17. Area of Bounded Regions

Exercise 17

1. Question

Find the area of the region bounded by the curve y=x?, the x-axis, and the lines x=1 and x=3.
Answer

Given the boundaries of the area to be found are,

* The curve y = x2

* The x-axis
* x = 1 (a line parallel toy-axis)

* x = 3 (a line parallel toy-axis)
\ 1('.‘

\ x=1 x=3
| /
\

\ | |4
A

As per the given boundaries,

* The curve y = X%, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both sides.

* x= 1 and x=3 are parallel toy-axis at of 1 and 3 units respectively from the y-axis.
* The four boundaries of the region to be found are,
*Point A, where the curve y = ¥ and x=3 meet

*Point B, where the curve y = ¥ and x=1 meet
*Point C, where the x-axis and x=1 meet i.e. C(1,0).
*Point D, where the x-axis and x=3 meet i.e. D(3,0).

Area of the required region = Area of ABCD.
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The Area of the required region = % sq.units

2. Question

Find the area of the region bounded by the parabola y2=4x, the x-axis, and the lines x=1 and x=4.
Answer

Given the boundaries of the area to be found are,

* The parabola y2 = 4x

* The x-axis

* x = 1 (a line parallel toy-axis)

* X = 4 (a line parallel toy-axis)

4u=y2
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As per the given boundaries,

* The curve y2 =4x, has only the positive numbers as y has even power, so it is about the x-axis equally
distributed on both sides.

* x= 1 and x=4 are parallel toy-axis at of 1 and 4 units respectively from the y-axis.
* The four boundaries of the region to be found are,

*Point A, where the curve y? = 4x and x=4 meet

«Point B, where the curve y? = 4x and x=1 meet

*Point C, where the x-axis and x=1 meet i.e. C(1,0).

*Point D, where the x-axis and x=4 meeti.e. D(4,0).

Area of the required region = Area of ABCD.

4 4
Area of ABCD = J-ydx = J-x,@dx
1 1
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[Using the formula [ x"dx =
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The Area of the required region = ? sq.units
3. Question
Find the area under the curve y= i’ﬁx + 4 (above the x-axis) from x=0 to x=2

Answer

Given the boundaries of the area to be found are,
* Thecurve y = \f6x + 4

* The x-axis

* x = 0 (y-axis)

* X = 4 (a line parallel toy-axis)

x=0 x=2

vz +4

As per the given boundaries,

e The curve y= \eéx+ 4,is a curve with vertex at (0, — 5).

* x=2 is parallel toy-axis at 2 units away from the y-axis.
* x=0 is the y-axis.

* The four boundaries of the region to be found are,
*Point A, where the curve y? = 6x + 4 and x=0 meet.
«Point B, where the curve y?2 = 6x + 4 and x=2 meet.
*Point C, where the x-axis and x=2 meet i.e. C(2,0).
*Point O, or the origin i.e. 0(0,0).

Area of the required region = Area of OABC.

2 2
Area of OBCD = J-ydx=J-\,’6x+ 4dx
0 0
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[Using the formula [ x"dx = A
n+1

]

=%(((6x2)+4)§— ((6><0)+4)§)= %(64— 8 = 3(56)
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The Area of the required region = 57: sq. units

4. Question

Determine the area enclosed by curve y=x3, and the lines y=0, x=2 and x=4.
Answer

Given the boundaries of the area to be found are,

* The curve y = X3

* The y= 0, x-axis

* X = 2 (a line parallel toy-axis)

* x = 4 (a line parallel toy-axis)

x=2 x.——.ﬂ._lu'll
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As per the given boundaries,

\
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* The curvey = x3 is a curve with vertex at (0,0).

* x=2 is parallel toy-axis at 2 units away from the y-axis.
* x=4 js parallel toy-axis at 4 units away from the y-axis.
* The four boundaries of the region to be found are,

«Point A, where the curve y = X3 and x=2 meet.

«Point B, where the curve y = 33 and x=4 meet.
*Point C, where the x-axis and x=4 meet i.e. C(4,0).

*Point D, where the x-axis and x=2 meet i.e. D(2,0).



Area of the required region = Area of ABCD.
4

4
Area of ABCD = J-ydx = J-xg dx
2 2

= [xax= H = 2[00
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[Using the formula [ xdx =
n+1

1 1 1
= —(4*—2%) = — (256 — 16) = - (240
2 ( )= ( ) = 5 (240)

= 60 sq. units
The Area of the required region = 60 sq. units.

5. Question

Determine the area under the curve y=ﬁ, included between the lines x=0 and x=4.
Answer

Given the boundaries of the area to be found are,

* The curve y = /g2 — x2

* x = 0 (y-axis)

* x = 4 (a line parallel toy-axis)

Here the curve, y = /g2 — x2, can be re-written as

This equation (1) represents a circle equation with (0,0) as center and, a units as radius.

As x and y have even powers, the given curve will be about the x-axis and y-axis.
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As per the given boundaries,

* The curvey = +fa? — x2 is a curve with vertex at (0,0).

* x=4 js parallel toy-axis at 4 units away from the y-axis. (but this might not really effect the boundaries as
the value of ‘a’ in the equation is unknown.)

* x=0 is the y-axis.

Area of the required region = Area of OBC.
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Area of OBC = J-ydx=J-\fa2 — x2dx
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[Using the formula, [ /a2 — xZ dx = @4_ %2 sin~1 G)]

avaz — a2+ a (a) Va2 — 02 . a (0)
= 5 5 sin ()| - 5 sin

a* (m na’
-5 (5)- 0=

[sin"}(1) = 90° and sin"1(0) = 0° ]
The Area of the required region = T—:z $q.units

6. Question

Using integration, find the area of the region bounded by the lines 2y=5x+7, the x-axis and the lines
2y=5x+7, the x-axis, and the lines x=2 and x=8.

Answer

Given the boundaries of the area to be found are,
* The line equation is 2y = 5x + 7

* The y= 0, x-axis

* X = 2 (a line parallel toy-axis)

* x = 8 (a line parallel toy-axis)

x=2 x=§
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As per the given boundaries,

* The line 2y = 5x + 7.

* x=2 is parallel toy-axis at 2 units away from the y-axis.
* x=8 is parallel toy-axis at 8 units away from the y-axis.
* y = 0, the x-axis.

* The four boundaries of the region to be found are,
*Point A, where the line 2y = 5x + 7 and x=2 meet.

*Point B, where the line 2y = 5x + 7and x=8 meet.



*Point C, where the x-axis and x=8 meet i.e. C(8,0).
*Point D, where the x-axis and x=2 meet i.e. D(2,0).
The line equation 2y = 5x + 7 can be written as,

Ex+7
Y=

Area of the required region = Area of ABCD.

8 8

5x +7
Area of ABCD = J-yd}{:f 2 dx
2 2

a _
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[Using the formula [ x"dx = %Jr: and [ cdx = cx]
n

=%[[5 (%)—i— 56]— [10 + 14]} = % [(5x32)+ 56 —24] = % (160 + 32)

1
= - (192) =96
> (192)

The Area of the required region = 96 sq. units.

