Exercise 16.8

Chapter 16 Vector Calculus Exercise 16.8

Since the base of both the hemisphere H and the parabolic P is the circle y? +_1.-3 =4, then

f F.di = J' F.ds
fap=d eyt =4

X

By Stoke’s theorem

I Fadri= J{:ur.’ Fds
r ] M

And I Fdi= I(‘m‘l Fs

Sapt=4 P

And hence Hc'm'f Fds = ﬂ(:m‘n' Fds
L] 4

Where r (f) 15 the vector function for O, the curve around the base of the hemizphere (and
therefore the curve around the boundary of the surface 5. Since the hemisphere has

radiug 3 and circular base in the xy-plane, we can write a vector function for the circle of
radiug 3 around itz base as

rifi=3costi+3an)+0k

The curve traverses exactly one entire circle, so the limits in £ should be 0 and $2ipi§.
We can now plug (20 and (4) inte (1) to get

” cud F-dS = ICF(r 0 '(de
p)

2x
il

=j [(6smz)i+0j+(3cosz)e3m’k]-[(—3smz)i+(3cosz)j+ok]dz

To simplify enough to integrate, find the dot product in the inte grand by multiplying
component-wise and adding the sums:

[[curiFas = [ (-18sin* ) +0+0 Jat
&

1-cos(2f)
==

Mow replace sin®: by using the trig identity sin®z =

[[ curl-as = j;’ [— 18 (%Hﬁa
k]

= 9] (1~ cos(2e) it

o

__9(5_ sin(zz)J
B 2

2x
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Chapter 16 Vector Calculus Exercise 16.8 3E
Consider the vector field,

F(x,y,z] =2’y i+ 2 jryz k
Claim: Use Stokes’ Theorem to evaluate ﬂ‘curl F«ds

Here, Sis part of the paraboloid z = x* + y*that lies inside the cylinder x? 4+ y* = 4. oriented
upward.

Recall the Stokes Theorem:

Let § be an oriented piecewise-smooth surface that is bounded by a simple, closed
piecewise-smooth boundary curve (¢ with positive orientation. Let g be a vector field whose
components have continuous partial derivatives on an open region in g*that contains §.Then

iF-drzgcurlF-dS oz i}

The intersection of the paraboloid z = y? +J,-2 and the cylinder x? +y2 =4 is bounded by the
curve C:_{2+}J== =

Therefore, the parametric description of (IS r(r}:{Zcosr‘zsinr,-fl)
Then, r'(r) =(-2sins,2cost,0). where 0<¢ <2
Given vector field F(x,y,z)=x"y" i+)%2" j+oz k
This yields the following calculations
F(r(r)=((2cost)' (4)",(2sine)"(4)"(2c0s1)(2sinr) (4))

= (64 cos® t,64sin’ r,lﬁsinfcos.')
Use Stokes' theorem to evaluate fj-“curlF.ds

HS curlF.ds = L F.r

= [F(r(r))-r'(0yar

(64-::052 1,64sin’ 1,16sint cost)-(~2sint,2coss,0) dr

Sl ote——l o

(—I 28sintcos’ 1 +128costsin’ .f}::’!

bk
H

iz

(128cosrsin’ r)dr + [ (-128sinrcos’rje ... (1)
L

Il
o —



Consider the first integral
!IES::in2 fcos idr

Take sint=z

Differentiate both sides with respectto ¢
cosidl = dz

So that
128 sin’ £ cos rdr =128 ="z

3

= %sin3 1 (z=sinz)
Now consider the second integral
128 sin cos’ret
Take cost=z
Differentiate both sides with respectto ¢
—sintdt = d=
So that
128 sin cos” rdr = —128[ z*dz
_ 128 4

= ——

3

= -%cos’r (z=cost)

Substitute both the integrals in (1),

[Fede= j':"mlzssinrcoszn12351n=rcos: dr

=2x

= 128[1cos"r +lsin3r}
3 3

ol
-

Therefore IL curlF.ds = @

1=0
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Sketch of the cone . = ,‘},.2 4z In pgx<2
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The equation of the cone . = f},l +z? canbewrttenas x’=y? 4+ 2

The cone touch the plane y =2, so that the equation of the base of the cone is

xi=yi4+ 2t x=2

Thatis, yp*+ 22 =4

Substitute the parametric equations y =2cosv and z = 2sin v in this equation.
The vector equation for the C is

r(v) = 2i + 2cosvj + 2sinvk. 0 € v £ 27

Then, the derivative of r(v) is

r'(v) = =2sinvj + 2cosvk

Now find the value of vector function at r(v)

F(x._v.z] =tan’ {xzyzz}i+x2yj+ x¥z°k

F(r(v)) tan"(f:’.z(i:ﬂ-s.v}(sin2 v))i +2%(2cosv) j + 22 (2sinv) 'k

tan"(étct:-m«'siu2 v)i + 8cosvj + 16sin” vk
Evaluate F(r(v))-r'(v)
F(r(v))-r'(v)= [tan"{éh:u-svsin2 v}i + 8cosvj + 16sin’ vk)-[—Zsin vj + 2cosvk)

=—16sinveosv+32sin’ veosv

=—8sin2v+32sin’ veosy

By Stroke's theorem, evaluate }1 curl F ds

IL curl Fels = JF -dr
s

i

= J F(r{v]} ' (v)dv
0
E rn(~85in 2v+32sin’ veosy ]a’u
(1]

cos2v g

= j‘h—Ssin 2vdv+]325in1vcosvdu Since Isin 2vev =
o

L]

