DAY FOURTEEN

Maxima and
Minima

(Learning & Revision for the Day)

+ Maxima and Minima of a Function + Concept of Global Maximum/Minimum

Maxima and Minima of a Function

A function f(x) is said to attain a maximum at x = q, % Greatest value/
. . . Local Local absolute

if there exists a neighbourhood (a -9, a + 9), x #a maximum maximum maximum
ie. f(x) <f(a), OxO0 (@d ,&d ), A C

x # alh >0 (very small quantity) ﬂ Local minimum

of f(x)at x = a.

In such a case f(a) is said to be the maximum value X b X
A function f(x) is said to attain a minimum at

Least value/

x = q, if there exists a neighbourhood (a -9, a + 9) -
absolute minimum v

such that f(x) > f(a), Ox0 (a =8, a + 9, x #a.

Graph of a continuous function explained local maxima (minima) and absolute maxima
(minima). In such a case f(a) is said to be the minimum value of f(x)at x = a.

The points at which a function attains either the maximum or the minimum values are known
as the extreme points or turning points and both minimum and maximum values of f(x) are

called extreme values. The turning points A and C are called local maximum and points B and
D are called local minimum.

Critical Point

e A point ¢ in the domain of a function f at which either f' (¢) =0 or f is not differentiable is
called a critical point of f. Note that, if f is continuous at point ¢ and f' (¢c) = 0, then there
exists h >0 such that fis differentiable in the interval (¢ —h, ¢ + h).

e The converse of above theorem need not be true, that is a point at which the derivative
vanishes need not be a point of local maxima or local minima.

Method to Find Local Maxima or Local Minima

First Derivative Test
Let f be a function defined on an open interval I and f be continuous at a critical point ¢ in I.
Then,
(i) If f' (x) changes sign from positive to negative as x increases through ¢, i.e. if ' (x) >0 at
every point sufficiently close to and to the left of ¢ and f'(x)<0 at every point
sufficiently close to and to the right of ¢, then ¢ is a point of local maxima.



(ii) If f' (x) changes sign from negative to positive as x
increases through point ¢, i.e. if ' (x) <0 at every point
sufficiently close to and to the left of ¢ and f' (x) >0 at
every point sufficiently close to and to the right of ¢,
then c is a point of local minima.

(iii) If f' (x) does not change sign as x increases through c,
then c is neither a point of local maxima nor a point of
local minima. Infact, such a point is called point of
inflection.

-<

Point of local maxima

Point of non-differentiability
and point at local maxima

Point of non-differentiability
but it is a point of local
minima

X

Graph of f around ¢ explained following points.

(iv) If ¢ is a point of local maxima of f, then f(c) is a local
maximum value of f. Similarly, if ¢ is a point of local
minima of f, then f(c) is a local minimum value of f.

Second or Higher Order Derivative Test
(i) Find f' (x) and equate it to zero. Solve f'(x)=0 let its
roots be x = a,, a,,...
(ii) Find f'' (x)and at x = q,,
(a) if f'' (q,) is positive, then f(x)is minimum at x = q,.
(b) if f''(q) is negative, then f(x) is maximum at
x=aq,.
(iii) (&) If at x=aqa,f" (q)=0, then find [ (x). If
f'"" (a)# 0, then f(x) is neither maximum nor
minimum at x = a.

() If f'* ()= 0, then find f*(x).
(c) If f¥(x) is positive (minimum value) and f"(x) is
negative (maximum value).
(iv) If at x=a,f"(q) =0, then find f'(x) and proceed
similarly.

Point of Inflection
At point of inflection
(i) It is not necessary that 1st derivative is zero.

(ii) 2nd derivative must be zero or 2nd derivative changes
sign in the neighbourhood of point of inflection.

nth Derivative Test

Let f be a differentiable function on an interval I and a be an
interior point of I such that

(i) f(@=f(a=f"(@=...=f""(a) =0and

(ii) f"(a) exists and is non-zero.

Important Results

e If niseven and f"(a) <0 0 x =ais a point of local
maximum.

e Ifniseven and f"(a) >0 0 x = ais a point of local
minimum.

e Ifnis odd 0 x = ais a point of neither local maximum nor
a point of local minimum.

_ax+b

cx +

e The function f(x) has no local maximum or

minimum regardless of values of a,b,cand d.
e The function f(6) =sin™ 6 [dos" B attains maximum values at
O/m0O
6=tan /0.

e If ABis diameter of circle and C is any point on the
circumference, then area of the A ABC will be maximum, if
triangle is isosceles.

Concept of Global
Maximum/Minimum

e Let y = f(x) be a given function with domain D and
[a,b] O D, then global maximum/minimum of f(x)in [a,b] is
basically the greatest / least value of f(x)in [a,b].

¢ Global maxima/minima in [a, b] would always occur at critical
points of f(x) within [a, b] or at end points of the interval.

Global Maximum/Minimum in [q, b]

In order to find the global maximum and minimum of f(x) in

[a, b].

StepI Find out all critical points of f(x)in [a, b]

[i.e. all points at which f'(x)=0] and let these
points arec,,c,,...,C,.

Step I Find the value of f(c,), f(c,)..... f(c,) and also at the
end points of domain i.e. f(a) and f(b).

Step III  Find M, - Global maxima or greatest value
and M, — Global minima or least value.
where, M, =max {f(a), f(c,), f(c,),..., flc,), fO)}
and M, = min {f(a), fc,). f(c,),---. f(c,). fb)}

Some Important Results on Maxima

and Minima

(i) Maxima and minima occur alternatively i.e. between
two maxima there is one minimum and vice-versa.

(ii) If f(x) > @ as x - a or b and f'(x)=0 only for one
value of x (say c¢) between a and b, then f(c) is
necessarily the minimum and the least value.

(iii) If f(x) » — o as x - a or b, then f(c) is necessarily the
maximum and greatest value.

(iv) The stationary points are the points of the domain,
where f' (x)=0.



