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Fill in the Blanks

2

secx Cosx sec” x+cotx cosecx|
f(x)= cos’x cos’x cosec? x
1 cos’x cos? x
/2
Then | SO dr=.... (1987 - 2 Marks)

0

1.5
2
The integral _‘ [x” Jdx, (1988 - 2 Marks)
0

Where [ ] denotes the greatest integer function, equals .......

2
The value of j It —x? |dxis....... (1989 - 2 Marks)

-2
3n/4 o
The value of j —dd is....... (1993 - 2 Marks)
1+sin ¢
n/4
The value of “%de iS....... (1994 - 2 Marks)
HVS—x+ Jx

1 1
If for nonzero x, afix) + bf (_) -

—5wherea # b,then
X X

(1996 - 2 Marks)

—_——dx=...... (1996 - 1 Mark)
sin“” x+cos“" x

nSinmInX) gyeis ... (1997-2 Marks)

A7
The value of j
1 X

sin x 2eﬂnx2

X

d 4
Let —F(x) = ,x>0. Ifj1 dx = F(k)-F(1)

X

then one of the possible values of k is .......
(1997 - 2 Marks)

1.

1.

Definite Integrals and
Applications of Integrals

True/ False

2a
The value of the integral j [ J(x) ldx is
)+ fQa-x)

equal to a. (1988 - 1 Mark)

MCQs with One Correct Answer

1
2
The value of the definite integral j (+e™* )dx is
0

@ -1 () 2 (1981 - 2 Marks)
© 1+¢7! (d) none of these
Let a, b, ¢ be non-zero real numbers such that

1 2
J'(l+cos8 x)(a.x2 +bx+c) afx=.f(1+cos8 x)(ax2 +bx +c) dx.
0 0

Then the quadratic equation ax? + bx+c = 0 has

(1981 - 2 Marks)
(&) norootin (0,2) (b) atleast onerootin (0,2)
(¢) adoublerootin(0,2) (d) twoimaginaryroots
Thearea bounded by the curves y = f{x), the x-axis and the
ordinatesx=1andx=bis (b—1) sin (36 +4). Then f{x) is
@ (x—1)cos(3x+4) (1982 - 2 Marks)
(b) sin (3x+4)
(©) sin(3x+4)+3(x—1)cos (3x+4)
(d) none of these

/2 —
The value of the integral j thdx is

0 Jeotx ++/tanx
(a) m4 (b) w2 (1983 - 1 Mark)
© =« (d) none of these

For any integer » the integral —

T2

j %" % cos3(2n +1)xdx has the value (1985 - 2 Marks)
0

@@ =
¢ 0

(b) 1

(d) none of these
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6.

10.

11.

12.

13.

Letf:R —» Rand g: R — Rbecontinous functions. Then
the value of the integral

n/2
[ [f)+ f(=0][g(x) - g(-x))dx is(1990- 2 Marks)
—-n/2

@ = (b 1 (© -1 @ 0
n/2 dx
The value of 01 +tan’ x is (1993 - 1 Marks)
@ O ®) 1 © n/2 @ n/4
If fix) = Asin(ﬂ) + B, f'(l)=«/5 and
2 2

1

I f(x)dx = %, then constants 4 and B are (1995S)
T

0

T T 2 3

(@ 3 and 3 (®) p and p

(© Oand =% @ 2 ando
T T

2n
The value of I [2 Sinx] dx where [.] represents the greatest

T

integer function is (1995S)
-5 5
@ =5 - © 3 @ -2

If g(x) = jox cos* tdt, then g(x+r) equals (1997 - 2 Marks)

(@ gh)+gm) (b) gkx)-g(m)
© &g @ 29
g(m)
3n/4
i 1t 1999 - 2 Mark
J 1+ cos x 1s equal to ( arks)
@ 2 b)) 2 () 12 d -12
If for a real number y, [y] is the greatest integer less than or
3n/2
equal to y, then the value of the integral _[ [2sin x] dx is
n/2
(1999 - 2 Marks)
@ -=m ® 0 () -m/2 d) =2
X
Let g(x)= I f(#)dt , where fis such that

0

%sf(t)sl,for t €[0,1] and Osf(t)s%,forte[lﬂ].

Then g(2) satisfies the inequality (2000S)

(a) —%Sg(2)<% b)) 0<g(2)<2

© ><g@)<3

> d 2<g(2)<4

14.

16.

17.

18.

19.

20.

21.

22.

Topic-wise Solved Papers - MATHEMATICS

COSX _: 3
If fry={¢ s, for |x|<2 then If(x)dx=
2, otherwise, 5
(2000S)
@ 0 b 1 (© 2 @ 3
82 l
The value of the integral I de is: (2000S)
X
(@ 32 (b) 52 ) 3 @ 5
b 2
The value of | ——— dx, a> 0, is (2001S)
“plta
@@ = (b) an (c) m2 (d 2n
The area bounded by the curves y = [x| -1 and y =—|x| + 1 is
(2002S)
(@ 1 b 2 © 242 @ 4

X
Let f(x)= I V2—1r2dt . Then the real roots of the equation
1

x*— f'(x) =0are (2002S)

1 1
@ +1 b * 5 © 3 (d Oandl
Let 7> 0 be a fixed real number. Suppose f'is a continuous
function such that for all x € R, fix + T)=fx).

3+3T
[ r@xdxis (20028)
3
© 3

T
IfI= I f(x)dx then the value of
0

@ 32 b) 2«
1/2
The integral I

-1/2

() 0 © 1

d o

([x] +ln G*—xn dx equalto  (2002S)

- X
1

1
If [(m,n) = It”’(l +1)" dt, then the expression for 1(m, n) in
0
termsof l(m+1,n—1)1is
2" n

m+l m+1

1
(@ -3

(2003S)

(@)

I(m+1,n-1)

(b)

n
—I(m+1,n-1
m+1 ( )

2”
m+1

©

+— Jm+1,n-1)
m+1

GV

2 im+1,n-1)
n+1

x2+1

If f(x)= I e_t2 dt, then f(x) increases in
2

@ (22

© 0, )

(2003S)

(b) no value of x
@ .0
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Definite Integrals and Applications of Integrals

23. The area bounded by the curves y=+/x, 2y+3=xand

(2003S)
@ 18

x-axis in the I* quadrant is
@ 9 (b) 27/4 © 36
2

t
24. Iff(x)is differentiable and j xf(x)dx=%t5, then f(zis)
0

equals (2004S)
@ 255 ) -52 (© 1 d 52
1
25. The value of the integral I ,,L—idx is (2004S)
0
@ 241 ® Z1 © -1 @ 1
2 2

26. The area enclosed between the curves y = ax? and
x=ay*(a>0)is 1 sq. unit, then the value of a is (2004S)
(@ IN3 (b) 12 (© 1 @ 13

0
27. I {x3 +3x2 +3x+3+(x+1cos(x+1)} dx is equal to
-2
(2005S)
(@ 4 b 0 (c) 4 @ 6
28. The area bounded by the parabolas y = (x + 1)? and

y=(x—1)?and the liney=1/4is (2005S)
(@) 4 sq. units (b) 1/6 sq. units
(c) 4/3sq. units (d) 1/3sq. units
29. The area of the region between the curves y = I+sinx
cosx
and y= I-sinx bounded by the lines x =0 and x = z
08 X 4
is (2008)
(@) ﬁf_l—t () ﬁf_l—‘" at
o (1+2)W1-72 o (1+2)W1-72
V241 V241

0 | =t @ | —T
o (1+2)W1-72 o (1+2)W1-72
30. Letfbe anon-negative function defined on the interval

[0,1].1f I\/I—(f'(t))zdt=jf(t)dt, 0<x<l,
0 0

and £(0) =0, then (2009)

31.

32.

33.

34.

36.

37.

® M-115
.1 ftin(1+1)
The value of J}l_%;;{ Wdf is (2010)
@ o0 () L © L (@) =
12 24 64

Let f be a real-valued function defined on the interval
P

(=1, 1) such that e £ (x)=2+ j Vit +1 dt, forallxe(=1,1),
0

and let f~! be the inverse function of f. Then (1) (2) is
equal to

(2010)
{ 1 1 d 1
(@) () 3 © 2 (d) p
Jin3 )
The value of : xsmx —dris  (2011)
msinx +sin({n6—x°)
1 3 1 3 3 1 3
—tn> —tn> n= —tn>

Let the straight line x = b divide the area enclosed by
y=(1-x)?,y=0,andx=0 into two parts R, (0 < x < b)and

R,(b < x < 1)suchthat R - R, = %.Thenbequals (2011)

3 1 1 1

@ 7 ® 3 © 3 @
Letf:[-1,2] — [0, o ) be a continuous function such that
Sx)=f(1-x)forallx e[-1, 2]

2
Let R = I xf(x)dx , and R, be the area of the region

-1
bounded by y =f(x), x=-1,x =2, and the x-axis.
Then

@ R=2R
(C) 2Rl = R2

(2011)
b) R =3R
(d) 3R1 = R2

n/2
The value of the integral I (xz +1n

-n/2

m+X

)cosxdx is
n—Xx

(2012)

2 2 2

T T T
@ 0 ® -4 © —+4 @ —

The area enclosed by the curves y = sin x + cos x and2
y= |cos X—sin x| over the interval [0, g} is
(JEE Adv. 2013)
®) 2{2(2-1)
@ 242(y2+))

@ 4(2-1)
© 2(2+1)
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38.

39.

40.

41.

Letf: [2 }—) R (the set of all real number) be a positive,

non-constant and differentiable function such that

1 1
f'(x)<2f(x)and f (5)=1- Then the value of j f(x)dx lies
1/2
(JEE Adv. 2013)
(b) (e—1,2e—1)

e—1
o [55)

(2cosec x)17 dx is equal to

in the interval
(@ (e—1,2¢)

l,e—l)

e—
© (T

The following integral

INERS I

(JEE Adv. 2014)

log(1+\/5)
(@ I() 2(e“ +e ¥ )16 du

log(1+«/5)

I() (e“ +e ¥ )17 du

log(1+«/5)
(© Io (e“ -e" )17 du

(b)

log(1+«/5)

(@ I o 2(e“ —-e )16 du

2

g X
The value of I 1
3

2% dx is equal to (JEE Adv. 2016)

2

@) "‘7—2 (b) "‘7+2

T

() m*-e2

Area of the region {(X,y) eR*:y> [lx+3],

(d) m*+e?

}

is equal to (JEE Adv. 2016)
1 N

@ 7% ®) 3
3 5

© 3 @ 3

o
.

w

7.

Topic-wise Solved Papers - MATHEMATICS

1) I MCQs with One or More than One Correct

1
If [ f@de=x+[_1f(t) dr,then the value of f{1)is

(1998 - 2 Marks)
@ 12 ) 0 © 1 @ -12
Let fix) =x — [x], for every real number x, where [x] is the

1
integral part of x. Then I—l fx)dxis (1998 -2 Marks)
@ 1 b) 2 © 0 d 12

For which of the following values of m, is the area of the
region bounded by the curve y = x — x? and the line y = mx

equals 9/2? (1999 - 3 Marks)
(@) -4 (b) -2 (¢ 2 a 4
Let f (x) be a non-constant twice differentiable function
definied on (-, ©) such that f (x) = f (1 — x) and
f '(%] =0.Then, (2008)
(@) f"(x)vanishes at least twice on [0, 1]
(1
o r(3-
1/2
I f(x+l) sinxdx =0
© 2
-1/2
1/2
I f(t) esmnt dt I f(l t) eSll’lT[t dt

1/2

Area of the region bounded by the curve y = ¢* and lines
x=0andy=eis (2009)

@@ e-l1 (b) Iln(e+l—y)dy
1

1 e
©) e- I e*dx G)) I In ydy
0 1

sin nx

If I, _j—dxn 0,1,2,...,then (2009
(1+ﬂ' )sinx
10
@ I, =1y 2. Ioms1 =107
m=1
10
© 2 fom=0 @ L,=1,.,
m=1
x (1 x) .
The value(s) of I —dx is (are) (2010)
2 2
@ - ® 105
0 d n_3m
© @ 575
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Definite Integrals and Applications of Integrals
8. Letfbeareal-valued function defined on the interval (0, oo )

X
by f(x)=Inx+ I V1+sint dt. Then which of the following
0
statement(s) is (are) true?
(@) f" (x)existsforall x €(0,)
(b) f' (x)exists for all x €(0,0) and " is continuous on
(0,0) , but not differentiable on (0,)

(c) there exists a > 1 such that | f'(x)|<| f(x)| for all

(2010)

x €(a,©)
(d) thereexists B> 0suchthat | f(x)|+| f'(x)|<B forall
x €(0,0)
2
9.  LetS be the area of the region enclosed by y =¢™* |
y=0,x=0andx=1;then (2012)

@ S22 ) S»1-1
e e

1 1 1 1 1
(©) SSZ(“@J (d) s$$+$(1—ﬁ)

10. The option(s) with the values of a and L that satisfy the
following equation is(are) (JEE Adv. 2015)

4
I et (sin6 at +cos” at) dt

g =17
I et (sin6 at +cos” at)dt
0
@ - et -1 ) 51 et +1
a a=c, L= a=2,L=
e" -1 e" +1

© il et -1 @ il et +1
C —3 R —3 —3 R —3

a4 e" -1 a4 e" +1

11.  Letf{x)=7tan3x+ 7tan% — 3tan*x— 3tan? forallxe( > 2)

Then the correct expression(s) is(are)  (JEE Adv. 2015)

n/4 n/4

@ [ % (x)dx = % [ f@ax=0
0 0
n/4 n/4

© [ xf(x)dx=% [ f@ax=1
0 0

1 92x

for all x eR Wlthf(l) = 0.
2+sin 2

12. Let f'(x)=

1
Ifm< I f(x)dx < M ,then the possible values of m and M
1/2
are (JEE Adv. 2015)

Ll
® m=7.M=3
d m=1,M=12

(@ m=13,M=24
() m=-11,M=0

13. Let f(x)=Ilim

. !(x2+n2)(x2+rj]...(x2+22J ’

allx>0. Then (JEE Adv. 2016)
1 1 2

@ f(;] >£(1) ®) f(g] < f(g]

£'3) . f'(2)

i) 1)

E Subjective Problems

1.  Find the area bounded by the curve x? = 4y and the straight
linex=4y-2. (1981 - 4 Marks)

1 )
+— | =logb
6n o8
(1981 - 2 Marks)

© f(@=<0

1
n+2

1
l (—+
2. Showthat: lm il

T T

3. Showthat [xf (sinx)dv = % [ f(sinx) dx.
0 0

(1982 - 2 Marks)

3/2
4.  Find the value of I |xsinm x | dx
4

(1982 - 3 Marks)

t —t 1 —t
+ —
5. For anyrealt, x = ¢ 2e ,» V= : 2e

hyperbola x2 — y? = 1. Show that the area bounded by this
hyperbola and the lines joining its centre to the points
corresponding to 7, and —, is ¢,. (1982 - 3 Marks)

is a point on the

"4 sin x + cos x

6. Evaluate: _([ 9+16sin2x (1983 - 3 Marks)

7. Find the area bounded by the x-axis, part of the curve

8
y= (1+ 2 J and the ordinates at x = 2 and x = 4. If the

ordinate at x = a divides the area into two equal parts, find a.
(1983 - 3 Marks)

l

xsin lx

8. Evaluate the following I dx
0 V1-x?

(1984 - 2 Marks)

9.  Find the area of the region bounded by the x-axis and the
curves defined by (1984 - 4 Marks)

y=tanx, —ESxSE; y=cotx, ESxS3—n
3 3 6 2
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10.

11.

12.

13.

14.

16.

17.

18.

19.

20.

21.

Given a function f{x) such that (1984 - 4 Marks)
(i) itisintegrable over everyinterval on the real line and
(i) f(t+x)=f(x), for everyxand a real ¢, then show that

a+t
the integral I f (x) dx is independent of a .

a

™2 ysinxcosx i
Evaluate the following : I 4 4
o Cos” x+sin” x

(1985 - 2Y%: Marks)

Sketch the region bounded by the curves y =V5- x* and

y=| x—1| and find its area. (1985 - 5 Marks)

x dx

—, 0<a <7 (1986-2% Marks)
1+ cos a sinx

T
Evaluate: _[
0

Find the area bounded by the curves, x? + y? = 25,
4y=|4—x?|and x =0 above the x-axis. (1987 - 6 Marks)
Find the area of the region bounded by the curve C : y =

T .
tan x, tangent drawn to Catx = 1 and the x-axis.

(1988 - 5 Marks)

(1988 - 5 Marks)

1
Evaluate I log[v1—x ++/1+x]dx
0

If fand g are continuous function on [0, a] satisfying
Sx)=fla—x)and g(x) + g(a—x)=2,

a a
then show that [ f(x)g(x)dx = [ f(x)dx (19894 Marks)
0 0
n/2 n/4

Showthat [ f(sin2x)sinxdy =2 [ f(cos2x)cosxdx
0 0

(1990 - 4 Marks)
Prove that for any positive integer £,

in 2kx
SH? =2[cosx +coS3x+...ccoeneenn +cos(2k—1) x]
sinx
/2 .
Hence prove that _[ sin 2kx cotx dx = 5
0

(1990 - 4 Marks)
Compute the area of the region bounded by the curves

I
y=exInxandy= ax whereIne=1. (1990 - 4 Marks)
ex

Sketch the curves and identify the region bounded by

1
X= 5 X= 2,y=Inxand y=2*. Find the area of this region.
(1991 - 4 Marks)

22.

23.

24.

26.

27.

28.

29.

30.

31.

Topic-wise Solved Papers - MATHEMATICS

X
If °f is a continous function with I f(@)dt > o as|x| — o,

0
then show that every line y = mx
4 [©0V2)
0] X
B0
ol (CORRE)

X
intersects the curve y2 + I f(@)dt =21 (1991 - 4 Marks)
0

. . T
n Xxsin2x sm(—cos x)

Evaluate I dx
0 2x—T7

(1991 - 4 Marks)

Sketch the region bounded by the curves y = x? and

2
y= 5 - Find thearea.
I+x

Determine a positive integer n < 5,such that

(1992 - 4 Marks)

1
[e*@-1"dx =16-6e (1992 - 4 Marks)

0
Eval 32x5+x4—2x3+2x2+1dx 1993 - 5 Mark
valute |, 2+ —1) - - arks)
nn+v
Show that I |sinx|dx=2n+1-cosv where n is a
0

positive integer and 0 < v <. (1994 - 4 Marks)

In what ratio does the x-axis divide the area of the region

bounded by the parabolas y = 4x —x?> and y =x2—x ?
(1994 - 5 Marks)

T

Let I, = |
0

1—cosmx o )
—— dx , Use mathematical induction to
l1-cosx

provethat /,, =mn,m=0,1,2, ..... (1995 - 5 Marks)

Evaluate the definite integral :

1/4/3 4
I ( ad Jcos_l( 2x2]dx
YN 1-x 1+x

Consider a square with vertices at (1, 1), (-1, 1),(-1,-1)
and (1, — 1). Let S be the region consisting of all points
inside the square which are nearer to the origin than to any
edge. Sketch the region S and find its area.

(1995 - 5 Marks)

(1995 - 5 Marks)
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Definite Integrals and Applications of Integrals
32.

33.

34.

36.

37.

38.

Let 4, be the area bounded by the curve y = (tan x)" and the

linesx=0,y=0 andx=E . Prove that for n>2,

4
1 1
A4, +A4, ,=— and deduce <A, < .
non2 on-l 2n+2 2n-2
(1996 - 3 Marks)
n 2x(1+sinx
Determine the value of _[ (—z)dx
T l+cos“x

(1997 - 5 Marks)
Let f{x) =Maximum {x?, (1 -x)2 2x(1 —x)}, where0 <x< 1.
Determine the area of the region bounded by the curves
y=fx), x-axis,x=0andx=1. (1997 - 5 Marks)

1
;) dx = 2.[0 tan~! xdx.

