
 

 

 

 

 

 

 4.1.1 Velocity and Acceleration in Rectilinear Motion. 

 The velocity of a moving particle is defined as the rate of change of its displacement with 

respect to time and the acceleration is defined as the rate of change of its velocity with respect 

to time. 

 Let a particle A moves rectilinearly as shown in figure.  
 

 Let s be the displacement from a fixed point O along the path at time t; s is considered to be 

positive on right of the point O and negative on the left of it. 

 Also, s   is positive when s increases i.e., when the particle moves towards right. 

 Thus, if s  be the increment in s in time t . The average velocity in this interval is 
t

s




 

 And the instantaneous velocity i.e., velocity at time t is 
dt

ds

t

s
v

t







 0
lim  

 If the velocity varies, then there is change of velocity v  in time t . 

 Hence, the acceleration at time 
dt

dv

t

v
t

t







 0
lim  

 

Example: 1 The distance travelled s (in metre) by a particle in t second is given by ttts  23 2 . The speed of the 

particle after         1 sec. will be        [UPSEAT 2003] 

(a) 8 cm/sec. (b) 6 cm/sec. (c) 2 cm/sec (d) None of these 

Solution: (a) ttts  23 2 , 143 2  tt
dt

ds
v  

Speed of the particle after 1 second 

.sec/811413 2

)1(

)1( cm
dt

ds
v

t

t 











  

Example: 2 A particle moves in a straight line in such a way that its velocity at any point is given by xv 322  , 

where x is measured from a fixed point. The acceleration is      [MP PET 1992] 

(a) Zero (b) Uniform (c) Non-uniform (d) Indeterminate 

Solution: (b) Velocity, xv 322   

Differentiating with respect to t, we get 

dt

dx

dt

dv
v .32    v

dt

dv
v 32    

2

3


dt

dv
 

O 

s 
s 

V V+V 

A 

(t) 
B 

(t+t) 



Hence, acceleration is uniform. 

 (a) Is constant    (b) Varies as the distance from the axis of x 

 (c) Varies as the distance from the axis of y (d) Varies as the of the point from the origin 

 

Example: 5 A stone thrown vertically upwards from the surface of the moon at velocity of 24 m/sec. reaches a 

moon is  [MP PET 1992] 

 (a) 0.8 (b) 1.6 (c) 2.4 (d) 4.9 

velocity = 24 = 24 – 1.6 t 

 

As stone is thrown upwards, so acceleration due to gravity (which acts downwards) = 1.6. 

 

 4.1.2 Derivative as the Rate of Change. 

 Thus, the average rate of change =  

of change with respect to t. 

 i.e., 

 Hence, it is clear that the rate of change of any variable with respect to some other variable 

is derivative of first variable with respect to other variable. 

lim  
 0




t

dy

t

y

dt

 When limit 0t  is applied, the rate of change becomes instantaneous and we get the rate 

y





t

 If a variable quantity y is some function of time t i.e., ),(tfy   then small change in time t  

have a corresponding change y  in y. 

dt

sd












So acceleration at ,t  is 6.1
2

2

ds
Solution: (b) 

dt

height of mtts 28.024   after t sec. The acceleration due to gravity in m/sec2 at the surface of the 

Hence, ya  changes as y changes. 

   yaay
2  

2

2

yd
sin2 atba

dt

xa  is acceleration in x-axis 

2xd
 0

2x    xa
dt

dx
Solution: (c) av

dt

Example: 4 If the path of a moving point is the curve atx   atby sin , then its acceleration at any instant [SCRA 1996] 

Resultant acceleration is = 22 )2()2( bc   = 222 cb   

  
2yd

2
2

   and acceleration in y-direction = b
dt

2xd
2

2
Solution: (d) Acceleration in x-direction = c

dt

 (a) cb   (b) )( cb   (c) cb 22   (d) 222 cb   

Example: 3 The position of a point in time 't' is given by 2ctbtax  , 2btaty  . Its acceleration at time 't' is [MP PET 2003] 

Note :  The differential coefficient of y with respect to x i.e, 
dx

dy
 is nothing but the rate of 

increase of y relative to x.    

Example: 6 The rate of change of the surface area of a sphere of radius r when the radius is increasing at the rate 

of 2cm/sec is proportional to        [Karnataka CET 2003] 

 (a) 
r

l
 (b) 

r 2

l
 (c) r (d) r 2  



 

Example: 7 If the volume of a spherical balloon is increasing at the rate of 900 cm2/sec. then the rate of change of 

radius of balloon at instant when radius is 15 cm [in cm/sec]     [Rajasthan PET 1996] 

 (a)  (b) 22 (c)  (d) None of these 

Differentiate with respect to t 

   

 .   

Example: 8 A man of height 1.8 m is moving away from a lamp post at the rate of 1.2 m/sec. If the height of the 

lamp post be 4.5 meter, then the rate at which the shadow of the man is lengthening        [MP PET 1989] 

(a) 0.4 m/sec (b) 0.8 m/sec. (c) 1.2 m/sec. (d) None of these 

 According to the figure,      

 

Example: 9 A 10 cm long rod AB moves with its ends on two mutually perpendicular straight lines OX and OY. If 

the end A be moving at the rate of 2 cm/sec. then when the distance of A from O is 8 cm, the rate at 

which the end B is moving, is [SCRA 1996]  

(a) 

A 

y 

x 
O 

10 cm 

x 

B 

y 

P 

A 

4.5 

1.8 

B y Q x C 

8x  

x    .....(ii)  
dt

dx dy
y 022 

dt

Solution: (a) By figure, 10022  yx    ......(i) 

2
cm  (d) None of these cm  (c) .sec/

93

48
 cm/sec (b) sec/

3

dx
/8.0 .  Rate of length of shadow sm

dt

2
  .

3

dy

dt

dx

dt

2
   yx

3

dy
Solution: (b) 2.1

dt




22

71dr

dt 


1
 900

15154

2

1
.

4

dV

r dtdt

dr

3

4 2   
dV

.3r
dt dt

dr

  rV
3

4
Solution: (c) 3

7

22

22

7

ds
 .  162824    r

dtdt

ds dr
r

 rr
dt

dr
  and 2

dt
Solution: (c)  Surface area 24 rs

Therefore by (i) and (ii), / sec .
3

8

6

16
cm

dt

dy
     

 B is moving at the rate / sec .
3

8
cm   

 

 



 

 

 

 

 

 

 

 

 

 

 
 

1. The displacement of a particle in time t is given by 132 2  tts . The acceleration is  

(a) 1 (b) 3 (c) 4 (d) 5  

2. A stone is falling freely and describes a distance s in t seconds given by equation 2

2

1
gts  . The acceleration of 

the stone is 

(a) Uniform (b) Zero (c) Non-uniform (d) Indeterminate  

3. The velocity of a particle at time t is given by the relation 
6

6
2t

tv  . The distance travelled in 3 seconds is, if 

0s  at 0t  

(a) 
2

39
 (b) 

2

57
 (c) 

2

51
 (d) 

2

33
  

4. The equation of motion of a car is tts 22  , where t is measured in hours and s in kilometers. when the 

distance travelled by the car is 15 km, the velocity of the car is  

(a) hkm /2  (b) hkm /4  (c) hkm /6  (d) hkm /8   

5. A particle is moving in a straight line according as 321145 ttts  , then the time when it will come to rest, is   

(a) – 9 seconds (b) 
3

5
 seconds (c) 9 seconds (d) 

3

5
  seconds  

6. If 
2

2v
t  , then 










dt

df
 is equal to (where f is acceleration)     [MP PET 1991] 

(a) 2f  (b) 3f  (c) 3f  (d) 2f   

7. A particle is moving in a straight line according to the formula 1282  tts . If s be measured in meters and t 

be measured in seconds then the average velocity of the particle in third second is   

(a) 14 m/sec (b) 13 m/sec (c) 15 m/sec (d) None of these  

8. If 22 vt  , then dv/dt is equal to        [MP PET 1992] 

(a) 0 (b) 
4

1
 (c) 

2

1
 (d) 

v

1
  

9. The equation of motion of a particle moving along a straight line is ttts 1292 23  , where the units of s and t 

are cm and sec. The acceleration of the particle will be zero after 
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(a) 
2

3
 sec (b) 

3

2
 sec (c) 

2

1
 sec (d) Never  

10. A body moves according to the formula 21 tv  , where v is the velocity at time t. The acceleration after 3 sec 

will be (v in cm/sec)  

[MP PET 1988] 

(a) 24 cm/sec2 (b) 12 cm/sec2 (c) 6 cm/sec2 (d) None of these  

11. A particle moves in a straight line so that its velocity at any point is given by bxav 2 , where 0, ba  are 

constant. The acceleration is        [MP PET 1989] 

(a) Zero (b) Uniform (c) Non-uniform (d) Indeterminate  

12. The distance in seconds, described by a particle in t seconds is given by 
t

t

e

b
aes  . The acceleration of the 

particle at time t is 

(a) Proportional to t (b) Proportional to s (c) s (d) Constant  

13. A stone thrown vertically upwards rises 's' metre in t seconds, where 21680 tts  , then velocity after 2 seconds 

is  [SCRA 1996] 

(a) 8 m per sec. (b) 16 m per sec. (c) 32 m per sec. (d) 64 m per sec.  

14. If the distance 's' travelled by a particle in time t is ,2cossin tbtas  then the acceleration at 0t  is 

(a) a (b) – a (c) 4b (d) – 4b  

15. If the distance travelled by a point in time t is 216180 tts  , then the rate of change in velocity is   [MP PET 1995] 

(a) – 16 t unit (b) 48 unit (c) – 32 unit (d) None of these  

16. The motion of stone thrown up vertically is given by 29.48.13 tts  , where s is in metres and t is in seconds. 

Then its velocity at 1t  second is   

(a) 3 m/s (b) 5 m/s (c) 4 m/s (d) None of these  

17. A particle is moving in a straight line. Its displacement at time t is given by tts 24 2  , then its velocity and 

acceleration at time 
2

1
t  second are        [AISSE 1981] 

(a) –2, –8 (b) 2, 6 (c) –2, 8 (d) 2, 8  

18. A ball thrown vertically upwards falls back on the ground after 6 seconds. Assuming that the equation of 

motion is of the form 29.4 tuts  , where s is in metres and t is in seconds, find the velocity at 0t  

(a) 0 m/s (b) 1 m/s (c) 29.4 m/s (d) None of these  

19. A particle is moving in a straight line according as ts  1 , then the relation between its acceleration (a) and 

velocity (v) is 

(a) 2va   (b) 3va   (c) 
3

1

v
a   (d) va   

20. The distance travelled by a particle moving in a straight line in time t is .2 cbtats   Acceleration of the 

particle is  

[Kerala (Engg.) 2002] 

(a) Proportional to t (b) Proportional to s (c) Proportional to 3s  (d) None of these 

 

 

 
 

21. A particle is moving along the curve cbtatx  2 . If 2bac  , then the particle would be moving with uniform[Orissa JEE 2003]   

(a) Rotation (b) Velocity (c) Acceleration (d) Retardation 

AAddvvaannccee  LLeevveell 



22. The equations of motion of two stones thrown vertically upwards simultaneously are 29.46.19 tts   and 
29.48.9 tts   respectively and the maximum height attained by the first one is h. When the height of the first 

stone is maximum, the height of the second stone will be 

(a) h/3 (b) 2h (c) h (d) 0  

23. A particle is moving on a straight line, where its position s (in metres) is a function of time t (in seconds) given 

by ,62  btats  0t . If it is known that the particle comes to rest after 4 seconds at a distance of 16 metres 

from the starting position )0( t , then the retardation in its motion is        [MP PET 1993]   

(a) 2sec/1m  (b) 2sec/
4

5
m  (c) 2sec/

2

1
m  (d) 2sec/

4

5
m   

24. A point moves in a straight line during the time 0t  to 3t  according to the law 2215 tts  . The average 

velocity is  

[MP PET 1992] 

(a) 3 (b) 9 (c) 15 (d) 27  

25. The equation of motion of a stone, thrown vertically upwards is 23.6 tuts  , where the units of s and t are cm 

and sec. If the stone reaches at maximum height in 3sec.  then u =  

(a) 18.9 cm/sec (b) 12.6 cm/sec (c) 37.8 cm/sec (d) None of these  

 

 

 

 
 

26. Radius of a circle is increasing uniformly at the rate of 3 cm/sec. The rate of increase of area when radius is 10 

cm, will be 

(a) scm /2  (b) scm /2 2  (c) scm /10 2  (d) None of these  

27. A 10 cm long rod AB moves with its ends on two mutually perpendicular straight lines OX and OY. If the end A 

be moving at the rate of 2 cm/sec, then when the distance of A from O is 8 cm, the rate at which the end B is 

moving , is    [SCRA 1996] 

(a) 
3

8
 cm/sec (b) 

3

4
 cm/sec (c) 

9

2
 cm/sec (d) None of these  

28. If 53  xy and x changes from 3 to 2.99, then the approximate change in y is  

(a) 2.7 (b) – .27 (c) 27 (d) None of these  

29. The volume of a spherical balloon is increasing at the rate of 40 cubic centimetre per minute. The rate of 

change of the surface of the balloon at the instant when its radius is 8 centimetres, is      [Roorkee 1983] 

(a) 
2

5
 sq cm/min. (b) 5 sq cm/min. (c) 10 sq cm/min. (d) 20 sq cm/min.  

30. A ladder 5 m in length is resting against vertical wall. The bottom of the ladder is pulled along the ground away 

from the wall at the rate of 1.5 m/sec. The length of the highest point of the ladder when the foot of the ladder 

is 4.0 m away from the wall decreases at the rate of        [Kurukshetra CEE 1996] 

(a) 2 m/sec (b) 3 m/sec (c) 2.5 m/sec (d) 1.5 m/sec 

31. If the rate of increase of area of a circle is not constant but the rate of increase of perimeter is constant, then 

the rate of increase of area varies       [SCRA 1996]  

(a) As the square of the perimeter(b) Inversely as the perimeter (c) As the radius (d) Inversely as the radius 

 

 

 

 

32. Gas is being pumped into a spherical balloon at the rate of 30 ft3/min. Then the rate at which the radius 
increases when its reaches the value 15 ft is        [EAMCET 2003] 

BBaassiicc  LLeevveell 
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(a) .min/
30

1
ft


 (b) .min/

15

1
ft


 (c) .min/

20

1
ft  (d) .min/

25

1
ft   

33. On dropping a stone in stationary water circular ripples are observed. Rate of flow of ripples is 6 cm/sec. When 
radius of the circle is 10 cm, then fluid rate of increase in its area is     [Rajasthan PET 1996] 
(a) sec/120 cm  (b) sec/120 cmsq  (c) sec/cmsq  (d) sec/120 cmsq   

34. If the edge of a cube increases at the rate of 60 cm per second,  at what rate the volume is increasing when the 
edge is 90 cm 
(a) 486000 cu cm per sec (b) 1458000 cu cm per sec (c) 43740000 cu cm per sec (d) None of these  

35. If a spherical balloon has a variable diameter 
2

9
3 x , then the rate of change of its volume with respect to x is  

(a) 2)32(27 x  (b) 2)32(
16

27
x


 (c) 2)32(

8

27
x


 (d) None of these  

36. Two cyclists start from the junction of two perpendicular roads, their velocities being 3v metres/minute and 4v 
metres/minute. The rate at which the two cyclists are separating is  

(a) min/
2

7
vm  (b) min/5vm  (c) min/mv  (d) None of these  

37. A stick of length a cm rests against a vertical wall and the horizontal floor. If the foot of the stick slides with a 
constant velocity of b cm/s then the magnitude of the velocity of the middle point of the stick when it is equally 
inclined with the floor and the wall, is   

(a) scm
b

/
2

 (b) scm
b

/
2

 (c) scm
ab

/
2

 (d) None of these  

38. If 



x

dt
t

t
y

0 2

2

1
 then the rate of change of y with respect to x when ,1x  is 

(a) 2  (b) 1/2 (c) 2/1  (d) None of these 

*** 
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 4.2.1 Slope of the Tangent and Normal. 

 (1) Slope of the tangent : If tangent is drawn on the curve )(xfy   at point ),( 11 yxP  and this 

tangent makes an angle   with positive x-direction then, 

  tan
),( 11










yxdx

dy
= slope of the tangent    

 Note :  If tangent is parallel to x-axis 00
),( 11











yxdx

dy
  

   If tangent is perpendicular to x-axis 









),( 11
2 yxdx

dy
   

 (2) Slope of the normal : The normal to a curve at ),( 11 yxP  is a line perpendicular to the 

tangent at P and passing through P and slope of the normal = 
of tangent Slope

1
 = 

),(

),(

11

11

1

yxP

yxP

dy

dx

dx

dy 



















 

 Note :  If normal is parallel to x-axis   

    0
),( 11











yx
dy

dx
 or 0

),( 11










yx
dy

dx
 

   If normal is perpendicular to x-axis (for parallel to y-axis) 

    0
),( 11











yxdx

dy
 

 

Example: 1 The slope of the tangent to the curve 222 2cyx   at point (c, c) is    [AMU 1998] 

 (a) 1 (b) – 1 (c) 0 (d) 2 

Solution: (b) Given 222 2cyx   

 Differentiating  w.r.t. x, 022 
dx

dy
yx  

Norm

al 

Tangen
t 

y 

 

O 
x 
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  x
dx

dy
y 22    

y

x

dx

dy 
   1

),(










ccdx

dy
 

Example: 2 The line 2 yx  is tangent to the curve yx 232   at its point   [MP PET 1998] 

 (a) (1, 1) (b) (–1, 1) (c) )0,3(  (d) (3, – 3) 

Solution: (a) Given curve yx 232   

 diff. w.r.t. x, 
dx

dy
x

2
2  ;   x

dx

dy
  

 Slope of the line = – 1 

 1 x
dx

dy
;  1x  

 1 y  point (1, 1) 

Example: 3 The tangent to the curve 12 2  xxy  at a point P is parallel to ,43  xy  the co-ordinate of P are [Rajasthan PET 2003] 

 (a) (2, 1) (b) (1, 2) (c) (– 1, 2) (d) (2, – 1) 

Solution: (b) Given 12 2  xxy  

 Let the co-ordinate of P is (h, k) then 14
),(









h

dx

dy

kh

 

 Clearly 314 h  

 1h   2k . P is (1, 2). 

