4.1 Application in Mechanics and dy/dx as a Raie Measure

4.1.1 Velocity and Acceleration in Rectilinear Motion

The velocity of a moving particle is defined as the rate of change of its displacement with

respect to time and the acceleration is defined as the rate of change Vo VeV ct

to time.

Let a particle A moves rectilinearly as shown in figure.
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Let s be the displacement from a fixed point O along the path at time t; s is considered to be

positive on right of the point O and negative on the left of it.

Also, As is positive when s increases i.e., when the particle moves towards right.

Thus, if As be the increment in s in time At. The average velocity in this interval is A—:

As ds

And the instantaneous velocity i.e., velocity at time tis v=Iim — =—

At—0 At dt

If the velocity varies, then there is change of velocity Av in time At.

Av dv

Hence, the acceleration at time t= lm —=—

Example:

Solution:

Example:

Solution:

()

(b)

At—0 At dt

The distance travelled s (in metre) by a particle in t second is given by s=t3 +2t*> +t . The speed of the
particle after 1 sec. will be

(a) 8 cm/sec. (b) 6 cm/sec. (c) 2 cm/sec (d) None of these
3 2 ds 2
s=t"+2t°+t, V=E=3t +4t+1

Speed of the particle after 1 second

Vi) :(d_s] =3x1%+4x1+1=8cm/sec.
dt
(t=1)

A particle moves in a straight line in such a way that its velocity at any point is given by vZ=2-3x,
where x is measured from a fixed point. The acceleration is

(a) Zero (b) Uniform (c) Non-uniform (d) Indeterminate
Velocity, v? =2-3x
Differentiating with respect to t, we get

dv._ dx dv dv. 3

. = = — =
dt dt dt dt 2



ition of a point in time 't' is given by x =a+bt—ct?, y =at+bt2 . Its acceleration at time 't' is [MP PET :
Hence, acceleration is uniform.

) (b) b+c) (c) 2b-2c (d) 2vb2+c?
d2x d?y
Solution: (d) Acceleration in x-direction = e =-2c¢ and acceleration in y-direction = —-=2b

Resultant acceleration is = y(-2c)? +(2b)2 = 2vb? +c?

Example: 4 If the path of a moving point is the curve x =at y =bsinat, then its acceleration at any instant [SCRA 1996]

(a) Is constant (b) Varies as the distance from the axis of x
(c) Varies as the distance from the axis of y (d) Varies as the of the point from the origin
dx d?x
Solution: (c —=v,=a => —=0=a
(©) o i ”

a, is acceleration in x-axis

d?y
dt?

=-ba’sinat = a, =-a’

Hence, a, changes as y changes.

Example: 5 A stone thrown vertically upwards from the surface of the moon at velocity of 24 m/sec. reaches a

height of s=24t-0.8t?m after t sec. The acceleration due to gravity in m/sec® at the surface of the
moon is [MP PET 1992]

(a) 0.8 (b) 1.6 (c) 2.4 (d) 4.9

Solution: (b) j—i =velocity =24 =24-161¢

2
So acceleration at t, is [3?} =-1.6

As stone is thrown upwards, so acceleration due to gravity (which acts downwards) = 1.6.

4.1.2 Derivative as the Rate of Change

If a variable quantity y is some function of time t i.e., y = f(t), then small change in time At

have a corresponding change Ay in y.

Thus, the average rate of change = Ay

When limit At —0 is applied, the rate of change becomes instantaneous and we get the rate
of change with respect to t.

WAy _dy

i.e., i =
At—0 At dt

Hence, it is clear that the rate of change of any variable with respect to some other variable
is derivative of first variable with respect to other variable.

Wale : 0 The differential coefficient of y with respect to x i.e, j—y is nothing but the rate of
X

increase of y relative to x.

Example: 6 The rate of change of the surface area of a sphere of radius r when the radius is increasing at the rate
of 2cm/sec is proportional to

(a) % (b) rlz ©r (@ r?



Example: 7

Solution: (¢)

Example: 8

Solution: (b)

Example: 9

Solution: (a)

ds

=472'><2|’dr =8r x2=167r = d—socr.
dt dt

If the volume of a spherical balloon is increasing at the rate of 900 cm?/sec. then the rate of change of
radius of balloon at instant when radius is 15 cm [in cm/sec]

(a) 27_2 (b) 22 () 27—2 (d) None of these
vod o
3

Differentiate with respect to t

dv 4 , dr dr 1 dv
= Ir.— = =

ot 377 at  dt  4m? dt
a1 900 -1-T.
dt 4xzx15x15 T 22

A man of height 1.8 m is moving away from a lamp post at the rate of 1.2 m/sec. If the height of the
lamp post be 4.5 meter, then the rate at which the shadow of the man is lengthening

(a) 0.4 m/sec (b) 0.8 m/sec. (c) 1.2 m/sec. (d) None of these

dy . . A
rr =1.2 According to the figure,
2
X = gy P
4.5
= d_x = gd_y 1.8
a3 dt
= Rate of length of shadow (:j—); =0.8m/s. € x Q Vv B

A 10 cm long rod AB moves with its ends on two mutually perpendicular straight lines OX and OY. If
the end A be moving at the rate of 2 cm/sec. then when the distance of A from O is 8 cm, the rate at
which the end B is moving, iS[SCRA 1996]

(a) % cm/sec (b) %cm/sec () %cm/sec. (d) None of these

By figure, x> +y®=100 ... @4) y
dx dy ..
= 2X—+2y—=0 . ii B
a o an T
X=8 y 10cm
Therefore by (i) and (ii), ¥ = -8 - _&cm /sec. l A
dt 6 3 O(_X_)I

.. Bis moving at the rate %cm /sec.



.ﬂssignment

Application in Mechanics O

Basic Level

The displacement of a particle in time t is given by s=2t*>-3t+1 . The acceleration is
(a) 1 (b) 3 (©) 4 (d) 5

A stone is falling freely and describes a distance s in t seconds given by equation s :%gt2 . The acceleration of

the stone is

(a) Uniform (b) Zero (c) Non-uniform (d) Indeterminate

2
The velocity of a particle at time t is given by the relation v= 6t—%. The distance travelled in 3 seconds is, if

s=0 at t=0
39 57 51 33
() > (b) > (9] > (d) >

The equation of motion of a car is s=t>-2t, where t is measured in hours and s in kilometers. when the
distance travelled by the car is 15 km, the velocity of the car is

(a) 2km/h (b) 4km/h (c) 6km/h (d) 8km/h
A particle is moving in a straight line according as s =45t+11t* —t*, then the time when it will come to rest, is
(a) - 9 seconds (b) % seconds (c) 9 seconds (d) —% seconds

v? df ) . . .
If t= > then mrm is equal to (where f is acceleration) [MP PET 1991]
(a) f? (b) f° (c) -1 (d -

A particle is moving in a straight line according to the formula s= t?+8t+12 . If s be measured in meters and t
be measured in seconds then the average velocity of the particle in third second is

(a) 14 m/sec (b) 13 m/sec (c) 15 m/sec (d) None of these
If 2t=v?, then dv/dt is equal to

1 1 1
(@ o ®) - © = @ -

The equation of motion of a particle moving along a straight line is s=2t* -9t* +12t, where the units of s and t
are cm and sec. The acceleration of the particle will be zero after



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

(a) % sec (b) % sec (c) % sec (d) Never

A body moves according to the formula v=1+t?, where v is the velocity at time t. The acceleration after 3 sec
will be (v in cm/sec)

[MP PET 1988]
(a) 24 cm/sec? (b) 12 cm/sec? (c) 6 cm/sec? (d) None of these
A particle moves in a straight line so that its velocity at any point is given by v®=a+bx , where ab=0 are
constant. The acceleration is
(a) Zero (b) Uniform (c) Non-uniform (d) Indeterminate

The distance in seconds, described by a particle in t seconds is given by s=ae' +— . The acceleration of the
e

particle at time t is
(a) Proportional to ¢t (b) Proportional to s (c) s (d) Constant

A stone thrown vertically upwards rises 's' metre in t seconds, where s =80t -16t? , then velocity after 2 seconds
is [SCRA 1996]

(a) 8 m per sec. (b) 16 m per sec. (c) 32 m per sec. (d) 64 m per sec.
If the distance 's' travelled by a particle in time t is s=asint+bcos 2t, then the acceleration at t=0 is
(a) a (b) -a (c) 4b (d) - 4b

If the distance travelled by a point in time t is s =180t-16t°, then the rate of change in velocity is

(a) - 16 t unit (b) 48 unit (c) - 32 unit (d) None of these

The motion of stone thrown up vertically is given by s=13.8t—4.9t?, where s is in metres and t is in seconds.
Then its velocity at t=1 second is

(a) 3m/s (b) 5 m/s (c) 4 m/s (d) None of these

A particle is moving in a straight line. Its displacement at time t is given by s=-4t?+2t, then its velocity and

acceleration at time t :% second are

(a) -2,-8 (b) 2,6 (c) -2, 8 (d) 2,8

A ball thrown vertically upwards falls back on the ground after 6 seconds. Assuming that the equation of
motion is of the form s =ut —4.9t?, where s is in metres and t is in seconds, find the velocity at t=0

(a) om/s (b) 1 m/s (c) 29.4 m/s (d) None of these

A particle is moving in a straight line according as s= Ji+t , then the relation between its acceleration (a) and

velocity (v) is
(a) axv? (b) axv? (© ax (@) acv
v
The distance travelled by a particle moving in a straight line in time t is s=+at?+bt+c. Acceleration of the

particle is
[Kerala (Engg.) 2002]

(a) Proportional to ¢t (b) Proportional to s (c) Proportional to s (d) None of these

- Advance Level )

A particle is moving along the curve x = at? +bt +c. If ac=b?, then the particle would be moving with uniform[Orissa JI
(a) Rotation (b) Velocity (c) Acceleration (d) Retardation



22.

23.

24.

25.

The equations of motion of two stones thrown vertically upwards simultaneously are s=19.6t—-4.9t° and
$=9.8t—-4.9t* respectively and the maximum height attained by the first one is h. When the height of the first
stone is maximum, the height of the second stone will be

(a) h/3 (b) 2h (o) h (d) o

A particle is moving on a straight line, where its position s (in metres) is a function of time t (in seconds) given
by s=at?+bt+6, t>0. If it is known that the particle comes to rest after 4 seconds at a distance of 16 metres
from the starting position (t =0), then the retardation in its motion is

(a) —1m/sec? (b) %m/sec2 ©) —%m/sec2 (@ —%m/sec2

A point moves in a straight line during the time t=0 to t=3 according to the law s=15t-2t>. The average
velocity is

[MP PET 1992]
(a) 3 (®) 9 (c) 15 (d) 27
The equation of motion of a stone, thrown vertically upwards is s=ut-6.3t? , where the units of s and t are cm
and sec. If the stone reaches at maximum height in 3sec. then u =
(a) 18.9 cm/sec (b) 12.6 cm/sec (c) 37.8 cm/sec (d) None of these

Rate Measures O

26.

27.

28.

20.

30.

31.

32.

Basic Level )

Radius of a circle is increasing uniformly at the rate of 3 cm/sec. The rate of increase of area when radius is 10
cm, will be

(a) mm?/s (b) 2zcm?/s (¢) 10zcm?/s (d) None of these

A 10 cm long rod AB moves with its ends on two mutually perpendicular straight lines OX and OY. If the end A
be moving at the rate of 2 cm/sec, then when the distance of A from O is 8 cm, the rate at which the end B is
moving , is [SCRA 1996]

(a) % cm/sec (b) % cm/sec (c) é cm/sec (d) None of these

If y=x®+5and x changes from 3 to 2.99, then the approximate change in y is

(a) 2.7 (b) - .27 (c) 27 (d) None of these

The volume of a spherical balloon is increasing at the rate of 40 cubic centimetre per minute. The rate of
change of the surface of the balloon at the instant when its radius is 8 centimetres, is

(a) % sq cm/min. (b) 5 sq cm/min. (c) 10 sq cm/min. (d) 20 sq cm/min.

