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Angles

Angle on Circular System

If the angle subtended by an arc of length I at the centre of a circle of radius r is 6,

then 0 = !
r

If the length of arc is equal to the radius of the circle, then the angle
subtended at the centre of the circle will be one radian. One radian is
denoted by 1° and 1° =57°16' 22" approximately.

(Figure shows the angle whose measure are one radian.)

216 =360°,1¢ = 80 jo_HT g
it 80

Trigonometric Functions

Let X' OX and YOY" be the coordinate axes. Taking O as the

centre and a unit radius, draw a circle, cutting the coordinate ~ X«
axes at A, B, A' and B' as shown in the figure

Also, let P(x, y) be any on the circle with DJAOP= 0 radian,

i.e. length of arc AP =6 B




Then, the six trigonometric functions, can be defined
as
OM

(i) cos® =—— =x
opP

PM
ii) sin@ =— =
(ii) or 7

(iii) sec® = OF _ l, x %0 1.sinB = BC _ Perpendicular
OM x AC  Hypotenuse
(iv) cosec(3=g =l,y %0 2.cosH =£ __ Base
PM y AC Hypotenuse &
. IS
() tan6 =M =Y 29 3. tan@ = D¢ < Perpendicular S
OM x AB Base S
OM _x _ 1 _ AC _ Hypotenuse
i =—— == 4. cosec B = S 2
(vi) cot & y,y 0 sin® BC Perpendicular )
5 secB= L = AC _ Hypotenuse Base
Trigonometric Identities cos® AB  Base
1 AB Base
An equation involving trigonometric functions 6. cot6 = an® :E =ﬁ
which is true for all those angles for which the an erpendicuiar
functions which is true for all those angles for which Sign for Trigonometric Ratios in four Quadrants
the functions are defined is called trigonometric .
identity. Quadrant sin® cos® tan® cot® secO cosec 0
Some identities are given below 1. (0,90°) + + + + + +
(i) sin” © +cos” 6 =1 II.(90°,180°)  + - - - - +
(ii) sec* ® —tan®* 0 =1 . .
, , 1. (180°,270°) - - + + - -
(iii) cosec” 8 —cot” 6 =1
IV.(270°,360°) -  + - - + -
Trigonometric ratios of some useful angles between 0°and 90°
5]
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Trigonometric Ratios/Functions of
Acute Angles

The ratios of the sides of a triangles with respect to its acute angles are

called trigonometric ratios or T-ratios.
In aright angled A ABC, if OCAB= 6, then

O

Perpendicular

[os]

T T
75°/ on 90°/—
12 2



0 sin 0

-0 —sin O

90° -0 cos 0
90° + 0 cos 0
180° -6 sin
180° + 0 -sin®
270° -0 —-cos 0
270°+ 0 —-cos 6
360° -0 —sin O

Trigonometric Ratios of

Trigonometric ratios of allied angles

cosec 0 cos 0 sec 6 tan 0 cot O
- cosecB cos 6 secH —tan@ —cot®
sec© sin cosec 0 cot© tan®
sec© —-sin 0 —cosec 0 —cotB —tan@
cosec 0 —-cos 0 -secB —tan @ —cot®
- cosec B —-cos 0 -secB tan 0 cot O
—secB —sin @ — cosec 9 cot© tan 6
—secB sin® cosec 0 —cot® —tan@

- cosec 6 cos 0 sec O - tan® -cot @

Transformation Formulae

Compound and Multiple Angles (i) 2 sin A cos B =sin(A + B) +sin(A ~B)

Compound Angles
(i) sin(A + B) =sin Acos B +cos Asin B
(ii) sin (A — B) =sin Acos B —cos Asin B

)
(iii) cos (A + B) =cos Acos B —sin Asin B
) cos (

iv) cos (A — B) =cos A cos B +sin A sin
(i A - B) A B +sin Asin B
(v) tan (A + B) = tan A + tan B
1-tan Atan B
(vi) tan (A - B) = tan A —tan B
1+tan AtanB
(vii) cot (A + B) = cot AcotB -1
cot A +cot B
+
(viii)cot (A = B) = _cotAcotB+1
cot B-cot A
+ A
(ix) (a) LFtand —tn§5+A§
1-tan A

b] w:tan?—‘,ﬁg
1+tan A 4

Multiple Angles

o . . 2tan A
(1]sm2A:281nAcosA:L2
1+tan” A
. ) 1-tan* A
(ii) cos2 A =cos®* A —sin®* A :#
1+ tan® A

=2cos’ A-1=1-2sin* A
2tan A

1-tan* A

(iv) sin3A =3sin A —4sin® A

(v) cos3A =4cos’ A —3cos A

3tan A —tan’ A
1-3tan’ A

(iii) tan2A =

(vi) tan3A =

(ii) 2cos Asin B =sin(A + B) —sin(A —B)
(iii) 2cos Acos B =cos(A + B) +cos(A —B)
(iv) 2sin Asin B =cos(A —B) —cos(A +B)

C+D Cc-D
cos 5

Cc-D

(v) sinC +sin D =2sin

(vi) sinC —sin D =2cos sin

C+D Cc-D
cos 5

Cc-D

(vii) cos C + cos D =2cos

sin

(viii)cos C —cos D = =2 sin
(ix) sin (A + B)sin (A - B) =sin* A —sin® B
(x) cos (A + B)cos (A - B) =cos’* A —sin* B
(xi) cos Acos2A cos 4Acos8A ...cos2" ' A

