Exercise 13.3

Answer 1E.
It 15 a smooth curve given by r (1 =x (D)i+y (&) j+z () k, onan interval [a, &], then

2
the arc length of & on the interval is 5 = J-J[x'lz.t)ilj + [y'(.t)ilg + [z'[.ﬁ)]z df

e (2)] e

Fa P 2

Wehaver'(£) = z'(£)i + y (£)] + 2' [tk
J.

Evaluate ' [z

X(5) = 2()

dt
= 1

Mow, find " (ﬁ) .

¥t = %[3 cost)

= —3ani

Determine z'[f,) .

2(e) = %EESin.ﬁj

= Aozt

Weget r'(£)=i— 3sing +3costk
We know that || r'(z) || = \f[ x'[r.)ilz + [y'[ﬁjlilz + [z’ [E)T .
[£(2)]| = JOOF + (~3sine)’ + (3oose)

= Jl +9sin’t+ Ycos’s

= 10




Substitute =5 fora, 5 for &, and \",l_l:l for ||r'|:.ﬁ) ||

5= iq‘ﬁdﬁ
s

10,10

The length of the curve is obtained as 10410|
Answer 2E.

Nt =<2t 2. (133>
rN't=<2 2t 2>
i((r)' 6= 212 + (21)2 + (12)2
— A7 2 4
— W5 T 5L TS
= 2+272
={2+2
— e |
= __'i.-].l



Answer 3E.
Consider the curve r(r)= (ﬁ:)i+e’j+e"k.

Find the arc length of the given curve on the interval <y <]1.

Here,

J2t ()
e ......(2)

e’ - (3)

Differentiate (1) with respect fo 1, get
de d -J-
— ==\
drdr ]

=2

Differentiate (2) with respect to 1, get
dy_d,
=€)
=¢
Diiferentiate (3) with respect o I, get

X
b 4

L]
[}

& d;
aa)

= —E_"

The parameter ¢ varies from 0 to 1.

Arc length of the curve on the interval Q<f<] is.
-[ET BT B+
Wlar] "Lar] "L
J(Jf }I +(e ): +(-€" )zd:
N2+ +edt

& ey 5 ey

—
-
b

i e +e’) dr
!(s oY
[ r

e —e ]I.
[el —e")—(e"—e“)
(e—e)-(1-1)

Hence, the required arc length of the given curve on the interval Q<z<1 is



Answer 4E.
First find the derivative r'{r}Df the vector function (1).

Differentiate each component of r{r}tn find the derivative of the vector function. Then,
; d
ryf)=—rir
(1)==r(1)
d v o
= E[msﬁ+smu+]nmsrk}

d d, . d
=—/|cost|Ji+—(sinr ) j+—(Ilncosr )k
= (cost)i+ 2 (sin)j+ - (Incosr)

- = = _'s“inr
=—sinfi+cosfj+ )k
cosi
=—sinfi+cosfj—tanrk -
Now. find the value of |r‘{!H:

[r’(1)| =|-sin i +cosj— tan k|

= J{—sin 1)’ +(cost)’ +(—tans)’ USE |ai +bj+ck|=Va® +b* +¢*

=Jsin®r+cos’ f+tan’ 1

:J(m2r+cm’r)+m2r

=‘\“.+tﬂl'|=.|'

=Jsec’r

=secr.

Now, use formula (2) and find the length of the curve (1) for 0 <r < %as fiollows:

L= I:Ir‘[;]ld; Write formula (2)

L =I:"sncrdf Because |r'(1)|=sect

=[]n|:=.c:::::+mrur|:|:H

=]n‘5ec£+ lan£|—]n|secl]+ tan 0|
4 4

=ln|ﬁ+l|-ln[l+q

=In(v2+1)-In

=In(v2+1)-0

=]_'|'[(-q"§+|)

Therefore, the length of the curve (1) for 0 < ¢ g%is L= In(ﬁ+l) :




Answer 5E.
Fle) =i+ j+ £k
P =26 438k
(e} = (22" +(32)’
= 47 + ot
=i+/%" +4

The length of curve line 18

1
I= Iwgzz 4 s

o

Substitute 922 +4 =
185d£=du:‘~£cf£=cfi;

When i =0 thenu =4 and whenf=1thenu =13

13
Therefore L= I(u)%d%u
4 18

1 u% 13
=13i3[13%_4%]
i

SuEE

Answer 6E.
— - EVat -
r[:)=125i+85/5;+353£:, 0=¢=1

NOE 12 +12072 5 + 6 &

]

|F'(;)\=\/1zﬂ+(1zf[;%) +(62)
= 144 +144¢ + 36
= 64+ e +1°
= 6, f(t+2)
=6(t+2]




The length of the curve 15
1

L=[6(+2)at

0
1

=[5%+13HU
=[3:f*+1zzj]:

= (3+12)—(0)

=[15]

Answer 7E.

The objective is to find the length of the curve that has the vector equation
r(r)=(7.r.r'), 0<1<2.

To find the arc length first differentiate r(r) with respectto «.

, (d . . . )
v(t)=(—r.—r.—1
dt “dr di
= (2;,3;*,4; }

The formula for the arc length is 5(7) = r|r’{;)|d;_
Here g=0and b=2.
Determine |r'(r]| as:
FO]= () +(3¢) +(40)

—J47 + 9 +161°

Substitute the values in the integral.
s(t)= j-(J4!3 +97' + Iﬁr")d:
L]
= lr’Jlﬁ:*+9ﬁ+4+£sinh-'[lﬁ{32ﬁ+9]]+1J1ﬁr*+9r=+4
4 1 35 128

024

_137 poe 175 (137 ) 175 9
- 296 + sinh ( J_] sinh” [ J-) 128

1024
_157 ITS . 137 I?5 b 9 9
—J7|-=
J_ 1024 [ J‘] 1024 [ J_J
=|8.6833

Therefore, the length of the curve 5 ||2.68331.



Answer 8SE.

It ©' 15 a smooth curve given by rit) = x(£1 + ()] + z(£)k, on an interval [a, &], then the
?

arc length of O on the interval1s 5 = J-\j[xrlz.ﬁ:l:lj + [y'li.ﬁ):lg + [zr[.ﬁ):lg di = _il-"r'[.i:]” dt

a

Wehave r'(¢) = 2"()i+ )y ()i +2'(e) k.

Evaluate x' I:.ﬁ) .

MNow, find »(2].

Y = 2 {e7)

"

Determine = [f,

-t -t
=g — iz

We get v () =i - g7 + IZE"— .ﬁe'!)k
We know that ” ') ” = J[x’[.ﬁ)]z + [y'(ﬁj]g + [z’ [z)]z .
(@) = 0+ (=) (- )
= Jl+ 26 - 2t it

Substitute 1 fora, 2 for &, and Nl/l+ Ze - te™ 4 e for ||r'|:.ﬁ) ||

3
5= .I-.,fl+ D DpeH g fReTH s
1
= 20454

The length of the curve 1s obtained as [2.0454)




Answer 9E.

Approximate L using a calculator.

m= 0=<t=< %
r' (r) == (cosr, —sinft, sm:.r)
r'{l}|= Vcoszrfi- sin"t+sec = \‘l +sec'r

L= [llr lds

L= [ V1 +sec’t dr

Approximating on a calculator gives 1.2780

Answer 11E.
A curve C is the intersection of the parabolic cylinder x* = 2yand the surface 3z =xy -

The objective is to find the length of the curve C from origin to the point (6,18_36)_

The length L of the curve r(r)for g < < pis defined as,

L=[ [ @|dr-



First find the vector equations of the curve C.

The projection of the curve C onto the xy-plane is the curve,
e
x*=2y,z=0.0rL y=?,3=0.

2
So. choose the parameter x =/ . This implies that = £
2

Because, the curve C also lies on the surface 3z =xy . then, z= %1:];. This implies that,

i
Il

=

NI“M

> |

Hence, the parametric equations of the curve C are,
rl

!.3
X=I, ‘t’:E' 3=E-

And, the corresponding vector equation of the curve C is,
z 3
[
l'(f) =<f?31E>. (2]

Now. find the derivative ¢'(¢)of the vector function (2).

Differentiate each component of r{r}tn find the derivative of the vector function. Then,
. d
t)=—ri|1t
r (1) =2r ()
_df,rr
di\ 276
d, . d(f)d(rF
— _{‘f}:_ = 1
dir " dt\ 2 ) dr\ 6
=(l.r,lﬁ).
2



Now. find the value of |r'{.'H:

(I,t,l.rz)|
2

X
= Jl’ +r +(%.r=) Use [(a,b.c)|=Va' +b +¢°

F -

Find the parameter values t corresponding fo the origin (0,0,0)and (6,18,36).

The parametric equations of the curve C are,

I r

-
-

6
Substitute x =10, y =0, z =0into the parametric equations and solve for .

k=t y=

2 3
0=1, 0==, 0=L.
2 6

Solve these equations for £, it implies that y = (. Hence, the parameter value corresponding to
({Lﬂ,{l]is 1=0-
Substitute x =6, y =18, z =36into the parametric equations and socive for .

2 3
6=1, 18=., 36=L
2 6

Solve these equations for £, it implies that y = §. Hence, the parameter value corresponding to
the point (6,18,36)is r=6.



Now, use formula (1) and find the length of the curve C from (0,0,0)to (6,18,36). that is. for
0<r<6as follows:

[= I:lr‘(;}ld; Write formula (1)

L :I:[H%)dr From (3); |r'{;].|= |+;

=42
Therefore, the length of the curve C from origin fo the point (6,18,36)is L = _

Answer 12E.
Consider the following length of the curve of intersection of the cylinder:

4 +y' =4

Theplaneis x+ y+z=2.




Find the parametric equations for the curve of intersection and substitute into the formula for
arc length.

The first step is to find the parametric equations for the circular cylinder, which has the
equation 4x* +y: =4.
Let x =cos{. 50 the equation is as follows:
4 +y' =4
V=442
y=v4-4x

y=2J1-cos’t Sincex=cost
y= 2Jsin’ t
¥y=2sint

The curve of intersection with the other surface is the curve that satisfies the equations for both
the surfaces.

Substitute x=cosrand y=2sint inthe plane x+y+z=2.
x+y+z=2
cosf+2sinr+z=
z=2-cost—2sint

Since in order for a point to be on the curve of intersection it must satisfy all of the constraints,
and have parametric equations for the curve of intersection:

X =cos/

y=2sint

z=2—cost—2sint



Recollect the arc length equation:

-5 +(2) (3]

Here x=cost, y=2sint, and z = 2 —cost—2sin{

Because all components depend only on cosf Of sint-

The curve is periodic repeating itself every 24 . Therefore obtain imits of ;=0 and y=25 to
traverse the curve of intersection once.