A ladder 5 m in length is resting against vertical wall. The bottom of the ladder is pulled along the ground away
from the wall at the rate of 1.5 m/sec. The length of the highest point of the ladder when the foot of the ladder
is 4.0 m away from the wall decreases at the rate of

(a) 2 m/sec (b) 3 m/sec (c) 2.5 m/sec (d) 1.5 m/sec

If the rate of increase of area of a circle is not constant but the rate of increase of perimeter is constant, then
the rate of increase of area varies

(a) As the square of the perimeter(b) Inversely as the perimeter (c) As the radius (d)

Advance Level )

Gas is being pumped into a spherical balloon at the rate of 30 ft3/min. Then the rate at which the radius
increases when its reaches the value 15 ft is



33.

34.

35.

36.

37.

38.

(a) ﬁﬂ/min. D) éﬂ/min. © %ft/min. @ %ft/min.

On dropping a stone in stationary water circular ripples are observed. Rate of flow of ripples is 6 cm/sec. When
radius of the circle is 10 cm, then fluid rate of increase in its area is
(a) 120zcm/sec (b) 120 sgcm/sec (c) msgcm/sec (d) 120 zsqcm/sec

If the edge of a cube increases at the rate of 60 cm per second, at what rate the volume is increasing when the
edge is 90 cm
(a) 486000 cu cm per sec (b) 1458000 cu cm per sec  (c) 43740000 cu cm per sec (d) None of these

If a spherical balloon has a variable diameter 3x +% , then the rate of change of its volume with respect to x is

(a) 27 7(2x +3)° (b) 217—6”(2x +3)? (©) 2:3—7[(2x +3)? (d) None of these

Two cyclists start from the junction of two perpendicular roads, their velocities being 3v metres/minute and 4v
metres/minute. The rate at which the two cyclists are separating is

(a) %vm/min (b) 5vm/min (c) vm/min (d) None of these

A stick of length a cm rests against a vertical wall and the horizontal floor. If the foot of the stick slides with a
constant velocity of b cm/s then the magnitude of the velocity of the middle point of the stick when it is equally
inclined with the floor and the wall, is

(a) Lcm /s (b) ch /s (c) a—bcm /s (d) None of these
J2 2 2
X 2
If y= ! dt then the rate of change of y with respect to x when x =1, is
0 VJt?+1

(a) J2 (b) 1/2 () 1142 (d) None of these

*k*



.ﬂnswer Sheet

Assignment (Basic and Advance Level)
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4.2 Tangent and Normal

4.2.1 Slope of the Tangent and Normal

(1) Slope of the tangent : If tangent is drawn on the curve y = f(x) at point P(x,,y,) and this
tangent makes an angle v with positive x-direction then,

dy J Tangen
(—j =tany = slope of the tangent
dx (X1,Y1) Norm
@a& :U If tangent is parallel to x-axis ¥ =0 = (j—y] =0
X
(X1,¥1)
i X
. . . T dy o
U If tangent is perpendicular to x-axis y =—= ™ =00
X
(X1,¥1)

(2) Slope of the normal : The normal to a curve at P(x;,y,) is a line perpendicular to the

tangent at P and passing through P and slope of the normal = -1 =
Slope of tangent

e S _(d_XJ
(dyJ dy P(X1,¥1)
P(X1,¥1)

dx

@aﬁ :0 If normal is parallel to x-axis

= —(d—XJ =0 or (d—XJ =0
dy (X1,Y1) dy (X1,Y1)

U If normal is perpendicular to x-axis (for parallel to y-axis)

Example: 1 The slope of the tangent to the curve x?+y? =2c? at point (c, c) is [AMU 1998]
(a) 1 (b) -1 (c)o (d) 2

Solution: (b) Given x?+y? =2c?

Differentiating w.r.t. x, 2x+2y g—i =0
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Example: 2

Solution: (a)

:Zyd—y=—2x:>d—y:1: d_y =-1
dx dx vy dX Jic o)

The line x+y =2 is tangent to the curve x? =3-2y at its point

(@ (1, 1) (b) (-1, 1) (©) (/3,0)
Given curve x°=3-2y
diff. w.rt. x, 2x = -2, B __

dx dx

(d) (3,-3)

[MP PET 1998]

Slope of the line = - 1

dy B
dx

-Xx=-1; x=1

..y =1 point (1, 1)
Example: 3 The tangent to the curve y = 2x? —x +1 at a point P is parallel to y = 3x + 4, the co-ordinate of P are [Rajasthan F

(@ (2,1) (b) (1, 2) () (-1,2) (@) (2,-1)

Solution: (b) Given y=2x%-x+1

Let the co-ordinate of P is (h, k) then (j—y] =4h-1
X
(h,k)

Clearly 4h—-1=3
h=1 = k=2.Pis (1, 2).

4.2.2 Equation of the Tangent and Normal

(1) Equation of the tangent : We know that the equation of a line passing through a point
P(x,,y;) and having slope mis y-y, =m(x —X;)

Slope of the tangent at (x;,y,) is = (d_y]
(X1,¥1)

dx

The equation of the tangent to the curve y = f(x) at point P(x,,y,) is

d
y—ylz(d—yj (x=x4)
X (X1,¥1)

(2)Equation of the normal : Slope of the Normal =

-1

'
dx (X1,¥1)

Thus equation of the normal to the curve y = f(x) at point P(x;,y;)

-1

(o0
dx (X1,¥1)

Y-y = (X =xy)
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Wak : QIf at any point P(x;,y,) on the curve y = f(x), the tangent makes equal angle with the

. V4 3z d
axes, then at the point P, y =— or — . Hence, at P tany = _ +1.
4 4 dx

Example: 4 The equation of the tangent at (—4,—4) on the curve x? =—4y is [Karnataka CET 2001]

(a) 2x+y+4=0 (b) 2x-y-12=0 (c) 2x+y—-4=0 (d) 2x-y+4=0
Solution: (d) x?=-—dy = 2x=-a % W _=X (& -2.

dx dx 2 dX )4, g
We know that equation of tangent is (y-vy,)= (j—yj xX=%x;) > y+4=2x+4) = 2x-y+4=0.
X
(X1,y1)

Example: 5 The equation of the normal to the curve y = sin% at (1, 1) is

-2
(a) y=1 (b) x=1 (c) y=x (d) yfl=7(xfl)
Solution: (b) y:sinﬁ = d—yzﬁcoszx = d_y =0
2 ax 2 2 dX .1

1
.. Equation of normalis y-1=—(x-1) = x=1.
0

—x/a

Example: 6 The equation of the tangent to the curve y =be at the point where it crosses y-axis is

(@) ax+by =1 (b) ax-by =1 © 2-Y-oa1 @ X+¥-1
a b a b

Solution: (d) Curve is y =he */?

Since the curve crosses y-axis (i.e., x=0) .. y=b

Now dy _ D a . At point (0, b), dy -
dx a o)

dx a

. Equation of tangent is y—-b = %:)(x -0) => §+% 1.

. 3 . . .
Example: 7 If the normal to the curve y = f(x) at the point (3,4) makes an angle Tﬁ with the positive x-axis then
f'(3) is equal to
[IIT Screening 2000; DCE 2001]

@ -1 (b) ‘73 © @1

3z -1
= tan— =

© ()
dx @.4)

Solution: (d) Slope of the normal =———
dy /dx

. (d_yj =1; f(3)=1.
dx 3.4)

Example: 8 The point (s) on the curve y* +3x? =12y where the tangent is vertical (parallel to y-axis), is are[IIT Screenin

(a) {i%,—Z} (b) [i?,l} (©) (0,0) (d) (i%,ZJ

Solution: (d) y®+3x?=12y
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_ 2
=3y W oo W o Mgy gpy,6x-0 - W __OX  dx_12-3y7
dx dx dx dx 12 - 3y? dy 6x
Tangent is parallel to y-axis, o =0 = 12-3y? =oor y=+2. Then x = ii ,for y=2
dy V3
y = -2 does not satisfy the equation of the curve, .. The pointis [i% 2}
Example: 9 At which point the line X + % =1 touches the curve y =be —x/a [Rajasthan PET 1999]
a
(a) (o, 0) (b) (o, a) (c) (o, b) (d) (b, 0)
Solution: (c) Let the point be (x;,y;) .y, = be/a . (i)
Also, curve y=be ™% = Y _ b
dx a
(j_yj - e h (by (1))
X (X1.Y1) a a

. . . - - X
Now, the equation of tangent of given curve at point (x,,y;) is y-y; = %(x -X1) = LA |
a y, a

Comparing with §+%=l,we get, y, =b and 1+%:1 = X; =0

Hence, the point is (0, b).
Example: 10 The abscissa of the point, where the tangent to curve y =x° —3x% —9x +5 is parallel to x-axis are [Karnataka (

(a) oand o (b) x=1 and -1 (c) x=1 and -3 (d) x=-1 and 3
Solution: (d) y=x®-3x2-9x+5 = :—y:3x276x79.
X

We know that this equation gives the slope of the tangent to the curve. The tangent is parallel to x-

axis d_y =0
dx

Therefore, 3x?-6x-9=0 = x=-13.

4.2.3 Angle of Intersection of Two Curves

The angle of intersection of two curves is defined to be the angle between the tangents to the
two curves at their point of intersection.

We know that the angle between two straight lines having slopes y

4 M —m,
1+mm,

¢ =tan

Also slope of the tangent at P(x,,y;)

dy dy
m, =| — ’ m, =| —
' (dX jl(xl,yl) ’ (dx)Z(th) °

Thus the angle between the tangents of the two curves y =f (x) and y = f,(x)
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2,
dx (X, y5) dx 2(X1.¥1)

tan ¢ =
e
1+ ( —
dx 1(xq,¥1) dx 2(X1,Y1)

Orthogonal curves : If the angle of intersection of two curves is right angle, the two curves
are said to intersect orthogonally. The curves are called orthogonal curves. If the curves are

T

orthogonal, then ¢ = 5

Example: 11

Solution: (b)

Example: 12

Solution: (a)

Example: 13

Solution: (b)

-1 = (&) () <
dx ), \dx J,

The angle between the curves y®> =x and x® =y at (1, 1) is

(a) tan’lg (b) tan’lg (c) 90° (d) 45°

Given curve y?> =x and x? =y

Differentiating w.r.t. x, ZyZ—y =1 and 2x = j—y
X X

(d_yj :i and (d_y) =2
dX )y 2 dX .1y

Angle between the curve

1
2-3 3 3
= tang = 12 > tang=" =g=tan =,
1+=.2 4 4
2
If the two curves y=a* and y=b” intersect at «, then tana equal [MP PET 2001]
loga—logh ) loga+logh c loga—logb (d) None of these
1+logalogb 1-logaloghb 1-logaloghb
Clearly the point of intersection of curves is (0, 1)
Now, slope of tangent of first curve, m; = d_ a*loga = g =m, =loga
dx dX ) 1)

Slope of tangent of second curve, m, =g—)): =b*logh = m, :(d_yj =logh
0.1

m, —-m, loga—logh

o tana = = .
1+mym, 1+logalogb

The angle of intersection between curve xy =6 and x%y =12
3 3 11
a) tant| = b) tant| = tan | == d) 0°
@ w(2) wwi(2) o wi(l @

. . . 6
The equation of two curves are xy =6 and X2y =12 from (i) we obtain y =

= — putting this value of y in
X

equation (ii) to obtain xz[gj =12 = 6x=12 = x=2
X

Putting x =2 in (i) or (ii) we get, y = 3. Thus, the two curves intersect at P(2, 3)

Differentiating (i) w.r.t. x, we get xd—y+y =0 = L S N dy = 3 =m;
dx dx X dX )z.3) 2
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4.2.4 Length of Tangent, Normal, Subtangent and Subnormal

+2xy =0 = d_y=—_2y

Differentiating (ii) w.r.t. x, we get x q
X X

2 dy
dx

m; —m -3 -3 3
:[d_yj =-3=m, = tnf=——2 =| ——+3 1+ — |(-3) [=— :H:tan'li.
) 1+m,m, 2 2 11 11

Let the tangent and normal at point P(x,y) on the curve y = f(x) meet the x-axis at points A

and B respectively. Then PA and PB are called length of tangent and normal respectively at point
P. If PC be the perpendicular from P on x-axis, the AC and BC are called length of subtangent and

dy

subnormal respectively at P. If PA makes angle y with x-axis, then tany = I from fig., we find
X

that

(1) Length of tangent PA =ycosecy =y

(2)Length of normal PB=ysecy =y 1+(

(3)Length of subtangent AC =ycoty = ——— o

(4)Length of subnormal BC =ytany = y(

Example: 14

Solution: (c)

Example: 15

Solution: (a)

1+

oo
X |I<

]

R
o Q| —
4=
N~
<

o |la
X <
N—

N

<

oo
X |I<

(&)

3

The length of subtangent to the curve x%y? =a* at the point (-a,a) is

o|la
<

(a) 3a (b) 2a (©) a
Equation of the curve x%y? =a*.