=——sin(2"A)
2"sin A

Conditional Identities
If A+B+C =180° then
(i) sin2 A +sin 2 B +sin 2C =4sin Asin BsinC
(ii) cos2 A +cos2 B +cos2C = -1 —4cos Acos BcosC

ey . . A B C
(iii) sin A +sin B +sin C =4 cos ?cos ECOSE

(iv) cos A + cos B +cosC =1 +4sin§singsin%
(v) tan A+tan B+tanC =tan A tan BtanC

A B B A
(vi) tan — tan — + tan — tang + tang tan — =1
2 2 2 2 2 2

Maximum and Minimum Values

1. -1 <sinx €1,|sinx| <1 2. -1<cosx <1,|cos x| <1
3. |sec x| 21,/ cosec x| 21
4. tan x,cot x take all real values



NOTE « Maximum value of acos 8 + bsin 8 =./a* + b? Princip0| SOlUﬁOﬂ

o Mir . __[2 2 . o
Minimum value of acos 8 + bsin 8 = —ya” +b The value of the unknown angle (say 8) which satisfies the
o Maximum value of acos8 + bsin 0+ c =c ++/a> +b° trigonometric equation is known as principal solution, if

0<O<2m
¢ Minimum value of acos @ + bsin® + ¢ =c —/a’ +b°

. . . General Solution
Trigonometric Equations o . , - .
Since, trigonometrical functions are periodic function,

An equation involving one or more trigonometrical ratios of  solution of trigonometric equation can be generalised with
unknown angle is called a trigonometrical equation. the help of the periodicity of the trigonometrical functions.
e.g. sin® +cos’ 6 =0 The solution consisting of all possible solutions of a
trigonometric equation is called its general solution.

Some general trigonometric equations and their solutions

Equations Solutions Equations Solutions
. . Tt Tt = —1)" ,
sz:smag-—sa S—@ x=nm+(-1)" o sin’ x =sin® a o
2 2 n 01 0
a
= +
cos x =cosa (0<a <) X =anmza cos’ x =cos’ a E x=nmnz* o n0l
1 T O
tan x =tana §~5<a <E§ x=nm+ o, n 0Ol tan® x =tan’ a E
sin x =0 x=nmn0l sin x =1 x=(4n+1) /2, n OI
cos x =0 x=2n+1)1/2,n0I cosx =1 x=2nm, n0OI
tan x =0 x=n1, n 0Ol cosx=-1 x=2n+1) 1, n0l

sin x =sin a and cos x =cos o x=2nm+ o, n I

Summation of Some Trigonometric Series

(i) sina + sin (@ + ) + sin(@ + 2B3) +...to n terms (ii) cosa + cos (@ +B) + cos@ + 2B) +... tonterms

. B . B
:jflgégﬁin%+(n—l]%@§ :s:f%;mosgn+ (n-1) %@E



(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

10 2sin® then - cos0 +sinB .

1+cos6 +sm6 1+ sinB

(@ x (b) — (c) 1-x

X

is equal to

(d) 1+ x

2 If%-[ <a <Tm,then \/cosecz o + 2 cota is equal to

(a) 1+ cota (b) 1= cota

(c) =1-cota (d) =1+ cota
3 The least value of cosec®x + 25 sec? x is

(a) O (b) 26 (c) 28 (d) 36

) ) (mZ _ f72 )2
4 IftanA+sinA=mandtan A -sin A =n,then ——"
mn
is equal to
(a) 4 (b) 3 (c) 16 (d) 9

c a co i =

5 Ifacos®a+ 3acosa sina = mand
asin®a+ 3acos’a sina = n, then
(m+n)® +(m-n)*?® isequal to

(a) 22 (b) 2a"° (c) 2a°'® (d) 2&°
7T
6 Q + COS—QQ + COS —rﬁg + COS—,@Q + COS?QIS
equal to
T 1 1+ /2
(a) 1 (b) cosg (c) A (d) 272

7 If sinB = —% and @ lies in the third quadrant, then cos % is

equal to = NCERT Exemplar
() L )~ (02 (d) -2
NG} f 5 5
8 The expression nA CoLA can be written as
1 —COtA 1-tanA = JEE Mains 2013

(a) sinAcosA + 1
(c)tanA + cotA

9 Iftan®,2tan® + 2 and 3tan 0 + 3 are in GP, then the

(b) secAcosec A + 1
(d) secA+ cosec A

Va|ueofﬂis
9-4.,sec’8 -1
12 33 33 12
a) — b) -= c) — d) =
()5 ()28 ()100 ()13

10 If sin(a +B) =1and sin (a —B):%,then

tan (o + 2B)tan (2a +B)is equal to

(a) 1 (b) 1

(c) zero (d) None of these
11 In an acute angled triangle, the least value of

secA + secB +secCis

(a) 3 (b) 4 (c) 5 (d) 6

12 If0<A<B<msinA+ sinB:\Eand

COsS A + CosB:i

2

(b) 30°

,then Ais equal to

1

(a) 15° (c) 45° (d) 22

13 Ina APQR,0R= E. If tan ggand tan éggare the roots
2 2 2

of ax? + bx + ¢ =0, where a #0, then
() b=a+c (b) b=c
(c)c=a+b (d)a=b+c

14 If cos(a +B):gand sin(a —B):%,WhereOsa, BS%

Then, tan 2a is equal to = AIEEE 2010
25 56 19 20
b) — d) =
()16 ()33 ()12 ()7

15 If sina = x,sinB =y, sin(a +B) = z,then cos(a +B)as a
rational function is

)Zz_Xz_yz )Zz_Xz_yz

(a (b 5
Xy Xy

Z2 + XZ + y2 Z2 + X2 + y2

() ————— (d) —————
Xy 2xy

16 Leta andBbe suchthatm <a -B <3mlf

sina + sinf = —ﬂand cosa + CcosP = —g, then the
65 65

value of cos é’%ﬁagis

~ AIEEE 2004
_ 38 3 6 -6
(a) 7155 (b) 75 (c) a5 (d) o5

17 If A+ B+ C =mand cos A = cos B cos C, then
tanB tan Cis equal to

1 1
(a) > (b) 2 (c) 1 (d) 5
18 Iftana =(1+ 27%) " tanB=(1+2°"")" thena + B equals
Tt TU Tt I
(a) s (b) 4 (c) 3 (d) 5

