okD; dHkh lR; gksrk gS vkSj dHkh vlR; gksrk gSA mnkgj.kkZFk] oxZ vkSj



leprqHkZqt Hkqtk,¡ leku yackbZ dh gksrh gS tcfd vk;r vkSj leyEc dh Hkqtk,¡
vleku yackbZ dh gksrh gSA blfy,] ;g dFku ugha gSA

(vi) ;g ,d vkns'k gs vkSj blfy, ;g ,d dFku ugha gSA

(vii) ;g okD; vlR; gS] D;ksafd xq.kuiQy (–8) gSA vr% ;g ,d dFku gSA

(viii) ;g okD; lnSo lR; gksrk gS vksj blfy, ;g ,d dFku gSA

(ix) izLrqr lanHkZ ls ;g Li"V ugha gS fd fdl fnu dk mYys[k fd;k x;k gS vkSj
blfy, ;g ,d dFku ugha gSA

(x) ;g ,d lR; dFku gS] D;ksafd lHkh okLrfod la[;kvksa dks a + i × 0 osQ :i esa
fy[kk tk ldrk gSA

2. rhu mnkgj.k bl izdkj gks ldrs gSa%

(i) bl dejs esa mifLFkr izR;sd O;fDr fuMj gSA ;g ,d dFku ugha gS] D;ksafd lanZHk ls
Li"V ugha gs fd ;gk¡ ij fdl dejs osQ ckjs esa dgk tk jgk gS vkSj fuMj 'kCn
Hkh Li"V :i ls ifjHkkf"kr ugha gSA

(ii) og vfHk;kfU=kdh dh Nk=kk gSA ;g Hkh ,d dFku ugha gS D;ksafd ;g Li"V ugha gS
fd ^og* dkSu gSA

(iii) “cos2θ dk eku lnSo 1/2”. ls vf/d gksrk gsA tc rd gesa ;g Kkr u gks fd
θ D;k gS ge ;g ugha dg ldrs fd okD; lR; gS ;k ughaA

iz'ukoyh 14.2

1. (i) pSUubZ rkfeyukMw dh jkt/kuh ugha gSA

(ii) ,d lfEeJ la[;k gSA



(iii) lHkh f=kHkqt leckgq f=kHkqt gSaA

(iv) la[;k 2 la[;k 7 ls cM+h ugha gSA

(v) izR;sd izko`Qr la[;k ,d iw.kk±d ugha gSA

2. (i) dFku ¶la[;k x ,d ifjes; la[;k gSA¸ igys dFku dk fu"ks/u gS tks nwljs
dFku osQ lerqY; gSA ;g bl dkj.k ls fd tc dksbZ la[;k vifjes; ugha gS rks
og ifjes; gSA vr% fn, gq, dFku ,d nwljs osQ fu"ks/u gSaA

(ii) dFku ¶x ,d vifjes; la[;k gSA¸ igys dFku dk fu"ks/u gS] tks nwljs dFku osQ
leku gsA blfy, nksuksa dFku ,d nwljs osQ fu"ks/u gSA

3. (i) la[;k 3 vHkkT; gS_ la[;k 3 fo"ke gS (lR;)A

(ii) lHkh iw.kk±d /u gS_ lHkh iw.kk±d ½.k gS (vlR;)

(iii) la[;k 100 la[;k 3 ls HkkT; gS] la[;k 100 la[;k 11 ls HkkT; gS rFkk la[;k
100 la[;k 5 ls HkkT; gS (vlR;)A