L -l
Prove that IO tan [1 R

Hence or otherwise, evaluate the integral

1
jo tan~!(1- x + x?) db. (1998 - 8 Marks)

Let C, and C, be the graphs of the functions y = x? and

»=2x,0 < x < 1 respectively. Let C, be the graph of a
function y=£(x),0 < x < 1, f{0)=0. Fora point Pon C,, let
the lines through P, parallel to the axes, meet C, and C; at O
and R respectively (see figure.) If for every position of P (on
C)), the areas of the shaded regions OPQ and ORP are
equal, determine the function f{x). (1998 - 8 Marks)

1)
A [5'1
0. 1) / (1,1)
C, G,
Q P
(0,0) 10 [1]] (1.0)
Gs R
A COS X
e
Integrate SCOST | - cos (1999 - 5 Marks)

Let f{x) be a continuous function given by

2x, [x|<1 }

f(x)= { 5 (1999 - 10 Marks)

x“+ax+b, |x|>1
Find the area of the region in the third quadrant bounded by
the curves x =—2y? and y = f{x) lying on the left of the line
8x+1=0.

39.

40.

41.

42.

43.

44.

46.

47.

48.

49.

T Int
For x>0, let f(x)= J.%dt . Find the function
e

1

X 2
Here, Int=log . (2000 - 5 Marks)
Letb#0andforj=0,1,2,...,n,let Sjbe the area of the
region bounded by the y—axis and the curve xe? = sin by,

S+ f (—) and show that f(e)+ f (9 = l

%5 y< @ Show that S, S, S,, ..., S, are in
geometric progression. Also, find their sum for a =—1 and
b=m. (2001 - 5 Marks)
Find the area of the region bounded by the curves y = x2, y
=2 —x?|and y = 2, which lies to the right of the linex = 1.
(2002 - 5 Marks)

If fis an even function then prove that (2003 - 2 Marks)

n/2 n/4
[ f(cos 2x) cos xdx=2 [ f(sin 2x)cos x dx
0 0

x cos xcosv/0 a
If y()= [ S22 de, then find > ar x =
n2/161+sin \/6 dx
(2004 - 2 Marks)
n/3 3
T+ 4x

Find the value of .[ —nd"

-n/3 2—cos(| x| +—)

(2004 - 4 Marks)

T
Evaluate Je'COS A (2 sin (% cos x) +3cos (% cos x)) sin x dx
0

(2005 - 2 Marks)
Find the area bounded by the curves x*> = y, x> = —y and
y2=4x-3. (2005 - 4 Marks)
flx) is a differentiable function and g(x) is a double
differentiable function such that |f{x)| < 1 and f'(x) = g(x). If

F(0) + g%(0) = 9. Prove that there exists some ¢ (-3, 3)
such that g(c).g"(c)<0. (2005 - 6 Marks)

4% 4a 1 f(=1) 3¢% +3a
If [46% 4b 1| f() |=|3b*+3b|, fix) is a quadratic
4t 4c 1|LSQ ] |3c2+3¢

function and its maximum value occurs at a point V. Ais a
point of intersection of y = f{x) with x-axis and point B is
such that chord 4B subtends a right angle at V. Find the
area enclosed by f{x) and chord 4B. (2005 - 6 Marks)

1
J.(l—x5°)‘°°dx

The value of 5050(1’— is.

I(l—xso)'OIdx
0

(2006 - 6M)



M-120 ® Topic-wise Solved Papers - MATHEMATICS

|3 Match the Following

DIRECTIONS (Q. 1 and 2) : Each question contains statements given in two columns, which have to
be matched. The statements in Column-I are labelled A, B, C and D, while the statements in Column-
1l are labelled p, q, 1, s and t. Any given statement in Column-I can have correct matching with ONE OR
MORE statement(s) in Column-11. The appropriate bubbles corresponding to the answers to these
questions have to be darkened as illustrated in the following example :

If the correct matches are A-p, s and t; B-q and r; C-p and q; and D-s then the correct darkening of
bubbles will look like the given.

P qr s t

(P 1OIG]s ]
Q] IOl0)
Q0OGO®
®OOO®

oo w»

1. Match the following :

Column1
n/2 )
: COSX : Sin x
A) { (sinx) (cos xcot x —log(sin x) )dx )
(B) Areabounded by —4y?=x and x — 1 =537 @
(O) Cosine of the angle of intersection of curves y = 3*~ ! log x and y = x* — 1is @)
D) Ltd—y‘L here y(0) =0 th lue ofywhenx+y=61i (s)
et Tty where )/ en value of y whenx+y=61s s

(2006 - 6M)
Column I1

1

0
6In2

3

2. Match the integrals in Column I with the values in Column II and indicate your answer by darkening the appropriate bubbles

in the 4 x 4 matrix given in the ORS.

(2007 - 6 marks)

Column 1 Column I1
1
dx 1 (2)
A Zlogl| £
(A) _jl”xz ® log|3
1
dx 2
® [ @ 210g(2)
0 1-x 3
3
dx T
r —
© | 2 O 3
2
2
dx T
o [ © 3
1 X -1
DIRECTIONS (Q. 3) : Following question has matching lists. The codes for the list have choices (a), (b), (c) and (d) out of which
ONLY ONE is correct.
3. List-1 List-1I
P. Thenumber of polynomials f'(x) with non-negative integer coefficients 1. 8
of degree < 2, satisfying /(0) = 0 and j;f(x) dx=1,is
Q. The number of points in the interval [—\/ﬁ 13 ] 2. 2
at which f(x) = sin(x2) + cos(x2) attains its maximum value, is
2 2
R j 3 dx equals 3. 4

_2(1+e")

GP_3480
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P
@ 3
© 3

(¢l Comprehension Based Questions

PASSAGE -1

Q R S
2 41
2 1 4

Let the definite integral be defined by the formula

I S(x)dx = —( f(a)+ f(b)). For more accurate result for

b c b
¢ € (a, b), we can use I f(x)dx = I S (x)dx + I f(x)dx=F(c) so

b
that for ¢ = a—;b, we get If(x)dx= b-a (f(a)+f(b)+2f(c)),
n/2
1. [ sinxdr= (2006 - 5M, -2)
@ 30+2) &) 7+42)
_ _n
© s @ 4
1 X—a
J eae-( 5 ) (r60+ fa)
lim 4 =0 '
2. If B l_I)na r—a) , then f{x) is
of maximum degree (2006 - 5M, -2)
(@ 4 b 3 (c) 2 @ 1

3.  Iff"(x)<0Vx e(a,b)andcisapoint such that a <c<b, and
(c, flc)) is the point lying on the curve for which F(c) is
maximum, then f'(c) is equal to (2006 - 5M, -2)

Sb)-f(a) 2(f(b) - f())
b-a b-a

2f(b)-f(a)
2b—-a

@ (b)

(© d o

4. 0
(JEE Adv. 2014)
PQRS
® 2 3 41
@ 2 3 14
PASSAGE -2

Consider the functions defined implicitly by the equation
3 — 3y + x = 0 on various intervals in the real line. If

x €(—o, —2)U(2, «0), the equation implicitly defines a unique
real valued differentiable function y = f(x). If x €(-2, 2), the

equation implicitly defines a unique real valued differentiable func-
tion y = g(x) satisfying g(0)=0.

4. If f(-10v2) =242, then f7(-10v2)= (2008)
YNG) YNG) a2 YNG)
@ P O pp O S @ 5

5.  The area of the region bounded by the curve y = f'(x), the
x-axis, and the linesx=aandx=b, where —o < g< b < -2,
is (2008)

@) jmx+bf(b)—af(a)

x + bf (b)

b
X
® G e

b
X
© j —dx3((f(x))2_l) ~bf (b)+af (a)

- bf (b)+af (a)
@ j 23 - )
1
6. |gxdr= (2008)
-1
@ 2g(1) ® 0
(© —2g(1) @ 2g()



([
PASSAGE -3

Consider the function f: (—o0, o) — (—o0, ) defined by

x? —ax+1

=5

x“+ax+1

,0<a<?2.

7. Which of the following is true?
@ Q+a)?f"O)+Q2-a)f"(-1)=0
® 2-a’f'M)-2+a)’f(-)=0
© fMf(H=@2-a)

@ fOf)=-2+a)?
8.  Which of the following is true? (2008)

(@) f(x)isdecreasingon (-1, 1) and has a local minimum
atx=1

(b) f(x)isincreasing on (-1, 1) and has a local minimum
atx=1

(¢) f(x)isincreasing on (-1, 1) but has neither a local
maximum nor a local minimumat x =1

(d) f(x)isdecreasing on (-1, 1) but has neither a local
maximum nor a local minimumat x=1

(2008)

e .,
9. Let g(x)= | lf—(’z) dt . Which of the following is true?
0 +t

(2008)
(@) g'(x)is positive on (—o, 0) and negative on (0, )
(b) g'(x)is negative on (-0, 0) and positive on (0, «0)
(©) g'(x) changes sign on both (-, 0) and (0, )
(d) g'(x) does not change sign on (-0, )
PASSAGE -4

Consider the polynomial

SE)=1+2x+3x%+4x3.
Let s be the sum of all distinct real roots of f'(x) and let £ = |s].
The real numbers lies in the interval

1 3
o (39) o (1)
1
G [Oq)

11. The area bounded by the curve y =f(x) and the lines x =0,
y=0andx =1¢, lies in the interval

3 21 11
@) [;’3) (b) [a’ﬁ)

21
o (%)

(2010)

10.

© 0,10

Topic-wise Solved Papers - MATHEMATICS
12. The function f'(x) is
1)
1

1
(b) decreasing in (_t’_Z] and increasing in (_Z’tj

N

1
(a) increasing in (-t ’_Z) and decreasing in (—

(c) increasing in (—, )
(d) decreasing in (-, £)
PASSAGE -5

1-h
Given that for eacha € (0, 1), lim+ I %(1-1)*" dt exists. Let

this limit be g(@). In addition, it is given that the function g(a) is
differentiable on (0, 1). (JEE Adv. 2014)

13. The value of g(%} is
@@ = (b 2n
T T
© 3 @ 7

1) .

14. The value of g'(aj is
@ 5 ® =

T
(©) ) @ o
PASSAGE -6

Let F: R — R be a thrice differentiable function. Suppose that

1
F(1)=0,F(3)=—4and F(x)<0forallx € (5,3) . Let fix) =xF(x)

forallxeR.
15. The correct statement(s) is(are)

@@ f'@<0

(b) f2)<0

(© f'(x) #0foranyx e(1,3)
(d) f'(x) =0for somexe(l,3)

(JEE Ady. 2015)

3 3
If | 1 x2F'(x)dx = —12 and jl X F""(x)dx = 40, then the

correct expression(s) is (are)

@ IO+ WM-32=0 b [ rxde=12

© 9/'G)-r1+32=0 @ | 13 f(x)dx=—-12
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4. Letf: R — R be a function defined by /() = { 0,

Integer Value Correct Type

Let /> R — R be a continuous function which satisfies
X
fx)=[ ftyat.
0

Then the value of f(In 5) is (2009)

For any real number x, let [x] denote the largest integer less
than or equal to x. Let fbe a real valued function defined on
the interval [-10, 10] by

1) = {x —[x] if[x]is odd,

1+[x]-x if[x]iseven

2 10
Then the value of ~ o I f(x)cosmxdx is
-10

(2010)

03] 2y .
3. Thevalue ofj4x d—z(l—x ) dx is
Ix

(JEE Adv. 2014)

[x], x<2
x>2

where [x] is the greatest integer less than or equal to x, if

,_} ) .
__12+f(x+1) , then the value of (41— 1) is

(JEE Adv. 2015)

T
x4

Let F(x)= j 20052t(dt) for all xeR and

X

1
fi[O, 5}9[0,00) be a continuous function. For

1
ae [0, 5} , if F'(a)+2 is the area of the region bounded

by x=0,y=0,y=1f{x)and x=a, then f0) is (JEE Adv. 2015)

Ifa= I (¥t x) (12+9x ]dx where tan~lx takes

0

1+x2

3n
only principal values, then the value of (lOge 1+a|- T]

is (JEE Adv. 2015)
Let f: R— R be a continuous odd function, which

1
vanishes exactly at one point and f(1) = Ix Suppose that

F(x) = [f@d for all xe [-1, 2] and G(x) =

-1

X

. F
_[t|f(f(t))|dtforallxe[—1,2],IleClm &) _

1
-1 G(x) 14>
1
value of j{EJ is

The total number of distinct x € [0, 1] for which

then the

(JEE Ady. 2015)

X .2

t
—dt 2x—11s

(JEE Adv. 2016)
01+t



M-124 ®

Section-B 33y [\ V4711333

10m

jo | sinx | dxis 12002]

@ 20 ®) 8 © 10 @ 18
n/4

I, = [ tan"x dx then lim n[l, +1,,,]equals [2002]
0 n—>0

@ 1 ®) 1 (©) (d) zero
2

2

[[x*1dx is [2002]

0

@ 2-+2 ®) 2++2

©V2 -1 @ —2-v3+5

In —2x(l+5i2“x) dx is [2002]

_g 1+cos”x
2

@ ®F ©wo @ >

Ify=f(x) makes +ve intercept of 2 and 0 unit on x and y axes
and encloses an area of 3/4 square unit with the axes then

2

j xf'(x)dx is [2002]
0
@ 32 ) 1 () 5/4 d) -3/4

The area bounded by the curves y = Inx, y =1n |x|,y=| In x |

andy=|In|x||is 12002]
(a) 4sq. units (b) 6 sq. units

(c) 10sq. units (d) none of these

The area of the region bounded by the curves

y=|x—1 and y=3-| is [2003]

(b) 2sq. units
(d) 4 sq. units.

(a) 6sq. units
(c) 3 sq. units

b
If f(a+b-x)=f(x) then [xf(x)dx isequalto  [2003]

a+bb a+bb

@ - [f@rbinde ) S2[rb-d
b _ b

() “;bjf(x)dx ) b zajf(x)dx_

Let f{x) bea function satisfying f"(x) = f{x) with f{0)=1 and
g(x) be a function that satisfies f{x) + g(x) = x2 Then the

1
value of the integral [ f(x)g(x)dx, is [2003]
0

10.

11.

12.

13.

14.

16.

Topic-wise Solved Papers - MATHEMATICS

e 5 2 5
(a) e+7+5 (b) 6—7—5
e 3 e 3
(C) e+7—5 (d) 3—7_5.
1
The value of the integral I = [x(1—x)"dx is [2003]
0
1 1 1
@ it ®
1 1 1
© n+2 G n+l n+2°
n l £
Lim > e s [2004]
r=1
(@ e+l b) e-1 ) l-e d e
3
The value of j |1-x2 x is [2004]
-2
1 14 Ty B
@3 ® 5 © 3 @ 3
m2 (sinx + cos x)2
The valueof [ = | —————dx is 2004
'([ v1+sin2x I l
(@ 3 b 1 () 2 @ o
T n/2
If [%f (sinx)dx= A4 [ f(sinx)dx, then 4 is [2004]
0 0
T
@@ 2n b = © 7 @ o
ex f(a)
If f(x)=—=, h= | xglx(1-x)dx
l+e f(—a)
f(a) 12
and I, = [ g{x(1-x)}dx, then the valueof 7 ~ is[2004)
f(=a)
@@ 1 b -3 (¢ -1 @ 2
The area of the region bounded by the curves
y=|x-2|,x=1,x=23 and the x-axis is [2004]
(@ 4 b 2 (¢ 3 @ 1
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17.

18.

19.

20.

21.

22.

23.

1 1 2
2 3 2
If11=I2xdx,12=£2xdx,13=j2xdxand
0 1

2 3
14 = sz dx then
1

@ L>hL ® L>L © L=1

The area enclosed between the curve y = log,(x+e) and
the coordinate axes is [2005]

@@ 1 b 2 () 3 @ 4

The parabolas y2 =4x and ** = 4y divide the square
region bounded by the lines x = 4, y = 4 and the coordinate

[2005]

@ I>I,

axes. If S;, S,, S3 arerespectively the areas of these parts

numbered from top to bottom; then S;: S,: S5 is [2005]
(@ 1:2:1 () 1:2:3 (¢c) 2:1:2 @ 1:1:1
Let f(x) be a non — negative continuous function such that
the area bounded by the curve y = f(x), x - axis and the

T T
ordinatesx= — andx= B > — is

2 2 [2005]

[Bsinﬁ+%cosﬁ+ﬁﬁ) . Thenf(gj is
o (o) o[
© (l—g—ﬁ) %) (1—%\/5)

0082 X

T
The value of j

-7

dx,a>0,is [2005]

1+ad*

@ an (®) © g @ 2n

r
2

x

6
The value of integral, : j ————dx is
3

Vo-x++x

1

3
@ - b =

© 2 @ 1

g
j xf(sinx)dx is equal to
0

[2006]

@) nj f(cosx)dx (®) nj f(sinx)dx
0 0

/2
(d) nj f(cosx)dx
0

/2
(© z j f(sinx)dx
2 0

24.

26.

27.

28.

29.

30.

31.

®
_r
2
I [(x+7t)3 +cosz(x+37t)]dx is equal to 12006]
kY4
2
4 4
n nn n n
- — 4= ad ~_
@3 O 50 3 @ I

a
The value of J' [x]f'(x)dx,a> 1 where [x] denotes the
1

greatest integer not exceeding x is

@ af@—{f D)+ F Q)+, f(a))}
®) [alf@-{f D)+ f(2)+ . f(a))}
© [alf(a)={f O+ f Q)+ f(a)}
@ afqa)-{f D)+ F Q)+ f(a)}

[2006]

logt

dt, Then F(e)
1+t

Let F(x)=f(x)+f G) swhere f(x)= T
1

[2007]
@ o

equals

(@ 1 b 2 © 12

The solution for x ofthe equation is [2007]

T
2 4 2

sr—ok
~

@ g b 242 (© 2 (d) None

The area enclosed between the curves y> =x and y = | x | is

[2007]
@ 1/6 b 13 ) 273 d 1
1 1
Let = SIﬂaf nd J= cosx dx. Then which one of
o Vx o Vx
the following is true?

(@ I>§andJ>2 (b) I<§andJ<2

© I<§andJ>2 (d) I>§andJ<2

The area of the plane region bounded by the curves x + 2)?

=0and x+ 3% = lisequal to [2008]
5 1 2 4
(@ 3 (®) 3 (©) 3 () 3

The area of the region bounded by the parabola (y — 2)% =
x —1, the tangent of the parabola at the point (2, 3) and the
X-axisis: 12009]

@ 6 ® 9 () 12 @ 3
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33.

34.

36.

37.

38.

Topic-wise Solved Papers - MATHEMATICS

g
I [cot x]dx , where [ . ] denotes the greatest integer function,
0

isequal to: [2009]
@1 O @5 @

The area bounded by the curves y = cos x and y = sin x
3

between the ordinates x = 0 and x = 77': is [2010]

@ 42+2 ® 42-1 © 42+1 @ 42-2

Let p(x) be a function defined on R such that p'(x)
=p'(1-x),forallx e [0,1],p(0)=1and p (1)=41. Then

1
I p(x)dx equals

[2010]
0
@@ 21 (b) 41 (c) 4 @ a1
8log(1+
The value of jde 2011
I+x
@ glog2 (®) 7log2
(c) log2 d) mlog2
The area of the region enclosed by the curves [2011]
1
y=xx=e y=—_ and the positive x-axis is
. 3 .
(@) 1 squareunit (b) 3 square units
5 . 1 .
(© 5 square units (d) 3 square unit
The area between the parabolas x% = % and x2=9y and the
straight liney=21s: [2012]
1042 2032
@ 207 ® —- © S5 @ 1042
X
Ifg(x)= j cosdtdt , then g (x+m)equals [2012]
0
@ () ® g@+em
g(m)

© gx-gm d gx).g(m

39.