(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

1 If fis defined as f(x) =x + l,then which of following is
X

true? = NCERT Exemplar
(a) Local maximum value of f(x)is — 2
(b) Local minimum value of f(x) is 2
(c) Local maximum value of f(x) is less than local minimum
value of f(x)
(d) All the above are true

2 |f the sum of two numbers is 3, then the maximum value
of the product of the first and the square of second is
= NCERT Exemplar

(a) 4 (b) 1 (c) 3 (d) 0

3 If y =alogx + bx® + x has its extremum value at x =1
and x = 2,then(a, b) is equal to

0Bl oRd ofE 0§

4 The function f(x) =a cos x + b tan x + x has extreme

values at x =0and x = g then

b =1 (d) a=

wlnwlN
o
1
-

5 The minimum radius vector of the curve
i2+—2 =1is of length
X®y

(a) 1 (b) 5 (c) 7 (d) None of these
6 The function f(x)=4x® -18x% +27x -7 has
(a) one local maxima = NCERT Exemplar

b) one local minima
) one local maxima and two local minima
)

(
(
(

c
d) neither maxima nor minima
2 _
7 The function f(x) = X2 2 has
X2 -

no point of local minima
no point of local maxima
exactly one point of local minima
exactly one point of local maxima

—ox, if x <1
8 Letf: R - R be defined by f(x) = & ~ 2% Tx<-1
x+3, if x>-1

(a
(b
(c
(d

)
)
)
)

If fhas a local minimum at x = -1, then a possible value
of kis = AIEEE 2010

(a) 1 (b) O (¢) - (d) ~1

9 The minimum value of 9x + 4y, where xy =16 s
(a) 48 (b) 28 (c) 38 (d) 18

10 If the function f(x) = 2x® —9ax® +12a°x +1,wherea >0
attains its maximum and minimum at p and g

respectively such that p? = g, then a is equal to
1

(a) 3 (b) 1 (c) 2 (d) >
11 1 f(x)=x? + 2bx + 2¢” and g(x) = - x* —2cx +b? such
that minimum f( x) > maximum g( x), then the relation
between band c is
(a) 0<c<by2
(©) lcl>|b|v2
12 Let f(x) be a polynomial of degree four having extreme
L= 3 then £(2) is

(b) [cl<|b|~2

(d) No real values of band ¢

values at x =1and x = 2. If lim E+L§)
x>0 X

B
equal to = JEE Mains 2015
(a) -8 (b) -4
(€)0 (d)4

13 If a differential function f(x) has a relative minimum at
x =0, then the function @(x) =f(x) +ax +bhas a relative
minimum at x = 0 for
(a) allaand all b
(c) allb>0

(b) allb,ifa=0
(d) alla>0

14 The denominator of a fraction is greater than 16 of the
square of numerator, then least value of fraction is
(a) -1/4 (b) -1/8
(c) 112 (d) 1/16

15 The function f(x) =ax + 9, b, x > 0 takes the least value
X

at x equal to
(a) b (b) Va (c) ¥b (@ 2
a
tan x
16 Let f be a function defined by f(x) = E x  X#0
H1 , x=0
Statement | x =0is point of minima of f.
Statement Il ' (0) =0. = AIEEE 2011

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

17 The absolute maximum and minimum values of the
function f given by f(x) = cos? x + sinx, x O[0, 1]
= NCERT Exemplar
(b) 1.25 and 1
(d) None of these

(a)2.25and 2
(c)1.75and 1.5



X

4+ x +x°
. 1
2 (b) 3 (c) 5 (d)

19 Ininterval [1,e], the greatest value of x* log x is

18 The maximum value of f(x) = on[-11] is

O =

(a) &* () llogL  (c) €?logve (d) None of these
e e
2
20 If x is real, the maximum value Ofw i
3x7 +9x +7

= AIEEE 2007

(@) 41 (b) 1 © @

7 4

21 The maximum and minimum values of
f(x) =sec x +log cos® x, 0 < x < 2T are respectively
= NCERT Exemplar
(&) (1,-1)and {2 (1-log?2), 2 (1 + log2)}
(b) (1,-1)and {2 (1-10g?2),2 (1-log?2)}
(c) (1,- 1and (2, - 3)
(d) None of the above

22 The difference between greatest and least values of the
function f(x)=sin 2x —x, on D—E, I[Dis
H 2 28" - NCERT Exemplar

b
(c) 3m (d) >

(a) (b) 2m
23 The point of inflection for the curve y = x*/is
(@) (1, 1) (b) (0,0) (c) (1,0) (d) (0, 1)

24 The maximum area of a right angled triangle with
hypotenuse h is = JEE Main 2013

h® h? h? h?

a) —— b) — Cc) — d) .

(a) 273 (b) 5 (c) 7 (d) 2

25 A straight line is drawn through the point P (3, 4) meeting
the positive direction of coordinate axes at the points A
and B. If O is the origin, then minimum area of AOAB is
equal to
(a) 12 sqg units
(c) 24 sqg units

(b) 6 sg units

(d) 48 sq units

26 Suppose the cubic x* — px + g has three distinct real
roots, where p >0 and g > 0. Then, which one of the
following holds?

(a) The cubic has maxima at both\g and —\E
(b) The cubic has minima at \/g and maxima at - \E

(c) The cubic has minima at - \/g and maxima at \E

(d) The cubic has minima at both \/g and - \g

27 It A(x,, y,), B(x,, y,)and C(x,, y,)are the vertices of a
A ABC. A parallelogram AFDE is drawn with D, E and F
on the line segment BC, CA and AB, respectively. Then,
maximum area of such parallelogram is

1

(a) (b) Z(area of AABC)

(c)

% (area of AABC)
%(area of AABC) (d) % (area of AABC)
28 If y =f(x)is a parametrically defined expression such
that x =3t° =18t +7and y =21° -151? + 24t +10,
O xd [0, 6].
Then, the maximum and minimum values of y =f(x) are
(a) 36,3 (b) 46, 6 (c) 40,-6  (d) 46,6

29 The value of a, so that the sum of the squares of the
roots of the equation x> —(a - 2)x —a +1 =0 assume
the least value is

(a) 2 (b) 1 (c) 3 (d) 0

30 The minimum intercepts made by the axes on the
2 2

tangent to the ellipse A A is
16 9

(a) 25 (b) 7 (c) 1

31 The curved surface of the cone inscribed in a given
sphere is maximum, if

_ 4R
(@ h =

(d) None of these

(b) h:g (©) h:?