19 If 0 < x <1 and cos x + sin x :%,then tan x is equal to

(@) @D ) 14N () 12NT gy AT
3 4 4 3
20 cosec10° —+/3 sec10°is equal to
(a) 1 (b) 1/2 (c) 2 (d) 4
21 The value of sin12°sin 48° sin 54° is equal to
1 1 1 1
0 b) — — d) —
(a)16 ()32 (C)8 ()4



22 The value of 1+ cos 56° + cos 58° — cos 66 °is equal to
(a) 2 cos28° cos29° cos33°(b) 4 cos28°c0s29°sin33°
(c) 4 cos28°c0s29°cos33° (d) 2 cos28°c0s29°sin33°

23 Let n be a positive integer such that

n _+n

sinl+ cos — =—.Then,

2n 2n 2
(@ n=6 (byn=12,3,...,8
() n=5 (d) None of these

24 The value oftan A+ 2tan2A + 4tan4A + 8 cot8A is
(a) cotA (b) tanA (c) cosA (d) sinA

25 The maximum value of sin Qx + g§+ cos Qx + g@in the
. . .
interval Eﬁ) Ele attained at

_ T _m _ T _ T
(a)X_E (b)X_E (C)X—g (d)X_E

26 If cos A=m cosBand cotA+

=A tan then A is
() T () M+
m-=1 m
m+1

(c) (d) None of these

m-=1
27 |fXCOS@=yCOS@+%§=ZCOS@+4—;§thenthe

1 1 1.
value of — + — + —is equal to
X y z

(a) 1 (b) 2 (c) O (d) 3cosH

28 The maximum value of cos? % —x@— cos %ﬂ x@s

_ V3 3
(a) & (b) > (c) o (d) >

29 If sum of all the solution of the equation

8 cos x EELOS% + x@[d:os Eg— x@—%@

=1in[0, ] is kT, then k is equal to

2 13 8 20

= b) .2 c) = d) =—=
(a) 3 (b) (c) 9 (d) 5

30 sin® 0 =—Y_is true, if and only if -
(x+ ) Y AIEEE 2002

(@) x-y#0 (b) x=-y
(c) x+yz0 (d) x£20y %0

31 The smallest positive integral value of p for which the
equation cos(p sin x) =sin(p cos x)in x has a solution in
[0, 2m]is
(a) 2 (b) 1 (c) 3 (d) 5

32 If A=sin? x +cos” x, then for all real x

(a)%sAs1 (b) 1< A< 2
©) 3<ac® (d) S< A<t
R 4

33 cos 26 +2cosBis always

(a) greater than —% (b) less than or equal tog

(c) greater than or equal to —g and less than or equal to 3

(d) None of the above

34 Iff:R - S, defined by f(x) = sin x —+/3 cos x +1, is onto,
then the interval of S is

(a) [0, 3] (b) [-11] (c) [01] (d) [-13]
35 If x E 5211 5;5 then the greatest positive solution of
1+ sin* x =cos? 3x is
(a) (b) 21 (c) 5?" (d) None of these

36 The number of solution of cos x =[1 + sin x|, 0 < x < 31is
(a) 2 (b) 3 (c) 4 (d) 5

37 If sin2x + cos x =0, then which among the following
is/are true?

|. cosx =0 II.sinx=—1E

Il (2n+1) ,n0Z WV.x=m +(—1)”%T,n 0z

(b) I'and Il are true
(d) All are true

(a) l'is true
(c) LItand Il are true

38 The number of solutions of the equation sin 2x — 2 cos x
+ 4sin x =4 in the interval [0, 511] is = JEE Mains 2013
(a) 3 (b) 5 (c) 4 (d) 6
39 The possible values of @ 0, 1) such that

sin(0) +sin (40) +sin(76) =0 are
2m m4m n3 M8 T mb5m nm2n3 8 1

(20 M m2n3 nd my2n m w2 nd me m
94’234 36 9'4'2°3 4" 9
40 The number of values of x in the interval [0, 31t] satisfying

the equation 2sin” x + 5sin x =3 =01s

(a) 6 (b) 1 (c) 2 (d) 4

41 Ifais aroot of 25cos® 8 +5c0s 8 -12 =0, — <0( <TI,
then Szrn 2a is equal t23, . i
(a) % (b) "o (©) = i (d) BT

42 Statement| cos - Ebos — Tzos g— -1/8

Statement Il cos0 cos206 cos40. ..

cos2"" 9= 1 forg=_ 1
27 2" -1

(a) Statement | is true, Statement Il is true; Statement Il is
the correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not the correct explanation for Statement |

(c) Statement | is true, Statement Il is false

(d) Statement | is false, Statement Il is true




(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 1ff (x) =%(sink x + cos® x), where x OR, k 21, then

f, (x) —f; (x)is equal to
1 1 1 1
a) — b) — c) — d) —
(a) 5 (b) 3 (c) 4 (d) "
2 Iftana, tanB and tany are the roots of the equation
x% = px? —r =0, then the value of
(1+tan® a) (1 + tan” B) (1 + tan® y) is equal to
(@ (p-n? (b) 1+ (o -1)*
) 1-(p-r)? (d) None of these

