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Conic Sections

Fill in the Blanks

The point of intersection of the tangents at the ends of the
latus rectum of the parabola y? = 4x is.......
(1994 - 2 Marks)

. o1 .
An ellipse has eccentricity 3 and one focus at the point

1
P(E > 1) . Its one directrix is the common tangent, nearer to

the point P, to the circle x> + y? =1 and the hyperbola
x%—y?=1. The equation of the ellipse, in the standard form,
i (1996 - 2 Marks)

MCQs with One Correct Answer

2 2
Y

The equatio X Y - 1, r>1 represents
1-r 1+r

(1981 - 2 Marks)
(a) anellipse (b) a hyperbola
(c) acircle (d) none of these
Each of'the four inequalties given below defines a region in
the xy plane. One of these four regions does not have the
following property. For any two points (x,, ;) and (x,, y,) in
the region, the point (XI-FTXZ, WTJ}Z) is also in the
region. The inequality defining this region is

(1981 - 2 Marks)

(b) Max{|x y|}$1

>

@ x?+2y*<l1

© x*-y*<1 @ y>-x<0

The equation 2x? + 3y% — 8x — 18y + 35 = k represents
(1994)

() an ellipseifk<0

(d) ahyperbolaifki>0

2 2

Let E be the ellipse %+y7=1 and C be the circle

(@ nolocusifk>0
(c) apointifk=0

x> +3?=29. Let P and Q be the points (1, 2) and (2, 1)
respectively. Then (1994)
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(a) Q lies inside C but outside £

(b) Q lies outside both C and £

(c) Pliesinside both Cand E

(d) P lies inside C but outside £

Consider a circle with its centre lying on the focus of the
parabola y? = 2px such that it touches the directrix of the
parabola. Then a point of intersection of the circle and
parabola is (1995S)

o (£)el52) o (24

o (2 w22

The radius of the circle passing through the foci of the
. x2 2 . . .
ellipse s + % =1, and having its centre at (0, 3) is
1

(1995S)
(@ 4 ® 3

1 7
© \E @ 5

Let P (a sec 9, b tanO) and Q (a sec ¢, b tan ¢), where
52 yz

6+ ¢=m/2, be two points on the hyperbola _z_b_z =1.
a

If (h, k) is the point of intersection of the normals at P and Q,
then £ is equal to (1999 - 2 Marks)

2,2 (&% +52)
@ T ® -
2,2 (a2 +p2)
© = @ (7%

If x = 9 is the chord of contact of the hyperbola x> —y? =9,
then the equation of the corresponding pair of tangents is
(1999 - 2 Marks)
(@) 9x2-82+18x—9=0 (b) 9x*>-8*—18x+9=0
() 9x*-8*—18x-9=0 (d) 9x*-8?+18x+9=0
The curve described parametrically by x = 2 + ¢ + 1,
y=1>—t+1represents (1999 - 2 Marks)
(a) apairof straightlines (b) anellipse
(c) aparabola (d) a hyperbola
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e Topic-wise Solved Papers - MATHEMATICS
Ifx+y=kisnormal to y*= 12 x, then k is (2000S) 21. Theangle between the tangents drawn from the point (1, 4)
@ 3 ) 9 © -9 d -3 to the parabola y? = 4x is (2004S)
If the line x — 1 = 0 is the directrix of the parabola (@) mb (b) wA () m3 (d n2
)(z:)— kla;t8+ &= Ogbt)h%n one of thz:c\)/ah;es ofk 1s(d) 1/(j000S) 22. Ifthe line 2x+ /6 ¥ =2 touches the hyperbola x2— 22 =4,
The equation of the common tangent touching the circle then the p\?mt of contact is N (20045)
(x =3)?+y?= 9 and the parabola y? = 4x above the x-axis is @ 2.76) ®) 3.2V

(2001S) 1 1
(@ V3y=3x+1 (b) Vy=—(x+3) (©) [5’%) (@ (4,—J€ )
(c) V3y=x+3 d VBy=—(@3x+1) ' '
The equation of the directrix of the parabola 23. The minimum area of triangle formed by the tangent to the
Y2 +4y+4x+2=0is (2001S) 2 2
(@ x=-1 (b) x=1 © x=-32(d) x=32 —+ y_2 =1 & coordinate axes is (2005S)
If a > 2b > 0 then the positive value of m for which a b
y= mx—bVl+m> is a common tangent to (@) ab sq. units () a*+b* 5. units
x2+3?=b% and (x—a)*> +y?=b*is (20028)
2 2 2
@) 2 o) Va? —4p? (©) (a+b)” $q. units (d) a’+ab+b” sq. units
/ a2 —4p? T b 2 3
24. Tangent to the curve y = x? + 6 at a point (1, 7) touches the
2b b circle x2 + y? + 16x + 12y + ¢ = 0 at a point Q. Then the
© a-2b G a-2b coordinates of Q are (2005S)
The locus of the mid-point of the line segment joining the @ 6,-11) (b) 9,-13)
focus to a moving point on the parabola y? = 4ax is another © (10,-15) ) @ 6,-7) )
parabola with directrix (2002S) 25. Theaxis ofa parabola is along the line y = x and the distances
@ x=-a (®) x=-a2 () x=0 () x=a2 of its vertex and focus from origin are 2 and 22
The equation of the common tangent to the curves y* = 8x respectively. If vertex and focus both lie in the first quadrant,
andxy=-1is (20025) then the equation of the parabola is (2006 - 3M, —1)
@@ 3y=9x+2 (b) y=2+1 @ @+yP=@-y-2) () ¢-pP=@+y-2)
(c) 2y=x+38 (d y=x+2 (© (x-pP=4(x+y-2) (d) (x-yP=8(x+y-2)
The area of the quadrilateral formed by the tangents at the 26, A hyperbola, having the transverse axis of length 2 sin 6, is
2 confocal with the ellipse 3x% + 4y% = 12. Then its equation is
end points of latus rectum to the ellipse —+-=—=1, is (2007 - 3 marks)
. 9, > (@) x*cosec’® —y?sec?0=1 (b) x2sec?0—y?cosec?0 =1
(@) 27/4sq. un;ts (b) 9sq. un1t§ (2003S) © +2sin20 —y200s29 =1 ) ¥2c0s20 —y2sin29 =1
(¢) 27/25q. units . (d) 275sq. units 27. Let a and b be non-zero real numbers. Then, the equation
The focal chord to y = 16x is tangent to (x — 6)> + 2 =2, 24 24 2_Syp+ 62 =0 t (2008)
then the possible values of the slope of this chord, are (@x™+ by C.) (x XY _ represents
(20035) (a) 2?;1; straight lines, when ¢ = 0 and a, b are of the same
8 %:;’3 ) 8; izzﬁ/}z} (b) two straight lines and a circle, when a = b, and c is of
’ ’ sign opposite to that of a
x2 3? . . (c) twostraight lines and a hyperbola, when a and b are of
For hyperbola cos?a sino =L which of the following the same sign and c is of sign opposite to that of a
remains constant with change in ‘o’ (2003S) d :i;:(:r?;g(}sag f‘zl:;ﬁszbg;??efoa?hifo?z of the same
(a) abscissae of vertices  (b) abscissae of foci 28. Consider a branch of the hyperbola

(c) eccentricity (d) directrix
If tangents are drawn to the ellipse x2 + 2)2 = 2, then the
locus of the mid-point of the intercept made by the tangents

between the coordinate axes is (2004S)
1 1 1 1
Q) —t+t——5=1 b) —+—=1
@ 2x? 4y2 ® 4x? 2y2
2 2 2 2
Xy _ x°y
© —+—=1 d =—+=—=1
4 4 2

x2 =2y —22x- 42y -6=0

with vertex at the point 4. Let B be one of the end points of
its latus rectum. If C is the focus of the hyperbola nearest to
the point 4, then the area of the triangle 4BCis  (2008)

2 3 2 3
@) 1—@ ®) @—1 © 1+£ @ @u
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The line passing through the extremity 4 of the major axis
and extremity B of the minor axis of the ellipse

x*+92=9
meets its auxiliary circle at the point M. Then the area of the

triangle with vertices at A, M and the origin Ois  (2009)
TN a7
@1 ®7 © 1 @7

The normal at a point P on the ellipse x? + 4y? = 16 meets the

x - axis at Q. If M is the mid point of the line segment PQ,

then the locus of M intersects the latus rectums of the

given ellipse at the points (2009)
35

3 2 19
o (B2 e [P

1 43
© (12«/3,17) @ (izﬁ,iT‘/_)

The locus of the orthocentre of the triangle formed by the
lines

(I+p)x—py+p(1+p)=0,
(I+q@)x—gqy+q(1+¢q)=0,

andy =0, where p # g, is (2009)
(a) a hyperbola (b) aparabola
(c) anellipse (d) astraight line
2 yz
Let P(6, 3) be a point on the hyperbola — - b_2 =1.Ifthe
a
normal at the point P intersects the x-axis at (9, 0), then the
eccentricity of the hyperbola is (2011)
5 3
@ ; O © 2 @B

Let (x, y) be any point on the parabola y? = 4x. Let P be the
point that divides the line segment from (0, 0) to (x, y) in the
ratio 1 : 3. Then the locus of P is (2011)

@ x*=y () yY=2 () y¥=x @ **=2

2 2

The ellipse E; :%+yf =1is inscribed in a rectangle R

whose sides are parallel to the coordinate axes. Another
ellipse E, passing through the point (0, 4) circumscribes the
rectangle R. The eccentricity of the ellipse E, is (2012)

@ % (b) ? © % (d %
The common tangents to the circle x2 + 32 = 2 and the
parabola y2 = 8x touch the circle at the points P, Q and the
parabola at the points R, S. Then the area of the quadrilateral
PORS is

(JEE Adv. 2014)
® 6 @ 15

(@ 3 © 9

1) I MCQs with One or More than One Correct

The number of values of ¢ such that the straight line
y = 4x + c touches the curve (x2/4) + %=1 is

(1998 - 2 Marks)
@ 0 ) 1 © 2 (d) infinite.
IfP=(x,),F,=(3,0),F,=(-3,0)and 16x> +25)? =400, then
PF, +PF, equals (1998 - 2 Marks)
(@ 8 ) 6 (© 10 @ 12

On the ellipse 4x% +9 y2 =1, the points at which the
tangents are parallel to the line 8x =9y are(1999 - 3 Marks)

2 1 2 1
(@) (;g) () (‘g’gj

2 1
o [(35)

The equations of the common tangents to the parabola
y=x*andy=—(x—2)?is/are (2006 - 5M, -1)
@ y=4(x-1) (b »=0

© y=—4x-1) (d) y=-30x-50

Let a hyperbola passes through the focus of the ellipse

2 2
;—5+y— =1. The transverse and conjugate axes of this
hyperbola coincide with the major and minor axes of the
given ellipse, also the product of eccentricities of given

ellipse and hyperbola is 1, then (2006 - 5M, 1)

2 2

(a) the equation of hyperbola is % P AN

16

2 2

(b) the equation of hyperbola is % - ;_5 =1

(c) focus of hyperbola is (5, 0)

(d) vertex of hyperbola is (543, 0)

Let P(x),y,) and O(x,, ,),y, <0, y, <0, be the end points of
the latus rectum of the ellipse x2 + 4y = 4. The equations of
parabolas with latus rectum PQ are (2008)

@ *P+2B3y=3+B () ¥*-2By=3+B

© **+28By=3-H @ *»*-2By=3-3
In a triangle 4ABC with fixed base BC, the vertex 4 moves
such that

cosB+cosC=4sin2g~

If a, b and ¢ denote the lengths of the sides of the triangle
opposite to the angles 4, B and C, respectively, then

(@ bt+c=4a (2009)
(b) b+c=2a

(¢) locus of point 4 is an ellipse

(d) locus of point 4 is a pair of straight lines
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The tangent PT and the normal PN to the parabola y° = 4ax
ata point P on it meet its axis at points 7" and N, respectively.
The locus of the centroid of the triangle PTN is a parabola
whose (2009)

. (2a .
(@) vertexis (?,0) (b) directrix isx=0

2
(¢) latusrectumis = (d) focusis(a,0)

3
An ellipse intersects the hyperbola 2x? — 2y? =1 orthogonally.
The eccentricity of the ellipse is reciprocal of that of the
hyperbola. If the axes of the ellipse are along the coordinate
axes, then (2009)
(@) equation of ellipse is x% +2y? =2
(b) the foci of ellipse are (£1,0)
(¢) equation of ellipse is x2+ 2y =4

() the foci of ellipse are (+v/2,0)
Let A and B be two distinct points on the parabola y* = 4x. If
the axis of the parabola touches a circle of radius r having

AB as its diameter, then the slope of the line joining A and B
can be (2010)

1 1 2 2
@ -  ® 7 © - @ -
2 2
Let the eccentricity of the hyperbola —Z—b—2= 1be
a

reciprocal to that of the ellipse x* + 4y = 4. If the hyperbola

passes through a focus of the ellipse, then (2011)
2 y2
(a) the equation of the hyperbola is 377 =1

(b) a focus of the hyperbola is (2, 0)

5
(c) the eccentricity of the hyperbola is \/;

(d) the equation of the hyperbola is x> — 3y2 =3

Let L be a normal to the parabola y* = 4x. If L passes through
the point (9, 6), then L is given by (2011)
@ y-x+3=0 (b) y+3x-33=0

() y+x-15=0 d) y-2x+12=0

2 2

Tangents are drawn to the hyperbola % _yT =1, parallel

to the straight line 2x — y = 1. The points of contact of the
tangents on the hyperbola are (2012)

9 1 9 1
o (m)  ® (5 5)
© (3¥3-242) (@ (-33,242)

14. Let P and Q be distinct points on the parabola y? = 2x such

that a circle with PQ as diameter passes through the vertex
O of the parabola. If P lies in the first quadrant and the area
of the triangle AOPQ is 3./2 , then which of the following is

(are) the coordinates of P? (JEE Adv. 2015)

@ (4,22) ®) (9,3v2)
1 1
© (Z’ ﬁ] @ (1,+2)

Let E; and E, be two ellipses whose centers are at the origin.
The major axes of E| and E, lie along the x-axis and the
y-axis, respectively. Let S be the circle x> + (y —1)>=2. The
straight line x +y = 3 touches the curves S, E, and E, at P, QO

. 242
and R respectively. Suppose that PQ=PR = T\/_ .Ife, and

e, are the eccentricities of £, and E), respectively, then the
correct expression(s) is (are) (JEE Adv. 2015)

2, 2_43 _ V7

(@ e te= 40 () €16,= 2\/1_0
5 V3

(© ‘ef—e§‘=§ () @6~ 4

Consider the hyperbola H : x> —y? = 1 and a circle S with
center N(x,, 0). Suppose that H and S touch each other at a
point P(x,,y,) with x, > 1 and y, > 0. The common tangent to
H and S at P intersects the x-axis at point M. If (/, m) is the
centroid of the triangle PMN, then the correct expression(s)

is(are) (JEE Adbv. 2015)
dl 1
(a) d_x]=l—§ for x; > 1
dm x
b) =77 forx;>1
@ 3( x12—1)
a 1 ! fi 1
¢ . =1+— forx, >
© gy =1* 37 forx
dm 1

(d) d_y]=§ fory, >0

The circle C, : x2 + y% = 3, with centre at O, intersects the
parabola x2 = 2y at the point P in the first quadrant. Let the
tangent to the circle C,, at P touches other two circles C,
and C;at R, and R, respectively. Suppose C, and C; have

equal radii 2./3 and centres Q, and Qs respectively. If Q,
and Q; lie on the y—axis, then (JEE Adv. 2016)
(@ Q=12

(®) RyR;= 46

(c) areaof the triangle OR,Ryis 6./2

(d) area of the triangle PQ,Qs is 4./2

GP_3480
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Let P be the point on the parabola y> = 4x which is at the
shortest distance from the center S of the circle x>+ y* — 4x
—16y+ 64 =0. Let Q be the point on the circle dividing the
line segment SPinternally. Then (JEE Adv. 2016)

@ SP=2J5
(b SQ:QP=(V5+1):2

(c) the x-intercept of the normal to the parabola at P is 6

1
(d) the slope of the tangent to the circle at Q is 3

E Subjective Problems

10.