40.

41.

o

42.

43.

44.

Statement-1 : The value ofthe integral

n/3
dx

.[ 1+ Vianx is equal to /6 [JEE M 2013]
/6

b b
Statement-2: [ f(x)dx= [ f(a+b—x)dx.

Statement-1 is true; Statement-2 is true; Statement-2 is
a correct explanation for Statement-1.

Statement-1 is true; Statement-2 is true; Statement-2 is
not a correct explanation for Statement-1.

(c) Statement-1 is true; Statement-2 is false.

(d) Statement-1 is false; Statement-2 is true.

The area (in square units) bounded by the curves

@)
(b)

= x ,2y—x+3=0,x-axis, and lying in the first quadrant

is: [JEE M 2013]
27
@ 9 (b) 36 (© 18 @ -

T
The integral j \/ 1+ 4sin? % —4sin % dx equals:
0

[JEE M 2014
b
@ 43-4 (b) 43-4-
© n-4 @ ——4 43
The area of the region described by

- {(x,y):x2 +y? <land y* < l—x} is:  [JEEM 2014|

—_— E + 2 E + i d E _ i
@ 573 ® 73 © 3*3 @ 573
The area (in sq. units) of the region described by
{(x,y):y*<2xandy>4x—1} is [JEE M 2015]
15 9 7 5
The integral
4
j s isequalto: [JEEM 2015
log  +log(36_12xr 5 seaulto: | 5]
(@ 1 ®) 6 © 2 @ 4

The area (in sq. units) of the region {(x, y) : y* > 2x and

x2+y?<4x,x>0,y>0} is: [JEE M 2016]
4J_ n 242
(@ m-—— (b) 273
. o ot
© 3 (d) 3
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Section-A : JEE Advanced/ IIT-JEE

157 +32 1
A L —( n60 Jz. -2 3 4 4. n(2-1) 5. 5
1 7b
6. m[a(1082-5)+7} 7. g2 8. 2 9. 16
B 1. T
C 1. (@ 2. (b 3. (¢ 4. (a) 5. (¢ 6. (d)
7. (@) 8. (@ 9. (a 10. (a) 11. (@) 12. (¢)
13. (b) 14. (¢) 15. (b) 16. (c) 17. (b) 18. (a)
19. (o) 20. (2) 21. (a) 22. (d) 23. (d) 24. (a)
25. (b) 26. (a) 27. (c) 28. (d) 29. (b) 30. (c)
31. (b) 32. (b) 33. (a) 34. (b) 35. (©) 36. (b)
37. (b) 38. (d) 39. (a) 40. (a) 41. (¢)
D 1. ( 2. (a) 3. (bd) 4. (a,b,c,d) 5. (b,c,d) 6. (a,b,c)
7. (@ 8. (bc) 9. (ab,d) 10. (a,c) 11. (a,b) 12. (d)
13. (b,¢)
9 301 1 _ .
E 1 =sq.units 4 ;+n—2 6. 2—010g3 7. a=2J2 8. 6 17;1/3 9, log%sq.umts
n? T—2 . oL . 14
11. 6 12. 2 Sq. units 13. Sino 14. 4+25sin 3
2
1s. %[10g2—%] $q. units 16. %[log2+§—l] 20. 94;5
4-2 5 3 8 _2 i -
21. log2 —510g2+5 23. =) 24, (n 3qu-umts 25. n=3
1 1 T
2. _log6-5 27. ntl-cosy 28, 121:4 30. [ n+3log,(2+43)-43]
31. 16‘/53_20 33, 2 34. ;—;sq. units 35, log2 36. f(x)=x>-x> 37. g
257 . n(l+e) e 1) 20 .
38. o550 units 0. oo a1. (7—45] sq-units 43, oy
4 _ 24 .
44. Tg[tan 13—%} 45. ?[ecos(%]+%esm(%)—l] 46. %sq units 48. 12Tssqumts
49, 5051
E 1. (A)-p;B)-s;(C)-p;D)-r 2. (A)-s;(B)-s;(C)-p;([D)-r 3. @
G 1. (a 2. (d 3. () 4. () 5. (a 6. (d)
7. () 8. (@ 9. (b 10. (¢ 11. (@) 12. (b)
13. (a) 14. (d) 15. (a,b,c) 16. (c,d)
I 1. 0 2. 4 3. 2 4. 0 5. 3 6. 9
7. 7 8. 1
Section-B : JEE Main/ AIEEE
1. (@ 2. () 3. (@ 4. () 5. (d) 6. ()
7. () 8. () 9. (d 10. (d) 11. (b) 12. (d)
13. (o) 14. (b) 15. (d) 16. (d) 17. (b) 18. (a)
19. (d) 20. (d) 21. (b) 22. (b) 23. (d) 24. (c)
25. (b) 26. (c) 27. (d) 28. (a) 29. (b) 30. (d)
31. (b) 32. (0) 33. (d) 34. (a) 35. (d) 36. (b)
37. (¢ 38. (b,c) 39. (d) 40. (a) 41. (b) 42. (¢)

43. (b) 4. (a) 45. (d)
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I Section-A

A. Fill in the Blanks
1. Giventhat,

secx cosx  sec’ x-+cotxcosecx
f(x)= cos’x cosx cosec?x
1 cos® x cos® x
Operating R; —secx.R;,
0 0  sec” x-+cot xcosecx —oos
=|cos>x cos’x cosec’x
1 cos’x cos® x

Expanding along R,, we get

= (sec2 X + cot X COSec X — COS X) (cos4 x—cos? X)

3 [ 1, cosx
cos?x sin®x

=_sin?x —cos’ x

n/2 /2, 5
I f(x)dx = —J- (sin” x + cos” x)dx
0 0
Using

/2 /2 _(n=1)(n-3)...20r1
Io sin” xdx = I cos” xdx = (n)n—2)..2

Multiply the above by /2 when # is even. We get
=_[l.£+i£}=_[£+i} _ (15n+32
22 53 4 15 60

1.5 5
2 [ e,
Wehave 0<x<1.5= 0<x2<225

—Cos x] cos? x(cos2 x-1)

L[] =0,0<x? <1=1,15x2 <2=2,2<x? < (1.5)?

or [x2] =0,0<x<l =1,1<x<~v2 =22<x<15
L5 1 2 L5
(21— v
I_IO [x ]dx_joocmjl ldx+jﬁ2dx

=0+ [x}Y2 +[24]'
=V2-143-242 =2-2
2 2
_ 2 _ 2
3. Letz_j_zu 2 ldx 2j0|1 2 | dx

[ j_aa f(x)dx = 2j: f(x)dxif fis an even function]

1 2
- 2J‘0 (1= x%)dx + 2J‘1 (x2 ~1)dx

37 3 P
3 b 3 A 3 3 3

Topic-wise Solved Papers - MATHEMATICS

JEE Advanced/ lIT-)EE

3n/4 )
4. Wehave, I = - ...(D
n/4 1+sind
3n/4 —
= 1=[" " LA
n/4 1+sin(m—¢)

b b
[Usingja f(x)dx = L fla+b- x)dx]

- 1=J’3’”4"_—¢d¢ @

n/4 1+sin¢

/4
Adding (1) and (2), we get 27 = 3 _" g

n/4 1+sin¢
_ J‘3Tt/4 1— s]nd) J‘3Tt/41 sm(l)
n/4 1—sin ¢ /4 cos?

3n/4
I (sec o—secdtand)d¢d

=n[tan ¢— sectl)]3"/4

=n[tan3n/4—sec3n/4—tanm/4+secn/4]

=2n(V2-1) = I=n(H2-1)

-
S. Letl= IZ mdx ()

3 5=
= —dxx .2
2 +4/5—-x

b b
[Usingj f(x)dx = j fla+b— x)dx]
Adding (1) and (2), we get

e,

25— x++/x

1 1 1
> I==|1dx=-3-2)==

2-[2 ,G72=5

6. af(x)+bf(3 =%—5 e))

Integrating both sides within the limits 1 to 2, we get

j f(x)dx+bJ. f( )dx logx—5x]? =log2-5 ()

Replacmgxby 1n(1) we get af( ] +bf(x)=x-5

Integrating both sides within the limits 1 to 2, we get

2
ajlz f@dﬁbjlz f()dx = {é—nl =—% .0
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2
Eliminate L f (l) between (2) and (3) by multiplying (2)
x

by a and (3) by 4 and subtracting
2 2.2 7
(@ —b )jl f(x)dx = a(log2=5)+ b3

j 2 o) = ;[a(lo 2-5) +7—b}
1 (@ -b?) g 2
- 2n
Let J = J' L"de
0 sin“"” x+cos

(2m—x)sin®*(n—x)

= I=
'[0 sin? (2n—x) + cos>" (2n — x)

[Usingjo F(x)dx = jo fla- x)dx}

3 J‘ 2 (2m—x)sin?" x

dx 2
0 sin?" x+cos?" x @
Adding (1) and (2) we get
2] = I 2Ttsm dx
0 sin?" x+cos>”
21 - 2n
> L= P
0 sin“” x+cos“" x
n - 2n
- I=2“_[ 25“1—"de
0 sin“” x4+ cos“" x

2a a
[Usingjo F(x)dx= 2.[0 (X)dxif f(2a—x)= f(x)]

/2 - 2n
= 1=4nj" _ sm7x .03
0 sin®" x+cos?" x
[ Using above property again]
©/2  cos?x
> L= T _C
0 cos™ x+sin“" x

[Usingj: F(x)dx = j: (a- x)dx]
Adding (3) and (4) we get

n/2
21=4nj0 1.dx=41t(§— ]=2n2 - I=n2

"n sin(7 In x)

Let1=jl —d

Letntlnx=t¢

37

T
= —dx=dtalsoas x>1t—>0,x>¢e  t>37n
x

37
I=J.0 nsintdt=[—cost]037" =-cos37n+1
=—(—1)+1=2

j4zew = F)- FO) =[F@)f

Putx =t

@ M-S-279
2xdx =dt; Atx=1,t=1andatx=4,t=16
16esmt
I=- J' —dt—F[(t)] - k=16.

B. True/False

Let [ = j S €I )

0 f(x)+f(2a-x)

=J‘20 fQRa-x)
0 f(Qa-x)+ f[2a—(2a—x)]

[Using I: S(x)dx = j:f(a —x)dx |

(20 f(Ra-x)
I, fQa-x)+/(x) @

Adding (1) and (2), we get

@

o)

2a f(x)+ f(Ra—x) 2a
2= Io fx)+fQa- x)dx‘jo Ldx

=[x =2a = I=a
The given statement is true.

C. MCQs with ONE Correct Answer

1
VI
=|2x———+—————+...®
3.1 52! 7.3!
0
B P U T
3.0 521 73!
Given IO (1+ cos® x)(ax? + bx + ¢) dx
2 8 2
=I0 (14 cos® x)(ax? + bx + ¢) dx
! 8 2
=I0(1+cos x)(ax® +bx + c)dx
2 8 2
+Il (1+cos” x)(ax“ + bx +c)dx
2 8 2
= -[1 (1+cos” x)(ax“ +bx+¢c)dx =0

Now we know that if Iﬁ f(x)dx =0 then it means that
o

f(x)1s+ ve on some part of (o, ) and — ve on other part
of (a, B).

But here 1 + cos® x is always + ve,

. ax?+bx+cis+ veon somepart of[1,2] and—ve
on other part [1,2]

s ax*+bx+c =0 hasat least one rootin (1, 2).
= ax?+bx+ c=0hasat least one root in (0,2).
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3. (© 4 Tleb £ (x)dx = (b-1)sin(3b + 4)

Differentiating both sides w.r.t b, we get
Ab)=3(b—1)cos(3b+4)+sin(3b+4)
= fix)=3(x-1)cos(3x+4)+sin(3x+4)

/2 J
4. (a) ]In thdx )
0 cotx ++/tan x

Jeot(n/2—x)

/2
=jo Jeot(n /2 —x) +tan (/2 — )

I_J‘T‘/z tan x s )
0 <tanx ++/cotx @

Adding (1) and (2) we get

J"”Z cotx+\/tanx
0 +Jcotx+A/tanx

=0F2=n/2

In/zl,dx

S I=7/4

n coszx 3
1=j0e cos® (2n +1)xdx,n e Z ()
T cosz(n—x) 3
= I .° cos3[(2n + 1)(r — x)]dx

Using j: fede= : fla-x)dx
I= jon €05 % 053 [(2n + )y — (2n + 1)x]dx

1= j : (=% % cos3)(2n + 1) xdx Q)

Adding (1) and (2) we get
2]=0 = I=0
We have,

/2
I= I_n,z {f(x)+ (%)} {g(x) - g(—x)}dx

Let F(x) = (f(x)+ f(-—x))(g(x) - g(-x))
then F(=x) = (f(=x)+ f(x))(g(-x) - g(x))
=-[/()+f(-0)][g(x)-g(-x)]
= —F(x)
F(x) is an odd function, .. weget /=0

L 3,
2 O dx...(1)

Letl_[ =I : :
0 I+tan’x *0 sin> x+cos’ x

3(n )

n cos” | - =

I=|2

IO .3 T 3( T
s 5— +COS 5—

> sin’ x
=|2—"——dx .2
IO cos’ x+sin> x @
Adding (1) and (2) we get

dx

] = J‘ cos x+sin> xdx Izldx—— e
0 sin’ x+cos> x

N

10.

11.

@

@

@

@

Topic-wise Solved Papers - MATHEMATICS
f(x)=Asin(nx/2)+ B

= f‘(x)=%cos(%] = f‘(%]=ﬂoos§= 2

1 24
= A=4/n and I S(x)dx = -

= J' [Asm( 2)+B]dx—7A

1

= —%COS(E)‘FBX _%
s 2 o T
= B+ 24 2A:>B 0
I I

2n
Let / =j [2sin x]dx
k4

n<x<Tn/6=>-1<2sinx<0 = [2sinx]=-

Tn/6<x<1ln/6=>-2<2sinx<—1
= [2sinx]=-1

/6 lin/6 2n
I= j ~ldv+ j' “2dx+ j ~ldx
T n/6 11ln/6
=[—7—n+ ]+2(_lﬂ+7_n)+(_2 +M)
6 6
T 8t =« 10n 5w

6
e
. _ 4
Given that g(x) = jcos tdt
0

X+T7
coglx+m)= j cos*tdt
0
T X+T
_ 4 4
—jcos tdr+ I cos” tdt
0 T

X+T
g(x+n)=g(m)+1, where [ = I cos* tdt
T
Put t=n+y,dt=dy
alsoas t >m,y—>0
ast—>x+my —>Xx

X

I= Icos4(1t+y)dy
0
X

X
= J‘cos4 ydy = jcos4 tdt =g(x)
0 0
g(x+m) =g(m)+g(x)
We have
3n/4

B 1+cosx (M
n/4
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3n/4
dx

1+ -
4 cos(T—x)

b b
[Using the prop.If(x)dx = j(f(a +b—x) dx]

3n/4

1 —COoSXx )

Adding (1) and (2), we get
3n/4

21=j( L. )dx
4 l+cosx 1-cosx

i

3n/4
= I 2cosecx dx = 2(—cot x)>%4*
n/4
=-2[cot3n/4—cotn/4]=-2(-1-1)=4
= I=2
3n

12. (c) In therange g to - > we have to find the value of

[2sinx].
2 ifx=mn/2
Sn

1f <x<—
2 6

[am—

T
[2sinx] =1 0 1f?<xS1c

-1 ifn<xsz
6

1f7—7t<x<3—1c
6 2

)
Thus )

52/6 Tn/6
1=jm2 Ldx+ j 0.cx + j' (~Dex+ j (=2)dx
5n/6 n Tn/6

or I =[5—“—5}+0—1[7—“—n}—2[3—"—7—“}
6 2 6 2 6
_2n m _4n_3m_-m

6 6 6 6 2

3n/2

3. ® gx)= j £yt
0

2 1 2
= ¢@=[s0dt= [ o+ o)
0 1

0
Now, %Sf(t)sl for t €[0,1]

We get j%dt < jf(t)dt < ildt
0 0 0

(applying line integral on inequality)

1
1

= 5= j (t)dt <1 (D)
0

Again, 0< £(¢) 5% for 1 €[1,2]

2 2 2
We get [0ds < [ fya < | %dt
1

1 1
(applying line integral on inequality)

2
= Oij(t)dts% e
1

From (1) and (2), we get

1 2 3 1 3
5sb[f(z)am!f(t)ahs5 o S<g@<3

= 0<g(2) <2 is the most appropriate solution.

¥ sinx f0r|x|<2}

2 otherwise

14. (©) If f(x)= {

2 otherwise

_ {ecosx sinx for—-2<x< 2}
j fydx = j f@ds +jf(x)dx
-2
2
j €% % sin xdx + Ide 0+2[xp
-2

[ €S¥sin x is an odd function. ]
=2[3-2]=2

3
j' Fx)dx =2
-2

lOge }JX

We know that for L < x < 1,log, x < 0 and hence
e

15. () LetI= j'

log, x <0
x

lo
and for 1 <x< ez, log x > 0 and hence
1 1 e
I-| [_M]dﬁj logex
1/e X 1 X

1 2 1 1 2 &
= 3| oge x|, +3]toge 07 |
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16. (o)

17. ®)

18. (@)

19. ()

o Topic-wise Solved Papers - MATHEMATICS
coslx Pt 2ems o o

I= j ..... 0 - )
1+a*

alsoas x—>3,z—>6; as x> 3+3T,z > 6+6T

Putx——ythendx=—dy | ¢ 6+6T
I =5j6 f(2)dz

-7

I=

T
cos® y _J‘aycoszy
1+a”

&y

1+a”
T

If¢T S (ne)T 6T+6
K a® cos? x b b = 5[j6 Sf(2)dz + ZII”T f(2)dz +I6T f(2)dz
I= I l—xdx [ ja Sy =Ia f (x)dx} A2) n=

+a (n+)

T
f(2)dz = j ST +uydu,

where z=nT +u

T (1+a* )cos X, (™ 2 T
21 = I (]+a ) dX—I_nCOS xdx =IO f(u)du=1 [ f(nT+u)=f(u)]

Similarly, we can show that

j' o vz =j o
6T 0

Now, I
Adding (1) and (2),

T
2] = 2]0 cos? xdx (even function)

/2
1= 2].0 cos? xdx (3)

T 6
2a a I =%l I f(z)dz+51+ j' f(z)dz}
[+ [ fGodx =2[ f(x)axit f(2a-2)= £ ()] 6 0
0 0

T
. - %{ | f(z)dz+51} =S (6D =31
=2 | sin? xdx () °
o 1/2 :
Adding (3) and (4) 20. (@ Letl= ,[ ([x]+1n(1+—xndx
n/2 -
-1/2
21 =2 j (cos® x+sin’ x)dx =2m/2=n 1/2 1/2
) 1+x
= dx+ | ln| — |dx
[=TL'/2 j [x] j n(l_XJ

-1/2 -1/2

y=x-lLy=—x-1; 0 172
y=x+land y=—x+1 j —1dx+j'0dx+o
which are two pairs of parallel lines and distance 12 0

The given lines are

between the lines of each pair is ~/2. Also non parallel 1+
lines are perpendicular. Thus lines represents a square [ log(1 JIS anodd functlon}
X

of side /2. Hence, area =(\/5 )2 =2 sq. units.

