C. S. (MAIN) EXAM, 2009
S1. No. 402 C-DTN-J-NUA

MATHEMATICS

Paper—I

Time Allowed : Three Hours Maximum Marks : 300

INSTRUCTIONS

Each question is printed both in Hindi and
in English.

Answers must be written in the medium
specified in the Admission Certificate issued
to you, which must be stated clearly on the
cover of the answer-book in the space
provided for the purpose. No marks will be
given for the answers written in a medium
other than that specified in the Admission
Certificate.

Candidates should attempt Question Nos. 1
and § which are compulsory, and any three
of the remaining questions selecting at least
one gquestion from each Section.

The number of marks carried by each
| question is indicated at the end of the
| question.

| Assume suitable data if considered necessary
and indicate the same clearly.

Symbols/notations carry their usual
meanings, unless otherwise indicated.
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Section—A

1. Attempt any five of the following :

(a) Find a Hermitian and a skew-Hermitian
matrix each whose sum is the matrix

|_ 21 3 -1
1 2+31 2
—1+1 = 5i 12

(b) Prove that the set V of the wvectors
(x1, X5, X3, X4) in R*% which satisfy the
equations x; +x, +2x5 +x, =0 and
2x; +3xy5 —x3 +x4 =0, is a subspace
of R*. What is the dimension of this
subspace? Find one of its bases. 12

(c) Suppose that f” is continuous on [1, 2]
and that f has three zeroes in the
interval (1, 2). Show that f” has at least
one zero in the interval (1, 2). 12

(d) 1If f is the derivative of some function
defined on [q, b], prove that there exists
a number n e [aq, b], such that

[[rwat=rmm-a 12

(e) A line is drawn through a variable point
2 2

on the ellipse x _#H - 1, 2=0 to meet
2 2
a b
two fixed lines y = mx, z=c and y = -mx,
z = —c. Find the locus of the line. 12
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1. f=afafaa 3 9 - gt & 39t difsio .

(%) = HA I =k faum-eifd em=E wem
Hifse, o am f=fafaa sm=E @ 12

21 3 -1
1 2+31 2
—1+1 4 5i

(@) fag fifse 5 R? & giewd (561, X5, X3, Xa) T
ﬁm@zv,ﬁﬁﬂtﬁwﬁxl+x2+2x3+x4=0
3ﬂ'(2x1+3x2—x3+x4=07ﬁi?i§2m'§f,
R* &t us 3Iqan(® 21 39 Iumsf® =1 == 4mm
27 ITHHT UH YR AT Hifew 12

(M) == s & [1, 2) W £ daa ? 3 Faue
(1, 2) H f = di4 I gl wise & sfaua
(1, 2) § f” =1 FA-V-FT UTF [T 2| 12

(") 3R [@ b] W gftuTia Rl ®em =1 Jawe [
?, A @ifead Fifse f & TH §= ne (g b
HIS[g 8, difsh

[rodt=rmwb-a -

2 2
(¥) é’fﬂfﬁ?{%-&-—éf—g:l, z=0 W UF uiEdt &g
a b

9 uF @ @ g e y=mx, z=c
3?ﬁ'{y=—mx, z=—cﬁﬁ!ﬂ'ﬁ%ﬁ%§@ﬁﬁ
St 212\ W & faguy w8 sma fifsg) 12
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2. (a)
(b)
(c)
3. (a)

Find the equation of the sphere having
its centre on the plane 4x-5y-z=3,
and passing through the circle

x? +y? + 22 -12x-3y+4z+8=0

3x+4y-5z+3 =0

Let .%={1,10),(,01),(0, 11} and
B ={21,1),(121), (-1 1, 1)} be the two
ordered bases of R®. Then find a matrix
representing the linear transformation
T:R3® -5 R® which transforms .%# into

#’. Use this matrix representation to
find T(¥), where x = (2, 3, 1).

If x=3+0:-01 and y=4+0-01, with
approximately what accuracy can you
calculate the polar coordinates r and 6
of the point P(x, y)? Express your
estimates as percentage changes of
the values that r and 6 have at the
point (3, 4).

Find a 2 x2 real matrix A which is both
orthogonal and skew-symmetric. Can
there exist a 3 x3 real matrix which is
both orthogonal and skew-symmetric?
Justify your answer.

Let L:R* 5 R>® be a linear transfor-
mation defined by
L((x;, x4, x3, x4))

=(xg +2x4 —Xx) —Xg, X3 —Xp, X4 —X;)
Then find the rank and nullity of L.