Suppose that the normals drawn at three different points on
the parabola y? = 4x pass through the point (4, k). Show
that A>2. (1981 - 4 Marks)
A isapoint on the parabola y? = 4ax. The normal at 4 cuts
the parabola again at point B. If 4B subtends a right angle at
the vertex of the parabola. find the slope of 4B.

(1982 - 5 Marks)
Three normals are drawn from the point (c, 0) to the curve
2 = x. Show that ¢ must be greater than 1/2. One normal is
always the x-axis. Find ¢ for which the other two normals are
perpendicular to each other. (1991 - 4 Marks)
Through the vertex O of parabola y? = 4x, chords OP and
OQ are drawn at right angles to one another. Show that for
all positions of P, PQ cuts the axis of the parabola at a fixed
point. Also find the locus of the middle point of PQ.

(1994 - 4 Marks)
Show that the locus of a point that divides a chord of slope
2 of the parabola y? = 4x internally in the ratio 1: 2 is a
parabola. Find the vertex of this parabola. (1995- 5 Marks)
Let ‘d’ be the perpendicular distance from the centre of the

2 2
ellipse x_2+ y_2 =1 to the tangent drawn at a point P on
a
the ellipse. If -} and F,, are the two foci of the ellipse, then

()
show that (PF; — PF,) %= 44? Ll —5—2 J .(1995- 5 Marks)

Points 4, B and C lie on the parabola y? = 4ax. The tangents
to the parabola at 4, B and C, taken in pairs, intersect at
points P, Q and R. Determine the ratio of the areas of the
triangles ABC and POR. (1996 - 3 Marks)
From a point 4 common tangents are drawn to the circle
x%+y? =a%2 and parabola y? = 4ax. Find the area of the
quadrilateral formed by the common tangents, the chord of
contact of the circle and the chord of contact of the parabola.

(1996 - 2 Marks)
A tangent to the ellipse x> + 4y* = 4 meets the ellipse
x%+2y?=6at Pand Q. Prove that the tangents at P and Q of
the ellipse x2 + 2y% = 6 are at right angles.(1997 - 5 Marks)
The angle between a pair of tangents drawn from a point P
to the parabola y? =4ax is 45°. Show that the locus of the
point P is a hyperbola. (1998 - 8 Marks)

11.

12.

13.

14.

16.

17.

18.

19.

20.

Consider the family of circles x? + 2 =72, 2 <r<5. Ifin the
first quadrant, the common taingent to a circle of this family
and the ellipse 4x2 + 25)% = 100 meets the co-ordinate axes at
A and B, then find the equation of the locus of the mid-point

of AB. (1999 - 10 Marks)
Find the co-ordinates of all the points P on the ellipse
2 2

_2+b_= 1, for which the area of the triangle PON is
a

maximum, where O denotes the origin and », the foot of the
perpendicular from O to the tangent at P.(1999 - 10 Marks)
Let ABC be an equilateral triangle inscribed in the circle
x* + y? = a®. Suppose perpendiculars from 4, B, C to the

2 2
X
major axis of the ellipse —2+Z)—2= 1,(a>b) meets the
a

ellipse respectively, at P, O, R. so that P, O, R lie on the same
side of the major axis as 4, B, C respectively. Prove that the
normals to the ellipse drawn at the points P, Q and R are
concurrent. (2000 - 7 Marks)
Let C, and C, be respectively, the parabolas x> =y — 1 and
y?=x—1. Let P be any point on C, and Q be any point on
C,.Let P, and Q, be the reflections of P and Q, respectively,

with respect to the line y = x. Prove that P, lies on C,, O, lies
on C, and PQ>min{PH, QQ;}. Hence or otherwise
determine points P, and Q, on the parabolas C, and C,

respectively such that ByQ, < PQ for all pairs of points
(P,Q) with Pon C; and Qon C,. (2000 - 10 Marks)

2 2
Let Pbe a point on the ellipse x—2+ :—2 =1,0<b<a.Letthe
a

line parallel to y—axis passing through P meet the circle
x% +y? = a? at the point Q such that P and Q are on the same
side of x—axis. For two positive real numbers rand s, find the
locus of the point R on PQ such that PR : RQ=r : s as
P varies over the ellipse. (2001 - 4 Marks)
Prove that, in an ellipse, the perpendicular from a focus
upon any tangent and the line joining the centre of the
ellipse to the point of contact meet on the corresponding
directrix. (2002 - 5 Marks)
Normals are drawn from the point P with slopes m,, m,, m,
to the parabola y? = 4x. Iflocus of P with m; m, = o is a part
of the parabola itself then find a. (2003 - 4 Marks)
Tangent is drawn to parabola y? — 2y — 4x + 5 = 0 at a point
P which cuts the directrix at the point Q. 4 point R is such
that it divides QP externally in the ratio 1/2 : 1. Find the

locus of point R. (2004 - 4 Marks)
Tangents are drawn from any point on the hyperbola
52 yz

5T 1 to the circle x? + y? = 9. Find the locus of

mid-point of the chord of contact. (2005 - 4 Marks)
Find the equation of the common tangent in 1% quadrant to

2 2
the circle x2 + y? = 16 and the ellipse ;—5 + yT =1.Alsofind

the length of the intercept of the tangent between the
coordinate axes. (2005 - 4 Marks)



e Topic-wise Solved Papers - MATHEMATICS

|3 Match the Following
DIRECTIONS (Q. 1-3) : Each question contains statements given in two columns, which have to be P qQr s t
matched. The statements in Column-I are labelled A, B, C and D, while the statements in Column-II are @ @ @ e o

labelled p, q, 1, s and t. Any given statement in Column-I can have correct matching with ONE OR
MORE statement(s) in Column-11. The appropriate bubbles corresponding to the answers to these
questions have to be darkened as illustrated in the following example :

®OO®®
Q0OGO
®OO®

0w >

If the correct matches are A-p, s and t; B-q and r; C-p and q; and D-s then the correct darkening of
bubbles will look like the given.

1. Match the following : (3, 0) is the pt. from which three normals are drawn to the parabola y? = 4x which meet the parabola in the

points P, Qand R. Then (2006 - 6M)
Column1 Column I1
(A) Areaof APOR (p) 2
(B) Radius of circumcircle of APQR (@ 52
(C) Centroid of APOR @) (52,0)
(D) Circumcentre of APQR (s) (2/3,0)
2. Match the statements in Column I with the properties in Column II and indicate your answer by darkening the appropriate
bubbles in the 4 x 4 matrix given in the ORS. (2007 -6 marks)
Column1 Column I1
(A) Two intersecting circles (p) have a common tangent
(B) Two mutually external circles (qQ) have a common normal
(©) Two circles, one strictly inside the other (r) do not have a common tangent
(D) Two branches of a hyperbola (s) donothave acommon normal
3. Match the conics in Column I with the statements/expressions in Column II. (2009)
Column1 Column I1
(A) Circle (p) The locus of the point (4,k) for which the line Ax + ky =1
touches the circle x* +y? =4
(B) Parabola (q) Points z in the complex plane satisfying
|z+2|—|z-2]=%£3
(C) Ellipse (r) Points of the conic have parametric representation
(1-¢2) 2t
* ﬁLl+t2J > Y 1+12
(D) Hyperbola (s) The eccentricity of the conic lies in

theinterval | < x <
(t) Points z in the complex plane satisfying

Re (z+1)% =z [ +1

DIRECTIONS (Q. 4) : Following question has matching lists. The codes for the list have choices (a), (b), (¢) and (d) out of which
ONLY ONE is correct.

4. AlineL:y=mx+3 meets y—axis at £(0, 3) and the arc of the parabola y2 = 16x, 0 < y < 6 at the point F(xy,5¢)- The tangent to the
parabola at F{(x,, y,) intersects the y-axis at G(0, y,). The slope m of the line L is chosen such that the area of the triangle EFG has
alocal maximum. (JEE Adv. 2013)
Match List I with List II and select the correct answer using the code given below the lists :

ListI ListII

m= 1.

Maximum area of AEFGis
Yo =
=
Codes:
P Q
1
3

1
2
4
2

1

wEO T
FNEREN

(@ 4
© 1

W
~
=5
~
W

R
2
2
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(¢l Comprehension Based Questions

PASSAGE 1
Consider the circle x? + y? = 9 and the parabola y? = 8x. They
intersect at P and Q in the first and the fourth quadrants,
respectively. Tangents to the curcle at P and Q intersect the x-axis
at R and tangents to the parabola at P and Q intersect the x-axis at

S. (2007 -4 marks)
1.  Theratio of the areas of the triangles POS and POR is
@ 1:42 (b) 1:2 © 1:4 (d 1:8

2.  Theradius of the circumcircle of the triangle PRS'is
(2007 -4 marks)

@ 5 ® 33 © 32 @ 243

3.  Theradius of the incircle of the triangle POR is
(2007 -4 marks)

@4 (3 © § @ 2

PASSAGE 2

2 2
The circle x% + y2 — 8x = 0 and hyperbola % - yT =1 intersect at

the points A and B. (2010)
4.  Equation of a common tangent with positive slope to the
circle as well as to the hyperbola is

(@) 2x—\/§y—20=0 (b) 2x—\/§y+4=0
() 3x-4y+8=0 (d) 4x-3y+4=0
5. Equation of the circle with AB as its diameter is
@@ ¥*+)2—12x+24=0 (b) x*+y*+12x+24=0
(€) ¥*+y?+24x—12=0 (d) x*+)*-24x-12=0
PASSAGE 3
Tangents are drawn from the point P(3, 4) to the ellipse

2 2

3 + yT =1 touching the ellipse at points A and B.

6. The coordinates of A and B are
(@ (3,0)and(0,2)

(_ﬁ,z_ﬂ)and(_g,ﬁ)

(2010)

5 15 55
© (—%2—”11561}@«1(0,2)

28
@ GOand |33

7.  The orthocenter of the triangle PAB is

53) o(35) ©[55) ol
@ |>7) ®Ol5%) @55 D5

8.  The equation of the locus of the point whose distances
from the point P and the line AB are equal, is
(@) 9x2 +y% —6xy—54x—62y +241=0
(b) X2 + 9y? +6xy —54x +62y 241 =0
() 9x2 +9y2 —6xy —54x —62y-241=0
(d) x?+y?—2xy+27x+31y—120=0
PASSAGE 4
Let PQ be a focal chord of the parabola % = 4ax. The tangents to
the parabola at P and O meet at a point lying on the liney =2x +a,
a>0.
9.  Length of chord PQ is (JEE Adv. 2013)
@ 7a (b) 5a ©) 2a (d) 3a
10. If chord PQ subtends an angle 0 at the vertex of 2 = 4ax,

then tan 0 = (JEE Adv. 2013)
2 -2 2 -2
@ 3V ® 5V © 3 @ 3

PASSAGE 5
Let a, r, s, t be nonzero real numbers. Let P (at2, 2at), Q,
R (ar?, 2ar) and S (as?, 2as) be distinct points on the parabola y?
= 4ax. Suppose that PQ is the focal chord and lines OR and PK are
parallel, where K is the point (2a, 0) (JEE Adv. 2014)
11. The value of r is
2 +1 1 -1

() — © - (@)

_1
(@ ; ; ;

12. If st = 1, then the tangent at P and the normal at S to the
parabola meet at a point whose ordinate is

2 2
(t2 +1) a(t2 +1)
@ 5 ® ——3
2 2
a(t2 +1) a(t2 +2)
_ d _
© A3 CY A3
PASSAGE 6
Let F (x,, 0) and F,(x,, 0) for x, <0 and x, > 0, be the foci of the
22
ellipse ?+? =1. Suppose a parabola having vertex at the

origin and focus at F, intersects the ellipse at point M in the first
quadrant and at point N in the fourth quadrant.
13. The orthocentre of the triangle F\MN is(JEE Adv. 2016)

9 2
o (39wl

9 2
© (5,0] %) (gﬁ]

14. If the tangents to the ellipse at M and N meet at R and the
normal to the parabola at M meets the x-axis at Q, then the
ratio of area of the triangle MOR to area of the quadrilateral

MF NF, is (JEE Adv. 2016)
(@ 3:4 (b) 4:5
(© 5:8 d 2:3
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. . A vertical line passing through the point (h, 0) intersects the
.l Assertion & Reason Type Questions passing through the point (b, 0)
2 2
5 ellipse XT+y?=1 at the points P and Q. Let the tangents

STATEMENT-1: Thecurve y = % +x+1 is symmetric

with respect to the line x = 1. because

STATEMENT-2 : A parabola is symmetric about its axis.
(2007 -3 marks)