(d) None of these
32 The volume of the largest cone that can be inscribed in a
sphere of radius R is = NCERT

(a) %of the volume of the sphere

(b) % of the volume of the sphere

(c) éof the volume of the sphere

(d) None of the above

33 Area of the greatest rectangle that can be inscribed in
2 2

. X5 oyt
theelllpsea—2+? 1is

(a) Jab (b) g (c) 2ab (d) ab

34 The real number x when added to its inverse gives the

minimum value of the sum at x equal to = AIEEE 2003
(a) 2 (b) 1 (c) -1 (d) -2

35 The greatest value of
f(x)=(x +1)"® =(x =1)"*on [0, 1] is - AIEEE 2002
(a) 1 (b) 2 (c) 3 (d) 1/3

36 The coordinate of a point on the parabola y* = 8x whose
distance from the circle x? +(y +6)2 =1is minimum, is
(a) (2,-4) (b) (2,4) (c)(18,-12)  (d) (8, 8)
37 The volume of the largest cylinder that can be inscribed
in a sphere of radius r cm is
) A’ (b) A’ (c) A’ (d) A’
V3 33 2J3 512
38 Maximum slope of the curve y = —x* +3x% +9x -27 s
(@ o (b) 12 (c) 16 (d) 32

(a



39 Ifab=2a+3b,a>0,b>0, then the minimum value of ab 40 The perimeter of a sector is p. The area of the sector is

is maximum, when its radius is
1
@ 12 (b) 24 (@) P (b) - (c) 2 (@2
(c) " (d) None of these Jp 2 4
(DAY PRACTICE SESSION 2 )
2 2 . oo
1 The minimum radius vector of the curvea—2 + b—z =1is of 375 wh||§ at40 km/h, ftis65. Then, th? most .
X y economical speed (in km/h) of the bus is = JEE Mains 2013
length (a) 45 (b) 50 (c) 60 (d) 40
(@)a-b (b) a+b gx®-2|, _
(c) 2a+ b (d) None of these EX f<x<y3
2 8 Iff(x)=F~, V3 < x <243, then the points,
2 f(x)=x? -4|x|and 3 73
()= I {A(:=6 <t <) x OF 6,0] them gl has B-x  2V3sxs4
Ef]ﬂaX {f(t):0<t<x},x 00, 6] ' where f(x) takes maximum and minimum values, are
(a) exactly one point of local minima (@ 1,4 (b) 0,4
(c) 2,4 (d) None of these

(b) exactly one point of local maxima

(c) no point to local maxima but exactly one point of local ) ) 1
@x +x° +3x +sin x| @3 +sm—§ x#0
X

minima 9 Letf(x , then
(d) neither a point of local maxima nor minima H 0, x=0
3 f(x) = 4x - x° +log(a® -3a +3), 0=<x<3 number of points [where, f(x) attains its minimum value]
ox —18, x=3 is

(a) 1 (b) 2

Complete the set of values of a such that f(x) has a local ©) 3 (d) infinite many

maxima at x = 3, is

(a) [-1, 2] (b) (=0, 1) O (290 ) 10 A wire of length 2 units is cut into two parts which are

(c) 1 2] (d) (=00, = 1) O (20 ) bent respectively to form a square of side = x units and a
circle of radius =r units. If the sum of the areas of the

4 The point in the interval [0, 21t], where f(x) = e* sin x has square and the circle so formed is minimum, then

maximum slope is

(a) 2x = (Tt + 4)r b)@d-mx=1
(a) = (b) = (c) x = 2r (d)2x=r
4 2 1 1
(c) T (d) None of these 11 Letf(x)=x*+—andg(x)=x ——, x OAR- + 1,0, 1. If
X X
_ f(x) - .
5 The total number of local maxima and local minima of the h(x) = (x) then the local minimum value of A(x) is
2+x —3<x<-1. g = JEE Mains 2018
function f(x) = % ey <o is (a) 3 (b) -3 (c)—2v2 (d) 242
. n®
12 The largest term in the sequence a, = is given b
(@ o (b) 1 (c) 2 (d) 3 9 g " 34 200 g y
6 If 20 m of wire is available for fencing off a flower-bed in 529 3
the form of a circular sector, then the maximum area (in 49 (®) 39
sgm) of the flower-bed is = JEE Mains 2017 (©) 49 (d) None of these
(a) 12.5 (b) 10 (c) 25 (d) 30 543

13 All possible values of the parameter a so that the function
f(x)=x°=3(7 —a)x? =3(9 —a®)x +2 has a negative

where v km/h is the average speed of the bus. When the point of local minimum are

bus travels at 30 km/h, the cost comes out to be3 75 (a) all real values (b) no real values

(¢) O) (d) (==,0)

7 The cost of running a bus from Ato B, is X %v + 9@
Vv



14 The circle x* + y? =1cuts the

X-axis at P and Q. Another circle
with centre at Q and variable
radius intersects the first circle at
R above the X-axis and the line
segment PQ at S. Then, the
maximum area of the AQSR is

(a) 44/3 sq units

(c) % sQ units

R x2+y2=1

(b) 14+/3 sq units
(d) 15+/3 sq units

15 Given, P(x)=x" +ax® +bx® +cx +dsuchthat x =0is
the only real root of P (x) = 0. If P(=1) <P(1), then in the

interval [-1,1].