Differentiating the given equation,

x22yd—y+y22x=0 Wy (W S
dx dx X dX )(_a ) -

Therefore, sub-tangent = Y __a

(&)

(d) 4a

[Karnataka CET 2001]

For the curve y" =a"'x, the sub-normal at any point is constant, the value of n must be

(a) 2 (b) 3 (c) o

n-1
yn _ an—1X = nyn—l d_y _ a.n—l = (d_yj _ a

dx dx ) ny"*

(d)1
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dy _ yan—l an—1y2—n

. Length of the subnormal = y

dx ny"t  n

n-1
.y*™ should not contain y.

We also know that if the subnormal is constant, then

Therefore, 2—-n=0 or n=2.

4.2.5 Length of Intercept made on Axis by the Tangent

Equation of tangent at any point (x;,y;) to the curve y=1f(x) is y-y, = (j—y] (X=X;) e (1)
X
(X1,¥1)
Equation of x-axisy=0 ... (ii)
and Equation of y-axisx=0 = ...... (iii)
y Y
Solving (i) and (ii) we get x =X, — dy—l R
(dx j(xlryl) Pl
x-intercept OQ =x, — N L - %
8 (—
dX (X1,¥1)
Similarly solving (i) and (iii) we get, y-intercept OR =y, —lel[g—y) }
X
(X1,¥1)
Example: 16 The sum of intercepts on co-ordinate axes made by tangent to the curve JIx + \/J =a is
(a) a (b) 2a (©) 2+a (d) None of these
. 1 1 dy dy Ay
1 : = — 2= o —==-XL
Solution: (a) \/;+\/§ \/;:> 2\/;+2\/§dx 0= i &
. W X Y
Hence tangent at (x, y)is Y —-y=——=(X=-X) or X +Y\/_= «/;+ = of ——+——==1.
g y y === =% Wy Dy (x +4y) = Jaxy N

Clearly its intercepts on the axes are Javx and \/E\/J
Sum of the intercepts = \/5(«/;+\/§) =Ja.Ja=a.

4.2.6 Length of Perpendicular from Origin to the Tangent
Length of perpendicular from origin (0, 0) to the tangent drawn at point P(x,,y,) of the curve

y = f(x)
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Example: 17  The length of perpendicular from (0, 0) to the tangent drawn to the curve y? = 4(x + 2) at point (2, 4)
is
1 3 6
(a) = (b)) = () = (d)1
V2 V5 V5

Solution: (c) Differentiating the given equation w.r.t. x, Zy;j—y =4 at point (2, 4) g—y =%
X X




ﬂssignment

Tangent and Normal O

10.

Basic Level

If the line y =2x +k is a tangent to the curve x2 = 4y, then k is equal to [AMU 2002]
1 1

() 4 (b) - (c) -4 @ -—-
2 2

The point on the curve y2 =x where tangent makes 45° angle with x-axis is [Rajasthan PET 1990, 92]

11 11
a) | =,— b) | == c , 2 d) (1,1

()(24j ()(42j (c) (4, 2) (d) (1, 1)

If x=t% and y = 2t, then equation of the normal at t=1 is

(a) x+y-3=0 (b) x+y-1=0 (c) x+y+1=0 (d) x+y+3=0

If normal to the curve y = f(x) is parallel to x-axis, then correct statement is [Rajasthan PET 2000]

(a) dy _ 0 (b) dy _ 1 © X =0 (d) None of these

dx dx d

The equation of the tangent to the curve (1+x?)y =2 —x, where it crosses the x-axis, is

(a) x+5y=2 (b) x-5y=2 (c) 5x-y=2 (d) 5x+y-2=0

The equation of tangent to the curve y=2cos x at x =% is

(a) y—\/E:Z\/E(x—%j (b) y+«/§=\/§[x+%j ©) y—ﬁ:—ﬁ(x—%j () y—ﬁzﬁ[x—%]

For the curve x =t?-1, y =t? —t, the tangent line is perpendicular to x-axis where [MNR 1980]
(a) t=0 (b) t=oo © t=—+ @ t=-~
NE) V3

If at any point on a curve the sub-tangent and subnormal are equal, then the tangent is equal to
(a) Ordinate (b) J2 ordinate (c) /2 (ordinate) (d) None of these

If the tangent to the curve 2y® =ax?+x® at the point (a, a) cuts off intercepts, « and f on the coordinate axes
such that o?+ 42 =61, thena =

(a) £30 (b) 5 (c) 6 (d) £61

If the tangent to the curve x =a(@+sind),y =a(l+cos §) at 0 =% makes an angle o with x-axis, then a =
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

V1 2 V1
(a) E (b) T (© g

5z
(d) e

If the tangent to the curve xy +ax +by =0 at (1, 1) is inclined at an angle tan -1 2 with x-axis, then

(a) a=1b=2 (b) a=1b=-2 (c) a=-1b=2

(d) a=-1Lb=-2

The fixed point P on the curve y =x?-4x+5 such that the tangent at P is perpendicular to the line x+2y-7=0

is given by

(a) (3,2) (b) (1, 2) () (2,1)

(d) None of these

The points of contact of the tangents drawn from the origin to the curve y =sinx lie on the curve

(a) x*-y*=x (b) x*+y*=x%* () x*-y*=x%*

The slope of the tangent to the curve y? =4ax drawn at point (at? 2at) is

(a) t (b) % © -t

The slope of the curve y =sinx+cos? x is zero at the point, where
(o) x=nx

VA VA
(a) X—Z (b) X_E

The equation of tangent to the curve \/;+\/§ =Ja at the point (x,,y;) is

(b) —— © X% +yy: =V

X y 1 y
(a) —+—==—+ +—L =\a
Yo Va Vi

(d) None of these

[Rajasthan PET 1993]

-1
(d) =
(d) No where

(d) None of these

A tangent to the curve y=x? +3x passes through a point (0, - 9) if it is drawn at the point

(@) (-3,0) (b) (1, 4) (c) (0,0)

(d) (-4, 4)

The sum of the intercepts made by a tangent to the curve Ix + \/J =4 at point (4, 4) on coordinate axes is

(@) 42 (b) 643 () 82
The angle of intersection between the curve y? =16x and 2x?>+y? =4 is
(a) 0° (b) 30° (c) 45°
XZ y2
The equation of normal to the curve —z—b—2 =1 at the point (asecd,btanf) is
a
(a) X by e e (b) X by ey ©) X by ey
secd tand secd tanéd secd tand

If tangent to a curve at a point is perpendicular to x-axis, then at the point

® E_o

dy
2L -0
(@) dx dy

dy
2 -1
(© i

If m be the slope of a tangent to the curve e’ =1+x? then

(a) [ m|>1 (b) m<1 (c) |ml<1

(d) +256

[Rajasthan PET 1993]

(@) 90°

(d) a_X+b_y:a_b
secd tané

dy
(@) dx

(d) | ml<1

The equation of the tangent to the curve y =e ¥ at the point where the curve cuts the line x =1 is

(a) x+y=e (b) e(x+y)=1 (c) y+ex =1

(d) None of these



24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
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X
The slope of the tangent to the curve y :.[ 1 o 5 at the point where x =1 is
0 1+X
1 1
(a) 7 (b) 1 (©) 7 (d) None of these
The angle of intersection between the curves x2 = 4ay and y2 =4ax at origin is [Rajasthan PET 1997]
(a) 30° (b) 45° (c) 60° (d) 90°
The equation of the normal to the curve y = x(2 —x) at the point (2, 0) is [Rajasthan PET 1989, 1992]
(a) x-2y=2 (b) x-2y+2=0 (c) 2x+y=4 (d) 2x+y—-4=0

The angle of intersection of the curve y=4—-x2 and y=x? is
[Rajasthan PET 1989, 1993; MNR 1978]

(a) % (b) tan’l[%] (©) tanl[gj (d) None of these

Tangent to the curve y =e?* at point (0, 1) meets x-axis at the point

1
(a) (o, a) (b) (2,0) (©) (_E'Oj (d) Non where
The equation of the tangent to the curve x =acos®t,y =asin®tat 't'’ point is [Rajasthan PET 1988]
(a) xsect—ycosect=a (b) xsect+ycosect=a (c) xcosect—ysect=a (d) xcosect+ysect=a

The length of the tangent to the curve x = a(cos t+ log tan %j y =asint is

(a) ax (b) ay (c) a (d) xy

The point at the curve y =12x — x® where the slope of the tangent is zero will be [Rajasthan PET 1992]
(a) (o, 0) (b) (2, 16) (c) (3,9) (d) None of these

The angle of intersection between the curves y = x? and 4y =7 -3x3 at point (1, 1) is [Andhra CEE 1992]
(a) % (b) % © % (d) None of these

Advance Level )

Consider the following statements:

Assertion (A) : The circle x? +y? =1 has exactly two tangents parallel to the x-axis

Reason (R) : g—i =0 on the circle exactly at the points (0,£1). Of these statements [SCRA 1996]

(a) Both A and R and true and R is the correct explanation of A
(b) Both A and R are true but R is not the correct explanation of A
(c) Aistrue butR is false

(d) A is false but R is true

The slope of the tangent to the curve x =3t? +1,y=t> -1 at x =1 is
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35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

1

() o (b) 7 (c) (@) -2

The slope of tangent to the curve x = t2 +3t-8, y = 2t2 —2t-5 at the point (2,-1) is [MNR 1994]
22 6

() = (b) - (c) 6 (d) None of these

At what points of the curve y = §x3 +%x2 , tangent makes the equal angle with axis [UPSEAT 1999]
1 5 1 14 11 1 11 1

a) |—,— | and |-1,-= b) | =,—|and (-1,0 C —,—|and |-1,= d) |=,=| and |-3,=

@ [fa)ma[1-g) @ [35)man @ (fg)m(ag) @ (3] me (-]

For the curve xy =c? the subnormal at any point varies as
(@) x? (d) x° (© y* @ y°

The point of the curve y? = 2(x —3) at which the normal is parallel to the line y-2x+1=0 is

@ (5, 2) (b) (—%—2] © (5,-2) (@ (gz]

Coordinates of a point on the curve y =xlog x at which the normal is parallel to the line 2x —2y =3 are [Rajasthan PET

(a) (o, 0) (b) (e, e (c) (% .2e?) (d) (e7?,-2e7)
The abscissa of the points of curve y = x(x —2)(x —4) where tangents are parallel to x-axis is obtained as

2 1 1

(a) x=2+— (b) x=1+— (c) x=2+— (d) x=+1
V3 NE) V3
The length of the normal at point 't' of the curve x =a(t+sint),y =a(l —cost) is [Rajasthan PET 2001]
(a) asint (b) 2asin® L sec L (c) 2asin L tan L (d) 2asin L
2 2 2 2 2
The length of normal to the curve x =a(@+sind),y =a(l —cos ) at the point & =% is [Rajasthan PET 1999;

AIEEE 2004]

a

V2

The area of the triangle formed by the coordinate axes and a tangent to the curve xy =a® at the point (x,,y,) on

(a) 2a (b) % (© 2a (d)

it is [DCE 2001]
a’x a’y ) 2
(ay — (b) L (c) 2a (d) 4a
Y1 X1
The normal of the curve x =a(cos@+86sind),y =a(sind—@cos ) at any 6 is such that [DCE 2000]
(a) It makes a constant angle with x-axis (b) It passes through the origin
(c) Itis at a constant distance from the origin (d) None of these

An equation of the tangent to the curve y = x* from the point (2, 0)not on the curve is
(a) y=0 (b) x=0 (c) x+y=0 (d) None of these

For the curve by®(x +a)® the square of subtangent is proportional to



47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

(a) (Subnormal)¥/?