Here f(x)=IV2—t2dt = f'(x)zwlz_xz
1

—[-x1°_1,5 = 0-(%):-1/2

1
21. (@) Wehave I, = jt’”(1+t)”dt

Now the given equation x% — f'(x)=0 becomes 0

2-xt=0 = 2 =v2-x* = x=tl Intergrating by parts considering (1+¢)" as first
Given that T > 0 1s a fixed real number. f'is continuous function, we get

Vx e R such that f(x+7)= f(x)
= fisa periodic function of period T

T
Also given I = jo S(x)dx

1

tm+l 1 n
Lyn= 1+2" ——jtm+l(l+t)"_ldt
’ m+1 b m+1 0

3+3T -
Thenlet hi=[  f(2x)ds L R
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x2+1 )
22. () Wehave f(x)= I e
2
2,12 4
Then fi(x)=e & 2x—e™* 2x

v(x)

j f(t)dt
o)
= fTv(D)]w'(x) - f($(x)).0'(x)]

B (2 +1)? > ¥

[Using Leibnitz theorem, o

+(x2+l)2 x4

2. 132 4
>e —(x“+1) x

= e <e
LG g () > 0,Vx <0

f(x) increases when x <0

= e

23. () The curves given are
y=+x (D
2y+3=x -2
and x-axis y=0 -3

Eqn. (1), [ y2 = x] represents right handed parabola

but with +ve values of y i.e., part of curve lying above
X-axis.
Solving (1) and (2) we get,

2y+3=y2
= y2 -2y-3=0, (y-3)y+1)=0

y=3 (asy=-ve) = x=9
Also (2) meets x-axis at (3, 0)
V4
©.3)
y=+x

> X

o (3,0)
2% /

>
m/

Shaded area is the required area given by
9 9 9 9
- 3/2 2
A=j¢;dx_j"_3dx 22 N E A
2 3 2|1 2
0 3 0 3

=2x27_l[ﬂ_27_2+9i|
30 212 2

=%—%[18] =18-9=9sq. units

2
2. @ I; xf(x)alx=§t5 (Here, > 0)

Differentiating both sides w.r.t. t
[Using Leibnitz theorem]

25. ()

26. (a)

27. (c)

28. @)

= t2f(t2)x2t—0=§x5t4 = f(*)=t

Put t=g = f(i)=3
5 5

25
l 1
-x
I=|,|—dx

-([ 1+x

1 1 1 1 l 2
=I X _dx=sin"'x (——)I—xdx
0 1—x2 0 2 0 l—x2

LRI PN n
D) 0 =5+(O—l)=5—l

y=ax? and x = ay?

. . . 11
Points of intersection are O (0, 0) and A(—,—]
aa

1/a 2 1
Area = I {\/E—aszdx=—2——2
0 a 3a° 3a

1 1 .
3q? = a__ﬁ
0
I= j[x3+3x2+3x+3+(x+1)cos(x+l)]dx

-2

4 2
3

0
={X7+x +%+3x+(x+1)sin(x+1)+cos(x+l)}

2
=(sinl+cosl)—(4—8+6—6+sinl+cosl) =4

The given curves are

y=(x+1)? e
upward parabola with vertex at (—1 ,0) meeting y —axis
at(0,1)

y=(x-1y )
upward parabola with vertex at (1 ,0) meeting y—axis at

©,1)
e

y=1/4
. i ) 11 31
aline parallel to x—axis meeting (1) at >\ 722

33

, 3 1)
and meeting (2) at (2 1)
The graph is as shown

EBD_7202



M-S-284

29. ()

30. ()

The required area is the shaded portion given by ar
(BPCQB) =2 Ar(PQCP) (by symmetry)

[1/2

N
=2 I((x—l)z—l]dx}z (("‘l) —fJ
4 3 4
Lo 0
_(_L_l)_(_lﬂ 1348 1
24 8 3 =2 Ty =§sq.un1ts.

=2

A1)

Q2

.. The area bounded by the above curves, by the lines

x=0andx= z is given by

4
( )
n/4] [l+tan>  |I—tan>
A= J. 2 _ 2 | dx
0 l—tani 1+tan£
2 2
n/4 2tan£
Y S
0 Jl—tanzf
2
1 2
Let tan——t:> —sec —dx dt = dx——dt
2 2 1+1£2
Alsowhenx — 0,t — 0and when x—)% ,t—)tan%

ang 4 V2 I
A= | ———=dt= | ———
0 (1+2W1- o (+2W1-7

Given that f is a non negative function defined on

X X

[0, 1] and [V1-(f'@) di= [ f@dr, 051
0

Differentiating both sides with respect to x, we get

V=L @P = £(x)

> 1-[fOF =[f@F = [f'0F =1-[f (0P

=L rw=si-lef ==L

=L/ P
Integrating both sides with respect to x, we get
d
J’ AC) j'dx = +sin”! f(x)=x+C

VI-[f ()]

31. )

32. )

33. ()

Topic-wise Solved Papers - MATHEMATICS

Giventhatf(0)=0 = C=0
Hencef(x) = +sinx
But as f( x) is a non negative function on [0, 1]

. f(x)=sinx.

Now sinx < x,Vx>0

1 1 1 1
—|<—and f| - [<—.
f(2)<2an f(3)<3
lim— xtln(l+t)d [gfon‘n]
-0 x3 Jo g 0

Applying L Hospital’s rule, we get

xIn(1+x)
lim %44 _imn(+x) 1
x—=0 3x X—0 x ‘3(x4 +4)
PR

12 12

e f(x) = 2+j:\/1+z4 drV x e (-1,1)

Atx=0,f(0)=2
Now on differentiating, we get

—eFf(x) + e f1(x) = W1+ x*
= - fO)+f(0)=1= f(0)=3
Nowf_1 (f(x)) =

= () @] rw=1

>(F) ) r©)=1 = (") @-3

Jn3 in x?
]=l 22xsmx . de
20m2 ginx +sin({n6 —x°)

Letx2=t=2xdx=dt
\Jin2 ,t=(n2
\n3 ,t={(n3

Also, when x =
when x =

= _j (n3 sintdt
"7 2 m2sint +sin(ln6 1)

D

b b
Using | f@)de=[ " fla+b—x)dx

3 sin((n6—t)

(n2 sint +sin({n6—1t)

1
We get, = EI (2

Adding values of / in equation (1) and (2)

1 pn3
21=

3 1 3
1dt_—c3 n2)=2tn> —p=Lon3
2 (En3=tn2) =7 lny = 1= fn5
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b 37. () Therough graph of y=sinx + cos x and
3 - e > .
M ® R~ J-b(x ~ l)zdx _ (x-1) (- 1)3 +1 y Ic;)zsx sin x| suggest the required area is
. 1= Jo 3 0 3 = J: [(sin x+cosx)—|cosx—sinx |] dx

y
AY "

y=sinx+cosx

y=|cos x —sinx
L L™ x

) o RN . o w4 an
)Z’ 0 1 ),( n/42 inx de 1[/22 dx
o = Io sin x +L:/4 Ccos X
- = 2[(—cosx)g/ 4+(sinx)zﬁ] = 222 -1
1 x—1 _1Y ) —
R, J‘b(x_l)zdx{( : ) ] _ @ 31) 38. (d Wehavef(x)-2£x)<0 )
b = e—2va(x)_2e—ZXf(x) <0 = a(e_zxf(x)) <0
A _l_ 2o 11 .
SRR, = 2= 3 3 4 = ¢ 2 f(x) isstrictly decreasing function on [5,1}
or (b—l)3'=—l or b—1=_—1 or b=l 2x S 2x-1
8 2 2 LT W<e S| S o flx)<e

35. (o) We have Also given that f{x) is positive function so f{x) > 0

R,= .[_21 xf (x)dx = .“_21 (1-x)f(1-x)dx S 0<f()< !

1 1
= 0<[ fede<[ e dx
[Using I: f(x)dx = j:f(a+b—x)dx] Y2 12

. 251 1
= 0<j1/2f(x)dx< :

2
=R, = [ (1-x)/()dr [Asf)=£(1-x)on[-1,2) v2

1 e—1
“Ry+R= I_zle(x)dx . J‘_zl(l—x)f(x)dx = Jy, S (0’ 7)

2 —
= - 2

= 2R, I_lf (x)dx =R, 9. @ Leti- I(Zcosecx)” &
T

n/2 L
+Xx 4
% 0 | [x2+ln(n_)]cosxdx
n—X L
-n/2 2
n/2 /2 = _[(cosecx+cotx+cosecx—cotx)l62cosecxdx
2 T+X
_ I x“ cosxdx+ I ]n(—)cosxdx n
-m/2 —nj2 X 4
T
n/2 5( 16
=ZI x%cosxdx +0 [as x2 cos x is an even 1= ZILcosecx+cotx+—J . cosec x dx
0 T cosec x +cot x
4

T+Xx Let cosec x + cot x = e*

function and ln(
nT—X

) cos x is an odd function]

= (— cosec xcotx — coseczx)dx =éedu
= 2 2 . . n/z
[x smx+2xcosx—23mx]o = —cosecx dx=du

2
=2(ﬁ_2]=n__4 Alsoatx=§,u=ln(x/5+1)
4 2
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atx=g,u=lnl=0

0

snl==2 I (e“ +e‘“)16 du
in(v2+1)
in(2+1)
= 2_[ (e” +e )16 du
0
0. @ 1= xf::i ~ dx )

) b
Applying [, f (x) dx
= f:f(a+b—x)dx, we get

2 €x2 cos x

I= - dx (i)
-r—n/2 1+e* ( )

Adding (i) and (ii)

21 = _T:i/zzxz cosx dx = 2_[:/2x2 cos x dx

T

I= [xz sin X + 2X cos x—2sinx]§

th

4

4. © y2[x+3 = y?=|x+3|

-2

» [-(x+3)if x<-3 )
= =
Y {(x+3)ifx2—3 ®
< x+9 .
Also ¥y = 5 andx<6 .11

Solving (i) and (ii), we get intersection pointsas (1, 2), (6, 3),

-4,1),(-39,-6)
The graph of given region is as follows-

,2)

(1

'S T t 1 R }
(=3,0)

Required area = Area (trap PQRS) — Area (PST + TQR)

= %x(l+2)x5—[f__jx/—x—3 dx+ﬁ3x/mdx}

15 {2(—x—3)3/2 J_3 (2(x+3)3/2]1
2T 3 | N s
] 4 3

15 [2 16] 15 3 .
=——| =+ = ——0=—
2 |3 3} > 6 > sq.units

D. MCQs with ONE or MORE THAN ONE Correct

x 1

1. @ j' f()dt=x+ j' t f(t)dt
0 x
Differentiating both sides w.r.t. X,
f(x).1- £(0).0=1+1.£(1).0-xf(x).1
s+ f(x) =1, = f(x)=%;

X+
Put x=1 f(l)=%
1 1 1 1
2. If(x)dx:jx_[x]dx =dex— [x]dx
b

e -1 -1

1
=0~ [las ()
-1

[ x is an odd function]
-1, if—1<x<0
But [x]=4 0, if0<x<1
1 ifx=1

j‘[x]dx = ])- (—l)dx+j0dx = +0=-1
-1 -1 0

1
Thus, putting value in equation (1) we get j f(x)dx =1
-1
3. (bd I

line, if m < 1

X X
aF line, if m > 1

~Y

@
Q‘b

¥

The two curves meet at
mx=x—x or x2=x(1—m), SLox=0,1-m

I(J;l—yLz)dx=j.(x—x2—mx)dx

Clearlym<lorm>1,butm# 1

x2 x3 I-m 9
l-my—-| _2;
Now, |:( m) 2 3 :|0 2,1fm<l

or (1-m)* =27, .. m=-2

0
) o 2 X 9
Butifm>1 then 1-mis—ive, then (l_m)T_? =5
1-m
o (1-mP=-27,or1-m=-3,.. m=4.
4.  (ab,c0d) o , ,
.. f(x) isa non constant twice differentiable function such

thatf(x)=/f(1-x) = f'(x)=-f"(1-%) (D)
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1 1 1
For x =—, we get '(_] =- '(1 __)
2 4 2 4 2

= (erfY-0= ()

= (b) is correct

Forx= l, we get f'(l] = _f'(i)
4 4 4

Y-

Hence, f'(x) satisfies all conditions of Rolle's theorem for

but given that f '(i) =0

x e[l,l] and [l,i} . So there exists at least one point
4°2 2°4

C e (l,l) and at least one point C, € (l 2) Such that
4°2 2°4
S"(CpP=0and f"(Cy)=0
. f"(x) varishes at least twice on [0, 1] = (a) is correct.
Alsousing f(x)=f(1-x)

- Ao esior- s

1
= f (x + 5) is an even function.

= sinx. f( X+ l) is an odd function.
2

1/2
= I f(x+l) sinxdx =0, ... (c)iscorrect.
-1/2 2
(b,c,d)
The area bounded by the curve y =e” and lines
x =0and y = e is as shown in the graph.

Yu y:e
5O
° 7 C(le)
___—Twoy
« > X
v

1 1
Required area = I o (e—e")dx =[ex]) - I . rdx

=e—L:exdx.=l

Also required area

e
=ondy (where e =y = x=Iny)

e
= I | Inydy
Using the property

= [ ine+1-y)ay | 4 b
1 j f(x)dx:j fla+b—x)dx

L M-S-287
(a, b, ¢) Wehave
T -
I, = j de (1)
n(1+1c )sinx
- ]E sinn (—x)
n(l+1t *)sin(—x)
b b
Using jf(x)dx=jf(a+b—x)dx
a a
T X -
= ] = J’ _mosmmx o A2

o+ n*)sin x
Adding equations (1) and (2), we get

T . T .
21n= J’ 31pmdx=2151pnxdx
smx sSimx

-T
[as integrand is an even function]

T
- _J‘smnxdx
" 0sinx

T . -
Now 1,5 ~1, = J‘ sin(n+ 2)x —sin nx

0

dx

sin x

_ ]5 2cos(n+1)xsinx

kg
: dx = 2j cos(n+1)xdx
sin x

n+l

_ 2[sin(n+l)x}7t -0
0

Ly =1,

T
Also I} =jldX= T and ;=0

0
10
Hence ) Iy = I3 +1s+1;+..Iy
m=1
=107 (using I, =1,)=10 =
10
and ZIZM =12+I4 +I6+...+120
m=1
=20x1, (using I,,,, =1,)
=20x0=0
() J. xl(l x) —J.l(x6—4x5+5x4—4x2+4—1 4 2)dx
+x? +x
7 6 3 !
= x——2i+x5—4i+4x—4tan'1x
7 3 3
0
= l—3+l—i+4—4.E = E—n
7 3 3 4 7
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8. (b,c) Wehave

f(x)=lnx+I: T+sint dr

= f'(x)= l+ v1+sin xwhich exists Vx e (0,0)
X

and f'(x) has finite value Vx e (0,%), so f'(x) is
continuous

1 cos x

Also f"(x) =——+———
/') ¥ 2 l+sinx

Which does not exist at the points where

sinx =—1 like x =3—ﬂ,7—”,...
272

. f'(x) isnot differentiable.
. (a) is false but (b) is true

Now~/1+sinz >0= j:\/1+ sinzdr > 0Vx e (0,0)

Andlnx >0Vx e(l,0) = f(x)>0Vxe(l,%)

For x> ¢’

f(x)=1In x+J‘Ox\/1+sint dt>3

@) =LeViasing < 14429550
X X

Now for x > &

= 0<f'(x)sl+ﬁ<i3+ 2 <3Vxe (o)
X e

= |/ <|f ()
- (c)istrue.
Also lim f(x)=o0

| f (x)| +| f '(x)| is not bounded.
. (d) is wrong.
9. (a,b,d)First of all letus draw a rough sketch of y=e™.
Atx=0,y=1landatx=1,y=1/e

Also Z—y = —er"‘2 <0 Vxe(0,1)
x

2
s y=e " isdecreasing on (0, 1)

Hence its graph is as shown in figure given below

Now, S = area exclosed by curve = ABRO

1

and area of rectangle ORBM = .

Clearly S > 1 - Alstrue.
e

Also x> <x Vx €[0,1]

2
= -x2>-x = e ¥ 2eF Vxel0,1]
1

2 1 1
= Ie_x dx>je_xdx=1——
0 0 €
1
= S5>1-- .. (b) is true.
e

Now S < area of rectangle APSO + area of rectangle CSRN

= S<%x1+(l—%)%
1

1 1 P
S <$+$(1—$) - (d) is true

Al l(1+i) <1—1 isi t
soas 7 N7 . .. (¢) is incorrect.

10. (a, ¢) Let F(t) = et (sin®at + cosat)
Then F(kn +t) = ek® *t [sin®(kn + t)a + cos®(km + t)a]
= ek ¢t [sin®at + cosCat] for even values of a.
F(km+£)=ek™F(t) ()

Now j: " Py =] Foydr +Lf" Flt)dt + E:F(t)dt +I::F(t)dt
2n n .
Also J.n F@t)dt= Io F(m+x)dx (putting t =1+ x)
= J: e"F(x)dx using eq™(i) = e" J: F(t)at
3
Similarly [ 2: F(t)dt =" j;‘ F(t)dt
47 _ 3T
j3n F(t)dt=e jo F(t)dt

I:nF(t)dt =(1+e™+e2m+¢e3m) j: F(t)dt

4
[, Foyde  gan

- = , Where ‘a’ can take any even
jo F(d: € -1

value.
11. (a,b) fix) =7 tan8x + 7tan®x — 3tan*x — 3tan?x
= (7Ttan*x — 3) (tan*x + tan%x)
= (7tan%x — 3tan®x) secx

j:mf(x)dx = [tan7 x—tan> xlr:/4 =1-1=0
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Ig/4xf(x)dx = [x(tan7 x—tan> x)]:M

n/4
_-[0 (tan7 x— tan3 x)dx

4 6 n/4
/4 tan" x tan x
3 2 2
=IO tan” x(1 —tan” x) sec*xdx= 4 6

0
L
12
192x°
12. @ f'(x)=—2 7
+Sin " X
3 3
= %s f’(x)slgix = 64x3 <f' (x) < 96x3

X

3 X x 3
= [ 64x’drs jm Fl(x)dx < jl/296x dx

64x* 64 1
= _Tx—<
4 416

96

= 4x16

4
x 96x
L/zf(x)dxS 4
> 16x-1<[ f'() <ot
—J1/2 - 2
3
= 16x4—l§f(x)§24x4—5

1 4 1 | ) i)
= Jl/z(l6x —1)dXSII/2f(x)dxsjl/2(24x -3 dx

(165 ) 1 uS 3 |
_ < <|Z=t _ =2
= Ls le‘Il/zf(x)dx‘ 5 2xl
2 2
1
= 26< |, f(x)dx <39
- Only(d) is the correct option.
13. (b,c)
x/n
n“(x+n)(x+% ) (x+—}
fix)= lim

x/n

L M-S-289

[ 2.2
_ lim 2 2{1n1+1n(3+1)}—{1n1+1n[r X +1JH
nseon || T n r n2
[ n 2.2
_ lim 2 zln(uﬁ}-m[n”; J]
n—ocoll | n n
1 1
x.fln(l+xy)dy—x_[ln(l+x2y2)dy
0 0

Letxy=t=>xdy=dt
Infix)= fo n(1+t) dt—j'(;‘ln(1+t2)dt

In f(x)=j(;‘1n(itzj dt

1+t
= ff((::)) ) 1n(11++x"2J
Lt

= {'(2)<0 ..(c)iscorrect

v, (200
and £(3) =1n 5)< £(2) .. (d) is not correct

1*"2]>o,,vXe(o,1)
+X

fis an increasing function.
1 1
- fl=[<f(1
> <l = (2) (1)
.. (a) is not correct

1 2 1 2
—<= fl=|<f|=
and3<3:> (3J (3J

.. (b) is correct
Hence (b) and (c) are the correct options.

