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(Application of Integrals)

¢ One should study Mathematics because it is only through Mathematics that
nature can be conceived in harmonious form. — BIRKHOFF

8.1 ‘{qu (Introduction)
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repfd 8.2 W gErian T B v

fewuit afg afda a% =1 feafq x-21e1 o = 2, @ @1 fo emepfa 8.3 ® vl
TMT%,T‘I%'?x=a@ x=bdHh
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YHI: T 81 Tohdl € foh ah 1 F9 9N x-3981 & SR & 901 FS AN x-3787 b
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2
= 4| %x0+ Lsin'1]|-0
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Torereua: St fom emenfa 8.8 W gwitan e @ aifast wfeeal 1 == w8y el
EARER TS|
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Y

0, b)
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B
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N
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8.2.1 UF Tk UF Uk 3@T @ RR &F &1 &7%cT (The area of the region bounded
by a curve and a line)
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319, & OBMO &1 &hd
- j:ydx=j:xdx=1[x2]2 =3 - (3)
A: &3 BMAB &1 &9%a

= I:ﬁydx= I:ﬁ 32— x’dx

1 1 x T
= —xv32—x? + =x 32 xsin™"
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2,
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%ol & BOB’RFSB &1 21w &%l fSU gU arega Ta W@ietll x = 090 x = ae © 500
B3 B (M 8.12)1

w9 GfST fF &5 BOB’RFSB &1 &5Fd 4

ae ae B =
2 e = 22 [ - K W i
a 0
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al?2 2 al,
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a
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| were®t 8.1 |
Tk y? = x, WA x=1, x=4Td x-34 ¥ o & 1 YoM UK H &6 A hiferd]

2. YUH FqAN H G 2 =x, x =2, x=4 TG x-378 ¥ R &7 *1 &A% T FHife)

9.

10.
11.

TUH TgU Hal=4y,y=2,y=4Td y-A4 ¥ TR &3 o1 &45%a @ it
2 2
W%Jr%:l@ﬁi&ﬁaﬂ e T HIT

ﬁ%ﬁé+%=l@ﬁiéﬂmmaﬁaﬁm|

JoH TqUE H gaal+y? =4, 3@ x=./3 y @ x-374 g} TR &3 1 &% 7
Hife)

BRG] x=%gm3?r P+ =a?h B AN HT A A HifSU

I TR x=)2 T W x=4F o0 g3 &9%Fa Wix=a g & T 971 H
fauifia era1 @ o o 1 9 6 ity

@ y = x? 11'_=fy=|x| 9 R &3 1 &9%d T Hifel

TH =4y TE W@ x=4y-2 " R &3 FT &=F%had G HifeU
Wy2=4x®%@x=3@ﬁi & T &THA 1 I

YT 12 TE 13 H TEl ST h1 997 i

12.

13.

Hor =g § g9 2+ y?=4Td W x=0,x =29 fR &7 % & 2

A B ¥ CE DE
(A) ®) © D) 5
El'sﬁy2=4x,y—31&1113fi'@y=3@ﬁi@3[?ﬂ$m%:

A) 2 B kd Cg Dg
(A) ®) - © - ®)

8.3 I Ichi o Hegadl ?3':[ <hl 83':!"3{)—@[ (Area Between Two Curves)

AT T HA TS A=A FT TS o hoawy el & 1 YR ekt 1 g8
e o ufeedl weer SR 3 YR &hell 1 ARTHS F1d HY, &hd o Ui
1 f5he THRe el €1 Heudl HifeT, BH q W@k y = £(x) 3R y = g (v) RT g
T 5T [a, bJH f(x)2g(x) S T @Tmepfa 8.13 & <wiian o €1 fEu gu =kl o Feienaom
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HHTReM o Y3 1 T F o 0 IRMTH &%d i HeaiRr dfcedl o ®9
o o gfaurse #1 S R emepfa 8.13 # <wiben mn ?)1 Ry qedt a1 e
(@) - g(x) T =T dx T, THAT IR &wa
Y y=E
dx | _y=f(x)-g

X =a y=g®

Y’ 3TTeRTd 8.13

dA = [f(x) — g(x)] dx, TN FA STFA A = I:[f(x)—g(x)]dx
Taereua:
A=[TF y=f(x), x-3T8 A WA x =g, x=b ¥ TR &F &1 &%
—[@% y=g (x), x-ALA @i’@k’vﬁ x=a,x=b@ R &5 = W]