(b) Subnormal
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(c) (Subnormal)3/2

The tangent to the curve y =ax? +bx at (2,—8) is parallel to x-axis. Then

(a) a=2b=-2

(b) a=2b=—4

(c) a=2,b=-8

(d) None of these
[AMU 1999]

(A a=4,b=—4

If the area of the triangle include between the axes and any tangent to the curve x"y=a" is constant, then n is

equal to

(a) 1

(b) 2

3
(© E

1
(d) 7

All points on the curve y’ = 4a[x + asinij at which the tangents are parallel to the axis of x, lie on a
a

(a) Circle (b) Parabola (c) Line
X 2 y2 XZ yZ

If the curves —+-—=1 and FEa— =1 cut each other orthogonally, then
a m

(a) a2 +b%=12+m?

(b) a2-b%?=12-m?

(c) a2-b%?=12+m?

The length of the normal at any point on the catenary y =ccos h(%} varies as

(a) (abscissa)?

The point P of the curve y? =2x

by

(a) (2,4)

(b) (Ordinate)?

3

() (1, ¥2)

(c) abscissa

1 1
© [3-3)

-x/a x/a
The length of the normal to the curve y = a[fj at any point varies as the

(a) Abscissa of the point

(c) Square of the abscissa of the point

(b) Ordinate of the point

(d) None of these

(d) a2+b?=12-m?

(d) ordinate

such that the tangent at P is perpendicular to the line 4x-3y+2=0 is given

1 1
@ (3%

(d) Square of the ordinate of the point

If the parametric equation of a curve given by x =e'cost, y =e'sint, then the tangent to the curve at the point

t =% makes with axes of x the angle

(a) o

T
(b) 7

Vs
(© g

For the parabola y? = 4ax, the ratio of the subtangent to the abscissa is

(a) 1:1

(b) 2:1

(c) x:y

v
(d) 5

(d) x2:y

Tangents are drawn from the origin to the curve y =cos x . Their points of contact lie on

(a) x°y*=y*-x*

(b) X2y2 :XZ +y2

(€) x2y?=x2_y?

If y=4x-5 is a tangent to the curve y2 =px?® +q at (2, 3) then

(@) p=2q9=-7

(b) p=-29=7

(©) p=-29=-7

The curve y-e”™ +x =0 has a vertical tangent at the point

(a) (1,1)

(b) At no point

(c) (o, 1)

(d) None of these

(d) p=24q=7

(d) (1, 0)
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59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

If the tangent and normal at any point P of parabola meet the axes at T and G respectively then
(a) ST = SG.SP (b) ST = SG = SP (c) ST # SG =SP (d) ST = SG #SP

Slope of the tangent to the curve y =| x3| at origin is

T V4 V4
a) — b) — c) — d) o
() > (b) 3 (o) s (d)
X X n n
The line (EJJ{%) =2, touches the curve [—] +(%) =2 at point (a, b) then n= [Rajasthan PET 1998]
a
(a) 1 (b) 2 (c) 3 (d) For non-zero values of
n
The sum of the squares of intercepts made by a tangent to the curve x?/® +y?/® =a?/® with coordinate axes is [Rajastha
(@ a (b) 2a (c) a? (d) 2a’

The point of the curve y = x?> —3x +2 at which the tangent is perpendicular to the y =x will be

(a) (o, 2) (b) (1, 0) (c) (-1,6) (d) (2,-2)

2 2
The equation of normal to the curve )1(—6—% =1 at the point (8,3\/§) is [MP PET 1996]
(a) \/§x+2y:25 (b) x+y=25 (c) y+2x=25 (d) 2x+\/§y:25
The angle of intersection between the curves xy =a® and x? +y? =2a? is [Rajasthan PET 1998]
(a) 0° (b) 30° (c) 45° (d) 90°
The subtangent to the curve x™y" =a™" at any point is proportional to [Rajasthan PET 1998]
(a) Ordinate (b) Abscissa (c) (Ordinate)™ (d) (Abscissa)®

If tangents drawn on the curve x =at?,y = 2at is perpendicular to x-axis then its point of contact is

(a) (a, @) (b) (a, 0) (c) (o, a) (d) (o, 0)
Tangents are drawn to the curve y = x? —3x +2 at the points where it meets x-axis. Equations of these tangents
are

[Rajasthan PET 1993]
(a) x-y+2=0,x-y-1=0 (b) x+y-1=0,x-y=2 (c) x-y-1=0,x-y=0 (d) x-y=0,x+y=0

4

If the tangents at any point on the curve x* +y* =a* cuts off intercept p and q on the axes, the value of

p41/3 +q41/3 iS
(a) a™’® (b) a™’? (c) a'’? (d) None of these

At any point (x,,y,) of the curve y =ce*/?

(a) Subtangent is constant
(b) Subnormal is proportional to the square of the ordinate of the point
(c) Tangent cuts x-axis at (x; —a) distance from the origin

(d) All the above

2

The equation of the tangent to the curve y=1 —e*/2 at the point where it meets y-axis is



72.

73.

74-

75-

76.

77-

78.

79.

8o.

81.

82.
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(a) x+2y=2 (b) 2x+y=0 (c) x-y=2 (d) None of these

The coordinates of the points on the curve x =a(@+sind),y =a(l —cos 8), where tangent is inclined an angle % to

the x-axis are

L A (B I S

If equation of normal at a point (m? —m?) on the curve x* —y? =0 is y =3mx —4m?, then m? equals

2 2
o b) 1 -— d) —
() (b) () 9 (a) 9
2
For a curve (Length of normia) is equal to
(Length of tangent )2
(a) (Subnormal)/(Subtangent) (b) (Subtangent)/(Subnormal) (c)

(Subtangent/Subnormal)? (d) Constant
If the curve y = x2 +bx +c, touches the line y =X at the point (1, 1), the values of b and c are
(a) -1, 2 (b) -1,1 (c) 2,1 (d -2,1

Let C be the curve y® —3xy +2=0.If H and V be the set of points on the curve C where tangent to the curve is

horizontal and vertical respectively, then

() H={@L )}, Vv=¢ (b) H=9¢V={LD} (e H={0,00},v={@1D} (d) None of these

If the line ax +by + ¢ =0 is a normal to the curve xy =1 then

(a) abeR (b) a>0,b>0 (¢c) a<0,b>0o0ora>0b<0 (d) a<0,b<0

If the tangent to the curve f(x)=x? at any pint (c, f(c)) is parallel to line joining the points (a, f(8)) and (b, f(b)) on
the curve, then a, ¢, b are in

(a) H.P. (b) G.P. (c) AP. (d) A.P. and G.P. both

The area of triangle formed by tangent to the hyperbola 2xy =a? and coordinates axes is

2 2
(a) a’ (b) 2a? © = @ 3%

The angle of intersection between the curves r =asin(@ —«) and r =bcos(@ - ) is

T T
(@) a-p ®) a+p (c) 5+a+ﬂ (d) E+a—ﬂ’
The distance between the origin and the normal to the cure y =e?* + x? at the point x =0 is

(a) 245 (b) % (©) 5 (d) None of these

If the curve y =ax? —6x +b passes through (0, 2) and has its tangent parallel to x-axis at x = % , then the value

of a and b are
[SCRA 1999]

(a) 2,2 (b) -2, -2 (C) -2, 2 (d) 2, -2
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83. If at any point S of the curve by?=(x+a)® the relation between subnormal SN and subtangent ST be
p(SN)=q(ST)* then p/q is equal to
[Rajasthan PET 1999; EAMCET 1991]

8b 8a b
— — — d N f th
(a) 7 (b) 77 (©) " (d) None of these

84. The points on the curve 9y? = x* where the normal to the curve cuts equal intercepts from the axes are

(a) (4, 8/3), (4, -8/3) (b) (1,1/3) (1, -1/3) (c) (0,0) (d) None of these

85. The equation of the normal to the curve y? = x® at the point whose abscissa is 8, will be
(a) xt \/Ey =104 (b) x+ 3\/§y =104 (© 3V2x + y =104 (d) None of these

86. At any point (except vertex) of the parabola y® —4ax subtangent, ordinate and subnormal are in

(a) AP (b) GP (c) HP (d) None of these
87. At what point the slope of the tangent to the curve x2 + y2 —-2x—-3=0 is zero [Rajasthan PET 1989, 1995]
(a) (30); (-1, 0) () 3,02 (c) (-1,0); (1, 2) (d) (1, 2); (1, -2)

88. Let the equation of a curve be x =a(@+sind),y =al—cosd). If ¢ changes at a constant rate k then the rate of

change of the slope of the tangent to the curve at 6 = % is

2k k
(a) —= (b)) — (o) k (d) None of these
V3 V3
89. The equation of a curve is y = f(x). The tangents at (1, f(1)),(2,f(2)) and (3,f(3)) makes angles %% and %

3 3
respectively with the positive direction of the x-axis. Then the value of I /OO f"(x)dx + I f"(x)dx is equal to
2 1

(a) L (b) L (c) o (d) None of these

V3 V3

90. P(22) and Q(%,—l) are two points on the parabolas y? = 2x . the coordinates of the point R on the parabola,

where the tangent to the curve is parallel to the chord PQ, is

5 |5 11
a) | —,.— b) (2,-1 c —, = d) None of these
()[4 2] (b) ( ) ()(82j (d)
91. The number of tangents to the curve x*'? +y*/?2 =a%/2  where the tangents are equally inclined to the axes, is
() 2 (b) 1 () o (d) 4

92. If at each point of the curve y=x>—ax?+x+1 the tangent is inclined at an acute angle with the positive

direction of the x-axis then

(a) a>0 (b) a< \/§ (c) —\/5 <ac<g \/E (d) None of these

*%k%
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4.3 Maxima and Minima

4.3.1 Introduction

In this chapter we shall study those points of the domain of a function where its graph
changes its direction from upwards to downwards or from downwards to upwards. At such

points the derivative of the function y

AN

4.3.2 Maximum and Minimum Values of a Function

arily zero.

By the maximum / minimum value of function f(x) we should mean local or regional

maximum/minimum and not the greatest / least value
attainable by the function. It is also possible in a function that
local maximum at one point is smaller than local minimum at
another point. Sometimes we use the word extreme for
maxima and minima.

Definition: A function f(x) is said to have a maximum at
x=a if f(a) is greatest of all values in the suitably small

neighbourhood of a where x=a is an interior point in the

fla-h)

Increasi

Y

TI fla+h)
|
|
|
|
|
|

o

a— aa+h | bb+h
(b-

| 1 1\decreasi

L1

P f%b Increasin
L1 L fo-myr (SR

domain of f(x). Analytically this means f(a)> f(a+h) and f(a)>f(a—h) where h>0. (very small

quantity).

Similarly, a function y = f(x) is said to have a minimum at x=b. If f(b) is smallest of all

values in the suitably small neighbourhood of b where x =b is an interior point in the domain of
f(x) . Analytically, f(b)< f(b+h) and f(b)< f(b —h) where h>0. (very small quantity).

increasirn
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Hence we find that,

fa)— f@a+h) >0

(i) x=a is a maximum point of f(x) {f(a)_ f@-h)>0

(i) x =b is a minimum point of f(x) fb) =1 +h) <0
ii -b i inimu ;
P f(b)- f(b —h)<0
(iii) X =C is neither a maximum point nor a minimum j
f(c) - f(c + hyand X
(€)= He+h) have opposite signs .
f(c)- f(c —h)

4.3.3 Local Maxima and Local Minima

(1) Local maximum : A function f(x) is said to attain a local maximum at x =a if there exists
a neighbourhood (a—0J,a+0) of a such that f(x)< f(a) for all xe(@a-oJ,a+9),x=a

or f(x)—f(a)<0 forall xe(@a-s5,a+0d),x#a.

In such a case f(a) is called the local maximum value of f(x) at x=a.

(2) Local minimum: A function f(x) is said to attain a local minimum at x =a if there exists
a neighbourhood (a—0J,a+0) of a such that

f(x)> f(a) for all xe(@a-95,a+9),x#a
or f(x)-f(@>0 forall xe(@a-d,a+J),x=a
The value of function at x =a i.e., f(a) is called the local minimum value of f(x) at x=a.