Alsof’ (x)=f(x) ln(

E. Subjective Problems

To find the area bounded by
x2 =4y (D
which is an upward parabola with vertex at (0, 0).

and x—4y=-2 or =4+ _1 2
y St ;e )

which is a st. line with its intercepts as —2 and 1/2 on axes.
For Pt’s of intersection of (1) and (2) putting value of 4y fom
(2)in (1) we get
X=x+2=> x> —x-2=0 = (x=2)(x+1)=0
= x=2-1 = y=L1/4

A(-1,1/4)B(2,1).
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Shaded region in the fig is the req area.

. 2
Required area = I_ 1( Viine = ¥ parabola 4%

1 8 1 1
= Z[(Z"' 4‘5]‘(5‘2"'5]] =9/8 sq. units

2. We know that in integration as a limit sum

j S (s = lim —z £Gr/n)
Slmllarly the given series can be written as

(11 1y . &1
lim| —+——+. +—|=lim Y —
noo\n+l n+2 6n/ now 1n+r

= lim —Z—

nsonés, T
n
5

=Ide=[log|1+x|]g —log6—logl = log6
1+x

3. Letl= j' xf (sin x)dx ()
0

= I= j (n—x) f(sin x)dx
0

T
Adding (1) and (2), we get, 21 = j f (sin x)dx
0

nr .
1 =5£f(s1nx)ﬁ

3/2
4. jlxsinnxldx

-1

For -1<x<0 = -n<px<0 = sinnmx<0
= xsinmx>0

For1<x<3/2 = n<ax<3n/2 = sintx<0
= xsinrtx<0

3/2 3/2

I | xsin x| dx = Ixsmnxdx+ I (—xsin Tx)ax

-1 -1

1 3/2
ZI xsinmxdx— j
0 1

xsinmxdx

2 - )

) 1 ) 3/2
—XCOSTTX SInTx —XCOSTX SInTx
T n° Jo I

Hence Proved.

=2[(‘°°S“+o]—(0+0)}
T

-3/2cos3n/2 sin3m/2 —COST SinT
- + - +
T 1[2

I 1[2

[l} 1 1 2 1 1 3 1
=2 —|-|——=——|="t—=+— ==+ —
T w2 on|l o2 o on g2
Let P(t;) and Q(~,) be two points on the hyperbola.

P(/tl)

1 +e !t dx
Area (PRQOP) = j yax = j (%}(—)dz

-1 !

=]1‘ e —e! d e +et d
2 dt 2

2t e 2 i
=|:—————:| =Z(e2t1 _e—2t] _4t1)

8 8 4 8
2t1 —2[1
e —e
=—— ...(1
2 1 ¢y
1
Area of ALPR =ELR><PQ =LRxPR
i i h_ 2t] _ —2t1
_ e’ te % e e _ 4 e . (2)
2 2 4
The required area = Ar(ALPQ)— Ar(PRQOP)
e2t1 _e—2t] eZt1 _e—2t]
= - +4H = tl
4 4
/4

_ J‘ sin x +Cos x
0 9+16sin2x

Let sinx—coxx=t = asx >0t >-lasx > n/4,t >0
= (cosx+sinx)dx =dt

Also, 42 —1_gin2x = sin2x = 1 —£2
0 0

I=I dt =I dt
J9+16(1-%) ° 25-16f

: ST
LJ‘ dt 1 log 4
> — =
4 4 4 -1
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1 1 log9 2log3 1
=—/|logl-1 = —1log3
40[g °g9} 40 40 20
8
7. y=l+—
x2

b O 81"
Req'area =Iydx=j(1+—2jdx=|:x—;} =4
2 2 X 2

If x = 4a bisects the area then we have

[l il o]

= a———0:>a =0 = g= _2\/_

a
Since 2<a<4 .'.a=2\/§
/2 .
8. LetI=IxSln gy
0 l—x2

Put x =sin6 = dx =cos0d 6
Alsowhenx=0,0=0
and when x=1/2,9=n/6

n/
Thus, 7 = J‘ sin@sin~ (smO) 0s0d 0
V1-sin?
n/6

= J= j 0sin0d 0

Intergrating the above by parts, we get
/6
I =[6(-cosO)J&'6 + j 1.cos0d0

=[-0cos0+sin 0] ra 2 2 2
9.  To find the area bold by x - axis and curves
y=tanx,-n/3<x<m/3

and y=cotx,m/6<x<3mn/2

A
y=cotx
Dria)
i /2 R
—T['/3 O /6 n/4 n/3 T'C 31 /2 4
~
g
Il y=cotx
A

The required area is shaded area

(D
Q)

The curves intersect at P, where tan x = cot x, which is
satisfied at x = 5/ 4 within the given domain ofx.

10.

11.

@ M-S-291
n/4 /3
A= I tan x dx + I cot xdx
/6 n/4
/4 /3

=[logsec x];;¢ +[logsinx]z;4

2 V3 1
=| log2 —log—= |+| log = —log—
( g gﬁ) { g gﬁ]
= 2(log\/5.§] = 210g\/§ =log 3/2 sq. units

Let | f(x)dx = F()+e
Then F'(x)= f(x) ...(1)

a+t
Now 1 = j f(x)dx = F(a+1)—F(a)

A pra+rt)=F(a) = fla+)- f(a)
da

[Using eq. (1)]

= f(a)- f(a) [Using given condition]
=0
Thisshowsthat | isindependent of a.
i Xsin x cos x
Let/= | ——————dx ...(D
I cos* x +sin* x ¢

0

/2
Iznj, (m/2- x)s1n(1t/2 x)cos(m/2— x)dx
cos (n/2 x)+sm (n/2-x)

[Using| f(x)dx = [ f(a—x)ds]
0 0

-~ - J' (n/2- x)smxcosxdx )

sm X+ COS4 X

Adding (1) and (2), we get

n/2 .

T sin xcosx

2I=7 j 7. %
2 ) sin” x+cos” x

J’ sec xtanx
4 tan? x +1

(Dividing Nr and Dr by cos* x )

/2
_om nI 2tan xsec? x dx
2x4 1+ (tan? x)?
Puttan?x=¢ = 2tanxsec?x dx=dt
Alsoas x 50, >0; as x > /2t >©
0

g =%[tan"t]z°=%[n/2—0]=n2/16
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12. The given curves are
5-x? 1Y)
yex-1] ...(2

We can clearly see that (on squaring both sides of (1)) eq. (1)
(1) represents

represents a circle. But as y is + ve sq. root, .".

upper half of circle with centre (0, 0) and radius /5 .
Eq. (2) represents the curve

_ —-x+1 ifx<l1
YT x=1 ifx>1

Graph of these curves are as shown in figure with point of

intersection of y=+v5- x* and y=—x+1 as A(-1,2)

andofy=\/5—x2 and y=x-1as C(2,1).
(—1,2)A

C(2,1)

B
(-5.0) | 2L0) (+/5,0)
The required area = Shaded area

2 2 2
= [y = rds = [Vs—xPde— [1x-1]dx
-1 -1 -1

=[E\/5_7+§sm [ jl j—(x D)} dx

2
1

(257 San! ) 5T St L

= l+§sin'1 i+ 1 +§sin_l [—]
2 2

NG

{3 o)

=2+é sin_li+sin_1 ! —2—l
2 2

NS 5

= é[sin'1 i+cos'1 i}—l = 2(
2 NG V5l 2 2

_Sm-2

square units.

13. Letl-= TL 0
0 1+cososinx

=]‘» (n—x)dx

5 1+ cosa(sin(r — x))

[(x I

[Using [ f(x)dx = [ f(a=x)dx]
0 0

T
[= [P Xdx Q)
5 1+cosasinx

Adding (1) and (2), we get

T
2] = J‘ X+m—x _J‘ T i
1+ cosasinx 01+cosas1nx
T n/2
TCJ‘ n 1
_r - J'—dx
201+cosas1nx 2 0 1+cosasinx
/2
- 2tanx/2
0 l+cosa.—2
1+tan“ x/2
/2 2
=”I sec dx

: 1+tan2 x/2+2cosotan x/2

Puttan x/2 =1¢, %seczgdx=dt =  sec? x/2dx =2dt

Alsowhen x — 0,t >0 as x> n2,t—> 1

2dt

1
I=“Iz—
0! +(2cosa)t +1

1 1
'([(t+cosa)2+l cos? a '([(t+cosa)2+sm2a

1
1 _1 t+cosa
on- [tan 1(_j]
sin o simo /|,
2n [ _{(1+cosa _1{ cosa.
- tan™! ——— |—tan ! —_—
sina | sino sin o

2
= _zn tan™! _ZCOS /2 —tan™! (cotar)
sino 2sino/2coso/2

= ?n -tan‘l(cota/2)—tan‘1(cota)]
sina L

=22 Ltan) tan™ (x/ 2~ 0/2)) ~ tan ™ an(/ 2~ 0)
smao -

_2n _E_E_E+a _2n[a]|_ma
sinat|[2 2 2 sina| 2| sina

We have to find the area bounded by the curves

2 +y? =25 A1)
4y = \4 —x2| Q)
x=0 NE))

and above x-axis.
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4—x*ifx? <4
Now, 4y=‘4x—x2‘={ o
x2—4ifx?>4

x*—4,if x>20r<-2
Thus we have three curves

(@ Circle x* + y* =25
(M) B : Parabola, x> =—4(y—1),—2<x<2
() P : Parabola, x2 =4(y+1),x>20rx<-2

{4—x2,if—2 <x<?2
4y =

(I) and (II) intersectat —4y +4+ y? =25

or (y—2)>=5% - y-2=15

y = 7:y = _3

y=-3,7 are rejected since.

y=-31sbelow x-axis and

y = 7 gives imaginary value of x. So, (I) and (II) do not

intersect but II intersects x-axis at (2, 0) and (-2, 0).
(I) and (IIT) intersect at

4y+4+y*=25 or (y+2)* =5
y+2=45 y=3,-7.
=-"T1srejected, y =3 gives the points above x-axis. When
y =13, x=+4. Hence the points of intersection of (I) and

(II) are (4, 3) and (- 4, 3). Thus we have the shape of the
curve as given in figure.

(=2,0)

(2,0

Required area is

4 2 4
=2 chircledx_“‘yﬁdx_“‘ylﬁdx]
0 0 2

(4 2 4
) ‘!;\/25—xzdx—%‘([(4—x2)dx—%‘!;(x2—4)dx

=

4
=2 [-st—xz +%sin_1§]

2 o

= 2{6+§sin
2

=12+25sin”! %—8 =4+25sin~!

15.

16.

The given curveis y =tan x (1)

Let P be the point on (1) where x == /4
y=tann/4=1

i.e. co-ordinates of Pare (n/4,1)

Equation of tangent at Pis y—1=2(x—mn/4)

or y=2x+1-7n/2 -2
The graph of (1) and (2) are as shown in the figure.

Y4

S0
//\“
> X
Ol¥L M
(1
x=-m/2 x=7/2

Tangent (2) meets x-axis at, L (TCT_z , 0)

Now the required area = shaded area
=Area OPMO — Ar(APLM)
n/4
= tanxdx—%(OM —OoL)PM
0

l|{n mn-2 1 1
=[logsecx]8/4——{Z—T}.1 =5[1082—5} sq.units.

1
Let 1 =J-1.log[\/1—x+\/1+x]dx
0

Intergrating by parts, we get

I =[xlog(W1-x +/1+x)]}

1
1 | 1
_z')‘x.\/l—x +Vl+x .[2\/1—15 +2\/I+X}JX
Wl+x—-~1-x)
W+x +V1-x)W1+x —/1-x)

241 - x?

=10g«/5—jx
0

1f x(Tex——x)? "

1
=—log2+—
2 2

20 A+ x—1+x)1-x2
=110g2+lj[1+x+1—x—2 -x*
2" 2 21—
1
v [1ax
2 29

1

1

1 1
=—1lo 2+—j
2 £ 2O

_l .\ 1 1
—5[log2+(sm x)o_(x)o} =5[log2+1c/2—l]
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Let 1= [ f(x)g(x)dx = [ f(a—x)g(a—xax

0 0

[Using the prop. j f(x)dx =j f(a—x)dx]

= [ F(x)2-g(ax
As given that f(a—x)= f(x) and g(a—x)+g(x)=2

= 2} f(x)dx—:‘[f (gxdx. ., _ 2]1' f(x)dx—1I
0 0
0

= 2]= 2} fyde = I= i’ £ (x)dx
0

Hence the reosult.
n/2
We have, I = j f(sin2x)cos xdx (1)
0
n/2
1= j f(sin 2x)sin xdx Q)

[Using property jf(x)dx jf(a x)ds ]

Adding (1) and (2) we get
n/2

= I f(sin 2x)(cos x + sin x)dx
0
/4
= 2/=2 j £ (sin 2x)(sin x + cos x)dx
[Usmg the pr%perty
j' f(x)dx=2 j' f(x)dxwhen f(2a—-x) = £(x)]
n/4
= I= I f(sin 2x)(sin x + cos x)dx
0
n/4

-2 j f(sin2x)sin(r/ 4+ x)dx

n/4
=2 I f[sin(Z(g—xB]sin(n/4+rc/4—x)d.x
0

Using the property

j‘f(x)dx=]l'f<a—x)dx
0 0

n/4

=2 I f(cos2x)cosxdx
0

Hence Proved.

19.

20.

sin 2kx

To prove : =2[cosx+cos3x+...4+ cos(2k —1)x]

It is equivalent to prove that
sin2kx = 2sin xcosx +2cos3xsinx+...
+2cos(2k —)xsinx
Now,R.H.S.
=(sin 2x) + (sin4x —sin 2x) + (sin 6x —sin 4x) +...
+(sin 2kx —sin(2k — 2)x)

=sin2k: =L.H.S. Hence Proved.
n/2
Now I sin 2kx cot xdx = I Slr.l 2 .cos xdx
sinx
0
n/2

- I 2(cosx +cos3x+...+cos(2k —1)x) cos xdx

0
[Using the identity proved above]

/2
I [20052 x+2cos3xcosx+2cosSxcosx+...
0
+2cos(2k —1)xcos x]dx
/2
= I [(1+ cos2x)+ (cos4x + cos 2x)
0
+(cosb6x +cosdx)+...
+{(cos2kx) + cos(2k — 2)x} dx
/2
= I 1+2[cos2x+cosdx+cosbx |
0

+c0s(2k —2)x] +cos 2kxdx
sin2x sin4x sin6x
=|x+2 + + +
{ { 2 4 6

sin(2k — 2)x} sin 2k V2
+ +
2%k -2 2% |
[~sinnn=0,VneN]
Hence Proved

=n/2

The given curves are

y=exlog, x ..(D)
log, x
and y=—2¢ .2
ex
The two curves intersect where ex log x = log x
ex

= (ex—i]logx=0 = x=lorx=1
ex e

Atx=1/eorex=1,logx= —loge=-1,y=-1

1 . . . .
So that (—,—1) is one point of intersection and atx =1,
e

logl=0 .. y=0
(1, 0) is the other common point of intersection of the

. . 1
curves. Now in between these two points, — < x <1
e
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21.

@ M-S-295

or log(l) <logx<logl,or —l1<logx<0
e

i.e. log x is — ve, throughout
log, x

n =exlog, x,y; =
Clearly under the condition stated above y; < y, both being

. . 1
—vein the interval —<x<1.

e
The rough sketch of the two curves is as shown in fig. and
shaded area is the required area.

y

(1/e, 1)

The required area = shaded area

1 1
log x
= I(yl—yz)dx = I[exlogx— g }dx‘
ex

1/e /e
1

= I xlogx—— I Ing
l/e l/e

r 1 1
2 2 2
x?logx_ﬂ J[@}
1/e € 1/e

Il
D)

( 1] 11 1[ 1
=\|e —_—_ - —_— 0——
1\ 4 262 462 e 2
13 1 - 3 1
=le| ——+—F|+—| =|—+—+—
| 4 4e2} 2e 4 de 2e
|5 e| _|5=¢| e2-s
4e 4 de | 4e

The given curves are

= -, x=2...(2,y=Inx...3),y=2%...(4)
Clearly (1) and (2) represent straight lines parallel to y - axis

at distances 1/2 and 2 units from it, respectively. Line x = 1

meets (3) at ( anJ and (4) at (; JE). Line x=2

meets (3) at (2, In2) and (4) at (2, 4).
The graph of curves are as shown in the figure.

\_Nw
—+—— >

22.

23.

Required area= ABCDA

1 2 2
- I(—lnx)dx+ j 2xdx—J.lnxdx
1/2 1/2 1

I 2% dx — J. Inxdx _ I (2* —Inx) dx
172 172 72

2

2x
=L 2—(xlogx—x)}

08 1/2
=i—210g2+2 V2 1en 1
log2 log2 2 2
(

4- \/_—él 2+§\

\1og2 2 2J

We are given that fis a continuous function and

If(t)dt —>0as| x| o

0
To show that every line y=mx intersects the curve

V[ radr=

If possible, let ¥ = mx intersects the given curve, then
Substituting y = mx in the equation of the curve we get

m2x +J' f(e)ydt=2

. 22 %
Consider F(x) = m?x? + J'O f(tyde—2

Then F (x) is a continuous function as f'(x) is given to be
continuous.
Also F(x) > was|x|—> ©

But F(0)=-2
Thus F (0)=—ve and F(b) =+ve where b is some value of x,
and F'(x) is continuous.

Therefore F (x) = 0 for some value of x €(0,b) oreq. (1) is

solvable for x.

Hence y = mx intersects the given curve.
nxsin(Zx)sin(goosx)

Let I= I dx
0 2x—m

Consider, 2x—-Tt=y n=> dx= a;y Also, x = (; )2))

When x >0,y >—n when x > n,y > @
. We get

(THy)sin(THy)sin ECOS[E+XJ
n 2 2 2 2/ ]dy

I =‘|'_1t . =

= %J._nn {% + l) (—sin y)sin (;—nsin %] dy
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T e v .
=%J‘ 51nysm(n/251ny/2)dy

T

T

.. (n. y]
Sin ySin| —SIn—
Y [2 )Y

+_
4J_x

- 0+%Igsinysin(n/2siny/2)dy

. a
[Using | f(x)dx= 0if f is odd function
—-a
a -
=2 Io S (x)dx if f is an even function]
1¢em
I= 5_[0 2siny/2cosy/2sin(n/2siny/2)dy

Let siny/2=u :%cosy/Zdy=du

=cosy/2dy=2du
Alsoas y—>0,u >0 andas y > m,u—>1

"= I2usm( )du

The given curves arey = x?and y =—— Herey =x
I+x

isupward parabola with vertex at origin.

Also, y= 2 5 is a curve symm. with respect to y-axis.
1+x

At x=0,y=2,

d —4

2 ch <0 for x>0

dx  (1+x°)

.. Curve is decreasing on ( 0,0 )

Moreover Q =0 atx=0
dx

= At(0,2) tangent to curve is parallel to x — axis.
As x >0, y—0
-. y= 0 is asymptote of the given curve.
For the given curves, point of intersection : solving
their equations wegetx=1,y=1,i.e., (1,1).
Thus the graph of two curves is as follows:
¥,

(L1)

Y!

25.

26.

xz] dx

z—n_g 't
3 =77 84 units.

-. Therequired area = ZI [
1+ x?

T
4

) 1
Given that J'O " (x—1)" dx =16—6e

where neN and n<5
To find the value of n.