Also, determine null space and range
space of L.
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(&)

(%)

(@)

()

()

U UH T o1 GHIET I1d shiteie, Sast &4
gHdd 4x —5y—z=3 W & I S I

x? +y? +2?2-12x-3y+4z+8=0

3x+4y—-5z+3 =0

q § s @O
@it % ={110),(,01,(0 11} =K
B =4211,(121,(-1,11 @ HiEa
e 8 R3 ) 99 ©F sArsqg * Hem Hifw,
S ek g Waw wuaor TR 5 RE &
&9 a1 B S B B B 0 Ui F 2
39 ATeygE feuuw @1 T(x) & 39 s & o
FEAT i, Sl X = (2, 3, 1) &1
It x =3+0-013M y=4+0-01 %, d 319
%P{x,y}%gﬁt{ﬁ%ﬂﬁﬁraﬂteww
Trat aftgrear < @19 9fitha L "ehd 87 3™
I U] 1 39 gE & gfawradar gfiEdqi &
w1 # = Fifse, s o (3, 4) Wr 3R 0 F
7|
T UH 2 x 2 TRAfaE IHE A Hie[ HIf,
S enfreres 3 em-gafia 9= 8 s w2
3 x 3 aArAafas e | B §Far g, | e
2 fauw-gwufiyg €M7 817 399 39¢ & 9y o
el w1 Hifso '

st L:R* - R® uws tar thas w9iaor 2,
=i

L((xy, x5, x5, x4))

12

20

20

20

=(x3 + x4 —X) — X3, X3 —X3, X4 —X)

| giATid 211 9| L =1 w2 3 sar =Y Arem
#ifsa Wy & L 1 3= wafe i gfmr gafe
&1 ot Fgfwr fifsro

20
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4.

(b)

(c)

()

(b)

Let f:R?® - R be defined as

Y if (x y)# (0 0)
flx y)={/x? +y?

0 , if (x y)=(0, 0)

Is f continuous at (0,0)? Compute
partial derivatives of f at any point (x, y),
if exist. 20

A space probe in the shape of the
ellipsoid 4x? +y"2 +4z? =16 enters the
earth’s atmosphere and its surface
begins to heat. After one hour, the
temperature at the point (x, y, z) on the
probe surface is given by

T(x, y, 2) = 8x2 +4yz— 16z +600

FFind the hottest point on the probe
surface., 20

Prove that the set V of all 3x3 real
symmetric matrices forms a linear
subspace of the space of all 3 x3 real
matrices. What is the dimension of this

subspace? Find at least one of the bases
for V. 20

Evaluate

I= deydz+ dzdx + xz*dx dy
S

where S is the outer side of the part of

. 5 _
the sphere x2 + Y- +2z2 =1 in the first

octant. 20
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(@) e f:R?2 >R f=fafas & =9 A

qftsfea 2

Y, 4R (x y) =0 0)
fle Yy ={x? +y*

o , 3R (xy=00)

F1 (0, 0) W f Taa a7 fodl forg (x, y) W f
¥ Ay rawas] w1 9lEaa Fifse, Jfe I
Aferea &1 20

(M) defgEms 4x? +y? +4z% =16 N AHA w1
UF IARE FAGU-FE gl F FigEed d yaw
Far & 3 I gy vl N oTar B UE HE H
e, A=T-9H % 98 W a5 (x, y, 2 |WdH™

T(x, Yy, 2) = 8x2% +4yz-16z+600

20 29 2| FEEU-IE F UE W g« SgEr ™
fag 3@ Hifswy 20

4. (=) fag s & @i 3 x3 arafas arfaa T=gEl
F Tz V, ufil 3 x3 arafas A=gEl & GHfE =
Yas Iuguf® w99 81 39 IUGHE &1 AHY =4
2? V & U FH-9-%9 U JAUR J@ Sl 20

(@) I=J'J'xdydz+dzdx+9cz2dxdy HT HedTHA
S
$ifdw, sl S dEd  IEwE H o e
x2 +y? +22% =1 F 971 = =GN gEd @) 20
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(c) Prove that the normals from the point

2 2
(c, B, v) to the paraboloid x—7+§— =2z
2 2
a b
lie on the cone
: 2 ;2
oL . [3 a b -0 20