(AT - f(x)de= ™, .

n+l

B . 1 ir
_ S{cc}slv] T3 (sinv)
" 3

SB-%] 32[0] |

Thus, H_s_curles =0

Chapter 16 Vector Calculus Exercise 16.8 5E
Consider the following vector field:
F(x,y,z}:xyzi+xyj+x2yzk
Stokes Theorem states a relationship relation between a surface integral and a line integral

where S is an oriented, smooth surface with a simple, closed, smooth, positively oriented
boundary curve &

[ Fedr=[[ curl F «ds

Recall that the curl of a vector field F is



curIF=VxF=[aR—@]i+[£—a—3]j+[@_ﬁ]k
&y & & ox ax oy

Let §, be the surfaces of the cube without the bottom z = —1. and let C be the corresponding
boundary curve. The same boundary curve can be treated as the boundary of the missing
square bottom of the cube at - — —1, 52 with same outward orientation.

Apply the Stokes Theorem for both surfaces.
Hs' curl F«dS=[ F«dr :J'L!cuﬂ F+dS

Calculate the partial derivatives to find the ¢yl F -

P= zﬁ—:!rzﬁ
J},@} © &

a0 é0
=xy, —=y, —=0
g=x ax % dz
R R
R=x'yz, —=2xyz, —=x’
xy > Xz Py x'z

which yields

=Xy

curl F ={x?z —0) i+(xy-2x2) j+(y-x2) k
=<.tzz,xy—2.tyz,y—.rz)
On the surface §, with z=—1 and p=k.then
curl F » n :<—x1,ny+ Z,ty,y+,r) . (0,0,1)
=x+y

Now, calculate the surface integral over the square {(x,y,z)|-l <x=l-1=y gl}at =1

ﬁ'\ curl F » a‘S=jL:cur1 Fends
= j_ltj'_ll(x+y) dx dy
Afios] o
=[ 2y dy

-1
=1-1

-
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Consider the vector field
F(x,y,z)=ei+e"j+x'zk
Recall the Stokes Theorem:

Let § be an oriented piecewise-smooth surface that is bounded by a simple, closed
piecewise-smooth boundary curve (¢ with positive orientation. Let g be a vector field whose
components have continuous partial derivatives on an open region in  g*that contains §.Then

i]?.dr:‘gcur]F-dS ______ (1)



The surface S is half of the ellipsoid 4x? +J.-2 +4z° = 4that lies to the right of the xz -plane,
oriented in the direction of the positive y-axis.

Sketch of the surface of the ellipsoid 4x? +J=2 +4z% =4 right of the xz-plane, oriented in the
direction of the positive y-axis is

4 +37 4457 =4

The ellipsoid 4x? + y* + 4z = 4that lies to the right of the xz-plane, the equation of the xz-
plane is y = 0. The boundary C of the given surface is 4,2 £ 4:2 =401 32 422 =12,

Now substitute x =cost andz=sin¢ and y =0
The vector equation for the C is

r(t) = cosfi+sintk . 0<r<2n

Then, the derivative of r(t)is

r'(t) = —sindi + costk

Now find the value of vector function at r(.t)
F().',y,z} =e"“'i+e"'j+_tzzk
F(r(r)) =i+ " j+cos® rsinrk

= i+ "4 cos® tsinrk

Evaluate F(r{:)] r'(t)and

F(r(1))-r'(r)= (i+e[“’“'"’i""j+ cos” £sin rk]-(—-sinri +costk)

=—sint+cos’ fsin¢



Evaluate H‘ curl F s

Hs curl Fds = I F-dr

-~

F(r(f}] - r(t)dv

U’—b'{:

2z
= j (vsianos’.'sinr) dt
(]

2r
ta ) B
= L -—Sm.-‘d.'+jcos’.'smrd.'
0

o [cos.‘}'t &
= [cost]” +| -—~—=

Hence the integral

Hh_ curlFds = 0
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Consider the following vector field.

F(x,p,z)=(x+y") i+(y+2*) j+(z+x*) k
The objective is to evaluate I F » dr_Ineach case Cis oriented counterclockwise as viewed
J:

from above using Stokes' Theorem.

F(x‘y,z] =(x+y2] i+(y+zz) j+(z +xz) k

C is the triangle with vertices (1,0,0). (0,1,0). (0,0,1).

Stokes Theorem states a relationship relation between a surface integral and a line integral
where S is an oriented, smooth surface with a simple, closed, smooth, positively oriented

boundary curve C:
L_F ~dr =[] curl F - ds
Recall that the curl of a vector field is
R @ aP oR aQ  or
curl F=VxF = T——Q i+[———] i+ TQ-T K
dy oz dz ok dv  dy
If F is a continuous defined on an oriented surface 5 with unit normal vector n, then the surface

integral (flux) of F over Sis
flFeas=[[Fenas

Also, recall that a scalar line integral L_P dx+Q dv+ R dzcan be interpreted as a vector line

integral L_(P. O, R) +dr



To calculate gyrl F . we need to calculate the following partial derivatives

P=x+)’, %:2; 2 5

oz
oy Z
R=z+f,§iﬂh1§5=0
ox oy
which yields

curl F=(0-2z) i+(0-2x) j+(0-2y) k
=(=2z,-2x,-2y)

MNext, we determine the normal vector of the plane and the equation of the plane. Let
a=(0.1,0)—(1,0,0)=(-11,0)
b=(0,0,1)-(1,0,0)=(-1,0,1)

then
i j ok
axb=|-1 1 0[=(LL1I)
-1 0 1
and
ne(x-x,)=0

(LL1) » (x-1y-0,z-0)=0
x-l+y+z=0
x+y+z=1

From the equation the plane the normal vector we shall use is (l,l,l}.