Now find the derivatives of the parametric equations:

E:i mr]
dr dr

=—sin/
£=£(Zsinr}
dr  di

= 2cos/
E=i{2—r.:n::»s.!—lsitl.!)
df  dif

=sint—2cost

To find the range of f integrate at f = (). the position being (],{],]]. Retum to this point after
one cycle completes at § = 2 . Hence, equation is of the following form:

L= I:' J{—s..in.r}t2 +{2cu5f}z +(sinr— strjzd:

iz - 3 - . ¥ 5 2
=L Jsm'.r+4ms‘r+s:|n‘r+4ms'f—451mmsldl

L= I:' J2sin® 1 +8cos 1 — 4sinrcoszdr

Use maple software to evaluate the above integral
Maple Input:
int(sqri(2*sin(t)*2+8*cos(t)*2-4"sin(t)"cos(t)), t = 0 .. 2*Pi);

Maple Outputs:

LS
Iﬁ Jlﬁi—ﬂ{f]l + ﬂms(l}z — 4sin(r) cos(r) dr
0

=13.519
Therefore, the length of the curve of intersection of the cylinder 4x? + }.3 = 4and the plane
x+y+z=2I5 |13.519



Answer 13E.

()= 268+ (1-3) j+(5+4e)k
(€)= 28 +{-3) +4k
= 21-3j+4k

Therefore £ = £

J29

The re parameterization of the curve is

Answer 14E.

Then

oo

F(e(s)) = 2%?{1—3%}}{5%%}%

Fle)= e cos2ei + 27+ sin Dtk
7 '(ﬁ) = (2221 cos 2 — Ze¥ sin 25]?+[2e2! sin 2f + 2e¥ cos Ezjﬁ?

ds |_..I

=

= JI:EEEI (cos 2f — s1in E.ﬁ)]g +|:2.;=:2:r (sin 2+ cos E.ﬁ)T

P
= /82

=2\EEEI



1eE. g™ =
LE i=

Answer 15E.

Consider the parametric equations of the curve (-

x=3sinf ------ (1)

z=3cost ------ (3)
Substitute y = in the given parametric equations, get
x=3sin0
=3(0)
=0
y= 4[!]}
=0
z=3cos0
=3(1)
=3
So, the point {{],l], 3] be any point on the curve ( corresponding to ¢ =0,
Here, the initial pointis =0,
Find the terminal point y =} if the arc length is [ =5 units along the given curve.
Differentiate (1) with respect to 1, get
% = 3cos/
Differentiate (2) with respect to 1, get
L4
Differentiate (3) with respect to 1, get

é =—3sinf.
dt

The parameter ¢ variesfrom 0to Ak



Arc length of the curve is

ARHEER

I
= !J[Smsr]z +[4]2 +[-3sin .r]:df
!

= [V9cos® t +16+9sin” tdr

- iJQ{cus:r+sin’f)+ 16dr
(1]

b

=I 9(1)+16dk

Given that, arc length [ =35,

e g
"'Lﬂlt.hgg

Therefore, the terminal pointis ¢(=5)=1.

Find the point on the curve ¢ when s =1.
Substitute =1 in the given parameitric equations, get
x=3sinl
y=4(1)
=4
z= 3:!33{1)
Therefore, after moving 5 units along the given curve in the positive direction from the initial

point (0,0,3), the position of the person on the curve is ((3sin( I].4,3ms(l})|.




Answer 16E.
The given vector equation iz

- 2 ~ 2i »
() :[52 +1 _1} +[zz +1]J

_ ]

Then 7'(t) = — 5‘+[2 25 )}

[:3 +1]2 (53 +1:|2

~ 166 4+4t -5
£ o )
[:3 +1j [zf* +1j

A4
Wow the point (1, 1) corresponds to parameter £ =10
ds |~
Then E:‘r I:-ﬁ:l‘
Andso &= s(ﬁ)

Therefore £ = tan (g]

And the required re parameterization 15 obtained by substituting for £

=
Stan [ £
2 . E’n[zj .

-1+ — .y Y
tan:*(—jﬂ
2
2

Z

= 2c¢52(§]—1J5+5in5j

= cos(s)f+sins}

—-

Hence | (.ﬂ:s:l) = cossiFiin S}

The curve 15 a circle with centre at origin



Answer 17E.
(a)

The vector functionis r(¢)=(t,3cost,3sinf) .

Differentiate both sides with respectto ¢ .

r'(7)= (F: ;3::05: ;33|n1>

=(1,~3sint,3cos?)

=i — 3sin{j + Jcosrk

: : : r'(s)

The unit normal is T(t) given by | - (f)l
r

Also,
|r‘(f)| = J(I): + (-35'tm): + (3:05!}:

= \(’{I]2 + 9sin’ 1+ 9cos 1

= J1+9

- 10

. . r'(7)

Substitute these values in T(z) = |r' (f]l

i—3sinsj + 3cosrk

(1) = =

1 —=3sins 3coss

The unit tangent is T(r) = (

Jio” Vio T Vo

)_



T'({)
ITO]

i —3singj + 3cosrk

NI

The unit normal vector is N(7) =

Consider the expression, T(r) =

Determine T'(r).

(1) =%[i - 3sin:];I% 3::05:[;]

=3costj — 3sinrk

) J10

Evaluate |T'(r] ]

- 5[]

_ |9cos’ 1 + 9sin’t

- 10
_ 3
V10
_ . T'(1)
Substitute these values in N(7) = IT' {f}E

T
NO = o)l

—3cosfj — 3sinrk

J10
3

Jio

=—cos1j — sin/k

(0,—cost,—sin¢)




) - [T

P o crimrstiirse oF 5 o srus i o = -
= = =1 = = L= =
I Al WAL - A O R WG B WG ity K -

|r'(7)]
3
x(r) = Y10
J10
_ 3
10
T here o e =) = e i
10

Answer 18E.
r[.ﬁ) =<t sini—tcost, cosi+ising >
r

'[zf:]= < 2f, c@sﬁ—[cosﬁ—ﬁsinf,:l, —sinf+sini+fcosi >
= < 2F Fsini, fcost >

()| =[ (2) + (esine)’ +(;ms;f]%
=[42* +*sin® £ + £ casﬂz]}ﬁ
= '432+53:|%

_ :532]}'5

(&)

= — < 2f, fn i, fcost >

1
J5¢
< 2 Lsin.ﬁ Lmsﬁ}
VB EE
1

f;'(f,)z <, —rcosé, —sint =

V3 V3

‘?'[z)‘:[ %msﬂl(_%smrr

1, 1, Tﬁ 1
=|—cos i+ —s51n"{ =—
| 5 5




1
N( c:osf, ——zini =
NG
V{'_

<[ cosf, —siné =

(E)

=1l

(@)
()

The curvature 1s k(g) =

R

=] il

I_h
-

Answer 19E.
F( )— c:,f‘ 2t 2!

28—t =

| J (=

2+€ g7
JH L

"'s-l-

(4)

Flo= L) <2

_u'r_e? 2 —1}
2+ e 417 6 41

f’h'[z) (e +1).\EE —\EE [EEEE:I (egt+1) 2223—223[2.92’) Dt
= , . =
(¥ +1) (¥ +1)’ (¥ +1)’

< -.,n'f_lze' g — 2@3’) 28" 400 — 20 2%

- -iﬁl[é'!—é‘h), 2@21, 2&'23}



‘?'[3)‘: ( 2111)3 \/[w.@(ef —e3’)]2+(2e‘2’)2 +[2g3’f
g
= ( 211 :|2 ~.,|f2.;?2:r+2.;?'5:r —de* 4+ 4a¥ + 42
g* +1

= [ 211 1:|2 -\-’Exjg g +20% +1
g +

_ \Eet (EE:H.]
|:»5~.':”+1)2

N2e

2 +1

MNit)= :

= %{1—@3’, NEF NP




Answer 20E.

(@)
Consider the following position vector;

r(f)= (r,%t“,r’}

The objective is to find the unit tangent and unit normal vectors.
The unit tangent vector can be obtained by the following formula.

r'(r)
T(t)=—=
Find the derivative of the vector.
1
"(t)y=(1,—-21,21
r'(7) ( 5 >
=(1,1,2r)

Find its magnitude.

() = 1) +(e) +(20)
=1+ +47
=J1+5¢°

Now, find the unit tangent. using the formula, T(r) =

r'()
' (o)

Plug in to the unit tangent vector, to obtain T(r].

-2

o (1,1,27)

J1+5¢2

Therefore, the unit tangent vector for the vector is T(¢) =

V14578

{1,2,20)].




The normal vector can be obtained by the following formula

N() =)
(1))
1
Find the derivative of the unit tangent. T(?)= -J_’ (1L,1,2r).
1+ 5¢°
145 - 2145 -
-.-'I+5! \-' +51°

T I = = t]
*) (;+5,3}J1+5,1 1+ 56 1+5¢°

_[_ 51 1+ 51" - 51 241087 -10¢
(1452 )V1+52 (1452 )V1+5¢ (14562 )1+57
I
(14581458

(-l,sﬁ-51+|,1m*-|m+1

Find the magnitude of the vector.

[ (*11

J1+[5:= ~5t41) +4(57 -50+1)

+5¢° )JI

JHS 51 - 5.r+l]

(|+5; )Jl +57°

()
()

Now, find the unit normal vector using the formula, N(r)=

Plug in to the unit normal vector, to obtain N{r]_

1
{I+5!3)J]+5r3

-
) I
: J1+5(s8 -se+1)

(-1,5F —5t+1.10¢° -|m+z)

N(r)=

-5t+1)

(1,56 =5¢+1,107 -10r + 2)

Therefore, the unit tangent vector for the vector r{f}: (f,%rz,r:’}is as follows.

NE)= J|+5(5r=—53‘+l}3

(-1.5¢ =5t +1,10, —10¢ +2)|




b)
Find the curvature of the vector.

The curvature of the vector can be obtained the following formula.

LT
O]

Plug in to the curvature of the given vector, to obtain .

{1+5:’-'}JI+51 J1+5{5r 5;+|)
JI+5r
Jl+5[5r 5.r+l)

(]+5a‘z

Therefore, the curvature of the given vector is |[X

Answer 21E.

Consider the vector function
r(f)=rj+rk (1)

Recall the theorem,

(l+5f )

J]+5(5r’ ~st+1)|

The curvature of the curve of the vector function r{f}is

FOe]

"(f}: |r,{fH3

(2)




Compute the first and second derivative of vector function r(r).