Statement-1 is True, Statement-2 is True; Statement-2

is a correct explanation for Statement-1

Statement-1 is True, Statement-2 is True; Statement-2

is NOT a correct explanation for Statement-1

(¢c) Statement-1 is True, Statement-2 is False

(d) Statement-1 is False, Statement-2 is True.

| B Integer Value Correct Type

2 2

X
The line 2x +y = 1 is tangent to the hyperbola — — b_2 =
a

(@)
(®)

If this line passes through the point of intersection of the
nearest directrix and the x-axis, then the eccentricity of the
hyperbola is (2010)
Consider the parabola y*> = 8x . Let A, be the area of the
triangle formed by the end points of its latus rectum and the

1
point P(E’z) on the parabola and A, be the area of the

triangle formed by drawing tangents at P and at the end

A

. 1.
points of the latus rectum. Then A_z is (2011)

Let S be the focus of the parabola y2 = 8x and let PQ be the
common chord of the circle x* + y2 —2x —4y = 0 and the
given parabola. The area of the triangle POS is (2012)

to the ellipse at P and Q meet at the point R. If A(h) = area of

the triangle PQR, A| = 1/?2}321 A(h) and AT /?S‘l? . A(h),
then iAl —8A,= (JEE Adv. 2013)
\/g 0
(@) g(x) is continuous but not differentiable at a

(b) g(x)isdifferentiable on R
(¢) g(x) is continuous but not differentiable at b

GV

g(x) is continuous and differentiable at either (a) or (b)
but not both

If the normals of the parabola y? = 4x drawn at the end
points of its latus rectum are tangents to the circle (x —3)?+
(y +2)>=12, thenthe value of 2 is  (JEE Adv. 2015)

Let the curve C be the mirror image of the parabola y? = 4x
with respect to the linex + y + 4 =0. If 4 and B are the points
of intersection of C with the line y =-5, then the distance
between 4 and B is (JEE Adv. 2015)

2 2
Suppose that the foci of the ellipse %+ y? =lare(f}, 0)

and (f;, 0) where f; > 0 and f, < 0. Let P, and P, be two
parabolas with a common vertex at (0, 0) and with foci at
(f;> 0) and (2f;, 0), respectively. Let 7' be a tangent to P,
which passes through (2f,, 0) and T, be a tangent to P,
which passes through (f}, 0). If m, is the slope of T; and m,

(1 )

is the slope of 7,, then the value of Lm—lz + sz is

(JEE Adv. 2015)
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Two common tangents to the circle x>+ ? =242 and parabola
y?=8ax are [2002]

@ x=*(y+2a) (b)
© x=%(y+a) d) y=*(x+a)

y=%(x+2a)

The normal at the point (bt12 ,2bt;) on a parabola meets

the parabola again in the point (bt22, 2bt,) , then

@) ty =t +2 ®) t=-4->  [2003]
| |
2 2
©) tp=-t+= d t=y4-—
4 h
2 2

The foci of the ellipse T—6+Z—2 =1 and the hyperbola

2 2
;ﬁz —% = 2L5 coincide. Then the value of 42 is  [2003]
@ 9 ®) 1 © 5 @ 7

If g0 and the line 2bx+3cy+4d =0 passes through
the points of intersection of the parabolas

y2 = 4ax and x* = 4ay, then [2004]

@ d*+(3b-202=0 () d*+(3b+2)*=0

© d*+(2b-3¢?=0 (@ d*>+(@2b+3c)*=0

The eccentricity of an ellipse, with its centre at the origin, is
1

> If one of the directrices is x = 4 , then the equation of

[2004]
(b) 3x*+4y*> =12

the ellipse is:
@ 4x*+3y°=1

© 4x?+3y?=12 @ 3x?+4y* =1

Let Pbe the point ( 1,0 ) and Q a point on the locus y2 =8x.

The locus of mid point of PQ is [2005]

@ y* —4x+2=0 () > +4x+2=0

© x*+4y+2=0 d x*—4y+2=0
The locus of a point P (o, B) moving under the condition
that the line y = ox+B is a tangent to the hyperbola

2 .2
x_2 - y_2 =11is
a“ b
(a) anellipse
(c) aparabola

[2005]

(b) acircle
(d) a hyperbola

8.

10.

11.

12.

14.

16.

An ellipse has OB as semi minor axis, Fand F' its focii and
the angle FBF' is a right angle. Then the eccentricity of

the ellipse is |2005]
1 1 1 1

a) — - c) — d —=

(@) 7 (b 2 (©) 2 (d 5

The locus of the vertices of the family of parabolas

3.2 2

y=“3" +“2_x-2a is [2006]
105 3 35 64

a = — =— C == -

@ x 64(b)xy 2 © x 16()xy105

In an ellipse, the distance between its foci is 6 and minor

axisis 8. Then its eccentricity is 12006]
3 4
@ > o1 © 2 @ =
5 2 5 g
Angle between the tangents to the curve y = x?—5x+6
at the points (2, 0) and (3, 0) is 12006]
T n T
a) w el c) — d =
(@) (b 5 (©) G (d 2
2 2
For the Hyperbola ——Y___1, which of the
cos’a  sin’a
following remains constant when o, varies=? [2007]

(a) abscissae of vertices  (b) abscissae of foci

(c) eccentricity (d) directrix.

The equation of a tangent to the parabola
y? = 8x is y = x + 2. The point on this line from which the
other tangent to the parabola is perpendicular to the given
tangent is [2007]
@ 249 O® 20 @ L) @ 02
Thenormal to a curve at P(x, y) meets the x-axis at G. Ifthe
distance of G from the origin is twice the abscissa of P, then
the curve is a 12007]
(@) circle (b) hyperbola (c) ellipse (d) parabola.
A focus of an ellipse is at the origin. The directrix is the line

1
x = 4 and the eccentricity is —. Then the length of the

2
semi-major axis is [12008]
8 2 4 5
@ 3 (b) 3 © 3 (d) 3

A parabola has the origin as its focus and the line x =2 as
the directrix. Then the vertex of the parabolaisat  [2008]

@ 02 @® 1,0 © O @ @0



17.

18.

19.

20.

21.

22.

23.

Topic-wise Solved Papers - MATHEMATICS

Theellipse x? +4y? =4 isinscribed in a rectangle aligned

with the coordinate axes, which in turn is inscribed in another
ellipse that passes through the point (4, 0). Then the equation
of theellipse is : [2009]

@ x*+12y°=16 (b) 4x>+48y* =48

(©) 4x*+64y% =48 @ x*+16y*=16
Iftwo tangents drawn from a point P to the parabola y* = 4x

are at right angles, then the locus of P is [2010]
(@ 2x+1=0 b) x=-1
() 2x-1=0 d x=1

Equation of the ellipse whose axes are the axes of
coordinates and which passes through the point (-3, 1) and

]2
has eccentricity 5 is

(@) 5x*+3y°-48=0 (b) 3x2+57-15=0
(¢) 5x2+3y?-32=0 (d) 3x2+57-32=0
Statement-1 : An equation of a common tangent to the

parabola y2 =16+/3x and the ellipse 2x% + y2 =4 is
y=2x+2J3

[2011]

43
Statement-2 : Ifthe line ¥ = mx +7\/_,(m # 0)isacommon

tangent to the parabola y2 =16+/3x and the ellipse

2x% +y2 =4, then m satisfies m* +2m? =24 [2012]

(a) Statement-1 is false, Statement-2 is true.

(b) Statement-1 is true, statement-2 is true; statement-2 is
a correct explanation for Statement-1.

(c) Statement-1 is true, statement-2 is true; statement-2 is
not a correct explanation for Statement-1.

(d) Statement-1 is true, statement-2 is false.

An ellipse is drawn by taking a diameter of the circle (x—1)?

+y2 =1 as its semi-minor axis and a diameter of the circle

x2+ (y—2)?=4is semi-major axis. If the centre of the ellipse

is at the origin and its axes are the coordinate axes, then the

equation of the ellipse is : 2012]

(@) 4x2+y%=4 (b) x2+4y*=38

(c) 4x2+)%=8 d) x*+4y2=16

The equation of the circle passing through the foci of the

2 y2

ellipse T—6 + ) =1, and having centre at (0, 3) is

[JEE M 2013]
@@ x2+y*2-6y-7=0 (b) x2+y*-6y+7=0
() x2+y*—6y-5=0 d) x*+3y2-6y+5=0
Given : Acircle, 2x2 +2y% = 5 and a parabola, 2 = 4+/5x.
Statement-1 : An equation of a common tangent to these

curves is y = x+/5 .

J5

Statement-2 : If the line, y = mx + — (m # 0) is their

common tangent, then m satisfies m* —3m? +2=0.
[JEE M 2013]

24

26.

27.

28.

29.

30.

Statement-1 is true; Statement-2 is true; Statement-2 is
a correct explanation for Statement-1.
Statement-1 is true; Statement-2 is true; Statement-2 is
not a correct explanation for Statement-1.

(c) Statement-1 is true; Statement-2 is false.

(d) Statement-1 is false; Statement-2 is true.
The locus of the foot of perpendicular drawn from the centre
of the ellipse x% + 3y2 = 6 on any tangent to it is
[JEE M 2014

(@)
(b)

(a) ()62+y2)2 =6x2+2y2 (b) (x2+y2)2=6x2 —2y2
© ()cz—y2)2=6x2+2y2 ) ()62—y2)2=6x2—2y2

The slope of the line touching both the parabolas ? = 4x

and x? =32y is [JEE M 2014]
1 2 L |
@ 3 ® 3 © 2 (d) >

Let O be the vertex and Q be any point on the parabola,
x2 = 8y. Ifthe point P divides the line segment OQ internally
in the ratio 1 : 3, then locus of P is : [JEE M 2015]
@ y=2x () ¥*=2y (9 x¥*=y (@ y*=x
The normal to the curve, x2 + 2xy—3y?=0, at (1, 1)

[JEE M 2015]
meets the curve again in the third quadrant.
meets the curve again in the fourth quadrant.
(c) does not meet the curve again.
(d) meets the curve again in the second quadrant.
The area (in sq. units) of the quadrilateral formed by the
tangents at the end points of the latera recta to the ellipse

(@)
V)

2 2

LS AR I [JEE M 2015]
9 5

@3 O ©5 @B

Let P be the point on the parabola, y= = 8x which is at a
minimum distance from the centre C ofthe circle, x2+(y+ 6 =1.
Then the equation of the circle, passing through C and having
its centre at P is: [JEE M 2016]

@ x4y’ -7+2y-24=0

(b) x*+y?—4x+9y+18=0
() x*+y?—4x+8y+12=0
(d) x*+y?—x+4y-12=0
The eccentricity of the hyperbola whose length of the latus
rectum is equal to 8 and the length of its conjugate axis is

equal to half of the distance between its focli, is :
[JEE M 2016]

(@) 5

2 4
Na ® 3 © 3 ()
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Conic Sections ) M-s-129
I N1 L N JEE Advanced/ IIT-)EE

A. Fill in the Blanks () x% — y? > 1 represents the exterior region of
1.  Given parabolaisy?=4x;a=1 hyperbola in which if we take two points (2, 0) and

(=2, 0) then their mid pt (0, 0) does not lie in the

Extremities of latus rectum are (1, 2) and (1, — 2) tangent to same region (as shown in the figure.)

y?=4xat(1,2)isy.2=2(x+1)ie y=x+1 (1)
Similarly tangent at (1,-2) is,y=—x—1 -2 e
Intersection pt. of these tangents can be obtained by solving . intgrior
(1)and (2), which is (- 1, 0). exterior .
2. Rough graph ofx?+y?=1 (circle) (1) (4—2,0) exte;rl?cr
and x?> —y? = 1 (hyperbola) 2 x (L0 O (1,0)(2,0)
is as shown below.
Aly
VVyl

(d) y?* < x represents interior region of parabola in
which for any two pts, their mid point also lie
inside the region.

3. () Wehave2x2+3y*—8x—18y+35=k

= 2x-22+3(p-3)?=k

For k=0, we get 2 (x — 2)2 + 3 (y — 3)2 = 0 which

represents the point (2, 3).

4. () Sincel?+22=5<9and22+1!=5<9both Pand Qlie

\ AW inside C.
* 2
~ 12 2% 1 22 125 :
Itis clear from graph that there are two common tangents to Also —+2-=-41>1and == +—=2=2<1, Plies
the curves (1) and (2) namely x = 1 and x =— 1 out of which 9 4 9 236
x=1is nearer to pt. P. outside £ and Q lies inside E. Thus P lies inside C but

Hence directrix of required ellipse isx—1=0 outside E.

bAlso e=1/2, focus (1/2, 1) then equation of ellipse is given 5, (a) The focus of parabola y2 =2px is [go) and directrix
y
x==p/2

1R+ =12 L 2
x-12°+@-1) _4(x 1 YA

-3 @-)* _,
1732 (1/243)?

which is the standard equation of the ellipse.

C. MCQs with ONE Correct Answer

) 2P
1. @ Giventhat — -2 =1 r>1 x=-pl2
I-r 1+r

As r>1 vY’
© 1-r<Oand1+r>0
Let 1 —r=—a?, 1 +r= b2, then we get

In the figure, we have supposed that p > 0]

P x* y? . Centre of circle s (go) and radius =2 +£ = D
- < =1 = —=+—==_1 2 2
2 2 27 2 )
-a” b a~ b ' o » _
whichzis not2 possible for any real values of x and y. . Equation of circle is (x - 3) ¥y =p
2. (c¢) (a) x~+2y~<1representsinterior region of an ellipse . . 2_ .
where on taking any two pts the mid pt of that 51(1):1 g;sz(f‘ir;tzeiszzgcin_?’;tz‘yz 0 2px 8)
®) Is\flirxn ?T;‘rlll)lj??ghle inside that ellipse can be gbtained by solvinzg (1) and (ii) as follows
’ - + — — = + _ =
=|x|<1,|y|s1=>-1<x<land-1<y<l A _38px 4px—3p°=0= Q2x+3p) (2x—p)=0
which represents the interior region of a square = x= Tp§

with its sidesx == 1 and y ==+ 1 in which for any

2—_1,2 i 2 =
two pts, their mid pt also lies inside the region. =Y 3p” (not possible), p° =y =1+p

Required pts are (p/2, p), (p/2,—p)

EBD_7202
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o2
6. (a) Forellipse 4—2+3—2= 1, a=4,b=3
:> = 1 _[ijz = ﬂ
€ i) " a

7. @
8
9. (0
10. ()
1. (©

Foci are (ﬁ, 0) and (—«/7 , 0)

Centre of circle is at (0, 3) and it passes through

(i«ﬁ , 0) , therefore radius of circle = (\/7 )2 +(3)2 =4

KEY CONCEPT:

2 2
Equation of the normal to the hyperbola — — b_2 =1
a

at the point (@ sec o, b tan o) is given by
ax cos a.+ by cot a.= a? + b2

0+ bycot® = a’® +b?
Normals at 6, ¢ are {ax cos yeo a4

ax cos®+ bycot ¢ = a’ +b?

where ¢ = %— 0 and these pass through (%, k)

ah cos 0 + bk cot© = a? + b?
ah sin © + bk tan 0 = a* + b?