1
Let 1, =J'Oex(x—1)”dx

n x4l 1 n-1 _x
=[(x=1"e"Ty = [ mGe—D" e dv

=—(-1)" —J.ln(x—l)"_1 e*dx
0
L =) —nr,,

1
Also, I, = joex(x—l) dx

x 1 1 x x\1
=[¢" (=Dl - [ e =D~ (e}
=—(e-)=2-¢
Using eq. (1), 12=(—1)3—211=—1—2(2—e)=2e—5
Similarly, I3 = (-1)* —3I, =1-3(2¢—5) =16—6e
sn=3

I J'32x rxt o2 v 2+l

d
x?+)(x*-1) *

_J‘32x5 N, P
2 (2+1)2 (2 -1

=I3 263 (¢ = 1)+ (x? +1)?
2 (D221

3020 31
= dx
I2 (x2 +1)? +'[2 x2-1
_J‘3 x%2x +[llo x—l}3
2«2 +1)2 L2 gx+12
10
=j = 1dt+1(log£—logl]
5 2 2 4 3
Put x? +1=¢, 2xdx=dt
when x 52t —>5, x>3,t—>10
1011]13( 1)‘013
=| | --=|dt+=log2 = il I R
L (t 2 3 og2 log|t|+t . +2log2
1 3

1 —l+ lo og—

—logl0—1log5
0Bl l08o T "5 2 %8,
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13 3] 1
_12(——) Liog2 =Ll 210g2+1
8% "10) T2 %82 [og“’gz} 10

—Liog6—L
2% 70

nm+v
27. To prove that IO |sinx|dx=2n+1-cosv

nmn+v
Let I= j
0

L nTt+v
=I |smx|dx+‘|‘
0 v

|sinx|dx

|sinx | dx

Now we know that |sin x| is a periodic function of period

7, So using the property.

[ poode=nf oo

where 5 ¢ and f (x)is a periodic function of period T

v g
We get, [ = -[0 sinxdx + nIO sin x dx

[. |sinx|=sinxfor 0<x<v]

= (—cosx)y +n(—cosx)y =—cosv+1+n(l+1)

=2n+1-cosv=RHS.
28. The given equations of parabola are

y=dx—x>or (x-2*=-(y—-4) ..

1)? 1
and y= x*—x or (x—E) =(y+z) ......

Solving the equations of two parabolas we get their points

515
of intersection as O(0,0), A(E 7)

Here the area below x — axis,

Ya

Area above x — axis,

5/2 5/2
A=), nd-)  rd

(25 125) (125 25] (1 1”

2 24 [5_? 3 2

=2_12_5_'_2_5_1_300—250+75—4_12_1

2 12 8 6 24 24

. Ratio of areas above x — axis and below x — axis.
121 1 121

A22A1=§.E=T

=121:4

Given Im=rt—1—cosmxdx
0 I—cosx
Toprove: I, =mn, m=0,1, 2,......
Form=0
Tl — T —
IO=J‘ 1 cosdezj‘ 1-1 de=0
0 1—-cosx 01-cosx

Resultis trueform=0
Form=1,

Iﬂl—cosx
1=

T
dx=J. 1.dx
0 1—-cosx 0

(x)g=n—0==
~. Resultistrue form=1
Lettheresultbetruefor m<kie I =kn ... )]

T]—
Consider I, = _[ de

0 1l-cosx
Now, 1—cos(k +1)x
=1 —cos kx cosx + sin kx sin x
=1+ cos kx cos x + sin kx sin x — 2 cos kx cos x
=1+cos(k—1)x—2coskxcosx
=2—-(l-cos(k—1)x)—2coskxcosx
=2(1-cos kx cosx)—( 1-cos (k— 1) x)
=2-—2cos kx + 2 cos kx — 2 cos kx cos x

—[1-cos(k—1)x]

=2(1-coskx)+2coskx(l-cosx)—(1—cos(k—1)x)

L =In 2(1—oosloc)+2cosloc(1—cosx)—(l—cos(k—l)x)dx

0 1-cosx
k-1
_2j” coskx +2j cos hoxdx — _[de
0 1-cosx 1—cosx
: T
=21k+2(Slnkx) _Ik—l
k /o
=2(kn)+2(0)—(k-n [Using (1)]

=2kn—kn+n=(k+1)n
Thus result is true for m=k + 1 as well. Therefore by the

principle of mathematical induction, given statement is true
forallm=0,1,2, ...............

EBD_7202



M-5-298 @ Topic-wise Solved Papers - MATHEMATICS
l/\/—( \\ 2 1
30. Let /= jw_ cos_l( 2x2]dx ys2x+2) L )
1 x T Smilarlyif weconsider theedges 4B and CD, we will have
2x
We know that sin™! [ ] =2tan"' x 2 1
1+ x? X" <=2 y‘i ........ 3
.| -1, T 1
Also sin™ y+cos™ y= 2 x? < 2(y+5) ........ 4
We get T cos™! ( 2x ] —2tan~x Hence S consists of the region bounded by four parabolas
2 1+ x?
meeting the axes at (i l, O) and (0, + l)
1 2x T -1 2 2
= cos (—2]=——2tan x . . .
1+ x 2 The point L is intersection (;fP1 and P, given by (1) and (3).
U [ 5% )
= | J[_ 2tan” x}dx LB AQLD
-uBl-x*)12 Vs Iy
J‘l/\/_ x4 _2jl/ﬁ x4tan_1x A 6} X
- 1/«/_1 x* -1/43 C D
=2 EJ‘I/‘/— x! ¥ (1)_1()0—1/2)
B NS 4
. a a . .
=[Using I_a f(x)dx=2 IO S (x)dxif fis even] r .
=0iff isodd /P4
143 x4 0 N
B IO 1-x* S R )
B (-2 1 “112,0) 7 (12,0
I= ‘“IO A" c D

143 /3
0 1-x 0 2\1-x* l+x

1/\3
+tan”! xﬂ

1)
an‘EJ—ol

_0 PEE—
2 81 x

111
_E—ELEIO
__E_L_l (3 +1) n}
"B B 12

1 V3
—n{—+zlog(2+\/§)—T]

12

3
& 1-1/4/3

=%[n+3log(2+\/§)—4\/§]

31. Let us consider any point P (x, y) inside the square such
that its distance from origin < its distance from any of the

edges say AD

S OP<PM or \/(x2+y2)<1—x

o ovealed)

Above represents all points within and on the parabola 1. If
we consider the edges BC then OP < PN will imply

7
(0-172) A 4 75}

y2—x? =2(x—y)=2(y—x)
y—-x=0..y=x

X2 42x-1=0 = (x+1)2=2

x=+2 -1 asxis+ve

Lis (v2-1,2-1)
. \/— 1/2

.. Total area =4[squareof side ( 2—1)+2I i ydxi|
_ 4{(\/5 —1)2 42 J’J/_Z ./(1—2x)dx}
—4]3- 2[ (1 2y )3/2}1/2 }
=4 3—2\/5—5{0—(1—2\/5+2)3/2}
=4_3—2\/5+§(3—2\/5)3/2}
=4(3—2\/5)[1+§,/(3—2«/5)}
=4(3—2x/5)[1+§(«/5—1)}

=§(3—2J§)(l+2ﬁ) = g[@ﬁ_s)] =16\/57—20
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32.

33.

n/4
We have 4, = Io (tanx)" dx
Yy ¥= (tanx)’

o n/4

Since 0 <tanx < 1,when 0 <x< n/4 wehave

0<(tan x)"*! < (tan x)" for each n eN
n/4 n/4
n+l n
= -[0 (tan x) dx<j0 (tanx)" dx

= An+1<-An
Now, for n>2

/4

A+ A = _[: [(tan x)" + (tan x)"*2]dx
n/4 2

=J'0 (tanx)" + (1+ tan? x) dx

n/4 n 2
= Io (tan x)” + (sec” x)dx

n+l
[ [tror £ = M]
n+1

1
=——(1-0)
(n+1)
Since A4,,, <A,,1 <4, . weget, 4,+4,,, <24,
1 1
= —<24 = <4, 1
n+l1 " 2n+2 " M
Alsofor n>2,4,+ A, < 4, + 4, =L1
n_
1
= 24 <——
|
1
=>4, <— )
2n—
Combining (1) and (2) we get
! <4, < ! Hence Proved.
ma2 <55 ence Proved.
. .
J‘ 2x(1+512nx)dx=1 (say)
-7 1+cos“x
T T i
or [ = 2x2 dx J‘ 2xsm2x dx
-T1+cos” x -T1+cos” x
. .
I=0+2 2xsm2x dx [ 5 isanoddfunction]
0 1+cos”x 1+cos” x

34.

L J M-S-299
. .
or 1=4I 2 1)
0 1+cos” x
7 (7 —x)sin (7 — 7 (7 —x)sin x
or =4 EZDSNE=Y) ’;)dx=40—2 dx
0 1+{cos(7—x)} 1+cos™ x
. i .
or [=4n sm;; dx — —XSIH;C dx
0 1+cos” x 0 1+cos” x
o
or 1=4nj S -1 [from (1)]
0 1+cos”x
<
or 2/=4n SL;dx
0 I+cos“x

Putting cosx=1¢, —sin x dx = dt
When x — 0, —>1 and when x > 7, —> -1

—dt L dt 1 dt
=2n| ——=4n
2 I-11+t2 J‘01+t2

-1
:I=2nI
L 1+r

=I=4n (tan_1 t):) = 4n{tan”' (1) - tan™' (0)}

:I=4n{£—0}=n2
4

We draw the graph of y =x2, y = (1-x)? and y = 2x (1-x) in
figure.

Let us find the point of intersection of y = x% and y = 2x (1-x)
The x — coordinate of the point of intersection satisfies the

equation x?=2x (1-x), = 3x% =2x =0 or x=2/3

- At B,x=2/3

Similarly, we find the x coordinate of the points of intersection
ofy=(1-x)?andy=2x(1-x)arex=1/3andx =1

s At4,x=1/3andatCx=1

Y4

[
©.1) fy=x

B(i=2/3)

G=n"%

y=2x(l-x)
From the figure it is clear that
(1-x)? for0<x<1/3
f(x)=92x(1—x) for 1/3<x<2/3
x? for 2/3<x<I1
The required area A is given by

A= .[01 f(x)dx

1/3 2/3 1
_ 2 _ 2
_IO (1-x) arx+J'l/3 2x(1 x)dx+j2/3x dx

EBD_7202
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36.
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1/3 2 12/3 1
=[—l(l—x)3} + xz—zi] +[lx3}
3 0 3 3 s

1/3

S CRCE L RU RO

3
1 1(2) 17
+=D)—=| =] =— i
3() 33 27 sq. units

= I; ydx =I; tan ! xdx— J: tan™! (x—1dx
=Iltan'1 xdx—_[ltan'l{(l—x)—l}
0 0
[Using j: £ (x)dx = j: fla —x)dx]
= J: tan™! xdx— I; (—tan"! x)dx = 2J: tan™" xdx (Proved)

1
= 2[1«:tan_1 dx —llog(l +x° )}
2 0

T
=——log2
5 og2 L

1
Now, -[0 tan”! (1-x+ x? )dx

r 1 I(TC -1 1 ]
1 —
= t ————dx = ——tan” —— | dx
_[Oco 1-x+x° ‘[0 2 1-x+x
1
T n (n
= [Za] 122 Z-10g2) ~tog2
£ I
f(x)=x" —x?
Let Pbeon C;, y =x?be (¢, %)
. ordinate of Q is also #°.
Nolelesony 2x, andy = £
- x=£2
(2 )

°>)

For point R, x = tand itis on y = f(x)

Ris [z f(n)]
e 0 (59
= §t3 —% 1)
Area OPR = j (:C] yax + J'(:Q yax
- I;xzdx+ j’; f(x)dx =§+ L; f(x)dx‘ O

Equating (1) and (2), we get,

4
A rwa

Differentiating both sides,we get,

38.

28
=0
fO=% -5
e n £Os*
0 gCOSX 4 g=COsX
n ecos(rt—x) n g eosX
==y st e Tl
0 goos(n=x) | —cos(n-x 0 g COSX 4 COSX

T
Adding, 21=‘[0 dx=n = [=7/2

x? +ax+b; x<-1

fx)=12x ;—1<x<1

x2+ax+b;x>1

- f(x) is continuous at x =
s EP+a)+b=-2
and2=(1)2+a.1+b

ie. a—b=3 and a+b=1
On solving we geta=2,b=-1

—landx =1

x? +2x-1;x<-1
f(x)=492x —1<x<1
x2+2x—1;x>1

Given curves are y = f(x), x=—2y?and 8x+ 1 =0
Solvingx=-23?,y=x%+2x -1 (x <—1) we get
x==2

Alsoy=2x, x=—2)*meetat(0,0)

y=2xand x =-1/8 meet at (—l,_—l]
8’ 4

The required area is the shaded region in the figure.

x=—2Y2

v vY
.. Required area
NOTE THISSTEP:

=j_'21[ A l)}dx+ N‘:"— x:|dx

{Lz(_x)yz 3 xzr/s
-1
( +——4 2]

£ 3 3
(V2 1 1) ({2
516wz 6" L__lJ

-1
LE

{2

GP_3480



Definite Integrals and Applications of Integrals o M-s-301
={\/§—5j_[4+8—18]+(4—3]_(J5—3} b 1),e i () b AT
3 3 192 3 e’ +1||=b. eb +1
257 a* + b? L J a* +b? L J
E Sq. units .
S' e b] —E‘lt
39. f)= I —dt for x>0 (given) Now, —-=— =e b = constant
Si1 —1(-1r
1 1/x lnt 1 e
Now f|— =_[ ——dt :Put t =—, so that = 8,88, S, forma GP.
X 1 1+¢ u Tcej
1 Fora=-1landb= T~ Sj=—2 (1+e)
dt=——2du (1+TC )
u

Therefore f(x) le ln(l/lu) ( 21)

1+— ¥
u 41.

_a(l+e) ("D -1
= JZO Ty (-
The given curves are y = x2

* lnu x Int which is an upward parabola with vertex at (0, 0)
= du = y=P—x
1u(+1) 1 t(t+1)
2 .
Int x Int 2-x%if —2<x<\2
Now, f(x)+ ( ] dt + or y=
f@+f -[1 1+¢ -[1 t(1+1) {x2—2ifx<— 2 or x>\2
= (1+t)lnt I —dt——(l 1)? I = (lnx)2 or x¥=—(y-2); ~2<x<2 .. )]
t(1 +1) a downward parabola with vertex at (0, 2)
1 = .
Putx=e, hencef(e) + f(—) =—(lne)2=— 2=y+2; x<—2,x>V2 . 3)
e 2 2 An upward parabola with vertex at (0, —2)
Hence Proved. y=2 @
40. Given thatx =sinby. e = —e@<x < e? A straight line parallel to x —axis
The figure is drawn taking a and b both +ve. The given x=1 )
curve oscillates between x=e® andx = —e ¥ A straight line parallel to y — axis
Y x eV The graph of these curves is as follows.
S; \Y
)
Si x= y = y +2;
So \ x < 2 x> \/_
5 2
§) g < o S
) AN ,
A 4 X’ 2 /‘(‘ 0 1 ,l'
(+D)m x =—(-2);, :
Clearly, S; = J.E b sinby.e”™.dy f-2<x<2
b
Integrating by parts, I = Isin by.e ™ dy c=1
L x =
Yl
—ay
We get I =— ze 5 (asinby +bcosby) ’
@ +b . .. Required area = BCDEB
1 | a(G+Ym, . .
So, S; =|-5——7|€ {asin(j+ )n 2 2
a‘+b b =L [Y(l)—ﬁz)]dx+_[ﬁ[Y(4)—Y(3)]dx ---------- M

—ajn

+bcos(j+n—e b (asinjn+bcosj1t)]

:>S]'=—
a” +

_E i1 ) _E . .
o [ e e zﬂ"u—”’}

\/5 2 2 2 2
[T -e-x )]mjﬁ[z—(x ~2)ldx

2, 2 2
=L Qx —2)dx+£/§(4—x )dx
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V2 2
[2_2] [4_]
3 1 35
(42 8 22)
\ 2J_—— 2J k8—§—4«/_ ED

2 4 16 1042

=——\V2+—4+———
3 3 3 3
=—20_;2\/§ [230 4\/_ ] $q. units.

42. Given that f(x) is an even function, then to prove

n/2 n/4
-[0 f(cos2x)cosxdx = \/EJ.O f(sin2x)cosxdx

n/2
Let 1 =Io f(cos2x)cosxdx ... 1))
n/2 T T

=I0 f[cos2(5— HCOS(E— ]dx
[UsingJ: f(x)dx = I: fla- x)dx}
= I;/zf(—cosbc)sin xdx
I /2 ) inxd

= -[0 f(cos2x)sinxdx .. )

[As fis an even function]
Adding two values of / in (1) and (2) we get

n/2
2] = Io f(cos2x)(sin x + cos x)dx
2 pri2 {1 . 1 }
I=— Cc0S2x)| —=sinx+—cosx |dx
>y fleos2| rsinee

_ﬁ n/2
_T-[O f(cos2x)cos(x—m/4)dx

Let x—gx/4=¢ so thatdx =dt
as x—0,tr—>-n/4

andas x > /4, ton/2-n/d=n/4

n/4
=%j | Jleos2(e+m/4)]costds
-7
1 ¢n/4 .
=$ /4ﬂ—sm2t]costdt
-
1 p¢n/4 .
=EJ‘ |, JGin2n)costdr
-7

[-+ f is an even function]

2 In/4f(' 2)cost dt
=— Sin COos
V240

/4
= \/EJ‘OR f(sin2x)cos xdx

RHS. Hence proved.

43. We have,

2
x*  cosxcos0

y® =\, —— =49
n°/16 1+sin” /0

44.

45.

Topic-wise Solved Papers - MATHEMATICS

— coSx J‘ x? cos+/0
? /161 + sin? f
[+ cosx isindependent of @ ]

2
:>d—y=—sinx‘[x ﬂ do
dx 72 /16| 1 +sin2 /O
x2
reosx | [ _cosVB o
7?1161 + sin® \/@

dx
2
x> cos/0
—sinx| 2 ———

—1+sm2\/_

2 2

2
+Ccosx I _CO% 2x-0 (Using Leibnitz thm.)
n7/161+sin” x

dy . x COS\/_ (cos2 n)~2“
== =-5 x_[ 3 0+ —
ax|,_n n%/16 1+ sin «/_ 1+sin“m
=0+2n=2"m
n/3 3
Let I= mA
n/3 T
2—cos(|x|+—]
3
n/3 . n/3 3
—I dx + 4x dx

s _
" 2—COS(|X|+§) M32—cos(|x|+§)

The second integral becomes zero integrand being an odd
function of x.

_ 2n‘[0n/3 dx

el
COS| X 3

{ using the prop. of even function and also |x| = x for
0<x<n/3}
Let x+7m/3=y = dx=dy

also as x>0, y—>n/3 as x—>n/3, y—>2n/3
. The given integral becomes

) J-zn/3 dy =2nj-2n/3 dy
n/3 2—cosy n/3 2_1—tan2y/2
1+tan2y/2

seczy/2

‘[211:/3 p
= LT —_— y
n/3 3tan2y/2+1
_2n 2n/3 sec? y/2

dy

3J%3 tan? /24 1/4B)
4TE\/_ -1 /3
—T[tan (\/gtany/\/f)]n/3

;t%“[tan“ 3—tan™! 1] =4T’;[tan" 3—n/4]

n cos x| (1 1 .
I=J. e 2sin| —cos x |+ 3cos| —cosx | [sinxdx
0 2 2
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m 1
= -[0 °¥25in Scosx sin xdx

n | 1 .
+ -[0 doosx 3cos[5cosx) sin x dx

=1 1+ 1 2
Now using the property that

j’ Oza F(x)dx=2 j’ : F@)dx if fRa—x)=f(%)

=0if fQa-x)=-f(x)
We get, I, =0

n/2 1 .
and I, =2I0 e|°°sx|3cos(gcosx) sin x dx

TC/2 COSXx 1 :
=6.[0 e cos Ecosx sin x dx

47.