From x+ y+z =1 and the given triangle vertices, the projection of surface on the xy-plane is
the triangle bounded by the line x+ y =1 and the coordinate axis in the first quadrant,

D={(x,y)|0<x<1,0<y<l-x}.
MNow we calculate the line integral using Stokes' Theorem
[Lcurl F- dS:jL(-zz,-zy,-zx) < (LL1) ds
=[] -2z-2y-2xds
=[[.-2(1-x-y)-2y-2x ds
= Hs_z ds
fl2as=Lf " 2ava
=-2[ (1-x) &

Continue to the above step.

—ZFJ[I—x}dx:—z{x—%xz}

el

x=ll

Thus, integral is J'{_F sdr=-1|
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Consider the vector field

F(x,y,z) =i+[x+yz}j+(xy—~f;}k
Recall the Stokes Theorem:

Let § be an oriented piecewise-smooth surface that is bounded by a simple, closed
piecewise-smooth boundary curve (¢ with positive orientation. Let F be a vector field whose
components have continuous partial derivatives on an open region in - g3that contains § Then

iF-der;f{:urlF-dS ______ (1)

Curve ( is boundary part of the plane 3x+2y+z =1 in the first octant

Observe the sketch of the curve

3x+2v+z=1

The vector function for the curve is
r(u,v)=wi+vj+(1-3u-2v)k

The domain of the parameter is

JO<svse

}

L
[0

From equation (1)

}‘F-dr = chrIF‘dS
= JT(:urIF-(r" xr.,]dA

Evaluate curlF

i i k
curl F = Lo i i
ey &z

I x4+ xy—J;
| 8 ¢ [ d
:1[5(_{’}? = ‘d{;]"'E(I + yz]J-](a[l}' = JE)"'—‘_(I)]
+k[%(x+_vz}—%(l))
=i(x=y)=i(y)+k(1)
=(x-yp)i-yjitk
Therefore
curlF= (x - y)i-yj+k
In parametric equation

curl F= (u —v]i -vitk



MNow, evaluate r, xr,

Frist differentiate r(u,v] with respectto

a 3, d d
2 SRl on O A T W Tl A T
r(u,v) 5u(u)l+ a“(v).'-i- 5“( 3u—2v)

O
= i+{0)j+-(—3)lr.
=i-3k
Therefore,
_ n=is3k

Differentiate r(u,v) with respectto v

%r[u,v):%[u}i+a—i[v}j+§{l—3u—2v]k
=(0)i+(1)j+(2)k
=j=2k
Therefore,
r.=j-2k
MNow find the vector r, xr,
i j k

xr,={1 0 -3
o1 -2
=i(0+3)-j(-2)+k(1)
=3i+2j+k

T,

i

Now evaluate fF'dr
:
fF‘dr =_Ucur1F‘{r~ xr,)dA
[ 5
:H((H - vji-v+ k]-{3i+2j+k]d,q
5

=gp@-ﬂ-h+qm

(3(1; —-v)-2v+ l)dua'v

D R | Ry |

(3u = 5v+ 1) dudv

& Ly [ = 2 R ] ==

\%



Continuation to above calculation

i
2 3
[3(%} - 5vu+uJ dv
L]

Therefore,

1
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Consider the vector

F[x,y,z] = yzi+2xzj+e'k
Use strokes 'theorem to evaluate IF.df . Where C is the circle x: -i-yz =16, z=95
c

Stokes’ theorem: Let § be an oriented piecewise-smooth surface that is bounded by simple,
closed, piecewise-smooth boundary curve (¢ with positive orientation.

Let Fbe a vector field whose components have continuous partial derivative on an open
region in R° that contains §.Then

}'F,;#:Licurl F. ds
[ g

Now C is the circle in xy-plane and for the surface S, whose boundary is C, the unit normal
vector is i (Since C is oriented counterclockwise, orient the surface x? +y3 <|6.Z2=2

upward. then z=k)

First find the

i i k
curl F = i i i
ax dv iz
yz 2xz e¥
o Op sy B A O s O 3] é
zu[a[e. }_E(sz)]-—j[a(g- )-é{yz}]+k[a(2xz)—a(}z]]
= i(w“ —21)—j{ye” -y]+k(22-z)
=(xe""' —2x)i—(ye'-" —y]j+ zk
Now,

chrl F.ds = chrl F.ands
& &

=; H-::);e“ =2x, y—ye", 2> .<0,0,1 >ds

=jijzds

The projection of the circle x* + y* =16, z =500 the xy-plane is the disk x* + y* <16, or
(Changing fo polar co — ordinates the region under surface S is given by

D={(r.0)|0sr<4,0<0<2x}



The above integral becomes

j!' curl F.ds = -U curl F.nds

254

= j [srarde Since ds = rdrd®

L]

o5 o

o

=5(8)(27)
=80x
Hence IF-“"' =
.
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Use Stokes' Theorem to convert to a surface integral and evaluate.

[ Fdr= LIcurlF-aS ______ ()

Use the formula shown below to calculate surface integrals:
8 _,0% },
FdS=|[|-P=-0= 4Rl ... (2)
fras--rE-o3

In the above equation F = Fi+ Qj+ Rk and the surface Sis the graph z = g(x, y) over the
region D.

Determine the curl F.

Take the cross product ¥ x F to determine the curl.