Eliminating 4, bk (cot® sin® —tan cos0 )
=(a®+b?) (sin® —cos O )or k=—(a*+b?)/b

Chord x=9 meets x2—)2=9at (9,6~/2) and (9,-6~/2)
at which tangents are

9x—6\/§y =9 and 9x+ 6\/5y= 9

or 3x —2\/§y—3= 0 and 3x+2«/§y—3= 0
. Combined equation of tangents is

Bx-22y-3) Bx+2v2y-3)=0
or 9x*—8y?—18x+9=0
KEY CONCEPT
The equation ax? + 2hxy + by?> + 2gx + 2y + ¢ =0
represents a parabola if A # 0 and 4% = ab
where A = abc + 2fgh — af? — bg? — ch?
Now wehavex=r+¢+1and y=£—t+1
4, x_2y=t (Adding and subtracting
values of x and y)
Eliminating z, 2 (x+y)=(x-y)*+4
= x2-2xy+3y?-2x-2y+4 =0
Here,a=1,h=-1,b=1,g=-1,f=-1,c=4
A#0.and h?=ab
Hence the given curve represents a parabola.
y=mx + ¢ is normal to the parabola
y?=4axifc=-2am—am?
Herem=-1,c=kanda=3
S e=k==-23)1)-3(-1)*=9
KEY CONCEPT : The directrix of the parabola y? = 4a
(x—x;)is givenbyx=x, —a.

y2=kx—8:>y2=k(X—%)

12. (¢)

Topic-wise Solved Papers - MATHEMATICS

Directrix of parabolais x = % - E;

4
. ) 8 k
Now, x =1 also coincides with x = T2
.. 8 k
On comparision, ;—Z= Lor g2 _4x-32=0

On solving we get k=4

. 1
Let the equation of tangent to y> =4x bey = mx + —
m

where m is the slope of the tangent.

Ifit is tangent to the circle (x — 3)2+ y2 =9 then length
of perpendicular to tangent from centre (3, 0) should
be equal to the radius 3.

3m+—

1 2 1
= Pt —16=9m*+9 > m=%—
m? V3

Tangents are x— y/3 +3 =0 and
x+y\/§+3 =0 out of which x—yx/§+3 =0 meets
the parabola at (3,2+/3) i.., above x-axis.

13. @ )*+4y+4ax+2=0

14. ()

15. (¢)

Y +dy+4=—4x+2

+22=-4(x-1/2)

Itis of the form Y2 =— 44X

whose directrix is given by X=A

~. Req.equationisx—1/2=1=x=3/2.
Given thata>2b>0and m>0

Also y=mx—b 1+ m?

istangentto  x2+3)2=b?

as well as to (x—a)2+y*=p
(1) is tangent to (3)

2

D
-2
6!
1+m

am—-b

m2+1

[length of perpendicular from (a, 0) to (1) =radius &]

= am—b\/1+m2=ib«/1+m2 =am-2b1+nf =0
or am =0 (not possible as a, m>0)

=b

> @Zm2=402 (1+m?) = m’ __w
a* - 4p?
2b
(- m>0)

me__2b
- Va? - 4b?

If (A, k) is the mid point of line joining focus (a, 0) and

a+at?

O (at?, 2at) on parabola then h = Jk=at

o (§2)
Eliminating ¢, we get 2h=a+a \_ZJ
a
= k=aQRh-a) = kK¥=2a(h-al2)
Locus of (A, k) is y* =2a (x—al2)

whose directrix is (x —a/2) = —%
= x=0
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16. (d) The given curves are
¥ =8
and xy=-1

17. @

(D
@

Ifm is the slope of tangent to (1), thgn eq"of tangent is

y=mx+2/m

If this tangent is also a tangent to (2), then putting

value of y in curve (2)

(+2)
xX{mx+—| =_1
m

2
= mxl+ —=x+1=0=>m?*x2+2x+m=0
m

We should get repeated roots for the eq" (condition of

tangency)
= D=0
P -4m*m=0
= m=1 >m=1
Hence required tangent is y =x + 2
2 2

Y

The given ellipse is %+ 5= 1

5
2: 2: = 1——:
Thena*=9,b°=5 = e ,/ 973

2

end point of latus rectum in first quadrant is

L2,53)

. .2
Equation of tangent at L is ?x + %

=1

It meets x-axis at 4 (9/2, 0) and y-axis at B (0, 3)
1 9 27

Area of AOAB =—x—x3=—
ea of AO 2><2><

Y4

B
(0,3)

L(2,5/3)

Z

4

18. (a)

7,
(912, 0)

By symmetry area of quadrilateral

>
>

=4 x (Area AOAB) =4 x %T7 =27 sq. units.
For parabola y2 = 16x, focus = (4, 0). Let m be the slope

of focal chord then eq" is
y=m(x—4) (D

But given that above is a tangent to the circle

(x—6)2+y2=2
With Centre, C(6,0),r =2

Length of L2 from (6, 0)to (1)=r

6m—4
m2 Z =2 = 2m = 2(m? +1)

m- +1

= 2mP=m’+1 > m*=1>=>m=+]

19. ()

20. (a)

The given eq" of hyperbola is

2 2
coso  sin’a
= a=coso,b=sina

=1

[ 2
b
= e= 1+a—2 =+1+tan? o = S€C

= aqge=1
. foci(+1,0)

foci remain constant with respect to a.

2y2

Any tangent to ellipse x? + T lis

xcosO

+ysing =1
N y
A
B
(h.k)
[0 A =x

A(\2sec0,0) ; B (0, cosec® )
= 2h =+/2 seco and 2k = cosec@

M-S-131

(Using mid pt. formula)

1 . 1
= c0sf =—— andsinf = —
2k

2k

1) (1) 1
=> |\ = +(—] =1=>—+
[ﬁh] 2k 242

Required locus,
1 1
— =1
2% 4 y2

2. (¢©) y=mx+1/m

22. @

Above tangent passes through (1, 4)
= 4=m+1/m=> m?-4m+1=0
Now angle between the lines is given by

my —m
tang = |—L 2

_ Jom +my)? = dmym,

1+ mym,

Ji6-4
V64 _ 5T
1+1 3

1+ mym,

Equation of tangent to hyperbola x2 — 2)2 = 4 at any

point (x;,y,) isxx; —2yy, =4

Comparing with 2x+«/€y =2or 4x+2\/€y=4

=x,=4and -2y, = 246 = (4,-/6) is the required

point.
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x2 2
2

23. (@ Any tangent to the ellipse =1 at

+
%[

0 in6
xcosb ysin

P(acosp,bsing)is
a b

=1

Topic-wise Solved Papers - MATHEMATICS

Equation of parabola is
2
—2) 4+ (y—-2)> =[—x+y]
x-2)"+(»y-2) \/5

=22 —4x+4)+20° -4y +4) =x* + y* +2xp
= xX2+y?-2xy=8(x+y-2)

« . = (x-yP=8(x+y-2)
CO&Q & 26. (a) Thelength oftransverse axis=2sin 9 =2a
) /__ S”?&)‘ = a=sin@
° w—/ nY Also for ellipse 3x% + 4y% =12
2 2
or "—+y—_1 ,a?=4,p=3
It meets co-ordinate axes at A (a sec6 , 0) and b2 1
B (0, bcosech) 1—— = / =3
Area of AOAB = %x asecO x b coseco
ab Focus of ellipse —(2><— ) =(1,0)
= A=-— . 2 . .
sin 20 As hyperbola is confocal with ellipse, focus of
For A tobe min, sin 26 should be max. and we know hyperbola=(1,0) = ae=1=sing xe=1
max valueofsin29 =1 = e=cosech
" Apax = ab sq. units, . _ o _
24. (@ Thegiven curveisy=x2+6 b?=a? (e~ 1) =sin?g (cosec’ 6 — 1) =cos?®
Equation of tangent at (1, 7) is Equation of hyperbola is
2 2
S+T) =x.146 N A
2 2 2
= 2x —y+5=0 - sin“0 cos” 0
As given this tangent (1) touches the circle or, x*cosec’® —y*sec’ =1
x*+y2+16x+12y+c=0atQ 27. () x?-5xy+ 6y2=0 represents a pair of straight lines
Centre of circle=(—8, - 6). given byx —3y=0andx—2y=0.
Also ax- + by~ + ¢ = 0 will represent a circle if a= b and
¢ is of sign opposite to that of a.
28. () The given hyperbola is
x2 —2y2 —2\/5x—4x/§y—6 =0
= (F -22x+2) -2 + 22y +2) = 6+2-4
Then equation of CQ which is perpendicular to (1) and = (x=2)2 -2y +2)? =4
. 1
passes through (— 8, 6)isy +6 = —E(x +8) (x=2)*  (y+2)?
= —_ =
= x+2p+20=0 2 2? (v2)
Now Qs pt. of intersection of (1) and (2)
" Solving eq™ (1) & (2) we get 2 3
x=—6,y=-17 L a=2b= 3 = e= 1+Z= =
Req. pt. is (- 6,~7). o 2
25. (d Since, distance of vertex from origin is /2 and focus Clearly AABCisa right triangle.

is 2.2

. Vertex is (1, 1) and focus is (2, 2), directrix x+y=0

) B{a ,bﬂ

A

C(ae,
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Conic Sections ") M-s-133
1 1 »? 4xsin0—-2ycosO=12sinOcosO
. Ar(AABC)= - xACxBC = —(ae—a)x—
2 2 a x
1 , 1 [3 3 3cos® 6sin6
= E(e —Dxbt =7 \/; —1|x2= 5 -1 . Q,thepoint where normal at P meets x —axis, has
coordinates (3cos0,0)
y
29. (d) Thegiven ellipseis x> +9y =9 or 2 e - Midpoint of PQis M(7C(2)SG sin 6)
A
For locus of point M we consider
M x=7cose and y=sin6

30. (¢)

2x .
= 0059=7 and sin@ =y

A

><"

I9) 2
\ A S S )

49
Also the latus rectum of given ellipse is

x=iae=i4x§=12«/§ ofr x=+23 .(2)

Solving equations (1) and (2), we get

So, that 4( 3,0) and B(0,1)
4x12 , 1 1

Equation of 4B is §+%=1 29 +y =1 =y Ty or y=i'7
or x+3y-3=0 ) . . 1
Also auxillary circle of given ellipse is The required points are | +2v3, + 7))

x2+y*=9 @ 31. () Thetriangleis formed by the lines

Solving equation (1) and (2), we get the point M where
line AB meets the auxillary circle.

4 (Pg.(p+1)(g+1))

Putting x =3 -3y from eq" (1) in eq"(2)
we get (3—-3y)? +y? =9
= 9-18y+9y° +3y* =9 = 10y*-18y=0

-12
= y=0,§ = x=3,T
’ v=0) g
ClearlyM (le %) (-p.0) (-4,0)
AB:(1+ p)x—py+p(1+p)=0
0 0
1 27 AC:(I+g@)x—qv+q(1+¢9)=0
Areaof AOAM == 3 0 1|== .
2 10 BC:y=0
o129 1 So that the vertices are
>0 A(pg.(p+1)(g+1)), B(-p,0),C(~4,0)
y2 Let H(h,k) be the orthocentre of AABC. Then as
The given ellipse is —2 +5=1
4° 2 AH 1 BC and passes through A(pq,(p+1)(g+1))
such that > = 16 and b*=4 The eq™ of AH is X = pq
2 4 3 B . h=pq ()
e"=1- 6 4 = €= Also BH is perpendicular to AC
Let P(4cos6,2sin0) beany point on the ellipse, then Lommy = -1 —— k- O I+q =1
h+ p q

equation of normal at Pis
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Ms-134 ¢
A=(3,2)
= ud X1+q=_1 (using eq" (1)
pa+p g X
= k=-pq -(2) ©, 4)

From (1) and (2) we observe A+k =0
Locus of (4, k)is x+ y =0 which is a straight line.

2 2
For hyperbola —— I3 =1, we have
a

32. M)

.. Slope of normal at P (6, 3)
1 3a°

(d? e
dx )6,3)

.. Equation of normal is

y-3 __3a2

x=6 6
Asit intersects x-axis at (9, 0)
S 0-3_-34°
.. 9 _ 6 6b2
Also for hyperbola, b2 = a2 (e? - 1)

Using a? = 2b%; we get
b2=2b (&2~ 1)

1 3 f3
s, 2- 2 - 2
> ee—1 or e > or e 2

Let A (x, y) = (2, 2 £) be any point on parabola y? = 4x.
Alx,y)= (7, 20)

=a? =2b° ()

33. (o)

Y 1

X'€ >X
(0,0)

YN
Let P (4, k) divides OA in theratio 1 : 3

2 2
Then (b k)=| "4y

2 t
=>h= T and k= 5 =>h=k

- locus of P (h, k) is x = 2.
As rectangle ABCD circumscribed the ellipse

2 2

9 4

34. (o)

Let the ellipse circumscribing the rectangle ABCD is

2 2
x_z + y—z =1
a b
Given that it passes through (a, 4)
s b2 =16
Also it passes through 4 (3, 2)

A . TS

e az 16
Soooe= /1—E=\/I=l
16 4 2

35. ()

A -
PA

7 .
=

2,0 C 1,0) 2, 0)
Q\
| £ .
\

2
Let the tangent to y> = 8x be ¥y =mx + -

Ifit is common tangent to parabola and circle, then

2
y=mxt— is a tangent to x2 + y% =2

4

2
m
m? +1 m*(1+m®)

2

S>mt+m?-2=0=m?+2)(m?-1)=0
> m=1lor-1
.. Required tangentsare y=x+2andy=—x-2
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Their common point is (- 2, 0)

.. Tangents are drawn from (— 2, 0)

.. Chord of contact PQ to circle is
x.(-2)+y.0=20rx=-1

and Chord of contact RS to parabola is
y.0=4(x-2)orx=2

Hence coordinates of Pand Qare(— 1, 1) and (- 1,— 1)
Also coordinates of R and S are (2, —4) and (2, 4)

1
.. Area of trapezium PQRS is 5(2 +8)x3=15

D. MCQs with ONE or MORE THAN ONE Correct

2 2
Y

1. (¢) The given curveis %+T=1 (an ellipse) and given

lineisy=4x+c.
We know that y = mx + ¢ touches the ellipse

2 2
X y 2 2 2
=1ifc =+Va +b
a2 b2
Here c = +4/4x16+1 =-_i-x/§

two values of ¢ exist
x2 y2
The ellipse can be written as, — +=—=1
25 16
Here a2 =25, b%= 16, but b* = a* (1-¢€?)
= 1625=1-¢
= €2=1-16/25=9/25 = e=3/5
Foci of theellipse are (+ ae, 0) = (+ 3,0), i.e., F; and F,
We have PF, + PF, = 2a = 10 for every point P on the
ellipse.