iz'ukoyh 14.3

1. (i) ^vkSj*A ?kVd dFku %

lHkh ifjes; la[;k,¡a okLrfod la[;k,¡¡ gksrh gSA

lHkh okLrfod la[;k,¡a lfEeJ la[;k,¡a ugha gksrh gSA

(ii) ^;k*A ?kVd dFku %

fdlh iw.kk±d dk oxZ /u gksrk gSA

fdlh iw.kk±d dk oxZ ½.k gksrk gSA



(iii) ^vkSj*A ?kVd dFku %

jsr /wi esa 'kh?kz xje gks tkrh gSA

jsr jkf=k esa 'kh?kz BaMh ugha gksrh gSA

(iv) ^vkSj*A ?kVd dFku %

x = 2 lehdj.k 3x2 – x – 10 = 0 dk ewy gSA

x = 3 lehdj.k 3x2 – x – 10 = 0 dk ewy gSA

2. (i) “,d ,sls dk vfLrRo gS”A fu"ks/u

,d ,slh la[;k dk vfLrRo ugha gS tks vius oxZ osQ cjkcj gSA

(ii) “izR;sd osQ fy,”A fu"ks/u

,d ,slh okLrfod la[;k x dk vfLrRo gS rkfd x, x + 1 ls de ugha gSA

(iii) “,d ,sls dk vfLrRo gS”A fu"ks/u

Hkkjr esa ,d ,sls jkT; dk vfLrRo gS ftldh jkt/kuh ugha gSA

3. fu"ks/u ugha gSA (i) esa fn, gq, dFku dk fu"ks/u% x vkSj y okLrfod la[;kvksa osQ
vfLrRo bl izdkj gS] fd x + y ≠ y + x”, tks (ii) esa fn, dFku ls fHkUu gSA

4. (i) vioftZr

(ii) vUrfoZ"V

(iii) vioftZr

iz'ukoyh 14.4



1. (i) ,d izko`Qr la[;k fo"ke gS dk rkRi;Z gS fd mldk oxZ Hkh fo"ke gSA

(ii) dksbZ izko`Qr la[;k fo"ke gS osQoy ;fn mldk oxZ fo"ke gSA

(iii) fdlh izko`Qr la[;k osQ fo"ke gksus osQ fy, ;g vfuok;Z gS fd mldk oxZ fo"ke
gSA

(iv) fdlh izko`Qr la[;k osQ oxZ osQ fo"ke gksus osQ fy, ;g i;kZIr gS fd la[;k fo"ke
gSA

(v) ;fn fdlh izko`Qr la[;k oQk oxZ fo"ke ugha gS] rks og izko`Qr la[;k fo"ke
ugha gSA

2. (i) izfr/ukRed%

;fn ,d la[;k x fo"ke ugha gS] rks x ,d vHkkT; la[;k ugha gSA

foykse%

;fn ,d la[;k x fo"ke gS] rks x ,d vHkkT; la[;k gSA

(ii) izfr/ukRed%

;fn nks js[kk,¡ ,d nwljs dks ,d ry esa dkVrh gS_ rks js[kk,¡ lekUrj ugha gSaA

foykse%

;fn nks js[kk,¡ ,d nwljs dks ,d lery esa ugha dkVrh gS_ rks js[kk,¡ lekUrj gSaA

(iii) izfr/ukRed%

;fn dksbZ oLrq de rkiØe ij ugha gS] rks og oLrq BaMh ugha gSA

foykse%



;fn dksbZ oLrq de rkiØe ij gS] rks og oLrq BaMh gSA

(iv) izfr/ukRed%

;fn vkidks Kkr gS fd fuxeukRed foospu fdl izdkj fd;k tkrk gS] rks vki T;kfefr
fo"k; dks vkRelkr~ dj ldrs gSA

foykse%

;fn vkidks Kkr ugha gS fd fuxeukRed foospu fdl izdkj fd;k tkrk gS] rks vki
T;kfefr fo"k; dks vkRelkr~ ugha dj ldrs gSaA

(v) bl dFku dks bl izdkj fy[k ldrs gSa% “;fn x ,dle la[;k gs] rks x la[;k 4
ls HkkT; gSA”.

izfr/ukRed, ;fn x la[;k 4, ls HkkT; ugha gS] rks x ,d le la[;k ugha gSA

foykse% ;fn x la[;k 4 ls HkkT; gS] rks x ,d le la[;k gSA

3. (i) ;fn vkidks ukSdjh fey xbZ gS] rks vkidh fo'oluh;rk vPNh gS

(ii) ;fn osQys dk isM+ ,d ekg rd xje cuk jgrk gS rks osQys osQ isM+ esa iwQy yxsxsaA