= [Trde=[ gdr =] [ 1)~ g(0)]dy ST [0, b1 (02 ¢ ()

I [a, c] H fx) =g (x) T4 [c, ] H f(x) < g (x) &l a<c<bA fm
TTepfd .14 ® <iian T B, A ool @ R & a1 &t Frefefeaa weR feran sn
el ©
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>
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JETEI0T 6 T Waa y =2 W& 2 =x ¥ TR & N 2

1 &Shel A i) x=y
T S| foh eepfa 8.15 o <@t 0§, = A
e & WideseE 65 0/(0,0) W AL, 1) 7l X< S >X

Tl y2=x S y =[x =f(0) 3 y = =g (v),

Sl [0, 1] 5 f(x) > g (x) T

AfTT. SfeRd &3 1 e &% a N
— J.(:[f(x)—g(x)]dx 3']'@'7&[8.15
! 2 2] 211
= J.O[\/;—Xzildx =|:§x —?L = 5—3 = 5

SEEIUT 7 x-AG o HW qA Fd 12+ y* = 8x T8 WAT 2 = 4x o TSl & &l
ST A HIFT

T g9 T TSI N THHR A2+ 12 =8x, (x—4)’+)>= 16 &9 ¥ Afegem fwman
ST Hehdl &1 T I 1 % 5 (4, 0) 7 q1 51 4 3T B WS 2 = 4x S WY
WW@IWW%:

X2+ 4x = 8x
31 x> —4x=0 Y 9
g x(x-4)=0 s
YAl x=0,x=4

39 UHR 31 I Tt o gfae=ss 1695 0(0, 0)
T x-318 § S P(4,4) B

ST 8.16 W x-378 § SW F Il dshl o HLA X<9 C 4,0) O@ax
qftafad & OPQCO &1 &A%d 4
= (8 OCPO &1 &%) + (8 PCQP I &hel)

= J.:ydx+j:ydx v

= 2‘[:\/;dx+j:\/42—(x—4)2dx (F1?) 3Rt 8.16
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of 2T 4 .
2><§|:x2:| +j 42 2 dy, ST&T x—4=t¢
0 0

4

% + [%«/42 —1* + %x 4% x sin™! i]

0

4
=¥+Fx0+lx42><sin‘l}:2+ 048x T |=224n = 2
3 2 2 3 2 3 3

(8+3m)
IETET0T 8 3T 8.17 § AOBA Word =qeifer # <isige 9x2 + y? = 36 1 Th A1 &
@ OA =2 T 91 OB = 6 3T €1 o =19 AB TS Sl AB o HeHed! &
BERIC IR GRS I

Y
ol Sefga w1 feam g wHieRIut 92 + )2 = 36, Uiq B(0, 6)
2 2 2 2
il s g L4l 219 = § st e
4 36 22 6°
AN ¢ SR TR SHHT SFR PR 8.17 7 Y gL AHFR A2, 0)
S 21 X 0 x
THh YN, Sel AB &1 GHIR 2
6-0
y—-0= 0—2(x_2)
L2
3reqell y=-3x=-2) 3TeRfe 8.17
Y y=-3x+6
3Tepfa 8.17 § 3W BHfhd & &1 &%
= 3jj\/4—x2dx—jj(6—3x)dx (F?)
I o R N P
= 3[5 4—x +2sm :lo |:6 > :|0

3[%><0+25in1(1)]—[12—%] =3><2x%—6 =3n-6
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SETET0T 9 AR 1 SYAN H3d §¢ Uk U5 X
s 1 &k T wifae fSEes 3 (1, 0),
(2,2) T (3, 1) &

el AE e A (1,0), B(2,2)TE C (3, 1) fyqs
ABC % ¥ & (aTpfd 8.18)
A ABC %1 5% = A ABD %1 &1t + Freid X< ——(40 = X
=4S BDEC &1 &5%al — A AEC &1 &9%d )
1@ ST AB, BC U6 CA % THishiul we: Y ST 8.18

.C (3, 1)

1 .
y=2@-D.y=4-xy=( (x— 1)@
3d: A ABC &1 &%

- [P26-aes [Ja-na-[ 2la

ol -] -5
[EEHE o]
-;K%“j G‘lﬂ -5

SEAEIOT 10 A [ 2 +)? =4 T (x—2)° +y* =4 F T & 1 &Aha T TS

&l &Q@W@W%
X+yr =4 . (D)
3R (x=27+y> = 4 o)
ety (1)@@%@%%@%@0?%@1%%@12%@%
THEHIOT (2) TH TH 99 ¢ feR1 g C(2, 0) 7 3R fo@eht 5o 2 5ot 21
TR0 (1) 3R (2) i g HH R g9 T4 &
(x2) +y'= x*+ )