The points at which a function attains either the local maximum values or local minimum
values are known as the extreme points or turning points and both local maximum and local
minimum values are called the extreme values of f(x). Thus, a
function attains an extreme value at x=a if f(a) is either a local y
maximum value or a local minimum value. Consequently at an
extreme point 'a' f(x)—-f(a) keeps the same sign for all values of x in a

deleted nbd of a.

In fig. we observe that the x-coordinates of the points A, C, E are

points of local maximum and the values at these points i.e., their y- @ ©
coordinates are the local maximum values of f(x). The x-coordinates

of points B and D are points of local minimum and their y-coordinates are the local minimum
values of f(x).
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|/Vok : 0 By a local maximum (or local minimum) value of a function at a point x =a we mean

the greatest (or the least) value in the neighbourhood of point x=a and not the
absolute maximum (or the absolute minimum). In fact a function may have any
number of points of local maximum (or local minimum) and even a local minimum
value may be greater than a local maximum value. In fig. the minimum value at D is
greater than the maximum value at A. Thus, a local maximum value may not be the
greatest value and a local minimum value may not be the least value of the function
in its domain.

U The maximum and minimum points are also known as extreme points.
U A function may have more than one maximum and minimum points.

U A maximum value of a function f(x) in an interval [a, b] is not necessarily its
greatest value in that interval. Similarly, a minimum value may not be the least
value of the function. A minimum value may be greater than some maximum value
for a function.

U If a continuous function has only one maximum (minimum) point, then at this point
function has its greatest (least) value.

U Monotonic functions do not have extreme points.

4.3.4 Conditions for Maxima and Minima of a Function

(1) Necessary condition: A point X =a is an extreme point of a function f(x) if f'(a)=0,
provided f'(a) exists. Thus, if f'(a) exists, then

X =ais an extreme point = f'(@)=0
or
f'(@)= 0 = x = ais not an extreme point

But its converse is not true i.e., f'(a)=0,x =a is not an extreme point.

For example if f(x) = x>, then f'(0)=0 but x =0 is not an extreme point.

(2) Sufficient condition:

(i) The value of the function f(x) at x =a is maximum, if f'@ =0 and f"(@)<0.
(ii) The value of the function f(x) at x =a is minimum if f'(@)=0 and f"(@)>0.
Ndd :QIf f'@=0, f'(@=0, f"(@)=0 then x =a is not an extreme point for the function f(x).

Q If f(@)=0,f"(@)=0,f"(@@) =0 then the sign of f™ (a) will determine the maximum and
minimum value of function i.e., f(x) is maximum, if f™(@) <0 and minimum if

@) > 0.

4.3.5 Working rule for Finding Maxima and Minima

(1) Find the differential coefficient of f(x) with respect to x, i.e., f'(xX) and equate it to zero.
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(2)Find differential real values of x by solving the equation f'(x)=0. Let its roots be a, b,

(3)Find the value of f’(x) and substitute the value of a;,a,,a;...... in it and get the sign of f"(x)
for each value of x.

(4)If f"(@)<0 then the value of f(x) is maximum at x =a and if f"(@)>0 then value of f(x) will
be minimum at x =a. Similarly by getting the signs of f"(x) at other points b, c.....we can find
the points of maxima and minima.

Example: 1 What are the minimum and maximum values of the function x° -5x* +5x®-10 [DCE 1999;
Rajasthan PET 1995]

(a) -37,-9 (b) 10, 0

(c) It has 2 minimum and 1 maximum values (d) It has 2 maximum and 1 minimum values

Solution: (a) y=x°-5x*+5x%-10

g—y =5x* —20x% +15x% =5x%(x® —4x +3) =5x2(x = 3)(x 1)
X
dy . .
— =0, gives x=0,,3 .. (i)
dx
d2y d’y
Now, e 20x3® —60x2 +30x =10x(2x% —6x +3) and — = 10(6x° —12x + 3)
X dx
2 3
For x=0: d_y = 0,3—32/ = 0,:—%: #0, .. Neither minimum nor maximum
X X
d?y . ) .
For x=1, 7:—10 =negative, .. Maximum value y_ . =-9
d?y " .
For x =3, o 90 =positive, .. Minimum value y_;, =-37.
Example: 2 The maximum value of sin x(1 + cos x) will be at [UPSEAT 1999]
T T T
a) x=- b) x=— ) x== d) x=
(a) > (b) 5 (© 3 (d) i

Solution: (c) y=sinx(l+cos x)=sinx + % sin 2x

2
. d—y:cosx+c052x and d—32/=—sinx—25in2x
dx dx

On putting g—yzo,cosx+0032x=0 = CO0S X =—C0S 2X =C0S(77 —2X) = X =7 —2X
X

2 — —
, (d—yJ = —sin(% n] - 25in(§n} = —‘/E - 2.£ = ST‘/E which is negative.
x=r/3

X =

r
3 dx? 2 2

T

wat x= 5 the function is maximum.

Example: 3 If y=alogx + bx? +x has its extremum value at x =1 and x =2, then (a,b)=



Solution: (d)

Example: 4

Application of Derivatives 205

1 1 1 2
(@) [LEJ (b) [E’ZJ © [2'7) @ [—g L

Karnataka CET 1999; UPSEAT 2003]

Solution: (b)

Example: 5

Solution: (b)

Example: 6

Solution: (b, d)

Y2 o1 = (d—yj —a+2b+1=0 = a=—2b-1
dx x dx )y,
and (d—yj ~8 ab+1-0 201 Ab+120 = -b+4b+i-0 = 3p=_t
dx J,_., 2 2
a:l—lz_—z.
3 3
Maximum value of [lj is [DCE
X
1 e
(@) () (b) (&)’ (© @) (@ [3]

f(x)= [%)X = f'(x)= (%}X(Iog % —1]

f'(x)=0 = log 1 =l=loge = 1 e = X= 1 . Therefore, maximum value of function is e*’®.
X X e

Maximum slope of the curve y =—x3 +3x% +9x — 27 is

(a) o (b) 12 (o) 16 (d) 32
y=f(x)=—-x3+3x% +9x - 27

The slope of this curve f/(x)=-3x?+6x+9

Let g(x)=f'(x)=-3x? +6Xx+9

Differentiate with respect to x, g'(x)=-6x +6

Put g(x)=0 = x=1

Now, g"(x)=-6 <0 and hence at x =1, g(x)

(Slope) will have maximum value.
S O@)Inax, =—3%x1+6+9=12.

X
The function f(x)= J.t(et —1)(t-1)(t—2)°@t—3)°dt has a local minimum at x =
1

(a) o (b) 1 () 2 ()3
f(x) = J.Xt(et —DE-Dt-2°%t-23)°dt, .. F)=x@E* -HXx-1x-2)>*x-3)°
-1

For local minima, slope i.e., f'(x) should change sign from - ve to +ve
f'(x)=0 = x=0,1,2,3

If x=0-h, where h is a very small number, then f'(x) = (-)(-)(-1)(-1)(-1) = —ve
If x=0+h, f(x)=HHEEDED) = -ve

Hence at x =0 neither maxima nor minima.

If x=1-h, f(x)=FEHEHEOCDED)=-ve

If x=1+h, f(x) = HEHEED(D) = +ve

Hence, at x =1 there is a local minima.

If x=2-h, f(x)=®#HEDHE)E)=+ve

1999;

[1IT1999]



206 Application of Derivatives

If x=2+h, f(x)=FHEHEHEHED) = -ve
Hence at x =2 there is a local maxima.
If x=3-h, f(X)=HHH)H)E)=-ve

If x=3+h, f(X)=HHHH)E)=+ve

Hence at x =3 there is a local minima.

Example: 7 If the function f(x)=2x®—-9ax? +12a’x +1, where a>0 attains its maximum and minimum at p and q

respectively such that p? =q, then a equals

(a) 3 (®) 1 (©) 2
Solution: (c)  f(x)=2x% —9ax? +12a’x +1

f'(x) = 6x% —18ax +12a?

f"(x)=12x —18a

For maximum and minimum, 6x%-18ax +12a? =0 = x?—-3ax +2a% =0

X=a or Xx =2a at x =a maximum and at x =2a minimum
. pn2 _
p"=q

a®=2a => a=2 or a=0 but a>0, therefore a=2.
X
Example: 8 The points of extremum of the function ¢(x) =.[ et 2(1-t?)dt are
1
1
(a) x=0 (b) x=1 (c) X:E

Solution: (b,d) ¢(x):.[xe’t2’2(l—t2)dt = gx)=e 21 -x?)
1

Now ¢'(x)=0=1-x*=0=x==1

Hence, x =+1 are points of extremum of ¢(x).

4.3.6 Point of Inflection

1
(d) 5

(d) x=-1

A point of inflection is a point at which a curve is changing concave upward to concave

downward or vice-versa. A curve y = f(x) has one of its points x =c as
an inflection point, if f"(c)=0 or is not defined and if f"(x) changes
sign as x increases through x =c.

The later condition may be replaced by f"(c)=0, when f"(c)
exists.

Thus, X =c is a point of inflection if f"(c)=0 and f"(c)=0.

Properties of maxima and minima

flc

o

oY

(i) If f(x) is continuous function in its domain, then at least one maxima and one minima

must lie between two equal values of x.

(ii) Maxima and minima occur alternately, that is, between two maxima there is one

minimum and vice-versa.

(iii) If f(x) > as x —a or b and f'(x)=0 only for one value of x (say c) between a and

b, then f(c) is necessarily the minimum and the least value.
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If f(x) > —-» as x —a or b, then f(c) is necessarily the maximum and the greatest value.

4.3.7 Greatest and Least Values of a Function in a given Interval
If a function f(x) is defined in an interval [a, b], then greatest or least values of this function
occurs either at x =a or x=b or at those values of x where f'(x)=0.

Remember that a maximum value of the function f(x) in any interval [a, b] is not necessarily
its greatest value in that interval. Thus greatest value of f(x) in interval [a, b] = max.
[f(a), f(b), f(c)]

Least value of f(x) interval [a, b]= min. [f(a), f(b), f(C)]

Where x =c is a point such that f'(c)=0

Example: 9 The maximum and minimum values of x®-18x2+96 in interval (0, 9) are [RPET 1999]
(a) 160, 0 (b) 60, 0 (c) 160, 128 (d) 120, 28

Solution: (c) Let y=x3—18x2+96x:g—y=3x2—36x+96:0
X

 x2-12x+32=0 = (x—4)(x-8)=0,x=4,8

2 2
Now, d—32’=6x—36 at x=4,d—32’=24—36=—12<o
dx dx

2
. at x =4 function will be maximum and [f(X)],., =64 —288 +384 =160 at x = 83—32/ =48-36=12>0
X

. at x =8 function will be minimum and [f(X)];, =128 .

Example: 10 The minimum value of the function 2cos2x —cos4x in 0<x<r is
3
(a) o (b) 1 (© 7 (d) -3

Solution: (d) y=2c0s2x—cos4x = 2¢0s 2x(1—c0s 2x)+ 1 =4 cos 2xsin? x +1

Obviously, sin®x >0

Therefore, to be least value of y, cos 2x should be least i.e., - 1. Hence least value of yis -4 + 1 = -3.

Example: 11 On [1, e] the greatest value of x2 log X [AMU 2002]
(a) e? (b) %Iog% () e?logye (d) None of these
e

Solution: (a) f(x)=x2logx = f'(x)=(2log x +1)x
Now f(x)=0 = x=e%20
- 0<e™?<1, -+ None of these critical points lies in the interval [L,e]
.. So we only compare the value of f(x) at the end points 1 and e. We have f(1)=0, f(e)= e?

. greatest value = e?

4.3.8 Maxima and Minima of Functions of Two Variables

If a function is defined in terms of two variables and if these variables are associated with a
given relation then by eliminating one variable, we convert function in terms of one variable
and then find maxima and minima by known methods.
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Example: 12

Solution: (a)

Example: 13

Solution: (¢)

Example: 14

Solution: (b)

x and y be two variables such that X >0 and Xy =1. Then the minimum value of X +V is
[Kurukshetra CEE 1988; MP PET 2002]
(a) 2 (b) 3 (©) 4 (d)o

xy=1= y:l and let z=x+y
X

2
z=x+l:d—zzl—i2 d—Z=0:>l—i2:0:>x:—1,+1 and d—iz%
X dx X dx X dx X
2
d—i =z:2=+ve, - x=1 is point of minima.
dx 1
x=1
x=1y=1, .. minimum value = x+y=2.