T - =
3 Foro<@<—,ifx=% cos’’ @ y =§ sin’" gand
2 nZo nZO

z= z cos?” @sin®” @ then
n=0

(@) xyz=xz+y
() xyz=x+y+2z

(b) xyz=xy -z
(d) xyz=yz + x

4 Ifsin“x+cos“y+2:4sinxoosyand05x,ysg,

then sin x + cos y is equal to
(a) -2 (b) O (c) 2 (d) 3/2

5 If 0 < x < 2m, then the number of real values of x, which
satisfy the equation
COS X +Cc0s 2Xx +Ccos 3x +cos 4x =0, is
(@) 3 (b) 5
(c) 7 (d) 9

6 If sin(0+ a)=aandsin(d +B) =b, then
cos 2(a —B) - 4abcos(a —B)is equal to

(a) 1-a° -b° (b) 1-2a° - 2b?
(c) 2+a® -b? (d) 2-a® -b?

7 Ifa =sin®0 + cos' B, then which of the following is true?
(a) a>1 (b) a< 1 (c)a=0 (d)a<0

8 Letn be an odd integer. If sinnB = Z b, sin” B for all real
r=0

0, then
(a) b, =1b, =3 (b) b, =0.b, =n
() by ==1b, =n (d) b, =0,b, =n" =3n -3

= JEE Mains 2014

9 If xsina+ ysin2a+zsin3a=sin4a
xsinb+ysin2b+zsin3b =sin4b
xsinc+ysin2c+zsin3c =sindc

Then, the roots of the equation

I —%EF —@y:zgt+§zéxg=0,a,b,c¢nn are

(a) sina, sinb, sinc
(c) sin2a, sin2b, sin2¢

(b) cosa, cosb, cosc
(d) cos2a, cos2b,cos2c

10 The number of solutions of the equation
| sin® [Bos | ++/2 +tan? B +cot® 8=+/3,8 O[O, 4m]is/are
(a) O (b) 1 (c) 2 (d) 3

11 The number of values of 8 in the interval % g %@

satisfying the equation (v/3)*" ® =tan* 6 + 2 tan® 8is

(a) 1 (b) 2 (c) 3 (d) None of
these
12 The equation e"* —e™¥"* —4 =0 has AIEEE 2012
(a) infinite number of real roots
(b) no real roots
(c) exactly one real root
(d) exactly four real roots
13 Find the general solution of the equation
(V3 -1)cos 8+ (+/3 +1)sin6=2.
(a) 2n T+ mom (b) 2n T[i]—-[+ﬂ[
4 12 4 12
3m
(c) 2n + n—ﬁ (d) None of these

14 At how many points the curve y = 81%" * + 81%%" % 30
will intersect X-axis in the region —mm < x < 1?7
(a) 4 (b) 6 (c) 8 (d) None of
these

15 In a APQR, if 3sinP+ 4 cos Q =6 and
4sin@ + 3 cos P =1, then the angle R is equal to

= AIEEE 2012
5T T T 3m
(a) & (b) s (c) " (d) "



3. (d) 4. () 5. (0) 6. (0)
13.(c0 14.(b) 15 (b) 16. (a)
23.(a)  24.(@) 25.(a @ 26.(c
3.(c 34.(d) | 35.(b) 36.(b) 37
. (© 4. (o) 5. () 6. (b)
13.(b)  14.(0 | 15. (b)

17.
27.

—

b) 8. (b) 9. (o) 10. (a)
(b) 18. (b) 19. (a) 20. (d)
(c) 28. (0 29. (b) 30. (0)
(d) 38. (a) 39. (a) 40. (d)

8. (b) 9. (b) 10. (a)

7. (b)

Hints and Explanations

L@ 20
11. (d) 12. (a)
21. (¢) 22, (b)
31. (a) 32. (d)
41. (b) 42, (a)
L@ 2 ()
11. (b) 12. (b)
SESSION 1
1 Given, 2sin@

1 +cosH +sin9_X
_2sinB(1 +sin B —cos 6)
"~ (1 +sin®f —cos* 0
2sinB (1 + sin 6 —cos 6)
"1’ +sin”0 +2sin 0 —(1 —sin® )

_1+sinB —cosB
1+sin®

2 We have, \/m

=1 +cot’ a +2cota

=|1 +cota |

31
Butj <a <Tt

] cota <-1
g 1+ cota <0
Hence, |1+ cota|=~-(1 +cota)

3 cosec’x + 25 sec” x
=1+cot’ x +25(1 +tan’ x)
=26 +cot’ x +25 tan® x
=26 +10 + (cot x -5 tan x)*
4 Since,
and tan A —sin A =n
0 m+n=2tan A

=36

tan A +sin A =m

and m-n=2sin A
Also, mn =(tan A +sin A)
(tan A —sin A)
=tan’ A -sin®* A
2 _ . 2y2 + nP 2
Now, (m® —n7) _ (m + n)"(m —n)

mn mn

_ (2 tan A)Y*(2 sin A)
tan®* A —sin®* A
16 tan® A sin* A
S = 16
sin® A tan® A

5 Given,
acos’ 0+ 3acosa sin®a = m
and asin® o+ 3acos’d sina = n
O(m + n) =acos’ a +3acosa sin’a
+3acos’ o sina + asin®a
=a(cosa +sina)
and similarly,
(m — n) =a(cos o —sin a)’
0 (m +n]2/3 +(m _n]z/s
=a*” {(cos a + sin a )
+(cosa —sina)}
=a*?{2(cos* a +sin*a)}
=2 a2/3

6 Given expression

o o
e - S

3 o5’ 743 -cos U
= -cos®* — - cos® =

8 8

i1 31 s T
=sin® —sin* — =sin* —cos®

8 8 8
1,1
=Zgin* —==

4 4 8

7 Given that,sin0 = —g and 0 lies in

the 3rd quadrant.

ad cosB = -

0 1+cosB
Now, cos— =% ,[————
2 2

1
5
0 1 .. .
But we take cos — = ——=. Since, if 6
2 5

lies in 3rd quadrant, then g will be

in 2nd quadrant.