Recall the theorem,

it r(¢)={f(r).g(r).h(r)). where f,g, and h are differentiable functions, then
KO =(r0).gOH0) ()

Using (3). the first derivative of the vector function r(r)

" d k d b
ty=—Ir —| " |k
F(1) =S ()i+ ()
r'(1)=3"+2k
Therefore,
r'(f)=3rj+2k

Using (3), the derivative of the vector function r'(r)

di,a,, d
(1)=—(3 )j+—(21)k
r(0)=—(3r)i+—(2)
r'(r)=64+2k
Therefore,
r'(r)=66+2k
Compute. |r'{r}x r'[r]l
First find the vector r"(1)xr"(r)

i j k
r()xe"(f)=l0 37 2
0 6r 2
=i(6' -12r*)- j(0-0)+k(0-0)
=—6"
Therefore.

r'(r)xr"(r)=-6r"



The magnitude of the vector function r’(r)xr"(r)

[P ()xe (1) = (~6) +0+0

=617

Thus,

Ir'{t)xr'{f] =617 .. (4)

The magnitude of the vector function r'(r)=3r"j+2ik
()| =3¢+ 2K
= (3!'2 )1 + {L"}z

=Jor* + 47

Therefore
r(0)|=Nor+a¢| (5

Substitute the values of |r'{.f}x r'{r]land |r‘{.fH from (4) and (5) in equation (2)

I{{f)Z |r'(f}xr'(!ﬁ

I (f
___ 67
x{:}—( 91*4-4;*];
(1) =—2

(Vora)

Therefore the curvature of the curve of the vector function r[f}:r’j +1'k is

6‘2

K(t)=——=
(m ]




Answer 22E.
Consider the vector function
r(r)=d+rj+ek (1)
Recall the theorem,

The curvature of the curve of the vector function r{f)is

_F(0)xr ()
|r’{.")|J ------ (2)

Compute the first and second derivative of vector function r{!].

(1)

Recall the theorem,
It r(t)= (f{:},g{r),h{r}}. where f,g, and h are differentiable functions, then

r'(0)=(/"(1).g'(1). (1)) — (3)

Using (3). the first derivative of the vector function r(r)

=L+ 2 () i+ 2

r {r]—d![r]ndr(f ]j+dl(e')k
r(r)=i+2j+ek

Therefore,

r'(t)=i+2j+ek

Using (3), the derivative of the vector function r'(r)

. dene don. dg,
r [IJ=E{1}|+E{E}1+E[E }k
T'(I}='|}i+2j+£‘gk

(1) =2j+€k

Therefore,

r(1)=2j+ek



Compute, |r'{r)x r'(r]l

First find the vector r"(r)xr”(7)

i j K
r(r)xr"(f)=|l 2r ¢
2 ¢

=i(2e'1-2¢')-j(e' -0)+k(2)
=2ei(r-1)—€'j+2k
Therefore,
r'(1)xr’(r)=2¢i(r-1)-€'j+ 2k
The magnitude of the vector function r'(¢)xr"(r)
' (1)xr(r)| =|2¢i(r—1)-€'j+ 2K
= (2 (=) +(-€) +(
= Jdez‘{r—l}z +e +4
= Jae*r? —8e¥1+5¢* +4

Thus,
|r'{f)xr'{f1=vf4e”r3 ~8e¥1+5e" +4| - (4)

The magnitude of the vector function ¢'(r)=i+2fj+e'k
' (2)| =i+ 265+ K|

= J()+(21) +(e)

=\i+4r +&*

Therefore

Ir'(1)|= Vi+ad +e”| - (5)




£l

Substitute the values of jr'[r}xr'{:]|an-:.' 'r'[.f}| from (4) and (5) in equation (2

! A

«(n)=F )

|’ (1)
Vae''r —8e"t +5¢" +4
x(t)= g
[ [ 3, o my
lx.l+4.f +e ]
Therefore the curvature of the curve of the vector function r[f]zi’i+.":j+€f|i s

\,"r4e:‘.f —8e”'t+5¢” +4
Kk(r)= p—

(\,F'l.+41:+e:":|

Answer 23E.

Pe)=3ti+4sint j+dcostk

;'[3:] = % +4 I::-::-s.ﬁ:r'—-ilsin.iﬁ?

P [.E:l: —4sin£:.r'—4|::osﬁ?:
i k

;'[f,:]x;"[f,:l=3 doosi  —dané
0 —dzsint —dcosi
=Ii—lﬁcosgf,—165in25)5+12c051‘,:r'—IESinf,i'
:—16(c053£+sin2£)§+12ms£}—125in£§5

= —16i +12cost j—12sintk

—+

P37 (0)] = 4/ (=16)" + (12c08¢ )" + (~12sinz)’
- J256+144(msz£+sin2.ﬁ)
= 400 = 20

F'(6)|= /3 + (4 cose)” +(—4sinz)’

= VIQ +16(|::os2 £ 4sin’ r.)

=Jo+16
= J25=5



The curvature of the curve 1=

()% ()]

kit)="—1—73
()
_ 20
)
(5)
4
Y
(5)
_ |4
20
Answer 24E.
It O 15 a smooth curve given by r(f) = x (01 + w(f)] + z(£)k, then the curvature £ of Catf 15
f ﬁ W i f
gvenby & = ||r I:) - ( )“
Hel
We haver'(2) = 2" (£)i+ y' (6)] + 2'(£)k.
Evaluate x' [.ﬁ) L (.ﬁ) . and z'[z) .
t d 2 t d t
il = —|¢ Fl = —Illné fl = —(flns
Y= Y=L 2=
= E = 51 = 1+1ﬂf,

We getr(¢) = 24 + %j +(1+1ns)k.

We know that || r'(£) || = J[ x'(ﬁ)]ﬂ + [y’[f,):lg + [z'(i):l .
v'(2)| = J{25)2+(3 +{1+1ne)

= \/4;2+£l2+ 1+1ns + 2Ins




HMow, determine r" [z) .

1 1
il = 2i- =j+-k
r'iz) 1Tty

Let us now evaluate r' [ﬁ) >< r"[f,) .
i ik

r'(g)xr"(z) = | 2 LIRSy
;

LA

¢ t

_ Etzlﬂz]nzmzj—;—lk

L R—

We get () xr"(2) | as \f[z +21n'f]2 +(2ins)* + (— i]g .

t t
|r'[£)><r"[£)”.
Hol|

2 ]

\/(2 +21n£] +(21n£)2+[—i]
: :
[\/453+F+1+1n53+21an

From the given vector valued function and the point F, we get as 1.

\/[2 ;111;]2 +(2lng)* + [— ;T |

3
[\/453+ Elz+ 1+1ns + Elnz]

Substitute the known walues in & =

Eeplace s with 1 ih & =

Therefore, we can say that the curvature of the plane curve 15| ——|




Answer 25E.

ik
Pexr (=1 2 3%
0 2 6

= (126 - 64 i - 61 i+ 2K
= 65— 6 i+ 2k

—+

(£ (6)]|= \/[6;3]2 +(—6 ) +2°
= 36t 1368 + 4
= 2t 2 41

The curvature the curve 1=

-+

_ F(e) % (2)]
Fef
2%+ 3 1

[1+4ﬁ+9§4j%

The curvature at the point (1, 1, 1) 15

2J9+9+1

(1+4+9)%

(1%

_ s
1414

1 1%

7414

k(1) =




Answer 26E.
otart by sketching the space curve of riE).

1.04——
0.5
0.0
—EI.EE ”—“r—\— 10
] 0.5
-1.0- 5 5':"'3
1.0 05 0.0 1.0

05 4p
If T 1z a stooth curve given by r [ J=x(£)i+y(t)j+z(¢)k thenthe curvature & (£) of

) 0 @]
||r’(~f) [
Differentiating with respect to time £ we hawve
(g =x(0i+ Y]+ (k.
Evaluate x' [ﬁ) ,y' (ﬁ) at1e] z'(ﬁ).
d

x'e) = E(cos.ﬁ)

= —zainf

d .

i = — £
#(t) = = (sine)
= cosl

d ..
e = — s
z'(¢) fﬁl:sm)
= Scosd

We get r'(¢) = —sinfi + cosf + ScosSik.

Cattis givenby &




We know that | 1) ” = Jl:x’[ﬁj:lz + [y'[.ﬁ)]z + I:z'[.t)] .
|| r'(£) || = J[— I::-::-s.i:l2 + |:sin.ﬁ:|2 + (—5cos 53:]2
= Jmsﬁ E+sint + 25cos  5¢

= 1+ 25c0s® 5%

How, determine r" (f,) .

r"(¢) = —costl —sing — 25sin 5k

Let us now evaluate r'(z) xr"(z) .
i j k
r'{¢) xx"(t) = | —anf cost  Scosd
—cost —ani —2oan’
= [~25sin5¢cost + Soos Esing)i +( 25an Stsing + ScosSecest | +([sin £ + oos” ] ke

= (—25511153&:53 + 5cr:ef£sin.ﬁ:li +(255in5£sin£ + 5c¢s§.ﬁc¢s£)j +k

How ||r’|:.if) P r"[z) ” as

J[—Eﬁsin Sfcosi + 5[:055551115)2 + (25sin5.ﬁsinf, + Scos 551::055)2 +1.

||r’[£):><r”|:f.)||.
[

J[—25sin Sfcost + 5|::-::-55£sin.ﬁ)2 + [25sin5f,sinf, + ScosSi cosi)g +1

1+ 25cos? 5¢ 3
[ )

From the given wector valued function and the point F, we gets as 0.
FPlug in ¢ with 0.

substitute the known values in & =

E =

25sin 5(0)sin(0) Y’
+ 5.::;;.55([]) EC-SI:U)} *

J(—Eﬂsin 5(0)cos (0] + 5c0s5(0)sin IZD):]E + [

[Jl +25c0s*5(0}

Therefore, the curvature at point {1, 0, 0 15 [—




Answer 27E.
It 15 a smooth curve given by the function ¥ = fx), then the curvature & of & at £ 13

EMC .
1+ (r@F ]

We have ¥ = 4z" and " =12x°.

given by ¥ =

Substitute the known values in ¢ =

v - 125
= R
[1 +(42°) }
12
(1+16x°)"
12
Therefore, we get the curvature as P — |
(1+162°)

Answer 28E.
Consider the function
v=tanx ____ (I
Recall the theorem,

The curvature of the curve of the function y= f(x)is
S (x)
(1+ £ (x) )

—
[t

Compute the first and second derivative of function y=tanx.