= AIEEE 2009

(a) P(= 1) is the minimum and P(1) is the maximum of P

(b)P(-
(c)P(-
(d)

of P

ANSWERS

(= 1) is not minimum but P(1) is the maximum of P
(= 1) is the minimum and P(1) is not the maximum of P
Neither P(= 1) is the minimum nor P(1) is the maximum

1(d) 2 (a) 3 (d) 4 (a) 5 (b) 6 (d) 7 (d) 8 (d) 9 (a) 10 (o)
11 (0) 12 (o) 13 (b) 14 (b) 15 (d) 16 (b) 17 (b) 18 (¢) 19 (a) 20 (a)
21 (b) 22 (a) 23 (b) 24 (d) 25 (c) 26 (b) 27 (a) 28 (d) 29 (b) 30 (b)
31 (a) 32 (b) 33 (c) 34 (b) 35 (b) 36 (a) 37 (b) 38 (b) 39 (b) 40 (d)
SESSION 2 1 (b) 2 (d) 3 (0 4 (b) 5 (o) 6 (0 7 (c) 8 (b) 9 (a) 10 (o)
11 (d) 12 (o) 13 (b) 14 (o) 15 (b)
Hints and Explanations
SESSION 1 M D heiaso?
Tlety=x+1 0 ¥y 1 o =18-12=6>0 [minimal ’
X dx X _ 5 The given curve is 44:9 4
dy _ _ Atx =1, 2 P
Now, = =0 0O x=1 d°p
dx e =-6<0 Put x = r cos6, y =rsin 6, we get
O x=%1 ) ] B r* = (2sec Of + (3 cosec B
0 d’y _2 therefore So, P is maximum at x = 1. ' So, r* will have minimum value
2 0 Maximum value of P =1 (3 -1f =4 (2 + 3}.
%(at x=1)>0 3 . dy _a +obx +1 or r have minimum value equal to 5.
dx’ ) dx  x
dy . dx - x 6 f(x)=4x®-18x+27x -7
and E(atx=—1]<0 0 %@x =a+2b+1=0 fl(x)=12x* -36x+27
=1
Hence, local maximum value of y is at 0 - —9ph -1 =3(4x" —12x + 9)=3(2x -3
x = —1and the local maximum value a= a fl(x)=00 x=3 (critical point)
=-2 and%ﬁ =—+4b +1=0 2
Local minimum value of y is at x =1 kw2 2 Since, f'(x)> 0for all x < 3 and for all
and local minimum value = 2. 0 -2b -1, 4b +1=0 2
Therefore, local maximum value — 2 is x> 3
less than local minimum value 2. O—b+4b + 1_ 00 3b = -1
2 Let two numbers be x and (3 - x). 4 2 1 _22 Hence, X=§ is a point of inflection i.e.,
Then, product P = x(3 — xf 0 b=—anda=--1=-—=- . 2 . .
dpP 6 3 3 neither a point of maxima nor a point
— =-2x(3-x)+(3 —-xf of minima.
dx 4 f'(x)=-asinx+bsec’ x+1 3. " .
dp _ (3 - x)(3 3x) and d*P _ ox 12 T[ ng is the only critical point and f
O - Now, '(0)= 0and f' =0
dx dx* P ow /() and f QE has neither maxima nor minima.
For maxima or minima, put — =0 _ _
P dx 0 b+l=0and—g+£+1=0 7F01ry=X,Z 2Eld—y= 4X,
0 B-x)(3-3x)=00x=31 2 3 X -4 dx (X -4f



| dl>0, forx< 0
dx

and dl<0,forx>0
dx

Thus, x = 01is the point of local maxima

for y. Now, (v),_, = 1

x=0
x = 01is also the point of local
X =2

X - 4f

maximum for y =

8 If f(x)has a local minimum at x = -1,
then

lim f(x)= lim f(x)

X--1 X- -1
0 lim2x+3=1lim1<-2x
x--1" X1

0O-2 % k 2 0 k=-1

9 LetS =9x + 4y

Since, xy = 161is given.

O v = 16 or S=9x+ 64
X X
On differentiating both sides, we get
dﬁ =9- %
dx b
d—S=OD %=9D X=i§
dx 3
Again, on differentiating Eq. (i)

d’s _128
dx  x

w.r.t. X, we get

o .. 8
Hence, it is minimum at x = = and
minimum value of S is

S, = 9&?@+ 4(6) = 48
10 We have,
flx)=2x" —9ax’ +12d" x +1
f'(x)=6x" —18ax +12d
f"(x)=12x - 18a
For maximum and minimum,
6x* —18ax + 12d® =0
O X -3ax +2d =0
| X =aorx =2a
At x = amaximum and at x = 2a

minimum.
: p'=q
0 ¢ =2a 0a=2ora=0
But a > 0, therefore a = 2
11 Minimum of f(x) = - b
4a
_ —(4b* - 8c7)
4
=2¢? - b

) (positive). Thus,

12

13

14

and maximum of g(x) = - M
4(-1)

=b* +c’

Since, min f(x)> max g(x)

O 2¢* -b*>b* +¢?

O ¢*>2b*

O lc|>v2|b|

Central Idea Any function have

extreme values (maximum or

minimum) at its critical points, where

fix)=o0.

Since, the function have extreme values

atx=1and x = 2.