7. Question

Find the area of the region bounded by the curve y?=4x and the lines x=3.
Answer

Given the boundaries of the area to be found are,

* The parabola y? = 4x

* x = 3 (a line parallel toy-axis)

Xx=3

As per the given boundaries,

* The curve y2 =4x with vertex at (0,0), has only the positive numbers as y has even power, so it is about
the x-axis equally distributed on both sides.



* x= 3 are parallel toy-axis at 3 units from the y-axis.

* The boundaries of the region to be found are,

*Point A, where the curve y* = 4x and x=3 meet when vy is positive.
*Point B, where the curve y? = 4x and x=3 meet when vy is negative.
*Point C, where the x-axis and x=3 meet i.e. C(3,0).

*Point O, the origin.

Area of the required region = Area of OAB

Area of OAB = Area of OAC + Area of OBC.

[area under OAC = area under OBC as the curve y2 = 4x is symmetric]

Area of OAB = 2 X Area of OAC
3 3

Area of OAB = nyd}{: fo,@dx
4] 4]

3 3

3 3 3
x2z 2x2
= II'_ = _ = —_—
4J-\,xdx 4 3 4 3
0 2 1] 1]
[Using the formula [ x"dx = Gty
n+1
()7 _2(0)2
2(3)z 2(0)z 8
=4 - = - (3V3)=8V3
3 3 3 (3V3) = 8

The Area of the required region = 8/3 . units

8. Question

> >
Evaluate the area bounded by the ellipse X_ T‘_ — 1 above the x-axis.
4

Answer

Given the boundaries of the area to be found are,
* The ellipse, x_2+ Y _ 1
4 9

* y = 0 (x-axis)

From the equation, of the ellipse

* the vertex at (0,0) i.e. the origin,

* the minor axis is the x-axis and the ellipse intersects the x- axis at A(-2,0) and B(2,0).

* the major axis is the y-axis and the ellipse intersects the y- axis at C(3,0) and D(-3,0).



As x and y have even powers, the area of the ellipse will be symmetrical about the x-axis and y-axis.

'I.-?Z

2
Here the ellipse, 2 + ¥ _ 1, can be re-written as
4

9
l.2
2=9(1-=—

As given, the boundaries of the re to be found will be
* The ellipse, y = g /4 — x? with vertex at (0,0).

¢ The x-axis.

Now, the area to be found will be the area under the ellipse which is above the x-axis.

Area of the required region = Area of ABC.

Area of ABC = Area of AOC + Area of BOC

[area of AOC = area of BOC as the ellipse is symmetrical about the y-axis]

Area of ABC = 2 Area of BOC

2 2
3 ——
Area of ABC = nyd}{: ZJ-EV-’}— x2dx
0 0

2 2
A 2 .
E— W4 — x 4 X
= 3[‘\!’(2)2_ x2dx = 3|:f+ E SiIl_l(—)l
0 0

[Using the formula, [ \/aZ — xZ dx = @4_ %2 sin-1 G)]

2y4—22 4 2 Ovaz—02 4 (0
=3|———+ 5 sin” (—) -3|———+ - sin” (—)
2 2 2
m
=3 x2(3)-300+0) = 3r

[sin"}(1) = 90° and sin"}(0) = 0° ]
The Area of the required region 3m sq. units

9. Question



Using integration, find the area of the region bounded by the lines y=1|x+1|, x=-2, x=3 and y=0.
Answer

Given the boundaries of the area to be found are,

* The line equationisy =1 + |x+1]|

* The y= 0, x-axis

* x = -2 (a line parallel toy-axis)

* x = 3 (a line parallel toy-axis)

y=0

F=(-1,0)

Consider the given line is

y =1+ |x+1]

this can be written as

y =1 +(x+1), when x+1=0 (or) y = 1 -(x+1), when x+1<0

y =x+2, whenx=-1(or)y =y = -x, when x<-1----(1)

Thus the given boundaries are,

* Theliney =1 +|x+1|.

* x=-2 is parallel toy-axis at -2 units away from the y-axis.
* x=3 is parallel toy-axis at 3 units away from the y-axis.
* y = 0, the x-axis.

The four vertices of the region are,

*Point A, where the x-axis and x=3 meet i.e. A(3,0).
*Point B, where the liney = 1 +|x+1| and x=3 meet.
*Point C, where the liney = 1 +|x+1| and x=-2 meet.
*Point D, where the x-axis and x=-2 meet i.e. D(-2,0).
Area of the required region = Area of ABCD.

From (1) we can clearly say that, the area of ABCD has to be divided into twopieces i.e. area under CDFE and
EFAB as the line equations changes at x = -1.

-1 3 -1 3
Area of ABCD = J-ydx + J-ydx = J-(—x)dx + J-(x+2)dx
-2 -1 -2 -1

- j-l(x)dx + f(x+ 2)dx =

-2 -1

L (E)-2 ],



[Using the formula [ x"dx = % and [ cdx = cx]
n

TSR e ) ]
P R -

The Area of the required region = % sg. units.

10. Question

Find the area bounded by the curve y=(4—x2), the y-axis and the lines y=0,y=3.
Answer

Given the boundaries of the area to be found are,

« The curve y = 4-x2

* The y-axis

ey =0 (x - axis)

* y = 3 (a line parallel to x-axis)

Consider the curve,

y = 4-x2
4-y
x= JE—y (1)
y=0 D=(2,0)

About the area to be found,

« The curve y = 4 - X2, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both S|des

e From (1) as, x = ,/4 — y, the curve has its vertex at (0,4) and cannot gebeyond y = 4 as the value of x
cannot be negative and imaginary.

* y= 0 is the x - axis
e y =3 is parallel to x-axis which is 3 units away from the x-axis.
The four boundaries of the region to be found are,

*Point A, where the x-axis and x = VM, — y meet i.e.
C(-2,0).

*Point B, where the curve x = Ji—y and y=3 meet where x is negative.



*Point C, where the curve x = vh‘} — y and y=3 meet where x is positive.

*Point D, where the x-axis and x = Ji—y meet i.e. D(2,0).

Area of the required region = Area of ABCD.
3

3
Area of ABCD = J-xdy=f\f4—ydy
0 0

5] ke,

3

[Using the formulaf x*dx = ’::r:]

=—§[(4—3)§— (4- 072 = —2[1—(22%]:—%(1—3)

2 14
= — — —7 = —

3 =7 3
The Area of the required region = ? sq.units
11. Question

Using integration, find the area of the region bounded by the triangle whose vertices are A(-1, 2), B(1,6) and
C (3,4)

Answer
Given,

* A(-1,2), B(1,6) and C (3,4) are the 3 vertices of a triangle.