The first derivative of the function y=tanx



The derivative of the function f”(x)

£ (x) =5 {sec*x)
S"(x)=2secx(secxtanx)
f7(x)=2sec’ xtanx
Therefore
f7(x)=2sec’ xtanx
Substitute the functions f*(x)=sec’ x and f"(x)=2sec” xtan x in equation (2)
el
(]+f’{.r}!)5
B lzse:c"'xtan.rl
(]-T-(SEEI I)z)

_|2mc3xlan.11

k(x)=

[E AL

(14sec* )

Hence the curvature of the function y=tanx




Answer 29E.
If 15 a smooth curve given by the function v = Ax), then the curvature & of Cat# 1z

| #(x)]
1+ () ]

given by & = -

Wehave ¥ = 2" + x2" and y"= 2 + x2".
|77()|
2
1+ ()]

substitute the known values in & =

28" + xe®

[1 + [é‘x + x@”)gfﬁ

2e" + xe®

;
|[1 + & + Zxa*t + xzeh:] #

2" + xe”

|
(1 + " 4+ Zxe® + xzeh)

Theretore, we get the curvature as

Answer 30E.
The equation of given curve is
v=lnx

Then differentiating with respect to x
Ay
dx
1

x
A gain differentiating with respect to x
_dly
dx”
-1

2
X

MNow the radius of curvature 15 given by
k(x)= b

|:1+[y 'ﬂ%

1e



(1+x)%—x§[1+xj:l}£.2x

Howr ﬁ= -
dx (147
e ose (140"
B (1+2Y
_(1+x2:]—3x2
(1+2)
_ 1-2x°
(142
d (142) (~4x)-[1-22%) 2(1+ 2%).2x
And T 1
dx [:1+x2:]
_—4x(1+f]—4x[1—2£)
(1+2)
_—4.?:[[2—;:2)
(1+2)
For the critical points put ﬁ =0
fx
ie. 1_2"‘2:0
|Z1+x2:]
ie. 1-2x*=10
LE. xf*:l
2
LE xzi%
When ;f:=L
NG
—4(2_1]
k) 2\ 2) 48
ar* ] 1 (HIT 27
= :
2
since (jii:} <
r 1
)

1. : :
Then x = —1s a point of maxima

V2



1. : .
Then x = ——1s5 a point of minima

W2

Hence the radius of curvature of given curve 13 maximum

1 1
whenx=—and y=1n| —

That 15 the radius of curvature 15 maximum at point

(£ 2]

x
MNow lim ﬁ:[:ﬁ:): lim ————=
= F—rm (1+x2:|f£
1
=1ﬂ%
(?”J



iX

Answer 31E.

The equation of given curve is

y=¢e
Differentiating with respect to x
_ Ay
y'=—
dx
="
A gain differentiating with respect to x
o Ay
Y =—0=
ax
= é‘x

The radius of curvature 15 given by

=

Howr

And

|
K[x) =
[1+(» 'ﬂ%
K(x)=—2
(1+e7)%
ﬁ: (1+e2xj%ex —g" glil+eh:l’62£h
dx (1+e*)
g" [1+2 % 1+2%% -3
e
(1%
gt [1- 22"
(1-2¢™)
(14272
2 e _ (1+é‘h)%é‘x (1— 6@2”:I—é'x (1— 2@2”j§(1+eh)% 2a
dx’ |:1+é'h)j

b e

o (1 (1 667 5o (1 207 147)
(1427




. : AR
For the critical points put o =1
X

2" [1- 2™
(1472
ie & [1— ze”] =0

ie. 1- 2% =0

0

LE

: x _ 1

1E. g% = 24
1E. Elen(%jl
. 1 -1
.E. =—In[2
1.E x 5 nli )
1E. x=_—11n2

When x= _Ellnz

ax 1

-2
=3
Hence the radius of curvature of given curve 13 maximum

di i -
Since [ J <0, thenx= Elln 215 apoint of maxima

atxz—%ln?andyze_}ﬁlnz

EE)

1E. a

=




EK

Now K[x) =
[:1+.;=:2:'r)§6‘:‘1
As x —coothenlim K(x) = lim L
Kb ¥ |[1+532x:|%
_ Hm;%
o [1+€2x)
= lim !

Answer 32E.

Consider the vertex equation for a parabola, y= g( x- ;,].3 +k

Where } isthe, x—component of vertex and kis the, y — component of vertex

But the vertex is at the origin thatis (0,0).s0 A=0,k=0.
Then, y =a(x—h}: +k

”
y=ax

Where ais some real number.

Differentiating with respectfo x.
f(x)=2ax

Again differentiating with respect to x.
[ (x)=2a

Sothat. f'(0)=0and f*(0)=0

Recollect that

The curvature of the plane curve with equation y= f {r] and xchoose as the parameter and

write r(x)=xi+ f(x)j-
e
1+ (£ (x))

x(x)=

Fak | i




Thus,

c(0)=—LO)
1+(r©)
[1+0°
= [24]

E]
5

The parabola that has curvature 4 at the origin.

To need a real number asuch that |2a| =4thatis g=42

Therefore the equations, y=2x* and y=-2x*

Answer 33E.
(A)

The radius of curvature at a point 15 the rate of change of dwrection of curve at that
point. Also the curvature 15 defined as the magnitude of the rate of change of the
unit tangent vector with respect to the arc length Since the arc length P 15 less
than the arc length at Q then the rate of change of unit tangent vector with respect

of the arc length 15 greater at P than at QQ that 15 the curvature of curve C 15 grater
atP.

®)

Osculating circle at QQ

W
b

Radius of osculating atP=1/0.8=1.25
And radius of osculating circle at Q=13
Then curvature at Q=113

=076



Answer 34E.

Consider the curve y = x* —2x?
Differentiating with respectto x
V' =4x -4x
Again differentiating with respecito x
y=12x" -4

Recollect that: the curvature function x(x).
c)-—L
()]

|I2x3 —4|

b | i

:|+{4x3 -4;}’]
12x° - 4|

_ 3
1+16x° +16x" -32x !




The diagram of the curve y = x? —2x* and the curvature function

()= |12:r: —4] _

[l +16x° +16x° 4321]-

o | A




Answer 35E.

Consider the curve y = x2

Differentiating with respectto x

y = [—2}.1:":
Again diferentiating with respectto x
"I'" — {6}_'{_1

Recollect that:

w(x) = — G
[1+(r ()]
6)==|
[1+((-2)x j:}g
__le]

) [1 +-:Lﬁ']-i

o | i

x{x)=

6x~
The diagram of the curve y = x? and the curvature function X (x)= #

[l +4.‘r"’:|

Fak | s

'y




Answer 36E.

Given r(£)= (t—si.nt,l— cost dcos (t.-" 2:]}
The sketch of the space curve of r(f) 1s shown below.

—
4
2
0-
2 _

; L 0o

. “05
-4~ 15

20

P i
15 1m0 5 0
How, let us sketch the curvature function using a CAS.

&t}

In the graph, we see that the curvature 15 mazimum when £ approaches zero. Thus, we can
say that the graph has steep turns as £ approaches zero. Also, as £ approaches infinity the
curvature tends to remain a constant. This means the curve changes its direction very
slowly.



Answer 37E.

Given r(.t)z (.te’,e", Jit) -5=f=3
Start by sketching the space curve of rf).

600 A00 200 150

Now., let us sketch the curvature function using a CAS.

r r'.r_'|
0.7

06

In the graph, we see that the curvature 1s mazimum at £ = 0. Thus, we can say that the
graph has steep turn as £ = 0. Also, as f approaches infinity the curvature tends to remain
a constant. This means the curve changes its direchion very slowly.



Answer 38E.

We know that if curvature 15 zero, then the curve 1s the straight line.
From the graphs it 1s clear that when the graph “a’ meets x axis, comresponding to

it the graph ‘b’ is straight or nearly straight.
So, "a’ 1s the graph of _}rzk(x) and b’ 15 the graph ofyzf(x)_

Answer 39E.

‘We know that if curvature 15 zero then the curve is straight line.
Now, from the given figure the graph “b’ appears to be straight at two places. But
comresponding to it the graph “a’ does not intersect x axis. 1e. the curvature 15 not

zero. Therefore “a’ cannot be the graph of y = Ic(x) :
Hence, “a” is the graph of curve y= f(x)
And *b 15 the graph of curve y= k(x)

Answer 40E.

(a)

The complete curve is given by ( < < 24 . Curvature appears to have a local (or
absolute) maximum at 6 points. (Look at points where the curve appears to turn
more sharply.)




(b)

: {Ssin+ sinSe)*

Using a CAS. we find (after simphifying) x(7) = 3 * (To compute cross
{9cos 6t + 2cos4t+ 1) °

products in Maple. use the Linalg package and the crossprod(a.b) command: mn Mathematica_

use Cross.) The graph shows 6 local (or absolute) maximum pomis for ) <1 <24 .as

observed m part (a).

x(6) 4
0 = T 37 2w 7
2 2

Answer 41E.

L |

Firix e fell ﬁ'\’f4ﬂm:r— F2co5:+ 13

Using a CAS. we find (after simplifying) x(f)= ——— =

T (17— 12c0s) °

(To compute cross products in Maple._ use the Linalg package and the crossprod (a_b)

command: 1 Mathematica. use Cross.) Curvature 1s largest at mteger multiples of 2x

K(r) A

'\ ﬂ ’1 F

~ ¥




Answer 42E.

The parametric curve is
x=f(1). y=g(1) (1)
Then the vector equation of curve is r(t)= (f(:},g{r),ﬂ)

The curvature of the curve is given by:
e (1)<x"(0)
40}

Now r'(1)=(/"(r).&'(2).0)

mhen Je'(e) = [ ()] +[&'()]

And r*(r)=(f"(¢), £"(¢).0)

Then £(r)xr(1) = (0.0.1(1)"(1)-2"(r) £ (1))
Ir(e)xe"(n)]=1"(1)g"(1)-g"() £*(¢)

Using all these values in equation (2)

)" ()-8 1)
[(r@) +(e0) ]

Nowfrom (1) f(r)=x, g(r)=y

Then f(1)=2 1 (1) =2 (x) =

x{:):

r{!}z

g'()=58()=50)=>
And f(1)= %(;] =X
g"(-‘)=%[;)=;

Then from equation (3)

xy-px
w(1)=-"——=;

[;«u ,r]




Answer 43E.

Given x=£ andy=1¢
If C 1s a smooth curve given by y = fix), then the curvature ¥ of C at £ 1s given by
_ -
I(I)—ﬁ.
[#+5 ]3,5
We have x =¢° and_)r=£3.
Dhfferentiating we get
F=2%F=2y=3 and ¥ = 6f.

Substituting the obtained values in the formula
(2)(&) - (32)(2)|
[+ @]
fi2s? - &°|
[4e*+ 9t
6
) [42*+ 9¢*

r(x)=|

ﬁfz
W the ——x|
e get curvature as [432 " 9;"]3":

Answer 44E.
Consider the plane parametric curve x = acos a¥, y = bsin a¥

The curvature of the plane parametric curve x= f(r),y=g(1)is.

|% ¥y ]

[j:+jr‘?:|§ (])

where the dots indicate derivatives with respect to f.



Take x =aCos @f

Differentiating with respect to "y'we get
i =%(ams or)
. d
= o —| of
—asin d{{ )

= —a@sin of

Again differentiating with respect to *y'we get
. _d :
= E{—amsm )

d
=—aw cos of —(ar)
df

=—aw’ cos ol

Take y=bsinaof .
Diiferentiating with respect io *y'we get

y= %{bﬁin o )

= bcnsmri(&u}
dt
= b cos o
Again differentiating with respect to *y'we get

d
V¥ = —| b cos ar
e dr{ cos @ )

=b&:[—5in&ﬂ)%{m}

= —be" sin ot

Now
ij-yi=(-awsin ﬂ](—b&f sin &#)—(bmcus mr]{ﬁam: cos m':l
= abe’ sin’ @ + abw’ cos® wt
= abe’ (sin® @i + cos” ar )

= abe’ [‘:5in’x+ms=.r=l]



Further,

2

&+ =(-ae’ sinm*)] +(bwcoswr)
=a @ sin’ @ + b’ @" cos” an

=’ (a’sin” @t +b* cos” o)

Therefore, from the curvaiure formula {]} we obtain

o i
[#+5F
_ jabe’

3
[m! (ﬂ] sin” @f + b cos’ ﬂf)];'!