O f'(x)=0atx=1and x =2

O f'1)=0and f'(2)=0

Also it is given that

1im§+ MD:S 0% lim&)—' 3
x

X=0 x-0

O limM =2
x-0 2
O f(x)will be of the form
ax* +bx’ + 2%
[+ f(x)is of four degree polynomial]
Let f(x)= ax* +bx’ +2x* O f'(x)
= 4ax’ +3bx* +4x

O f1)=4a+3b+4=0 (1)
and f'(2)=32a+12b +8 =0
O 8a+3b+2=0 . (id)

On solving Egs. (i) and (ii), we get

Also, @'(0)>0 [~ f"'(0)> 0]
O (x)has relative minimum at
x =0forallb,ifa=0

Let the number be x, then

X
f(X)_xz+16

On differentiating w.r.t. x, we get
(¥ +16) - x(2x)

f'(x)= o + 167
_X+16-2x _ 16— X (0
(x* + 16Y (x* + 16}

Put f'(x)= 0 for maxima or minima
f'x)=0 O 16-x*=0
0 x=4 -4
Again, on differentiating w.r.t. x, we
get
(x* + 16Y (—2x) — (16 — X*)
2(x* + 16) 2x

fr(x)= 167 At

x=4, f"(x)<0

15

16

17

0 f(x)is maximum at x = 4.
and at x = — 4, f''(x)> 0, f(x)is
minimum.

O Least value of

-4 1
f(x)= =-1
16 + 16 8
. _ b
Given, f(x) = ax + —
X
On differentiating w.r.t. x, we get
b
(x)=a-2
/ X
For maxima or minima, put f'(x)= 0
O X = E
a
Again, differentiating w.r.t. x, we get
y 2b
Jrx)= —
X

Atx = \ﬁ, f'"'(x)= positive
a
o _ b
O f(x)is minimum at x = _|=.
a

O f(x) has the least value at x = \ﬁ

a
atanx XZ0
fx)=0 x
HL x=0
As BBXSa gk o0
X

O £ (0+ h)> f(0) and f(0 - h)> f(0)

At x = 0, f(x)attains minima.
Now, f'(o] = }71}13 w

tanh _

1
= lim & = lim tanh - h
h-o0 h h-0 R
[using L" Hospital’s rule]
2 -
=m 1" h-1 [~ tan’® =sec” 6 —1]
h-0 2h
2
“lim @ g 1o
h-0 2k 2

Therefore, Statement II is true.
Hence, both statements are true but
Statement II is not the correct
explanation of Statement L.

Given, f(x)=cos” x + sinx, x O[0, T

Now,
f'(x)=2cos x (—sinx) + cos x
= — 2sin xcos x + cos x

For maximum or minimum put
f'x)=0

0 - 2sinxcosx* cosx O

0 cosx(—2sinx+1)=0

g cos X = 00rsinx=1
2
O X:E’j
6 2

For absolute maximum and absolute
minimum, we have to evaluate
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20

0, fEH/ BH A

Atx =0,
f(0)=cos*0 +sin0=1" +0 =1
AtX:E,fEﬂﬁzcos2 §1ﬁ+ sin
6 6 6 6
2
0
:E’.\/jm +1=E =125
020 2 4
AtXZE,
2
f §E§=cosZ §1ﬁ+ sin =0 +1 =1
2 2 2
Atx =T

f(m) =cos® T 4sin ™A 4} +0 A
Hence, the absolute maximum value of

f is 1.25 occurring at x = T and the
6

absolute minimum value of f is 1

. s
occurring at x = 0, — and Tu
2

If close interval is given, to determine
global maximum (minimum), check the
value at all critical points as well as end
points of a given interval.

flx)=

X
4+ x+ X
On differentiating w.r.t. x, we get
, 4+ x4+ x -x(1+2x
fi(x)= (1 +2x)
(4+ x+ XV
For maximum, put f'(x)= 0
4-X

4+ x+ XY
Both the values of x are not in the
interval [-1, 1].

=00 x=2,-2

-1 -1
O -1)=— - =_-
f( ) 4-1+1 4
fa)= _tr -1 (maximum)
4+1+1 6
Given, f(x)= x* log x

On differentiating w.r.t. x, we get
f'(x)=2log x+1)x
For a maximum, put f'(x)= 0
0O 2logx+1)x=0
O x=e 0
0 < e*l /2 < 1
None of these critical points lies in the
interval [1, e] .

So, we only compute the value of f(x)at

the end points 1 ande.
We have, f(1)=0, f(e)=
Hence, greatest value of f(x)=e

fy=1+ — 10

3@){2+3x+ZH
3

Let

21

22

+7
g
IZD

@X @

So, the maximum value of f(x)at

3.
x=-11is

2

30_ - —
fg—fg—l+ =1+ 40=41

2

3
2

Given, f(x) = sec x + log cos® x
O f(x)=secx + 2 log(cos x)
Therefore,

f'(x)=sec x tan x —2 tan x

= tan x (sec x —2)

f'(x)=0

O tanx=0orsecx=2Dcosx=1
2
Therefore, possible values of x are
i 5T
x=0,x=Tmandx=—orx=",
3 3

)= secx(sec x — 2)
+ tan x (sec x tan x)
=sedx + sec x tan® x — 2 sec’x
=sec x (sec’x + tan® x -2 sec x)
Of"0)=1(1+ 0-2)=-1<0
Therefore, x = 0is a point of maxima.
f"(m=-1(1+0+2)=-3<0
Therefore, x = Tis a point of maxima.

f'@g§=2[4+3—4]=6>0

T, . .
Therefore, x = — is a point of minima.
3

Again,f"" (x

fr 53"§:2(4+3—4):6>0

Therefore, x = Misa point of minima.
3

Maximum value of y at x = 01is
1+0=1

Maximum value of y at x =
-1+0=-1

Tlis
. T,
Minimum value of y at x = B is

2+ 2 log% =2(1 - log2).

Minimum value of y at x = 5—; is

2+ Zlog% =2(1 - log2)

Given, f(x) =sin2x - x

O f'(x)=2cos 2x -1

Put f'(x)=0 O cos 2x=%

0 2x=-"or Mo x=-"Tor "
3 6 6

Now, f Q—Eg—sm(— ) + n_n
2 2

23

24

25

26

and f@zﬂﬁzsin(n)—g = _En

Clearly, Tis the greatest value and - n

is the least.

Therefore, difference = LIS
2 2
Given, y = x 7

2
dl:SXB/Z dy:EXUz

dx 2 d¢ 4
Atx =0 diy_odiy_
dx dx*
3
anddy

" is not defined,
b

whenx =0,y =0
(0, 0)is a point of inflection.