(iii) ;fn fdlh prqHkqZt osQ fod.kZ ,d nwljs dks lef}Hkkftr djrs gSa] rks og ,d
lekUrj prqHkqZt gSA

(iv) ;fn vki d{kk esa A+ xzsM ikrs gS] rks vki iqLrd osQ lHkh iz'u ljy dj ysrs gSaA

4. a (i) izfr/ukRed

(ii) foykse

b (i) izfr/ukRed



(ii) foykse

iz'ukoyh 14.5

5. (i) vlR;A ifjHkk"kk ls thok o`Ùk dks nks fHkUu fHkUu fcUnqvksa ij dkVrh gSA

(ii) vlR;A bls ,d izR;qnkgj.k }kjk fl¼ fd;k tk ldrk gSA ,d ,slh thok tks O;kl
ugha gS ,d izR;qnkgj.k gSA

(iii) lR;A ;fn nh?kZo`Ùk osQ lehdj.k esa a = b, j[kk tk, rks og o`Ùk dk lehdj.k gks
tkrk gS (izR;{k fof/)A

(iv) lR;A vlfedk osQ fu;e }kjkA

(v) vlR;A D;ksafd 11 ,d vHkkT; la[;k gS] blfy,  vifjes; gSA

vè;k; 14 ij fofo/ iz'ukoyh

1. (i) ,d ,slh /ukRed okLrfod la[;k x dk vfLrRo gS fd x–1 /ukRed ugha gSA

(ii) ,d ,slh fcYyh dk vfLrRo gS tks [kjksprh ugha gSA

(iii) ,d ,slh okLrfod la[;k x dk vfLrRo gS fd u rks x > 1 vkSj u x < 1.

(iv) fdlh ,slh okLrfod la[;k x dk vfLrRo ugha gS fd 0 < x < 1.

2. (i) dFku bl izdkj Hkh fy[kk tk ldrk gS “;fn ,d /u iw.kk±d vHkkT; gS] rks 1
rFkk Lo;a osQ vfrfjDr bldk dksbZ vU; HkkT; ugha gSA¸

izfr/ukRed

;fn ,d /u iw.kk±d osQ 1 rFkk Lo;a osQ vfrfjDr vU; Hkktd Hkh gSa] rks og iw.kk±d
vHkkT; la[;k ugha gSA



(ii) iznÙk dFku bl izdkj Hkh fy[kk tk ldrk gS % ;fn fnu esa /wi gS rks eSa leqnz rV
ij tkrk g¡wA

foykse%

;fn eSa leqnz rV ij ugha tkrk gWw] rks fnu esa /wi gSA

izfr/ukRed

;fn eSa leqnz rV ij ugha tkrk gWw] rks fnu esa /wi ugha gSA

(iii) foykse%

;fn vkidks I;kl yxh gS] rks ckgj xje gSA

izfr/ukRed

;fn vkidks I;kl ugha yxrh gS] rks ckgj xjeh ugha gSA

3. (i) ;fn loZj ij ykx vku gS] rks ikloMZ Kkr gSA

(ii) ;fn o"kkZ gksrh gS] rks ;krk;kr esa vojks/ mRiUu gksrk gSA

(iii) ;fn vki fu/kZfjr 'kqYd dk Hkqxrku djrs gSa] rks vki osclkbV esa izos'k dj ldrs
gSaA

4. (i) vki Vsyhfotu ns[krs gSa ;fn vkSj osQoy ;fn vkidk eu eqDr gSA

(ii) vki A&xzsM ikrs gSa ;fn vkSj osQoy ;fn vki leLr x`gdk;Z fu;fer :i ls djrs
gSaA