 

 4.2.2 Equation of the Tangent and Normal. 

 (1) Equation of the tangent : We know that the equation of a line passing through a point 

),( 11 yxP  and having slope m is  )( 11 xxmyy   

 Slope of the tangent at ),( 11 yx  is = 
),( 11 yxdx

dy








 

 The equation of the tangent to the curve )(xfy   at point ),( 11 yxP  is  

     )( 1

),(

1

11

xx
dx

dy
yy

yx









  

 (2) Equation of the normal : Slope of the Normal = 

),( 11

1

yxdx

dy










 

 Thus equation of the normal to the curve )(xfy   at point ),( 11 yxP   

        )(
1

1

),(

1

11

xx

dx

dy
yy

yx













  
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Note :  If at any point ),( 11 yxP  on the curve )(xfy  , the tangent makes equal angle with the 

axes, then at the point P, 
4


   or 

4

3
. Hence, at P 1tan 

dx

dy
 . 

Example: 4 The equation of the tangent at )4,4(   on the curve yx 42   is    [Karnataka CET 2001] 

(a) 042  yx  (b) 0122  yx  (c) 042  yx  (d) 042  yx  

Solution: (d) yx 42    
dx

dy
x 42    

2

x

dx

dy 
   2

)4,4(










dx

dy
. 

 We know that equation of tangent is )()( 1

),(

1

11

xx
dx

dy
yy

yx









   )4(24  xy    042  yx . 

Example: 5 The equation of the normal to the curve 
2

sin
x

y


  at (1, 1) is     [AMU 1999] 

 (a) 1y  (b) 1x  (c) xy   (d) )1(
2

1 


 xy


 

Solution: (b) 
2

sin
x

y


   x
dx

dy

2
cos

2


   0

)1,1(










dx

dy
 

  Equation of normal is )1(
0

1
1  xy   1x  . 

Example: 6 The equation of the tangent to the curve axbey /  at the point where it crosses y-axis is    [Karnataka CET 2002]  

 (a) 1 byax  (b) 1 byax  (c) 1
b

y

a

x
 (d) 1

b

y

a

x
 

Solution: (d) Curve is axbey /  

Since the curve crosses y-axis (i.e.,  0x )  by   

Now  axe
a

b

dx

dy /
 . At point (0, b), 

a

b

dx

dy

b












),0(

 

 Equation of tangent is )0( 


 x
a

b
by   1

b

y

a

x
. 

Example: 7 If the normal to the curve )(xfy   at the point )4,3(  makes an angle 
4

3
 with the positive x-axis then 

)3(f   is equal to  

[IIT Screening 2000; DCE 2001] 

(a) – 1 (b) 
4

3
 (c) 

3

4
 (d) 1 

Solution: (d) Slope of the normal 
dxdy /

1
   

)4,3(

1

4

3
tan













dx

dy


 

 1
)4,3(










dx

dy
;  1)3( f . 

Example: 8 The point (s) on the curve yxy 123 23   where the tangent is vertical (parallel to y-axis), is are[IIT Screening 2002] 

 (a) 







 2,

3

4
 (b) 














 1,

3

11
 (c) )0,0(  (d) 













 2,

3

4
 

Solution: (d) yxy 123 23   
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  
dx

dy
x

dx

dy
y .126.3 2    06)123( 2  xy

dx

dy
  

2312

6

y

x

dx

dy


   

x

y

dy

dx

6

312 2
  

Tangent is parallel to y-axis,  0
dy

dx
  2312 y  = 0 or .2y  Then 

3

4
x , for 2y  

2y does not satisfy the equation of the curve,   The point is 












 2,

3

4
 

Example: 9 At which point the line 1
b

y

a

x
 touches the curve axbey /    [Rajasthan PET 1999] 

 (a) (0, 0) (b) (0, a) (c) (0, b) (d) (b, 0) 

Solution: (c) Let the point be ),( 11 yx  ax
bey

/
1

1
  ......(i)  

Also, curve axax e
a

b

dx

dy
bey //  

  

a

y
e

a

b

dx

dy ax

yx

1/

),(

1

11













     (by (i))  

Now, the equation of tangent of given curve at point ),( 11 yx  is )( 1
1

1 xx
a

y
yy 


    11

1


a

x

y

y

a

x
 

Comparing with 1
b

y

a

x
, we get, by 1  and 11 1 

a

x
  01 x  

Hence, the point is (0, b). 

Example: 10 The abscissa of the point, where the tangent to curve 593 23  xxxy  is parallel to x-axis are [Karnataka CET 2001] 

 (a) 0 and 0 (b) 1x  and 1  (c) 1x  and 3  (d) 1x  and 3 

Solution: (d) 593 23  xxxy   963 2  xx
dx

dy
. 

 We know that this equation gives the slope of the tangent to the curve. The tangent is parallel to x-

axis 0
dx

dy
 

 Therefore, 0963 2  xx   3,1x . 

 

 4.2.3 Angle of Intersection of Two Curves. 

 The angle of intersection of two curves is defined to be the angle between the tangents to the 

two curves at their point of intersection. 

 We know that the angle between two straight lines having slopes 1m  and 2m  

    
21

211

1
tan

mm

mm




   

 Also slope of the tangent at ),( 11 yxP  

    
),(2

2

),(1

1

1111

,
yxyx dx

dy
m

dx

dy
m 

















  

 Thus the angle between the tangents of the two curves )(1 xfy   and )(2 xfy   

y 

O 
x 

P 

 

y = f1x 
y = f2x 
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),(2),(1

),(2),(1

1111

1111

1

tan

yxyx

yxyx

dx

dy

dx

dy

dx

dy

dx

dy





































  

 Orthogonal curves : If the angle of intersection of two curves is right angle, the two curves 

are said to intersect orthogonally. The curves are called orthogonal curves. If the curves are 

orthogonal, then 
2


   

    121 mm   1
21


















dx

dy

dx

dy
 

Example: 11 The angle between the curves xy 2  and yx 2  at (1, 1) is    [Karnataka CET 1993] 

 (a) 
3

4
tan 1  (b) 

4

3
tan 1  (c) o90  (d) o45  

Solution: (b) Given curve xy 2  and yx 2  

Differentiating w.r.t. x, 12 
dx

dy
y  and 

dx

dy
x 2  

2

1

)1,1(










dx

dy
 and 2

)1,1(










dx

dy
 

Angle between the curve  

 

2.
2

1
1

2

1
2

tan





   
4

3
tan   

4

3
tan 1 . 

Example: 12 If the two curves xay   and xby   intersect at  , then tan  equal    [MP PET 2001] 

 (a) 
ba

ba

loglog1

loglog




 (b) 

ba

ba

loglog1

loglog




 (c) 

ba

ba

loglog1

loglog




 (d) None of these 

Solution: (a) Clearly the point of intersection of curves is (0, 1) 

Now, slope of tangent of first curve, aa
dx

dy
m x log1    am

dx

dy
log1

)1,0(









 

Slope of tangent of second curve,  bb
dx

dy
m x log2    b

dx

dy
m log

)1,0(

2 







  

 
ba

ba

mm

mm

loglog1

loglog

1
tan

21

21









 . 

Example: 13 The angle of intersection between curve 6xy and 122 yx   

 (a) 








4

3
tan 1  (b) 









11

3
tan 1  (c) 









3

11
tan 1  (d) o0  

Solution: (b) The equation of two curves are 6xy  and 122 yx  from (i) we obtain 
x

y
6

  putting this value of y  in 

equation (ii) to obtain 12
62 








x
x   126 x   2x  

Putting 2x  in (i) or (ii) we get, .3y  Thus, the two curves intersect at P(2, 3) 

Differentiating (i) w.r.t. x, we get 0 y
dx

dy
x   

x

y

dx

dy 
   1

)3,2( 2

3
m

dx

dy









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Differentiating (ii) w.r.t. x, we get 022  xy
dx

dy
x   

x

y

dx

dy 2
  

 2

)3,2(

3 m
dx

dy









  

11

3
)3(

2

3
13

2

3

1
tan

21

21











 

























mm

mm
   

11

3
tan 1 . 

 

 4.2.4 Length of Tangent, Normal, Subtangent and Subnormal . 

 Let the tangent and normal at point ),( yxP  on the curve )(xfy   meet the x-axis at points A 

and B respectively. Then PA and PB are called length of tangent and normal respectively at point 

P. If PC be the perpendicular from P on x-axis, the AC and BC are called length of subtangent and 

subnormal respectively at P. If PA makes angle   with x-axis, then 
dx

dy
tan  from fig., we find 

that  

 (1) Length of tangent 






















dx

dy

dx

dy

yycPA

2

1

osec  

 (2) Length of normal 
2

1sec 









dx

dy
yyPB   

 (3) Length of subtangent 











dx

dy

y
yAC cot  

 (4) Length of subnormal 









dx

dy
yyBC tan  

 

Example: 14 The length of subtangent to the curve 422 ayx   at the point ),( aa  is    [Karnataka CET 2001] 

 (a) a3  (b) a2  (c) a (d) 4a 

Solution: (c) Equation of the curve 422 ayx  . 

Differentiating the given equation,  

022 22  xy
dx

dy
yx   

x

y

dx

dy 
   1

),(





















 a

a

dx

dy

aa

 

Therefore, sub-tangent = a

dx

dy

y










. 

Example: 15 For the curve ,1xay nn   the sub-normal at any point is constant, the value of n must be   [Karnataka CET 1999] 

 (a) 2 (b) 3 (c) 0 (d) 1 

Solution: (a) xay nn 1   11   nn a
dx

dy
ny    

1

1













n

n

ny

a

dx

dy
 

y 

O 
x 

P (x, 
y) 

C 

Tangen
t 

Norm
al 

A B 

 
 
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 Length of the subnormal = 
n

ya

ny

ya

dx

dy
y

nn

n

n 






21

1

1

 

We also know that if the subnormal is constant, then n
n

y
n

a 


2
1

.  should not contain y.  

Therefore, 02 n  or 2n . 

 

 4.2.5 Length of Intercept made on Axis by the Tangent. 

 Equation of tangent at any point ),( 11 yx  to the curve )(xfy   is )( 1

),(

1

11

xx
dx

dy
yy

yx









    ......(i) 

 Equation of x-axis y = 0      ......(ii)  

 and  Equation of y-axis x = 0    ......(iii) 

 Solving (i) and (ii) we get 































),(

1
1

11 yxdx

dy

y
xx  

   x-intercept 































),(

1
1

11 yxdx

dy

y
xOQ  

 Similarly solving (i) and (iii) we get,  y-intercept  OR = 























),(

11

11 yxdx

dy
xy  

Example: 16 The sum of intercepts on co-ordinate axes made by tangent to the curve ayx   is   [Rajasthan PET 1999]   

 (a) a (b) 2a (c) a2  (d) None of these 

Solution: (a) ayx     0
2

1

2

1


dx

dy

yx
    

x

y

dx

dy
  

Hence tangent at (x, y) is )( xX
x

y
yY   or axyyxxyxYyX  )(  or 1

ya

Y

xa

X
. 

Clearly its intercepts on the axes are xa  and ya . 

Sum of the intercepts = aaayxa  .)( . 
 

 4.2.6 Length of Perpendicular from Origin to the Tangent. 

 Length of perpendicular from origin (0, 0) to the tangent drawn at point ),( 11 yxP  of the curve 

)(xfy   

          
2

),(

11

1

11























dx

dy

dx

dy
xy

p
yx

 

R 

O Q 

P (x1 

y1) 

X 

Y 
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Example: 17 The length of perpendicular from (0, 0) to the tangent drawn to the curve )2(42  xy  at point (2, 4) 

is  

 (a) 
2

1
 (b) 

5

3
 (c) 

5

6
 (d) 1 

Solution: (c) Differentiating the given equation w.r.t. x ,  42 
dx

dy
y  at point (2, 4) 

2

1


dx

dy
 

 
2

11

1 





















dx

dy

dx

dy
xy

P  = 
5

6

4

1
1

2

1
24















. 
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1. If the line kxy  2  is a tangent to the curve ,42 yx   then k is equal to    [AMU 2002] 

(a) 4 (b) 
2

1
 (c) – 4 (d) 

2

1
   

2. The point on the curve xy 2  where tangent makes o45  angle with x-axis is   [Rajasthan PET 1990, 92] 

(a) 








4

1
,

2

1
 (b) 









2

1
,

4

1
 (c) (4, 2) (d) (1, 1)  

3. If 2tx   and ty 2 , then equation of the normal at 1t  is      [Rajasthan PET 1996] 

(a) 03  yx  (b) 01  yx  (c) 01  yx  (d) 03  yx   

4. If normal to the curve )(xfy  is parallel to x-axis, then correct statement is    [Rajasthan PET 2000] 

(a) 0
dx

dy
 (b) 1

dx

dy
 (c) 0

dy

dx
 (d) None of these  

5. The equation of the tangent to the curve ,2)1( 2 xyx   where it crosses the x-axis, is   [Kerala (Engg.) 2002] 

(a) 25  yx  (b) 25  yx  (c) 25  yx  (d) 025  yx  

6. The equation of tangent to the curve xy cos2  at 
4


x  is      [Rajasthan PET 1997] 

(a) 









4
222


xy  (b) 










4
22


xy  (c) 










4
22


xy  (d) 










4
22


xy  

7. For the curve ttytx  22 ,1 , the tangent line is perpendicular to x-axis where    [MNR 1980]  

(a) 0t  (b) t  (c) 
3

1
t  (d) 

3

1
t   

8. If at any point on a curve the sub-tangent and subnormal are equal, then the tangent is equal to   

(a) Ordinate (b) 2  ordinate (c) (ordinate) 2  (d) None of these  

9. If the tangent to the curve 3232 xaxy   at the point (a, a) cuts off intercepts,  and  on the coordinate axes 

such that 6122   , then a =    

(a) 30  (b) 5  (c) 6  (d) 61   

10. If the tangent to the curve )cos1(),sin(   ayax  at 
3


   makes an angle  with x-axis, then  = 

BBaassiicc  LLeevveell 

Tangent and Normal 
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(a) 
3


 (b) 

3

2
 (c) 

6


 (d) 

6

5
 

11. If the tangent to the curve 0 byaxxy  at (1, 1) is inclined at an angle 2tan 1  with x-axis, then 

(a) 2,1  ba  (b) 2,1  ba  (c) 2,1  ba  (d) 2,1  ba   

12. The fixed point P on the curve 542  xxy  such that the tangent at P is perpendicular to the line 072  yx  

is given by 

(a) (3, 2) (b) (1, 2) (c) (2, 1) (d) None of these  

13. The points of contact of the tangents drawn from the origin to the curve xy sin  lie on the curve 

(a) xyyx  22  (b) 2222 yxyx   (c) 2222 yxyx   (d) None of these  

14. The slope of the tangent to the curve axy 42   drawn at point )2,( 2 atat  is    [Rajasthan PET 1993] 

(a) t (b) 
t

1
 (c) t  (d) 

t

1
  

15. The slope of the curve xxy 2cossin   is zero at the point, where     [Rajasthan PET 1984] 

(a) 
4


x  (b) 

2


x  (c) x  (d) No where  

16. The equation of tangent to the curve ayx   at the point ),( 11 yx  is  

(a) 
ay

y

x

x 1

11

  (b) a
y

y

x

x


11

 (c) ayyxx  11  (d) None of these  

17. A tangent to the curve xxy 32   passes through a point (0, – 9) if it is drawn at the point 

(a) (– 3, 0) (b) (1, 4) (c) (0, 0) (d) (– 4, 4)  