Put cosx =t = —sinxdx =dt,

1
I, = 6[0 ¢ cost/2dt
Integrating by parts, we get

I, = 6[(¢’ cost/2)} +%J'Ole’ sin#/2dr
- 6{ecos(1/2)—1+l{(e’ sint/2)} —ljle’ cost/2dtH
2 2J0
I,=6 {ecos(l) —1+l{esin(l) —1.112 H
2 2 2/ 26
I, =6[ecos(l/2)—1+l(esint/2)—ilz}
2 24
I, +i12 = 6{ecos(l/2)+%esin(l/2)—1}
%= 6[ecos(l/2)+%esin(l/Z)—l}

=1, _ ecos(l/2+lesin(l] -1
5 2 2

46. The givencurvesare,x>=y .. ®
x2=—y . (i)
y?=4x-3 .. (iii)

Clearly point of intersection of (i) and (ii) is (0, 0). For point

of intersection of (i) and (iii), solving them as follows

W ax43=0 =D +2° +x-3)=0

or (x—1)2(x2 +2x+3)=0; =>x=1andtheny=1
Req. pointis( 1, 1). Similarly point of intersection of (ii)

and (iii) is (1, — 1). The graph of three curves is as follows:

(1.1)
P

0 4 (3/4,0)

0
(1,-1)

We also observe thatatx = 1 and y =1

d . o
d_y for (i) and (iii) is same and hence the two curves touch
X

each otherat (1, 1).
Same is the case with (ii) and (iii) at (1,-1).
Required area = Shaded region in figure =2 (47 OPA)

_I; x2dx— Ll/ s Jax-3 dx:|

N

_(ﬁ\l (2ax-32) 2[1 1}

=2_L3J0 4x3 J3/4 ~“137%
=2><g=% $q. units

Given that f(x) is a differentiable function such that
S'(x)=g(x), then

3 3 , 3
[ s@ax= | fdr=1mk =10~/

But[f(x)|<1=>-1<f(x)<1,¥#x R

. f®=O) 1,1
Similarly

0 0
[ g =] rioade=L70- @122

Also given [ £(0)? +[g(0)]> =9

= [g(O))=9-[FO)F

= [g(O)F>9-1 [ 1f @I<1]

= [g(0)> 242 = g(0)>2V2 or g(0)<-2V2

First let us consider g (0) > 22

Let us suppose that g (x) be positive for all x € (-3, 3).
Then g” (x) > 0 = the curve y = g (x) is open upwards.
Now one of the two situations are possible.

(1) g(x) is increasing
y= g (x)
22
""" B
C
x=3
0 A
3
UO g(x)dx|> area of rect. OABC

> 642 >2

3
], g(ax

1
a contradiction as -[0 g(x)dx €(-2,2)

. at least at one of the point ¢ € (-3,3),
g"(x)<0.Butg(x)>0on(-3,3)
Hence g(x) g"(x) <0 at somex e(-3, 3).
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(i) g (x)isdecreasing

y=g®

x

v

0
U 5 g(x)dx| > area ofrect. OABC

0
ie. J' (8 (x)dx|> 3242 =642 > 2

0
a contradiction as I X g(x)dx €(-2,2)

. at least at one of point ¢ €(-3,3)g"(x)

should be — ve. But g(x) >0 on (-3, 3).
Hence g (x) g"(x) <0at somex € (-3, 3).

Secondly let us consider g (0) <— 2+/2 .

Let us suppose that g" (x) be—ve on (-3, 3).

then g" (x) < 0= the curve y= g(x) is open downward.
Again one of the two situations are possible

(1) g (x) is decreasing then

x=3_
0 A
R B
22,0
y=g®

> Ar or rect. OABC = 3242=62>2

Uj g(x)dx

3
a contradiction as Io g(x)dx €(-2,2)

. Atleast at one of the point ¢ €(-3, 3), g" (x) is + ve. But
gx)<0on(-3,3).

Hence g(x) g" (x) <0 for somex (-3, 3).

(i) g (x)isincreasing then

A o .
B——————....
o
(-24/2,0)
x=-3
0
‘ J’ | 8()ds| > Ar of rect. 04BC = 32V2=62>2

0
a contradiction as as J. ; g(x)dx e(-2,2)

48.

. Atleast at one of the point ¢ (- 3, 3) g" (x) is + ve. But
g(x)<0on (-3,3).

Hence g (x) g" (x) <0 for some x €(-3,3).

Combining all the cases, discussed aboe, we can conclude
that at least at one point in (— 3, 3), g (x) g "(x) <0.

4> 4a 1 |[pc1)] |36°+3a
% 4 1 || FQ) |=|36%+3b

We have, )
4t de 1 f(2) 3c” +3c

= 4a’ f(-1)+4af () + f(2) =3a* +3a
4B F(=1)+4bf )+ £(2)=3b* +3a

42 f(~1)+4cf (O + £(2) =3¢ + 3¢
Consider the equation

452 £ (=) + 4xf () + £(2) = 3x% +3x

or [41(-1)=3]x* +[4f()-3]x+ £(2) =0
Then clearly this eqn. is satisfied byx = a,b,c
A quadratic eqn. satisfied by more than two values of x
means it is an identity and hence
4f-D)-3=0=>  f(-1)=3/4
47f(1)-3=0 f()=3/4
f@)=0 f@=0 )
Let £ (x) = px? +gx +r [ (x) being a quadratic eqn.]

3 3
N== — ==
S 1 = Patr=y

3 3
D== = ==
SO 2 prq+r=7

f(2)=0 = 4p+2g+r=0

1
Solving the above we get ¢ =0, p= e r=1

f(x)=—%x2 +1

It’s maximum value occur at f”(x)=0
ie,x=0thenf(x)=1, .. V(0,1)
Let 4 (2, 0) be the point where curve meet x —axis.

2)
)

As £AVB=90°, myy xmp, =1
(4_p2 )

RESEE=S

= lx(_—h) =-1=>h=8
2 4
. B@B,-15)
Equation of chord 4B is
_0-(=15)
- -2-8
=2y+30=-3x+24 = 3y+2y+6=0

(
Let B be the point kh.

3
y+15 (x—8):>y+15=—5(x—8)
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49.

o M-S-305

(=2.0)

=J'_22(-§+1}dx+ _82{—(_6;3x)}dx—jj{—(—§+l}}dx

- 2-“02{—§+1de+% i(6+3x)dx+%‘|‘:(—x2 +4)dx

= 2[_—8+2}+%[(48+3 x32)—(—-12+6)]

12
+ l(ﬂ+32]—[_—8+8]
4\ 3 3
47 1 1[-4327 125
=2 = [+Z[150]+—| —|= = i
{3} 2[ ] 4{ 3 } 3 Sq. units.
1 1
_ (50,100 [t 504101
LetI—IO(l 20100 and 1 jo(l 250101 gy
1
Then, 1'=_[ 1.(1— x50)101 7y
0
1 1
[ 50,101 50 1 501100
_[x(l ) ]0 +101j050x (1= x50)100 gy
1
=+5050J' 250(1— x50100 4
0
1
—I'=+5050 J'O —x30(1— x50)100 gy
1
= 5050 71" =5050j0 (1 x50)100 gy
1
+5050_[0|:_x50(1_x5°)100:|dx
1
— 5050 jo (1- Y101 g — 5050 1
:>50501=5051r:>5050%=5051

F. Match the Following
(A)—>p,(B)—>s,(CO)—>p,(D)>r

/2 .
A) IJ (sin x)°***(cos x cot x — log(sin x)*"™ * )dx

1 .
= IO du where (sinx)°*s*=y=1

A)—> @)

®) (-4, 1) Y

§(1 0)
§ :

1 1
Solving y2 =—Zx and y2 =—§(x—l), we get

/

(_4? _1)

intersection points as(—4, + 1)
Required area

4
= fil[(1—5y2)+ 4y*1dy = 2j;(1 —yH)dy = T

(B)>() o .
(©) By inspection, the point of intersection of two curves
y=3*llogxandy=x*—1is(l,0)

x—1
For first curve & 3 +3* 1 log 3 logx

X X

= (ﬂ) =1= m
dx/ 1,0

For second curve % =x*(1+logx)
= (ﬂ) =1= m2
&/ 1,0

- m; =m, = Two curves touch each other
= Anglebetween them is 0°

SoocosO=1,

©) -

d_ 6 & 1.y
O Ty & 6 6

LF = ~y/6

= Solution is xe /6 =—ye 6 — 6e V6 + ¢

=Sx+y+6=ce

=x+y+6=60"0 o (¥(0)=0)

= 12=6¢"6 (using x +y = 6)

=y=6In2([D)—>(1)
(A)—>s;(B)>s;(C)>p; D) >r

I dx _ _
@ | ; ~=[tan™" x]'; = tan™ ()~ tan™! (-1)
—1l+x
_E_(_zj_ﬂ_z
4 4) 4 2
1
B) -[0 dx2=[sin_ x] =sin_1(l)—sin_1(0)
1-x
_T o
2 2
3ode [1, N+x|] 1
=| =log|—| ==[log2-log3
© |, [2 ah L ~llog2-~log3]
1
=—log2/3
2 %8
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2 2 —
D) J' d;‘ =[ sec”! x]l —sec™12-sec”!1 ¥ f(x)dx—(x : “) (f(X)+ f(a))
xyx? -1 2. @ lim= : =0
n n x—a (x—a)
=370=3 ath A
3. @ PQ)Letf(x)=a+bx+c ; L S (x)dx — E(f(a +h)+ f(a)) )
where a, b, c >0 and a, b, ¢ are integers. hi% PE -
- f(0)=0=>c=0 1 h
S f(x)=ax?+bx f(a+h)—5[f(a) +f(a+h)]—5(f'(a +h))
= lim =
1 h—0 342
Also f(¥)dx=1 [Using LHospital rule]
1 1 h
’ /@) =2 f(@~Z [a+h
NN | . b = lim 5 =0
=3t | T3yt = 2a43b=6 0 > h
-0 S f'a+h)——=f(a+h)——f"(a+h)
-+ a and b are integers = lim 2 2 2 -0
ora=3and5=0 [Using L’Hospital rule]

.. There are only 2 solutions.

0(3) f(x) = sinx? + cosx?

9
f(x)is max. /2 atx?= % or Tn
= x= +ﬁ or +ﬁ e[_\/ﬁ,\/ﬁ]
2 2
.. There are four points.
2
3x_x dx
Sl+e
b b
Using| f(x)
a a
2 2 x
_ J'3x e dx
S+t
2 3x% (1+€* 2
21 = J.de = [ 3x%ax

X
5 l+e

20 = (x3): —8—(-8)=16 = /=8

1/2 rx
I costlog( )dx
-1/2 I-x
NOE =0
j costlog( )dx
1-x

Numerator 0, function being odd.
Hence option (d) is correct sequence.

G. Comprehension Based Questions

o

n/2
1. (a IO sin x dx=
=%(1+\/5)

. . T .
(smO+sm5+23m—

lim—2"@FM _ o pox)=0, va eR
h—0 12

= f(x) mustbe of max. degree 1.

3 O
(For 4-6).
4.

f"(x)<0, Vxe(a,b), for c e(a, b)
FO =2 @+ @+ 250 B+ 1)

=—f() —f( )+ —f(b)

DF'()— Lo+ f(a)—zf(b)

=%[(b—a)f'(a)—f(b)]

FY0) =5 (=) f*(©)<0

[ f"(x)< 0,V xe(a,b)and b>a]
.. F(c)1s max. at the point (¢, f(c)) where
F’(c)=0
, _l(f(b)—f(a))
Given the implicit function y -3y +x=0
For x e(—0,-2)U(2,0) it is y = f (x) real valued
differentiable function, and for x €(-2,2) itis y=_g(x)

real valued differentiable function.
dy .

Wehavey—3y+x—0:>322: 3d =0
dy 1 1
=Y o f)r———
dr 3(1-)7) 31-1/ P ]
2 d%y dy d’y
Also 3y 2 +6y(dx) 3;—0
d’y _ 2y (dy 2/ (x)
> 3= 3l = "=
dx (d") o[1-17P]
. 2x202 42
SN = o8P 32x7°
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5. (@ Forx<-2
we have, 3y -3 <-2 = 33 -3y-2>0
3(y+1)2(y 2)>0 o> y>2yx<-2
= f(x) is positive y x <-2
b

b
Hence required area = If (x)dx =J. L.f (x)dx
a

a

b
= xf(x)]z —Ixf'(x)dx

a

=bf(b)-af(a)- j

I[ ()

6. (@ Fory=g(x), wehavey’—3y+x=0
= [g@] -3[g@]+x=0  .()
Putting x = —x, we get

= [g(—x)]3 - 3[g(—x)] -x=0 ..
Adding equations (1) and (2) we get

23[1- (f( S
]+bf(b)—af(a)

[s@F +[g(-0] ~3{[g)]+[g(-)]} =0~

= [g(x)+g(-x)]

[(e®)® +(g(=0))* - g@g(-x)-3]=0
For g(0)= 0, we should have g(x) + g(-x)=0
[-.- From other factor we get g(0)= + /3 ]

= g(x) is an odd function
1

[ g'dr=[g@)]., = g - gD
-1

=g +gM=2g(D).
2

- 1
7. @ Wehavef(x)=x2 s ;0<a<2
x“+ax+1
2a(x* -1
= )= =)
(x“+ax+1)

= (2 +ax+)?f'(x) =2a(x? -1)

= (P +ax+1)% () +2(x* +ax+1)
2x+a)f'(x) =4ax (1)

Putting x =—1 in equation (1), we get

Q-a>)f"(-)=-4a ..Q

Putting x =1 in equation (1), we get

(2+a)? (1) = 4a -0

Adding equations (2) and (3), we get

Q+a) f")+@2-a)’ f"(-1)=0

2a(x? -1)

X h x)=—"——
8. (@ Wehave f'(x) (x2+ax+l)2

f'(x) =0 = x=-1, 1 are the critical points.

9. ®

10 (o)

= (er

L M-S-307
+ 0, -+
U
-, f(x)is decreasingon (-1, 1)
. . " —4a
Also using equation (1), f"(-1)= 5<0
(2-a)
and f"(1)= >0
2+ a)

=—1is a point of local maximum
and x =1 is a point of local minimum.

s0= [ LGar = g0 =L1)
o1+t

2a(e?* - 1)e* 2ae” e -1
2x ( e2x

tac* +12(1+ %) l+e +ae” +1)2

Now g'(x)>0 for ¢2* —1>0 = x>0

and g'(x)<0for ¢ —1<0= x<0

- g'(x) is negative on (-, 0) and positive on
(0, )

f(x)=4x>+3x% +2x+1

.+ f(x)is a cubic polynomial

. It has at least one real root.

Also f'(x) =12x> + 6x+2 =2(6x2 +3x+1) >0V xeR

1. (@)

“. f(x)is strictly increasing function

=> There is only one real root of f(x)=0

1
Alsof(—l/2)=l—l+%——>0
3 27 27
andf( 3/4)—1—5 E—E<

3
. Real root lies between —— and —— and hence

4 2
3.1
sel-=,—=
(4 2)

y=f(x),x=0, y=0and x = ¢ bounds the area as
shown in the figure

Y

A y=rf(x)

L,

y 1/2 2l/ ”

. Required area is given by

A

=I;dx =L:(4x3+3x2 +2u+1)dx

= t4+t3+t2+t=t(t+l)(t2+l)
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Ni l<t<E §<t+l<l'£<t2+l<§
WS N4 474 16

1 3.3 43,05 15525) (3)
S X=X—<A<=X—X— 10220 E
X 4><4><16 0rA€[16’256 c 4,3
12. 0 f'(x)=2(6x"+3x+1)
f"(x) =6(4x+1) = Critical point x = —1/4
1 - +
. decreasing in (—t,—z) <« —t>

1
and increasing in (—Z’ t)

1-h
g(a)=lim [ *(1-1)"" ar
h—0" 3

1-h
1
- g(zj_ llm+
h—0" 3
1-h

dr= lim dt

RS

1-h

13. (a)

¢ 1/2(1 t) 1/2dt

h—>0+ '[

13 1-h
T —= = lim sin"!(2¢-1 }
h—0* 1 0t (@-1) P
L 2 )

[sin™ (1-24)-sin ™ (24 -1)]

1-h

14. g(a)=lim [ 2(1-1) " ar
@ &(a) h—>0+’,[ (1-1) L

-
(a)= lim [ (1-e)¢*ar
h—>0" 3
b

3
=If(a+b—x)de

a

[ b
Lusingj. f(x)dx

1-h
Also g(l—a)= lim J. 1971 (1-t)"at
h—0" 3

Thus g(a)=g(1-a)
= g'(a)=-g'(1-a)= g'(a)+g'(1-a)=0 2.

bl s
Putting a—E we get > g 7

1
org(5J=0

15. (a,b, ¢) fix)=xF(x)=f'(x)=F(x) +xF'(x)

f'(1)=F(1)+F'(1)=F'(1)<0[‘-’ F'(x)< o,xe(%s])

f2)=2F2)<0,

(-+ F'(x) <0 = Fis decreasing on (%:3) and F'(1)=0,
F(3)=-4)
S'®¥)=Fx)+xF'(x)
For the same reason given above and F''(x) <0 given.
Fx)<0 v xe(1,3)
f')=0,xe(1,3)

(& d) [ F (x)dx =12
- [sz(x)]l3 - jf 2x F(x)dx=—

= 9F3)-F() —2j13xF(x)dx =12
3

= L3 xF(x)dx=-12 = J.f(x)dx =-12 ()
1

Also jf X F"(x)dx = 40
- [x3F'(x)]f —3j13 X2 F'(x)dx = 40

> [PUr@-F)] -3xci9=40
Using xF' (x) = f'(x)— F(x)
andjl3 x*F '(x)dx=—

= A G)-FR)-(()-F(1)=4
= Y B)-9Ix(HA-S(H+0=4
= Y 3)-r(1)+32=0

l. Integer Value Correct Type
(0) Giventhat f(x)= j " f(ydt

Clearly £(0)=0.Also f'(x)= f(x) = L& _;

S(x)

Integrating both sides with respect to x, we get

S'(x)

——dx=|1dx

S(x) -[
= hf(x)=x+InC = f(x)=Ce"
Now f(0)=0 = Ce¥*=0 = C=0

fx)=0V x=> f(n35)=0
x—[x] if [x]is odd

(4) Given function is f(x) = {1 +[x]—xif [x]is even

The graph of this function is as below

/

=2
-3 2 1 1 2 3 4

Clearly f(x) is periodic with period 2
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Also cos mx is periodic with period 2
- f(x)cosmx is periodic with period 2
12 10

I=E f(x)cosmx dx

= —xle f(x)cosmx dx

=’ U (1-x)cosnx dx+J. (x-1)cosmx dx}
0

) {(l— )sm7tx| J‘ smrtxdx}+
n

!

|

{(x—l) sinTcTcx|l2 _J‘IZ sil;nx dxH
|
[(

1
=7 (——zcosnx
T

1 1 2
—| =—-cosmx
oo

1 2
(2) '([4)63 I:%(l—xz )S]dx

- 4x3 [%(1-;&)5} 1 —i[%(l—xz)s}.uxzdx

0 0

1 oy
0+..!‘(1 x ) 24xdx

- —12'1|.(1—x2 )5 (-2x)dx
0

= 1242 (1—x2)5

1
(-2)
= -12 = 12(0--]:
6
0
_ e
T eT)
—1<x<2=>0<x2<4
Also 0<x?<1=>fix?)=[x*]=0
1<2<2=f?)=[x2]=1
2<x?<3=>£(x*)=0  (using definition of f)
3<x2<4=£xH)=0 (using definition of f)
Also 1 <x?<2=1<x< .2
=> 2<x+1< 2 +1

= fix+1)=0
2
V2 s x? 21 1
I= X = — ==
12+0 4 4 4 4

= 4/=1ord4l-1=0
2in/6
3) F(x)=_[: % cos? ¢ dt

n
F'(a) = 2cos? (az + g) 20— 2cos?a,

—cos 7+ cos0) —(— cos2m + cos n)] = [2+2]= 4

L) M-S-309

F'(a) +2= jg‘ f(x)dx

= F'(a) =flo)

Sfla)=4a.2cos (az + %) .[—sin((x2 +%] }.2&

2, T .
+4 cos? (0‘ + g) —4cosa. (—sinay)

3
A0)=4cos? = =4x = =3

6 4

gl 2
©) o= J'(;e(9x+3tan x) %de

1+x2

12+ 9x2

Let9x + 3tan"x=¢r = >~ dx=dt
1+x

31|: 942 3“
a= j deldt=e 4 -1
3n

9+=— 3n
l+e 4 -1

log, —T =9

* f@de

1m x
e G OE

jil f(t)dt=0and ji1t| F(f@)|dt=0

A?) being odd function

Using L Hospital’s rule, we get
lim _fx» 1
x—)lxl fUf)| 14

f@ 1 2 1

lf(F) 14 ’ . 1 ‘

)7 =43 -
Let fix) = j—dt 2x+1

F=
=>f'(x)=
l+x4

—2<0V xe[0,1]

.. fis decreasing on [0, 1]
Alsof(0)=1

1t

For0<t<1 0< t2 <1
or0<t<1=0< =
1+t* 2
2
1
J t dt<l
01444 2
=f{1)<0

.. f{x) crosses x-axis exactly once in [0, 1]
.. f{x) =0 has exactly oneroot in [0, 1]
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107 m T
1. @ 1=j|sinx|dx=10j|sinx|dx=1ojsinxdx
0 0 0

[ ]| sin x| is periodic with period mand sinx >01if 0 <x
<7
/2
1=20 [ sinx dx=20[-cosx]j > =20
0

/4
I, +1,,= | tan" x(1+tan x)dx
0
n/4 n+l /4
tan” " x
= I tan”xseczxdx=[ }
0 n+l o 5.