Il
\®)

SRE X —dx+4+y?= X2 +y?
e x=17Ed y= +/3 ywea el
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a1a: fu gu 91 % wheee fag AL, 3 ) 3R
A1, —+/3) T, S| 2epfa 8.19 | switan T 2

Il o HeFed & O ACA’O &1 a1

R =2 [& ODCAO 1 &F%d] (FA?) X

A(1,V3)

=2 [& ODAO &1 &% + & DCAD &1
EPE S|

= 2_I;ydx+.[12ydx}

_2 —J‘Olw/4—(x—2)2dx+ 112\/4—x2dx:| ()

— 1
=2 %(x—z)m_(x—z)2 +%x4sinl(%2ﬂ +
L 0

- 2
2 1 x\4—x? +%x4sin_lg}

2 1

2

:[—\E —4xgj+4xﬂ+[4x§—\6—4xﬂ

(—\/5—2—;+2n)+(2n—\f—2—;)
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Yl
TR 8.19

A'(1,-V3)

1
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| woaett 8.2 |
TR 12 = 4y AR TR 4x® + 4y> = 9 o TeASd! &5 I &k A i)
TR (x — 12+’ =1Td 2 +y>=19 R & &1 &hal T Fifory)
aﬁyzx2+2, y=x,x=0113fx=3@ﬁﬁ & hT &THA AT HITSTT)
TR 1 ST i gC TH UW IS &1 gwa T it foeeh o
(-1,0),(1,3)Td (3,2) &

5. THREA 1 ITAN H g UH UH PR & w1 &we T it iRt
qeTetl o THETT y = 2x + 1, y=3x+1@x=4§l

B W N -

% 6 TH 7 H W&l ST 1 T RIS
6. Qﬂx2+y2=4®i@x+y=2@ﬁi?)ﬁéﬂmaﬂﬁm%:

(A) 2(n-2) B) n-2 ©) 2n -1 D) 2(m+2)
7. aﬁﬁ:%wj:n%qmﬁ%aﬂw%z

2 1 1
A 3 ®) 3 © ®) 3

fafaer sergvur

SEETOT 11 WA Y2 = dax 3R IHeh Aocia 9 R &5 &1 &% o i)
Tl 3TPld 8.20 W, WA )2 = 4ax &1 MY Ta1 fag ® 21 Tifgciar sfar LSL’ =

G x = ¢ B T g3 e x-3181 o ufia: Y .
TwfHd 2 P
& OLL'O &1 31efie &F%al = 2 (81 OLSO
T &AH)
a a , ’0
= 2_[0 ydx = 2_[0 Ndax dx X<—5 (Sa )X
= 2><2\/;J-:\/;dx
\
374 é V, Ll
= avaxZ|| = 8Jalar| =2 Y
30, 3 3 TR 8.20
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JETETOT 12 @M y = 3x + 2, x-31% W HifeAt Y
x=-1Tdx=14d ffR &F &1 &T%d A HifeT)

ol wE fop emepfa 8.21 # <@ W ¥, Y@
y=3x+2,x—31&1‘°|ﬁx=_—2‘1'{fqﬁ1'cﬁ%3ﬁ'{

3
Xl
-2
XE(‘L 3 )%mwm@x-aa?k:ﬂé% *
-2
qen xe(j,l)a% fau zqeT e k-3 9
Yl
S EI T 8.21
A THA = & ACBA &1 &% + &5 ADEA &1 &9%d
2 |
= |[ 2 Gx+2dx+ [ Bx+2)dx
3
-2 |
3x2 3| | 3x? 1 25 13
=||—*+2x| [+|—+2x| =—-F+—=—
2 b, 2 2 6 6 3
3
. Y
JEEIOT 13 x=0Td x =21 A IF
y=cosx ¥ R &3 &1 &F%a A Hife) A E
ol SATRfd 8.22 W, 31 &Fhe . \B D i
= &% OABO &1 &5%dl + &% BCDB &1 O % T 371: F
%A + &5 DEFD &1 &9%d
C
SRR (i Y 3TTeRTd 8.22
n 3
= chosxdx+ J 2cosxdx +J2ncosxdx
0 n 3n
2 2
T 3n ,
= [sinx]2+ [sinx]2 + [sinx] =1+2+1=4
0 r 3n
2 2
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SaTET0T 14 Tag HINGT o T )2 = 4x TF 12 = 4y, @t Y :
x=0,x=4,y=4Ty=0" R a7 & &% &l dH R y'=dx
R e Qe