Use a determinant to calculate cross product.

The cross product of two vectors a={a,,a,,a,) and b=(h,b, b,) is:

i j k
axb=la a, a,
b b b

Since in this case F(x, y,z) =xyi+2zj+3yk. the curl of F is:

i i k
a
VxF= i i E
o gy Oz
xy 2z 3y

[ & 8 o ]
ol M e B g g e (e e
@:{3” a_,(2 ]] [ax{h] az(*y)} (3)

¢

a -
b ha(zzl —E(I}’]]k

=(3-2)i—(0-0)j+(0—-x)k
=i—xk




Substitute the value from equation (3) in the equation (1)

[ Far= [[curlFas
5

= ”(i—xk)-a"s

5

Rewrite the above surface integral according to equation (2).
In order to do so, determine a function which has a graph that gives the surface S.

The surface Sis a portion of the plane x4z =5, 50 Use z=35-y asthe eguation g(x,y) for
the surface.

Consider the partial derivatives:

22y
o

g
= _p
oy

Evaluate the above surface integral further:

jc Fedr= H(i ~xk)dS

Il_p?8_po%
-+ o
= [[ =1=1)-0(0) + x)diA
=_”(1+x}dA

D

The region D is the projection in the xy-plane of the cylinder x? +y2 =9, which “cuts out” a part
of the surface.

Since y* +y3 =9 has cross-sections that are circles centered at the origin of radius 3, use
polar coordinates for the limits, with r ranging from the origin o 3 and @ going around the
entire circle, from 0 to 27

To convert the integrand to polar coordinates, replace x using the conversion:

x=rcosf

Multiply in a factor of r to complete the conversion.

[ Fdr=[[(1+x)dd
]
= J':K I:[(l +reos @) drd

Evaluate the above integral:

ir

[ Far= J': (r ++* cos O)drd6
3 2 2 9 5

zl‘ = r_+ rCcos dg
o272 )]

ef 32 2
=j-2- 3_+3 ‘305'9_0 9
o {2 2

= %j:n (1+cos@)io

Simplify the above integral further to obtain the final value:
j Fdr = 2(6'+sir1 9)|z.
(& 2 1]
9 .
=E(2fr+sm{2x]—0]

=97

Hence, the final value of L_ Fdris [9z].
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(&)
ﬁ [x,y,z) = xzzf+xy2}+22£
“Where C 15 the curve of intersection of the plane x+ ¥ +2z =1 and the
cylinder 2° 437 =9

By Stoke’s theorem
Iﬁ.d?: -[[cun’ Fds
e E

ioF ok
Mow curl F = i i i
& gy
'z xyﬁ z?
=<0.2% % »

And 5 iz the region under the plane x+ ¥ +2 =1 and abowe the circler P4y =9

Mow the equation of the plane isx+y+2z=1 etz =1-x-y

Then %: -1
IRy

And % =-1
iy

Letf[x,y,z)=x+y+z—1,thenS 15 a level curve off[x,y,z)z 0. Aswe

lnow Vf[x,y,z)is normal to 5 at point (x,y,z) , then the unit normal wector 15

iYL
/]
Now Wf=<Llll»
i [+

Then .[rcwf Fdi= ﬂcurﬁ Fids
] 3

- Fl
- [feut [ (2] o[ 2] raa
X

5[] ¥
:H-{O,xz,yz B ﬂ;}; >><~,f_3dA
i)
- [ 47)as
Jil

Hence Iﬁ.d? = SWA
[
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(a)

Consider a vector filed whose components have continuous partial derivatives on an open
region in g*that contains §.

F(x,y,z2) =x?}i+%x3j+lyk

where C is the curve of intersection of the hyperbolic paraboloid z = y’ —x% and the cylinder
x +y2 = oriented counterclockwise as viewed from above.

The objective is to evaluate f F-dr using Stokes’ Theorem.
&

The Stokes’ Theorem:

Let § be an oriented piecewise-smooth surface that is bounded by a simple, closed,
piecewise-smooth boundary curve (" with positive orientation. Let F be a vector filed whose
components have continuous partial derivatives on an open region in g? that contains §.
Then,

E{lr-afr:j;j'a.:urll-‘-afﬁ

To calculate curl F:

curl F=VxF
i j Kk
2 2 B
o &y @z
¥y L
¥ 3 ¥
=i(x-0)-j(y-0)+k(x —x*)
=xi—JJj

From the given curves z =3 —x*, x* + p* =1.

z=y' -
z=y2—{l—y2)

2.'=yz-~l+yz
=2y" -1

Since the projection of §on yz-plane, y=0
=y x4y =1

2=y -0°,0"+)° =1

=y, =
] yz‘}:l =+

- v
Recall that the projection of §on yz—plane is dS = % where n= ﬁ

If we take g = x? _Jsi +z. then,

a. @ d 50
V¢:[al+§j+5k](x e +z]

=£(:r2 -y? +z)i+%(::2 -y +Z)j+§(,t'2 -y +z)k

ox i z
=2xi-2yj+k

So,
Vo] = J(2x) +(-=2p)" + 1
=,||-¢I-(.Jr1 +y2)+l

=J4(1)+1 Since x* + y* =1.
=5



Find n.

n=v_¢
V|
_ 2xi-2yj+k
NG
Then,
e 2,\'i-—2yj+k]_,
n-i [—\E i
-2
J5
A
S0, |m-ij=—F
=
Thus,
ds=dxa'j’
In-i
_ dxdy
2/\5
_ﬁdx@
2
And,
curl F-dS = curl F-ndS
.o [ 2xi-2yj+k
={xi—-vj)| ————————
(st i) 22

]ga‘x dy

=(xi— yj)-(2xi-2yj +k)%dxaj’

=(213 +2yz)%dxdy
=dxdy
Find ﬂ-CUTlF'(fS_
5
1 2p-1

| dvetz

yu=1 zay?