Hence, cos 9 =- 1
2 5
8 Given expression is
tan A cotA _sinA
1-cotA 1-tanA cosA
sin A cos A
sin A —cos A sin A
cos A

cos A —sin A
_ 1 bin® A —cos® AL
sin A-cosA [ cosAsinA

_sin® A +sin Acos A +cos” A
h sin A cos A
_1+sinAcos A

"~ sinAcos A

=1 +sec A cosec A
9 We have,
(2tanB +2) =tan B (3 tan B +3)
0 4tan’0 +8tan6 +4
=3tan’0 +3tanb
0 tan*@ +5tanB +4 =0
ad (tan® + 4) (tan 6 +1) =0
g tan® = -4 (- tan® #-1)



10 Since,

11

12

13

5
7 -5cot® _ 4 _ 33

O =
9-aftan’e 9-

sin (a

ad a+p=

0 oa-B= (i)

Now, tan (o + 2f) tan (20 +3)

= tan %@tan g%"@
= tan Q—: —g@tan @1—%@
= %cot g@@-cotg@

1
= — X \/7 =1
V3
sec A, sec B and sec C are positive in
an acute angled triangle.

Also, arithmetic mean > harmonic

mean
0 sec A +sec B+ sec C

3

3
>

“cos A +cos B+cos C

We have, in AABC,

3
cos A +cos B +cosC SE

e 1,z
cos A+cosB+cosC 3
A+ B + C
0 sec sec sec 59
3
a sec A +sec B +sec C =26

Clearly, (sin A + sin By’
+ (cos A +cos B)® =
0 2+2(sinAsinB
+cos Acos B) =

0 cos(B-A)=00 B A 90
Second equation gives,
cos A —-sinA=—
V2
O cos(A + 45°)=cos60°
U A=15°
Since, tan B + tang = _9
2 2 a

Q

P
and tan — tan — =C
2 2 a

AlSO,E'FQ'FE:E
2 2 2 2

P+Q _m 0 T[]
0 =— - OR —
2 4 =) 28
tan§+tan% —é
—_ a —
0 P Q—l a 1
1 - tan — tan = 1-—
2 a
0 c=a+b
cos(a +B)=—

O o+ 0 1stquadrant

sin(a -
@-B)= E
ad (a —B) O1st quadrant
Now,as 20 =@ +B)+ @ —p)
O tan 2a = tan (o +B) + tan (@ —B)
1 -tan(a +f) tan(@ —-B)
3.5
__ 4 12 _56
L85 93
4 12
We have,
z =sin(a +f) X\/l— +y\/1 -x

0 7 =x" +y* —2x*y’
+2xy41 = x* 1 =y
Now,

cos(@ +B)=41 -x*{J1 - y* —xy

_Z-x -y +2x’yt

2xy
7 -x -y
- 2xy
Given that, sin a + sin 3 = —% ...(Q)
and cos a +cosB=—z—; ...(iQ)

On squaring and adding Egs. (i) and
(ii), we get
sin® a + sin® B + 2sin d sin
+cos® 0 +cos® B +2cosa cos B

SR

O 2+ 2[cosot cos 3 +sin a sin )
_ 441, 729
4225 4225
_ 1170

4225
1170

0 cos? é’ﬂgzi
2 07 4x4225
0 cos® éﬂ@;i
2 07130

0 2[1+cos(a-p)]

O cos é‘%sg=—%

D--n<a—B<3nDE O(_B<3—
H 2 2 2

17 Since, A+ B+C =1
ad A=m—-(B+Q)
We have, cos A =cos BcosC

0 cos[m —(B +C)] =cos BcosC

a - cos(B CF cosBcosC

0 - [cosBcosG sinBsin(]
=cos BcosC

a sin BsinC =2 cos BcosC
0 tan Btan C =2

18 We know,
tana + t
fan (a +p) = 200 * anp
1-tana tanf
tana = 1 —
+ 27
and tanﬁ—é
1+2X+l
1 1
1 + x+1
14 L 1+2
tan (a + ) 21 I
1_ 1 x+1
14 L 1+2
ZX
0 tan(a +p)

2¥ +202% +2% +1

C1+2° 4202 4222 -2°

0 tan(a +B) =
T
0 a+p=—
B 4
Tt 1
19 We have, cos @v(——@:—
40 22
0 tan@x—EQZﬁ
4
0 tan x —1 :\/;
tan x +1
N7 +1 _—(4+7)
0 tanx =
_f 3
20 cosec 10° — +/3 sec 10°
1 B
sin10° cos10°
Lt ° a
S fpos10° 38 o
o 2 (sin 20°
_ 4sin(30° -10°) _
sin 20°

21 Now, sin 12°sin 48°sin 54°

1
:E(COS 36° —cos60°)cos36°



10/ +1 10005 +10

ED 4 EED 4 E
1%—1DDJ§+1EI

o0y HE4 O
o 0o o

_5-1_4 _1
32 32 8

22 1 + cos56° +cos58° —cos66°

=2 cos® 28° + 2 sin 62 °sin 4°
=2 cos® 28° + 2c0s28°cos 86°
=2c0s28°(cos28° + cos 86°)
=2c0828°(2cos57°cos 29°)
=4c0s28°c0s29°sin 33°