_ jaber’|
aﬁ(f sin’ ar +b° cos’ &r)i
_ |ab|
3
(aj sin’ @r +b° cos’ mt]i
I
Hence, the curvature of a given curve is 3.
(a’ sin” @n +b° cos’ m‘}l
Answer 45E.
x= Et cosf
Differentiating with respectto t,
. dx
I = —
oFf
= i(e’ t:c-sr)
off

=z (—sinz)+e! cost

=z (—sinr+cos£)



Again differentiating with respect to t,
- dx
x=—

ot
= %[e’ (—sin£+t:osz)]

= e’i(—sinf. +[:os£)+(—sinf.+[:ost) ie’
dt ot

=g |:— cns!—sint)+[—siﬂ£+[:os£)e!

= e’(—cus.ﬁ—sin.t—sin£+[:os£)

=—2sinf-&

Dnfferentiating v with respect to t,

J"ZE

=2 (& sine)
P i 4
=e’£sinz+sinz£e’
off ot

=& cosf+sinf -2

= et(cos.-f +sin£)

Again differenhiating with respect to t,

d .
=—¢&'(cost+sing
¥ (cost+sing)

=e’i(cosz+sinz)+(maz+sinz)ie‘
o o

= (—sin£+ms£)+(ccst +sin£)et
= [—sin£+cost+[:os£ +sin£]
= 2¢' cosé

Now, Ji_ﬁ—_}'i:t"=e’(—ﬂin£+[:ost)2&"cost—e’(cos!+5in£)(—2€’sin£)
= kx[—ﬁntcost+cosit+sinrcos£ +5in2£]
= 2¢% [l::vorsjt+si1:12 I]
= 2



Also, #+j5°= [e‘[—sinzﬂns.-t)T +[e‘ (cosz+sinz)T
=¥ (Siﬂzf+cﬂ5=.f—25iﬂ£[:ﬂsf:l+€x (c052£+sin=£+25inr cus.t:l

=7 (I—ESinz cosf+1+2sn¢s cosz)

Hence,

Answer 46E.

If C 15 a smooth curve given by y= f(x) . then the curvature ¥ of C at£1s given by
(=)
n3e -
[1+[7@])
‘We have f(x) =ce" .

Differentiating we have
F'(x) = ¢ and 7*(x) = ol

x(x)=



Plug in the known walues in the formula

ce”
‘We get the curvature as m

Replace x with 0.

£(0)= —

(1 — c’e“m)m
t’.':

(1+2)"

In order to find the value of ¢ which mazimizes r{ﬂ) we have to set

%r{ﬂ) 0.

‘We have i[ 4 ] == c(cz— 2) :

Solwe forc.

B c:(c:ﬂ— 2)
[1 +c:2)j":;I

r:[-:':2 - 2)

L

0
0

2

We note that ¢ =0 mimimizes ¥ [ﬂ) and

2 = 2 mazimizes r(ﬂ) .

The mazimum value of r{ﬂ) 15 i

343

Therefore cziﬁ maximizes r(ﬂ)_




Answer 47E.

Given 7(t)= (r’,%r’,r)
Differentiating with respect to ,
#(6) =27 (0)
=%{t’,%f,r>

=(2t,27.1)
()= (2 +(27) + 1)

=4 +4* +1

= (27 +1)’

=(27 +1)

Therefore,
r'(2)
7 (e)
2,26 1)
(27 +1)

T(t)=

T

Itisclearﬂ:ataipoint(L%,]} t=1

(Ex]jxll,l)
(2x1 +1)

/221
\37373

Thus, T(1)=




(?r +1) (2: 277 1) (2, 2:{1}3{(2:%1}

(27 +l)
(27 +1)(2.42.0)—(26.24 1) (4)
- (262 +1)’
(42 +2.87 +4¢.0)— (87,87 4¢)
) (27 +1)
(2-4 40 -4)
(22 4)

Therefore.

{57 e ]
(27 +1) | |(2F+)) (26 +1)

={ 1 1]} J( —4:’) +16¢* +161*

= ~\J4+16* —168 +168 +162°
{Zt +1)

_J16¢* +16¢7 +4
{2:2+l)

LJ&&" +4r7 +1
{2:2+1]
e 2 o 1.|_
(28 +1) (27+1)
B 2
_{21‘2+l]




(26 +1)
Atpoint (L2/3.1).  t=1
Therefore, N(¢) at point (1.2/3.1) is
(1-2x1*,2x1,-2x1)
(2xP+1)

N(1)=

_{(-1.2.2)
3
= (—lr’3,21’3,—2f3:)

We know that E{f}zf(t}}(.ﬁ’(t}
Therefore B(t) at point (12/3.1)
i K

B(t)=|2/3 2/3 13

1/3 2/3 -2/3

k
1

- i
] -

= (-67+3j+6%)

WO |

2 1
1
2 2

L
9

2 2
—1 2

=(—6/9.3/9,6/9)
:{—213,113, 2;"3}

At pomt (1.2/3.1)
T(1)=(2/3.2/3.1/3)
N(1)=(-1/3.2/3.-2/3)
B(1)=(-2/3.1/3,2/3)




Answer 48E.
Consider the following vector function:
r(t)={cost,sint,Incosr). .....(1)
The objective is to find the vectors T, N, and Rat the point (],ﬂ_{l)_

If r(r)is a smooth curve, then ihe unit tangent vector T . unit normal vector N, and
binomal vector B are defined as;

(A) T(:)=%_
(B) N{r]=|;{:;|,

(C) B(:) =T(:)x N(r).

First, find the parameter values ¢ corresponding to the point (1,0,0).

The parametric equations of the vector function (1) are,

x=cost, y=sinf, z=Incost.

Substitute x =1, y =0, z=0into the parametric equations and solve for [
l=cost, O=sint, O=Incosr.

Solve these equations for ¢, it implies that ¢ = (- Hence, the parameter value corresponding to
the point (1,0,0)is =0

Now, find the derivative r'{r}nf the vector function (1).

Differentiate each component of r{r}tn find the derivative of the vector function. Then,
. d
rif)=—rir
(1)=—r(1)
d )
=—(cost,sint.Incosr)
dr
d d. . d
={— —(sinf),—(Incost
(dtimr)’drtsm )dr{ cos })

. sinf
={ —sinf,cosf,——
cosf

=(-sint,cost,~tant). ...()



Next, find the value of |r‘{r1:
e’ (1) =|(~sint,cost,—tan7)|

= i-sine)’ + (cost)" + (~tanr)} Use [abuc)| =V <5 e

=Jsin’r+cos’ f+tan’ ¢

:J{s;inzﬁmszr)ﬂanzr
=l+tan’r
=+Jsec’r

=sect (i)

Then, use formula (A) and find the unit tangent vector T as follows:

T(r)= Lil ) Write formula (A)

0

(-sint.cost,—tanr) _ (i) and (ii)

T(,)= sect

_ | sinf cost tanf
sect sect sect

=(-sinh‘:nsl,cnsz t,—sinr}. - A2)
At the point [],ﬂ,{]]. that is, at y = (). the unit tangent vector T will be,
T(0)= (—sin Ocos0,cos” 0,—sin l]}

=(-0.1,-0)

=(0,1,0). ..(3)

Therefore, the unit tangent vector T at the point (1,0,0)is [T(0) = (0.1,0)|.

Now. find the derivative T*(r)of the vector function (2).
d
T(t)=—TI(¢
(1)=2T()
d; . . )
=—(—smrcns:,cns‘ r,*smr}
dt
=(%{—sinrmst),%{mszr).%{—ﬁttf})

= (5inz f—cos’ f,—2sin mnsr,-cnsr).



At the point (1,0,0). thatis, at ¢ = 0. the value of T"(r)will be.

T'(0) =(sin” 0—cos’ 0,~2sin Ocos 0, ~ cos 0)
=(0-1,-2-0-1,-1)

=(-1,0,-1). ...(ii)

Next. find the value of [T'(0)|-

IT°(0)|=|(-1.0,-1)|
=J(-1) +0° + (1)’ Use [(ab.e)|=Va' +57+c*
=V1+0+1

S ()

Then, use formula (B) and find the unit normal vector N at the point (1,0,0). thatis, at s =0.
as follows:

T(0)
T(0)

N(0) _{Lo-n) From (iif) and (iv)

J:::—l

Therefore, the unit normal vector N at the point (1,0,0)is N(D):(-%,ﬂ,-L) _

N(0)=

Write formula (B) at y =0




Then, use formula (C) and find the binormal vector B at (1,0,0). that is. at ;= (. as follows:
B(0)=T(0)xN(0) Write formula (C) at s =0

B(0)= {0,1,0}::.(—%,0,—@) From (3) and 4)

ij k
= 0 1
-1/\2 0 -1/2
=[(I}[—:}f]—ﬂ]i—[ﬂ—ﬂ]j+[ﬂ—{l}(—ﬂ—'],2-=}]k
=—%i+ﬂj+%k

)

Therefore, the binormal vector B at the point (1,0,0)is [B(0)= (—

Answer 49E.

Consider the parametric curves
x=2sin3t, y=it, z=2cos¥

And the point P(0,r,—2)

So, the vector equation is
r(r)=(2sin31, 7, 2cos3r)

Then
r'(1)=(6cos3t, 1, —6sin3r)

Observe that at point P(0,7,—2). we have r=x.



Note that, the equation of the plane is

a(x—x,)+b(y-y,)+c(z-2,)=0
The normal plane at P(0,x,-2) has normal vector r’(xz)= (-6, 1, 0). S0 an equation of the

normal plane is
—6(x—0)+1(y-7)+0(z+2)=0
—b6x+y-a=0

y=6x+nx|

The osculating plane at P contains the vectors T and N, so its normal vector is

TxN=B

Now need to find the vector B.
since. r'(r)={6cos3t, 1,—6sin3r)

Then

Ir(£)| = y/(6cos3r)’ +1* +(-6sin3e)’
= J36c0s® 3r + 1+ 36sin> 3¢
=J36[ms"31+sin33¢]+l
=+36+1

=37




Therefore,

()
ey

Then,

J_ ——{6cos31, 1,—6sin3r)

T(r}=—J:I;__—I-(—ISSin3r,ﬂ,—IEcos3r}

IT'(1)|= %J{-lﬁsilﬂr}: +(~18cos3r)’

——JIB‘ sin® 3r +18° cos’ 3¢°

E

TJ E‘ sin” 3t +cos” 3t° )
—J=—,’ 8‘{1

1
=————(~18sin3r,0,- 18cos 3r
J3?{ }

:é-lﬂ(-sin},ﬂ,-ms}‘}

=(-sin 31,0, cos3r)



Hence the binormal vector is

B(r)=T(r)xN(r)

i i k
6 1 -6 .
= T E Esm.’ﬁ‘
—sin 3¢ 0 —cos 3t
i i Kk
=# 6cosdr 1 —6sin3r

—sin3r 0 —cos3¢

= —]—-[—-:-053ﬁ +6j+sin3rk]

V37

And then B(x)=

—J%{I,ﬁ,l})

So equation of osculating plane is
I(x—0)+6(y—7)+0(z+2)=0
x+6y—-6x=0

x+6y=06x|

Answer 50E.