ﬁcuﬂ F-dS
5
()" o

(20 =1-y?)dy

(v ~1)dv

By Stokes’ Thearem,
IFrdr = ﬂcurlF~¢.’S
[ £

Thus, j'F-dr =,
! 3

&
3

Since x” + 3" =1.

Integrate with respect to z.

Integrate with respect to y.



(b)
The objective is to graph both the hyperbolic paraboloid and the cylinder with domain.

Graph of both the curve of intersection of the hyperbolic paraboloid z = »* —x* and the
cylinder x*+ y? =1 is as follows:

(c)
The objective is to find the parametric equations for C and use them to graph C.
since x* +y* =1. 50 x =cost,y =sint
Since z :y’ —y?, s0,
=37 =i
=sin’ 7 —cos’
= —(cos™ 1 —sin’7)
=-cos2t

So, the parametric equations of the curve of intersection of z =y —x* and x* 4 =1is

|x=cost,y=sint,z =—cos2i|,0<s< 2.
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Consider the vector field
F(x,y,z} ==yi+xj-2k
Recall the Stokes Theorem:

Let § be an oriented piecewise-smooth surface that is bounded by a simple, closed
piecewise-smooth boundary curve (¢ with positive orientation. Let F be a vector field whose
components have continuous partial derivatives on an open region in - g*that contains §.Then

!F-dr:ﬂcurlF-a’S )



The surface § is a cone 2% = y? +y‘,{}g z < 4, oriented down ward

Sketch ofthe cone z? =x?+)?,0<z<4

z=4

Now substitute x =4cosf and y =4sint andz=4
The vector equation for the C is
r(r) = 4cosfi+4sinfj+4k. 0<r<2n

Then, the derivative of r(:) is

r'(r) = —4sind +4cosi

Now find the value of vector function at r(z)
F(x,y,z)=-yi+xj-2k
F(r(r)) =—(4sinz)i+(4cosr)j-2k
=—4sinfi+4costj-2k

Evaluate F(r{j‘]) -r'(r)and

F(r(r)] r'(1)= (—4sinfi+4costj—2k)-(—4sinfi +4cosij)
=16sin’ r+16cos’ 7
=16(sin2.'+ccsz.r}
=16

Evaluate HS curl F ds

Hscurles = JF-a‘r
!
2x

- _!F(r{r]] F'(1)dv

= [M6dr
=16(1)"

= 16(27-0)
=32x

Hence the integral

J’Lcurles =32x| ... (2)




Now evaluate the integral fF-dr
©

The vector function for the curve is
r(#) = ucosvi+usinvj+uk
The domain of the parameter is
D={(u,v}:0£u£4,0£v£2n}
From equation (1)
IF-d’r =chrlF-a‘S
(4 5
= [[curlF(x, xx, ) dd
5

Evaluate curl F

i
-:urlF:i i
ax o

X

=i(0)-j(0)+k(2)
= 2k
Therefore

curl F =2k

MNow, evaluate r, xr,

Frist differentiate r(u,v] with respectto o

~ o

%r(u,v)z %(u cusv)i+%( usinx=)j+§(n]k

=cosvi+sinvj+lk
=cosvi+sinvi+k
Therefore,

r, =cosvi+sinvj+k
Differentiate r(u,v) with respectto v

%r[u, v)= %[ucosv]i+%( usinv)j +%{u)k
=(—usinv)i+(wcosv)j+(0)k
= —usinvi+ucos vj

Therefore,

T, =—usinvi +u cosvj

Now find the vector r, xr,
i i k

F, Xr, =| cosy sinv 1

I

—usiny wucosy 0
:i(—ucosv)—j[r.rsinv)+k(ucuszv+usinzv)

=—ucosvi—usinvj+uk



Now evaluate IF'dr

!
JF-a’r = chr]F-(rﬂ xr,)dA
Fi g

= J-J-( 2k)-(~ucosvi—usinvj+uk)dd
&
=H2HdA

= ‘_F j 2uclucly

(1)

a2y
5 J.’[:LJ d,,
1] 2

o

Continuation to abowve calculation

2(2(16)
-1
=’t6{1'}h
=16(2n)

=32n

Therefore,

0

[Fdr=32m| (3)

e

Thus, from (2) and (3), we can see that

”ﬁ_curl F-ds = L_ F-dr

Hence the Stockes’ Theorem is verified.

Chapter 16 Vector Calculus Exercise 16.8

We have F =—2yz1+ yy + Szk and the surface Sasz=15 —x* —y2 that lies abovez =1
oriented upward,
Letx=wcosé, y=usini, andz=15— 1w be the parametric equation for 0 = u = 2

And0 = ¢ = 27 Then, r, = (cosﬁ, sinf, —21;) andr, = {—nsinﬁ,ucosﬁ, U).

Also, v, ®1, = (&;2 cost, 2ulsing, u).