T oA A R e )7 = 4x T 7 = 4y Wi
5 (0,0)TH (4,4) % S T aepfa 8.23 & qwfan w0 1 X<
o TH P =4x T =4y H RO & OAQBO FI

% Y 3TTeRTd 8.23
2 3 37
= I4 Wx -2 |ax = 2><zx2—x—
0 4 3 12 o
_32_16_16 1
=3 73" 3 .. (1)
T Fhi 2 =4y, x=0,x =4 W& x-38 § R & OPQAO F1 &A%
Cr4x’  lpogp 16
= onx_E[x ]0_? e (2)

T YRR a6 y2=4x, -3, y=0 T3 y =49 FR &7 OBQRO I &AFdA

4 B 4y2 1 4 16
=I0xdy—jojdy—a[y3]o—? )
TR (1), (2) @ (3) ¥ g8 f=nd fashomn © &

&3 OAQBO &1 &5Fd = & OPQAO &1 &7%d = &3 OBQRO &1 &FHa
I, AT ) = dx T 0= dy T FoRT &Fe U g0 ol & &t 1 i SRIeR S
o fouifera e 2|

SETETOT 15 & {(x,1):0<y<2+1,0<y<x+1,0<x< 2} &A% A HifoUl

Tl 33T HOYYH B0 IH &3 1 Wi daR i fSTEeh1 g6 &5he A & 81 T8
g fefafaa e o1 et &

A ={(xy):0<y<x+1}

A ={(x,y):0<y<x+1}
3R A, ={(x,y):0<x<2)
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Tl y=x2+ 1 T y=x+ 1 o Hiaesg fog P(0, 1) T Q(1, 2) €1 Mehfd 8.24 W,
vfie &5, BMIfhd &5 OPQRSTO & fS&eht &srhel

= &9 OTQPO &1 &F%d + &% TSRQT &1 &FFa
- J-;(x2+1) dx+jlz(x+1) dx (1)

(55T
[l feo{3] -3

e 8 WY fafaer gonaeit

1. fSu gu ookl W@ {@sti ¥ R &3 &1 &9ha T it
() y=atx=1,x=2Td x-31&
@) y=xx=1,x=5Tax-3&
2. Thly=xTd y=x>%F TS & H] &AR A I
TIH ﬂﬂﬂfﬂﬁq&'ﬂﬁﬁ@y=4xz,x=0,yzlﬁm y=4@ﬁ|’3§ & T GIAFA
0 it

y= |x+3| 1 WE Gifau T _|-_06|x+3|dx 1 HF A hifeT)

x=0Tdx =207 T y =sinx ¥ R &3 F1 &=hal 0 Hifeg)
AT y* = 4ax TH W@ y = mx ¥ R & &1 &% T4 Sifaq)
AT 4y = 3x2TH @1 2y =3x+ 129 TR &F &1 &9hal 91 Hife)

2 2

8. aﬁ*aiqa%erT:lqsf%@ §+%=1@ﬁia§&haﬂamamﬁml

2 2

9, W%+%=lmwg+%=lﬁﬁwmw%maﬁﬁm|

10. WITI 2=y, W@ y=x+2Td x-AF ¥ o) & &1 &% Fq Hife

11. FoeRe fafy 1 ST 3 8T o |4+ y|= 19 fot & =1 awa 9 St
[Heha : STavas &5, @i x+y=1lLxy=1,-x+y=1T-x—-y=1
a for 2]

12. W{(x,y):nyzﬁﬂTy=|x|}@ﬁﬁ$3[aﬂWaﬁa—ﬂﬁml

13. FHERer fafy 1S9 3d gT Uk TH IS ABC, %1 &isTthel 2T shiferg foreh
et o faden A(2, 0), B (4, 5) T C (6, 3) €l

w9

NN A
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14. Gomehed fafy &1 ST 3 8T, Wstl 2x+y=4,3x—2y=6TWx-3y+5=0
H iR &3 1 &9%a F1d St

15. &3 {(x, y) 1 y* < 4x, 4x% + 4y2 < 9} T &AFA AN HITST)