2 2

8 Xy
3. d)Let y=—x+C bethet tto —+—=
(b,d)Let y 9 e tangent to TTRETE
where C = +Va’m? +b* = ><—+— =ié
4 81 9 9

Uy

(—a’m 8% (2 -1
and pts of contact are \ am ,b— =(_ _)

5 5

(a,b)if y = mx + c is tangent to y = x? then

x% — mx — ¢ = 0 has equal roots
2

m*+4c=0=>c=
2
m- . _
y=mx—T 1stangenttoy = x
This is also tangent to y = — (x —2)2

2
mx—mT=—x2+4x—4

(w2
x2+(m—-4)x+ L‘“TJ = ( has equal roots

m2—8m+16=—-m2+16=>m=0,4
y =0 or y=4x —4 are the tangents.

(a,c) For the given ellipse by} +—=1>e=

=

2 5P 16 3
16 25 5

5
Eccentricity of hyperbola = 3

2 )
Let the hyperbola be X _Y_ 1 then
A2

Bz
B? Az(zs 1] _18
9 9

x2 9 y2 . .
— -5 = 1 As it passes through focus of ellipse
A° 164
ie. (3,0

weget AZ=9=B2=16
' R
Equation of hyperbola is ?—Eﬂ

hyperbola is (5, 0), vertex of hyperbola is (3, 0).
AV

, focus of

S(ae, 0)

Given ellipse is x2 +4y? =4

22
or 2—2+T=1 =a=2b=1
1 3
l——:— A =
4”2 ae= 3

As per question P = (qe,—b%/a)= (\/_’_%)

ortu-vi- (-6

PO=23

Now if PQ is the length of latus rectum to be found,
3

then PQ=4a= 2/3 = a= %
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Also as PQ is horizontal, parabola with PQ as latus
rectum can be upward parabola (with vertex at 4) or
down ward parabola (with vertex at 4").

For upward parabola,

V3

(
AR=a= - . Coordinates of 4 = LO’ ‘(

J52+ 1))

So equation of upward parabola is given by

x2 =2\/§(y+@] or x2 —23y =3++3..(1)
NG

For downward parabola A'R=a= -
1-3 )\
2 )

So equation of downward parabola is given by

x? =—2\/§(y+l_\/§] or x2+2\/§y=3—\/§...(2)

2
the equation of required parabola is given by equation

(Dor ).

) (
Coordinates of 4'= LO, -

(b,c) In AABC, given that

=

=

=

=

.2 A
cos B +cos C = 4sin 5

B-C
2

2cos cos _4sin? g =0

2sin£ cos —2sin£ =0
2 2

B+C

_C—2cos 0

siné =0 or cos
2

. . . A
But ina triangle Sin ) #0

(B+CJ
cos| =
0> ——=2-

2 (
Cos

Applying componendo and dividendo, we get

B-C SB+C_

cos —-2c¢o

S~
N

)
~—

B+C B-C
coS +cos
( 2 ) ( 2 j_1+2__
(B+C) (B—Cj—l—2_
coS —cos| ——
2
B C
2c0s3c0s— tanétang—l
B - My Ty
—2sin—sin—
2 2

\/(s—a)(s—c) J(s—a)(s—b) 1
s(s—b) s(s—c) 3
s—a

—=l or 2s=3a
s 3

8.

= a+b+c=3a o b+tc=2a
i.e. AC+ AB = constant
(-~ Base BC=a is given to be constant)
= A moveson an ellipse.

(a,d) Let P(atz, 2at) be any point on the parabola

y2 =4ax.

. x
Then tangent to parabola at Pis y = 7 +at

which meets the axis of parabola i.e x-axis at
T (-at?,0).

Also normal to parabola at Pis ¢ x + y = 2at + ar®

which meets the axis of parabola at N(2a + ar?,0)
Let G (x, y) be the centriod of A PTN, then

at® —at?® +2a + at* 2at
x= and y=—
3 3
2a +at? 2at
= x= and y = 5

Eliminating ¢ from above, we get the locus of centriod
Gas

2
_ 3y da( 2
3x—2a+a(z) — y2=?(x——a)

which is a parabola with vertex (% , O) , directrix as

2 4
x—22__2 o x=%, latus rectum as Taand

3 3
focus as (a, 0).
(a,b) The given hyperbola is

1
-yt = 0 (1)
which is a rectangular hyperbola (i.e. a=25)
e=12.
2 2
Let the ellipse be P A
a b

. 1
Its eccentricity = —
V2

2
b? =a2(l—l) > =L
2 2
So, the equation of ellipse becomes
242yt =d? Q)
Let the hyperbola (1) and ellipse (2) intersect each

other at P(x;, ).
Then slope of hyperbola (1) at P is given by

my = (d_y) _n
) N
and that of ellipse (2) at Pis
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& 5 The equation of normal to y2 = 4x is y = mx — 2m —m>
my = (—) =-1 As it passes through (9, 6)
dx (x1.71) 2 . 6=9m—2m—m?

As the two curves intersect orthogonally, S>m-Tm+6=0=>(m—1)(m*+m-6)=0
. =>m-1)m+3)(m-2)=0=>m=1,2,-3

mmy = —1
172 ~. Normalisy=x—-3ory=2x—120ory=-3x+33
X ( x ) 5 2 . .. a, b, d are the correct option.
BRI a  E S Y.)
! ! KEY CONCEPT : If slope of tangent is m, then equations of
1
Also P(x;,y;) lieson -yt =— 2 42
e d 2 tangents to hyperbola — — b_2 =1 are
a
x12 - y12 = l (1) 2 2 .2 . .
2 y=mxx+a°m® -b* with the points of contact
1
Solving (i) and (ii), we get y12 =5 and x12 =1 ( +a’m +b? ]
2.2 12 [2 2 12
. . a‘m- b a‘m--b
Also P(x;,y;) lies on ellipse X2+ 2y2 =a® \/ \/
2 2
x12 + 2y12 =a’ > 1+1=d*ora®=2 - Tangent to hyperbola % _yT =1 isparallel to2x—y=1,
The required ellipse is x2 42 y2 =2 whose foci therefore slope of tangent = 2
ol o ( +9x2 +4 )
= R =(+ . ] ,
are (tae,0) [i 2 x ﬁ,O] (*1,0) .. Points of contact are ox4-4 Jox4_4
. 9 1 -9 -1
10. (cd) Given parabola y* = 4x ie (—,—) and (— —)
To\2V2' V2 2242
2 2
Let A(¢f,24) and B(#;,215) 14. (a,d) Let point P in first quadrant, lying on parabola y? = 2x
Then centre of circle drawn with AB as diameter is (2 ( p2 \
a
2,42 be | 52| . Let Qbe the point | 5 »?| . Clearly a>0.
(t1+t2,tl+t2J 6\2 J et Obe epomLz J earlya
As circle touches x-axis a2
Also slope of AB = 2(;2 _?) T R—
t2 — tl t2 + t] r

x2 2

1. (b, d)Forx2+4)2=4 or T+y—=1

1
o= L B
4 2
2 . - .
= -+ PQisthe diameter of circle through P, O, O

2 b
As per question, 4/l t+— =—F%= => —=
per q az \/g a \/g

a b
ZPOQ0=90°= 5 X5 ~=—1=ab=-4
a /2

focus of ellipse is (£+/3 , 0) b2 /2
As hyperbola passes through (£./3 , 0) = bisnegative.
3 Alsoar. APOQ= 3./2
.‘.a—2=lora=ﬁ 0 0 1
. b=1 and focus of hyperbola (£ 2, 0 2
yperbola (2, 0) L BN

2 2 21 2
.. Equation of hyperbola is ——=——= 2

31 LA
or x*—3y?=3 2

12. (a,b,d)
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= %ab(a—b)=i3\/§

= a-b=%32 (using ab=—-4)

As a is positive and b is negative, we have a — b= 3.2
a+§=3ﬁ

> a*-3patd=0>d’>-22a- [2a+4=0

= (@-22)@-2)=0=>a=22,2

(€] M} [(L) ﬁ}

Point P can be L 2

(using ab=-4)

ie.(4,22)or (1, 2)

(a,b)
x2 y2

LetE,: —+—5 =1wherea>b
a b

dE L | where ¢ <d

an :—5 1t =1wherec<
2 c2 d2

Also S:x2+(y—1)2=2

Tangent at P(x,y;)toSisx+y=3

To find point of contact put x =3 —yin S. We get P(1, 2)
Writing eq" of tangent in parametric form

x—l_y—2_+2\/5

ST T

242

x=_—2+lorz+landy=z+20r_—2+2
3 3 3 3
1 s 8 4

= x=3zoryandy=or>

o53) mar(35)

eq” of tangent to E, at Q is
5x 4y

= 4+ — =1 . .. . £+Z=
322 3p2 which is identical to 3+3 1
4 1
= a2=5andb2=4:>el = _§=§
eq" of tangent to E, at R is
XSy g x y
—5=1 Ito —+= =1
32 342 identical to 313
1 7
= c ,d°=8= &) s 3
2,2 43 VT 15 o 27
e +€5y =— = — |le] —¢€ -
1 2 40’ele2 2/101 1 2‘ 40

(a,b,d)H:x2—)?=1 S: Circle with centre N(x,, 0)
Common tangent to Hand S at P(x;, y,) is

|

N
Alsoradius of circle S with centre N(x,, 0) through point of
contact (x;, y;) is perpendicular to tangent

x, 0-n

mmy,=-1= Y Xy - =-1

= X T Xy—X; 0r X, =2x,
M is the point of intersection of tangent at P and x-axis

(30
X

Centroid of APMN is (£, m)

1
X+ Z +x,=3landy; =3m

Using x, = 2x,

1( 1)

—[3x+—|=1 N
= 3L 1 le and3 m

d 1 dm_

1
dq  3x2dy 3

Also (x;,y;) lieson H, .. x12 —y12 =1 or y; = \/xlz -1

1 2 dm Xq
m=—Ax -1 . S =—
3 ax 3 x12 -1
17. (a,b,¢)C,: x> +y?>=3 1)
parabola : x2 =2y ...(i0)
Intersection point of (i) and (i1) in first quadrant
V+2y-3=0=>y=1 (ry#-3)
Lx=2
P(2,1)

Equation of tangent to circle C, atP is V2x+y-3=0
Let centre of circle C, be (0, k); r= 23
k=3

s
- Q,(0,9),Q5(0,-3)

@) Q=12

(b) R,R;=length of transverse common tangent
= \/(Q2Q3)2 ~ (1 +1)?

= J(122 —@3)2 = 46

1
(©) Area(AOR,R;)= 3 x R,R; x length of L from origin

to tangent

= %x4\/g><«/§=6x/5

=23 =>k=90r-3

1
(d) Area (APQ,Q;) = 3 x Q,Q; L distance of P from

y-axis= %XIZX\/E= 6v2
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18. (a,¢,d) ) mx—y
Let point P on parabola y? = 4x be (t2, 2t) [ From eqn. (1) using — = 1]
- PS is shortest distance, therefore PS should be the normal 2am+am
to parabola. s Ax(mx—y)
Yy ==
2m+m’

(. 2t

Q

Equation of normal to y2 = 4x at P (t2, 2t) is
y—2t=—t(x -t
It passes through S(2, 8)

L 8-2t=—t2-t)=>t3=8ort=2

P4,4)
Also slope of tangent to circle at Q = e
Slope of PS 2

Equation of normal att=2is2x+y=12

Clearly x-intercept =6

SP=2./s and SQ=r=2
Q divides SP in theratio SP : PQ

= 212(\/5—1) or (\/g+l):4

Hence a, ¢ , d are the correct options.

E. Subjective Problems

The equation of a normal to the parabola y? = 4ax in its
slope form is given by
y=mx—2am—am?
Eq. of normal to y? =4x, is
y=mx—2m—-m’ (1)
Since the normal drawn at three dlfferent points on the
parabola pass through (4, k), it must satisfy the equation (1)
o k=mh-2m-m3
= m—Mh-2)m+k=0
This cubic eq. in m has three different roots say m, m,, m,
m;+my,+my;=0 -2
m m,+ mym, + m3m1 =—(th-2) .03
Now, (m; +m,+ m3) =0 [Squaring (2)]

2 2 2
= m+m+my=_2(m.m,+m.m,+m,m
1 2 3 2(12 2773 31)

= mimg g =3 (h-2) [Using (3)]

Since LHS of this equation is he sum of perfect squares,

therefore it is + ve

S h=2>0=>h>2

Parabola 2 = 4ax.

Let at any pt 4 equation of normal is
y=mx—2am—am3. (1)

Combined equation of O4 and OB can be obtained by making

equation of parabola homogeneous with the help of normal.
Combined eq. of O4 and OB is

y2 = 4ax(—mx P4 3]
2am+am

Proved

= 4dmx?*—4xy-(2m+m3)y?=0
But angle between the lines represented by this palr is 90°.
= coeff. of x> + coeffof > =0 = 4m—-2m—m?>=0

=> m-2m=0=>m=0,2, -2
But for m = 0 eq. of normal becomes y = 0 which does not
intersect the parabola at any other point.

som=%2
Given parabola is % =x.
3
Normal is y = mx _m_om
2 4
As per question this normal passes through (c, 0) therefore,
we get

m m
-———-—=0 (1
mc > "2 (1)
l 2
= m C——-m— =0 > m=00rm2=4(c—l)
2 4 2

m =0 shows normal is y =0 i.e. x-axis is always a normal.