(iii) ,d prqHkqZt leku dksf.kd gS ;fn vkSj osQoy ;fn og ,d vk;r gSA

5. ¶vkSj¸ ls iz;qDr feJ dFku% 25 la[;k 5 vkSj 8 dk xq.kt gSA



;g vlR; gSA

“;k” ls iz;qDr feJ dFku % 25 la[;k 5 ;k 8 dk xq.kt gSA

;g lR; gSA

7. iz'ukoyh 14-4 dk iz'u la[;k 1 nsf[k,

iz'ukoyh 15.1

1. 3 2. 8.4 3. 2.33 4. 7

5. 6.32 6. 16 7. 3.23 8. 5.1

9. 157.92 10. 11.28 11. 10.34 12. 7.35

iz'ukoyh 15.2

1. 9, 9.25 2.  3. 16.5, 74.25 4. 19, 43.4

5. 100, 29.09 6. 64, 1.69 7. 107, 2276 8. 27, 132

9. 93, 105.52, 10.27 10. 5.55, 43.5

iz'ukoyh 15.3

1. B 2. Y 3. (i) B, (ii) B

4. A 5. Hkkj

vè;k; 15 ij fofo/ iz'ukoyh



1. 4, 8 2. 6, 8 3. 24, 12

5. (i) 10.1, 1.99 (ii) 10.2, 1.98

6. vf/dre jlk;u 'kkL=k rFkk U;wure xf.kr 7. 20, 3.036

iz'ukoyh 16.1

1. {HHH, HHT, HTH, THH, TTH, HTT, THT, TTT}

2. {(x, y) : x, y = 1,2,3,4,5,6}

;k {(1,1), (1,2), (1,3), ..., (1,6), (2,1), (2,2), ..., (2,6), ..., (6, 1), (6, 2), ...,
(6,6)}

3. {HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, HTTH, THHT,
THTH, TTHH, HTTT, THTT, TTHT, TTTH, TTTT}

4. {H1, H2, H3, H4, H5, H6, T1, T2, T3, T4, T5, T6}

5. {H1, H2, H3, H4, H5, H6, T}

6. {XB1, XB2, XG1, XG2, YB3, YG3, YG4, YG5}

7. {R1, R2, R3, R4, R5, R6, W1, W2, W3, W4, W5, W6, B1, B2, B3,
B4, B5, B6}

8. (i) {BB, BG, GB, GG} (ii) {0, 1, 2}

9. {RW, WR, WW}

10. [HH, HT, T1, T2, T3, T4, T5, T6}

11. {DDD, DDN, DND, NDD, DNN, NDN, NND, NNN}



12. {T, H1, H3, H5, H21, H22, H23, H24, H25, H26, H41, H42, H43,
H44, H45, H46, H61, H62, H63, H64, H65, H66}

13. {(1,2), (1,3), (1,4), (2,1), (2,3), (2,4), (3,1), (3,2), (3,4), (4,1), (4,2),
(4,3)}

14. {1HH, 1HT, 1TH, 1TT, 2H, 2T, 3HH, 3HT, 3TH, 3TT, 4H, 4T,
5HH, 5HT, 5TH, 5TT, 6H, 6T}

15. {TR1, TR2, TB1, TB2, TB3, H1, H2, H3, H4, H5, H6}

16. {6, (1,6), (2,6), (3,6), (4,6), (5,6), (1,1,6), (1,2,6), ..., (1,5,6),
(2,1,6). (2,2,6), ..., (2,5,6), ..., (5,1,6), (5,2,6), ... }

iz'ukoyh 16.2

1. No.

2. (i) {1, 2, 3, 4, 5, 6} (ii) φ (iii) {3, 6} (iv) {1, 2, 3} (v) {6}

(vi) {3, 4, 5, 6}, A∪B = {1, 2, 3, 4, 5, 6}, A∩B = φ, B∪C = {3, 6}, E∩F
= {6}, D∩E = φ,