16 ¥ 20 T Ul H W&l IW 1 997 HifolT:

16. Wy:x{x—ﬂ%@ﬁﬁx:—lx:l@ﬁ%?ﬁ[aﬂW%:

— 15 17

(A) -9 (B) 4 ©) i (D) T
17. dby=xlxl, x-3& @Wx:—lﬁ%x:l@ﬁl’l & T ?33%_«[%

1 2 4

(A) O (B) 3 ©) 3 (D) 3

[[ehd: y=2 AR x>0Td y=—x2 3 x<0]
18. &% y22>6x 3R I7 x2 + 2 = 16 ° WiHfelq &5 o1 &wd 2:

(A) %(4n—\/§) (B) %(4n+\/§) (C) %(SR—\B) (D) %(8n+\/§)

19. y-3181, y=cos x Td y = sin x, OSng g iR &5 @1 e @
A) 2(2-1) B 21 © J2+1 D) 2
RISt
¢ ThHy=f(x), x-AT & WA x=aqM x=b (b>a) ¥ R & & &ThA H
g e = [ yde= [ f(dr 71
¢ Thx=0(y),y-318 T& WA y=c,y=d ¥ R & & &A% & A
gt = [ “xdy = [ ‘o (r)dy 71

¢ T TRl y=f(x),y=g(x)11¢_=fi'@'|"1°x=a,x=b€b‘ T iR & &1 &F%d
frfafad 37 g7 33 72

833'CW'=If[f(x)—g(x)]dx SRl [a, b] ® f(x) =g (%)

¢ IWlacl B fFO)2g@) T [¢,b] B f()< g(x),a<c<b, d TH &A%
i Frefafad ger 9 foed @

R = f:[f (x)—g(x)]dx+jf [g(x)— f(x)]dx
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e gEYgTy

AR T 1 YR T o YRMeh faeshm el 9@ & g €1 98 WA e
st g foesfaa fsivar fafu @ enenfa 21 @ fafu &1 gR9 wocet™
Trepfadl o ehel ST 319 SRl o ST i TUAT W g 39 X o s
fafer, wmeRer fafy =t yRfver ferfq o &9 o @eh ST Hedl @1 Fe9mar fafy
F1 Galche fasm gRfas w1 ® e (Budoxus (440 3. 7) 3R snfhfads
(Archimedes (300 §. 9.) & ™ & 9 g31 B

e o THGId 1 s 9eh1d S91 o 9¥ar 1791 Saeal ¥ gafll ¥ 1665
ﬁ%ﬁw TR 3T 1 gae fagia (Theoryofﬂuxion)av‘h_qﬁmf‘q e
I 38 fagid &1 ¥ 9% o Tl fog ® waeff iR awa-fean 3 w6 o
a1l =27 4 JchH ®od i UROT W UREd Ol R SEeh! gfdsTashors
(A= e ) a1 ¥ &t Fohd fafd (Inverse Method of tangents) 3T
ARl T

1684-86, o el & oiet (Leibnitz) 9 Th 9951 Tehel SUTSANRETH (Acta
Eruditorum) T Ry feman 3K L aﬂﬁlﬂ?ﬂ:{ HeRREE (Calculous Summatorius)
I fezn, ifr 7% oHd B &Fwell o AMHA ° Heafyd of, 98 W 3= 39
IANThe o Ydleh < g = fRAT 9 1696 €. H $=I4 S e (J.Bernoulli)
o YA Il AMERL A YU hl Eﬁm geumelt (Calculus Integrali) 9 #
gftafdd & fean 98 =g g Sl st geed fafy & §1a ol

A R wafst M A Yol TS /R ST S qera: fae o qenfa <7 <
o foagidl o G gfahel qodd WIT Q) watTst 3 e SHehe i eRon &
A feRam
e Tifyed € fr S € wevaw gfqeraehers iR fHfyea a@mhe & o= @&
oY i Treadl SEll

ferd 71g @ o HuTeher IO ok SR TROnSH, Fasidl qen steeher T
T 3ok YRF el 1 foehra dLEl &, e, iR dafaer o %Ef grr 174t
I o oid W el qefd sEeht Sfifecd, HEn 1 Hehoud 1 & SR W 194t
JMAEAT oh URY § TUA.HIRH (A.L.Cauchy) o g1 fohanm 7= ofd o <t |t
(Lie Sophie) =1 frefetfEd S5or oof-= 21 "It may be said that the conceptions
of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,

Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".
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