B =(1,6)
C=(34
__/-’F/-!f
A=(-12) =
@ L
E=(-1,0) D=(1,0) F=(30)

From above figure we can clearly say that, the area between ABC and DEF is the area to be found.

For finding this area, we can consider the lines AB, BC and CA which are the sides of the given triangle. By
calculating the area under these lines we can find the area of the complete region.

Consider the line AB,

If (x3.Y1) and (xp, yp) are two points, the equation of a line passing through these points can be given by

y—n X— X

Y2 =W X=Xy

Using this formula, equation of the line A(-1,2) B =(1,5)

y=(2) x-(-1)
5—2  1-—(-1)




y—(2) x+1

3 2
3(-+1)+2 3x+3+4 3x+47
y=3Ww = > 2
3x+7
Y=

Consider the area under AB:

B=(1,8)

A=(-12)

® &
E={-1,0) D=(1,0)

From the above figure, the area under the line AB will be given by,

1 13x+7
A?‘eaofABEL'i:J-ydx:J- ( 2 )dx
-1

-1

fll(3'+7)d' HESNPA |

= .2 X 1—2 > 1_1

[ using the formula,_[x“dx = %Jr: andfcdx = cx]
n

1 ([3(1)? 3(—1)2
o[ o)

BB -

=7

Area of ABDE = 7 sqg. units. ---- (1)
Consider the line BC,
Using this 2-point formula for line, equation of the line B(1,5) and C (3,4)

y=(0) x-(1)
4—5  3—(1)

y—(5) x-1
-1 2
1(1 )45 1—x+10 11—x
y=3 X = 2 2
11 —x
Y=

Consider the area under BC:



B =(1,6)

C=(3.4)

&
D=(1,0) F=(3,0

From the above figure, the area under the line BC will be given by,

Areaof BCDF = J-

: r11—x
ydx=f( )dx
1 1 2

31 1 ¥
= | c(11-x)de= - |11x -
J-lz( x) dx 2[ X == 1

[ using the formula, [ x*dx = %Jr: and [ cdx = cx]
n

- {[ne-Z- [uw-Z)
-3 {3l -2 [5)-G)

57—21] 36
=5 =

T2
Area of BCFD = 9 sq. units. ---- (2)

Consider the line CA,

Using this 2-point formula for line, equation of the line C(3,4) and A(-1,2)

y—(4  x—-(3)

2—-4  —1—(3)

vy—(4) x—-3

-2 —4
1[:_ 3)+ 4 x—3+48 x+5

y=34 ST 2 T2
x+5

y=m

Consider the area under CA:

C=(3.4)
@
A=(-1,2)
@
E=(-1,0) F=(3.0)

From the above figure, the area under the line CA will be given by,



3 Px+5
Area of ACFE = J- ydx = J- ( 5 )dx
-1 -1

= J-_a %[x—l— 5)dx = %[(2—2)—1— 5xr
[ using the formula, [ x"dx = % and [ cdx = cx]
%) [5re]

2+ 5] B3l = 2 [3) - (3)

39—9] 48
=5 =

2
Area of ACFE = 12 sq.units ---- (3)

If we combined, the areas under AB, BC and AC in the below graph, we can clearly say that the area under
AC (3) is overlapping the previous twoareas under AB & BC.

B=(1.5)
A
- C=(3,4)
A=(-1,2)
& o
E={-1,0) D=(1.0) F=(30)

Now, the combined area under the rABC is given by
Area under rABC

=Area under AB + Area under BC - Area under AC
From (1), (2) and (3), we get

Area under rABC =7 + 9 -12

=16 - 12 = 4 sq. units.

Therefore, area under rABC = 4 sqg.units.

12. Question

Using integration, find the area of AABC, the equation of whose sides AB,BC and AC are given by
Y=4x+5,x+y=5 and 4y=x+5 respectively.

Answer

Given,

* ABC is a triangle

* Equation of side ABof y =4x + 5

* Equation of side BCof x +y =5

* Equation of side CA of 4y = x+5

By solving AB & BC we get the point B,



AB:y =4x+5,BC:y = 5-x

4x + 5 = 5-x

5x=0

x=0

by substituting x = 0 in ABwe gety =5
The point B = (0,5)

By solving BC & CA we get the point C,
AC: 4y = x+5, BC:y = 5-x

4y - 5 = 5-y

5y =10

y=2

by substitutingy = 2in BCwe getx =3
The point C = (3,2)

By solving AB & AC we get the point A,
AB:y =4x+5,AC: 4y = x+5

16x + 20 = x+5

15x = -15

x=-1

by substituting x =-1in ABwegety =1
The point A = (-1,1)

These points are used for obtaining the upper and lower bounds of the integral.

From the given information, the area under the triangle (colored) can be given by the below figure.

From above figure we can clearly say that, the area between ABC and DEF is the area to be found.

For finding this area, the line equations of the sides of the given triangle are considered. By calculating the
area under these lines we can find the area of the complete region.

Consider the line AB, y = 4x+5

The area under line AB:



v =4x + 5

B =(0,5)

A=(-1,1)

.
F = (0, 0)
D=(-1, Q)

From the above figure, the area under the line AB will be given by,

0 0
Area of AB = J- Vap dx = J- (4x+ 5) dx
-1 -1

1] 4){:2
=J- (4x+5)dx = |[—+ 5x
1 2 .

[ using the formula, _[ x"dx = %Jr: and f cdx = cx]
n

= {[2(0%) + 5(0)] - [2(-1* + 5 (-1)]}
=(0)-(2-5)=0+3=3

Area under AB = 3 sqg. units. ---- (1)
Consider the line BC, y = 5-x

Consider the area under BC:

@
F=(0,0) E=(3,0)

From the above figure, the area under the line BC will be given by,

3

3
A?‘eaofB(.":J-yﬁcdx: J- (5—x)dx
0 0

213

= J:(B—x)dx= [51‘—% i

[ using the formula, _[ x"dx = %Jr: and f cdx = cx]
n

3)? 0)2
-2 0-2]



{[15 9 0} 30—9 21
N 2 22

Area under BC = % sg. units. ---- (2)

Consider the line AC, y = ; (x +5)

Consider the area under AC:

C=(32)
s
>
A=(-1,1)
) N __,_,_,—'—"‘.
- = ® e
E=(3,0)
D =(-1,0)

J

From the above figure, the area under the line AC will be given by,

3 3 /x+5
Area of ACFE = J- Vac dx=J- ( 2 )dx
-1 -1

Lieroa-i[G)s]
Sl ol [ esen]
SN FH GRS

1[39—9] 48 .
4l 2 1 8

Area under AC = 6 sq.units ---- (3)

If we combined, the areas under AB, BC and AC in the below graph, we can clearly say that the area under
AC (3) is overlapping the previous twoareas under AB & BC.

D= (-1, 0)

Now, the combined area under the rABC is given by
Area under rABC

=Area under AB + Area under BC - Area under AC



From (1), (2) and (3), we get
21
Ares under AABC = 3 + 5 6

6+21-12 21—-6 15

2 22

Therefore, area under rABC = % sg.units.