_|_
x—a y-p3 Z—Y

Section—B

5. Attempt any five of the following :

(a) A body 1is describing an ellipse of
eccentricity e under the action of a
central force directed towards a focus
and when at the nearer apse, the centre
of force is transferred to the other focus.
Find the eccentricity of the new orbit in
terms of the eccentricity of the original
orbit. 12

(b) Find the Wronskian of the set of

functions
{3x3,13x3|)
on the interval [-1,1] and determine
whether the set is linearly dependent on
[—1, 1]. 12

(c) A uniform rod AB is movable about a
hinge at A and rests with one end in
contact with a smooth vertical wall. If
the rod is inclined at an angle of 30°
with the horizontal, find the reaction at
the hinge in magnitude and direction. § 52
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5. fr=fefaa & 4 ol ura & 3@ 4 .

(%)

(@)

(M)

+is fug frdt aify 6 otk Rfie = =" =3a
1 o & 31fia Iche=dl e 1 U@ drEgd a1 @
B 3 5= =8 g & wistem w o gar 8, 99 9d
F1 Fg 3 TN 9L TUEIERG B STaT 81 TS HaE
$1 Ieh-=d1 F A Fa&T 1 Ich-adl & ®9 H Fa
Fifsru |

Faue [-1, 1] ¥ Bl & @2 {3x3, |3x3|)

&1 =R Fa hifse 2 [uafor Fifse & +=n
Az, [-1, 1] W Hgwa: fFsdy 2 srgar ad B

UF THAAHE TS AB, fag A m fiaw & HEfE
nfaeiia 2 3 3o v fuau v o Swatun
danr & g+ 1 T gen ?) At s fafes &
e 30° & +o1 T a8, o = oz ufafemn
&1 afgror 3 Ban 4 e Hifsg

12

12

12
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(d) A shot fired with a velocity V at an
elevation o strikes a point P in a
horizontal plane through the point of
projection. If the point P is receding
from the gun with velocity v, show that

the elevation must be changed to 6
where

»

Sin OB =i Do ¥ %’sin o

12
(e} Show that
div(grad r™*)=n(n+ 1)r* 2
where r:\/xg +_rj,r2 PR 12
(f) Find the directional derivative of—
(i) 4xz3 ~3x2y232 at (2, -1, 2) along
Z-axis;
(i) x?yz+4xz? at (,-2,1 in the
direction of 2i — _}'*212. 6+6
6. (a) Find the differential equation of the
family of circles in the xy-plane passing
through (-1, 1) and (1, 1). 20
(b) Find the inverse Laplace transform of
F[s]:In(SJrlJ
S+5 20
(c) Solve : 20

d 2=
Yy _ qy(zy} . y0)=1
dx 3xy~ -x y-—4y*
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(1)

(%)

()

(%)

(@)

(1)

TV F 99 IR IA@W o W EE T8 M,
ydqur fag F fim ¥ A g afes g9aa #
fog P an &t 21 afe fag Pag @ A v
F WY R a1 I @A, a qwisg fF IFary
e ¥ gf@afda =t yawgs &, i@l

sin 20 =sin 2o + %lfsin 6

| i
gurize fF
div(grad r*) = n(n+1)r" 2

E'Efr-—-\/x2+y2+zz- 12
frafafas & TF-asas T Hifsg - 6+6
() z-A=| & wg-"wg (2, -1, 2) W

4xz> —3.):25:;232 EQl
(i) 2i —j—2k & e ¥ (1, -2, 1) W

x2y2+4x22 Eal
(1, 1) 3T (1, 1) & & Tod U xy-GHaa |
TH-FA & AThel THIEH I FJTa HIG | 20
F(s) =1n(sié) 1 gfiei aTeE 96 ST

S

hifsra | 20
A Hifsw - 20

d 2 =
y_._: Qy[zy} 3»9'(0):1
dx 3xy*-x"y-4y
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One end of a light elastic string of
natural length [ and modulus of
elasticity 2mg is attached to a fixed point
O and the other end to a particle of
mass m. The particle initially held at
rest at O i1s let fall. Find the greatest
extension of the string during the
motion and show that the particle will
reach O again after a time

(mt +2—tan‘12]\/@
g

A particle is projected with velocity V
from the cusp of a smooth inverted
cycloid down the arc. Show that the
time of reaching the vertex is

oy (
2\/Ecot"lt v ]
g 2\ag
where a is the radius of the generating
circle.