18. The sum of the intercepts made by a tangent to the curve 4 yx  at point (4, 4) on coordinate axes is  

(a) 24  (b) 36  (c) 28  (d) 256   

19. The angle of intersection between the curve xy 162   and 42 22  yx  is     [Rajasthan PET 1993] 

(a) o0  (b) o30  (c) o45  (d) o90   

20. The equation of normal to the curve 1
2

2

2

2


b

y

a

x
 at the point ( )tan,sec  ba  is   

(a) 22

tansec
ba

byax



 (b) 22

tansec
ba

byax



 (c) 22

tansec
ba

byax



 (d) ba

byax


 tansec
  

21. If tangent to a curve at a point is perpendicular to x-axis, then at the point  

(a) 0
dx

dy
 (b) 0

dy

dx
 (c) 1

dx

dy
 (d) 1

dx

dy
  

22. If m be the slope of  a tangent to the curve 21 xe y   then 

(a) 1|| m  (b) 1m  (c) 1|| m  (d) 1|| m   

23. The equation of the tangent to the curve || xey   at the point where the curve cuts the line 1x  is  

(a) eyx   (b) 1)(  yxe  (c) 1 exy  (d) None of these  
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24. The slope of the tangent to the curve  


x

x

dx
y

0
31

 at the point where 1x  is  

(a) 
2

1
 (b) 1 (c) 

4

1
 (d) None of these  

25. The angle of intersection between the curves ayx 42   and axy 42   at origin is    [Rajasthan PET 1997] 

(a) o30  (b) o45  (c) o60  (d) o90   

26. The equation of the normal to the curve )2( xxy   at the point (2, 0) is  [Rajasthan PET 1989, 1992] 

(a) 22  yx  (b) 022  yx  (c) 42  yx  (d) 042  yx   

27. The angle of intersection of the curve 24 xy   and 2xy   is                                 

[Rajasthan PET 1989, 1993; MNR 1978] 

(a) 
2


 (b) 









3

4
tan 1

 (c) 















7

24
tan 1  (d) None of these 

28. Tangent to the curve xey 2  at point (0, 1) meets x-axis at the point    [MNR 1982] 

(a) (0, a) (b) (2, 0) (c) 







 0,

2

1
 (d) Non where 

29. The equation of the tangent to the curve ''sin,cos 33 ttataytax   point is    [Rajasthan PET 1988] 

(a) atcytx  osecsec  (b) atcoytx  secsec  (c) atytx  seccosec  (d) atytxco  secsec   

30. The length of the tangent to the curve tay
t

tax sin,
2

tanlogcos 







  is  

(a) ax  (b) ay  (c) a (d) xy  

31. The point at the curve 312 xxy   where the slope of the tangent is zero will be    [Rajasthan PET 1992] 

(a) (0, 0) (b) (2, 16) (c) (3, 9) (d) None of these  

32. The angle of intersection between the curves 2xy   and 3374 xy   at point (1, 1) is   [Andhra CEE 1992] 

(a) 
4


 (b) 

3


 (c) 

2


 (d) None of these 

 

 

33. Consider the following statements: 

Assertion (A) : The circle 122  yx  has exactly two tangents parallel to the x-axis 

Reason (R) : 0
dx

dy
 on the circle exactly at the points )1,0(  . Of these statements   [SCRA 1996] 

(a) Both A and R  and true and R is the correct explanation of A  

(b) Both A  and R are true but R is not the correct explanation of A 

 (c) A is true but R  is false 

 (d) A  is false but R is true 

34. The slope of the tangent to the curve 1,13 32  tytx  at 1x  is     [Karnataka CET 2003] 

AAddvvaannccee  LLeevveell 
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(a) 0 (b) 
2

1
 (c)   (d) 2   

35. The slope of tangent to the curve ,832  ttx  522 2  tty  at the point )1,2(   is    [MNR 1994] 

(a) 
7

22
 (b) 

7

6
 (c) 6  (d) None of these  

36. At what points of the curve 23

2

1

3

2
xxy  , tangent makes the equal angle with axis   [UPSEAT 1999] 

(a) 








24

5
,

2

1
 and 










6

1
,1  (b) 0)(-1, and 

9

4
,

2

1








 (c) 









47

1
,

3

1
 and 










3

1
,1  (d) 









7

1
,

3

1
 and 










2

1
,3   

37. For the curve 2cxy   the subnormal at any point varies as      [Karnataka CET 2003] 

(a) 2x  (b) 3x  (c) 2y  (d) 3y   

38. The point of the curve )3(22  xy  at which the normal is parallel to the line 012  xy  is    [MP PET 1998] 

(a) (5, 2) (b) 







 2,

2

1
 (c) (5, – 2) (d) 








2,

2

3
  

39. Coordinates of a point on the curve xxy log  at which the normal is parallel to the line 322  yx  are [Rajasthan PET 2000] 

(a) (0, 0) (b) (e, e) (c) )2,( 22 ee  (d) )2,( 22   ee   

40. The abscissa of the points of curve )4)(2(  xxxy  where tangents are parallel to x-axis is obtained as   [UPSEAT 1999] 

(a) 
3

2
2 x  (b) 

3

1
1 x  (c) 

3

1
2 x  (d) 1x   

41. The length of the normal at point 't' of the curve )cos1(),sin( tayttax   is    [Rajasthan PET 2001] 

(a) tasin  (b) 
















2
sec

2
sin2 3 tt

a  (c) 
















2
tan

2
sin2

tt
a  (d) 









2
sin2

t
a   

42. The length of normal to the curve )cos1(),sin(   ayax  at the point 
2


   is                 [Rajasthan PET 1999; 

AIEEE 2004] 

(a) a2  (b) 
2

a
 (c) a2  (d) 

2

a
  

43. The area of the triangle formed by the coordinate axes and a tangent to the curve 2axy   at the point ),( 11 yx  on 

it is  [DCE 2001]  

(a) 
1

1
2

y

xa
 (b) 

1

1
2

x

ya
 (c) 22a  (d) 24a   

44. The normal of the curve )cos(sin),sin(cos   ayax  at any   is such that   [DCE 2000] 

(a) It makes a constant angle with x-axis (b) It passes through the origin  

(c) It is at a constant distance from the origin (d) None of these  

45. An equation of the tangent to the curve 4xy   from the point (2, 0)not on the curve is    [Rajasthan PET 2000]  

(a) 0y  (b) 0x  (c) 0 yx  (d) None of these  

46. For the curve 33 )( axby   the square of subtangent is proportional to     [Rajasthan PET 1999] 



 

 

 

 
Application of Derivatives 197 

(a) (Subnormal)1/2 (b) Subnormal (c) (Subnormal)3/2 (d) None of these  

47. The tangent to the curve bxaxy  2  at )8,2(   is parallel to x-axis. Then   [AMU 1999] 

(a) 2,2  ba  (b) 4,2  ba  (c) 8,2  ba  (d) 4,4  ba   

48. If the area of the triangle include between the axes and any tangent to the curve nn ayx   is constant, then n is 

equal to 

(a) 1 (b) 2 (c) 
2

3
 (d) 

2

1
  

49. All points on the curve 









a

x
axay sin42  at which the tangents are parallel to the axis of x, lie on a   [Rajasthan PET 1998] 

(a) Circle (b) Parabola (c) Line (d) None of these  

50. If the curves 1
2

2

2

2


b

y

a

x
 and 1

2

2

2

2


m

y

l

x
 cut each other orthogonally, then 

(a) 2222 mlba   (b) 2222 mlba   (c) 2222 mlba   (d) 2222 mlba    

51. The length of the normal at any point on the catenary 









c

x
hcy cos  varies as  

(a) (abscissa)2 (b) (Ordinate)2 (c) abscissa (d) ordinate  

52. The point P of the curve 32 2xy   such that the tangent at P is perpendicular to the line 0234  yx  is given 

by 

(a) (2, 4) (b) (1, 2 ) (c) 









2

1
,

2

1
 (d) 










16

1
,

8

1
  

53. The length of the normal to the curve 












 




2

// axax ee
ay  at any point varies as the  

(a) Abscissa of the point   (b) Ordinate of the point  

(c) Square of the abscissa of the point (d) Square of the ordinate of the point  

54. If the parametric equation of a curve given by ,sin,cos teytex tt   then the tangent to the curve at the point 

4


t  makes with axes of x the angle        [Roorkee 1992]  

(a) 0 (b) 
4


 (c) 

3


 (d) 

2


  

55. For the parabola axy 42  , the ratio of the subtangent to the abscissa is     [EAMCET 1994] 

(a) 1 : 1 (b) 2 : 1 (c) x : y (d) yx :2   

56. Tangents are drawn from the origin to the curve xy cos . Their points of contact lie on 

(a) 2222 xyyx   (b) 2222 yxyx   (c) 2222 yxyx   (d) None of these  

57. If 54  xy  is a tangent to the curve qpxy  32  at (2, 3) then     [IIT 1994] 

(a) 7,2  qp  (b) 7,2  qp  (c) 7,2  qp  (d) 7,2  qp   

58. The curve 0 xey xy  has a vertical tangent at the point      [IIT 1992] 

(a) (1, 1) (b) At no point (c) (0, 1) (d) (1, 0)  
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59. If the tangent and normal at any point P of parabola meet the axes at T and G respectively then    [Rajasthan PET 2001] 

(a) ST = SG.SP (b) ST = SG = SP (c) ST   SG = SP (d) ST = SG  SP  

60. Slope of the tangent to the curve || 3xy   at origin is  

(a) 
2


 (b) 

3


 (c) 

6


 (d) 0  

61. The line 2

















b

y

a

x
, touches the curve 2

















nn

b

y

a

x
 at point (a, b) then n    [Rajasthan PET 1998] 

(a) 1 (b) 2 (c) 3 (d) For non-zero values of 

n  

62. The sum of the squares of intercepts made by a tangent to the curve 3/23/23/2 ayx   with coordinate axes is [Rajasthan PET 1990] 

(a) a (b) 2a (c) 2a  (d) 22a   

63. The point of the curve 232  xxy  at which the tangent is perpendicular to the xy   will be   [Rajasthan PET 1991] 

(a) (0, 2) (b) (1, 0) (c) (–1, 6) (d) (2, –2 )  

64. The equation of normal to the curve 1
916

22


yx

 at the point )33,8(  is    [MP PET 1996] 

(a) 2523  yx  (b) 25 yx  (c) 252  xy  (d) 2532  yx   

65. The angle of intersection between the curves 2axy   and 222 2ayx   is    [Rajasthan PET 1998]  

(a) o0  (b) o30  (c) o45  (d) o90   

66. The subtangent to the curve nmnm ayx   at any point is proportional to    [Rajasthan PET 1998] 

(a) Ordinate (b) Abscissa (c) (Ordinate)n (d) (Abscissa)n  

67. If tangents drawn on the curve atyatx 2,2   is perpendicular to x-axis then its point of contact is    [Rajasthan PET 1993] 

(a) (a, a) (b) (a, 0) (c) (0, a) (d) (0, 0)  

68. Tangents are drawn to the curve 232  xxy  at the points where it meets x-axis. Equations of these tangents 

are 

[Rajasthan PET 1993] 

(a) 01,02  yxyx  (b) 2,01  yxyx  (c) 0,01  yxyx  (d) 0,0  yxyx   

69. If the tangents at any point on the curve 444 ayx   cuts off intercept p and q on the axes, the value of 

3/43/4   qp  is  

(a) 3/4a  (b) 2/1a  (c) 2/1a  (d) None of these  

70. At any point ),( 11 yx  of the curve axcey /  

(a) Subtangent is constant 

 (b) Subnormal is proportional to the square of the ordinate of the point 

(c) Tangent cuts x-axis at )( 1 ax   distance from the origin 

(d) All the above  

71. The equation of the tangent to the curve 2/1 xey   at the point where it meets y-axis is 
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(a) 22  yx  (b) 02  yx  (c) 2 yx  (d) None of these  

72. The coordinates of the points on the curve )cos1(),sin(   ayax , where tangent is inclined an angle 
4


 to 

the x-axis are 

(a) (a, a) (b) 

















 aa ,1

2


 (c) 


















 aa ,1

2


 (d) 


















 1

2
,


aa   

73. If equation of normal at a point )( 32 mm   on the curve 023  yx  is 343 mmxy  , then 2m  equals 

(a) 0 (b) 1 (c) 
9

2
  (d) 

9

2
  

74. For a curve 
2

2

)of tangent (Length

)normlaof  Length(
 is equal to  

(a) (Subnormal)/(Subtangent) (b) (Subtangent)/(Subnormal) (c)

 (Subtangent/Subnormal)2 (d) Constant  

75. If the curve cbxxy  2 , touches the line xy   at the point (1, 1), the values of b and c are  

(a) – 1, 2 (b) –1, 1 (c) 2, 1 (d) –2, 1  

76. Let C be the curve 0233  xyy . If H  and V be the set of points on the curve C where tangent to the curve is 

horizontal and vertical respectively, then        [IIT 1994] 

(a)  VH )},1,1{(  (b) )}1,1{(,  VH   (c) )}1,1{()},0,0{(  VH  (d) None of these  

77. If the line 0 cbyax  is a normal to the curve 1xy  then      [IIT 1986] 

(a) Rba ,  (b) 0,0  ba  (c) 0,0or  0,0  baba  (d) 0,0  ba   

78. If the tangent to the curve 2)( xxf   at any pint ))(,( cfc  is parallel to line joining the points ))(,( afa  and ))(,( bfb  on 

the curve, then a, c, b are in  

(a) H.P. (b) G.P. (c) A.P. (d) A.P. and G.P. both  

79. The area of triangle formed by tangent to the hyperbola 22 axy   and coordinates axes is 

(a) 2a  (b) 22a  (c) 
2

2a
 (d) 

2

3 2a
  

80. The angle of intersection between the curves )sin(   ar  and )cos(   br  is  

(a)    (b)    (c) 



2

 (d) 



2

  

81. The distance between the origin and the normal to the cure 22 xey x   at the point 0x  is  

(a) 52  (b) 
5

2
 (c) 5  (d) None of these  

82. If the curve bxaxy  62  passes through (0, 2) and has its tangent parallel to x-axis at 
2

3
x , then the value 

of a and b are   

[SCRA 1999]  

(a) 2, 2 (b) –2, –2 (c) –2, 2 (d) 2, –2  
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83. If at any point S of the curve 32 )( axby   the relation between subnormal SN and subtangent ST be 

2)()( STqSNp   then p/q is equal to                                      

[Rajasthan PET 1999; EAMCET 1991] 

(a) 
27

8b
 (b) 

27

8a
 (c) 

a

b
 (d) None of these  

84. The points on the curve 329 xy   where the normal to the curve cuts equal intercepts from the axes are  [Rookree1993]  

(a) (4, 8/3), (4, –8/3) (b) (1, 1/3) (1, –1/3) (c) (0, 0) (d) None of these  

85. The equation of the normal to the curve 32 xy   at the point whose abscissa is 8, will be    [Rookree 1973] 

(a) 1042  yx  (b) 10423  yx  (c) 10423  yx  (d) None of these  

86. At any point (except vertex) of the parabola axy 42   subtangent, ordinate and subnormal are in    [EAMCET 1993] 

(a) AP (b) GP (c) HP (d) None of these  

87. At what point the slope of the tangent to the curve 03222  xyx  is zero  [Rajasthan PET 1989, 1995] 

(a) (3 0); (–1, 0) (b) )2,1(;)0,3(  (c) (–1, 0); (1, 2) (d) (1, 2); (1, –2)  

88. Let the equation of a curve be )cos1(),sin(   ayax . If   changes at a constant rate k then the rate of 

change of the slope of the tangent to the curve at 
3


   is 

(a) 
3

2k
 (b) 

3

k
 (c) k (d) None of these  

89. The equation of a curve is )(xfy  . The tangents at ))2(,2()),1(,1( ff  and ))3(,3( f  makes angles 
3

,
6


 and 

4


 

respectively with the positive direction of the x-axis. Then the value of   
3

2

3

1

)()()( dxxfdxxfxf  is equal to 

(a) 
3

1
  (b) 

3

1
 (c) 0 (d) None of these 

90. )2,2(P  and 







 1,

2

1
Q  are two points on the parabolas xy 22  . the coordinates of the point R on the parabola, 

where the tangent to the curve is parallel to the chord PQ,  is 

(a) 














2

5
,

4

5
 (b) (2, – 1) (c) 









2

1
,

8

1
 (d) None of these  

91. The number of tangents to the curve 2/32/32/3 ayx  ,. where the tangents are equally inclined to the axes, is 

(a) 2 (b) 1 (c) 0 (d) 4  

92. If at each point of the curve 123  xaxxy  the tangent is inclined at an acute angle with the positive 

direction of the x-axis then 

(a) 0a  (b) 3a  (c) 33  a  (d) None of these  

 

*** 
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11  22  33  44  55  66  77  88  99  1100  1111  1122  1133  1144  1155  1166  1177  1188  1199  2200  

c b a c a c a b a d b a c b b b a d d a 

21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 

b d d a d a c c b c b d a a b a d c d a 

41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 

c c c c a b c a b c b d d d b c a d b d 

61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 

d c b d a b d b a d d c d a b b c c a d 

81 82 83 84 85 86 87 88 89 90 91 92 

b a a a b b d d a c b c 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Assignment (Basic and Advance Level) 



 

 

 

 
Application of Derivatives 201 

 

 

 

 

 

 

 4.3.1 Introduction. 

 In this chapter we shall study those points of the domain of a function where its graph 

changes its direction from upwards to downwards or from downwards to upwards. At such 

points the derivative of the function, if it exists, is necessarily zero. 

     

 

 

 

 

 

 4.3.2 Maximum and Minimum Values of a Function. 

 By the maximum / minimum value of function )(xf  we should mean local or regional 

maximum/minimum and not the greatest / least value 

attainable by the function. It is also possible in a function that 

local maximum at one point is smaller than local minimum at 

another point. Sometimes we use the word extreme for 

maxima and minima. 