13. Question

Using integration, find the area of the region bounded between the line x=2 and the parabola y?=8x.
Answer

Given the boundaries of the area to be found are,

* The parabola y? = 8x

* x = 2 (a line parallel toy-axis)

x=2

As per the given boundaries,

* The curve y2 =8x, has only the positive numbers as y has even power, so it is about the x-axis equally
distributed on both sides as the vertex is at (0,0).

e x= 2 is parallel toy-axis which is 2 units away from the y-axis.

The boundaries of the region to be found are,

*Point A, where the curve y2 = 8x and x=2 meet which has positive y.
+Point B, where the curve y2 = 8x and x=2 meet which has negative y.
*Point C, where the x-axis and x=2 meeti.e. C(2,0).

Area of the required region = Area under OACB.

But,

Area under OACB = Area under OAC + Area under OBC

This can also be written as,

Area under OACB = 2 x Area under OAC

[area under OAC = area under OBC as AOB is symmetrical about the x-axis.]

2
Area of OACB = Zj-ydx= Zj-\,@dx
0



2
X
=2><2\,*'§J-\,@dx= 4\.@ ?
o i o 0

[Using the formula [ x"dx = XT:]
n

5

(2)% (0)3 2/2 32
=82 53 ZB”Z(T)Z(?)

The Area of the required region = % sq. units

14. Question

Using integration, find the area of region bounded by the line y-1=x, the x-axis, and the ordinates x=-2 and
xX=3.

Answer
Given the boundaries of the area to be found are,
* The line equationisy = x +1

* The y= 0, x-axis

* X = -2 (a line parallel toy-axis)

* x = 3 (a line parallel toy-axis)

Thus the given boundaries are,

* The liney = x+1.

» x=-2 is parallel toy-axis at 2 units away from the y-axis.
* x=3 is parallel toy-axis at 3 units away from the y-axis.
* y = 0, the x-axis.

The four vertices of the region are,

*Point A, where the line y = x+ and x=3 meeti.e. A(3,4).
*Point B, where the liney = x +1 and x=-1 meet i.e.
B(-2,-1).

*Point C, where the x-axis and x=-2 meeti.e. C (-2,0).
*Point D, where the x-axis and x=3 meet i.e. D(3,0).

Area of the required region = Area of ABCD.



From (1) we can clearly say that, the area of ABCD has to be divided into twopieces i.e. area under CBE and
ADE as the line equations changes the sign of x.

So the equation AB becomes negative between after it crosses the point E.
-1

Area of ABCD = J-—ydx+ J-de— J-(x+l)dx— J-(x+1)dx

-2
3 -1

= J-(x+ 1)dx—J-[x+ 1) dx

-1 -2

-[5)+] 16,

[Using the formula _[ x"dx = i and _[ cdx = cx]

G)el-E )::”H 1(55)+ o)
()]

== -(50)- ()

17
2

= 8.5

The Area of the required region = 8.5 sqg. units.

15. Question

Sketch the region lying in the first quadrant and bounded by y=4x2, x=0,y=2 and y=4. Find the area of the
region using integration.

Answer

Given the boundaries of the area to be found are,
* The curve y = 4x2

ey =0, (x-axis)

ey = 2 (a line parallel to x-axis)

* y = 4 (a line parallel to x-axis)

» The area which is occurring in the 15t quadrant is required.

As per the given boundaries,

* The curve y = 4x2, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both sides.



* y= 2 and y=4 are parallel to x-axis at of 2 and 4 units respectively from the x-axis.

As the area should be in the 15t quadrant, the four boundaries of the region to be found are,
*Point A, where the curve y = 4x2 and y-axis meet i.e. A(0,4)

*Point B, where the curvey = 4x2 and y=4 meeti.e. B(1,4)

*Point C, where the curve y = 4x2 and y=2 meet

*Point D, where the y-axis and y=2 meeti.e. D(0,2).

Consider the curve, y = 4x2

Now,

Area of the required region = Area of ABCD.

4

4
Area of ABCD = J-xdy= EJ-V‘de
2 2

34-

1|yz 1 z[gr
= — | — = — ¥ — 2
2|3 2 73|
2 1,

[Using the formulaf x"dx = iy

n+1

173 3 1
== 4‘—2‘)=— 8—2v2
3(2 )= 3 (E-2)

(8-2vZ

The Area of the required region = (8-2v2) sq. units
3

16. Question

Sketch the region lying in the first quadrant and bounded by y=9x2, x=0, y=1 and y=4. Find the area of the
region, using integration.

Answer

Given the boundaries of the area to be found are,
* The curve y = 9x2

* x =0, (y-axis)

* y =1 (a line parallel to x-axis)

* y = 4 (a line parallel to x-axis)

* The area which is occurring in the 15t quadrant is required.



\..a (0,4) j 3 i
-
o\ D r C y=1

As per the given boundaries,

* The curve y = 9x2, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both sides.

* y=1 and y=4 are parallel to x-axis at of 1 and 4 units respectively from the x-axis.

As the area should be in the 15t quadrant, the four boundaries of the region to be found are,
«Point A, where the curve y = 9x2 and y-axis meet i.e. A(0,4)

«Point B, where the curve y = 9x% and y=4 meet

«Point C, where the curve y = 9x2 and y=1 meet
*Point D, where the y-axis and y=1 meet i.e. D(0,1).

Consider the curve, y = 9x2

Now,

Area of the required region = Area of ABCD.

4
Area of ABCD = J-xdy =

1

L] =

4
fﬁ dy
1

n+i1

]

[Using the formulaf x"dy = =
n+1

2 (45 1 ) Zg—1)= 2
T9\*T )79 79
The Area of the required region = ? sq. units

17. Question

Find the area of the region enclosed between the circles X +y2=1 and (x-1)2+y2=1
Answer

Given the boundaries of the area to be found are,

« First circle, x2 + y2 = 1 ---(1)

« Second circle, (x-12 + y2 = 1 — (2)



From the equation, of the first circle, x2 + y2 = 1

* the vertex at (0,0) i.e. the origin

* the radius is 1 unit.

From the equation, of the second circle, (x-1)2 + y2 =1

* the vertex at (1,0) i.e. the origin

* the radius is 1 unit.

Now to find the point of intersection of (1) and (2), substitute y2 = 1-x2 in (2)
(x-1)? + (1-x*) =1

X2 +1-2x+1-x2=1

wl

Substituting x in (1), we get y = +*

~ |

So the two points, A and B where the circles (1) and (2) meet are 4 = G ";) and B = G , _”?E)

The line connecting AB, will be intersecting the x-axis at p = GO)

As x and y have even powers for both the circles, they will be symmetrical about the x-axis and y-axis.
Here the circle, X2 + y2 = 1, can be re-written as

};221_1-2

¥ Eyr=1

I Qe ———

B

Now, the area to be found will be the area is

Area of the required region = Area of OABC.