Alsom?>0 :4(c—%) 20=>c¢2>1/2

At c=%,ﬁrom(l) m=0

for other real values of m, ¢ > 1/2
Now for other two normals to be perpendicular to each other,
we must have m;.m,=—1
2
Or in other words, if m,m, are roots of mT + % —c=0,then

product of roots =— 1

1

(E_) 1 1 c= 1 =3/4

va T2 TTaT T
Let the equation of chord OP be y = mx.

. 1
Then eq" of chord OQ will be y = o [
Pis pt. of intersection of y = mx and y2 = 4x.

0Q 1 OP]

Solving the two we get P[izi)
m m
VA 2
y =4x
P
oN Iz >y
o

Qs pt. of intersection of y = _1, and y2 =4x.
m
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Solving the two we get Q (4m?, — 4m)
Now eq. of PQ is,

—+4m
y+dm=—1" (x—4m?)
—5 —4m
m
= y+dm= mz(x—4m2)
1-m

= (1-m?)y+4m—4m’ = mx—4m>

= mx—(1-m?)y—4m=0

This line meets x-axis where y=01i.e. x=4

= OL=4,which is constant as independent of m. Again
let (A, k) be the mid pt. of PQ, then

4 4

4m2+—2 ——4m
h:—m and k=m
2
2, | 1
= h=2m +— and k=2{—-m
m m

= (L] = h=z[§+z}

= 2h=k*+8 = K=2(h-4)
. Locusof (h,k)isy*=2 (x—4)

5. Let P(tl2 ,2t;) and Q(t22 ,2ty) be the ends of the chord PQ

of the parabola
yr=dx (D
2ty =2
Slope of chord PQ = ; 2’1 =2
n-4
= t+=1 -2
Y4
P
I/RX,Y)
' 1-11)
X< 0 5 > X
0
v
YI
IfR(x;,y,) isa point dividing PQ internally in the ratio 1 : 2,
then
e 1g 248  _126+22
W2 T 12
= g+2l=3x W)
and t, +24 =(3y)/2 -4

From (2) and (4), we get

3 3
h=2n -Lt = 2-5321

Substituting in (3), we get

2 2
: ) (3 )
2-—= +2| =y —-1] =3
( 2y1 2)’1 X1

= (9/4)y? -4y =x -2

(8 =)

Locus of the point R(x,y;) is

(v—8/9)2=(4/9) (x—2/9)
which is a parabola having vertex at the point (2/9, 8/9).
Equation to the tangent at the point P (a cos@ , b sing ) on
x¥a®+y*b?=1is

X cos0+2sin0 =1 ()
a b

. d=perpendicular distance of (1) from the centre (0, 0)
of the ellipse

1 (ab)

Lcos2 0+ Lsin2 0 \/b2 cos’>0+a’sin’ 0
a2 b2

([ 22) 2. 24, 22
4a2L1_b_2J=4a2 1_b cos G-I;a sin“ 0
d a
= 4(a®- b?) cos? 9 = 4a? e cos? g Q)

The coordinates of focii | and F, are
F,=(ae,0) and F, = (-ae, 0)

PF, =[(acos0—ae)? +(bsin0)?]

= \/ [(a*(cosB —€)? +(bsin6)]

= \/[(az(cose—e)2 +a? (l—ez)sin2 0)]
[Using b2 = a? (1 - €?)]

= a\/[l +e? a- sin’ 0)—2ecos0]
=a(l-ecos 9)
Similarly, PF,=a (1 +ecos@)
(PF, - PF,)? =4a? €2 cos? § -(3)
Hence from (2) and (3), we have

()
_ 2 42122
(PF, - PFy)? = 4a L aZJ

Let the three points on the parabola 2 = 4ax be

A(at?,2at)), B(as3,2aty) and C(at3,2at3) .
Then using the fact that equation of tangent to y* = 4ax at

. x .
(af?, 2at)is y = 7 +at , we get equations of tangents at 4, B

and C as folllows

X

y==+an e
U]

y=2tat, Q)
)
X

y="+at; Ne)
3

Solving the above equations pair wise we get the pts.
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P(atty,a(t) +t,))

0 (atyty,a(t, + 1)
R (atst), a(t;+1))

1 a112 2an
Now, area of AABC =%1 at} 2at,
1 at32 2aty
14 7
=l B
16 2

= |t ~1)ty ~3)(13 1)

1 attp a(tl + 12)
Also area of APQR = ) 1 atyt; a(ty +t3)
1 atzh a(t3 +tl)

2 1 1112 tl + 12
=—1 hiy 1+
1 By Hz+h

2|0 (-5)n n-1
=—|0 (h—-fH)z -4
1 1311 t3 + tl

[R,>R,~R,and R, > R,—R.]
1 1 3 2 2 3

Expanding along C|,
22
= |7(t1 —i3)(ty — 1)ty —13) |
22
=| 7(11 —h)t —13)(53-1)]

From equations (4) and (5), we get

Ar(ABC) _ @l —1)t—13)t5 —1)| _2

Ar(APQR)

The required ratiois 2 : 1

a2
7|(t1 ~1))(ty = 13)(13 ~ 1)

This line will touch the circle x2 + y2 = a2/2

if i:-_i-i\/m2+1 [c=ir\/1+m2]
m 2
2 2
a a 2
= —=—m+]
m? 2

= 2=m*+m? = m*+m?-2=0
= M*+2)(m*-1)=0 = m=1,-1
Thus the two tangents (common one) are
y=x+aandy=—-x—a
These two intersect each other at (— a, 0)
The chord of contact at 4 (— a, 0) for the circle x* + 3?2
=a?2is (—a.x)+0y=d*2 ie,x=—al2
and the chord of contact at 4 (- a,0) for the parabola
Y2 =4axis
0y=2a(x—a) 1ie, x=a
Note that DE is latus recturn of parabola y* = 4ax, therefore
its lengths is 4a.
Chords of contact are clearly parallel to each other, so req.
quadrilateral is a trapezium.

1
Ar (trap BCDE) = E(BC+ DE) x KL

2
=1(a+4a)(3—”] _ 157
2 2) 4

The given ellipses are

AP A ()

d 242 =1 -2
an 6+3 )

Then the equation of tangent to (1) at any point 7'
(2 cos@, sin@ ) is given by

x.2cos6 N y.sin@
4 1

xcosO

1

+ysinf =1 -3

Let this tangent meet the ellipse (2) at Pand Q.
Let the tangents drawn to ellipse (2) at P and Q meet each
othera R (x,,y,)
Then PQ is chord of contact of ellipse (2) with respect to the
pt R (x,, y,) and is given by

i A4

o + 3 1 -4

Clearly equations (3) and (4) represent the same lines and
hence should be identical. Therefore comparing the
cofficients, we get

cos§ sinb

2 _n !
x 3 1
6

x;=3cos@,y;=3sing = x12+y12=9
Locus of (x,, ;) is x2 +y*=9

Uy
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2 2
which is the director circle of the ellipse % + y? =1 and

Thus tangents at P and Q are at right £’s.
KEY CONCEPT : We know that the director circle is the
locus of intersection point of the tangents which are at
right Z.
Let P (e, f) be any point on the locus. Equation of pair of
tangents from P (e, f) to the parabola 2 = 4ax is

[y —2a(x+e)*=(f2—4ae) (> —4ax) [T?=SS]
Here, a = coefficient of x> = 4a? Ne))

2h = coeflicient of xy =—4af -2
and b = coefficient of y> = 2 — (f2—4ae)=4ae ..(3)
Ifthey include an angle 45°, then

2k —ab
a+b
or, (a+bP=4(h—ab)
or, (4a*+4ae)’=4[4a*?—(4a%) (4ae)]
o, (a+e)’=f2—4aeore’+6ae+a’—f2=0
or (e+3a)?-f2=842
Hence the required locus is (x + 3a)? — y? = 84%, which is a
hyperbola.
Let any point P on ellipse 4x% + 25y% = 100 be (5 cos 0, 2
sin 0). So equation of tangent to the ellipse at P will be

l1=tan45°=

xcos0 N ysin® _
5 2
Tangent (1) also touches the circle x> +3? =72, soits distance
from origin must be 7.

1

5
Tangent (2) intersects the coordinate axes at A(—cose >O)

2
and B (0’ ﬁ) respectively. Let M (h, k) be the midpoint

of line segment 4B. Then by mid point formula

5 1 5 . 1
=—— k=—— = cosb=—, sinf=—
2cos6 sin® 2h k
. 2 1
= cos’0+sin’ 0= —52+—2
4n° k
Hence locus of M (4, k) is §+ 4 4
2 2
Xy
Locus is independent of r.
a2
Theellipseis X+ -1
a® b

Since this ellipse is symmetrical in all four quadrants, either
there exists no such P or four points, one in each qudrant.
Without loss of generality we can assume that @ > b and P
lies in first quadrant.

VA

™

2
/O > (Q COS 0 4
< i »x  Sip
x: AN (’y/ \ 0)
K L

[
Vv

Let P (a cos@, b sin @ ) then equation of tangent is

fcos€)+Zsin6 =1
a b

ab

\/b2 cos® 0+a?sin? @

ON =

x .
Equation of ON is, Esme - %cose =0

Equation of normal at Pis
ax sec @ — by cosecy = a? — b?

B a* - b? _ (a* —b*)sinOcosH
B 2..2,,2 2
\/a2 sec? 0+ b2 cosec?0 \/a sin“+b” cos” 0

and NP=0OL

= OL

(a2 - b2)sin 6cosO

NP =
\/ a’sin? 0+ b2 cos? 0

1
Z=Area0fOPN=5><ON><NP

sin 0 cos 0
a?sin®0+5%cos’ 0

= %ab(az -b%)

_ a* sin” 0+ b% cos” 0

=2 2
- =ag“tan® +b” cotd
sinBcosO

Letu

d
d—g=a2 sec2@ —b? cosec29=0=tano = bla

(dzu\\

LE J wan-1p/q >0, uis minimum at @ = tan"! b/a

So Zis maximum at @ = tan"! b/a
2 2
b
Pis L 2 , J
\/ a® +b° \/ a® +b°
By symmetry, we have four such points
( a? 2 )

Li\/a2+b2 ,i\/a2+b2J
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13. Let 4, B, C be the point on circle whose coordinates are
A=[acosO,asing ]

B= acos(9+2—n] ,asin(9+2_n]
3 3
and C= [acos(9+4?n) ,asin(6+4?nn

Further, P[acos@ , bsing ] (Given)

Q=[acos(6+2?n],bsin(e+27nﬂ 14.

and R =[acos(6+47n] ,bsin(9+4?n)}

It is given that P, O, R are on the same side of x-axis as
A,B,C.

A (acosb, asin®
\(acose, bsinB)

So required normals to the ellipse are
ax sec® — by coseco = a* — b? ()

axsec(e + ZTn) —by cosec(e + 2?“) =a*-b? -2

4 4
axsec (9 + ?n) —bycosec (6 + ?n) = q* - b? -3
Now, above three normals are concurrent
= A=0
secO cosecO 1

where A = sec(e + 2%) cosec(e + ZTT‘) 1

sec(e + 4%) cosec(e + 4%] 1

Multiplying and dividing the different rows R,, R, and R,
by sin@ cos o,

2n 2n
i 0+ _) (e + _)
Sln( 3 COoS 3

. 4 4 .
and sin (6 + Tn) cos [9 + Tn) respectively, we get

A= 1 X

sin®cosBsin (9+ Z?Tt) cos(e + 2%]

sin(e + 4—n) cos (6 +4_n]
3 3

sin 6 cosO sin 20

sin(e+2—“) cos(e+2—“] sm(ze+4—“) =0

3 3 3

sin(e—z—n) cos(e—z—n) sin(26—4—n)
3 3 3

[Operating R, — R, + R, and simplyfing R, we get R, =R, ]
Given that

Cp:x?=y-1; Cy:y?=x-1
Let P (xl,xl2 +1) on C;and Q (y% +1,y;) on C,.
Now the reflection of pt P in the line y = x can be obtained
by interchanging the values of abscissa and ordiante.

Thus reflection of pt. P (x,x% +1) is B (x12 +1,x7)

and reflection of pt. Q ( y% +1,,)is Q1(», y% +1)

Cl\:‘Y ; 1 y=x
P:\ I

~
)

. i~
) 0 (1,0 X
G

v

It can be seen clearly that P, lies on C, and 0, on C,.
Now PP, and QQ, both are perpendicular to mirror line
y=x.Also Mis mid pt. of PP, (- P, is morror image of Pin

y=x)

PM = %PPI
Inrt APML,

PL>PM = PL> %PPI ()
Similarly;

LQ> %QQI ()
Adding (i) and (ii) we get

PL+LQ >%(PP1+QQ1)

= PO>(PR+00)

= PQis more than the mean of PP, and QQ,
= PQ>min (PP, 00,)
Letmin (PP, 00,)= PP,

then pQ2 ZPPIZ = (x12 +1—x1)2 +(x12 +1—x1)2
=202 +1-x)* = (%)
= fxy) =4 +1-x)2x —1)

=4((x1_;)2+;j@x1-1)
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S'(x)=0whenx =—

. 1 . 1
Alsof'(x)<0if x <5 and f”'(x,)>0if x; >5
= f(x,)isminwhenx, ==
Thus ifat x; =% pt Pis Pyon C,

( 2 )
SHORRE
2°\2 2°4

Similarly O, on C, will be image of P, with respect toy =x

oli2

Let the co-ordinates of P be (a cos@, b sing ) then co-
ordinates of Q are (a cos9 , asing )

——~ O (@ cos 0, a sin 6)
s
» R% 6)

P 0, b sin 0)

(—a,0) 01(0,0) (a,0)

As R (h, k) divides PQ in the ratio r : s, then
s.(acos0)+r(acos0)

h= =acos6
(r+s)
= cos(9=ﬁ
a

e 5(bsin0)+r(asin®) sin0(bs +ar)

- (r+s) (r+s)

. k(r+s
= sin = AU 9) ~+ cos?@ +sin?g =1

(bs+ar)

2 2 2
LB KOs

2

. 3 =1.
a® (bs+ar)

i (r+s)

5 =1 which is equation

Hence locus of Ris — 2
a®  (bs+ar)

of an ellipse.