 Definition: A function )(xf  is said to have a maximum at 

ax   if )(af  is greatest of all values in the suitably small 

neighbourhood of a where ax   is an interior point in the 

domain of )(xf . Analytically this means )()( hafaf   and )()( hafaf   where 0h . (very small 

quantity). 

 Similarly, a function )(xfy   is said to have a minimum at bx  . If )(bf  is smallest of all 

values in the suitably small neighbourhood of b where bx  is an interior point in the domain of 

)(xf . Analytically, )()( hbfbf   and )()( hbfbf   where 0h . (very small quantity).   
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 Hence we find that,  

 (i) ax   is a maximum point of )(xf  








0)()(

0)()(

hafaf

hafaf
 

 (ii) bx   is a minimum point of )(xf








0)()(

0)()(

hbfbf

hbfbf
    

 (iii) cx   is neither a maximum point nor a minimum point,  

   signs opposite have
)()(

and)()(













hcfcf

hcfcf
. 

 4.3.3 Local Maxima and Local Minima. 

 (1) Local maximum : A function )(xf  is said to attain a local maximum at ax   if there exists 

a neighbourhood ),(   aa  of a such that )()( afxf   for all axaax  ),,(   

 or 0)()(  afxf  for all axaax  ),,(  . 

 In such a case )(af  is called the local maximum value of )(xf  at ax  . 

 (2) Local minimum: A function )(xf  is said to attain a local minimum at ax   if there exists 

a neighbourhood ),(   aa  of a such that 

   )()( afxf   for all axaax  ),,(   

 or      0)()(  afxf  for all axaax  ),,(   

 The value of function at ax   i.e., )(af  is called the local minimum value of )(xf  at ax  . 

 The points at which a function attains either the local maximum values or local minimum 

values are known as the extreme points or turning points and both local maximum and local 

minimum values are called the extreme values of )(xf . Thus, a 

function attains an extreme value at ax   if )(af  is either a local 

maximum value or a local minimum value. Consequently at an 

extreme point ''a )()( afxf   keeps the same sign for all values of x in a 

deleted nbd of a. 

 In fig. we observe that the x-coordinates of the points A, C, E are 

points of local maximum and the values at these points i.e., their y-

coordinates are the local maximum values of )(xf . The x-coordinates 

of points B and D are points of local minimum and their y-coordinates are the local minimum 

values of )(xf . 

E 

D 

C 

B 

A y
 =

 

f(
x
) 

y 

x 
O 

a b c 
x 
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Note :  By a local maximum (or local minimum) value of a function at a point ax   we mean 

the greatest (or the least) value in the neighbourhood of point ax   and not the 

absolute maximum (or the absolute minimum). In fact a function may have any 

number of points of local maximum (or local minimum) and even a local minimum 

value may be greater than a local maximum value. In fig. the minimum value at D is 

greater than the maximum value at A. Thus, a local maximum value may not be the 

greatest value and a local minimum value may not be the least value of the function 

in its domain. 

 The maximum and minimum points are also known as extreme points. 

 A function may have more than one maximum and minimum points. 

 A maximum value of a function f(x) in an interval [a, b] is not necessarily its 

greatest value in that interval. Similarly, a minimum value may not be the least 

value of the function. A minimum value may be greater than some maximum value 

for a function. 

 If a continuous function has only one maximum (minimum) point, then at this point 

function has its greatest (least) value. 

 Monotonic functions do not have extreme points.   

 4.3.4 Conditions for Maxima and Minima of a Function. 

 (1) Necessary condition: A point ax   is an extreme point of a function )(xf  if ,0)(  af  

provided )(af   exists. Thus, if )(af   exists, then  

    

 pointextreme an not is0)(

or

0)(  pointextreme an is

axaf

afax





 

 But its converse is not true i.e., axaf  ,0)(  is not an extreme point. 

 For example if 3)( xxf  , then 0)0( f  but 0x  is not an extreme point. 

 (2) Sufficient condition:  

 (i) The value of the function )(xf  at ax   is maximum, if 0)(  af  and 0)(  af . 

 (ii) The value of the function )(xf  at ax   is minimum if 0)(  af  and 0)(  af . 

Note :  If 0)(  af , ,0)(  af  0)(  af  then ax   is not an extreme point for the function )(xf . 

 If 0)(,0)(,0)(  afafaf  then the sign of )(ivf  (a) will determine the maximum and 

minimum value of function i.e., )(xf  is maximum, if 0)()( af iv  and minimum if 

0)()( af iv . 

 4.3.5 Working rule for Finding Maxima and Minima. 

 (1) Find the differential coefficient of )(xf  with respect to x, i.e., )(xf   and equate it to zero. 
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 (2) Find differential real values of x by solving the equation 0)(  xf . Let its roots be a, b, 

c...... 

 (3) Find the value of )(xf   and substitute the value of ......,, 321 aaa  in it and get the sign of )(xf   

for each value of x. 

 (4) If 0)(  af  then the value of )(xf  is maximum at ax   and if 0)(  af  then value of )(xf  will 

be minimum at ax  . Similarly by getting the signs of )(xf   at other points b, c.....we can find 

the points of maxima and minima. 
 

Example: 1 What are the minimum and maximum values of the function 1055 345  xxx          [DCE 1999; 

Rajasthan PET 1995] 

 (a) 9,37     (b) 10, 0  

 (c) It has 2 minimum and 1 maximum values (d) It has 2 maximum and 1 minimum values 

Solution: (a) 1055 345  xxxy  

)34(515205 22234  xxxxxx
dx

dy
= )1()3(5 2  xxx  

0
dx

dy
, gives 3,1,0x    ......(i) 

Now, )362(10306020 223

2

2

 xxxxxx
dx

yd
 and )3126(10

2

3

3

 xx
dx

yd
 

 For 0x : 0,0,0
3

3

2

2


dx

yd

dx

yd

dx

dy
,  Neither minimum nor maximum 

For 1x , 10
2

2


dx

yd
=negative,  Maximum value 9.max y  

For 3x , 90
2

2


dx

yd
=positive,   Minimum value 37.min y . 

Example: 2 The maximum value of )cos1(sin xx   will be at      [UPSEAT 1999]  

 (a) 
2


x  (b) 

6


x  (c) 

3


x  (d) x  

Solution: (c) xxxxy 2sin
2

1
sin)cos1(sin   

 xx
dx

dy
2coscos   and xx

dx

yd
2sin2sin

2

2

  

On putting 02coscos,0  xx
dx

dy
  )2cos(2coscos xxx     xx 2   

 
3


x ,   






































3

2
sin2

3

1
sin

3/

2

2

x
dx

yd
 = 

2

33

2

3
.2

2

3 



 which is negative. 

 at 
3


x  the function is maximum. 

Example: 3 If xbxxay  2log  has its extremum value at 1x  and 2x , then ),( ba    [UPSEAT 2002] 
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 (a) 








2

1
,1  (b) 








2,

2

1
 (c) 










2

1
,2  (d) 










6

1
,

3

2
 

Solution: (d) 12  bx
x

a

dx

dy
  012

1












ba
dx

dy

x

  12  ba  

and 014
22












b
a

dx

dy

x

  014
2

12



b

b
   0

2

1
4  bb   

2

1
3


b   

6

1
b  and 

3

2
1

3

1 
a . 

Example: 4 Maximum value of 
x

x







 1
 is                 [DCE 1999; 

Karnataka CET 1999; UPSEAT 2003] 

 (a) ee)(  (b) ee /1)(  (c) ee )(  (d) 
e

e







 1
 

Solution: (b) 
x

x
xf 










1
)(   

















 1

1
log

1
)(

xx
xf

x

 

0)(  xf   e
x

log1
1

log    e
x


1
  

e
x

1
 . Therefore, maximum value of function is ee /1 . 

Example: 5  Maximum slope of the curve 2793 23  xxxy  is      [MP PET 2001] 

 (a) 0 (b) 12 (c) 16 (d) 32 

Solution: (b) 2793)( 23  xxxxfy  

The slope of this curve 963)( 2  xxxf  

Let 963)()( 2  xxxfxg  

Differentiate with respect to x, 66)(  xxg  

Put 0)(  xg   1x  

Now, 06)(  xg  and hence at )(,1 xgx   

(Slope) will have maximum value.  

129613)]1([ .max  g . 

Example: 6 The function dttttetxf
x

t

 
1

53 )3()2()1()1()(  has a local minimum at x    [IIT1999] 

 (a) 0 (b) 1 (c) 2 (d) 3 

Solution: (b, d)  
x

t dttttetxf
1

53 )3()2)(1)(1()( ,   53 )3()2()1()1()(  xxxexxf x  

For local minima, slope i.e., )(xf   should change sign from – ve to +ve 

0)(  xf   3,2,1,0x  

If ,0 hx   where h is a very small number, then vexf  )1)(1)(1)()(()(  

If hx  0 , vexf  )1)(1)()()(()(  

Hence at 0x  neither maxima nor minima. 

If hx 1 ,  vexf  )1)(1)()()(()(  

If hx  1 , vexf  )1)(1)()()(()(  

Hence, at 1x  there is a local minima.  

If hx  2 ,  vexf  ))()()(1)(()(  
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If ,2 hx   vexf  )1)()()()(()(  

Hence at 2x  there is a local maxima. 

If hx  3 , vexf  ))()()()(()(  

If hx  3 , vexf  ))()()()(()(  

Hence at 3x  there is a local minima. 

Example: 7 If the function 11292)( 223  xaaxxxf , where 0a  attains its maximum and minimum at p and q 

respectively such that qp 2 , then a equals       [AIEEE 2003] 

 (a) 3 (b) 1 (c) 2 (d) 
2

1
 

Solution: (c) 11292)( 223  xaaxxxf  

22 12186)( aaxxxf   

axxf 1812)(   

For maximum and minimum,  012186 22  aaxx   023 22  aaxx  

ax   or ax 2  at ax   maximum and at ax 2  minimum 

 qp 2  

aa 22    2a  or 0a   but ,0a  therefore 2a . 

Example: 8 The points of extremum of the function dttex
x

t )1()( 2

1

2/2

 
  are 

 (a) 0x  (b) 1x  (c) 
2

1
x  (d) 1x  

Solution: (b,d)  dttex
x

t )1()( 2

1

2/2

 
    )1()( 22/2

xex x    

Now 1010)( 2  xxx  

Hence, 1x  are points of extremum of )(x . 

 

 4.3.6 Point of Inflection. 

 A point of inflection is a point at which a curve is changing concave upward to concave 

downward or vice-versa. A curve )(xfy   has one of its points cx   as 

an inflection point, if 0)(  cf  or is not defined and if )(xf   changes 

sign as x increases through cx  . 

 The later condition may be replaced by 0)(  cf , when )(cf   

exists. 

 Thus, cx   is a point of inflection if 0)(  cf  and 0)(  cf . 

 Properties of maxima and minima 

 (i) If )(xf  is continuous function in its domain, then at least one maxima and one minima 

must lie between two equal values of x. 

 (ii) Maxima and minima occur alternately, that is, between two maxima there is one 

minimum and vice-versa. 

(iii) If )(xf  as ax   or b and 0)(  xf  only for one value of x (say c) between a and 

b, then )(cf  is necessarily the minimum and the least value. 

y 

O 

y = 

f(x) 

f(c

) 

c 
x 
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 If )(xf  as ax   or b, then )(cf  is necessarily the maximum and the greatest value. 

 4.3.7 Greatest and Least Values of a Function in a given Interval. 

 If a function )(xf  is defined in an interval [a, b], then greatest or least values of this function 

occurs either at ax   or bx   or at those values of x where 0)(  xf . 

 Remember that a maximum value of the function )(xf  in any interval [a, b] is not necessarily 

its greatest value in that interval. Thus greatest value of f(x) in interval [a, b] = max. 

)](),(),([ cfbfaf  

 Least value of )(xf  interval [a, b]= min. )](),(),([ cfbfaf  

 Where cx   is a point such that 0)(  cf  
 

Example: 9 The maximum and minimum values of 9618 23  xx  in interval (0, 9) are   [RPET 1999] 

 (a) 160, 0 (b) 60, 0 (c) 160, 128 (d) 120, 28 

Solution: (c) Let 0963639618 223  xx
dx

dy
xxxy  

  032122  xx   8,4,0)8)(4(  xxx    

 Now, 366
2

2

 x
dx

yd
 at 0123624,4

2

2


dx

yd
x  

  at 4x  function will be maximum and 16038428864)]([ .max xf  at 01236488
2

2


dx

yd
x  

  at 8x  function will be minimum and 128)]([ .min xf . 

Example: 10 The minimum value of the function xx 4cos2cos2   in  x0  is 

 (a) 0 (b) 1 (c) 
2

3
 (d) – 3 

Solution: (d) xxy 4cos2cos2   =  )2cos1(2cos2 xx 1 = 1sin2cos4 2 xx  

Obviously, 0sin2 x  

Therefore, to be least value of y, cos 2x should be least i.e., – 1. Hence least value of y is – 4 + 1 = –3. 

 Example: 11 On [1, e] the greatest value of xx log2                                                       [AMU 2002] 

 (a) 2e  (b) 
ee

1
log

1
 (c) ee log2  (d) None of these 

Solution: (a) xxxfxxxf )1log2()(log)( 2   

Now 0)(  xf   0,2/1 ex  

 10 2/1  e ,   None of these critical points lies in the interval ],1[ e  

 So we only compare the value of )(xf  at the end points 1 and e. We have 2)(,0)1( eeff   

 greatest value = 2e  
 

 4.3.8 Maxima and Minima of Functions of Two Variables. 

 If a function is defined in terms of two variables and if these variables are associated with a 

given relation then by eliminating one variable, we convert function in terms of one variable 

and then find maxima and minima by known methods. 
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Example: 12 x and y be two variables such that 0x  and 1xy . Then the minimum value of yx   is   

[Kurukshetra CEE 1988; MP PET 2002] 

 (a) 2 (b) 3 (c) 4 (d) 0 

Solution: (a) 1xy   
x

y
1

   and let yxz   

x
xz

1
   

2

1
1

xdx

dz
   0

dx

dz
  0

1
1

2


x
  1,1 x  and 

32

2 2

xdx

zd
  

ve
dx

zd

x


















2
1

2

1

2

2

,   1x  is point of minima. 

1,1  yx ,   minimum value = 2 yx . 

Example: 13 The sum of two non-zero numbers is 4. The minimum value of the sum of their reciprocals is   [Kurukshetra CEE 1998] 

 (a) 
4

3
 (b) 

5

6
 (c) 1 (d) None of these 

Solution: (c) Let 4 yx  or xy  4  

xy

yx

yx




11
 or  

)4(

44
)(

xxxy
xf


  

24

4
)(

xx
xf


 ,  )24(.

)4(

4
)(

22
x

xx
xf 




  

Put 0)(  xf   024  x   2x  and 2y  

 min. 1
2

1

2

111











yx
. 

Example: 14 The real number which most exceeds its cube is      [MP PET 2000] 

 (a) 
2

1
 (b) 

3

1
 (c) 

2

1
 (d) None of these 

Solution: (b) Let number = x, then cube = 3x  

Now )(xf = 3xx  (Maximum)  231)( xxf   

Put 0)(  xf   031 2  x   
3

1
x  

Because vexxf  6)( . when 
3

1
x . 

 

 4.3.9 Geometrical Results related to Maxima and Minima. 

 The following results can easily be established. 

 (1) The area of rectangle with given perimeter is greatest when it is a square. 

 (2) The perimeter of a rectangle with given area is least when it is a square. 

 (3) The greatest rectangle inscribed in a given circle is a square. 

 (4) The greatest triangle inscribed in given circle is equilateral. 

 (5) The semi vertical angle of a cone with given slant height and maximum volume is 2tan 1  

 (6) The height of a cylinder of maximum volume inscribed in a sphere of radius a is a 3/2a . 
 

Important Tips 
 

  Equilateral triangle: Area = ,)4/3( 2x  where x is its side.  
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 Square: Area = 2a , perimeter = a4 , where a is its side. 

 Rectangle: Area = ab, perimeter = )(2 ba  , where a, b are its sides.  

 Trapezium: Area = hba )(
2

1
 , where a, b are lengths of parallel sides and h be the distance between them. 

 Circle: Area = 2a , perimeter = a2 , where a is its radius. 

 Sphere: Volume = 3

3

4
a , surface area = 24 a , where a is its  radius. 

 Right circular cone: Volume = 
3

1
,2hr  curved surface = rl , where r is the radius of its base, h is its height and 

l is its slant height. 

 Cylinder: Volume = hr2 , whole surface = )(2 hrr  , where r is the radius of the base and h is its height. 

 
 

Example: 15 The adjacent sides of a rectangle with given perimeter as 100 cm  and enclosing maximum area are[MP PET 1993]  

 (a) 10 cm and 40 cm  (b) 20 cm and 30 cm (c) 25 cm and 25 cm  (d) 15 cm and 35 cm 

Solution: (c) 10022  yx   50 yx    .....(i)  

Let area of rectangle is A,  xyA    
x

A
y   

From (i), 50
x

A
x   250 xxA    x

dx

dA
250   

for maximum area 0
dx

dA
 

 0250  x   25x  and 25y  

  adjacent sides are 25 cm and 25 cm. 