Area of OABC = Area of AOC + Area of BOC

[area of AOC = area of BOC as the circles are symmetrical about the y-axis]
Area of OABC = 2 x Area of AOC

Area of OABC = 2 (Area of OAD + Area of ADC)

[area of OAD = area of ADC as the circles are symmetrical about the x-axis]
Area of OABC = 2 (2 x Area of ADC)

Area of OABC = 4 x Area of ADC



Area of ADC is under the first circle, thus:p = \;(1 — x2)is the equation.

1 1
Area of OABC = 4J-ydx=4f\;1— x2dx
1 1

z

Bal

1

1
2

Wiz x2+ 1sin‘l(f) 1
2 2 1

[Using the formula, [ \aZ — xZ dx = #_,_ ﬂ; sin—1 G)]

1 1 1
— — =2
Wi—-12 1 21— (3)7 1 5
— 4|+ —sin ()| -4[N—"F 1 Zsint| &
[ 5 25111 ()] > 25111 1
3
v
m R V3 oom 21 V3
=4(0+-)-4| =+ |=n-|=+2)==>——
( 4) 2 2(6) g (2 3) 3 2

[sin"}(1) = 90° and sin‘li = 30°]

The Area of the required region = (23—7— "?3) sg. units

18. Question

Sketch the region common to the circle x2+y2=16 and the parabola x2=6y. Also, find the area of the region,
using integration.

Answer

Given the boundaries of the area to be found are,
* the circle, X2 + y? = 16 ---(1)

* the parabola, X2 = 6y ---- (2)

From the equation, of the first circle, x2 + y2 = 16
* the vertex at (0,0) i.e. the origin

* the radius is 4 unit.

From the equation, parabola, x2 = 6y

* the vertex at (0,0) i.e. the origin

* Symmetric about the y-axis, as it has the even power of x.
Now to find the point of intersection of (1) and (2), substitute x¢ = 6y in (1)
6y + y2 =16

y2 + 6y -16=0

6+ J6Z—4(1)(—16) —6+36F64 —6+VI00 —6+10
y= 2(1) = 2 = 2 2

y=2(or)y =-8



as x cannot be imaginary, y = 2
Substituting x in (2), we get x = £ 2V3

So the two points, A and B where (1) and (2) meet are A = (2v3,2) and B = (-2V3,2)

C (0,4)
P—

A (2v3,2)

'
i
1l
1
1
&
D

‘1
)

(2v3,0)

As x and y have even powers for both the circle and parabola, they will be symmetrical about the x-axis and
y-axis.

Consider the circle, X2 + y2 = 16, can be re-written as
y2 =16 — x?

y= JE= ¥ 0)

Consider the parabola, x2 = 6y, can be re-written as

Let us drop a perpendicular from A on to x-axis. The base of the perpendicularis D = (2V 3, 0)
Now, the area to be found will be the area is
Area of the required region = Area of OACBO.
Area of OABCO= Area of OCAO+ Area of OCBO
[area of OCBO= area of OCAOQas the circle is symmetrical about the y-axis]
Area of OACBO= 2 x Area of OCAO---- (5)
Area of OCAO= Area of OCAD - Area of OADO
Area of OCAOQis
243 243

1
Al'eaofOCA[):J- J16 —x2dx — EJ- x?
0 0

xV16 — x'?_l_ 16 _l(x) e
2 2 0 9| T3

2z n+i

[Using the formula, [ \/aZ — xZ dx = @4_ % sin~! (E) and [ x"dx = =]
a




213 [16— (2V3)? 2V3 V16— 02 0
= + 8 sin? | i + 8 sin™?! (E)

2 2

1 [(2\,@)3 _(0?

6| 3 3
24316 — 12 /3 1 [48y3
- [[%+ 8 snrl(‘?)l — [0+ 8 sin—l(o)]]— = [ ; - 0]

wil

[sin}(1) = 90° and sin~* £ = 60°]

™|

(e Q-0 5] - 5 50T

The Area of OCAO= (SHTQ”E) sq. units

Now substituting the area of OCAQin equation (5)
Area of OACBO= 2 x Area of OCAO

. (an + 2»@) 16T + 43
N 3 B 3

16m+44/3

Area of the required region is sq. units.

19. Question

Sketch the region common to the circlex?+y2=25and the parabola y2=8x. Also, find the area of the region,
using integration.

Answer

Given the boundaries of the area to be found are,

« the circle, X2 + y2 = 25 (1)

« the parabola, y? = 8x - (2)

From the equation, of the first circle, x2 + y2 = 25

* the vertex at (0,0) i.e. the origin

* the radius is 5 units.

From the equation, of the parabola , y2 = 8x

* the vertex at (0,0) i.e. the origin

* Symmetric about the x-axis, as it has the even power of y.
Now to find the point of intersection of (1) and (2), substitute y? = 8x in (1)
x? + 8x = 25

x2 + 8x-25=0

~ —8+.,/82—-4(1)(-25) -8B+ 64+100 —8+2V4l
*= 2(1) - 2 -T2

as y cannot be imaginary, we reject the negative value of x

SOx = —4++/41



So the two points, A and B are the points where (1) and (2) meet.
The line AB meets the x-axis at D = [(V41 -4),0]

Substitutey = 0 in (1),

x2+0=25

X =*5

So the circle intersects the x-axis at C(5,0)and E(-5,0)

X2+ y2=25

As x and y have even powers for the circle, they will be symmetrical about the x-axis and y-axis.

Consider the circle, x2 + y2 = 25, can be re-written as

y? =25 —x*°
y= (25— x2)-— (3)

Consider the parabola, y2 = 8x, can be re-written as

Now, the area to be found will be the area is

Area of the required region = Area of OACBO.

Area of OABCO= Area of OCAO+ Area of OCBO

[area of OCBO= area of OCAOQas the circle is symmetrical about the y-axis]
Area of OACBO= 2 x Area of OCAO---- (5)

Area of OCAO= Area of OADO+ Area of DACD

Area of OCAOis

f—

Vai-a

Area of OCAO = J- VBxdx — J- V25 —x2dx
0 e

v41—4
3 l,."ﬁ—ﬂl- -
5 ral — ¥ 2
X2 xy25 — x 25 X
— 27|22 _ e Y
=242 § [ 5 + 5 sin (5)1 _
2 1, Val—4

2z n+i

[Using the formula, [ \/aZ — xZ dx = @4_ % sin~! (E) and [ x"dx = J;+1
a

Letv4l-4 =a



4\.2
3 32
5\;25—52_'_25 . _1(5) a\-25—t12+25 . _1(a)
> 2 sin 5 5 5 5in 3

42 avz2b— a 25 a
= ; az —0] [[0+ — sin~ 1(1)] [¥7+ > sin‘l(—)

[sin"l(1) = 90° and sin"1(0) = 0°]