2 2
Let the ellipse be x_2 += =1 and O be the centre.
a

Yy

Tangent at P (x;, y,) is —+ 1 —1=0 whose
a?

17.

18.

2

slope = —bzi , Focus is S (ae, 0).
ay

Equation of the line perpendicular to tangent at P is

J’l
b X1

y= (x ae) (1)

Equation of OPis y = Ay -2
xl

2

(1) and (2) intersect = Ays azl(x —ae)

X b X1
= x(@-P)=de=x.d*=a%
= x=ale
Which is the corresponding directrix.
Let Pbe the pt. (4, k). Then eqn of normal to parabola y2 = 4x
from point (4, k), if m is the slope of normal, is
y=mx—-2m—-m
As it passes through (4, k), therefore

mh—k—2m-m>=0

o, m3+(Q2-h)+k=0 ()
Whcih is cubic in m, giving three values of m say m,, m, and
my. Then m;m,m; =— k (from eq") but given that m;m, =a

k
We get m3 = ——
a
But m,; must satisfy eq” (1)

k3
—+(2 h)( ]+k=0
o’
= B-202—ho?-a3=0
Locus of P (h, k) is y* = a’x + (o? - 2a2)
But ATQ, locus of P is a part of parabola y? = 4x, therefore
comparing the two, we get a2=4 and o’ —202=0=> =2
The given eq® of parabola is
y2=2y—4x+5=0 (D
= (-12%=4@x-1)
Any parametric point on this parabola is
P(P+1,2t+1)
Differentiating (1) wir. to x, we get

2
WP W 4o LY

dx i y-1
Slope of tangent to (1) at point P (2 + 1, 2¢+ 1) is
21
T2t

Eqof tangentat P (2 + 1,2t + 1) is

y-@uH) =3 =2 =)

= y-20-t=x-£=1

= x-yt+(P+1t-1)=0 2

Now directrix of given parabola is
(x-1)=—1=x=0

2ai-1)

J

(
Tangent (2) meets directix at QLO,

Let pt. R be (4, k)
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L
ATQ, R divides the line joing QP in the ratio ) lie,1:2
externally.

(11+62)=0 t+262-22-2¢+2)

(b == ]
= h=—(1+t2)and k=%
2
£=-1-hand t=—"
= an -

2
Eliminating ¢, we get (ﬁ) =-1-h
= 4=—(1-k?(1-h)
= (h-1)(k-1)*+4=0
Locus of R (A, k)is (x— 1) (y—1)2+4=0

2

2
Any pt on the hyperbola %_yT =1is(3scep,2tang)

Then, equation of chord of contact to the circle x> + % =9,

with respect to the pt. (3 seco,2tang ) is
(3secO)x+(2tan0 )y=9 .(1)

If (h, k) be the mid point of chord of contact then equation

of chord of contact will be
hx+ky—-9=h*+k*-9

or, hx+ky=h*+k? (i)

But equations (i) and (i) represent the same st. line and

hence should be identical, therefore, we get

3secO 2tan6 9
ok R k?

9k
O0=—7—5
2(h° +k°)

= secH= ,
h? + i
sec’ —tan?9 = 1

o 8I*
(R +K*) 4n® +k%)>

= 4h?—9k? =g(h2 +k%)?

2 k2 (2 ek?)
S ey

2 2 2, 2)?
Locus of (b, k)is 2——2 - X *V
I

Let the common tangent to circle x2 + y? = 16 and ellipse
x%/25+y%/4=1be

y=mx+\25m* +4 A1)

As it is tangent to circle x? + y* = 16, we should have

N25m? + 4

m? +1

[Using : length of perpendicular from (0,0 ) to (1) =4]

=4

o M-S-145
= 25m?+4=16m>+16 = Im>=12
= m="2
3

[Leaving + ve sign to consider tangent in I quadrant]
Equation of common tangent is

y=——x+ /25'_4.4 y=——7x+4,|—
\/gx 3 = \/§x 3

This tangent meets the axes at 4(2+/7,0) and 3(0,4\/9

Length of intercepted portion of tangent between axes

Ak
= AB = (2ﬁ)+L4\EJ =14/3

F. Match the Following

Let y = mx —2m— m3 be the equation of normal to y* = 4x.
As it passes through (3, 0), we get m=0, 1,—1
Then three points on parabola are given by (m?, — 2m) for
m=0,1,-1

P(07 0)7 Q(l) 2)7R (11 _2)

0 0 1
Area of APQR = % x[1 2 1|=2 sq.units
1 -2 1

Radius of circum-circle,
R_abc_«/gx\/§><4_5

4N 4x2 2
(where, a, b, c are the sides of APQR)

NOTE THISSTEP

) 2
Centroid of APOR = (5 , 0]

. 5
Circumcentre = (5, 0)

Thus, (A) - (p); (B) - (q); (C)—(s); (D) —(r)
(A)-p.q

It is clear from the figure that two intersecting circles have a
common tangent and a common normal joining the centres

B)-p.q

©-qr
Two circle when one is completely inside the other have a
common normal C;C, but no common tangent.
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(D) -q,T
Two branches of hyperbola have no common tangent but
have a common normal joining S, S,.

s
VAN

Matrix Match

A)-p,q;(B)-p,q; (O)—q,r; (D)-q,r
A—>p;Bos,t;Cor;D—oq,s

(p) Astheline hx+ky =1, touches the circle X2+ y2 =4

Length of perpendicular from centre (0, 0) of circle
to line = radius of the circle

1
Ny

Locus of (4, k) is x? + y? = % , which is a circle.

1

= =2:> h2+k2=z

(@ Weknowthatif |z—z||-|z—2z, |=k
where | k|<|z; -z, |
then z traces a hyperbola.
Here |z+2|—|z-2|=%3
Locus of z is a hyperbola.

42
(r) We have x=x/§(l—t],y 2

1422 )7 1422
i_l—t2 2
V3142 1412
On squaring and adding, we get
X2 5 (1= +4s? 2 2
TtV e —=loa L2
3 (1+£%) 301

which is the equation of an ellipse.
(s) Weknow eccentricity for a parabola =1
for an ellipse < 1
for a hyperbola > 1
.. The conics whose eccentricity lies in 1 < x < oo are
parabola and hyperbola.

(t) Let z=x+iy then
Re [(x+ D)+ =x? +y* +1
= (x+l)2—y2=x2+y2+l

= y2 =x , which is a parabola.

(@ Equation of tangent to y?> = 16x at F (x, yp)
YYo= 8(x +X)

8XO
G| 0,—
= ( Yo J

1
Area of AEFG= > x(3—-y))xx
1

dy, 32 2
dA y
—=0>2yp=4=>%x7=1 M
dyg Yo X0 \E(0,3)
1=8X1= G0,y F (%, ¥o)
4 ’ y
X

Also y,=mx,+3
S A=re+3 m=1
maximum area of AEFG

3
_L 3><42—4—
32 2

®)->@.Q->0,R)=>2),) >3

G. Comprehension Based Questions

For Qs.1-3:

A)

P(1,24/2

(§1,0)0 *
(1,—%\/5)
.
© ArAPQS=%PQXST _ST_2_1,
ArAPQR ™ 1o TR 8 4
() For APRS,

1
Ar (APRS) =A=%xSRxPT=5xle2\/5

A=10v2,a=PS=2/3

b=PR=62,c=SR=10

Radius of circumference

=R="_bc=—2\/§><6‘/§xm =33
4A 4x1042
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3. () Radiusofincircle
area of A POR A

- semi perimeter of A POR s
We have a= PR = 6/2 , b= QP=PR =62
c=PQ =42

and A=%><PQ><TR=16\/§

672 + 642 + 42 1632
= =82 - r=—"it=
2 82
2 2

xt 0y . xseco ytana
4. A t tto———= 1 §———
(b) Any tangent to 52 1 3 >
It touches circle with center (4,0) and radius =4

=1

4seco—3
3 =4
sec? o tan’al
9 4
)
=16sec’ o — 24sec0t+9—144LSec S tan” aJ
4
5 3
=12 sec’ o +8sec—15=0 = seca—gor7
5 . .
but seca = r < 1is not possible
5
seca=—3/2:tana=17
2(-3/2
.. slope of tangent = 2seca = ( / )
3 tan o 3(_J§/2)
(for +ve value of m)
_2
NG
-, Equation of tangent is_?x+#=l

or2x— «/g y+4=0
5. (@ Theintersection points of given circle

x+y?-8x=0 A1)

and hyperbola 4x*> —93? —36 =0 ..(2)

can be obtained by solving these equations
Substituting value of y? from eqn (1) in eqn (2),

we get
4x* —98x—-x*)=36 = 13x* —=72x-36=0
= x=6 g = y’ = _14;38% (not possible)

(6,2\/3_» ) and (6, 23 ) are points of intersection.
So eqn of required circle is

L ] M-S-147
(x-6)(x-6)+(y-2ﬁ)(y+2ﬁ)=0
= x*+36—12x+y* -12=0

= x2+y*-12x+24=0
2 2
(d Tangentto 3—2+ = =1lat the point (3cos®,2sin6) is

xcosG+ysin6
3 2

=1

P PEH

y

As it passes throught (3,4), we get
cosB+2sinB =1

= 4sin®0=1+cos’ 0—2cos0

= 5c0s20-2c0s0-3=0
= cosG=1,—% = sin6=0,i

9 8
. Required points are A (3,0) and B(—g,g]

(¢) LetH bethe orthocentre of APAB, thenas BH 1 AP,
BH s a horizontal line through B.

9,8 PG4
(/5//)/

\/ A(3’ ’

. y- cordinate of B=8/5
Let H has coordinater (a,8/5)

8

PR )
Then slope of PH=> =

a-3 5(a-3)

%'0 8 -l
andslopeofAB—_9—_3=z=?

5
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M-S-148 ¢ Topic-wise Solved Papers - MATHEMATICS
-12 -1 a —2a
ButPH L AB= x| = |=-1 . -+ POis a focal ch 4 2a
5(a—3) (3) 11. ) Q is a focal chord, Q[tz ; )
= 4=-5a+150ra=11/5 Also OR || PK'= mgpp = mpy
2a
Hence H(l%,%) = —T—Zar _ 0—2at
8. (@ Clearlythe moving point traces a parabola with focus a4 _a? 2a—at®
at P(3,4) and directrix as 12
y-0_-1 1
. = —35= _2 —
3 3 O x+3y-3=0 . a(t‘"") _ at
. Equation of parabola is - 2
PRI : a(1+,,)(1_,] a(2-7)
2 2 (x+3y-3) t t
(x—3) +(y—4) =T 1
_PR2=t|-——r
or 9x% +y? —6xy —54x— 62y + 241 =0 =2t (t J
) a 2 2a ) '.'r:at—1 otherwise Q will coincide with R}
9. () PQ=,|at —a)t 2at+== P
—
20 1P 12 =>2-2=l-r > r=——
=a (t+—) (t——j +4(t+—j ) t
t t t 12. () Tangentat Pis
(o Vol > ty=x+at® )
=altr oY 4 S8 ] =5a Normal at S )
sx+y=2as+as> ...(11)

10. () AsPQis the focal chord of y? = 4ax
.. Coordinates of P and Q can be taken as
N

1
But givenst=1= S=;

LXiy228.8
T t B

= xt? = yt3 =2at* +a

Putting value of x from equation (i) in above equation
we get

- 12 (zy—at2)+yt3 =2at* +a

(1 -_Zaj
2 >
ot :>(t3+t3)y—at4=2at2+a
P(at2 2at) and Q a2
’ t27 t :>2t3y=a(t4+2t2+l)
Tangents at P and Q are
8 Q 4,52 2 1\
X a a(¢*+207 +1) o +1)
y=—+atand y=—-xt—— y= 3 = 3
t t 2t 2t
which intersect each other at R(—a,a(t—l)) For(Q.13and 14)
, _ t o2y g 1
AsRliesonthey=2x+a, a>0 Forellipse—+2—=1, e=,[l-— =—
9 8 ’ 9 3
1
a(t——)=—23+a Sotodoll o el 5 o Fi(-1,00andFy(1,0) .
t t t Parabola with vertex at (0, 0) and focus at F,(1, 0) is V2 =4x.
2
Now, mop = T and moq 1= —2t Intersection points of ellipse and parabola are M(%,\/g J and
2
z 2| t+-
. tan9=t+2t= tJ=2\/§ 3 \/_
: -4 3 3 N(E" 6]



Conic Sections

) M-S-149

13. (a) For orthocentre of AF,MN, clearly one altitude is
x-axisi.e. y= 0 and altitude from M toF Nis

3
o5
y- %f
Putting y= 0 in above equation, we get
-2
10

-55)
Orthocentre 10

14. (c) Tangents to ellipse at M and N are
x V6 ox w6,
6 8 6 8

Their intersection point is R (6, 0)

3
Also normal to parabola at M (5’ V6 J is
()
2
. . . . 7
Its intersection with x-axis is Q (5 , OJ

Nowar (AMQR)= - x % V6 = ;{_
Also area (MF;NF,) =2 x Ar (F;MF,)

=2x%x2xJ€=2J€

ar(AMQR): 576 _
ar(MENE, ) 4x26

H. Assertion & Reason Type Questions

2
1. (@ Thegivencurveis y= —x?+x+1

or (x—12=-2(y-3/2)
which is a parabola, so should be symmetric with
respect toits axisx—1=0

Both the statements are true and statement 2 is a
correct explanation for statement 1.

I. Integer Value Correct Type

. . . . a .
1. (2) Intersection point of nearest directrix x = — and x-axis
e

a
. _’0

a
As 2x+ y=lpasses through (;’0)

2a e
L—=1a=—
e 2

2 2
. x
Alsoy =-2x+11is a tangent to—z—b—2=1
a

- =>4a* b =1

sl=d(-2)
= 4a2—a2(e2—1)=1 = 4xé—é(e2_1)=1

= 4’ —e'+ef =4 = ' -5e" +4=0

= ¢?> =4as e>1for hyperbola. = e=2
)]

1 3
A, = Area of APLL’ = 5><8><5=6

Y
L(2,4)
_—
A
p(’2,2)
X
C (0]
B
\
L'2,4)
v

Equation of AB, y=2x+ 1 Equation of AC, y=x+2
Equation of BC, —y =x + 2 Solving above equations we get

A(1,3),B(-1,-1),C (-2,0)
131

SN R (R S R

- A= =3 4
2 0 1

(4) We observe both parabola y? = 8x
and circle x% + y2 — 2x — 4y = 0 pass through origin
.. One end of common chord PQ is origin. Say
P(0,0)
Let Q be the point (212, 4r), then it will satisfy the
equation of circle.