@

[um—

= == W nl]]

n

- fim n—— = lim "~ = lim ;
noo N+1 nowon+l ”—’wn(1+_)

=1

1 2 6

[x? Jav=[[x* |ax+ [ [ 5 |ax+

0 1

@

w
_—
=
O N

1 2
— Ide+ j ldx +
0 1

J3 2
j 2dx + j 3dx
V2 3

= [ + (2] + [3415

=2-1423-242+6-33 =5-3-2
n 2x (1+sin x)dx

. o |

1+cos? x
=In 2xd)2c +2In xsm;c &
“Tl+cos” x “T1+cos” x
a
n x sinx dx
=04 | ——————- | fix)dx=0
o '[0 1+cos®x { _'[a ) ]
iff{x) is odd
a
= 2jf(x) dx if f{x) is even.
0

n(n—x) sin (T—Xx)
- dx
1_4'[0 1+ cos? (m — x)

n(T—x) sin x
=4 | ————dx
J“’ 1+cos? x
— I=4n T sinxczix _4Ixsinx2dx
x

0 1+cos 1+cos” x

Topic-wise Solved Papers - MATHEMATICS

nsinx
= 21=41th —l+coszxdx

putcosx =t = —sinx dx = dt

-+ L
L l="2n | —=dt=2n | —=dt
’!1+t2 :[11+t2

= 21t[tan_l t]l = 21t[tan_l 1-tan~! (—1)]

_ 2n[§—(‘7"ﬂ =7 g

2
We have j f(x)dx = % ; Now,
0

2 2 2
[2f"(0)dx = x[ f(x)dx - [ £ (x)ax
0 0 0

3 3
=lx fOf -5 =2/ -3

3 )0y =
=0-2 (- f@)=0)=—

First we draw each curve as separate graph

N/
/(1,0) b (—1,0)\ /(1,0)'X

y=(nx| y=I(n [x|

I

(1,0) (-1,0) (1,0)

My=(nx

NOTE : Graph of y = fix) | can be obtained from the
graph of the curve y = f{x) by drawing the mirror image
of the portion of the graph below x-axis, with respect
to x-axis.
Clearly the bounded area is as shown in the following
figure.

y

y=—(n (—x) y=—inx
>X

-1 0 /1
y={(n (—x) GI (nx

1
Required area = 4I (—Cnx)dx
0

= —4[x Ln x—x]:) =4 sq. units
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Definite Integrals and Applications of Integrals
7. @

y==x+1 A\(03)

(-1,2) y=x-1
(2,1)

~

(1,0)

A= [{G+x)—(-x+D}dr+
-1

1 2
[{B=x) = (x+D}dx+[{3-x) - (x-D}dx
0 1

y=3+x y=3-x
0

0 1 2
= [(@+2x)dx+ [2dx+ [ (4-2x)dx
-1 0 1

270 1 272
=[2x—x ]_1+[2x]0+[4x—x ]l
—0—(2+1)+(2—0)+(8—4)—(4-1)
=14+2+4-3=45sq. units

b b
1=jxf(x)dx =j(a+b—x)f(a+b—x)dx

b b
= (a+b)| fla+b-x)dx—[xf (a+b-x)dx

b b
= (a+b)[ f(x) dx— [ xf (x)dx
[-- given tﬁat flat+b —ax) =fx)]

b (a+b)5
20 = (a+b)| f(x)dx =1 =ij(x)dx

[,

S(x)

Integrating log f(x) = x+c = f(x)=e€**¢
fO)=1= f(x)=€"

} F(x)g(x)dx = }e"(x2 —e¥)dx
0 0

Given f'(x)= f(x)=>

1 |
= [x2e*dx— [e*¥dx
0 0

1 1 1
- [x2 x]o —2lxe* _ex]o _%[er]O

e
2 2
—e— e 1 —2[e—e+1]=e_e__i
2 2 2 2
1 1

I=[x(1-x)"dx=[(1-x)1-1+x)"dx
0 0

1
B j(l_x)x”dx ~ xn+l ~ xn+2 1 1
0 n+tl n+2 | T+l n+2

10. @

1. )

n r . .. ..
. 1 —
ﬁinw Z Zen [Using definite integrals as limit of sum]

r=1

1
=Ie"dx=e—l
0

3 3
2. @ JN-x7lde=[[x*~1]ax
-2 -2
x> -1 if x<-1
Now [x% —1]={1-x* if -1

x
-1 if  x2l
-1 1 3
.. Integral is I (o ~ D "‘I (1-x%)dx +I (x? —T)dx
-2 -1 1
-1 1 3
X x x>
?—x + x—? + ?—x
-2 -1 1

b (2 )

2 2 4 2 28
=—+—+—+6+—=—
3 33 3
r
2 2
(sin x + cos x)
13. (¢) I=|——m—dx
© '([ v1+sin2x
We know [(sin x + cos x)2 =1+sin2x], SO
i ]
2 e 2 2
1= I (SIFJH- cos x) = I(sin X + cosx)dx
0 (sinx + cos x)
0
[ sinx+cosx >0 lf0<x<§}
il
orI=[-cosx+sinx|3 =2
T T
14. ) Leti= [xf (sinx)dx = [ (m—x)f(sin x)dx
0 0
T
m 2
2l =nf f(sinx)dx = n.2[ f(sinx)dx
2 0
il
2
s = njf(sinx)dx:A =7
0
e e
5. @ fW=——=f(x)=—e ]
L)+ f(=x)=1V x
f(a)
Now I= [ xg{x(1-x)dx
f(-a)
f(a)
- [ (-»gix-x)ax
f(=a)

b b
usingjf(x)dxa=jf(a+b—x)dx

2
=12—11:>211=12 Z=2
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16. () The required area is shown by shaded region
Y
Required Area

3 3 2
A=[lx-24dx =2f (x~2)dx =2{%—2x
1 2

1 |
2 3
17. ® I=[2"dx, I, =[2"dx,
0 0

1 1
2 3
=[3=_[2" dx, I4=I2x dx‘v’0<x<1,x2>x3

0 0
1 2 1 3
= [27dxe> [2Vdx o L>l
0 0

18. (a) The graph of the curve y =log, (x +e) is as shown

in the fig. y
S| Ao
Ry ()
N 0 X
x+e=0

0
Requiredarea 4= I ydx =

l—e l-e

put x+e=¢t=dx=
Atx=0,t=e

e—e—0+1=1
Hence the required area is 1 square unit.

19. () Intersection points of x* =4 y and y2 =4x are
(0, 0) and (4, 4). The graph is as shown in the figure.

0
[ tog, (x+e)dx
dt also Atx=1-¢,t=1

e
- A=[log, tdt =tlog, t—t]]
1

20. @)

21. ()

22. ()

Topic-wise Solved Papers - MATHEMATICS

By symmetry, we observe

4 4 2 37
S1=S3=J‘ydx=jx7dx={x—] =?sq.units
0 0

12
0
2 2 o]
x 2x2 ¥
Also 8, = || 2Vx -] de =| -
)" =5 n
2 0
=— 8—E=Esq‘units
3 3 3
S1S2S3=111

Given that j f(x)dx = Bsinp+— cosﬁ+f 2B
n/4
Differentiating w.r . t B

S(B)= B cosp +sinB - Zsinp + v2

IENE AN

Let] = f cos? x o

n 1+a*

_ T cos?
el 1+a *
b
[Usingjf(x)dx= jf(a+b—x)dx
_ I T cos? x
1+a” -2

Addlng equations (1) and (2) we get

de Icos xdx

K (1+a
21= 0s?
__[[c S xLH

E 113
—2Icos xdx—2x2‘|2cos xdx= 4Is1n x dx

0
r

0

T

2 2
:>I=2]sin2xdx=2 I(l—coszx)dx

0

=TI1+] 2(2)_n :I=%
6

P R
3 9—x+x/;

1—6 °0-x 4
It o
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Definite Integrals and Applications of Integrals

b b
[using J'f(x)dx=jf(a+b—x)dx]
a a
Adding equation (1) and (2)
6
2 =[dx=3 = 723
3 2

8. @ I= { xf (sin x)dx = { (7 —x)f (sin x)dx

/4
= ﬂjf(Sinx)dx—I = 21=njf(sinx)dx
0
/2

= —jf(smx)dx T I S (sin x)dx

n/2
= I f(cosx)dx
0
s
2
I= [ [(x+n) +cos’ (x+3m)ldx
3r

2
Put x+z=1¢

4 4

24. (0

2 2
I= j [ +cos? f)dt =2 J' cos tdt

4 4

2
[ using the property of even and odd function]

T

2 4
= [@+cos2)dr==+0
2
0
Let a =k + h where k is an integer such that [a] =k

and 0<h<l

25. ()

2

a 3
@ = | 1f'(x)dx+jzf ) 4
1 1
k+h

j (k —1)dx + j Kf '(x)dx

{f(2)—f(1)}+2{f(3)—f(2)}+3{f(4) f(3)}
Fo ¥ (k= 1) {RE)—flh— 1)}
+ k{flk+h) —fk)}

=—fM-f2)—f(3) ... —f(k)+kf (k+h)

=[alf (@ -/ O+ Q)+ Q) +........f([a])}

26. (c¢) Givenf(x)=f(x)+f [ 1) ,Where f(x)= I log !

~ Fo=fer+s()
log t 1/elog ¢
drs | 1+¢

l/elog ¢
1+¢

> Fe)= j dt ...(A)

Now for solving, I= j

. Pu l=z:>——dt—dz = dt——d—j
t 2 z

andlimitforr=1 = z=landfori=1/e =» z=¢

= Iel"g@( dz) =IEM[_£]

- 2
1 - l 22 1 z+1 z
logz( dz) _
=\ - — o logl=0
124D\ Z L logl=0]
_ (¢ logz .
1 z(z+1)
(e logt¢
T (e+1)
b b
[By property [’ f()di= [ f(x)dx]
Equation (A) becomes
logt e logt
——d
Fe= L I1 t(1+1)
J~etlogt+logt I (logt)(t+l)
L i(1+9) t(1+1)
elo t
= Fo= =5
Letlogt=x " ldt=dx
t

[forlimitz=1,x=0andt=e,x=loge=1]

5!
“FE)= [ xde Fle)= {"7] = Fe)=5

27. @ Iﬁt -

—
|
_
N a

T

= sec!x—sec’'2 = 5
T T T
= seclx—Z == = seclx=Z4+2
4 2 2 4

3n
= sec’lx= STn = X=sec 7 = x=—42
28. (a) The area enclosed between the curves
y?=xandy=|x|
From the figure, area lies between y> =x and y =x

yox

Y‘
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29. ()

30. @

) 1
-+ Required area = IO (y2 = »)dx

31. )

1
3/2 2
1 | _x
=Io(‘/;‘x)dx_[3/2 2]0
o 2l¥ Jo

- Required area = %[xyz]l _l[xz]l =§_

We know that w<l,forx €(0,1)
x

sinx

:W«/; on x (0, 1)

1. 1 327!
sin x 2x
:I dx<jx/;dx=[ 3 }

0 0 0

&

mn

=

cosx _ 1
Jx o Jx
forxe(0,1)

2 2
dx<:§::ﬁl<?gpuso

U

O t—y —
m.
a

1 1
- '([cosxdx<£x—1/2dx=[2\/;]: -9

B

COSXx

= dx<2=>J<2

O —
By

x+2y? =02 = —%
[Left handed parabola with vertex at (0, 0)]

x+3y% =122 =2 32 (©

[Left handed parabola with vertex at (1, 0)]
Solving the two equations we get the points of
intersection as (-2, 1), (-2,-1)

3. @

1
[ a-3y*-2y*)dy
-1

1
{_ﬁ}
Y73
-1

Topic-wise Solved Papers - MATHEMATICS
2 4 .
=2xXx—== sq. units.

IC T e

The given parabola is (y—2)?=x—1

Vertex (1, 2) and it meets x—axis at (5, 0)

Also it gives y2 —4y—x+5=0

So, that equation of tangent to the parabola at (2, 3) is

1
y3-2(y +3)—5 x+2)+5=0o0r x-2y+4=0

which meets x-axis at (—4, 0).
In the figure shaded area is the required area.
Let us draw PD perpendicular to y — axis.

Then required area = Ar ABOA + Ar (OCPD) — Ar
(AAPD)

3
=%x4x2+j‘0xdy—%x2x1
3 w-2° T
_ 2 _ Y-
_3+Io(y 2)"+1dy 3+[ 3 +y}0

= 3+B+3+ﬂ = 3+6=9Sq. units

Letl= j: [cotx] dx (1)

= [ leot (v—0)] dx = [ [-cotx]dx ()
Adding two values of I in eq™ s (1) & (2), We get

20= j; ([cot x]+[~cot x])dx =L;t(—l)dx

[~ [x]+[-x]=-1, if x ¢z and [x]+[=x] =0, ifx € z]

T
=[=ly=-n =1=-3

oS X sinx

Alarf
N a

Area above x-axis = Area below x-axis

GP_3480



Definite Integrals and Applications of Integrals o M-s-315
.. Required area
y x=e
T T N N
4 2
2 I (cosx —sinx)dx + I (sinx —cos x)dx +I sin x dx
0 n T
4 2 y=x
=4J2-2 /
4. @ p'x)=p(-x)= px)=-pl-x)+c
atx=0 (1, 1)
pO)=—p(1)+c = 42=c¢
Now, p(x)=—p(1-x)+42 = p(x)+ p(1-x)=42 B(e l)
1 o | ¢ .
= I={p(x)dx ) C
0

1
= I=[pl-x)dx (i)
0

1
on adding (i) and (ii), 2/ = [ (42)dx =1 =21
0

1
5. @ I-= j—SI"g(l;”‘)dx
0o 1+x
Putx=tan 0, - % = sec? 6 = dx = sec’ 0dO
n1=8 j Tlogll+an®) 26
0 1+tan’ 0

n/4
=8 [ log(1+tan0)d®
0

/4 n
8| log|1+tan| ——6||d6
‘([ og[ an(4 H

/4 1—tan® n/4
8 | log|1+ do =8| 1
-[ 0 [ 1+tan9} '([ og[

n/4
=8 [ [log2-log(l+tan 6)}d0
0

n/4
I=8. (log2)[x]n/4—8 I log(1+tan©)d0
0

T
I= S.Z‘log 2 -1 [From equation (i)]

= 21 =2nlog2, - I=mlog2

36. (b) Areaofrequired region AOBC

3

1 e1 1
= |xdx+|—dx =—+1== ;
—,([ -!x ) ) Sq. units

do
1+tan©

2_y

37. (¢) Given curves x and x% = 9y are the parabolas

whose equations can be written as y = 4x? and
y= lx2. )

1

Also, given y =2 %y 9
, 8 y . y=2

X

Now, shaded portion
shows the required
area which is -
symmetric.

Area= 2}(\/@ - \/%de

Area= 2E[3\/§ —@J dy

X+T
38. (b,¢) g(x+m)= I cos 4t dt
0
T T+X X
= Icos4tdt+ '[ cosdtdt = g(n)+jcos4tdt
0 m 0
Putting =7+ y in second integral, we get
T+X T
I cos4tdt = Icos4tdt
x 0
=g(M+g)=gx)-g(m
- g(m)=0)
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/3
dx

Jdm/m
_ ff3 I 3 Jtanx dx

m61+ /tan(; xj wgl+ianx

Also, Given, I

_ T Jtanx dx
n,61+«/tanx

Byadding (1) and (2), we get
/3
21= [ dx
n/6

39. @ Letl=

= I= Lir_= =£, statement-1 is false
213 6] 12

b b
[ feydx=[f(a+b-x)dx

a a
It is fundamental property.
Given curves are

y=x

and2y—-x+3=0

On solving both we get y=-1, 3
Ya

40. ()

Q)

(D
Q)

/:_7

Required area = i{(2y+3) —yz} dy
0

3 3

=2 +3y- 2 5| =9

0

T
. 2 X X
41. () Let/= j\/l+4sm 5—4sm5dx
0

j
n/3

- j (1 2sin— ]dx + j (2s1n£—1)d
2 3 2

R

2sin£—1‘dx
2

X T

Cox 1 T X
oSl =—D—=— D X=—, —=—>=X
3°2

2 22 6 6

¥ /3 x T
=[x+4cos—} +[—4cos——x]
21y 2 s

ﬁ{ﬁn

“Eia gy
3 2

X

O-—m+4—+— -
5 J 43-4 3

42. (c)

43. )

44. (a)

45. @

Topic-wise Solved Papers - MATHEMATICS

Given curvesare x> +y2 =1 andy?= 1 —x. Intersecting
pointsarex =0, 1

Area of shaded portion is the required area.

So, Required Area= Area of semi-circle

+ Area bounded by parabola

2 1 1
= %+2J‘\/l—xdx = §+2I\/l—xdx
0

(- radiusof circle=1)

Required area

KD
/

= Area of ABCD —ar (ABOCD)

1 1 2 2 7 37
+1
[ o | Zo=iLn] 3]
-1/2 -1/2 -1/2 -1/2
SR
40278] 48 32 48 96 32
I—} logx2
2logx2+log(36—12x+x2)
4 2
I= I 2 e 2 ()
> logx” +log(6—x)
[ [ log(6—x) )
> log(6— x)2 +log x2 -
Adding (1) and (2)

4
2A=[dx =[x]y=2=1=1

A2

(0] B

2,-2)

Points of intersection of the two curves are (0, 0), (2, 2)
and (2,-2)

Area= Area (OAB) —area under parabola (0 to 2)

2 2
=M—jﬁ«/; dx =1t—§
4 : 3
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