42 av2k—a 25 a
S o)l 2O [P B

4\.2 [ ] [25]’[] a\.25— a? N 25 _l(ﬂ:)
= H — —
d 2 sin 5

The Area of OCAO= ‘J“’z [ ]— [zﬂ] [E-‘r % sin~! G)] sg. units, where a = V41 - 4

Now substituting the area of OCAQin equation (5)
Area of OACBO= 2 x Area of OCAO

4\.2 [ ] [25]’[] a\.25— a2 N 25 _l(ﬂ:)
2 —_— —
d 2 sin 5

8\'2 [az ] [ a\f /25 — a% + 25 sin™! (g)]

Area of the required region is%E [32] [2” + [a\,’25 — a2 + 25 sin?! (E)] sg. units, where a = v41 - 4
20. Question

Draw a rough sketch of the region {(x y} y < 3x.3x +3y2 < 16}and find the area enclosed by the
region, using the method of integration.
Answer

Given the boundaries of the area to be found are,
R = {(x,y): y? = 3x, 3x2 + 3y2 < 16}

This can be written as

Ry = {(x,y): y% = 3x}

Ry = {(x,y): 3x2 + 3y? < 16}

Then Arearequiredis = R;NR,

From Ry, we can say that, y2 = 3x is a parabola
y2 = 3x - (1)

* With vertex at (0,0) i.e. the origin

* Symmetric about the x-axis, as it has the even power of y

From Ry, we can say that, 3x2 + 3y2 = 16 is a circle

3x2 4+ 3y2 = 16 - (2)



* the vertex at (0,0) i.e. the origin
* the radius ofiE units
J
Now to find the point of intersection of (1) and (2), substitute y? = 3x in (2)

3x2 + 3(3x) = 16

3x2 4+ 9x -16=0

_ _giVI92_4(3)[:_16) —94+481+192 —-9x+273
*= 2(3) - 6 -6

as y cannot be imaginary, we reject the negative value of x

S0 y — —94+/273

So the two points, A and B are the points where (1) and (2) meet.

The line AB meets the x-axis at D = (_9+ V273 0)

Substitutey = 0in (2),

3x2+0 =16

x= =+

-
ol =

2,0)and E = (- %,0)

So the circle intersects the x-axis at £ = (
W

v

I+ 3yt =16

As x and y have even powers for the circle, they will be symmetrical about the x-axis and y-axis.

Consider the circle, 3x%2 + 3y? = 16, can be re-written as

Consider the parabola, y2 = 3x, can be re-written as
y = 3x - (4)
Now, the area to be found will be the area is

Area of the required region = Area of OACBO.
Area of OABCO= Area of OCAO+ Area of OCBO



[area of OCBO= area of OCAOQas the circle is symmetrical about the y-axis]
Area of OACBO= 2 x Area of OCAO---- (5)

Area of OCAO= Area of OADO+ Area of DACD

Area of OCAOis

—_—

—944/273

(5]
Area of OCAO = J- V3xdx+
4]

=9+ 273
376 6,
x2 3
=3
=13 3 + 5 +
24
. 1+l
[Using the formula, [ \/g2 — x2 dx = x
n+1

Let —G+4/273 _

-
=—|az- 02
4 |16
N (r)z 16 2
+ 5 +%sm ! E
V3
aJ%— (a)? 16 a
e
2 4
V3

2;’5(&2) [0+ — sin” 1(1)] l 3 (@ + E sin 1(@)

[sin"}(1) = 90° and sin"1(0) = 0°]

2;’5( a) 16 ] l [ — (a)? . Esm 1(»@1)

az Z
=T@(ai [4H] I N (o - —5111 1(\}2&)

= o2 a |—-— (a) = ==
The Area of OCAO= -*3 (ai) + [E] - [“ g sin™! (:ﬁ) sqg. units, where g = %

Now substituting the area of OCAQin equation (5)



Area of OACBO= 2 x Area of OCAO

16 ]
2\,@( 3)+ [4;1] a3~ (a) N 8 _ (V3a
3 3 2 35\

az

4»@( g) [an] 16 (a)2 16 (V3a
= 3 az 3 a 3 a 3 sin 2

. . . 3 2 T 3 . _ J
Area of the required region |s£(a5) — [S_T] —a fE_ (a)? — 16 gin~! ("_3") sq. units, where g = 9273
3 3 3 3 4 &

21. Question

Draw a rough sketch and find the area of the region bounded by the parabolas y?=4x and x2=4y, using the
method of integration.

Answer

Given the boundaries of the area to be found are,

« the first parabola, y2 = 4x ---(1)

« the second parabola, X2 = 4y ---- (2)

From the equation, of the first parabola, y2 = 4x

* the vertex at (0,0) i.e. the origin

* Symmetric about the x-axis, as it has the even power of y.
From the equation, of the second parabola, X2 = 4y

* the vertex at (0,0) i.e. the origin

* Symmetric about the y-axis, as it has the even power of x.

x2

Now to find the point of intersection of (1) and (2), substitute y = s in (1)

1'224_
7)) =¥

x4 = 64x

x(x3-64) =0

x=0(or)x=4

Substituting x in (2), wegety =0 (or)y =4

So the two points, A and B where (1) and (2) meet are A = (4,4) and O= (0,0)



Let us drop a perpendicular from A on to x-axis. The base of the perpendicularis D = (4, 0)
Now, the area to be found will be the area is

Area of the required region = Area of OBACO.

Area of OBACO= Area of OBADO- Area of OCADO

Area of OBACOis

4 4
1
Area of OBACO = J-Z\,@dx— EJ-xz
0 li]

4

3
21‘5 1[x3]
I ] 4[3 |,
2 1o

[Using the formula, [ x"dx = X

n+1

45— o8] - = 43— 0?
=3 [42 - 02] - — [4° - 0]

4 1
=3@8) - 5 (64

32—16 16

3 3

The Required Area of OBACO= (?) sg. units

22. Question

Find by integration the area bounded by the curve y?=4ax and the lines y=2a and x=0.
Answer

Given the boundaries of the area to be found are,

* The curve y2 = 4ax

* y = 2a (a line parallel to x-axis)



* x = 0 (y-axis)

y= 23

0O=(0,0)

As per the given boundaries,

* The curve y2 =4ax, has only the positive numbers as y has even power, so it is about the x-axis equally
distributed on both sides.

* y= 2a is parallel to x-axis with 2a units from the x-axis.

The boundaries of the region to be found are,
*Point A, where the curve y* = 4ax and y=2a meet i.e. A(2a,2a)

*Point B, where the curve y* = 4ax and y-axis meet i.e. B(0,2a)
*Point O, is the origin

Consider the curve y? = 4ax,

}J.E

= T

Area of the required region = Area of OBA.
2a 2av2

Area of OBA = J-xdy= J- :'dr—ady
0 0

1 Vg 2a

- @[’?

0

xl’t+J.