The sum of two non-zero numbers is 4. The minimum value of the sum of their reciprocals is
(a) % (b) % (0) 1 (d) None of these

Let x+y=4 or y=4-x

1. 1_x+y o f(x):i: 4
Xy Xy Xy x(4-Xx)
4 4
f() = ) = —— (4—2x
) 4x —x? ¢ (4x—x2)2( )

Put f'(x)=0 = 4-2x=0 = x=2 and y=2

. (1 1} 11
L min. | —+—|==+==1
Xy 2

2
The real number which most exceeds its cube is [MP PET 2000]
1 1 1
(a) = (b) —= (o) —= (d) None of these
2 J3 J2

Let number = x, then cube = x?®

Now f(x)= x —x®(Maximum) = f'(x)=1-3x2

1
Put f'(x)=0 = 1-3x?=0 = x=+——
J3
Because f"(x)=-6x =-ve.when x = +L.
J3

4.3.9 Geometrical Results related to Maxima and Minima

The following results can easily be established.

(1) The area of rectangle with given perimeter is greatest when it is a square.

(2) The perimeter of a rectangle with given area is least when it is a square.

(3) The greatest rectangle inscribed in a given circle is a square.

(4)The greatest triangle inscribed in given circle is equilateral.

(5) The semi vertical angle of a cone with given slant height and maximum volume is tan ™ J2

(6)The height of a cylinder of maximum volume inscribed in a sphere of radius a is a 2a//3 .

Important Tips

& Equilateral triangle: Area = (\/5 1 4)x?, where x is its side.
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@ Square: Area = a’, perimeter = 4a, where a is its side.

@ Rectangle: Area = ab, perimeter = 2(a+b), where a, b are its sides.

& Trapezium: Area = %(a +b)h, where a, b are lengths of parallel sides and h be the distance between them.

& Circle: Area = ma?, perimeter = 2za, where a is its radius.

4 .. .
@ Sphere: Volume = §7za3, surface area = 4za%, where a is its radius.

%~ Right circular cone: Volume = % ar’h, curved surface = arl, where r is the radius of its base, h is its height and

l is its slant height.

@ cylinder: Volume = ar’h, whole surface = 2zr(r + h), where r is the radius of the base and h is its height.

Example: 15

Solution: (¢)

Example: 16

Solution: (b)

Example: 17

The adjacent sides of a rectangle with given perimeter as 100 cm and enclosing maximum area are[MP PET 1

(a) 10 cm and 40 cm (b) 20cmand 30cm (c) 25 cm and 25 cm (d) 15 cm and 35 cm
2x+2y=100 = x+y=50 .. 1)
Let area of rectangle is A, .. A=xy = y= A

X

From (i), x+ﬁ=50 = A=50x-x? = ‘;—Azso—zx
X X

. dA
for maximum area ™ =0

© 50-2x=0 = x=25 and y=25

". adjacent sides are 25 cm and 25 cm.

The radius of the cylinder of maximum volume, which can be inscribed a sphere of radius R is [AMU 1999]

2 2 3 3
a) —R b) ,]=R c) —R d) .[—R
(a) 3 (b) \/; (o) 2 (d) \/:
2
If r be the radius and h the height, the from the figure, r? +[2J =R?= h?=4(R*-r?)

Now, V =a?h=2m?VyR? —r?

av 2 2 2 1 (=2 D
. —=4mVJR -1’ +27r* =t I ¢

dr 2. JR2_y2 I ——
For max. or min., d—V=0 o

dr Z
3 1%
= 4zr RZ—rZ:ZL:M(RZ—rZ):r2 e
/Rz_rz A

2 2 2 d2v . 2
= 2R“=3r° = r= ER:> d2=—ve.HenceV15max.when r= ER.

r

The ratio of height of a cone having maximum volume which can be inscribed in a sphere with the
diameter of sphere is

2 1 1
@ = ®) 3 (© — @ -

[MNR 1985]
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Solution: (a) Let OM=x
Then height of cone i.e., h=x+a (where a is radius of sphere)

Radius of base of cone = va? —x?

Therefore, volume V = %ﬂ(a2 —x?)(x+a) = Z—V = %(a +x)(@-3x)
X

Now, — =0 = x:—a,3
dx 3

But x #-a, So, x=%

. . a
The volume is maximum at x = 3

Height of a cone h = a+2- %a
4
Therefore ratio of height and diameter = 3 - 3
a

LN
N

ﬂssignment

Maxima and Minima O

- Basic Level

1. The maximum value of f(x)=————— on[-1,1]is
4+X+X
-1 -1 1

a) — b) — c) —

(a) 2 (b) 3 © 5
2. Maximum value of x(1-x)* when 0<x<2, is

4
a) 2 b) — [¢
(a) (b) >7 (© 5

3. The maximum value of 2x®—24x+107 in the interval [- 3, 3] is

[MP PET 2000]

1

d) =

(@) s
[MP PET 1997]

(d) o



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

(a) 75 (b) 89 (c) 125
The maximum value of the function f(x)=3sinx+4cosx is
(a) 3 (b) 4 (© 5

If the function f(x)=x*—-62x*+ax+9 is maximum at x =1, then the value of a is

(a) 120 (b) - 120 (c) 52
The maximum value of f(@)=asind+bcosd is
2000]

a a
(a) — (b) —
b vaZ +b?

The minimum value of the function y =2x®-21x%?+36x —20 is
(a) - 128 (b) - 126 (c) - 120

(c) Jab

——— is maximum at
1+ xtanx

(a) x=sinx (b) x=cosx (c) x:%

The minimum value of the expression 7-20x +11x? is

177 177 23
a) — b) -— c) ——
() 11 (b) 11 () 11
The minimum value of 2x?+x -1 is

-1 3 -9
a) — b) — c) —
() 2 (b) > () 3
The maximum value of xy subject to x+y =8, is
(a) 8 (b) 16 (c) 20
If A+B :%, the maximum value of cos Acos B is

1 3
a) — b) — c)1
(a) > (b) 2 ()

If xy =c?, then minimum value of ax+by is
(a) cvab (b) 2cVab (c) —cvab

If a’x* +b%* =c®, then maximum value of xy is

c? c? c?
() Ny (b) 5 (o) To
The function f(x)=2x>-15x?+36x+4 is maximum at
(a) x=2 (b) x=4 (c) x=0

The function f(x)=x7%,(x e R) attains a maximum value at x =

(@ 2 b 3 © %

The function y =a(l —cos x) is maximum when X =

T -

b) — -

(@) = (b) 5 (© >
The minimum value of (xz +%) is

(a) 75 (b) 50 (©) 25

Application of Derivatives 211

(d) 139
(d) 7

(d) 128
[MP PET 1999; UPSEAT

(d) Va?+b?

(d) None of these

[UPSEAT 1999]

(d) x=tanx

23

d) =

(d) 11
[EAMCET 2003]

9

d =

(d) 2
[MNR 1995]

(d) 24
[AMU 1999]

4

)

(d) 3

[Rajasthaan PET 2001]

(d) —2cab

[Rajasthan PET 2001]

3
c
d) ——
()Zab

[Karnataka CET 2001]
(d) x=3

(d)1
[Kerala (Engg.) 2002]
-
a =
(@) 5
[Haryana CEE 2002]
(d) 55

In the graph of the function J3sinx+cosx the maximum distance of a point from x-axis is
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20.

21.

22,

23.

24.

25.

26.

27.

28.

20.

30.

31.

32.

33.

34.

35.

36.

() 4 (b) 2 (©) 1 (@ 3

The function f(x)=x+sinx has [AMU 2000]
(a) A minimum but no maximum (b) A maximum but no
minimum

(c) Neither maximum nor minimum (d) Both maximum and
minimum

The point for the curve y = xe*
(a) x=-1 is minimum (b) x=0 is minimum (c) x=-1 is maximum (d) x=0 is maximum

36 is factorized into two factors in such a way that sum of factors is minimum, then the factors are

(a) 2,18 (b) 9,4 (c) 3,12 (d) None of these

The necessary condition to be maximum or minimum for the function is

(a) f'(x)=0 and it is sufficient (b) f"(x)=0 and it is sufficient
(c) f'(x)=0 but it is not sufficient (d) f'(x)=0 and f"(x)=-ve

The maximum and minimum value of the function 3x* -8x®+12x*—-48x +25 in the interval [1, 3]
(a) 16, - 39 (b) - 16, 39 (c) 6,-9 (d) None of these

If f(x)=2x®-3x2-12x+5 and x €[-2,4], then the maximum value of function is at the following value of Xx[MP PET 1987

(a) 2 (b) -1 () -2 (d) 4

The minimum value of | x| +| x+%| +| x=3| +| x—%| is

(a) o (b) 2 (© 4 (d) 6
The maximum value of the function x®+x?+x—-4 is

(a) 127 (b) 4

(c) Does not have a maximum value (d) None of these

The function x® —5x* +5x% —10 has a maximum when x =

(a) 3 (b) 2 (©) 1 (d) o
If x -2y =4, the minimum value of xy is [UPSEAT 2003]
(a) -2 (b) 2 (c) o (d) -3
The minimum value of x? + 1 ! 5 is at [UPSEAT 2003]
+ X
(a) x=0 (b) x=1 (c) x=4 (d) x=3
The maximum and minimum value of the function | sin4x +3| are
(a) 1,2 (b) 4, 2 (C) 27 4 (d) - 1) 1
The maximum value of function x® —12x2 +36x+17 in the interval [1, 10] is
(a) 17 (b) 177 (©) 77 (d) None of these
Let f(x)=(x—p)> +(x—q)> +(x —r)2. Then f(x) has a minimum at x =4, where A is equal to
(a) % (b) 3pgr ©) % (d) None of these
p q r
The function x? log x in the interval (1, e) has
(a) A point of maximum (b) A point of minimum
(c) Points of maximum as well as of minimum (d) Neither a point of maximum nor minimum
The two parts of 100 for which the sum of double of first and square of second part is minimum, are
(a) 50, 50 (b) 99,1 (c) 98,2 (d) None of these

Of the given perimeter, the triangle having maximum area is
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(a) Isosceles triangle (b) Right angled triangle (c) Equilateral (d) None of these
The function x°®-5x*+5x°-1 is

(a) Maximum at x =3 and minimum at x=1 (b) Minimum at x=1

(c) Neither maximum nor minimum at x =0 (d) Maximum at x=0

If u=+va?cos?6+b?sin?0 ++/a?sin?@+b2cos?@ then the difference between the maximum and minimum values of

u? is given by
[AIEEE 2004]

(a) (a—b)2 (b) 2va?+b? (©) (a+b)2 (d) 2(a2+b2)
The minimum value of 2x + 3y, when xy =6, is [MP PET 2003]
(a) 12 (b) 9 (c) 8 (d) 6

The real number x when added to its inverse gives the minimum value of the sum at x equal to  [Rajasthan PET
2000; AIEEE 2003]

(a) -2 (b) 2 (c) 1 (@ -1

X + L is maximum at [Rajasthan PET 1991]
X

(a) x=1 (b) x=-1 (c) x=2 (d) x=-2

f(x)=(1—x)?*e* is minimum at

(a) x=1 (b) x=-1 (c) x=o0 (d) x=2

The maximum value of the function x®-12x2+45x is [Rajasthan PET 1994]

() o (b) 50 (c) 54 (d) 70

Advance Level )

[x] , 04x|<2 .
Let f(x)= 1 ,thenat x=0f has [IIT Screening 2000]
(a) A local maximum (b) No local maximum (c) Alocal minimum (d) No extremum

2 p—
If f(x)= X2 i for every real number x, then the minimum value of f

X<+

(a) Does not exist because f is unbounded (b) Is not attained even though f is bounded
(c) Isequalto1 (d) Is equal to -1

The number of values of x where the function f(x)=cos x + cos(\/E x) attains its maximum is

(a) o (b) 1 (c) 2 (d) Infinite

On the interval [0, 1] the function x®(1—x)* takes its maximum value at the point [IIT 1995]
1 1 1

a) o b) = c) = d) —

(a) (b) 5 (©) 3 (@) 1

x* has a stationary point at

(a) x=¢e (b) x:% () x=1 (d) x=+e

X
A minimum value of J- tedt is
0

(a) 1 (b) 2 () 3 (d) o
The sum of two numbers is fixed. Then its multiplication is maximum, when
(a) Each number is half of the sum (b) Each number is % and %

respectively of the sum
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51.
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54.
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59.