23 We have,

sinDnD+cos EInD:ﬁ
Bad” °* Bnd” 2

On squaring both sides, we get

sinZDnD+cos2 T[D+sin§l§:—
B ad & ad -

a sin Qzﬂ—l
n 4
a sin @EQZH_AI
n 4
O n =6 only
24 tan A +2tan2 A +4tan4A
1 - tan® 4A0
2 tan 4A

=tan A +2 tan 2A
. (4 tan® 4A + 4 — 4 tan® 4A0

tan 4A
=tan A +2 tan 2A + 4cot4A
(1 - tan®* 2A0

=tan A +2 tan2A +4B75
2 tan2A
[2tan® 2A +2 -2 tan* 2A0
=tan A +
H tan2A H

=tan A +2cot2 A
_ 2 A0
=tanA+ZEﬂ tan” A
2 tan A

_tan®* A+1-tan” A
tan A

25 We have, sin§x+5§+ COS@" +£§
=2 o= smgx s
cos@x+

_m
4

=cot A

+

S|

e

&

= 2COS§{+

c3\:|

0
B

= ZCOSQX —lg
12

Hence, maximum value will be at

-
12"
We have, cos A =mcos B
0 cosA:E
cosB 1
0 cosA+cosB _m+1
cosA—-cosB m-1
A+B B-A
2 cos cos
0 2 :Hl+l
. . B-A m-1
2 sin sin
0 COA+B Om +10 tan -A
2 Hm E 2
A+ B B-A
But cot 5 =\ tan
+
0 )\zm 1
m-1

We have, x cos8 = y cos @ + Z?HQ

=zcos@+43—n§=k (say)
g cose=é, cos%+2—n =5
X 3 v
and cos§+4—n =£
3 z

o £+£+£=cose +cos@+2—§
X y z

=cos 0 —cos% —O@—cos% +O§

m
=cosB -2 cosgcose

1
0 cosB -2 chose =0

g‘”% @ cos%;x@
- B cos ™ cos ] sin Tsin f

. 2T, 3 .
=sin —sin 2x =——sin 2x
3 2
Hence, maximum value of given

.. N3
expression is o

29

31

Key idea Apply the identify

cos(x + y)cos(x —y) =cos’ x —sin® y
and cos 3x = 4cos® x —3cos x

We have,

0
[q:os%+ X@
8cos xU

. 1

i
O 8cos XQ:OS2 E—sm X -

0 8cos x %

1
8COSX%—7—1 +cos® x 1

=1

sin®* x — - 1

O

it
A1
30"
ch

-3 + g
O 8cosxawH:1
4

2(4cos® x -3 cos x) =1
1
2cos3x =1 0 cosSX—E
MS5M7T
O 3x=—,—,—[0<3x<3m]
3 3 3
. c=Tom7m
9 9 9
7
Now, Sum—E+5—n 7m_13T
9 9 9
131
a kmt =——
9
13
Hence, k =—
9
sin®* 0 <
4xy <1
(x +y)
0 x*+y° +2xy —4xy =20
0 (x—y) =0

which is true for all real values of
xand y provided x+ vy #0,

otherwise will be
(x + y]

meaningless.

=1

Clearly, psin x = — %

Cos X
2 p

0 sinx*cosx=—

2p
0 sin @xt E@:
4

For positive p, p>

LY N L
242p  |242p|

n
butl1 <——=<2

1
242 242
Hence, the smallest positive integral
value of p for which equation has
solution is p = 2.

32 A =sin® x +cos* x

O A =1-cos® x +cos* x



4 2 1 3
=cos” x —Ccos” X +— +—
4 4

= @:os2 X —lg 2 (i)

2 4
where, 0 < @:os2 X—lg S (ii)

2 4

0 ESASl
4
33 cos 26 +2cos B =2cos”

-1+2cosB

2

1
:2%059+7§ —§2—§
2 2 2

] 1t g
o 2 %:059 +f§ 20,00p
0 2 0
and the maximum value of

cos 20 +2cos 0is 3.

34 Given that, f(x) =sin x =3 cos x +1
-2 <sin x -3 cos x <2
[-va® +b* <asin x +b cos x
<vd +b?%]
0 -1<sinx-+3cosx+1 <3
O Range of f(x) =[-1,3]
35 We have, sin” 3x +sin* x =0
O sin®* x {(3 — 4sin* x)* +sin® x} =0
O sinx=00 x=nm

Hence, greatest positive solution
is 2TL

36 Clearly, 1 + sin x =0

O The given equation becomes

. Tt 1
cosx —sinx =110 cos@x+zg=—

0 x+ =T ZROTIST
4 4 4 4 4
3m 7T
g x =0,—, 2T, —,.
2 2
0<sx<3m
3m
0 X:O,7,2T[

37 sin2x+cos x =0

[0 2sinxcosx+cosx =0
[-sin2x =2sin x cos x|
0 cosx(2sinx+1)=0
. 1
0 COSX:()OTSlnX:—E
T
Whencosxzo,thenX:[2n+1]E
. 1
When smx=—£,

. LT
then sin x = —sin 5

. . T
s1nx=sm§‘l+—§
6

[-sin (T +6 = -sin G

. AL
sin x =sin —
6
7T
g x =nm+(-1)" —

38 sin2x—-2cos x + 4sin x =4
O (sinx—-1)(2cosx +4) =0
0 sinx=1,cos x -2

Tt
0 X:IZT["'(_l)nE,

where n [z

Hence, the required value of
T 5MTI9T

X=—,—

—,—,— in interval [0, 5] .
2 2 2

39 We have,

sin® +sin 40 +sin 70 =0
0 sin 40 +(sin © +sin 7 6) =0
[0 sin 460 +2sin 46 [dos 36 =0

O sin 40 {1 +2 cos 36} =0
0 sin 40 =0,cos39=—%
As, 0<B<T

0 0<40<4Tm
0 46 =m2n3m
Also, 0<306<3m

0 gg=2m Amam

3 3 3

T TM3m2T1m 4m8 1
O gzl I IT2ZT 470

40 Given equation is
2sin* x + 5sin x -3 =0.
0 (2sin x —1)(sin x +3) =0

1
0 sin x = —
2

O|n/6

It is clear from figure that the curve

intersect the line at four points in
the given interval.