Example: 16 The radius of the cylinder of maximum volume, which can be inscribed a sphere of radius R is [AMU 1999] 

 (a) R
3

2
 (b) R

3

2
 (c) R

4

3
 (d) R

4

3
  

Solution: (b) If r be the radius and h the height, the from the figure, 2

2

2

2
R

h
r 








  )(4 222 rRh   

Now, 2222 2 rRrhrV    

 
22

222 )2(

2

1
.24

rR

r
rrRr

dr

dV




       

For max. or min., 0
dr

dV
 

 
22

3
22 2

4
rR

r
rRr





   222 )(2 rrR    

 22 32 rR     Rr
3

2
   ve

dr

Vd


2

2

. Hence V is max. when Rr
3

2
 . 

Example: 17 The ratio of height of a cone having maximum volume which can be inscribed in a sphere with the 

diameter of sphere is 

[MNR 1985] 

 (a) 
3

2
 (b) 

3

1
 (c) 

4

3
 (d) 

4

1
 

C 

B A 

 

O 
R 

r M 

L D 
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Solution: (a) Let xOM   

Then height of cone i.e., axh   (where a is radius of sphere) 

Radius of base of cone = 22 xa   

Therefore, volume ))((
3

1 22 axxaV     )3)((
3

xaxa
dx

dV



 

Now, 0
dx

dV
  

3
,
a

ax   

But ,ax   So, 
3

a
x   

The volume is maximum at 
3

a
x   

Height of a cone a
a

ah
3

4

3
  

Therefore ratio of height and diameter = 
3

2

2

3

4


a

a

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

1. The maximum value of 
24

)(
xx

x
xf


  on [– 1, 1] is      [MP PET 2000] 

(a) 
4

1
 (b) 

3

1
 (c) 

6

1
 (d) 

5

1
  

2. Maximum value of 2)1( xx   when 20  x , is      [MP PET 1997] 

(a) 2 (b) 
27

4
 (c) 5 (d) 0  

3. The maximum value of 107242 3  xx  in the interval [– 3, 3] is 

O 

x 

a 

a 

a 

M C B 

A 

BBaassiicc  LLeevveell 
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(a) 75 (b) 89 (c) 125 (d) 139  

4. The maximum value of the function xxxf cos4sin3)(   is      [RPET 1996] 

(a) 3 (b) 4 (c) 5 (d) 7  

5. If the function 962)( 24  axxxxf  is maximum at 1x , then the value of a is 

(a) 120 (b) – 120 (c) 52 (d) 128  

6. The maximum value of  cossin)( baf   is      [MP PET 1999; UPSEAT 

2000] 

(a) 
b

a
 (b) 

22 ba

a


 (c) ab  (d) 22 ba    

7. The minimum value of the function 2036212 23  xxxy  is      [MP PET 1999] 

(a) – 128 (b) – 126 (c) – 120 (d) None of these  

8. 
xx

x

tan1 
 is maximum at        [UPSEAT 1999] 

(a) xx sin  (b) xx cos  (c) 
3


x  (d) xx tan   

9. The minimum value of the expression 211207 xx   is 

(a) 
11

177
 (b) 

11

177
  (c) 

11

23
  (d) 

11

23
  

10. The minimum value of 12 2  xx  is      [EAMCET 2003] 

(a) 
4

1
 (b) 

2

3
 (c) 

8

9
 (d) 

4

9
  

11. The maximum value of xy subject to 8 yx , is      [MNR 1995] 

(a) 8 (b) 16 (c) 20 (d) 24  

12. If 
2


 BA , the maximum value of BAcoscos  is      [AMU 1999] 

(a) 
2

1
 (b) 

4

3
 (c) 1 (d) 

3

4
  

13. If 2cxy  , then minimum value of byax   is      [Rajasthaan PET 2001] 

(a) abc  (b) abc2  (c) abc  (d) abc2   

14. If 64242 cybxa  , then maximum value of xy  is      [Rajasthan PET 2001] 

(a) 
ab

c2

 (b) 
ab

c3

 (c) 
ab

c

2

3

 (d) 
ab

c

2

3

  

15. The function 436152)( 23  xxxxf  is maximum at     [Karnataka CET 2001] 

(a) 2x  (b) 4x  (c) 0x  (d) 3x   

16. The function )(,)( Rxxxf x    attains a maximum value at x      [EAMCET 2002] 

(a) 2 (b) 3 (c) 
e

1
 (d) 1  

17. The function )cos1( xay   is maximum when x      [Kerala (Engg.) 2002] 

(a)   (b) 
2


 (c) 

2


 (d) 

6


  

18. The minimum value of 









x
x

2502  is      [Haryana CEE 2002] 

(a) 75 (b) 50 (c) 25 (d) 55  

19. In the graph of the function xx cossin3   the maximum distance of a point from x-axis is    [MP PET 1998] 
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(a) 4 (b) 2 (c) 1 (d) 3   

20. The function xxxf sin)(   has       [AMU 2000] 

(a) A minimum but no maximum  (b) A maximum but no 

minimum 

(c) Neither maximum nor minimum  (d) Both maximum and 

minimum  

21. The point for the curve xxey         [MNR 1990] 

(a) 1x  is minimum (b) 0x  is minimum (c) 1x  is maximum (d) 0x  is maximum  

22. 36 is factorized into two factors in such a way that sum of factors is minimum, then the factors are   [MP PET 1987] 

(a) 2, 18 (b) 9, 4 (c) 3, 12 (d) None of these  

23. The necessary condition to be maximum or minimum for the function is  

(a) 0)(  xf  and it is sufficient    (b) 0)(  xf  and it is sufficient  

 (c) 0)(  xf  but it is not sufficient   (d) 0)(  xf  and vexf  )(    

24. The maximum and minimum value of the function 25481283 234  xxxx  in the interval [1, 3] 

(a) 16, – 39 (b) – 16, 39 (c) 6, – 9 (d) None of these  

25. If 51232)( 23  xxxxf  and ]4,2[x , then the maximum value of function is at the following value of x[MP PET 1987, 2000] 

(a) 2 (b) – 1 (c) – 2 (d) 4  

26. The minimum value of |
2

5
||3||

2

1
|||  xxxx  is 

(a) 0 (b) 2 (c) 4 (d) 6  

27. The maximum value of the function 423  xxx  is  

(a) 127   (b) 4  

(c) Does not have a maximum value  (d) None of these  

28. The function 1055 345  xxx  has a maximum when x =      [MP PET 1995] 

(a) 3 (b) 2 (c) 1 (d) 0  

29. If ,42  yx  the minimum value of xy is     [UPSEAT 2003] 

(a) – 2 (b) 2 (c) 0 (d) – 3  

30. The minimum value of 
2

2

1

1

x
x


  is at      [UPSEAT 2003] 

(a) 0x  (b) 1x  (c) 4x  (d) 3x   

31. The maximum and minimum value of the function |34sin| x  are      

(a) 1, 2 (b) 4, 2 (c) 2, 4 (d) – 1, 1  

32. The maximum value of function 173612 23  xxx  in the interval [1, 10] is  

(a) 17 (b) 177 (c) 77 (d) None of these  

33. Let 222 )()()()( rxqxpxxf  . Then )(xf  has a minimum at x , where   is equal to 

(a) 
3

rqp 
 (b) pqr3  (c) 

rqp

111

3



 (d) None of these  

34. The function xx log2  in the interval (1, e) has  

(a) A point of maximum   (b) A point of minimum 

(c) Points of maximum as well as of minimum (d) Neither a point of maximum nor minimum  

35. The two parts of 100 for which the sum of double of first and square of second part is minimum, are 

(a) 50, 50 (b) 99, 1 (c) 98, 2 (d) None of these  

36. Of the given perimeter, the triangle having maximum area is  
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(a) Isosceles triangle (b) Right angled triangle (c) Equilateral (d) None of these  

37. The function 155 345  xxx  is       [MP PET 1993] 

(a) Maximum at 3x  and minimum at 1x  (b) Minimum at 1x   

(c) Neither maximum nor minimum at 0x  (d) Maximum at 0x   

38. If  22222222 cossinsincos babau   then the difference between the maximum and minimum values of 

2u  is given by 

[AIEEE 2004] 

(a) 2)( ba   (b) 222 ba   (c) 2)( ba   (d) )(2 22 ba    

39. The minimum value of ,32 yx   when 6xy , is      [MP PET 2003] 

(a) 12 (b) 9 (c) 8 (d) 6  

40. The real number x when added to its inverse gives the minimum value of the sum at x equal to     [Rajasthan PET 

2000; AIEEE 2003] 

(a) – 2 (b) 2 (c) 1 (d) – 1  

41. 
x

x
1

  is maximum at       [Rajasthan PET 1991] 

(a) 1x  (b) 1x  (c) 2x  (d) 2x   

42. xexxf 2)1()(   is minimum at        [Rajasthan PET 1993] 

(a) 1x  (b) 1x  (c) x = 0 (d) 2x   

43. The maximum value of the function xxx 4512 23   is      [Rajasthan PET 1994] 

(a) 0 (b) 50 (c) 54 (d) 70  

 

 

 

44. Let 









0,1

2||0,||
)(

x

xx
xf , then at fx 0  has      [IIT Screening 2000] 

(a) A local maximum (b) No local maximum (c) A local minimum (d) No extremum  

45. If ,
1

1
)(

2

2






x

x
xf  for every real number x, then the minimum value of f    [IIT 1998] 

(a) Does not exist because f is unbounded (b) Is not attained even though f  is bounded 

(c) Is equal to 1   (d) Is equal to –1  

46. The number of values of x where the function )2cos(cos)( xxxf   attains its maximum is    [IIT 1998; DCE 2001] 

(a) 0 (b) 1 (c) 2 (d) Infinite  

47. On the interval [0, 1] the function 7525 )1( xx   takes its maximum value at the point    [IIT 1995] 

(a) 0 (b) 
2

1
 (c) 

3

1
 (d) 

4

1
  

48. xx  has a stationary point at       [Karnataka CET 1993] 

(a) ex   (b) 
e

x
1

  (c) 1x  (d) ex    

49. A minimum value of dtte
x

t




0

2

 is       [EAMCET 2003] 

(a) 1 (b) 2 (c) 3 (d) 0  

50. The sum of two numbers is fixed. Then its multiplication is maximum, when 

(a) Each number is half of the sum  (b) Each number is 
3

1
 and 

3

2
 

respectively of the sum 

AAddvvaannccee  LLeevveell 
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(c) Each number is 
4

1
 and 

4

3
 respectively of the sum (d) None of these  

51. The value of a so that the sum of the squares of the roots of the equation 01)2(2  axax  assume the least 

value, is  

(a) 2 (b) 1 (c) 3 (d) 0  

52. If from a wire of length 36 metre a rectangle of greatest area is made, then its two adjacent sides in metre are[MP PET 1998] 

(a) 6, 12 (b) 9, 9 (c) 10, 8 (d) 13, 5  

53. The maximum value of 
24 xex   is      [AMU 1999] 

(a) 2e  (b) 2e  (c) 212 e  (d) 24 e   

54. One maximum point of xx qp cossin  is                                            [Rajasthan PET 1997; AMU 

2000] 

(a) )/(tan 1 qpx   (b) )/(tan 1 pqx   (c) )/(tan 1 qpx   (d) )/(tan 1 pqx    

55. 20 is divided into two parts so that product of cube of one quantity and square of the other quantity is 

maximum. The parts are  

[Rajasthan PET 1997] 

(a) 10, 10 (b) 16, 4 (c) 8, 12 (d) 12, 8 

56. The minimum value of xxxe
22 sin)122(   is      [Rorkee 1998] 

(a) e (b) 
e

1
 (c) 1 (d) 0  

57. Divide 20 into two parts such that the product of one part and the cube of the other is maximum. The two parts 

are  [DCE 1999] 

(a) (10, 10) (b) (5, 15) (c) (13, 7) (d) None of these  

58. The minimum value of )sincos32exp( xx   is      [AMU 1999] 

(a) exp(2) (b) exp )32(   (c) exp(4) (d) 1  

59. The minimum value of 
x

xlog
 in the interval [2, )     [Roorkee 1999] 

(a) Is 
2

2log
 (b) Is zero (c) Is 

e

1
 (d) Does not exist  

60. The function 0,,,)(  xba
x

b
axxf  takes on the least value at x equal to   [AMU 2000] 

(a) b (b) a  (c) b  (d) ab /   

61. The area of a rectangle of given perimeter is maximum, when ratio of its length and breadth is   [Rajasthan PET 1999] 

(a) 2 :  1 (b) 2:3  (c) 3:4  (d) 1:1   

62. The denominator of a fraction number is greater than 16 of the square of numerator, then least value of the 

number is  

[Rajasthan PET 2000] 

(a) 
4

1
 (b) 

8

1
 (c) 

12

1
 (d) 

16

1
  

63. If for a function )(xf , ,0)(  af  0)(,0)(  afaf , then at ,ax   )(xf  is    [MP PET 1994] 

(a) Minimum (b) Maximum (c) Not an extreme points (d) Extreme point  

64. The least value of the sum of any positive real number and its reciprocal is   [MP PET 1994] 

(a) 1 (b) 2 (c) 3 (d) 4  
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65. If x is real, then greatest and least values of 
1

1
2

2





xx

xx
 are                   [Rajasthan PET 

1999; AMU 1999; UPSEAT 2002] 

(a) 3, 
2

1
  (b) 3, 

3

1
 (c) – 3, 

3

1
  (d) None of these  

66. A wire of constant length is given. In which shape it should be bent to surround maximum area 

(a) Circle (b) Square (c) Both (a) and (b)  (d) Neither (a) nor (b)  

67. The function )0(,1 2  xxx  has 

(a) A local maxima   (b) A local minima  

(c) Neither a local maxima nor a local minima (d) None of these  

68. If 16 yx  and 22 yx   is minimum, the value of x and y are 

(a) 3, 13 (b) 4, 12 (c) 6, 10 (d) 8, 8  

69. The area of a rectangle will be maximum for the given perimeter. When rectangle is a    [AI CBSE 1991] 

(a) Parallelogram (b) Trapezium (c) Square (d) None of these  

70. Local maximum value of the function 
x

xlog
 is    

[MNR 1984; Rajasthan PET 1997, 2002; DCE 2002; Karnataka CET 2000; UPSEAT 2001; MP PET 2002]  

(a) e (b) 1 (c) 
e

1
 (d) 2e  

71. Local maximum and local minimum values of the function 2)2)(1(  xx  are 

(a) – 4, 0 (b) 0, – 4 (c) 4,0 (d) None of these  

72. If 3036212)( 23  xxxf , then which one of the following is correct    [Rajasthan PET 1994] 

(a) )(xf  has minimum at 1x    (b) )(xf  has maximum at 6x   

(c) )(xf  has maximum at 1x   (d)  )(xf  has no maxima or minima  

73. If sum of two numbers is 3, then maximum value of the product of first and the square of second is    [MP PET 1996] 

(a) 4 (b) 3 (c) 2 (d) 1  

74.  If 22 22)( cbxxxf   and 22 2)( bcxxxg   such that min )(xf max )(xg , then the relation between b and c is   

[IIT Screening 2003] 

(a) No real value of b and c (b) 20 bc   (c) 2|||| bc   (d) 2|||| bc    

75. The minimum value of ]1/[)]2)(5[( xxx   for non-negative real x is     [Kurukshetra CEE 1998] 

(a) 12 (b) 1 (c) 9 (d) 8  

76. Let 0,
cos

)(
0

  xdt
t

t
xf

x

 then )(xf  has     [Haryana CEE 2002] 

 (a) Maxima when .....6,4,2 n  (b) Maxima ,......5,3,1 n  

 (c) Minima when ,......4,2,0n   (d) Minima when ......,5,3,1n  

77. The function 41232)( 23  xxxxf  has     [DCE 2002] 

(a) No maxima and minima   (b) One maximum and one 

minimum 

(c) Two maxima   (d) Two minima  

78. If ,
124

1
)(

2 


xx
xf  then its maximum value is      [Rajasthan PET 2002]  

(a) 
3

4
 (b) 

3

2
 (c) 1 (d) 

4

3
  

79. If PQ and PR are the two sides of a triangle, then the angle between them which gives maximum area of the 

triangle is  
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[Kerala (Engg.) 2002] 

(a)   (b) 
3


 (c) 

4


 (d) 

2


  

80. If 0,0,32  babaab  then the minimum value of ab is      [Orissa JEE 2002] 

(a) 12 (b) 24 (c) 
4

1
 (d) None of these  

81. The perimeter of a sector is p. The area of the sector is maximum when its radius is    [Karnataka CET 2002] 

(a) p  (b) 
p

1
 (c) 

2

p
 (d) 

4

p
  

82. The maximum area of the rectangle that can be inscribed in a circle of radius r is   [EAMCET 1994]  

(a) 2r  (b) 2r  (c) 
4

2rr
 (d) 22r   

83. If 











32,37

21,1123
)(

2

xx

xxx
xf , then      [IIT 1993] 

(a) )(xf  is increasing ]2,1[  (b) )(xf  is continuous in [– 1, 3] (c) )(xf  is maximum at 2x (d) All of these  