The vector equation of the curve 15
r(e)= <t.82.6 >
The given point1s (1, 1, 1)
The parameter corresponding to this point1st=1

Now r'(f)=<123%>
The normal plane at given point has normal vectnr;'(l) =<1,23>

Then the equation of normal plane 1s
l(x—l)+2(y—1)+ 3(2—1) =0
LE +2y+3z-6=0

Now ['(e)|=vi+4s+*




Then  F()=r )

)
S N
_sﬁ+4z’+9z‘{’ al
A(L 1, Dies=1
. 1 2 3
T =
O <fa i
—(42+182) 2-18¢ 128 + &

Now f'(ﬁ)z <

[1 +4£2 +9.=:‘)?‘5 ’ (1+4:2 + 9 )% ’ (1 +4¢ +9z‘]‘3£
At i=1
L | 3 18

(% (0% 1a¥
i E.(I)14:J484+;‘i+324

- ’E

2744

_T

7o)
Thenat£=1, E?(z):[%]ﬂ
22 -16 18

={ » »r }
20266 2./266 2266
-11 -8 9

:ﬁ r r }
266 f266 f266

T'(t)=<

Now E(ﬁ)




Then [B(5)]  =[T(=N(9)],

i 7 i
|1 2 3
B T T 7
-11 -8 9
J266  Jo66  J266
1 e ey s o
= (427 - 427+ 14k
Jﬁdzﬁﬁ( )
— 42 42 14
ie B(h=< ’ . >
() 37247 37247 J3724

e I LN
14-£19 14,19 14019
3 -3 1

Y TIN T T

The osculating plane at (1, 1, 1) contains vector 7 andl_'s;, 50 its normal vector to
= = = 3 =3 1
TxN=8=« . . >

97197 19

A simpler normal vectori1s <3,—-3,1>

So an equation of osculating plane 1s:
3(1—1)—3[y—1)+1(z—1)=ﬂ

Or 2x—-3y+z-34+53-1=0

LE. 3x—3y+z-1=0




Answer 51E.

Consider the curve

9x +4y* =36
Find the equations of the osculating circles
Rewrite the equation of the curve

4y’ =36-9x

s 9 >
Y =2{#=2")

y= :I:%ul'ﬂl—.s:'3
Find the first dervative
3 ()

2 1{4-1—’)5
—3x
2(4-11)5

yf:_%[x(¢-f)'i]

Find the second derivative

s (U R SR ]
-3 (4t (a-0)

=_%{4-f)_; [ +(4-2)]
—-3(s-2) ()

_ —6
(4-x)




Find the radius of the curvature

¥y
The radius of curvature is given by the formula X (x)= | |: £
[1+077]
-6
3
(4-x°)
k(x)= 3
2|2
1+ __.3:‘__‘_}.'_
2(4-x")"

Radius of curvature at (0,3) is

Then radius of osculating circle at (0,3) is

P=m

e
3



Therefore the equation of the osculating circle at (0,3)is
(x=x) +(yr-»)=p"
Where (x,,y,) is the cenire

To find the center of the circle

Center lies in the y- axis, so center of the circle is of the form {{J, _p]

Radius=distance between center (0,y) and (0,3)

Therefore, center is (x;,y,) 2{0’ % )

Hence the required equation of the osculating circle is

I=+[ _z]iﬁ
Y73) T

Radius of curvature at (2,0) is

6

[4{4—f)+9r“]5
3 {4_1,:)35
6x8
[4(4-27)+9¢]"

6x8
[4(4-z’)war(.z]*]’}f2
B
(36)

48

K(2)=2

K{x}=

ot

K(2)=

K(2)=



Then radius of osculating circle at (2,0) is
_

"7k
9

2
Therefore the equation of the osculating circle at (2,{]) is

(x-x) +(yr-2) =/’
Where (x,,y,) is the centre

Find the center of the circle
Center lies in the x- axis, so center of the circle is of the form {x,[])

Radius=distance between center (x,0) and (2,0)

Therefore, centeris (x,,y,) =(-% ,ﬂ)

Hence the required equation of the osculating circle is

s




Graph of circles and ellipse




Answer 52E.
Consider the equation of a parabola y = % .

The objective is to find equation of the osculating circle of the given parabola at the point (0,0)

Differentiate the curve y = % x* to obtain that,

I
"=—(2x
y'=5(2x)

=X
And.

f"=§{r)
=1

Therefore, the radius of curvature is,

()=
0y ]?
__
[1+2]
At the point ({J,ﬂ}, the radius of curvature is,

1
[1+:}’]§5
=1
So the radius of curvature at the point (0,0)is x(0)=1.

x(0)=



The radius of the osculation circle at the origin is,

1
x(0)
|

1
=1
Now write the vector equation of the given parabola.

p:

Let x=¢ then y= %;3 and the point {{],[l) corresponds to the parameter value =,

Therefore the vector equation to the given parabola is,

r'{:]=<l,%(1ﬁ})

(1)

Find the tangent vector:

r{)

N0
_ (L)
_ b0

i+¢

And,

(J_ Jo.n-(, ;}(2 J_]
E
:(l+lz)(ﬂll)—(r,r )
(Vo] (i r)
_ (ﬂ,lﬂ’?—(f,:’)
(JIHE)'(JHF]

(1)
()7




The magnitude of the tangent vector is,

T'(1)|= ! 1) +1°
PO e )

= . JP +1
{I+r=}(dl+r=]
__
1+1

Find the normal vector:

N(0)=

(o)

And the center of the circle will be p =1 units from the point r(0)=(0,0) in the direction of
N(0)=(0,1).
Center of the circle is,
C=r(0)+pN(0)
=(0,0)+1(0.1)
=(0.1)
Thus, the equation of the osculating circle with center at (a,5)=(0,1) and radius p=r=1is,
(x-a]z +[y-b}2 =7’
(x=0)" +(y-1)" =1
X+ (»- l}'T =]
Therefore the required equation of the osculating circle of the given parabola at the point
(0.0)is |x* +(y-1) =1}




Now need to find eqguation of the osculating circle of the given parabola at the point [I,%).

At the point [I,%). the radius of curvature is,

So the radius of curvature at the point (I,%)is k()= -—.

22

The radius of the osculation circle at the origin is,
1

0]

22
=22

Write the vector equation of the given parabola.

Let x=¢ then y= %r’ and the point (I,%]l:urrespnnds to the parameter value f=1.

Therefore the vector equation to the given parabola is,

r(r)= (r—r) r=1.



Find the normal vector:

N(r)= el

)

(-L1)
"“"(m)

_ (-1.1)

]2
And the center of the circle will be p= 1.,;5 units from the point r{l}: (l,%) in the direction
(-11)
of N[(1}=+——=.
()="F%

Cenier of the circle is,
=r(1)+pN(1)

=<1,%)+2JE %

1
={1,=V+2({-11
(13)+2¢-1)
=[1—2,1+2)
2
)
2
Thus, the equation of the osculating circle with center at (a,b) :(-],%] and radius
pzrz?ﬁ IS,
(=)t +(r=b) =1
2 5Y 2
(x+1) +[y—5] =[2~E]
1 5 :
{I+I}_+[}P—EJ =8

Therefore the required equation of the osculating circle of the given parabola at the point

[L%)iﬁ (.t+1]3 {{P_%T =8|




Graphs of the osculating circles and the parabola are shown below:

sty

osculating
51 circle:(5 )
4..
125) ] x
) osculating “_}—?
X
+ -
4 3 - - 3
14

Answer 53E.
Consider the parametric equations of a plane x=p, y=31 z=1".
Then its vector equation form is ;{r} ={r3ﬁ 31, f*).
Differentiate r(#)with respect to ¢, get
r'(r)= (3¢, 3,47).

Let the parameter corresponding to the required point is ¢, then the normal plane at that point
has the normal vector F'(.r,] =(3.r,1, 3, 4;3)



Consider the plane 6x+6y—8z=1.
Then the normals to the plane is (ﬁ,ﬁ, -3}.

Since the normal plane is parallel to the plane 6x+ 6y —8z =1(given) then the normals of both
the planes must be parallel

That is

3 _3_4
6 6 -8
L_1_.%
2 2 2

These relations give s=—1.
r(r)=(r, 3. 1*).
At f=-1,

F(=1)=((-1)". 3(-1), (-1)")
=(-1,-3,1)

Therefore the required point is (—I,—3,I}.

Answer 54E.
Consider the curve x=¢* yp=3rz=r".
Then the vector function is r(r) =i +36+1'k.
Differentiate r(#)with respect to 1, get
r'(1)=(37)i+(3)j+ (4 )k
Then unit tangent vector is
r'(s
T{r):ﬁ
(37)i+(3)i+(47 )k
Jory e+ (ar)
(37)i+(3)i+(4r )k
Vor* +9+16:°




Differentiate T (r)with respect to 1, get
(Jm) ((3)i+(3)j+(4r")x)
~((37 ).+(3]]+(4ﬁ)k]a(m]
(]
(m)((m)n[lzﬁ}k)

_((Sr])i+(3]j+{4:3)k)[ 36 +96¢ ]

29 +9+16¢°

T'(r)=

(9r* +9+16¢°)
(orf +9+16:*)((6:)i +{12f)k]

(3 )i+(3)5+ (47 )k ) (18 +48¢°)

(9r +9+|m°)~
(487 +541)i+ (54" —144r° ) j+ (36° +108¢° )k

{9;‘ +9+lﬁf“);

(480 +580) +(-54¢ 1447 )" + (366 +1087° )

[T()f=

(or +9+|ﬁ:"]§

The principal unit normal vector N(1) is
()
T‘{r)'

_ (487 +54)i+(—54r" —144) j+ (366 + 108 ) ) (9r* +9+ 16

N(1)= |

{'J'r" +9+ Iﬁr")g J(—tiﬂ.r? +541): +(—5=t~n‘3 - ;44,5)’ +(3fn“‘ + I{lﬂa‘z}1
((—43:’ +54t )i+ (54" —144r° ) j+ (360 + ms:’)k)

(487 + 530) +(~54r° 1447 )" + (366 +108¢° )



The binormal vector is
B(r)=T(r)xN(r)
1

_ [J(—rlsf +541)" +(-547 ~144r° ) +(36° +108¢°)’ ](Jm* +9+161"
i i k
3 3 4
—48¢" +541) (-54r -144r°) (361°+108¢")
_ 1
J?.ﬁ.v’ (4;" +36r° +9)(15.v" +97° +9)

2

i(3(360° +1087° ) —4r*(—54r" — 1441
| =3((37°)(361° +108r ) —4r’ (4817 + 541))
+ k(37 (54 —1447°) - 3( 481" +541))
_ !
6r(160° +9r* +9) [(4° +36r +9)
i(576r° +324¢° +3247 ) - j(1920° +108¢* +108¢* ) +
+ k(-288" -162r -1621)




Continuation to the above
_(360(16¢° +9¢* +9)i 126 (161° +9¢* +9) j-18(16¢° +9* +9)k )
- 6(] 6r° +9r' + ‘J}J{Ah‘“ +361° +9]

) (161° +9r* +9)( 64— 21'j-3k)
) (Iﬁr‘ +9r +‘:§l}‘l(4.r‘5 +361° +9)
_(oa-2i-%)
J(4r +36¢ +9)
1

= (61,-2¢.-3)
J(4r° +36¢ +9)

A simpler normal vector is (ﬁr, —zri,—})_
This is also normal vector for the osculating plane.
The normal vector for the plane x+ y+z=1Is {I,,I.l).