Hence, number of solutions are 4.

41 Since, a is a root of
25cos” O +5cos 8 —12 =0
0 25cos” d + 5cos0 —12=0
a (5cosa -3)5cosa + 4)=0

4 3
a cosa =-—and —
5 5

[+ n0Z]

i1 21
42 cos — [dos — [tos —
7 7 7

[sin x # —3]

T P
ButE <a <Ti.e.in second quadrant.

4
O cosa =——
5

. 3
0 sina =—

Now, sin2a = 2sina cosd
=2 x§ x@—é@:—%
5 5 25

4T

B 1 2T 4
%sin—ﬁtos—ﬁtos—ﬁtos—
7 7 7 7

. T
2 sin —
7

S sin e 7
- sin + —
_151n7 1 70 1

g . T 8 T 8
sin — sin —
7 7

(- 2sin x cos x =sin 2x)

T4 99 =t +0

Again, 0=—

O sin (2"0) = —-sin ©
We know,
cos 0 [dos 208 [1. [dos 2"7'6
_ 1 sin(2"0)
" 2" sin @
_1sinB _ 1
2" sin @ 2"
So, Statements I and II both are true

and Statement II is a correct
explanation for Statement 1.

SESSION 2

1 Given, £, (x) = % (sin® x + cos® x),

where x ORand k >1
Now, f4 (X] - fs (X]

1, .
=Z(sm4x+cos4 X)
1 + 6 6
—g[sm X +cos’ x)
1 s 2 2
=Z(1—231n x [¢os® x)

1
_6(1 -3sin’® x [@os® x)

=

2111
T4 6 12
2 From the given equations, we have
2tana =p
>tana tanf =0
and tana tanf tany =r
Now,
(1 + tan® a) (1 + tan® B) (1 + tan® y)



=1+ 3tan’a + 3 tan’ o tan’
+ tan® o tan’ tan’y
=1+ (Ztana)’ -2 tana tanf
+ (Ztana tanp)
—2tana tanP tany X tan a
+ tan® o tan’ B tan® y
=1+ p° —2pr +r* =1 +(p -rf
1 1 1

3x= 2 =2 V= 2
1-cos” @ sin” @ cos” @
1
1 -sin® @ldos” @
1 1
Clearly, —+—=1
X ¥y
| Xy=X+yand1=1—i
z Xy
g Xy =x+y
and Xy = XyzZ =2
g Xyz=xy+z=x+y +z

The given equation is
sin® x + cos® y +2 =4sin x cos y
O (sin* x —1)* +(cos®* y -1}
+2sin®* x + 2 cos” y —4sin x
cos y =0
O (sin® x—1) +(cos* y —=1)
+2(sin x —cos y)* =0
which is possible only when
sin® x -1 =0, cos’ y -1 =0,
sin x —cos y =0
0 sin® x =1,cos” y =1,sin x =cos y

Tt
AsO0< X,_VSE

O We getsin x =cos y =1 and so

sin x+cosy=1+1=2
Given equation is

Ccos X +cos2x +cos3x +cos 4x =0
0 (cos x + cos 3x)

+ (cos 2x +cos 4x) =0

2cos2xcos x+2cos3xcosx =0
0 2cos x(cos2x +cos 3x) =0

5
2 cos x@cos —Xcos 5@:0
2 2

O

0 costtosS—XEcosizo
2 2
5
0 COSXZOOI‘COS7X:0

X
orcos — =0
2

Now, cosx =0
T 3T
a X=—,— [-0=<sx<2m]
2 2
5x
cos— =0
2

8 Given, sinnB =

5x M 3mMbS5MmM7 M9 mMll T

O —=——
2 2 2 2 2 2 2
0 =T 3T 7mo9m
5'5 575
[-0< x<2x]
and cos — =0
T35
O izf,f,f,.
2 2 2 2
a X=TI [-0<x<2m]
m3m T 31T 7T 9T
Hence, x=—,—,,—,—,—,—
2 2 5 5 5 5

We have, sin(® + o) =a
and sin(®@ +p) =b
00 +a = sin' gan@® +PB = sin”' b
0O a-B= sin"a sin”b
=T _costa-"+4cos b
2 2

=cos'b —cos™ a

=cos™'{ab ++1 -b*{1 -’}
O cos(a—-B)=ab
+ \/[1 -a -b* +d’b?)
O cos’*(@ —-B) =a’bh’
+1-a -b* +d’b*
+ Zab\/[l -d -b* +d’b?)
Now, cos2 (@ —B) — 4abcos (@ —f)
=2cos* (0 —B)-1 —4ab cos (0 —B)
=4a’bh* +2 -2a* -2b*
+4ab\1-d -b* +d’b* -1

-4ad’b* -4ab\1 -d* -b* +da’b?
=1-2d" -2b*
Given, o =sin®0 +cos' 0
Since, sin® @ =0 and cos™ 6 > 0.

So, a=0

Also, sin®6 +cos™ 6 =0 is not
possible.