60.
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64.

(c) Each number is % and % respectively of the sum (d) None of these

The value of a so that the sum of the squares of the roots of the equation x?—-(a—2)x —a+1=0 assume the least

value, is

(a) 2 (®) 1 (© 3 (d) o

If from a wire of length 36 metre a rectangle of greatest area is made, then its two adjacent sides in metre are[MP PET
(a) 6,12 (®) 9,9 (c) 10, 8 (d) 13,5

The maximum value of x’e™ is

(a) e’ (b) e (c) 12e7 (d) 4e?

One maximum point of sin® xcos? x is [Rajasthan PET 1997; AMU
2000]

(a) x=tan™(p/q) (b) x=tan*,(q/p) (c) x=tan*(p/q) (d) x=tan*(q/p)

20 is divided into two parts so that product of cube of one quantity and square of the other quantity is
maximum. The parts are
[Rajasthan PET 1997]

(a) 10, 10 (b) 16, 4 (o) 8,12 (d) 12, 8
The minimum value of e@-2xsin’x jg [Rorkee 1998]
(@ e ® = © 1 @ o

Divide 20 into two parts such that the product of one part and the cube of the other is maximum. The two parts
are [DCE 1999]

(a) (10, 10) (b) (5, 15) (c) (13,7) (d) None of these
The minimum value of exp(2 + «/§cos X +sinx) is [AMU 1999]
(a) exp(2) (b) exp(2-4/3) () exp(4) @ 1
The minimum value of log x in the interval [2, «©) [Roorkee 1999]
X
log 2 1 3
(a) Is — (b) Is zero (c) Is . (d) Does not exist
The function f(x)=ax + B,a, b,x >0 takes on the least value at x equal to [AMU 2000]
X
(a) b (b) Ja © b (d) Jbla
The area of a rectangle of given perimeter is maximum, when ratio of its length and breadth is
(a)2:1 (b) 3:2 (c) 4:3 (@ 1:1

The denominator of a fraction number is greater than 16 of the square of numerator, then least value of the
number is
[Rajasthan PET 2000]

-1 -1 1 1
() e (b) Iy () ) (d) I
If for a function f(x), f'(@=0, f"(@)=0,f"(@@) >0, then at x=a, f(x) is [MP PET 1994]
(a) Minimum (b) Maximum (c) Not an extreme points (d) Extreme point
The least value of the sum of any positive real number and its reciprocal is [MP PET 1994]

(a) 1 (b) 2 (c) 3 (d) 4
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2 p—
If x is real, then greatest and least values of XZ—X+1 are [Rajasthan PET
X+ X+
1999; AMU 1999; UPSEAT 2002]
(a) 3, —% ®) 3, % © -3, —% (d) None of these
A wire of constant length is given. In which shape it should be bent to surround maximum area
(a) Circle (b) Square (c) Both (a) and (b) (d) Neither (a) nor (b)
The function xv1-x2,(x >0) has
(a) A local maxima (b) A local minima
(c) Neither a local maxima nor a local minima (d) None of these

If x+y=16 and x2+y? is minimum, the value of x and y are

(a) 3,13 (b) 4, 12 (c) 6,10 (d) 8,8

The area of a rectangle will be maximum for the given perimeter. When rectangle is a

(a) Parallelogram (b) Trapezium (c) Square (d) None of these

log x
X

Local maximum value of the function is

[MNR 1984; Rajasthan PET 1997, 2002; DCE 2002; Karnataka CET 2000; UPSEAT 2001; MP PET 2002]

(a) e (b) 1 © () 2e

Local maximum and local minimum values of the function (x —1)(x + 2)*> are

(a) -4,0 (b) o,-4 () 4,0 (d) None of these

If f(x)=2x®—-21x?+36—30, then which one of the following is correct

(a) f(x) has minimum at x =1 (b) f(x) has maximum at x =6
(c) f(x) has maximum at x =1 (d) f(x) has no maxima or minima

If sum of two numbers is 3, then maximum value of the product of first and the square of second is
(a) 4 (b) 3 () 2 (d)1
If f(x)=x?+2bx +2c? and g(x)=-x%—2cx +b? such that min f(x)>max g(x), then the relation between b and c is

[IIT Screening 2003]

(a) No real value of b and c(b) 0<c<by2 ) |cld b|\/5 (d) | cl> b|«/§
The minimum value of [(5 + x)(2 + x)]/[1+ x] for non-negative real x is
(a) 12 (b) 1 (© 9 (d) 8
X cost
Let f(x):J. Tdt,x >0 then f(x) has [Haryana CEE 2002]
0
(a) Maxima when n=-2,—4,—6..... (b) Maxima n=-1,—-3,-5,......
(c) Minima when n=0,24,...... (d) Minima when n=1,3,5,......
The function f(x)=2x®*-3x2-12x+4 has [DCE 2002]
(a) No maxima and minima (b) One maximum and one
minimum
(c) Two maxima (d) Two minima
If f(x)= 2; then its maximum value is [Rajasthan PET 2002]
4x°+2x+1
4 2 3
a) — b) — c)1 d) —
() 3 (b) 3 (9] (@) 2

If PQ and PR are the two sides of a triangle, then the angle between them which gives maximum area of the
triangle is
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o1.

[Kerala (Engg.) 2002]

T T T
a b) = c) — d) —
(@) = (b) 3 () 2 (@ 5
If ab=2a+3b,a>0,b>0 then the minimum value of ab is [Orissa JEE 2002]
(a) 12 (b) 24 () % (d) None of these
The perimeter of a sector is p. The area of the sector is maximum when its radius is [Karnataka CET 2002]
1
@ Jp (b) —— © 2 @ 2
Jn 2 4
The maximum area of the rectangle that can be inscribed in a circle of radius r is [EAMCET 1994]
2
(@) ar’ (b r? © T @ 2r’
3x2+12x-1 , -1<x<2
If f(x)= ' , then IIT 1
) { 37 -x , 2<x<3 [ 9931
(a) f(x) is increasing [-1,2] (b) f(x) is continuousin [- 1, 3] (c) f(x) is maximum at x =2 (d)
If f'(x)=(x—-a)*"(x—b)**** when n and p are positive integers, then
(a) x=a is a point of minimum (b) X=a is a point of
maximum
(c) x=a isnota point of maximum or minimum (d) None of these

N characters of information are held on magnetic tape, in batches of x characters each, the batch processing
time is o+ f? seconds, « and g are constants. The optical value of x for fast processing is

B a Vi
5 . © \E (d) \E

@ % ) £

If f(x)=sin® x +cos®x, then

(a) f(x)<1 (b) f(x)<2 (c) f(x)> % (@ f(x)> %
2
The maximum and minimum values of y = w are those for which
AX“+2Bx +C
(a) ax?+2bx +c—y(Ax2+2Bx +C) is equal to zero (b) ax?+2bx +c—y(Ax2 +2Bx +C) is a perfect square
2

(© dy =0 and d_)2/ #0 (d) None of these

dx dx

A differentiable function f(x) has a relative minimum at x =0, then the function y = f(x)+ax+b has a relative
minimum at x =0 for

(a) Allaand all b (b) All bif a=0 (c) All b>0 (d) All a>0

An isosceles triangle of vertical angle 26 is inscribed in a circle of radius a. Then area of the triangle is
maximum when ¢

v v v v
a) — b) — c) — d) —
(a) e (b) 2 (© 3 (d) 5
. sin 2x . T .
The greatest value of the function f(xX)=—————— on the interval [OE} is
sin[x +£)
4
1
(a) —= (b) V2 (© 1 (@ -2

V2

The longest distance of the point (a, 0) from the curve 2x2+y?2-2x=0, is given by

(a) v1-2a+a? (b) V1+2a+2a® (¢) Vv1+2a-a? (d) v1-2a+2a®
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X
The function f(x)= I{Z(t ~1)(t-2)° +3(t-1)*(t—2)*dt attains its maximum at x =
1

(a) 1 (b) 2 (©) 3 (d) 4
If the function f(x)=x3+3@-7)x?+3@2-9)x —1 has a positive point of maximum, then

(a) ae(3,0)u(—o0—3) (b) ac(-o-3)uU [3, 27—9] (©) (07) (d) [_ 0, ?j

n

The minimum value of [l-r _1 j(1+ 1n J is
SIN" o CoS o

(a) 1 (b) 2 (c) @+2"2%)? (d) None of these

A cubic f(x) vanishes at x=-2 and has relative minimum/maximum at x=-1 and x:% such that

1

_[ fx)dx =22 . Then f(x) is

-1 3
(a) x*+x%-x M) x+x%-x+1 (© xX*+x%-x+2 @ x*+x%-x-2
If A>0,B>0 and A+B=%, then the maximum value of tan Atan B is

1 1
() —= b = © 3 (@ V3
J3 3
Total number of parallel tangents of f f;(x) = x> —x+1 and x*®-x°-2x+1 is equal to

(a) 2 (b) 3 (©) 4 (d) None of these
Function f(x)3 px —q| +r| x| (p >0, >0,r >0) attains its minimum value only at one point, if

(a) p=q (b) g=r (c) r=p (d) p=q=r
The height of right circular cylinder of maximum volume inscribed in a sphere of radius a is
a 2a
(a) = (b) V3a (© = (d) 2V3a
J3 J3

A line is drawn through a fixed point (a, b), (@a>0,b >0) to meet the positive direction of the coordinate axes in
P,Q respectively. The minimum value of OP +0Q is

(a) va+Jb (b) (Ja++b)? (©) (fa+b)? (d) None of these

c* a’ b?
For the curve —- = ——+———, the maximum value of r is
r sin©@ cos” @
2
c a+b c
(b) (©)

a+b c? a-b

2

()

(d) c®@a+b)

The coordinates of a point situated on the curve 4x?+a%? =4a?(4 <a® <8), which are at maximum distance from
the point (0, - 2) is

(a) (a, 0) (b) (2a,—4) (o) (o, 2) (d) None of these
. , 2k?-81 . . 9
For what value of k, the function: f(x)=kx +Tx —12, is maximum at x = 7
9 -9
(a) — (®) -9 (o — (d) 9
2 2
If ¢ < g, then correct statement is
(a) a-sina>pf-sing (b) a-sina< p-sing (c) sina—a<-sing+p (d) None of these
The difference between two numbers is a if their product is minimum, then number are
-a a -a 2a -a 4a

() 7,5 (b) —a2a (9] ?,? (d) ?,?
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106. If A, u be real numbers such that x® -ix?+x—6 =0 has its roots real and positive then the minimum value of
M is
(a) 3><§/§ (b) 11 (c) o (d) None of these

107. Let the tangent to the graph of y = f(x) at the point x =a be parallel to the x-axis, let f'a—h)>0 and f'(a+h)<0,
where h is a very small positive number. Then the ordinate of the point is
(a) A maximum (b) A minimum
(c) Both a maximum and a minimum (d) Neither a maximum nor a minimum

108. If a>b>0, the minimum value of asecd—-btan@ is

(a) b-a (b) va?+b? (c) va?-b? (d) 2va?-b?
109. Let the function f(x) be defined as below:
f)=sint A+x2,0<x<1; 2x,x>1
f(x) can have a minimum at x =1 if the value of 1 is
(a) 1 (b) -1 (c) o (d) None of these
110. Let f(x)=ax® +bx?+cx+1 have extreme at x =a, such that ¢f<0 and f().f(f)<0 . Then the equation f(x)=0

has
(a) Three equal real roots (b) Three distinct real roots
(c) One positive root if f(z)<0 and f(8)>0 (d) One negative root if f(¢)>0 and f(8)<0