Area of triangle, A = ) X1/]’l2 X

a O
dA 1 B Xz + D: 0
dx 2 2 h‘ E
h
O X=__—
V2
C
h
A
A X B
2
0 d*A _ h
ax* V2
2 2
O A= 1 h h? IL_ hi
2 2 4
Let the equation of drawn line be
X,y =1, wherea> 3,
a

b > 4, as the line passes through (3, 4)
and meets the positive direction of
coordinate axes.
Wehave,§+ é=1D b= 4a

a b (@a=3)
Now, area of AAOB,

_1 ., 2d
2 (a-3)
dh _ 2a(a-6)
da (a -3}

Clearly, a=6is the point of minima for A.
Thus, A, = 2 36

= 24 sq units

/

Vp/3

Let f(x)=x* — px+q

Maxima

[
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Then, f'(x)= Sx2 p
Put f'(x)
; F Iz
3
= 6x

At x= \/7 f" )= \/7 0
[minima]
and at x = —\/gf"[xk 0

We have, AF || DE and AE || FD

[maxima]

Now, in AABC and AEDC,
ODEC= 0 BAQ] ACB is common.
0 A ABC A EDC
b-y _xp x=Sb-y)
c b
Now, S = Area of parallelogram
AFDE = 2 (area of AAEF)

ad S =2 @% XysinA@

Now,

= % (b -y)ysinA

ZTS/ = %sinAH[b -2y)

Sign scheme ofd—s,
dy

|
T

+ b/2

Hence, S is maximum when y = b O
2

s, =¢ %ﬁx b sina

%%bc smAH— — (area of AABC)

We have,
dy _ 61°-30t +24=6( -1)({ —4)
dt
andg=6t -18=6(t -3)
dt
Thus, dy (-1t ~4)
dx (t =3)

which indicates thatt =1, 3 and 4 are
the critical points of y = f

o 424
dx

_t-6t+11 1
(t =3y 6(t -3)

29

30
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dy

At(t =1) <0
dx
0 t =1is a point of local maxima.
2
att=49%Y 50
dx

O t = 4is a point of local minima.

At(t =3) dy and d— are not defined
dx dx’

and change its sign.
2
d Y is unknown in the vicinity oft =3,

thust = 3 is a point of neither maxima
nor minima.

Finally, maximum and minimum values
of expression y = f(x)are 46 and -6,
respectively.

Leta and {3 be the roots of the equation
¥ -(a-2)x-a+1=0
Then, a+B=a-20B =-a+1

Let z=a +
=( +pBy -20B
=(@-2f +2(a-1)
=d -2a+2
O d—Z—ZG—Z
da
Putd—Z—O then
da
0 a=1
dz
——2>0
da

So, z has minima at a = 1.

So,a’ + B* has least value for a = 1.
This is because we have only one
stationary value at which we have
minima.

Hence, a = 1.

Any tangent to the ellipse is
%COS t+ %sint =1, where the point of
contact is (4cos t, 3sin t)

X 4y

or —_ +
4sect 3 cosect

=1,

It means the axes Q (4sec t, 0)and

R(0, 3 cosec t).

O The distance of the line segment QR is
QR* = D =16 sec’t + 9 cosec’t

So, the minimum value of D is (4 + 3f

orQR =7.

Let S be the curved surface area of a
cone.

32

OA=AC-0C =h -R

In AOAB,R* = r* + (h - R}

0 r=+2Rh-h°

0 S=rmwl=nN2Bh-hk)NR +1*)
= (m2Bh - > )(V2Rh)

LetS* =P

0 P =10 2R(2Rk* - k%)
Since, S is maximum, if P is maximum,

then
di_zﬁB(z;Bh -3h%) =
dh
0 h=0o2f
3

Again, on differentiating ZITII:, we get

2
d’p =2 TCR(4R -6h)
dh*
2
d’p <Qath :ﬂ
dh* 3

LetOC = x,CQ =r

Now, OA = R [given]

Height of the cone=h = x + R
O Volume of the cone

=v =Ynrh ()
3

A

Also, in right angled AOCQ),
OC* + CQ* =0Q*

ad X+ =R

O P =R - X (i)
From Egs. (i) and (ii),

V= R - ¥)(x + R) ...(iii)

[+h=x+R]
On differentiating Eq. (iii) w.r.t. x, we
get

W o1 R - ) - 2x(x + R)]
dx 3
0 VoM - —2x —2xR)
dx 3
0 9V - M _oxp —3w)
dx 3
dV _ m .
0 —=—(R-3x)(R+ L(iv
T 3[ x)(R + x) (iv)
For maxima, put d—V= 0
dx
O ET[[H—BX](R+X)=O
0 ng orx =-R DXZE

[since, x cannot be negative]
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On differentiating Eq. (iv) w.r.t. x, we get
d’v _m

= —[(-3)(R + x) + (R -3x
e 3[( ) )+ ( )]
= (2R -6x) = - (2R +6x)
3 3
2 p—
At Xzﬁjdl_ n @
3 dx 3 3
= ER<0
3

So, V has a local maxima at x = R/ 3.
Now, on substituting the value of x in

Eq. (iii), we get
-2 -
=E L:—%HR:‘@
3 9 3 27
O V=2—87 x Volume of sphere

A

(-acos ©,bsin @) |(acos6, bsin6)
B A

i D
\ %

C ] [3)
(-acos8,-bsinB) | (acosB,—bsinB)
YV
Area of rectangle ABCD
= (2a cos 0) (2b sin 6) = 2ab sin26
Hence, area of greatest rectangle is
equal to 2ab when sin 20 =1.