Since, sin =0 [ cos 6 #0
and cos 6=0 [ sin 6 #0
So,a >0

Again, sin* 0 <1 0 (sin*0)* <sin* 0
O sin®@ <sin® B

Also, cos®’8 <1
0 (cos®’B) <cos’ @
0 cos' @ <cos® @
So, a =sin’@ +cos" 0
<sin’@ +cos* 0 =1
a<1and a>0

Z b, sin" 0 =b,

r=0

+b, sin® +b, sin” 6
+...+b,sin" 0 ...(i)

10

Putting ® =0 in Eq. (i), we get 0 =b,
Again, Eq. (i) can be written as

n

sinn® = z b, sin" 6
r=1
sinn® z .
: = z b,sin""' @
sin S

On taking limit as 6 - 0, we get

sinn® _
6-0 sin @ !
inn6Q0 6 O
0 li ELI’“ Qﬂ% =b
o ! nb inOH !
O n=b,
Hence, b,=0;b, =n

Equation first can be written as

xsina+ y x2sinacosa+z
xsin a(3 — 4sin® a)

=2 x2sin acos acos 2 a

0 x+2ycosa+z(3 +4cos’ a—4
=4cosa(2cos’a-1)assina#z0

O 8cos’a—4zcos’ a—-(2y +4)
cosa+(z-x)=0

O cos®a- %gcosz a
+ 2 - X
- %Lgcos a+ %@ =0
4 8

which shows that cos a is a root of
the equation

£ - %@tz - %%zgt + g%xgzo

Similarly, from second and third
equation we can verify that cosb and
cos ¢ are the roots of the given
equation.

Given, | sin 6.cos 6

+ 42 +tan® 0 +cot’> B =43

O |sin 6 [dos 6|

+ . J(tan 8 +cot B =+/3

O |sin 6 [dos 8|
+|tan 8 +cot 8] =+/3
g

sin’0 + cos” O

=3

| sin B [¢os O] +

sin 0 [¢os O
O |sin B [¢os O] + ; =
| sin B [¢os B |
We know that,
1

|sin®tosB| + ———— =2
| sin O [¢os 6|

Hence, there is no solution of this
equation.



11

12

(V3)*® =(tan’ B + 1) -1

=(sec® 8) -1
Put sec® 8 =x (x=1)
Then, (V3)* =x* -1
Let y=(3)=(x*-1) (x>1)

Now, graphs of y = (/3)* and
y = x* —1 intersect at one point

A
—y=63)"
T s y=x°—
X 5 . X
1
V'

i.e. x =2, then y =3
Thus, sec 8 =20 secO=++2

Therefore, there are two values of 6
w5
in[+—,—

2 2

Given equation is

sin x

e _e—sinx =40 esinx _

sin x

Now, let y =e
Then, we get

y—l=4 O y*-4y-1=0
y

4+ ./16 + 4
O e™*=2%4+5
Since, sine is a bounded functioni.e.
-1 <sin x 1. Therefore, we get
el <e™ <e

i a ad
D esmxui’e
B H
Also, it is obvious that 2 + /5 >e
and 2-v5 <20 245 02,60
e B’ H

13

14

So, e"* =2 + /5 is not possible for

any x R
and e*"* =2 —+/5 is also not possible
for any x OR

Hence, we can say that the given
equation has no solution.

Given, (W3 1) cos 8+ (/3 +1)
sin® =2 ...(i)

Let [«/g -1)=rcosa
and (3 +1) =rsina
Then, r’ (cos® a + sin” a)

=(3 -1f +(V3 +1f

O rF=3+1-23+3+1 +243
O r=80=r 22

drsina=\/37+1=_1+l/\/§

rcosa ﬁ—l 1—1/\/37

=tan§g+lné
4 6
0 tana=tan§£§[l G=5—n

2 12

Also, Eqg. (i) we have,
r(cosa cosB +sina sinB) =2
a Zx/acos(a -0)=2

1
ad cos@-a)=—
V2
ad 0-a =2nr[4_rE
4
0 9=2nni£+5—n
4 12

Given, y =81 * + 81 * -30
[For intersection X —axis, put
y=0]
0 81sin2 X 481 -sin? x
0 81" +81 3081 * =0
[multiplying by 81 sin* x|
0 812(Si“2 x) _ 3 Blsinz x
-27B1™* +81 =0

-30 =0

O B1"'* -3)(81°" * —27) =0

15

0 [ =@ or () =@
. 1 . 3
0 sin x=%— or sin x =% —
2 2
Tt 5 T 2T
0 x=+—,+—orx=%—,+ —
6 6 3 3

Clearly, the graph of
y =81""* +81°° * -30 intersects
the X-axis at eight points in
“M<SXS<T
Given A APQR such that
3sin P+4cosQ =6 .. (1)
4sinQ +3cosP =1 .. (i)
On squaring and adding the Egs. (i)
and (ii), we get
(3sin P + 4cos Q)
+ (4sinQ +3cos P}’ =36 +1
0 9(sin® P +cos® P)
+ 16(sin* Q +cos’ Q)
+ 2 x3 x4(sin Pcos Q
+sin Qcos P) =37
O 24[sin(P+Q)] =37 =25

0 sin(P +Q) = %

Since, P and Q are angles of APQR,
therefore,
0°<P,Q <180°
g P+Q =30° or 150°
g R =150° or 30°
Hence, two cases aries here.
CaseI When, R =150°
R=150°0 P+Q =30°
O 0<P, Q<30°

1
0 sinP<5,cosQ <1
. 3
0 3sin P+ 4cosQ@Q <E+4

. 11
0 3sin P+ 4cos@Q <? <6

0 3sin P+ 4cos Q <6 not possible
Case Il R=30°
Hence, R = 30°is the only possibility.
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