Find curl F.
i i k
curlF = E E E
ox vy
—2yz ¥ 3x

01— [3 + 2y)j + 27k
Evaluate ”s cutl F - ds

[[cod - ds = ['[7[~2usins (3 + 2using) + 2u(5 - )] did

0

= j;j;’[—&ﬁ sint — 4u¥sin® ¢ +10u - 27 | ddu

jjjj’[-w (%} e 2:;3} dtdu
2;rj;[—4u3 +102) du
8 (l)



The boundary of the surface 5 is the circle %2 +_y2 =4 Then, x =Z2cost, y=2sin ¢, and
z=1for0 = ¢ = 27 Also, r = Zoosd + 2sing + k andr’ = —2sindi + 2oosy .

Mow, F[r [z)) = —dsind + Zsing + brostk
mdF(r(i)) r'fg) = 4 —4cos2t + 2sin 2.

Find [ F - dr .
dx
[ B dr =[7(4—4cos2t +2sin2t) at
o ]
= 4(2m)
= 8 2

Thus, from (1) and (23, we can see that HscurlF ~ds = .IcF cdr

Stokes’ Theorem:

Let §be an oriented piecewise-smooth surface that is bounded by a simple, closed, piecewise-
smooth boundary curve C with positive orientation. Let F be a vector field whose compaonents
have continuous partial derivatives on an open region in g3that contains §.

Then,

!"F-erJ;ICUﬂF-dS I

To verify that Stokes’ Theorem is true for the vector field F(x‘_p‘z) =yi+zj+ak:
Here §is the hemisphere x* + y? 4+ z% =1, y = 0 oriented in the direction of the posttive y-axis.

The hemisphere §: x + y* + 2% =1, y 2 0is shown below:

The parametric notation for 5 is
r(4,8)=singcosbi+singsinfj+cosgk . where 0<f <z ,0<g<r
Then the partial derivative of r with respect to 8.
s
¢ 8¢
8 . . P,
= a[smécosﬁl +singsin #j+cosgk )
= (coscpcnsﬂ, cos ¢ sin #,—sin é}
And, the partial derivative of r with respectto g,

L dr
" ae

=-:%-(sin¢=cos.9i +sing@sin#j+cos gk )
d

= (~singsin @,sin g cos 4,0}



Their cross product is,
i j k
I, Xr, =|-singsingd singcosd 0
cosgcosd  cosgsing —sing
=i(-sin® gcos6-0) - j(sin’ gsin 0-0)
+k(-sin® @sin gcos g - cos’ Hsin;écos;aﬁ}
= —(sin] @cosfi+sin’ dsin €j+sin¢cns¢i{sin2 8+ cos’ H]k)
= —(:sin2 #cosfi+sin’ gsin Bj +sin écosﬁk)
Now find ¢yrlF as shown below.

F(J.',y,z] =yi+zj+ak

i j k

curlF = i i ﬁ
ox dv oz

»oocg %

[ Ox @z .[Eit ﬁy] oz oy
=]| =———— —‘l e it +k T
oy o= dy  d= ox v

i(0-1)—-j(1-0)+k(0-1)

Then we have,
curlF-(r, xr, ) = =(~i~ j~k)-(sin’ gcos i +sin’ gsin 0] + sin pcos gk )
Therefore

chrIF -dS = chrEF (r, xx, ) dd
& i

= [[ (=i~ j-k):(sin® pcos6i + sin’ psin 0] + sin g cos gk )

:

f(sinz geos B +sin’ gsin 0 +sin geos ¢ ) dOgp
- T[I{sin? #(cos@+sin ) +cos¢sin.;ﬁ-)d9]d¢

oy

Continuation of the above,

chrlF S = j‘[sin2 ¢(sin 6 —cos ) +cosgsin g 9]1: d¢

x

= j‘[(sin’ ¢(sinx —lcc:nszr]+.11'c:-::rs¢i-singai]—[sin2 ¢ (sin0—cos0)+ 0)]0’;&

Sl =

[(sin? ¢(0~(~1))+ 7w cosgsin )~ (sin’ ¢)(0-1) |dg

|:25in2 i+ frcosgisin-;ﬁ]dé

{52 o

[1 ~cos 2¢+g~(sin 2;&)}3’4;5

]
e L s L e ]



Continuation of the above,

([ curlF -as =[¢5—%sin 2 —%6052;5]

L
& ]

1. 4 1. 4
=[;r-551n ER“ECUS 2::]—-[0-Esm U-Ecos()] Therefore. we have

(-0-3H5)

=

};ICUF]F-@ZK ______ (1)

Now from the figure observe that, the boundary of the surface is lies on xz -plane.
For any point on xz-plane, y=10

So the boundary of the hemisphere S is given by,

+zi=1 y=0

Consider the parametric equation of this boundary of the hemisphere S,
x=cost,z=sin{. 0<¢<2x

So the equation of the boundary curve is given as,

r(0)={x(0).3(0),2(1))

r(r)={cost,0,sint), 0<r <27
r'(t)=(-sint,0,cost) ... (2)
Also. x(f)=cost,y(t)=0,z(r) =sint
Then the vector field becomes,
F(x,y,z) = yi+zj+xk

F(r(t))=0i+sintj+cosrk

F(r(1))=(0.sint,cost) ... (3)

So by the equations {2), and (3), we have the line integral as
[Fede= [ F(x(r)-r'(r)d
4 p=0

Ix

= I {0,sint,cos)-(~sint,0,cosr)dt

1]

iz

= I (0 +0 +coslr}d!



Continuation of the above,
| 1 .

JF-dr =—|ft+—5in2f

2 2 2 F

_ %Uzﬂésinqg]_((nu}]

"

(27)

B —

Therefore, we have _[F""":”' s {4
=

So by the equations (1) and (2), observe that

JF-dr =chrlF-ffS ="

Hence Stokes' Theorem is verified for the vector field F(x,y,z)= yi+zj+xk. and for the

given surface . x* +yt+z8=1,y20.