Since the plane x+ y+z =1 is parallel to the osculating plane, so the two normal vectors are
proportional to each other.

Therefore,
b _2 3
] 1 1
6t=-2r =3

There is no f value exists to satisiy this relation.

Therefore conclude that there is no point on the curve exists where the osculating plane is
paraliel to the plane x+ y+z=1.



Another method:

Use CAS to solve this problem.
Maple keystrokes:
with(VectorCalculus);
r="<2>(t"3, 31, t"4);

drdt = difi{r, t)

dsdt -= Norm(drdt, 2);

T = drdt/dsdt;

dTdt = diff(T, t);

dSdt -= Norm(dTdt, 2);

N = dTdt/dSdt

B = simplify(CrossProduct(T, N));

simplify(Vector(3, {(1) = 61" 2/((t*2*(4*"1"6+36 1" 2+9)/( 1616+ 9 1" 4+9)"2)*(1/2)*
(16"1"6+914+9)). (2) = -2"t"4/((16"1"6+9 1 4+9)" (1 2~

(4" 1"6+36"1"2+9)/( 161" 6+9 1" 4+9)"2)*(1/2)). (3) = -3"v((t2*
(4"1"6+36"1"2+9)/(16" 1" 6+9 1" 4+9)*2)*(1/2)"(16°1*6+9°1*4+9))}, atinbutes = [coords =
cartesian]), "assume = positive");

Maple Result



Maple Result:

with( VectorCalculus);

> r= <> (1"3,3*,174);
r=(r)e, +31e, + (i')e,
> drdt = diff (r,1)

drdt ;= 3!34,*: +3e + 4:39:

> dsdt == Norm|drdt,2);

dsdt = 166 +97* +9
> T = drdt/dsdr.
»
T= s e + g e + 4r e,
J16f +9/ +9 J1isP+9r+9 °  J16f+9* +9

> dTdr = diff(T.1);

dm_,=[_1 F{%F+3ﬁr’1_:+ 61 ]ﬂ
2 (164 +94 +9) J168 +9/ +9
_3_ sc+3er (__2°(%5 +367) 127
2 (16f+92 4977 | (16f+9f+9)7  Ji6f+9f +9

> dSdt :== Norm(dTds,2);

P48 +367 +9)

dSdt =6 .
(16 +9/ +9)

|

[



> N := dTdt/ dSdr

£(o6F +367) 8
(16 +9/+9)""  Ji6F +9¢ +9 &
248 +367F +9) '
(168 +9# +9)°
96 +367
/r(4ﬁ+3ﬁr+9] (166 + 94 +9)*
(16 +9/ +9)

27 (96F +367) 120
(16f+94+9)"  Ji6F+9i +9
(48 +367 +9)
(16F + 97 +9)°

3
2

N =

L
6

o

-

L
6

> B := simplifi{ CrossProduct(T,N) );

6r
r{4r"‘+36.-+9] (167 + 97 +9)
(166 +94 +9)
27
(lmﬁ+gr +-}]/ r{4:"+36r+9]

(16 +97 +9}

e.'l.'

3i

‘/r(4rﬁ+35r+9] (165 +94 +9)
(164 +9 +9)"

L =




> simplifi{ (9), ‘assume = positive’ )
61 B 27 . 3
Jaf+36f+9 ° Jaf+36l+9 7 Jaf+36P+9

A simpler normal vector is (ﬁ.i",_ -2r, —3).
This is also normal vector for the osculating plane.
The normal vector for the plane x+ y+z=1Is {I,,L l).

Since the plane x+ y+2z =1 is parallel to the osculating plane, so the two normal vectors are
proportional to each other.

Therefore,
6r_-2r -3
1 1 |
6r=-2r=-3

There is no f value exists to satisfy this relation.

Therefore conclude that there is no point on the curve exists where the osculating plane is
parallel to the plane x+y+z=1.

Answer 55E.

Given x=» and z=x"at (1,1, 1).
Lety=t¢.

Then, we get x=£ z=1"

Also, we have at (1, 1, 1) we have £=1 and
r{t)=£i+4+:'k

Differentiating we have

r'(z) = 26 +j+4rk

Substitute 1 for £ and simplify.

r' (1) = 2(0)i+j+4(1) 'k
=2i+j+ak



Now |r'(£) | .
()] = f2)"+ ()" + (47)
= Jar+1+16°

Plug in £ with 1in |r'(£)| = /4% + 1+ 16:° and simplifying we get
()] = 40" + 1+ 16(1)°

ST

= 21

We know that T(£) = ﬂ
01
26i +j+ 48k
A2 +1+1685
Plugging 1n the known values in the equation we get
2(Di +j +4(1'k
B} +1+16()°
T(1) = a+ijtik

J21

Then, T (I) =

T(1) =

We have T'(t) as (47 + 1+ 16:°) (21 + 126k) — (4 +3:8.¢5)[2ﬁ +j +4t3k)_
(4 + 1+ 16£°)

) —62i — 52§ + 44k

Then, T'{1) = d
- ( ) 21,421 =
. 62 +52° + 442

T ()] = J :

21421

Let C be a smooth curve represented by r on an interval F if T'(.t) # 0, then the principal

unit normal wvector at £ 15 defined as I'T(z) = I;—F%:I
£
We thus get I‘T(l) = = (l)

el



Plugging in the known values in N(l) = I;—EBI
—62i — 52§ + 44k
J622 + 52 + 44
2121
_ —62i — 52j + 44k
J627 + 527 + 44

Now, the normal plane at P(Ll,l) has normal wector r' (1) =2A+j+4k andso1iis
equation is 2x+y+4z—-7=0

The osculahing plane at F(1, 1, 1) contains the vectors T{1) and N(1). Thus, the normal
vector 15 given by T(l) x N(l) = B(l).

i § ok
B(1) = : 2 1 4
N622 4522+ a8 21| ) oy 44
42
= —(6i-8 -k
a2z 8 )

A simple vector parallel to B{1) 1s 61 —8j—k and so the equation of the osculating plane
18 |61—E_}r—z+3= Ul

Answer 56E.

Given r(z) = (¢ +2)i+(1-2)j + %k

Finding r'(z).
i) =i-j+&k

Now |r'(£) | :

IF(©)] = yO' + (-1 + (&)
= .JE + £




We know that T(£) = r'(e)

IOl

On substituting the known values, we get T(I) = %
24¢
We have T'(¢) as 232K o 11(g) | = Ve
(F+2)” 2
It 15 known that the unit normal vector at £ 15 defined as
T'(¢)
N{g) =
[Tel
—-aA+§+2k
- (£ + 2}3"2
)=—_7
0 = ——
242
_—Aa+g+2k

The binormal vector B(Z) 15 given by
B(f) = T(£)x N{z).
i ] k
1 -1 ¢
[.-f +2) 2 i 3

= m (-2-£)i-(2+£)j +k[z—z)]

B(f) =

= m[(‘z -£)i—{

V2

‘We note that B(f) 1s independent of £.
Therefore, the osculating plane at every point on the curve 15 the same.

2+2)j]




Answer 57E.

By definition of N we know

~ . T'(e)
N(I)_l?'@)l
e T()=N{ET()

dic i(i”(:))é&(:)ﬁ(:ﬂ

Bic ﬁﬁ—m(z)p(zﬂ
|f(f)| N()[T(e)]

(AsF(r)I ds/ie)
i — [T

L E=N(I) I;'(t)l
)

But m—ﬁ

Hence %z_’ﬁ

Hence proved

Answer 58E.

Since ¢ is the angle between 7 and 1

Then,
7= Flcos & + msin &7
As, |7‘=|=1 then
T =cos & +sin g7
Differentiating 7 with respectto ¢
a7

d¢——mf+cos¢j



Welnow — =— —©
ds d¢ ds
a7 y A dP
Then — =| —sin §i +cos AL
— (—sin & ¢J)ds

Thus, ‘g‘ = |—sin .;ﬁﬁ+ CoS ¢}|‘g‘

_|g? —
=% (1

By the definition of curvature,

a7
k= |;| —@

Therefore, from (1) and (2)
d¢
k=—
ds

Answer 59E.

(A)

Since B is a unit vector,
Therefore, B - F=1
Differentiating with respectto s.

ZEH=20

= BF.5%_
das ds
W P
ds ds
= 298 5 0
ds
= = F=0
ds

[As|~sin & +cos gj|=1

[since a-bzb-a]

Now, two vectors are perpendicular if their dot product 15 zero.

Therefore,
Is perpendicular to ]

B | &,



(B)  Unitbinormal B is given by
B=TxN
Obviously B is normal to the osculating plane and B is a unit vector
perpendicular to both Fand N

Therefore 7.5=0 and N-BE=0

Wehave 7-B=0
Differentiating with respect to s,

= L 7%
ds ds
= kﬁ-§+f-£=ﬂ SinCE Ezkﬁ
ds ds
=% U+f-£=ﬂ [mncefﬁ B=0
ds
- 7% _
a5

Ifthe dot product of two vectors 1s zero then the vectors are perpendicular.
Therefore, % 1s perpendicular to F
Hence,

==

%is perpendicular to T

©)

- dW




‘We know that the triplet ’f Nand B constitute an orthonormal set of vectors.

From part (a) % 1s perpendicular to B

From part (b) % 1s perpendicular to 7

Now, % 1s perpendicular to both B andT .

-

So, % will be parallel to BxT

—

LE. % will be parallel to N

Thus, we have — = scalar mulhple of N

o | &)

Or,

B | &,

=—1(s) N

Where ‘.'.‘(.5') it called the torsion of the curve.