[Using the formula [ x"dx =
n+1

1 3 3
= 13z [2a)? — 0°]

8a® 24’

" 12a 3
The Area of the required region = QT“Z sq. units

23. Question

Find the area between the curve y=§ + jsinz %, the axis and the ordinates x=0 and x=m.

i

Answer

Given



. X .
* Curvelisy= —+ 2sin’ x

e x=0and
X =T

. X a . . . .
The given curve v = ;+ 2 sin? x is similar toy = sin? x.

Now consider the y values for some random x values between 0 and m for the function y = siréx.

X |y
0 0
T 1
6 |4
I 1
4 |2
T 3
3 |4
Tl
2

2w | 3
3 |4
I 0

From the table we can clearly draw the graph for y = §+ 2 sin? x



— 42 sin-la

A\
/

-
-
-
-
-
e
-
-

-

The required area under the curve is given by:
Trx

Area = J- [—+ 2 sin? x] dx
0 .r[

[using the property cos 2x = 1- 2sin? x]

17" ™1 —cos2x
=—J- [x]dx+2J-—dx
Ty o 2

1 (x? JT+2 1[.]rr 1[511121-]”
“n\z), R I B

[using the formula, [ x™dx = % and [ cosx dx = sinx]
n

= 1 _%_ % + 2 {%[n— 0] - %[31112(}1)— 51112(0)]}

=N

2 %l+ fix 0] — 2 [sm2(m] + 0]

- [g + {[n] - %[SinZ(H)]}

-[2]- 1o

[as sin m = 0, then sin 2t = 0]

. . . 37 .
Hence the required area of the curve y = §+ 2sin’x fromx = 0 to x=Tis = ?T sq. units.

24. Question

Find the area of bounded by the curve y=cos x, the x-axis and the ordinates x=0 and x=2m.
Answer

Given

e Curve isy = cos X

* X- axis

*x=0and

e X =21



The given curve is y = cos X.

Now consider the y values for some random x values between 0 and 2n for the function y = cos x.

X |Y
0 (1
m \E
6 |2
T 0
2

& | -1
3
“Tlo
2

2o |1

From the table we can clearly draw the graph for y = cos x

COslr)

-y

From the given curve, we can say that,

For0<x<%,y=cosx
For%c::x«:: ?,y=—cosx
For?{:xai 2T,y = Cos X

The required area under the curve is given by:

Area required = Area under of OA + Area of ABC + Area under AC



T 3w

- 2m
2 2

Arearequired = J- cosx dx + J- (—cosx)dx + J; cosx dx

T T

e 2z Z

= J- cosx dx — cosx dx + J- cosx dx

0 s 3n
T 3
= (sinx)] — (sinx)f + (sinx)%_j?r

2 2

[using the formula, [ cosx dx = sinx]

= [sing -sin 0] [5111— —5111—] [5111 2m — 51113—H
=[1-0]-[-1-1]+[0-(-D]=1+2+1=4

[as sin% =1,sin2n=0, 511132—’-r = —1,sin 0=0]

Hence the required area of the curve y = cos xfrom x = 0 to x=2m is 4 sg. units.

25. Question

Compare the areas under the curves y=cos?x and y=sin?x between x=0 and x=n.
Answer

Given

* First curve y = cos? x

* Second curve y = sin? x
*x=0

« X=T

Consider the curve y = cos? x

Now consider the y values for some random x values between 0 and T for the function y = cos? x.



X |Y
0 |1
I 3
6 |4
T 1
4 |2
T 1
3 |4
i 0
2

2w | 3
3 |4
o |1

2

From the table we can clearly draw the graph for y = cos* x

x=0 ¥ =17

:'A:,H-'lnf,.l'] (O)A Cm

The required area under the curve is given by:
T

Area required = J- cos?x dx
0

T , ™1+ cos2x
= Cos“x dx = —dx
4] 1] 2

[using the property cos 2x = 2 cos? x - 1]



sin 2;[]"
1]

1[_+
~ 3 2

[using the formula, [ cosx dx = sinx]

- % {[n —0] +1§[51112(n) — 51112(0)]}

{n+1 [0 0]} i
2 4 2
[as sin 2nm =0, sin 0 = 0]

Hence the required area of the curve y = cos? x from x = 0 to x=m is = %sq. units. ------ (1)

Consider the curve y = sin? x

Now consider the y values for some random x values between 0 and 1 for the function y = sir? x.

X |Y
0 0
I 1
6 |4
T 1
4 |2
m |3
3 |4
T
2

2w | 3
3 |4
o |0

From the table we can clearly draw the graph for y = sin? x



Dw

The required area under the curve is given by:
T

Arearequired = J- sinx dx
0

T T1—rcos2x
= J- sin?x dx = J- —dx
1] 1] 2

[using the property cos 2x = 1- 2 sin? x]

l[_ 51112;[]"
) A

[using the formula, [ sinx dx = cos x]

= % [[n —0] —%[sillz(n) - 51112(0)]}
- {g—%[o— 0]}

[as sin 2m = 0, sin 0 = 0]

2
Hence the required area of the curve y = sin? x from x = 0 to x=m is = %sq. units. ----- (2)

From (1) and (2), we can clearly state that, the areas under
y = cos? x and y = sin? x are similar which is = %sq. units.

26. Question

Using integration, find the area of the triangle, the equations of whose sides are y=2x+1, y=3x+1 and x=4.
Answer

Given,

* ABC is a triangle

* Equation of side ABofy =2x + 1

* Equation of side BC of y = 3x+1

* Equation of side CA of x=4

By solving AB & BC we get the point B,
AB:y=2x+1,BC:y=3x+1
2x+1=3x+1

x=0

by substituting x = 0in ABwegety =1
The point B = (0,1)



By solving BC & CA we get the point C,
AC:x=4,BC:y=3x+1

y=12+1

y =13

The point C = (4,13)

By solving AB & AC we get the point A,
AB:y=2x+1,AC:x=4

y=8+1

y=9

The point A = (4,9)

These points are used for obtaining the upper and lower bounds of the integral.

From the given information, the area under the triangle (colored) can be given by the below figure.

From above figure we can clearly say that, the area between ABC is the area to be found.
The required area is

Area of ABC = Area under OBCD - Area under OBAD

Now, the combined area under the rABC is given by

Area under rABC

=Area under AB + Area under BC - Area under AC

Area of the rABC=

4 4
Area of ABC = J- (3x + 1)dx — J- (2x+ L)dx
] ]
3x2 ]* Fﬂ r
= |[=—+x| —|=—+x
2 ] 2 ]

=H3f)—3f)]+H—oﬂ_ﬂ£—o]+m—on

3(

P99+ 4} ~ 161+ 1

=24+4-20=8



Therefore, area of the rABC is 8 sg.units.

27. Question

Find area of region {(xy) X2 < y< );}
Answer

Given,

cR={(xy): X =<y=x}

From the set we have the curve, y = Na— (1)
Also the line equation y = x ------ (2)

As per the given boundaries,

* The curve y =x2, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both sides.

* y = X is a line passing through the origin.