Chapter 16 Vector Calculus Exercise 16.8

We use Stokes” Theorem to write the line integral as a surface integral and then simplify
until we can prove that the eventual solution will not depend on the shape or location of

ef

Stokes’” Theorem:
[ Far=[[curFas 0
&

We will also need the following formula for equating different forms of line integrals:
ICF-dr = Icde+ Qdy+Rdz ... (2)
WhenF = Fi+ O+ £k, Zince we can apply Stokes” Theorem to a line integral in the

form of the left side of (2), we can also apply it to a line integral of the form of the right
side of (2).

We will also need the following formula for calculating surface integrals:
”F-dS:”(—Pa—g—Qa—g+R ______ (3)

s £ ax e
Where F = Fi+ {4+ Bk and the surface &1z given by the graph z = g(x,») over the
region [,

We start with the given line integral and convert it az follows:
[ zdx - 2xdy +3ydz = [[curl(zi- 225 +3yk)dS . 4
3

By recognizing it has the form in (2) and applying Stokes” Theorem (equation (1)) to
convert to the surface integral

Find the curl in the integrand. The easiest way to find the curl of a vector F 15 to take the
cross product VxF . TTse a determinant to caleulate cross product: the cross product of
two vectors a={(a,a,,a;  and b= <blb2&3) caf be written as

i 3 k
axh=|a a, a
b & &
=ince inthis case F(x, v,z =z — 2x+ 3yk, the curl of F 12
i i k
werll, 8 %
x A &
-2x 3y
[ 3 3 3 3 3 3
=| —(Gy)——(-21) |i-| =— 3y - — j+| —(-2x)—- — k
_ay()f) &( X)}l [Sx(y) 8Z(Z)}] [Sx( % @;(Z)}

(3—0hi— (0-1j+(-2- 0k
=3+l -2k



WWe can now plug this wvector in for the curl in (4):
[ zdx— 20y + 3ydz = [ G +1- 2K)dS
3

TWe wish to apply (3) to solve the surface integral We need an equation for the surface 5,
we know C s in plane x+y+z =1 so we rewrite this as z =1-x— ¥ and use that as the

g(x.y) function that generates the surface 5 Find the necessary partial derivatives:

==-1
Iy
%_,
&

Andplug inte (3
j zdx — 2xdy + 3ydz = H(31+1]—2k) S

fr-oeeha

[[=3en-1-1-2)4

"l

We have successfully simplified our original line integral down to a double integral over
aregion ) Thiz double integral can be thought of as a volume with O as the base and
the integrand as the height. 3ince the integrand is 2, a constant, the value of the integral
will equal the area of D times 2, just as we can find the volume of any solid with a flat
base and perpendicular height by multiplying the area of the base times the height.
Therefore, the only quantity that will cause this integral’ 2 zolution to vary 1s the area of
the region D, and since [ is the region under the surface that was originally enclosed by
, D iz alzo enclosed by O, Therefore, thiz integral varies only according to the area

enclosed by O, and other factors, such as the location and shape of ', will not affect the
solution to the integral.

Chapter 16 Vector Calculus Exercise 16.8

The work 15 the line integral of the force along the given path . We calculate this
integral by converting to a surface area wia Stokes” Theorem.
Stokes” Theorem:

_[CF-dr = [[ curtFas
&

We will also need the following formula for calculating surface integrals:
HF dS = [{ s +R ...... (2
ax

"Where F=A+i+Fk and the surface & 15 given by the graph z = g(x,¥) over the
region [,

it

e lnow
Wark = j Fdr
c
20 by (1) we know that
Work = [[curlFas (3
&

X



Also. We calculate curl F. The easiest way to find the curl of a wector F 15 to take the
cross product V< F . Tse a determinant to calculate cross product: the cross product of
two vectors a= {al,ag,a3> and h = <blbgb3) can be written as

i j k
axh=|g, 2 «
bbb
Since in this case Fix, »,2) = 2%+ 2nj+4y°k | the curl of F iz

VxF =

Mo Fw =

e . pest Popalie Do dicleon | 8o B
= @(43;) 82(233#)} [ax(-‘ly) az(z )}]{ax@xy) @}(2)}1{
= By - 0i— (0- 22)j + (2y - Ok

=8yi+2z +2yk

We can now plug this vector in for the curl in equation (3

Work = [[ (8yi+ 22 +2yk)a8

[
We wish to apply (2) to solve the surface integral We need an equation for a surface 5
containing the path of the particle. The four points the particle traverses form a rectangle
with one side along the x-axis, one side along the line such that y=2,2=1, and two
parallel lines that slant upward from the x-axis to meet the other line. Since the slanted
sides of the rectangle go from (x, 0, 0 to (x, 2, 1), this plane’s projection in the yz-plane
s a line of slope 172, Therefore, the equation for this plane 18z = ¥/ 2, as that i3 true no

matter what x 1s.