@)

Now, here minus sign has the following meaning:-
When >0 , % has the direction of —N

Then, as P moves along the curve in a positive direction, B revolves about 7 in

the same sense as a rnght handed screw advancing 1n direction of T
Hence,

dB -
2 N
: (s)

‘We know that for a plane curve 7 and N always lie on a fized plane while Bisa
unit normal to that plane; so there will be no change 1n B with respect to arc
length s.

a2

Hence ——=0 atall points where N is defined (k= 0)



dB o
—=—T[5)N

HNow,
= 0= —T[s) N

Since, N is a unit normal vector

Therefore, ‘.'.'(s) =0

Hence,

For a plane curve the torsion

‘.‘.‘(s) =0

Answer 60E.

We lmow .ﬁr: Exf

= INxT+BxKN
(Sincﬂ£=ﬂ?and£=rﬁ)
ds ds

= —T(}:Txf’) +K(§x }_:T)

But BxN

Bx(BxT) (Since N=3xT)
=(BxT)B-(BxB)T
=()3-|F T@sE 1,7
=T (As|§|=1)



Answer 61E.

(A)

Then F':Fﬁ": =7 (L)

:s'%+s'§||§l((;|l;'(£)|

= s'?+s'ﬁfﬁ
b id

LE pemp T+.i':i;(.5' ')

(B)
Taking cross product of equations (1) and (2)

st = (s F)x(s T+ (s B)

(s P)x(sT)+ (s T)[ (s 7]

= s's'(?xﬂ +K[s ')3 TxN
=s's"(0)+K(s'V B
ie rxr =K(sVE ———— 3)

@



©

Dlﬂ't:rﬂntlatmg equation (2) with respectto £
. —s"T+s'T+K23's'N+K(s) N+K( ) N
=s"T+s"NT ()4 2K s's"H+K(s) N4+ K'(s'Y N
{(Using definition of N)
=s"?+s'Es'K+2ﬂ's'§+k(s')ﬂ EF'+K'(S')2§

ecause IT(I)' |T(£)|
T A

HMow consider E: Ex?
Then N'=B%T+ExT"
= —?x§'+§x(s's'Km

= dB g s
Z—TXE+(BXEF)(S s"K)
=—§x{ﬂ)ﬁ—%(s's'ﬁ)

ds | df
=—?x(—1‘?§)£—(s's'f)?
by i

 2o/(TxH) (= )T
= Ts'B—(m"K)T

Using this result in equation (4)

P s T s ' NE + 2855 N+K(s ')2 (Ts'ﬁ—m'ff) +K'(s ')23}

[ p o e o 3



@)
Comsider  (rxr")r™
=| k(=Y B | (s B
Using (3) and (5)
(AsBT=BN=0)
Then (rxro)r"=K*(st
Bu K*(s) =|F5<F'|’

(From (3), I;'x.:'r =K (s ')ﬁ BExB=K? (s')ﬁ)

Thus 1= @

|
Answer 62E.

;(I) = <acosf,asinf bf >

Then ;'(I) = <—agsinf, acost, b >

And I;'(I)lz Jaz sin®f+a’ cos* i +&°

a . a
= < — sin ¥, cost =
AJat +b? a® +b2 Jat +&°
Then T'{t)=< 2 cost R sin£, 0 >
at+& a’+&
2
And thus li;'(z)l = J ;—Il-bi |:si1:|2 £+cos? z)
a




Asweknowcurvature ¥ ="—— |T (I)l

Fel (f)l

_ Ja? +.-EJ'2
Ja® +b2

LE K = —5—— =constant (As a_ b are constant)
a +b

Now r"=<—acosf,—asmif0>

And r"'=<asinf{,—acosf 0>

Then (r':{r')_r"

asinf —acost 0
=|-asinf acost &

cosf —asini 0
=asin£(absinr)+acosr(abcosr)
=a'hsin’t+a’bcos ¢
=a'h

And  r%r"=<absinf abcost.a’ >
Then I;'x.r'lzJajbjsinzr+ajbjcoszr+a"




Answer 63E.

- 1,1
r(z)—‘:f,gf:,gfz}

Then r'(f)=<lz £ >
F{t)= <012 >
(8= <0,0,2>

e } £

Then rxr"=[1 ¢ &*

0 1 2

=1 ()~ (2)+k(1)
=<2 -2 1>

And I;'x;'lz\-‘r‘+4z‘+1

Also (.:'x;')_.:": <2 261> <0,0,2>

=2

)
P P

(£ +r=1x2 +1)

As torsion (1‘)

1E T=




Answer 64E.

Consider the parametric equations of the curve x=sin k¢, y=coshf,z =1.
Then the corresponding vector equation is r(r) = {5in br,mﬁr,r)‘

Need to find the curvature of the given curve at the point (ﬂ,liﬂ]‘

o)
N0

The point (0,1,0) corresponds to parameter ¢ = 0.

Ir'(0)xr"(0)
|{'ﬂ}f .

To find the curvature, use the formula x(f)=

So the curvature of the curve at ¢ =( is x(0) =

r(r)={(sinht,coshr.t). - (2)

Differentiate (2) with respect to f, get

r'(1)=(cosht, sinht,1). . (3)

At 1=0,

r'(0)=(cosk(0), sink(0), 1)
-0 0.1)

Find the magnitude of r’(0):

oV = (17 +(0F + 2 Ifu=xi+yj+zk
|I* {ﬂH_J{IJ {u] 1 p— |“|= F'f+y3+zz]
=\1+0+1

-



Differentiate (3) with respect to {, get
r"(r)=(sinht, cosht, 0). . (4)
At r=0,
r"(1)=(sinht, cosht, 0).
r"(0)=(sink(0),cosk(0), 0) [Substitute r=0]
={ﬂ, 1, 'I]}
Find r'(0)xr"(0):
i
r(0)xr"(0)=/1 0
0 1
=i(0-1)-j(0-0)+k(1-0)
==i=0-j+k

=2 = ®

) I : e Ifu=xi+yj+zk

|r (0)xr [n]_,j(—l] +(0) +1 [then lulzm
=J1+0+1

=2

Substitute known values in equation (1), get the curvature as

Therefore the curvature of the given curve at the point (0,1,0) is x(0)= E



Now find the torsion of the given curve r(r}: {5in hr.,msﬁr,r)‘
(F()<e"(1)- ()

(<)
Differentiate (4) with respect to £, get
r"(¢)=(cosht, sinht, 0).

Use the formula torsion 7 =

. (5)

At t=0,
r"(0)=(cosh(0), sink(0), 0)
=(1,0,0)
Find the dot product of r’(0)xr”(0)and r®(0).
(r'(0)xr*(0))-r"(0)=(-1.0.1)-(1,0.0) [ Since r'(0)xr"(0)=-i-0-j+k |

=(=1)(1)+(0)(0)+(1)(0)

=]
And |r'(0)xr"(0)|=+2.
Substitute known values in equation (5), get the torsion as
__(r@xr (@) (1)
() xe (o)

Therefore the torsion of the given curve at the point (ﬂ,l,{]} is r=|—|




Answer 65E.

Consider the diagram of double helix,

The above helix looks like a cylinder.

The circumference of helix is Zn{mdius}

But the radius of each helix is about 10 angstroms.
27 (radius) = 27(10)
=20x
Let rbe the length of the curve through one turn.
The length tis the hypotenuse of a right triangle and lengths 20x, 34






By the right triangle,

£ =(20x) +(34)’

=400z +1156
=3947.84176+1156
=5103.84176

t=+/5103.84176

=T71.441177

But there are about 7 g j(fcomplete tumns.
The total length,

=(2.9%10%)xs

=(2.9x10%)x71.441177

=29x71.441177 x10*
=207.179413x10*

0 o
=207x10" A Since 1A=10"cm

=2 m|

Answer 6E.

(A)  The given function F(z) 15 defined as

0 ifx =<0
F[x)= P[x) if0<x <l
1 ifx=1

Since F(z) 15 continuous at x=0and at x=1.
Therefore, P(U) = ].iJ:nn_F(x) =0

And P(1)=lim F(x) =1
Thus, we have P(0)=0,  P(I)=1



0 if x=0
Now, F'(x)=9P'(x) if0 <x <l
0 ifx=1
Since F'(x) 1iscontinuous atx=0and x=1.
Therefore,
P (ﬂ)::]fnn- F (x)zﬂ
;’-""(1:)=1i_ﬁ1F F'(x)zﬂ
Thus, we have P'(U) =0 s P'(l): 0

The curvature of the curve y =F(=) at point (=, F(x) ) 15 given as:

k= = (I), 12
[1+(F () T
0 1if x<0
Now, F'(x)=9P"(x) f 0<x<l
0 ifx=>1
Since F'(x) 15 continuous at x=0and atx=1.
Therefore,

P*(0)=lim F*(x)=0
P*(1)=lim F*(x)=0
Thus, we have P*(0)=0 , P*(1)=0

Let P(x)= A+Bx+Cx’ +Dx’ + Ex' + Fx’ —- (1)
Be a polynomial of degree 3.
Dhfferentiating P(=) with respect to x,

P'(x)= B+2Cx+3Dx" +4EX +5F — 2

Again differentiating with respect to =,
P*(x)=2C+6Dx+12Ex" +20F%° —3)



Since P{0)=0

Therefore, from (1)
0=A+ Bx04+Cx0*+ Dx0* + Ex0* + F x0?

=  A=0

Also, P'(0)=0

Therefore, from (2)
0=B8+2Cx0+3Dx0® +4Ex0* +57 x 0!
0=7

Also, P*(0)=0

Therefore, from (3) we have,
0=2C+6Dx0+12Ex 0% +20F x0*

= 0=2C
= =0
Now P(l)zl

Therefore, from (1) we have
1= A+ Bx14+CxP+DxBP+ Ex1* + FxT

= D+E+F=1 —— (M)[Since A=B=C=0]
Also, P'(1)=0

= B+20x143Dx P +4ExB +5Fx1* =0

= ID+4E+5F =0 -—-(5) (Since A=B=C=0)
And P'(1)=0

= A +6Dx1+12Ex1P+20F <12 =0
= 6D +12E+20F =0
= 3D+6E+10F =0 — 6

Solving equation (3) and (6) we get,

D E _F
51|15 31 B 4
6 10| ho 3 [z 6
D E F
=m(saj’)

40—-30 15-30 18-12
D E F

—_—— ==

0 -15 6



= D =100, E=—15%, F=6tm
Putting these values of D,E F 1n equation (4) we get,

D+E+F=1
= 10— 15m+ 6m=1
=% m=1

Therefore, D=10m=10x1=10
E=—15%m=-15x1=-15
F=btm=6x1=6

Putting values of A B, C D EF in equation {1) we get polynomial of degree 5 as.
P(x)= A+Bx+Cx +DX +Ex' + FY
= 0+0xx+0xx* +102° —15z* + 62

=103 -15s* + 61
Hence,

P{x)=10x" —15z* + 62