84. If 122 )()()(  pn bxaxxf  when n and p are positive integers, then  

(a) ax   is a point of minimum  (b) ax   is a point of 

maximum 

(c) ax    is not a point of maximum or minimum (d) None of these  

85. N characters of information are held on magnetic tape, in batches of x characters each, the batch processing 

time is 2x   seconds,   and    are constants. The optical value of x for fast processing is  

(a) 



 (b) 




 (c) 




 (d) 




  

86. If ,cossin)( 66 xxxf   then  

(a) 1)( xf  (b) 2)( xf  (c) 
4

1
)( xf  (d) 

8

1
)( xf   

87. The maximum and minimum values of 
CBxAx

cbxax
y






2

2
2

2

 are those for which  

(a) )2(2 22 CBxAxycbxax   is equal to zero (b) )2(2 22 CBxAxycbxax   is a perfect square 

(c) 0
dx

dy
 and 0

2

2


dx

yd
   (d) None of these  

88. A differentiable function )(xf  has a relative minimum at 0x , then the function baxxfy  )(  has a relative 

minimum at 0x  for  

(a) All a and all b (b) All b if 0a  (c) All 0b  (d) All 0a   

89. An isosceles triangle of vertical angle 2  is inscribed in a circle of radius a . Then area of the triangle is 

maximum when   

(a) 
6


 (b) 

4


 (c) 

3


 (d) 

2


  

90. The greatest value of the function 













4
sin

2sin
)(


x

x
xf  on the interval 









2
,0


 is  

(a) 
2

1
 (b) 2  (c) 1 (d) 2   

91. The longest distance of the point (a, 0) from the curve 022 22  xyx , is given by 

(a) 221 aa  (b) 2221 aa  (c) 221 aa  (d) 2221 aa   
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92. The function  
x

dtttttxf
1

223 )2()1(3)2)(1(2{)(  attains its maximum at x  

(a) 1 (b) 2 (c) 3 (d) 4  

93. If the function 1)9(3)7(3)( 223  xaxaxxf  has a positive point of maximum, then  

(a) )3,(),3( a  (b) 









7

29
,3)3,(a  (c) )7,(  (d) 










7

29
,   

94. The minimum value of 


















 nn cos

1
1

sin

1
1  is  

(a) 1 (b) 2 (c) 22/ )21( n  (d) None of these  

95. A cubic )(xf  vanishes at 2x  and has relative minimum/maximum at 1x  and 
3

1
x  such that 

 
1

1 3

14
)( dxxf . Then )(xf  is  

(a) xxx  23  (b) 123  xxx  (c) 223  xxx  (d) 223  xxx   

96. If 0,0  BA  and 
3


 BA , then the maximum value of BA tantan  is  

(a) 
3

1
 (b) 

3

1
 (c) 3 (d) 3   

97. Total number of parallel tangents of f 1)( 2
1  xxxf  and 1223  xxx  is equal to  

(a) 2 (b) 3 (c) 4 (d) None of these  

98. Function )0,0,0(||||)(  rqpxrqpxxf  attains its minimum value only at one point, if    [IIT Screening 1995] 

(a) qp   (b) rq   (c) pr   (d) rqp    

99. The height of right circular cylinder of maximum volume inscribed in a sphere of radius a is    [Rajasthan PET 1996]  

(a) 
3

a
 (b) a3  (c) 

3

2a
 (d) a32   

100. A line is drawn through a fixed point (a, b), )0,0(  ba  to meet the positive direction of the coordinate axes in 

P,Q respectively. The minimum value of OQOP   is 

(a) ba   (b) 2)( ba   (c) 3)( ba   (d) None of these  

101. For the curve 
 2

2

2

2

2

4

cossin

ba

r

C
 , the maximum value of r is 

(a) 
ba

c



2

 (b) 
2c

ba 
 (c) 

ba

c



2

 (d) )(2 bac    

102. The coordinates of a point situated on the curve )84(44 22222  aayax , which are at maximum distance from 

the point (0, – 2) is  

(a) (a, 0) (b) )4,2( a  (c) (0, 2) (d) None of these  

103. For what value of k, the function: 12
2

812
)(

2
2 


 x

k
kxxf , is maximum at 

4

9
x  

(a) 
2

9
 (b) 9  (c) 

2

9
 (d) 9  

104. If   , then correct statement is  

(a)  sinsin   (b)  sinsin   (c)   sinsin  (d) None of these  

105. The difference between two numbers is a if their product is minimum, then number are 

(a) 
2

,
2

aa
 (b) aa 2,  (c) 

3

2
,

3

aa
 (d) 

3

4
,

3

aa
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106. If ,  be real numbers such that 0623  xxx   has its roots real and positive then the minimum value of 

  is 

(a) 3 363  (b) 11 (c) 0 (d) None of these  

107. Let the tangent to the graph of )(xfy   at the point ax   be parallel to the x-axis, let 0)(  haf  and 0)(  haf , 

where h is a very small positive number. Then the ordinate of the point is 

(a) A maximum   (b) A minimum  

(c) Both a maximum and a minimum (d) Neither a maximum nor a minimum  

108. If 0 ba , the minimum value of  tansec ba   is  

(a) ab   (b) 22 ba   (c) 22 ba   (d) 222 ba    

109. Let the function )(xf  be defined as below:  

   10,sin)( 21   xxxf  ;  1,2 xx  

)(xf  can have a minimum at 1x  if the value of   is  

(a) 1 (b) – 1 (c) 0 (d) None of these  

110. Let 1)( 23  cxbxaxxf  have extreme at ,x  such that 0  and 0)().(  ff . Then the equation 0)( xf  

has  

(a) Three equal real roots   (b) Three distinct real roots 

 (c) One positive root if 0)( f  and 0)( f  (d) One negative root if 0)( f  and 0)( f   

111. Let 2010422 2......221)( xxxxf  ; Then )(xf  has 

(a) More than one minimum (b) Exactly one minimum (c) At least one maximum(d) None of these  

112. Let the function )(xf  be defined as follows: 

  01,10)( 23  xxxxxf  

  
2

0,cos


 xx ;  


 xx
2

,sin1  

 Then )(xf  has 

(a) A local minimum at 
2


x    (b) A local maximum at 

2


x  

(c) An absolute minimum at 1x   (d) An absolute maximum at 

x   

113. Two part of 64 such that the sum of their cubes is minimum will be     [MNR 1982, 1987] 

(a) 44, 20 (b) 16, 48 (c) 32, 32 (d) 50, 14  

114. If x be real then the minimum value of )1(1 33)(   xxxf  is     [Delhi (CEE) 1998]    [Roorkee 1998] 

(a) 2 (b) 6 (c) 
3

2
 (d) 

9

7
  

115. The minimum value of xxxe
22 sin)122(   is      [Roorkee 1998] 

(a) e (b) 
e

1
 (c) 1 (d) 0  

116. The semi-vertical angle of a right circular cone of given slant height and maximum volume is     

(a) 2tan 1  (b) 2tan 1  (c) 2/1tan 1  (d) 2/1tan 1   

117. If ,0 xa   then the minimum value of ax aa loglog   is      [IIT 1984] 

(a) 2 (b) – 2 (c) 2a (d) Does not exist  

118. Which point of the parabola 2xy   is nearest to the point (3, 0)     [EAMCET 1996] 

(a) (– 1, 1) (b) (1, 1) (c) (2, 4) (d) (– 2, 4)  

119. The point of inflexion for the curve 2/5xy   is     [Rajasthan PET 1989, 1992] 
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(a) (1, 1) (b) (0, 0) (c) (1, 0) (d) (0, 1)  

*** 
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

c a d c a d a b c c b a b c a c a a b c 

21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 

a d c a d d c c a a b b a d b c c a a c 

41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 

b a c a d b d b d a b b d a d c b d d d 

61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 

d b c b b a a d c c b c a d c a,d b a d b 

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96 97 98 99 100 

d d d c c a,c b,c b a c d a b c c b d d c b 

101 102 103 104 105 106 107 108 109 110 111 112 113 114 115 116 117 118 119 

a c b b a a a c d b,c b b c a c b d b b 
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 4.4.1 Definition. 

 (1) Strictly increasing function : A function f(x) is said to be a 

strictly increasing function on (a, b), if  )()( 2121 xfxfxx   for all x1, 

x2  (a, b). 

 Thus, )(xf  is strictly increasing on (a, b), if the values of )(xf  

increase with the increase in the values of x. 

 (2) Strictly decreasing function : A function )(xf  is said to be a 

strictly decreasing function on ),( ba , if )()( 2121 xfxfxx   for all 

),(, 21 baxx  . Thus, )(xf  is strictly decreasing on (a, b), if the values of )(xf  decrease with the 

increase in the values of x. 

 

 

 

 

 
 

 

Example: 1 On the interval )3,1(  the function 
x

xxf
2

3)(   is      [AMU 1999] 

 (a) Strictly decreasing    (b) Strictly increasing  

 (c) Decreasing in (2, 3) only   (d) Neither increasing nor 

decreasing  

Solution: (b) 
x

xxf
2

3)(    
2

2
3)(

x
xf   

Clearly 0)(  xf  on the interval (1, 3)  

 )(xf  is strictly increasing. 

Example: 2 For which value of x, the function xxxf 2)( 2   is decreasing     [Ranchi BIT 1990] 

 (a) 1x  (b) 2x   

 (c) 1x  (d) 2x  

Solution: (c) 1)1()( 2  xxf  

Hence decreasing in 1x  

y 

f(x1

) 
f(x2

) 

x1 b O x2 
x x 

a 

f(x2) 

a x1 x2 b 

y = f(x) 

y 

O 
x 

f(x1) 

y 

O 

(1, 
0) 

(1, –

1) 

y = 

f(x)  
x  
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Alternative method: )1(222)(  xxxf  

To be decreasing, 0)1(2 x   0)1( x   1x . 

Example: 3 04596182 23  xxx  is an increasing function when     [Rajasthan PET 1997] 

 (a) 2,8  xx  (b) 8,2  xx  (c) 8,2  xx  (d) 20  x  

Solution: (a) 096366)( 2  xxxf , for increasing 

 0)2)(8(6)(  xxxf   8,2  xx . 

Example: 4 The function xx  is increasing, when      [MP PET 2003] 

 (a) 
e

x
1

  (b) 
e

x
1

  (c) 0x  (d) For all real x 

Solution:  (a) Let xxy    )log1( xx
dx

dy x  ;  For 0
dx

dy
 

0)log1(  xx x   0log1  x   
e

x ee

1
loglog   

For this to be positive, x should be greater than 
e

1
. 

 

 4.4.2 Monotonic Function. 

 A function )(xf  is said to be monotonic on an interval (a, b) if it is either increasing or 

decreasing on (a, b). 

 (1) Monotonic increasing function : A function is said to be a monotonic increasing 

function in defined interval if,   

  )()( 2121 xfxfxx           

or  )()( 2121 xfxfxx   

or   )()( 2121 xfxfxx   

or   )()( 2121 xfxfxx   

 

(2) Monotonic decreasing function: A function is said to be a monotonic decreasing 

function in defined interval, if  )()( 2121 xfxfxx   

or )()( 2121 xfxfxx    

or )()( 2121 xfxfxx    

or   )()( 2121 xfxfxx   

 

 

 

Example: 5 The function pxxxf 2cos)(   is monotonically decreasing for    [MP PET 2002]  

y 

O 
x 

y 

O 
x 

y 

O 
x 

y 

O 
x 
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 (a) 
2

1
p  (b) 

2

1
p  (c) 2p  (d) 2p  

Solution: (b) )(xf  will be monotonically decreasing, if 0)(  xf . 

 02sin)(  pxxf   0sin
2

1
 px   

2

1
p   ]1sin1[  x  

Example: 6 If xxxxf 24020)( 35  , then )(xf  satisfies which of the following    [Kurukshetra CEE 1996] 

 (a) It is monotonically decreasing everywhere (b) It is monotonically decreasing only in ),0(   

 (c) It is monotonically increasing every where  (d) It is monotonically increasing only in )0,(  

Solution: (c) 240605)( 24  xxxf  = ]12)6[(5)4812(5 2224  xxx   

  Rxxf  0)(  

i.e., )(xf  is monotonically increasing everywhere. 

Example: 7 The value of a for which the function 193)2( 23  axaxxa  decrease monotonically throughout for all 

real x, are 

[Kurukshetra CEE 2002] 

 (a) 2a  (b) 2a  (c) 03  a  (d) 3 a  

Solution: (d) If 193)2()( 23  axaxxaxf  decreases monotonically for all ,Rx   then 0)(  xf  for all Rx  

 096)2(3 2  aaxxa  for all Rx    032)2( 2  aaxxa  for all Rx  

 02 a  and discriminant 0   2a  and 0248 2  aa  

 2a  and 0)3( aa  2a  and 3a  or 0a   3a   3 a  

Example: 8 Function 
xx

xx
xf

cos3sin2

cos6sin
)(







 is monotonic increasing if     [MP PET 2001] 

 (a) 1  (b) 1  (c) 4  (d) 4  

Solution: (d) The function is monotonic increasing if, 0)(  xf  

  
2)cos3sin2(

)sin6cos()cos3sin2(

xx

xxxx



 
– 0

)cos3sin2(

)sin3cos2()cos6sin(
2






xx

xxxx
 

 0)cos(sin12)cos(sin3 2222  xxxx   0123    4 .  

 

 4.4.3 Necessary and Sufficient Condition for Monotonic Function. 

 In this section we intend to see how we can use derivative of a function to determine where 

it is increasing and where it is decreasing 

 (1) Necessary condition : From figure we observe that if )(xf  is an increasing function on (a, 

b), then tangent at every point on the curve 

)(xfy   makes an acute angle  with the 

positive direction of x-axis. 

  0)('or 00tan  xf
dx

dy
  for all 

),( bax   

 It is evident from figure that if )(xf  is a 

 

b a 

y=f(x) 
P(x,y) 

y 

O 
x 

P(x, y) 

 

y 

O 
x 

b a 

y=f(x) 



 
 
 

 
222 Application of Derivatives 

decreasing function on (a, b), then tangent at every point on the curve y = f(x) makes an obtuse 

angle  with the positive direction of x-axis. 

   00tan 
dx

dy
  or 0)(' xf  for all ).,( bax   

 Thus, )0(0)(' xf  for all ),( bax   is the necessary condition for a function f (x) to be 

increasing (decreasing) on a given interval (a, b). In other words, if it is given that f (x) is 

increasing (decreasing) on (a, b), then we can say that ).0(0)(' xf      

 (2) Sufficient condition : Theorem : Let f be a differentiable real function defined on an open 

interval (a, b). 

 (a) If 0)(' xf  for all ),( bax  , then )(xf  is increasing on (a, b). 

 (b) If 0)(' xf  for all ),( bax  , then )(xf  is decreasing on (a, b). 

 Corollary : Let f (x) be a function defined on (a, b). 

 (a) If 0)(' xf  for all ),( bax  , except for a finite number of points, where ,0)(' xf  then )(xf  is 

increasing on  (a, b). 

 (b) If 0)(' xf  for all ),( bax  , except for a finite number of points, where ,0)(' xf  then f (x) is 

decreasing on  (a, b). 
 

Example: 9 The function 
)ln(

)ln(
)(

xe

x
xf







 is       [IIT 1995] 

 (a) Increasing on [0, )   (b) Decreasing on [0, ) 

 (c) Decreasing on 








e


,0  and increasing on  








,

e


 (d)  Increasing on 









e


,0  and 

decreasing on 







,

e


 

Solution: (b) Let 
)ln(

)ln(
)(

xe

x
xf







 

  
2)}{ln(

1
)ln(

1
)ln(

)(
xe

xe
x

x
xe

xf











  = 
))(()}{ln(

)ln()()ln()(
2 xxexe

xxxexe








  

 0)(  xf  for all 0x      }{ e .  Hence, )(xf  is decreasing in ),0[  . 

Example: 10 Which of the following is not a decreasing function on the interval 








2
,0


    

 (a) xcos  (b) x2cos  (c) x3cos  (d) xcot  

Solution: (c) Obviously, here x3cos  in not decreasing in 








2
,0


 because xx
dx

d
3sin33cos  . 

But at ox 75 , 03sin3  x . Hence the result. 

Example: 11 The interval of increase of the function 









7

2
tan)(

xexxf  is  

 (a) ),0(   (b) )0,(  (c) ),1(   (d) )1,(   
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Solution: (b, d) We have 









7

2
tan)(

xexxf   xexf  1)(  

For )(xf  to be increasing, we must have 0)(  xf   01  xe   1xe   0x   )0,(x   

)0,()1,(   

 

 4.4.4 Test for Monotonicity. 

 (1) At a point : (i) Function f (x) will be monotonic increasing in domain at a point if and 

only if, 0)(' af  

 (ii) Function f (x) will be monotonic decreasing in domain at a point if and only if, 0)(' af . 