Let flx)=x+ 1
X
1
"(x)=1- —
J'(x) =
For maxima and minima, put f'(x)= 0
D1-L=00x=¢+1
X
" 2
Now, f"(x)= =
b's
At x=1, f"(x)= +ve [minima]
and atx = -1, f''(x)= -ve [maxima]

Thus, f(x)attains minimum value at
x=1
Given that, f(x) = (x + 1)'* —(x —1)'"

On dlfferentlatlng w.r.t. x, we get

- 101 1 O
Y e
X—l)”3 (x + 17
3(x - 17"

Clearly, f'(x) does not existat x = + 1.
Now, put f'(x)= 0, then

- 1)2/3 =(x +1f°0 x =
At x= 0
fx)=©+1)" (0 -1)" =2
Hence, the greatest value of f(x)is 2.

y*=8x. But y*=4ax
0 4a=8 0 a=2

37
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Any point on parabola is (at*,2at),

i.e., (2t%,4t).

For its minimum distance from the
circle means its distance from the centre
(0,- 6) of the circle.

Let z=(2t*Y +(4t +6}
=4(t* + 4" +12t +9)
o d—Z:4(4t3+8t+12]
dt

0 16(t*+2t +3)=0

0 t+1)t* -t +3)=0

0 t=-1

d*z _ B .
O ~=16(3t" +2)>0, hence minimum.

So, point is (2,— 4).

We know that, volume of cylinder,
V = mR*h

2
0 R*=r K
4
2
O -nﬁrz hHh
O V = wh _Zh3 ()

On differentiating Eq. (i) both sides
w.r.t. h, we get

dv , 3T’
= ? -
dh 4
0 d? V _ 31
dh* 2
For maximum or minimum value of V,
2
dl =0 O TI:I‘Z - 31t =
dh
ar* 2
O k= O h="r
3 V3
W*vo
Now, [(F—-[] = —\J31r <0
Odh*
ﬁ

Thus, V is maximum when h = 2— then
2r§ g 2
Q:/ 3

3«f

=-x"+3x +9x -27

HZ:I,Z 2

MaxV = Tlﬂ’h—

Let f(x)

The slope of this curve
f'(x)=-3xX +6x+9

39
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Let g(x)=f'(x)=-3xX +6x+9

On differentiating w.r.t. x, we get
g'(x)=-6x+6

For maxima or minima put g'(x)= 0

ad x=1

Now, g''(x)= - 6< 0and hence, at

x =1, g(x) (slope) will have maximum
value.

Olg(1)], = -3 %1 +6(1) +9 =12
Given,
ab=2a+3b 0O

0 b= 2a
a—-3

(a=3)b =2a

2d

a-3

Now, let z=ab =

On differentiating w.r.t. x, we get
dz _2[(a-3)2a —a‘] 2 [ad* - 6q]

da (a -3y (a -3y

For a minimum, put d—z =0
da

0 & -6a=0
O a=0,6

2
Ata =6, d—z = positive
dd

When a=6, b=4
O (ab). =6x4=24

‘min

Perimeter of a A
sector = p

Let AOB be

the sector with Q
radius r.

If angle of the

sector be @ radians,

then area of sector,

A=1r% ()
2
and length of arc,s =r® 0O 6 = s
r

[ Perimeter of the sector
p=r+s+r =2r +s ..(ii)
On substituting 6 = i in Eq. (i), we get

—rsOd s—E

A= rEE gm0 o=

Now, on substituting the value of s in
Eq. (ii), we get

p:2r+g;AQD 2A = pr -2r?
r

On differentiating w.r.t. r, we get

dA

2 ——=p-d4r
dr -P
For the maximum area, put
dA _
dr
O p-4r =0
r = B
4



SESSION 2 Clearly, f'(x)changes its sign at x = — 1 So. atv = \ﬁ the speed is most
a

from positive to negative and so f(x)has

1 Let radius vector is r. local maxima at x = — 1. economical.
Or=x+y Also, f'(0)does not exist but f'(07)< 0 0 Most economical speed is
, day* , O & b O and f'(0")> 0. It can only be inferred
2 - 2 . -
ur= ﬂ ty H 2z * ? - 1H that f(x)has a possibility of a minimum c = a\/E + b\ﬁ =2Jab
o at x = 0. Hence, it has one local maxima a b
For mzlmmurn value ozfr, at x = — 1and one local minima at x = 0 1
ae?) _ 00 % +2y =0 So, total number of local maxima and € =2 2 X 1800 =2 %30
dy (y* - b*¥ local minima is 2. _
0 yz‘b[a+b] 6 g ¢ =60
- Total length = 2r + r6 =20
0 x =da+b) & EXZ—Zl,—lSX<\/§
O r*=(@+bf 0 r=a+b ‘ 8 f(x)= 0=, 3<x<2/3
2 Bold line represents the graph of 3
v = g(x), clearly g(x)has neither a B-x2/3<xs<4
point of local maxima nor a point of r r y

local minima.

: Ly =x2-4[x| re
; : 20 - 2r ,
! ! 0 p="2 X
Loy 2 o2 /o r
_6 - 4'\‘\ j4 6 Now, area of flower-bed,
- So _ 1 )
A=-10
i 0-2r From the above graph,
o A=-r’ @ Maximum occurs at x = 0 and
3 Clearly, f(x)in increasing just before 2 r minimum at x = 4.
x = 3 and decreasing after x = 3. For o A=10r - r* O0x + x* +3x+sin x|
x = 3 to be the point of local maxima. O dA _ 10 = 2r 9 _H M X#0
f@)= £ - 0) dr flx)= Bﬁg + sin @“%
) x
O- 18 12 2% log(d~ 3a 3) For maxima or minima, put% =0. =] 0, x=0
O 0<d-3a+3<10 1<a<2 dr X )
0 10-2r =00 r=5 Let g(x)=x"+ x* +3x +sin x

4 (Slope) f'(x)=e* cos x + sin xe* | 20 - 2050 g'(x)=3x +2x+3 +cos x

= e*\2 sin (x + T74) O A, =—(5f =22 ) ox
f"(x)= V2e* {sin (x + 14) 28 5 8 —3@(Z+?+l§+cosx