The only other thing we need to plug into (2] 15 the region of integration O that bounds
the surface. The boundaries of the regioninx andy are 0= x =1 and 0= 2 = v, 30 those

are our limits of integration in x and y when plugging into (23
Solve Work = [[ (8yi+ 22 +25k)-dS by plugging into (2)
i

Work = ” (Syi+ 2z) + 2k )dS

&
_(fl-p28_nt2
_[ﬂ B Qaym

= [;j; (—8(0) - 22(14 2) + 2 bz

= E _I-; (—z + 2y Jvdx

We fill in z =¥/ 2 fom the surface equation:

Work = H (— —+2y]dydx

L)
-1 (——+22 de
= [} (3ax
-

=3(-0

=3



Chapter 16 Vector Calculus Exercise 16.8 18E

Consider the following to be evaluated:

f(y +sin x}d\' + (z2 + c:{!sy)afy +x'de
i

Where (s the curve r(r) ={sin!,cosr,sin Er},[) <t<2r.
Rewrite the given integral as:

f-: y+sinx,z° +cos y,x° >. < dv,dy,dz >
2

This is in the form j'F_dF_ where F(x,y,z) =<y +sinx,z* +cos y,x’ >
-

By stokes theorem:

!_F dr = —J;Icrm’F s

Here the curve C has parametric representation:

F(1) =< sint,cost,sin2f >
That is:

x=sint,y=cost,z =sin 2/

MNow. since 2ginfcost = sin 2¢ . then clearly the curve C lies on the surface z =2xy.
Then let

flxpz)=z-2xy

Then S is a level surface of f(_gy,z):{}_ Hence, ﬁf(x_y,z} is normal to the surface S.

Now, the unit normal vector is:

iy
7]
Mote that

Vf =< -2y,-2x,1>
And

[v7] = Jaxt + 4y +1
=1

Also, ?f, = 2yand-£i =2x
ox dy
Then evaluate:
[62] az +I_1ﬂ4x +4y +1
ox Eiy
=[]

Therefore the integral is:

chrl Foi = chrlf‘.ﬁds
[ 5

_chrIF“ o e [Bz] [ﬁv] +1ddA

= [[<-22,-3x*,~1>< -2y,-2x,1>dd
n

= [[(4y=+6x"1)d



) s AP
Further, take (’_'—Q =8x” and —=6x" -1
dx oy

MNow, apply Green's Theorem:
7] oP 2
H[i—g—i—]d/ﬁ = [ Pdx+Qdy
p\ o oy -
Where,
O=4xy" and P=6x"y—y
Then the integral is:
chrlﬁ.cﬁ? = H(Bx_;—‘l +6x° - I]dA
5 i

= I([‘r.r"'}' —_v)c."_t +4xiyidy
%

2
= J {nf;sin'1 tcost—cost )costdi +4sin’ 1 cos’ 1(—sint)dr
L1}

2x

= J 6sin’ feos” 1 —cos® F —4sin’ fcos” 1
(1]
Further evaluate:

chrl?,ﬁ = J 2sin’ rcos” - cos” tdt
5 0

—sin’feos’t 2, i e i
=2|———— ——cosf| —-|=—+—sin2s
5 15 L 2% ;

Therefore the value of the given integral is:

I(}‘+ sin _'c:ldx+ {:3 + cosy)dy +xdz=—x
&

Chapter 16 Vector Calculus Exercise 16.8 19E

515 asphere and ¥ satisfies Stoke’s theorem,
Take a simple closed curve T on 3. 1t separates 3 into two parts 31 and 22

Then H curl B df = H curl ﬁ.d&'+” curl F.d3
& & 5

=[Far+ [ Far
(B; Stoke’s_zi':heorem)
=[Far-[Far

r r

Chapter 16 Vector Calculus Exercise 16.820E
(A
I(f %’g) .d?z“curf Iifﬁ'g:l.dﬁ

5

B
(Bw Stoke’s theorem)

= H I:fcun’ (ﬁ’g) +€’f>< ﬁ’g].dg

5
(Ascurf(fﬁ)zfcwfﬁ+ﬁf><ﬁ)
= ” I:fcurf (grad g)+ (‘3’_}" >< ‘_\_:’g):ldﬁ
(Since curl [gmd f:l =07
(7<)

3



"
>

"
>

(E)

(<)

()

[(7%7) aF = [[eurt (7 %7).05
Ly 5
(By 2toke’s theorem)

= [fcurf(ﬁf)+(ﬁf)x(ﬁf)]_dﬁ
h
(Ascurl(f F)= feurl F4+Tf = F)
=Lj[f(6)+ﬁ]_d§
(hseurl ( grad £ =5and§><5=-|j)
= [[6.a5
fi]

=0

.I-(f §g+g§f).d?= ”cun’lifﬁg +z ﬁf).d.?
o g
By Stokes theorem)

= ” [cwf (f ﬁ’g)+cw‘f (g‘_j’j):l.dg
5
(s eurd (ﬁ +t§) = curl B +curl é)
=”[fcurf(ﬁ'g)+§fx§g+gcur!(€’f)+€’g><‘$’f].d§
[
(Ascurf(fﬁ):fcurfﬁ+ﬁ’fxﬁ)
:H[fﬁ+§f><§g+g6—ﬁ’fx§g:|.d§
5
(Ascurf(gmdf)=Oand§><5=—5><5)
=[[0. a5
5

=10

I(f ﬁ'g-i—g‘?f).d?": ”cun’lif‘a'g +g ‘_U}f)d.ﬁ"
) g
By Stokes theorem)

- j[m; (7 'v"g)+cwf(g§'f)]_d§

i
(s our! (F —Hﬁ) =curl F +curl é)
= J-[fcur.é'(ﬁg)+§fx§g+gcw!(ﬁf)+ﬁgxﬁf:l.df
i
(hscurl( f F)= feurl F4+Tfx F)
=H[f6+§f><ﬁg+ga—€’fxﬁ'g:|.d§
i
(Ascwf[gmdj)=Uand§><5=—5><5)
=[5 a=
3

=0
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