 (2) In an interval : Function f (x), defined in [a, b] is 

 (i) Monotonic increasing in (a, b) if,  0)(' xf ,    bxa   

 (ii) Monotonic increasing in [a, b] if,  0)(' xf , bxa   

 (iii) Strictly increasing in [a, b], if,       0)(' xf , bxa   

 (iv) Monotonic decreasing in (a, b), if,  0)(' xf , bxa   

 (v) Monotonic decreasing in [a, b], if,  0)(' xf , bxa   

 (vi) Strictly decreasing in [a, b], if,       0)(' xf , bxa   

 

Example: 12 )1()( xxxexf   then )(xf  is        [IIT Screening 2001] 

 (a) Increasing on 






 
1,

2

1
 (b) Decreasing on R (c) Increasing on R (d) Decreasing on 








1,

2

1
 

Solution: (a) )21(..)( )1()1( xexexf xxxx    = )12(.)}21(1{ 2)1()1(   xxexxe xxxx  

Now by the sign-scheme for 12 2  xx  

   

 

 

 

 

,0)(  xf  if 







 1,

2

1
x , because )1( xxe   is always positive. So, )(xf  is increasing on 








 1,

2

1
. 

Example: 13 x tends 0 to   then the given function xxxxxf 2coscossin)(   is  

 (a) Increasing   (b) Decreasing  

 (c) Neither increasing nor decreasing (d) None of these 

Solution: (b) xxxxxf 2coscossin)(   

 xxxxxxxf sincos2sincossin)(   = )sin2(cos xxx   

Hence 0x  to  , then 0)(  xf , i.e., )(xf  is decreasing function. 

 

 4.4.5 Properties of Monotonic Function. 

– + 
– 

– 1/2 1 
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 (1) If )(xf  is strictly increasing function on an interval [a, b], then 1f  exists and it is also a 

strictly increasing function. 

 (2) If )(xf  is strictly increasing function on an interval [a, b] such that it is continuous, then 

1f  is continuous on )](),([ bfaf  

 (3) If )(xf  is continuous on [a, b] such that )0)((0)(  cfcf  for each ),,( bac  then )(xf  is 

monotonically (strictly) increasing function on [a, b]. 

 (4) If )(xf  is continuous on [a, b] such that )0)((0)(  cfcf  for each ),( bac , then )(xf  is 

monotonically (strictly) decreasing function on [a, b] 

 (5) If )(xf  and )(xg  are monotonically (or strictly) increasing (or decreasing) functions on [a, 

b], then gof(x) is a monotonically (or strictly) increasing function on [a, b] 

 (6) If one of the two functions )(xf  and )(xg  is strictly (or monotonically) increasing and 

other a strictly (monotonically) decreasing, then gof(x) is strictly (monotonically) decreasing on 

[a, b]. 

Example: 14 The interval in which the function xex 2  is non decreasing, is  

 (a) ]2,(  (b) [0, 2] (c) ),2[   (d) None of these 

Solution: (b) Let xexxf  2)(   

  )2(2 22 xxeexxe
dx

dy xxx    

Hence 0)(  xf  for every ]2,0[x , therefore it is non-decreasing in [0, 2]. 

Example: 15 The function xx 44 cossin   increase if      [IIT 1999] 

 (a) 
8

0


 x  (b) 
8

3

4


 x  (c) 

8

5

8

3 
 x  (d) 

4

3

8

5 
 x  

Solution: (b) xxxf 44 cossin)(  = xxxx 22222 cossin2)cos(sin   

  = )2sin2(
4

1
1

2

2sin
1

2

cossin4
1 2

222

x
xxx

  

   = x
x

4cos
4

1

4

3

4

4cos1
1 







 
  

Hence function )(xf  is increasing when 0)(  xf  

04sin)(  xxf   04sin x  

Hence 
2

3
4


  x  or 

8

3

4


 x . 
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1. The function 
x

x
1

  ( 0x ) is a non-increasing function in the interval  

(a) [– 1, 1] (b) [0, 1] (c) [– 1, 0] (d) [–1, 2]  

2. The interval for which the given function 73632)( 23  xxxxf is decreasing, is 

(a) (– 2, 3) (b) (2, 3) (c) (2, –3) (d) None of these  

3. If 
2

sin)(
x

xxf   is increasing function, then      [MP PET 1987] 

(a) 
3

0


 x  (b) 0
3

 x


 (c) 
33


 x  (d) 

2


x   

4. If the function RRf :  be defined by xxxf  tan)( , then )(xf      [Karnataka CET 2002] 

(a) Increases (b) Decreases (c) Remains constant (d) Becomes zero  

BBaassiicc  LLeevveell 

Increasing and Decreasing Function 
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5. 562 3  xx  is an increasing function if     [UPSEAT 2003]  

(a) 10  x  (b) 11  x  (c) 1x  or 1x  (d) 2/11  x   

6. The function 531)( xxxf   is decreasing for      [Kerala (Engg.) 2002] 

(a) 51  x  (b) 1x  (c) 1x  (d) All values of x  

7. For which interval, the given function 11292)( 23  xxxxf  is decreasing    [MP PET 1993]  

(a) ),2(   (b) )1,2(   (c) )1,(   (d) )2,(   and ),1(    

8. The function xxxf  tan)(         [MNR 1995] 

(a) Always increases   (b) Always decreases  

(c) Never decreases   (d) Sometimes increases and sometimes decreases  

9. If 399)( 23  xxkxxf  is monotonically increasing in each interval, then               [Rajasthan PET 1992; 

Kurukshetra CEE 2002]  

(a) 3k  (b) 3k  (c) 3k  (d) None of these  

10. The least value of k for which the function 12  kxx  is an increasing function in the interval 21  x  is  

(a) – 4 (b) – 3 (c) – 1 (d) – 2  

11. The function xxxf cos)(   is        [DCE 2002] 

(a) Always increasing   (b) Always decreasing  

(c) Increasing for certain range of x  (d)  None of these 

12. The function 2)( xxf   is increasing in the interval  

(a) )1,1(  (b) ),(   (c) ),0(   (d) )0,(   

13. Function 
3

)(
3

4 x
xxf   is  

(a) Increasing for 
4

1
x  and decreasing for 

4

1
x  (b) Increasing for every value of x 

(c) Decreasing for every value of x  (d) None of these  

14. The function 61292 23  xxxy  is monotonic decreasing when                                      [MP 

PET 1994; Rajasthan PET 1996] 

(a) 21  x  (b) 2x  (c) 1x  (d) None of these  

15. The interval in which the xex 2  is non-decreasing, is    

(a) ]2,(  (b) [0, 2] (c) ),2[   (d) None of these  

16. The function 
21

1

x
 is decreasing in the interval  

(a) ]1,(   (b) ]0,(  (c) ),1[   (d) ),0(    

17. The function cbxx sin  will be increasing in the interval ),(   if 

(a) 1b  (b) 0b  (c) 1b  (d) 0b   

18. In the interval [0, 1], the function 12  xx  is  

(a) Increasing    (b) Decreasing  
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(c) Neither increasing nor decreasing  (d) None of these  

19. 527)( 3  xxxf  is an increasing function, when      [MP PET 1995] 

(a) 3x  (b) 3|| x  (c) 3x  (d) 3|| x   

20. For the every value of x the function 
x

xf
5

1
)(   is   

(a) Decreasing   (b) Increasing   

(c) Neither increasing nor decreasing (d)  Increasing for 0x  and decreasing for 0x  

21. In which interval is the given function 136152)( 23  xxxxf  is monotonically decreasing   [Rajasthan PET 1995] 

(a) [2, 3] (b) (2, 3) (c) )2,(  (d) ),3(    

22. The interval of the decreasing function 4)( 23  xxxxf  is 

(a) 







1,

3

1
 (b) 








 1,

3

1
 (c) 










3

1
,

3

1
 (d) 










3

1
,1   

23. Let cbdcxbxxxf  223 0,)( . Then f     [IIT JEE Screening 2004] 

(a) Is bounded (b) Has a local maxima (c) Has a local minima (d) Is strictly increasing  

24. The function 5243)( 23  xxxxf  is an increasing function in the interval given below   [MP PET 1998] 

(a) ),4()2,(   (b) ),2(   (c) )4,2(  (d) )4,(   

25. Which one is the correct statement about the function xxf 2sin)(   

(a) )(xf  is increasing in 








2
,0


 and decreasing in 










,

2
 

(b) )(xf  is decreasing in 








2
,0


 and increasing in 










,

2
 

(c) )(xf  is increasing in 








4
,0


 and decreasing in 








2
,

4


 

(d)  The statement (a), (b) and (c) are all correct 

26. If 1020010)( 23  xxxxf , then      [Kurukshetra CEE 1998] 

(a) )(xf  is decreasing in ]10,]   and increasing in [,10[   (b) )(xf  is increasing in ]10,]  and decreasing in 

[,10[   

(c) )(xf  is increasing throughout real line (d) )(xf  is decreasing throughout real line  

27. If f is a strictly increasing function, then 
)0()(

)()(
lim

2

0 fxf

xfxf

x 




 is equal to     [IIT  Screening 2004] 

(a) 0 (b) 1 (c) – 1 (d) 2  

28. Function 196 23  xxx  is monotonic decreasing when      [Rajasthan PET 1991] 

(a) 31  x  (b) 3x  (c) 1x  (d) 3x  or 1x   

29. The function 86
2

1

3

1
)( 23  xxxxf   is decreasing in the interval     [Rajasthan PET 1992] 

(a) 3x  (b) 2x  (c) 23  x  (d) None of these  
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30. The function 14)2log(2)( 2  xxxxf  increases in the interval 

(a) (1, 2) (b) (2, 3) (c) )1,(   (d) (2, 4)  

31. The function 0),0(
||

)(  xx
x

x
xf  is  

(a) Monotonically decreasing (b) Monotonically increasing (c) Constant function (d)  None of these 

32. In the following decreasing function is   

(a) ln x (b) 
||

1

x
 (c) xe /1  (d)  None of these 

33. If xkxxf sin)(   is monotonically increasing, then 

(a) 1k  (b) 1k  (c) 1k  (d) 1k   

 

 

 

34. The function f defined by xexxf  )2()(  is      [IIT Screening 1994] 

(a) Decreasing for all x   (b) Decreasing in )1,(   and increasing in ),1(   

(c) Increasing for all x   (d)  Decreasing in ),1(   and increasing in )1,(   

35. The value of a  in order that 3)( xf  sinx  baxx  2cos  decreases for all real values of x, is given by  

(a) 1a  (b) 1a  (c) 2a  (d) 2a   

36. The interval in which the function 3x  increases less rapidly then 5156 2  xx , is  

(a) )1,(   (b) )1,5(  (c) )5,1(  (d) ),5(    

37. Let   dxxxexf x )2)(1()( . Then f decreases in the interval      [IIT Screening 2000] 

(a) )2,(   (b) )1,2(   (c) (1, 2) (d) ),2(    

38. If )1log(cot2)( 21 xxxxxf   , then )(xf   

(a) Increases in ),0[     (b) Decreases in ),0[    

(c) Neither increases nor decreases in ),0(   (d)  Increases in ),(   

39. The function 
)1(

)1(
2

2




x

x

e

e
 is        [Roorkee 1998] 

(a) Increasing (b) Decreasing (c) Even (d) Odd  

40. The function 
xdxc

xbxa

cossin

cossin




 is decreasing if      [Rajasthan PET 1999] 

(a) 0bcad  (b) 0bcad  (c) 0cdab  (d) 0cdab   

41. If xxxf cossin)(  , 20  x  the function decreasing in      [UPSEAT 2001]  

(a) 








4

3
,

6

5 
 (b) 









2
,

4


 (c) 









2

5
,

2

3 
 (d) None of these  

AAddvvaannccee  LLeevveell 
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42. If 0),1log(
1

1
)( 


 xx

x
xf  then f is      [Rajasthan PET 2002] 

(a) An increasing function    (b) A decreasing function   

(c) Both increasing and decreasing function (d)  None of these 

43. The function xxxf /1)(   is       [AMU 2002] 

(a) Increasing in ),1(     (b) Decreasing in ),1(    

(c) Increasing in ),1( e , decreasing in ),( e  (d)  Decreasing in ),1( e  increasing in ),( e  

44. The length of the longest interval, in which the function xx 3sin4sin3   is increasing, is    [IIT Screening 2002]  

(a) 
3


 (b) 

2


 (c) 

2

3
 (d)    

45. The function 2/2

1)( xexf   is        [AMU 1999] 

(a) Decreasing for all x   (b) Increasing for all x 

(c) Decreasing for 0x  and increasing for 0x  (d)  Increasing for 0x  and decreasing for 0x  

46. The function xx cossin   is increasing in the interval 

(a) 








4

7
,

4

3 
 (b) 









4

3
,0


 (c) 








4

3
,

4


 (d) None of these  

47. On the interval 








2
,0


, the function log xsin  is  

(a) Increasing   (b) Decreasing  

(c) Neither increasing nor decreasing  (d) None of these 

48. For all real values of x, increasing function )(xf  is      [MP PET 1996]  

(a) 1x  (b) 2x  (c) 3x  (d) 4x   

49. The function which is neither decreasing nor increasing in 








2

3
,

2


 is     [MP PET 2000] 

(a) xcosec  (b) xtan  (c) 2x  (d) |1| x   

50. For every value of x, function xexf )(  is  

(a) Decreasing   (b) Increasing  

(c) Neither increasing nor decreasing (d) None of these 

51. Consider the following statements S and R  

S : Both xsin  and xcos  are decreasing functions in 










,

2
 

R :  If a differentiable function decreases in (a, b) then its derivative also decrease in ),( ba   

Which of the following is true       [IIT Screening 2000]   

(a) Both S and R are wrong    

(b) Both S and R are correct but R is not the correct explanation for S  

(c) S is correct and R is the correct explanation for S  

(d) S is correct and R is wrong  
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52. If )(xf   is zero in the interval ),( ba  then in this interval it is 

(a) Increasing function   (b) Decreasing function  

(c) Only for 0a  and 0b  is increasing function (d)  None of these 

53. The function )1(,
1

2





x

x

x
 is increasing on the interval 

(a) ]0,(  (b) ),0[   (c) R (d) None of these  

54. If f and g are two decreasing functions such that fog exists, then fog 

(a) Is an increasing function   (b) Is a decreasing function 

(c) Is neither increasing nor decreasing (d)  None of these 

55. The function )/cos()( xxf   is increasing in the interval 

(a) Nnnn  ),2,12(  (b) 









n

n
2,

12

1
, Nn  (c) 









 12

1
,

22

1

nn
, Nn  (d) None of these  

56. The set of all values of a  for which the function 


















 1

1

4
)(

a

a
xf 5log35  xx  decreases for all real x is 

(a) ),(   (b) ),1(
2

213
,4 













 
  (c) ),2(

2

27
5,3 














  (d) ),1[    

57. The function 0,)( 2  axaxxxf  

(a) Increases on the interval 








4

3
,0

a
 (b) Decreases on the interval 








a

a
,

4

3
 

(c) Decreases on the interval 








4

3
,0

a
 (d) Increases on the interval 








a

a
,

4

3
  

58. The function 
2

|1|
)(

x

x
xf


  is monotonically decreasing on  

(a) ),2(   (b) (0, 1) (c) (0, 1) ),2(   (d) ),(    

59. The set of values of a for which the function 1)( 2  axxxf  is an increasing function on [1, 2] is 

(a) ),2(   (b) ],4[   (c) )2,[   (d) ]2,(   

60. On which of the following intervals is the function 1sin100  xx  decreasing 

(a) 








2
,0


 (b) (0, 1) (c) 










,

2
 (d) None of these 

61. If 0a  the function axax eexf )(  is a monotonically decreasing function for values of x given by   [Roorkee 1992] 

(a) 0x  (b) 0x  (c) 1x  (d) 1x   

62. 2)]3([  xxy  increases for all values of x lying in the interval    [Roorkee 1993] 

(a) 
2

3
0  x  (b)  x0  (c) 0 x  (d) 31  x   

63. The function 
x

x
xf

log
)(   is increasing in the interval     [EAMCET 1994] 
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(a) )2,1( e  (b) ),0( e  (c) )2,2( e  (d) 







e

e
2,

1
  

64. The value of a for which the function baxxxxf  cossin)(  decreases for all real values of x, is given by 

(a) 2a  (b) 1a  (c) 2a  (d) 1a   

65. If the function baxxxf  2||cos)(  increases along the entire number scale, the range of values of a  is given by 

(a) ba   (b) 
2

b
a   (c) 

2

1
a  (d) 

2

3
a   

66. If 
x

x
xf

sin
)(   and 

x

x
xg

tan
)(  , where 10  x , then in this interval     [IIT 1997] 

(a) Both )(xf  and )(xg  are increasing functions (b) Both )(xf  and )(xg  are decreasing function 

(c) )(xf  is an increasing function  (d)  )(xg  is an increasing 

function 

67. Let 32 ))(())(()()( xfxfxfxh   for every real number x, then     [IIT 1998] 

(a) h is increasing whenever f is increasing and decreasing whenever f is decreasing 

(b) h is increasing whenever f is decreasing 

(c) h is decreasing whenever f is increasing 

(d) Nothing can be said in general  

68. If 











32,37

21,1123
)(

2

xx

xxx
xf  then )(xf  is     [IIT 1993] 

(a) Increasing in [–1, 2] (b) Continuous in [–1, 3] (c) Greatest at 2x  (d) All of these 

69. If 2))(()(  xxgxf  where 0)( g  and )(xg  is continuous at x  then function )(xf  

(a) Increasing near to   if  0)( g   (b) Decreasing near to   if 

)(g  > 0 

(c) Increasing near to   if 0)( g   (d) Increasing near to   for 

every value of )(g   

70. Function 
















 xxxx

3
coscos

3
coscos 22 

 for all real values of x will be 

(a) Increasing  (b) Constant (c) Decreasing (d) None of these  

71. Let )1()()( xfxfxQ   and 0)(  xf  whereas 10  x  then function )(xQ  is decreasing in  

(a) 







1,

2

1
 (b) 









2

1
,0  (c) 








1,

2

1
 (d) (0, 1)  

72. If 
x

c

c

x
xf )(  for 55  x , then )(xf  is increasing function in the interval 

(a) [c, 5] (b) [0, c] (c) [c, 0] (d) [c, c]  

73. If the domain of xxf sin)(   is }0:{  xxD , then )(xf  is  

(a) Increasing in D   (b) Decreasing in D 
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(c) Decreasing in 








2
,0


 and increasing in 










,

2
 (d) None of these 

74. If  
x

dxbabxf
0

442 )sin(cos)1()(   is a decreasing function of x for all Rx  and Rb , b being independent 

of x, then 

(a) )6,0(a  (b) )6,6(a  (c) )0,6(a  (d) None of these  

75. If 2log3
1

1
)( 3

2

2





 xx

p

p
xf  is a decreasing function of x in R then the set of possible values of p (independent of 

x) is 

(a) [-1, 1] (b) ),1[   (c) ]1,(   (d) None of these  

76. Let f xaxaxaxaxaxf 1
2

2
3

3
4

4
5

5)(  , where '
ia s are real and 0)( xf  has a positive root 0 . Then 

(a) 0)(  xf  has a root 1  such that 010    (b) 0)(  xf  has at least two real root 

(c) 0)(  xf  has at least one real roots (d)  None of these 

77. If a, b, c are real, then 
2

2

2

)(

cxbcac

bcbxab

acabax

xf







  is decreasing in  

(a) 







 0),(

3

2 222 cba  (b) 







 )(

3

2
,0 222 cba  (c) 













 
0,

3

222 cba
 (d) None of these  

**** 
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11  22  33  44  55  66  77  88  99  1100  1111  1122  1133  1144  1155  1166  1177  1188  1199  2200  

a a c a c d d a c d a c a a b d c d b a 

21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 

b b d a c c c a c b c c a d b c c a,d a,d b 

41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 

d b c a c b a c a b d d b a d b a,b c a d 

61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 

b a b a c c a d a b a a d b a a,b,

c 
a 
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 4.5.1 Definition. 