111.  Let f(x)=1+2x2+2%x* +.... +2%x?® ; Then f(x) has

(a) More than one minimum (b) Exactly one minimum (c) At least one maximum(d)
112. Let the function f(x) be defined as follows:

fx)=x3+x%-10x, -1<x<0

CoS X, 03x<£; 1+sinx, ESXSH
2 2
Then f(x) has
(a) Alocal minimum at x :% (b) A local maximum at x :%
(c) An absolute minimum at x=-1 (d) An absolute maximum at

X=r
113. Two part of 64 such that the sum of their cubes is minimum will be

(a) 44, 20 (b) 16, 48 (c) 32,32 (d) 50,14
114. If x be real then the minimum value of f(x)=3*" +37* ig

2 7
(a) 2 (b) 6 © = (@ -
3 9
115. The minimum value of @ ~2x-Dsn’x jg [Roorkee 1998]
1
(a) e (b) . (1 (d o
116. The semi-vertical angle of a right circular cone of given slant height and maximum volume is
(a) tant2 (b) tan 142 (©) tan'1/2 (d) tant1/+2
117. If 0 <a<x, then the minimum value of log, x +log,a is [IIT 1984]
(a) 2 (b) -2 (c) 2a (d) Does not exist

118. Which point of the parabola y = x? is nearest to the point (3, 0)

(a) (-1,1) (b) (1,1) () (2,4) @ (-2,4)
119. The point of inflexion for the curve y =x>*? is [Rajasthan PET 1989, 1992]
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() (1, 1) (b) (0, 0) (c) (1,0) (d) (0, 1)

*k%
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4.4 Increasing and Decreasing Function

4.4.1 Definition

(1) Strictly increasing function : A function f(x) is said to be a y
strictly increasing function on (a, b), if x; <X, = f(x;)< f(x,) for all x,
X2 € (a, b). |

Thus, f(x) is strictly increasing on (a, b), if the values of f(x) —1 i
increase with the increase in the values of x. i f(xl:;, i,«(xi)

|

(2)Strictly decreasing function : A function f(x) is said to be a n L :X l:) x

strictly decreasing function on (ab), if x; <x, = f(x;)> f(x,) for all

Xy, X, € (@, b). Thus, f(x) is strictly decreasing on (a, b), if the values of f(x) decrease with the

increase in the values of x.

|
E\%Z

| |
|
|
| |
I [
a O X1 x,

o F--

Example: 1 On the interval (1,3) the function f(x)=3x+ 2 is
X

(a) Strictly decreasing (b) Strictly increasing

(c) Decreasing in (2, 3) only (d) Neither
decreasing

Solution: (b) f(x)=3x+ 2 = f'(x)=3 —%
X X
Clearly f'(x)>0 on the interval (1, 3)
. f(x) is strictly increasing.

Example: 2 For which value of x, the function f(x)=x2—2x is decre~ni==

(a) x>1 (b) x>2 y
(c) x<1 (d) x<2

Solution: (c) f(x)=(x—-1)*-1 y=
Hence decreasing inx <1 @ x

(1} -

[AMU 1999]

increasing nor
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Example:

Solution:

Example:

Solution:

3

(a)

4

(a)

Alternative method: f'(x)=2x-2=2(x-1)
To be decreasing, 2(x-1)<0 = (x-1)<0 = x<1.

2x% +18x% —96x +45 =0 is an increasing function when

(a) x<-8,x=2 (b) x<-2,x>8 (c) x<-2,x>8
f'(x)=6x% +36x —96 >0, for increasing

= f'(x)=6(x+8)(x—-2)>0 = x>2,x<-8.

The function x* is increasing, when

(@ x>+ () x <t (©) x<0
e e

dy

dy =x*@A+logx); For —=>0
dx

Let y=x* => =
Y dx
x*@+logx)>0 =1+logx >0 = Iogex>logel
e

For this to be positive, x should be greater than S .

4.4.2 Monotonic Function

(d) 0<x<-2

[MP PET 2003]

(d) For all real x

A function f(x) is said to be monotonic on an interval (a, b) if it is either increasing or

decreasing on (a, b).

(1) Monotonic increasing function : A function is said to be a monotonic increasing

function in defined interval if, y

X; > X, = f(x;)=f(x,)

or X; >X, = f(x;) < f(x,)

or

or X, <X,= f(x,)*» f(x,) 0

X; < X, = f(xy) < f(X,)

Y

(2) Monotonic decreasing function: A function is said to be a monotonic decreasing

function in defined interval, if x; >x, = f(x;) y

or x;>X, = f(x;)$ f(x,)

or Xx; <X, = f(x1) = f(x,)

or

Example: 5

X, < X, B f(x,) < f(x,)

Y

The function f(x)=cosx —2px is monotonically decreasing for

[MP PET 2002]



Solution: (b)

Example: 6

Solution: (¢)

Example: 7
real x, are

Solution: (d)

Example: 8

Solution: (d)
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1 1
(a) P<< (b) P> () p<2 (d) p>2
f(x) will be monotonically decreasing, if f'(x)<0.
, . 1. 1 .
= f'(X)=-sinx-2p<0 = Esmx+p>0 = p>§ [-—1<sinx <1]

If f(x)=x®—-20x3+240x , then f(x) satisfies which of the following [Kurukshetra CEE 1996]
(a) It is monotonically decreasing everywhere (b) It is monotonically decreasing only in (0,0)

(c) It is monotonically increasing every where (d) It is monotonically increasing only in (—o0,0)
f'(x)=5x* —60x2 +240 = 5(x* —12x% +48) =5[(x? —6)* +12]

= f'(x)>0vxeR

i.e., f(x) is monotonically increasing everywhere.

The value of a for which the function (a+2)x® —3ax? +9ax —1 decrease monotonically throughout for all

[Kurukshetra CEE 2002]
(a) a<-2 (b) a>-2 (c) 3<a<0 (d) —w<a<-3

If f(x)=(a+2)x®-3ax? +9ax -1 decreases monotonically for all x R, then f(x)<0 for all xeR
= 3(@@+2)x? —6ax+9a<0 forall xeR = (a+2)x*>—2ax+3a<0 forall xeR

= a+2<0 and discriminant <0 = a<-2 and —8a’-24a<0

= a<-2 and a@+3)20= a<-2 and a<-3 or a>20 = a<-3 = —w<a<-3

. Asinx +6cosx . .. R
Function f(xX)=—————— is monotonic increasing if
2sinx + 3cos X

(a) 1>1 (b) 1<1 (c) A1<4 (d) 1>4
The function is monotonic increasing if, f'(x)>0

(2sinx +3cos x)(Acos x —6sinX)  (Asin x +6 cos x)(2 cos x —3sin x) S

0
(2sin x + 3 cos x)? (2'sin x + 3 cos x)°

= 3A(sin? x +cos? x)—12(sin®> x +c0s% x) >0 = 31-12>0 = A>4.

4.4.3 Necessary and Sufficient Condition for Monotonic Function

In this section we intend to see how we can use derivative of a function to determine where
it is increasing and where it is decreasing

(1) Necessary condition : From figure we observe that if f(x) is an increasing function on (a,

b), then tangent at every point on the curve
y = f(x) makes an acute angle 6 with the

positive direction of x-axis.

tan<9>0:>d—>00rf'(x)>0 for all
X

x € (@ b)

It is evident from figure that if f(x) is a

dy
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decreasing function on (a, b), then tangent at every point on the curve y = f(x) makes an obtuse
angle @ with the positive direction of x-axis.

tan<9<0:>g—y<0 or f'(x)<0 for all x e(a,b).
X

Thus, f'(x)>0(<0) for all x e(a, b) is the necessary condition for a function f (x) to be
increasing (decreasing) on a given interval (a, b). In other words, if it is given that f (x) is
increasing (decreasing) on (a, b), then we can say that f'(x)> 0(<0).

(2) Sufficient condition : Theorem : Let f be a differentiable real function defined on an open
interval (a, b).

(a) If f'(x)>0 for all x e(a, b), then f(x) is increasing on (a, b).

(b) If f'(x)<0 for all x €(a, b), then f(x) is decreasing on (a, b).

Corollary : Let f (x) be a function defined on (a, b).

(a) If f'(x)>0 for all x e(a b), except for a finite number of points, where f'(x)=0, then f(x) is
increasing on (a, b).

(b) If f'(x)<0 for all x e(a, b), except for a finite number of points, where f'(x)=0, then f (x) is
decreasing on (a, b).

Example: 9 The function f(x):M is
In(e +x)
(a) Increasing on [0, x) (b) Decreasing on [0, «)
(c) Decreasing on [Orgj and increasing on [gyw] (d) Increasing on [0,%) and

. T
decreasing on [— , oo]
e

Solution: (b) Let f(x)= In(z +X)
In(e + x)
In(e + X)x——— —In(z + x)—+—
F1(x) = T+ X e+x _ (+x)InE+x)—(7+X)In(z+X)
{In(e + x)}¥* {In(e + X)¥* x (e +X)(7 +x)
= f(x)<0 forall x>0 {7 >e}. Hence, f(x) is decreasing in [0,).

Example: 10 Which of the following is not a decreasing function on the interval [0, %)

(a) cos x (b) cos 2x (c) cos 3x (d) cot x
Solution: (c) Obviously, here cos 3x in not decreasing in [O%j because %cos 3Xx =-3sin3x .

But at x =75°, —-3sin3x >0. Hence the result.

. . . 2 .
Example: 11 The interval of increase of the function f(x)=x-e* + tan(Tﬂj is

(@) (0,) (b) (—,0) (© L) (d) (=1
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Solution: (b, d) We have f(x)=x-e* +tan[27—”J = f'(x)=1-¢*

For f(x) to be increasing, we must have f(x)>0 = 1-¢*>0 = e*<l = x<0 = xe(-x0 =
(—OO,—l)g(—OO, O)

4.4.4 Test for Monotonicity

(1) At a point : (i) Function f (x) will be monotonic increasing in domain at a point if and
only if, f'(a)>0

(ii) Function f (x) will be monotonic decreasing in domain at a point if and only if, f'(a)<O0.

(2) In an interval : Function f (x), defined in [a, b] is

(i) Monotonic increasing in (a, b) if, f'(x)=0, a<x<b

(ii) Monotonic increasing in [a, b] if, f'(x)=0, as<x<b
(iii) Strictly increasing in [a, b], if, f'(x)>0, as<x<b
(iv) Monotonic decreasing in (a, b), if, f'(x)<0, a<x<b
(v) Monotonic decreasing in [a, b], if, f'(x)<0, as<x<b

(vi) Strictly decreasing in [a, b], if, f'(x)<0, as<x<b

Example: 12 f(x) = xe*®™ then f(x) is [IIT Screening 2001]
(a) Increasing on [_71 1} (b) Decreasing on R (c) Increasing on R (d) Decreasing on [_?11}

Solution: (a) f'(x)=e ™ +x.eX™ 1-2x) = e +x(1-2x)}=e M (<2x% + x +1)

Now by the sign-scheme for —2x? +x +1

-1/2 1

f'(x)=>0, if x e [—%,1} , because e*®¥ js always positive. So, f(x) is increasing on [—%,l} .

Example: 13 x tends 0 to z then the given function f(x)= x sinx +cos x +cos? x is

(a) Increasing (b) Decreasing

(c) Neither increasing nor decreasing (d) None of these
Solution: (b)  f(x) = x sin x +cos x +cos? x
. f'(X)=sinx +xc0s x —sinx —2¢os X sin X = €0s X(X —25sin x)

Hence x -0 to =, then f'(x)<0, i.e., f(x) is decreasing function.

4.4.5 Properties of Monotonic Function
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(1) If f(x) is strictly increasing function on an interval [a, b], then f™ exists and it is also a
strictly increasing function.

(2)If f(x) is strictly increasing function on an interval [a, b] such that it is continuous, then
f is continuous on [f(a), f(b)]

(3)If f(x) is continuous on [a, b] such that f'(c)>0(f'(c)>0) for each ce(ab), then f(x) is
monotonically (strictly) increasing function on [a, b].

(4)If f(x) is continuous on [a, b] such that f'(c)<0(f'(c)<0) for each ce(ab), then f(x) is
monotonical