A – C = {1, 2,4,5}, D – E = {1,2,3}, E∩  = φ,  = {1, 2}

3. A = {(3,6), (4,5), (5, 4), (6,3), (4,6), (5,5), (6,4), (5,6), (6,5), (6,6)}

B = {(1,2), (2,2), (3, 2), (4,2), (5,2), (6,2), (2,1), (2,3), (2,4), (2,5), (2,6)}

C ={(3,6), (6,3), (5, 4), (4,5), (6,6)}

A vkSj B, B vkSj C ijLij viothZ gSa

4. (i) A vkSj B; A vkSj C; B vkSj C; C vkSj D (ii) A vkSj C (iii) B vkSj D



5. (i) “U;wure nks iV~ izkIr gksuk”, vkSj “U;wure nks fpr~ izkIr gksuk”

(ii) “dksbZ iV~ izkIr u gksuk”, “rF;r% ,d iV~ izkIr gksuk” vkSj “U;wure nks iV~ izkIr
gksuk”

(iii) “vf/dre nks fpÙk izkIr gksuk”, vkSj “rF;r% nks fpÙk izkIr gksuk”

(iv) “rF;r% ,d iV~ izkIr gksuk” vkSj “rF;r% nks iV~ izkIr gksuk”

(v) “rF;r% ,d fpÙk izkIr gksuk” vkSj “rF;r% nks fpÙk izkIr gksuk”vkSj “rF;r% rhu
fpÙk izkIr gksuk”

AfVIi.kh mijksDr iz'u osQ mÙkj esa vU; ?kVuk,¡ Hkh gks ldrh gSa

6. A = {(2, 1), (2,2), (2,3), (2,4), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4),
(4,5), (4,6), (6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}

B = {(1, 1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5),
(3,6), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6)}

C = {(1, 1), (1,2), (1,3), (1,4), (2,1), (2,2), (2,3), (3,1), (3,2), (4,1)}

(i) A′ = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4),
(3,5), (3,6), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6)} = B

(ii) B′ = {(2,1), (2,2), (2,3), (2,4), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4),
(4,5), (4,6), (6,1), (6,2), (6,3), (6,4), (6,5), (6,6)} = A

(iii) A∪B = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3),
(3,4), (3,5), (3,6), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (2,1),
(2,2), (2,3), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)} = S

(iv) A ∩ B = φ



(v) A – C = {(2,4), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1),
(6,2), (6,3), (6,4), (6,5), (6,6)}

(vi) B ∪ C = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3),
(3,1), (3,2), (3,3), (3,4), (3,5), (3,6), (4,1), (5,1), (5,2), (5,3),
(5,4), (5,5), (5,6)}

(vii) B ∩ C = {(1,1), (1,2), (1,3), (1,4), (3,1), (3,2)}

(viii) A ∩ B′ ∩ C′ = {(2,4), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6),
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}

7. (i) lR;, (ii) lR;, (iii) lR;, (iv) vlR;, (v) vlR;, (vi) vlR;

iz'ukoyh 16.3

1. (a) gk¡ (b) gk¡ (c) ugha (d) ugha (e) ugha 2. 

3. (i)  (ii)  (iii)  (iv) 0 (v)  4. (a) 52 (b)  (c) 

5.  6. 

7. 4.00 : ykHk, 1.50 : ykHk, 1.00 : gkfu, 3.50 : gkfu, 6.00 : gkfu

P (4.00 : thruk) , P(1.50 : thruk) , P (1.00 : gkjuk) 



P (3.50 : gkjuk) , P (6.00 : gkfu) .

8. (i) , (ii) , (iii) , (iv) , (v) , (vi) , (vii) , (viii) , (ix) 

9.  10.  11. 

 

12. (i) ugha] D;ksafd P(A∩B), P(A) vkSj P(B), ls NksVk ;k mlosQ cjkcj gksuk
pkfg, (ii) gk¡

13.  14. 

15.  16. No 17. (i) 0.58, (ii) 0.52, (iii) 0.74,

18. 0.6 19. 0.55 20. 0.65

21. 

vè;k; 16 ij fofo/ iz'ukoyh

1. (i)  (ii)  2. 



3.  4.  

5.  6. 

7. (i) 0.88 (ii) 0.12 (iii) 0.19 (iv) 0.34 8. 

9.  10. 

—v—