 Let f be a real valued function defined on the closed interval [a, b] such that,  

 (1) f(x) is continuous in the closed interval [a, b] 

 (2) )(xf  is differentiable in the open interval [,] ba  and  

 (3) )()( bfaf   

 Then there is atleast one value c of x in open interval ]a, b[ for which 0)(  cf . 

 4.5.2 Analytical Interpretation. 

 Now, Rolle's theorem is valid for a function such that  

 (1) )(xf  is continuous in the closed interval [a, b] 

 (2) )(xf  is differentiable in open interval ]a, b[ and  

 (3) )()( bfaf   

 So, generally two cases arises in such circumstances. 

 

 Case I: f(x) is constant in the interval [a, b] then 0)(  xf  for all ],[ bax  . Hence, Rolle's 

theorem follows, and we can say, ,0)(  cf  where bca   

 Case II: f(x) is not constant in the interval [a, b] and since )()( bfaf  . 

 

 

 

 

 

 
 

 The function should either increase or decrease when x takes values slightly greater than a. 

 Now, let )(xf  increases for ax   

 Since, )()( bfaf  , hence the function must seize to increase at some value cx   and decreasing 

upto bx  . 

C 

y 

O 
x 

x = 

a 
x = c x = b 

Increas
e 

decreas

e 
B 

A 

positive 

y = c 

O b a  

y 

x 
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 Clearly at cx   function has maximum value.  

 Now let h  be a small positive quantity then, from definition of maximum value of the 

function,  

   0)()(  cfhcf      and  0)()(  cfhcf  

    0
)()(




h

cfhcf
 and  0

)()(






h

cfhcf
 

 So,            0
)()(

lim
0




 h

cfhcf

h
 and 0

)()(
lim

0






 h

cfhcf

h
   .....(i) 

 But, if  
h

cfhcf

h

cfhcf

hh 








)()(
lim

)()(
lim

00
, 

 The Rolle's theorem cannot be applicable because in such case, 

 RHD at cxcx   at LHD . 

 Hence, )(xf  is not differentiable at ,cx   which contradicts the condition of Rolle's theorem. 

  Only one possible solution arises, when  0
)()(

lim
)()(

lim
00









 h

cfhcf

h

cfhcf

hh
 

 Which implies that, 0)(  cf  where bca   

 Hence, Rolle's theorem is proved. 

 

 

 

 

 

 Similarly, the case where )(xf  decreases in the interval cxa   and then increases in the 

interval 0)(,  cfbxc . But when ,cx   the minimum value of )(xf  exists in the interval [a, b]. 

 4.5.3 Geometrical Interpretation. 

 Consider the portion AB of the curve )(xfy  , lying between ax   

and bx  , such that  

 (1) It goes continuously from A to B. 

 (2) It has tangent at every point between A and B and  

(3) Ordinate of A = ordinate of B 

 From figure, it is clear that )(xf  increases in the interval 1AC , 

which implies that 0)(  xf  in this region and decreases in the 

y 

O 
x 

x = 

a 
x = c x = b 

D
e
c
r e

a
s
e
e 

In
c
re

a
s

e 

B A 

minimu

m 

x=a 

D 

C1 

A 

y 

x 
O 

C2 

B 

x=
c 

x=b 
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interval BC1  which implies 0)(  xf  in this region. Now, since there is unique tangent to be 

drawn on the curve lying in between A and B and since each of them has a unique slope i.e., 

unique value of )(xf  . 

  Due to continuity and differentiability of the function )(xf  in the region A to B. There is a 

point cx   where 0)(  cf . Hence, 0)(  cf  where bca   

 Thus Rolle's theorem is proved. 

 Similarly the other parts of the figure given above can be explained, establishing Rolle's 

theorem throughout. 

Note : On Rolle's theorem generally two types of problems are formulated. 

 To check the applicability of Rolle's theorem to a given function on a given interval. 

 To verify Rolle's theorem for a given function in a given interval. 

 In both types of problems we first check whether f(x) satisfies the condition of Rolle's 

theorem or not. 

 The following results are very helpful in doing so. 

 (i) A polynomial function is everywhere continuous and differentiable. 

 (ii) The exponential function, sine and cosine functions are everywhere continuous and 

differentiable. 

 (iii) Logarithmic functions is continuos and differentiable in its domain.  

 (iv) tan x is not continuous and differentiable at 
2

3
,

2


x , 

2

5
 ,....... 

 (v) |x| is not differentiable at 0x . 

 (vi) If )(xf   tends to   as Kx  , then )(xf  is not differentiable at Kx  .  

 For example, if ,)12()( 2/1 xxf  then 
12

1
)(




x
xf  is such that as 












)(
2

1
xfx  

 So, )(xf  is not differentiable at 
2

1
x . 

 

Example: 1 The function xexxxf 2/1)3()(   satisfies all the condition of Rolle's theorem in [– 3, 0]. The value of c 

is 

 (a) 0 (b) 1 (c) – 2 (d) – 3 

Solution: (c) To determine 'c' in Rolle's theorem, 0)(  cf  

Here xx exexxxf )2/1()2/1(2 )32(
2

1
.)3()(  








  = 









 32)3(
2

1 2)2/1( xxxe x  =  6
2

1 2)2/(   xxe x  

  0)(  cf   062  cc   2,3 c . 

But ]0,3[3 c ,  Hence c = –2.  
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Example: 2 If the function baxxxxf  23 6)(  satisfies Rolle's theorem in the interval [1, 3] and 0
3

132














 
f  

then 

[MP PET 2002] 

 (a) 11a  (b) 6a  (c) 6a  (d) 1a  

Solution: (a) baxxxxf  23 6)(   axxxf  123)( 2  

 0)(  cf   0
3

1
2 













f   0

3

1
212

3

1
23

2




























 a  

 0
3

1
212

3

4

3

1
43 



























 a   0342434112  a   11a . 

 

 

 

 

 

 

 

 

 

 

 

1. Rolle's theorem is true for the function 4)( 2  xxf  in the interval 

(a) [– 2, 0] (b) [– 2, 2] (c) 








2

1
,0  (d) [0, 2]  

2. For which interval, the function 
1

32





x

xx
 satisfies all the conditions of Rolle's theorem    [MP PET 1993] 

(a) [0, 3] (b) [–3, 0] (c) [1.5, 3] (d) For no interval  

3. If )(xf  satisfies the conditions of Rolle's theorem in [1, 2] and )(xf  is continuous in [1, 2] then  
2

1

)( dxxf  is equal 

to  [DCE 2002]  

(a) 3 (b) 0 (c) 1 (d) 2  

4. Consider the function xexf x 2sin)( 2  over the interval 








2
,0


. A real number 









2
,0


c , as guaranteed by Roll's 

theorem, such that 0)(  cf  is        [AMU 1999] 

(a) 
8


 (b) 

6


 (c) 

4


 (d) 

3


  

5. If the function 611)( 23  xbxaxxf  satisfies the conditions of Rolle's theorem for the interval [1, 3] and 

0
3

1
2 













f , then the values of a and b are respectively      [MP PET 1998] 

(a) 1, – 6 (b) – 2, 1 (c) –1, 
2

1
 (d) – 1, 6  

BBaassiicc  LLeevveell 

Rolle's Theorem 
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6. Rolle's theorem is not applicable to the function ||)( xxf   defined on [– 1, 1] because                       [AISSE 1986; 

MP PET 1994, 95]  

(a) f is not continuous on [– 1, 1]  (b) f is not differentiable on (– 

1, 1) 

(c) )1()1( ff     (d) 0)1()1(  ff   

7. Let 

















0,0

0,ln
)(

x

xxx
xf



 Rolle's theorem is applicable to f for ]1,0[x , if     [IIT-JEE Screening 2004] 

(a) –2 (b) –1 (c) 0 (d) 
2

1
  

8. The value of a for which the equation 033  axx  has two distinct roots in [0, 1] is given by 

(a) –1 (b) 1 (c) 3 (d) None of these 

9. Let a, be two distinct roots of a polynomial ).(xf  Then there exists at least one root lying between a and b of the 

polynomial 

(a) )(xf  (b) )(xf   (c) )(xf   (d) None of these 

10. If 0
2

.....
11

1210 






n

n a
a

n

a

n

a

n

a
. Then the function n

nnn axaxaxaxf   .....)( 2
2

1
10  has in (0, 1) 

(a) At least one zero (b) At most one zero (c) Only 3 zeros (d) Only 2 zeros 
 

*** 
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 4.6.1 Definition. 

 If a function )(xf ,  

 (1) Is continuous in the closed interval [a, b] and  

 (2) Is differentiable in the open interval (a, b) 

 Then there is atleast one value ),( bac , such that; 
ab

afbf
cf






)()(
)(  

 4.6.2 Analytical Interpretation. 

 First form: Consider the function, x
ab

afbf
xfx






)()(
)()(  

 Since, )(xf  is continuous in [a, b] 

  )(x  is also continuous in [a,b] 

 since, )(xf   exists in (a, b) hence )(x  also exists in ),( ba  and 
ab

afbf
xfx






)()(
)()(  .....(i) 

 Clearly, )(x  satisfies all the condition of Rolle's theorem 

  There is atleast one value of c  of x  between a and b such that 0)(  c  substituting cx   in 

(i) we get,  

 
ab

afbf
cf






)()(
)(  which proves the theorem. 

 Second form: If we write hab   then hacbca  ,  where 10   

 Thus, the mean value theorem can be stated as follows: 

 If (i) )(xf  is continuous in closed interval [a, a+h] 

   (ii) )(xf   exists in the open interval ),( haa   then there exists at least one number )10(   

 Such that )()()( hafhafhaf  . 

 4.6.3 Geometrical Interpretation. 

 Let )(xf  be a function defined on [a, b] and let APB be the curve represented by )(xfy  . Then 

co-ordinates of A and B are ))(,( afa  and ))(,( bfb  respectively. Suppose the chord AB makes an 

angle   with the axis of x. Then from the triangle ARB, we have 
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AR

BR
tan   

ab

afbf






)()(
tan  

 By Lagrange's Mean value theorem, we have, 
ab

afbf
cf






)()(
)(  )(tan cf    

     

 

 

 

 

 

 

 

  slope of the chord AB = slope of the tangent at ))(,( cfc  
 

Example: 1 In the mean-value theorem )(
)()(

cf
ab

afbf





, if 0a , 

2

1
b  and ),2)(1()(  xxxxf  the value of c is [MP PET 2003] 

 (a) 
6

15
1   (b) 151   (c) 

6

21
1   (d) 211   

Solution: (c) From mean value theorem 
ab

afbf
cf






)()(
)(  

 0)(,0  afa   
8

3
)(,

2

1
 bfb  

)1()2()2)(1()(  xxxxxxxf ,  

)1()2()2)(1()(  cccccccf  = cccccc  222 223 , 263)( 2  cccf  

According to mean value theorem   

 
ab

afbf
cf






)()(
)(   0

4

5
63

4

3

0
2

1

0
8

3

263 22 



















 cccc  

6

21
1

6

216

32

15366








c . 

Example: 2 From mean value theorem bxaxfabafbf  11),()()()(  if 
x

xf
1

)(   then 1x    [MP PET 1996] 

 (a) ab  (b) 
ba

ab



2
 (c) 

2

ba 
 (d) 

ab

ab




 

Solution: (a) 
2
1

1

1
)(

x
xf


 ,   abx

abab

ab

x









12
1

1

11

1
. 

Example: 3 The abscissae of the points of the curve 3xy   in the interval [–2, 2], where the slope of the tangent 

can be obtained by mean value theorem for the interval [– 2, 2] are     [MP PET 1993] 

(a) 
3

2
  (b) 

2

3
  (c) 3  (d) 0 

Solution: (a) Given that equation of curve )(3 xfxy   

y 

x 
O 

[a, 
f(a)] 

M 

P[c, 

f(c)] A 
 

N 

R 

B[b, 
f(b)] 

 
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So 8)2( f  and 8)2( f  

Now 23)( xxf    
)2(2

)2()2(
)(






ff
xf   

3

2
;3

4

)8(8 2 


xx . 
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1. If from mean value theorem, ,
)()(

)( 1
ab

afbf
xf




  then      [MP PET 1999] 

(a) bxa  1  (b) bxa  1  (c) bxa  1  (d) bxa  1   

2. For the function ]3,1[,
1

 x
x

x , the value of c  for the mean value theorem is    [MP PET 1997] 

(a) 1 (b) 3  (c) 2 (d) None of these  

3. For the function 1,0,)(  baexf x , the value of c in mean value theorem will be    [DCE 2002] 

(a) log x (b) log )1( e  (c) 0 (d) 1  

 

 

 

4. If the function xaxxxf 56)( 23   satisfies the conditions of Lagrange's mean value theorem for the interval [1, 

2] and the tangent to the curve )(xfy   at 
4

7
x  is parallel to the chord that joins the points of intersection of 

the curve with the ordinates 1x  and 2x . Then the value of a is        [MP PET 1998] 

(a) 16/35  (b) 48/35  (c) 16/7  (d) 16/5   

5. If 
2

0,cos)(


 xxxf , then the real number 'c' of the mean value theorem is    [MP PET 1994] 

(a) 
6


 (b) 

4


 (c) 











2
sin 1  (d) 







 



1cos   

6. Let )(xf  satisfy all the conditions of mean value theorem in [0, 2]. If 0)0( f  and 
2

1
)|(|  xf  for all x in [0, 2], 

then  

(a) 2)( xf    (b) 1)|(| xf  

(c) xxf 2)(     (d) 3)( xf for at least one x in [0, 2] 

BBaassiicc  LLeevveell 

Lagrange's Mean  Value Theorem 

AAddvvaannccee  LLeevveell 
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7. The function 2)3()(  xxf  satisfies all the conditions of mean value theorem in [3, 4]. A point on 2)3(  xy , 

where the tangent is parallel to the chord joining (3, 0) and (4, 1) is 

(a) 








2

1
,

2

7
 (b) 









4

1
,

2

7
 (c) )4,1(  (d) (4, 1)  

8. Let )(xf  and )(xg  are defined and differentiable for 0xx   and )()(),()( 00 xgxfxgxf   for 0xx  , then 

(a) )()( xgxf   for some 0xx     

(b) )()( xgxf   for some 0xx   

(c) )()( xgxf   for all 0xx    

(d) None of these  

9. Let f be differentiable for all x. If 2)1( f  and 2)(  xf  for all ]6,1[x  then  

(a) 8)6( f  (b) 8)6( f  (c) 5)6( f  (d) 5)6( f   

10. The value of c in Lagrange's theorem for the function |x| in the interval [– 1, 1] is 

(a) 0 (b) 1/2 (c) –1/2 (d) Non-existent in the 

interval 

 

*** 
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