44+ 1612 — 42— 16t =0

= A+32-4=0 =1(A+3t-4)=0
= t(t—1)(2+1-4)=0 = t=0or1
For =0, we get point P, therefore =1 gives point Q
as(2,4).
We also observe here that P(0, 0) and Q(2, 4) are end
points of diameter of the given circle and focus of the
parabola is the point S(2, 0).
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.. Area of APQS =%xPSxQS=%x2x4=4 sq. units

Y

N

(2, 4)
1,2
x O0): - i

(2,0 5.

YI
2 2 6.

4. (9) Vertical line x = h, meets the ellipse xT_'_yT =1 at

P(h,?\h—th and Q{h,#\M—th

By symmetry, tangents at P and Q will meet each other
at x-axis.

y

—>

N ——
(Q “k‘
\¥
>y}

AN

(1

h 3 ]
Tangent at P is %+% 4-h* =1

which meets x-axis at R(% , 0)

Area of APOR= %x BV4-h? x(%—h)

£(4—h2)3/2

1e., A(h)= 5 p
dA 3 Na—h2 (K% +2) 0
dh h—z <

A(h) is a decreasing function.

%shsl = Amax=AG) and A, =A(1)

1

3/2
4
_\/§£ 4] 45
AT S A

2

_33B 9 iA1—8A2 =45-36=9
221 2745
(2) Endpoints of latus rectum of y? = 4x are (1, +2)
Equation of normal to 2 =4x at (1,2)is
y—2=-1(x—1orx+y-3=0
As it is tangent to circle (x —3)2 + (y +2)2 =12
3+(<2)-3
75 =r=>rt=2

(4) Let (2, 2¢) be any point on y* = 4x. Let (h, k) be the
image of (2, 2f) in the linex + y + 4 =0. Then
h—t® k-2 2% +2+4)
1 1 2
= h=-2t+4)andk=—(>+4)
For its intersection with, y =-5, we have

A

~(B+H=-5 =t=+1
A(-6,-5) and B(-2,-5)
AB=4.

2 2

. x“y
4) Ellipse: —+2-=1
(4) Ellipse 5 T3

2
= a=3,b= .5 ande=—

3
S fim2andf,=-2
P y2=8xandP2:y2=—l6x
2

Ty:y=mx+ m
It passes through (-4, 0),

2 1
0 —4m1 m :>m1 5

4
T, y=mx———
2-)Y = My m,

It passes through (2, 0)
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| IEZ -2 JEE Main/ AIEEE

1. () Any tangent to the parabola y? = 8ax is 1 a
5. () e=. Directrix, X= o= 4

2a . 2
y=mx+— ..(1)
" 1 1
If (i) is a tangent to the circle, x2 + y2 = 2q? then, La= 4><5 =2 nb=2 I_Z =3
V2a= iz—‘; 2 2
mym” +1 Equation of elhipe is T+yT=l:>3x2+4y2 =12
= m(1+m?)=2 = (m?+2)m*-1)=0 = m=+ 1.
So from (i), y= + (x+2a). 6. @ P=(1,0) 0=(h,k)Such that K% =8h
2. (b)) Equation ofthe normal to a parabola y2 = 4bx at point Let (a, B) be the midpoint of PO
(btlz,thl) isy=—tx+2bt, + bt} h+l k+0
o=—-", p=—r
2 2
As given, it also passes through (bt§ ,21712) then 20-1=h 28 =k
2 2
2bty =—t, b3 + 2 bty + bt} (2p)” =8(2a-1) = B~ =4a-2
2
2 .2 —4x+2=0.
2 =2m=-14 (tz - )=—t1(t2+tl)(t2—tl) =y —4x+2=0
x2 y2
o 2 7. (@ Tangent tothe hyperbola — —===11is
= 2=-4 =6+ = 4 a* b
5 y=mx + 2w _p?
= L= —? Given that y= a.x + [ is the tangent of hyperbola
2 2 = m=qgand c12m2—b2=[?)2
3. 0@ >-»r_1L
144 81 25 Ll =p?
a—Jﬂ = ﬂ e—Jl+ﬂ:£:§
Y2577 V25T TV 144 12 4 Locus is a’x? — y* = b which is hyperbola.
Foci=(+3,0) 8. (@ -~ ZFBF =90° = FB*>+F B?>=FF*?
foci of ellipse = foci of hyperbola 2 2
for ellipse ae =3 but a=4, (\/aze2 +b? ) + (\/aze2 +b? ) = (2ae)2
3
e= Z b2
= 2’ +b7)=dd’ =’ ==
a

Then p? =g%(1-¢?) = p%= 16(1_i] 7
16 B (0, b)
4. () Solving equations of parabolas

y2 = 4daxand x? = 4ay

F'(-ae,0) [O F (ae, 0
we get (0, 0) and (4a, 4a) \Q_y
Substituting in the given equation of line

2bx+3cy+4d =0,

Also o2 =1-p2 /g% =1-¢?
wegetd=0and2b+3c=0= d? +(2b+3¢c)*> =0
= 2¢? =1, e=

al-
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9. @

10. (@

1. )

12. &)

3.2 aZx

Given parabolais y= N + E 2a

—a—3(x3+ix+—9 ]—3—a—2a
=r=73 22" lea2) 16

35a_a3( 3)2

+—=—|x+—
=V 6 T 3\ 4
: fparabola i (_—3 —_35‘1)
.. Vertex of parabola is 22’ 16
To find locus of this vertex,
x_—_3 d _ —35a
“4a ™77 06
-3 16y
= a=gyanda=—g
-3 16y _
:>4x— 35 = 64xy=105
105 . . .
= xy= ot which is the required locus.
2ae=6 => ae=3;2p=8= b=4
b2=a2(l—e2);l6=a2—a2e2:>a2=l6+9=25
- —5 . e:é—z
a= . a 5
dy
E=2x—5 Soom =(2x—5)(2,0) =-1,

m2 = (2x—5)(3,0) =1 - mlm2 = —l
i.e. the tangents are perpendicular to each other.

x2 y2

sin o

Given, equation of hyperbola is =1

0052 [0

We know that the equation of hyperbola is

2

2 2

= COS 2

y? 2
——2=1Here,a o and b° =sin“ a
b

awl =

We know that, b2 = a? (e2 -1

2

= sin® a = cos? oc(e2 -1)

2 2 2 2

= sin“ a+cos” o =cos” a.e

2

= e2=l+tan2a=sec o = e=seca

_ 1
ae=cosa . =1
cosa
Co-ordinates of foci are (ae,0) i.e.(£1,0)

Hence, abscissae of foci remain constant when o varies.

13. O

14. O

15. (a)

16. ()

Topic-wise Solved Papers - MATHEMATICS
Parabola 2 = 8x

Y'N
We know that the locus of point of intersection of two
perpendicular tangents to a parabola is its directrix.
Point must be on the directrix of parabola
" equation of directrix x+2=0 = x=-2
Hence the point is (-2, 0)

Equation of normal at P(x, y)is Y—y=— ;ﬂ (X —x)
y

Coordinate of G at X axis is (X, 0) (let)

O—y=—@(X—x) = yd—y=X—x
dy dx

—_— y 1 ( —_— )
=X x_,_),a - Co-ordinate of G X+y ,O
dx rdiat dx

Given distance of G from origin = twice of the abscissa
of P.

-+ distance cannot be —ve, therefore abscissa x should
be +ve

. dy _ Y _ -
: x+ya—2x = Y TX = ydy=xdx

y2 x2
On Integrating = > = 74. q = x2—y? =-2¢,

.. the curve is a hyperbola
Perpendicular distance of directrix from focus

a
=——ae=4
e

1
:a(2—§]=4 X<

LNl
NG

8
Da=—
3

. =a/
.. Semi major axis =8/3 Y xae

Vertex of a parabola is the Y
mid point of focus and the
point

where directrix meets the P \

axis of the parabola. ) 0 y B
Here focus is 0(0, 0) and
directxix meets the axis at
B(2,0)

.. Vertex of the parabola is (1, 0)
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17. (a)

18. ()

19. @

20. ()

2 2
y

The given ellipse is xT + T= 1
So4=(2,0)and B=(0,1)
If PORS is the rectangle in which it is inscribed, then
P=2,1).
2 2

X Y
Let — + =5 =1

b A
be the ellipse Q B (0,1
circumscribing the
rectangle PORS. A
Then it passes 0 (2.0) (4.0)
through P (2,1) /
AeLloy L >
a® b v
Also, given that, it passes through (4, 0)

%+ 0=1=4%=16
a

b? = 4/3 [substituting a2 = 16 in eq” (a)]
2 2

. . .xt 5 3
Th d ell —+=—=1 +12y~=16
erequired ellipseis T + == =1 or x 32

The locus of perpendicular tangents is directrix
i'e~a X = _1

P(2,1)

2 2
Let the ellipse be — +=5 =1
P 2 b

9 1
It passes through (-3, 1) so 5+ b_z =1 )
a

Also, 2 =4%(1-2/5)
= 5b% =342 (1)

_»

32
Solving (i) and (ii) we get a% = 3 b 5

So, the equation of the ellipse is 3x* +5y* =32
Given equation of ellipse is 2x2 + y? =4
2 2 2 2
= ZL + ¥ =1 :x_ + ¥y =1
4 4 2 4

2 2

Equation of tangent to the ellipse x? +yT =1is

y=mx+N2m? +4 -

2 2

(- equation of tangent to the ellipse S |

aZ b2
is y = mx + c where ¢ = £a’ m* +b? )
Now, Equation of tangent to the parabola

43
y? =163x is ¥y =mx = -2

21. @

22. (@)

23. ()

(+ equation of tangent to the parabola y? = 4ax is
a

y=mx+—)
m

On comparing (1) and (2), we get

o3 =+V2m? +4

m
Squaring on both the sides, we get
16 (3)=(2m? + 4) m?
= 48=m?(2m*+4) = 2m*+4m?-48=0
= m*+2m?24=0 = (m*+6)(m*—4)=0
=> m=4(mP#E—6) > m==%2
=> Equation of common tangents are y =+2x+2+/3
Thus, statement-1 is true.
Statement-2 is obviously true.
Equation of circle is (x — 1)?+ y? =1
= radius= 1 and diameter =2

Length of semi-minor axisis 2.

Equation of circle is x2 + (y—2)2 =4 =(2)2
= radius =2 and diameter =4

Length of semi major axis is 4
We know, equation of ellipse is given by

2 . 2

(Minor axis)

(Major axis)2
2 2

X Y x? y2
I = *r 7

= @ 2 T16 a

From the given equation of ellipse, we have

a=4,b=3,e= fI->
16

) N

Now, radius of this circle=a? =16
= Focii= (£+/7,0)
Now equation of circle is (x — 0)2 + (y—3)2=16
x2+y2—6y—-7=0
Let common tangent be

V5

y=mx+—
m

Since, perpendicular distance from centre of the circle
to the common tangent is equal to radius of the circle,

NG

=1= x2+42=16

5

therefore ——2— =
Vi+ m? 2

On squaring both the side, we get
m? (1+m?)=2
= mt+m?-2=0 =>m2+2)(m?*-1)=0

(omz£2)

y= i(x +5 ) , both statements are correct as m = =1

= m==1

satisfies the given equation of statement-2.

) M-s-153
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24.

25.

26.

27.

@

©

b

=

= 2k=h?

b

Given eq" of ellipse can be written as

2 2
il c1oa=6,02=2
6 2

Now, equation of any variable tangent is

y= mxtNa’m? +b% ()

where m is slope of the tangent

So, equation of perpendicular line drawn from centre

to tangent is

—x
y=—
m

Eliminating m, we get

(i)

(x4 +y4 + 2x2y2) = a?x? +b2y2

= (x2+y2)2 =aZXZ_'_beZ

= |(x2 +y2)2 = 6x? +2y2|

1
Let tangent to y? = 4x be y = mx + ~

Since this is also tangent to x2 =— 32y

2 1 2 32 _
x“ =32 mx+—| =2>x“+32mx+ =0

m m
Now, D=0
32 4
322—4(—]=0 3.2
(32) - >m=0 >
Let P(h, k) divides OQ in theratio 1 : 3

Let any point Q on x2 = 8y is (4t, 2t?).

Then by section formula \ p 3/ QUL 26%)
1
2

k=t— andh=t o)
2

Required locus of P is x2 = 2y

Given curve is
x2+ 2xy— 3y2 =0

Differentiate w.r.t. X, 2x +2x :X—y +2y— 6yﬂ =0

dx

2,
/(1)

Equation of normal at (1, 1) is
y=2-x
Solving eq. (1) and (2), we getx=1,3
Point of intersection (1, 1), (3,-1)
Normal cuts the curve again in 4th quadrant.

()

Q)

29.

30.

28. (b)

©

@

Topic-wise Solved Papers - MATHEMATICS

The end point of latus rectum of ellipse

2,2 [ p2)
+Z—=1 in first quadrant is kae,—J and the
a

QN| =
o

tangent at this point intersects x-axis at (2,0] and
e
y-axis at (0, a).
22

The given ellipse is %+ y? =1

Thena?=9,b2=5 = e = fl_gzg

end point of latus rectum in first quadrent is
L(2,5/3)

. .2
Equation of tangent at L is ?x + % =1

It meets x-axis at 4 (9/2, 0) and y-axis at B (0, 3)

Area of AOAB =%x%x3=£

4
YA
B
(0,3)
L(2,5/3)
C 0 S v
9/2,0)
D

By symmetry area of quadrilateral
=4 x (Area AOAB) =4 x %T7 =27 sq. units.

Minimum distance = perpendicular distance

Eq" of normal at p(2t2, 4t)

y=—tx+4t+2t>

It passes through C(0, 6) =t} +2t+3=0 =t =-1

—

Pt 40

q

Centre of new circle= P(2t2 ,4t)=P(2,-4)

Radius = PC=/(2-0) +(-4+6)2 =22
.. Equation of the circle is

(x=2)2 +(y+4)? =(2v2)?
x2+y?—4x+8y+12=0

2
2 =8 and 2b= l(2ae)
a 2

2
2_22 202 122 =3P =4 —e=—r
= 4b" =a“e” =4a“(e“ —l)=a‘e g
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