On a rigid body, the forces

-~

10(i +2j+2K) N, 5(-2i - j+2Kk)N and
6(21 +2_} k) N are ﬁctmg at points with
position vectors i —_;, 21 +5k and 4i -k
respcctlvcly Reducc this system to a
single force n acting at the p01nt (4: - 21]
together with a couple G whose axis

passes through this point. Does the
point (4:. +2;] lie on the central axis? 15
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(F) wFa orarg | AR TGl YoNF 2mg Il Th
Eodh! Ty S &1 U fau fea fag o m S
g3 2 3R gua & Zomm m F us w5 F |y
31 21 & A O W farmmaesn & @ g wur #
i famn sman 21 nfa & S 2 =1 2afusan
farear 3@ s 3 gwiise % o1, @u

(m+2—tan~'2) /2_1
g

%+ =, T ¥ O W wg=a S|

(@) U= gy ufadiia S & He 9 Th F07 &l 97
V & @19 =919 & d= = AR wafua B sar 21

39rigy {6 3fiY 9% ug=d &1 9694

2% cor (2J_]

2T, W@l @ 999 g9 & s 2

(M ww g fug m J fagsi wm aa
10 +2j+2Kk) N, 5(-2i-j+2K)N 3
621 +27—-k) N = #=x @ 2, Tmh feafy
gfew wue: i — j, 2i +5k 3 4i -k B =@
i # ¥ TFd 99 R W 99EEA i, s
firg @i +2)) W ImW G F @9 w1 *= @ A,

oo 2131 3@ g & &9 | A 8 w9 fag
(41 +27) F=1T &g 9 Iafeaq 27

20

10




(d)

Find the length of an endless chain
which will hang over a circular pulley of
radius a so as to be in contact with
three-fourth of the circumference of the
pulley.

(a) Find the work done in moving the
particle once round the ellipse
2 2
R . 1, z =0 under the field of force
25 16
given by
F =R2x—-y+2)i
+(x+y-—z2]}+[3x—29+4z}ﬁ
(b) Using divergence theorem, evaluate
5 3
[[.A-ds
Jls
where A = x i +y°j+2z°k and S is the
surface of the sphere x? +y? + z? =a?.
(c) Find the value of
“:; (“3’ 5 E} - d§
taken over the upper portion of the
surface x? +y? -2ax+az=0 and the
bounding curve lies in the plane z =0,
when
E =[y2 + z2 -—x‘z}f
+[z'2 + x2 ﬂyg]:f+(x2 +y2 = zg}ﬁ
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(%)

(M)

w W fqudE =9 f om g AR, st
= o it v g et ot 3@ uww e Bt
ok a7 foret <t aftfy & da-<ad & gegsh 4 2@

F=2x-y+2)i

+(x+y—22]}+(3x—2y+4z)}%
2

2
mmaﬁ—éiéaanﬁq?ﬁﬁgﬂ%+%g=l,

z=0 % I 3N F & TH a1 a1 § fHy
T FEF ) AGH Fifea

WWWWW@QI{S;{-di

ar Frafer, sef A = x37 + 43 )+ 2%k B 3
S Mea®k x2 +y? + 22 =a? +1 98 |

98 x? +y? —-2ax+az=0% Ful 5 w fau
M AR |9 9 & g9 z =0 ¥ e 89
I (VxF)-dS =1 7= 3 $ifrg, &

'_> -~
F =(@y? + z2% - x?)i

-

~1-(..'z:2 432 —y2)3'+(x2 +y2 —32)k

15

20

20

20
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A -a3—I

AT : dE g2 qurish : 300

yeie v a1 3 370t 241 4 297 21

3779 GAS-9F H fFHar 797 8, 3 39 [egq &1 T
3g@ IW-YEIH & F@-78 W 3AfHd [fRE #H W
fear ST =ifewl gawr-va 97 3fgiad areaw &
37faifces 317 fapdt gregq 4 ford 770 397 9T i 37
T&T A

gvq G=ar 1 391 5 3fd=rd 81 Gl gv 4 4 5 dE
Fug @ FH-G-FHY b G FAFL (gl did Gel &
3T FfeTa |

I H H99 F [o1e 4ad 37% 999 & 319 4 3¢ 72 &/

gfz 7ava &, d 39geh 3Hgl H1 T4 Hiferg adr
391 f[AfaE Fifera |

ydleh/Gad Telcid 79T § 97k 8, =97 (Afee 81

Note : English version of the Instructions is
printed on the front cover of this
question paper.