_1 _
+ cos (x + T4)} _§x25x2_255qm 14 8O
=2e* [Bin (x + 1/2) b =3§Y+7H+7D+cosx>0
For maximum slope, put f''(x)= 0 7 Let c=av +— () 3 90
v
0 i + T2)=0 . HL
sin (x + ]_ When v =30km/ h, thenc = % 75 and2<3 + sin @%4
| cos x=10 b Ix
g xX=T1/2312 O 75=30a+ 30 -.-(i1) Hence, minimum value of f(x)is 0 at
f'""(x)= 2e* cos (x+ T2) x=0.
When v = 40 km/h, thenc =% 65 H ber of points = 1
£ (112)= 2e* Toos = — ve b ence, number of points =
. . _ O 65=40a + — ...(iii) . . . .
Maximum slope is at x = TT/2. 40 10 According to given information, we
B+ xf,-3<xs-1 On solving Egs. (ii) and (iii), we get have
5 f'(x)=0 2 B~ 1< x<2 a= 1 and b =1800 Perimeter of square + Perimeter of circle
B 3 = 2 units
y On differentiating w.r.t. v in Eq. (i), 0 4x + 210 =2
dc _ a _b 0 _1-2x (
A dv v "= T )
For maximum or minimum ¢,3 Now, let A be the sum of the areas of
X , X dc _ 00 v=+ b the square and the circle. Then,
-2, 0)/(—1, 0 |0 dv “Va A= X +
) B (1 -2x)?
O dc:& atvz\/E,dX'>0 —)(24'7'[7.”2
(-3,0) dv* v a dv? )
Y O Ax)=x + (1 -2xf

T



Now, for minimum value of A(x),

%:0
dx
0 2X+M[{-2):g
b
0 X=2—4X
Tt
O mx+4x=2
0 x=_ 2 (i)
m+ 4
Now, from Eq. (i), we get
1-20-2
m+ 4
r =
s
m+4-4 1
=— _~ ~ = .. (i)
(T + 4) T+ 4
From Egs. (ii) and (iii), we get
X =2r
11 We have,
f[x]=xz+landg(x]=x—l
X X
hi = 1)
8(x)
12
ool fretfes
0 h(x)= X = X
1 1
X - — X - —
X X
_n 1 2
0 h(X)—@x ;§+ :
X - =
X
X_l>o,§x_l§+ 2 O[22 )
X X x-1
X
X—l<0,
X
@x-l§+ 2 Ofe ,242]
X 1
X—i
X

0 Local minimum value is 24/2.

12 Consider the function

_ X
fx)= (x* + 200)
o= o (400 = x7)
Fx=x (x* + 200}

when x = (400)'"?, (.~ x # 0)
x=(400)" -h0O f'(x)>0
x =(400)" + h0O f'(x)< 0
0 f(x) has maxima at x = (400)'
Since, 7 < (400)'”* < 8, either q, or q, is
the greatest term of the sequence.
49
543
8

and a; = 20

13

14

and ﬂ > i
543 89
49 .
= —— is the greatest term.
@ 543
flx)=x"-3(07 -a)x’ -3(9 - d')x + 2

f'(x)=3x - 6(7 - a)x —=3(9 - )
For real root D > 0,
0 49+ d -14a+9-a 20
O asE

14
For local minimum
f"(x)=6x—6(7-a)>0

| 7-X
has x must be negative
g 7-a<0

O a>7

Thus constradictory, i.e., for real roots

a< 28 and for negative point of local
14

minimum a > 7.
No possible values of a

From the given figure coordinate of Q is
(-1,0)
The equation of circle centre at Q with
variable radius r is

(x+1f +y* =r° (1)
This circle meets the line segment QP at
S, whereQS =r
It meets the circle ¥ + y* =1at ...(ii)

ar* -2 r
RO——, 2

=0
et
g 2 a

[on solving Egs. (i) and (ii)
A = Area of AQSR
= % xQS x RT
=%r %.,H—rzg
[since, RT is the y-coordinate of R]

=%[r21l4—r2]
Bor Ja-r + 20
g B

_fra- r)-r'}

4,/4 - 1*

15

? =0, when r (8 - 3 r’) = 0 giving
r
_ |8
r=_|—
3
4,/4 - r* (8 - 9r?)
-(8r -31r°) (-4r)
d*A _ 4-r
dr® 16 (4 - r*)
2
When r= \/E, thenij? <0
3 r

. . 8
Hence, A is maximum whenr = |—.
3

Then, maximum area
_ 8 8 _ 443 .
= 4 - — =——squnit
4%x3 3 9

Given,

Px)=x*+ax’ +bxX +cx +d
0 P'(x)=4x"+3ax +2bx +c
Since, x = 0is a solution for

P'(x)= 0, then
c=0
0 Px)=x'+ax’ +bx* +d (D)

Also, we have P(- 1)< P(1)
O1-a+b+d<1+a+b +d
g a>0
Since, P'(x)= 0, only when x = 0 and
P(x)is differentiable in (- 1, 1), we
should have the maximum and
minimum at the points x = — 1, 0 and 1.
Also, we have P (- 1)< P(1)
0 Maximum of P(x) = Max {P(0), P(1)}
and minimum of P (x) = Min
{P (- 1), P(0)}
In the interval [0, 1],
P'(x)= 4x’ + 3ax’ + 2bx

= x (4x* + 3ax + 2b)
Since, P'(x)has only one root x = 0,
then 4x* + 3ax + 2b = 0 has no real
roots.
O (3af -32b<0
O ﬁ <b

32

O b>0
Thus, we have a> 0and b > 0.
0 P'(x)= 4x" + 3ax” + 2bx> 0,
0 xJ (0,1)
Hence, P(x)is increasing in [0, 1].
0 Maximum of P(x) = P(1)
Similarly, P(x)is decreasing in[-1, 0].

Therefore, minimum P(x)does not
occur at x = - 1.
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