The boundaries of the region to be found are,

*Point A, where the curve y = ¥ and y=x meet, i.e. A (1,1)
*Point O, which is the origin

Drop a perpendicular D on the x-axis from A, where D = (1,0)
Now,

Area of the required region = Area of OPAQO.

Area of OPAQe+= Area of OPAD<- Area of OQADO

1 1
Area of OPAQO = J-ydx— J-y dx
i D

1 1
=J-xdx— J-xz dx

0 0
21, 5],

2 0 3 li]
[Using the formulajxndl- - xn“]

n+1

1 1 1 1 1
—_ 2_ n2y_ — I_p3y___ - _ =
=m0 =3 =00 =5-3=3

The Area of the required region = é 5q.units



28. Question

Find the area of the region bounded by the curve y?=2y-x and the y-axis.

Answer

Given the boundaries of the area O befound are,

« Curveis y2 = 2y - x

* Y-axis.

Consider the curve, y? = 2y -x

y2 - 2y = -x

by adding 1 on both sides

y2-2y +1=-(x-1)

(y-1)? = -(x-1)

From the above equation, we can say that, the given equation is that of a parabola with vertex at A(1,1)
Consider the line x = 0 which is the y-axis, now substituting x = 0 in the curve equation we get
y2-2y =0

y(y-2)=0

y =0 (or)y =2

So , the parabola meets the y-axis at 2 points, B (0,2) and +(0,0)

As per the given boundaries,

* The parabola y2 = 2y-x, with vertex at A(1,1).

* X= 0 which is the y-axis.

The boundaries of the region to be found are,

*Point A, where the curve y2 = 2y-x has the extreme end the vertex i.e. A(1,1)
*Point O, which is the origin

«Point B, where the curve y? = 2y-x and the y - axis meet i.e. B (0,2)

Consider the curve,

y?=2y-x



X =2y -y?
Area of the required region = Area of OBAO.

1

Area of OBAO = J-xdy
0

=f(2y— y*)dy

1 yal
3

2 4] 1]
[Using the formula [ x™dx = Eaite
n+1
1 1 2
=[1?-0*] -z [1°- 0°]=1—Z=
(1= 07— S [1P - 0*]=1-5=3

The Area of the required region = § 5Q. units

29. Question

Draw a rough sketch of the curves y=sin x and y=cos X, as x varies from 0 toE, and find the area of the
i ]

-

region enclosed between them and the x-axis.
Answer

Given

* First curve y = cos x

* Second curve y = sinx

e x=0

¥ =

ra | =

Consider the curves y = cosx and y = sin x

. T . .
Now consider the y values for some random x values between 0 andE for the functions y = cos x and y = sin
X.



y=cosX|Y=sinx

X |Y |X |Y
0 1 0 1
T3 |r o1
6 |2 |6 |2
m 1 il 1
4 |\V2 |4 |2
LN A
3 |2 3 |2
T lo |E |1
2 2

From the above table we can clearly draw the below graphs.

x=0 Xx=m/l2

cos(x)

sinfr)

The required area under the curve is given by:

Area of OAD = Area under the curve OA + Area under the curve AD

T T

4 2
Area required = J- Voa dx + J; Yap dX

0



{14 {14

I 2
= J- sinx dx + J- cosx dx
1]

T

T T

= [— cosx]g + [sinx];

E TS

[using the formula, [ cosx dx = sinx and [ sinxdx = — cosx]

= — [cos (9 — cos 0] + [sing — sing]

(1 1)+(1 1) 2 2 2— 42
- \2 v/ e oY

Thus the area under the curves y = cos x and y = sin x is 2 - V2 sq. units.

30. Question

Find the area of the region bounded by the parabola y2=2x+1 and the lines x-y=1.
Answer

Given the boundaries of the area O befound are,

e Curveis y2 = 2x +1

e Linex-y=1

Consider the curve

y2 =2x +1
(y—0)?=2 ( + 1)
_ — X —
y 2
This clearly shows, the curve is a parabola with vertex 4 (—g , 0)

Consider the curve, y2 = 2x +1 and substitute the line x = y +1 in the curve

yZ2 = 2(y+1) +1

y2 =2y +2 +1
y2 =2y +3
y2-2y-3=0

—(-2)+/(—2)2-4(1)(-3) 2+yE+12 2++16 2+4
V= Al = = =
a 2(1) - 2 o2 2

y=3(orn)y=-1
substitutingy in x-y =1
x=4(or)x=0

So, the parabola meets the line x-y =1 at 2 points, B (4,3) and C (0,-1)



A=(-05,0)

As per the given boundaries,

* The parabola y2 = 2x +1, with vertex at A(-0.5,0) and symmetric about the x-axis as y has even powers.
e Linex-y=1

The boundaries of the region to be found are,

«Point A, where the curve y? = 2x +1 has the extreme end the vertex i.e. A (-0.5,0)

«Point B, where the curve y2 = 2x +1 and the line x-y = 1 meet i.e. B (4,3)

«Point C, where the curve y?2 = 2x +1 and the line x-y = 1 meet i.e. B (0,-1) on the negative y

*Point D, where the line x-y = 1 meets the x-axis i.e. D(1,0)

Consider the curve,

y2 = 2x +1
2x=y2-1
oyt
¥

Consider the linex -y =1
x=y+1
Area of the required region = Area of ABDC

Area of ABDC = Area above CDB - Area above CAB

3 3
Area of ABDC = J-chgd}’— J-XABDCdy
-1 -1

f(yﬂ)dy——f(y - 1)dy

B

[Using the formula [ xdx =

[_+ y

xn+J.]

n+1

L GG FTC 1) S o £ GRS I R )]

=%[9—1]+ 4—%[%&” 1] - [4]]:3[81— 3{?— 41}



s 14+2 30—14 16
N 3 3 3

The Area of the required region = ? sq.units

31. Question
Find the area of the region bounded by the curve y=2x-x% and the straight line y=-x.
Answer

Given the boundaries of the area O befound are,

e Curveisy = 2x - X2

* Liney = -x

Consider the curve

y = 2X - X2

X2 2x =-y

adding 1 on both sides

x2 - 2x +1 = -(y-1)

(x-1)2 = ~(y-1)

This clearly shows, the curve is a parabola with vertex B (1,1)

Consider the curve, y = 2x - x%2 and substitute the line -x = y in the curve
X = 2X - X2
x2-2x-x=0
x2-3x=0

X(x-3) =0
x=3(or)x=0
substituting x iny = -x
y=-3(r)y=0

So, the parabola meets the line y = -x at 2 points, A (3,-3) and <(0,0)

Y==K B=(1,1)

As per the given boundaries,
e The parabolay = 2x - x2, with vertex at B(1,1).
e Liney = -x

The boundaries of the region to be found are,



Point A, where the curve y = 2x - X2 and the line y = -x meet i.e. A (3,-3)
*Point B, where the curve y = 2x - X2 has the extreme end the vertex i.e. B (1,1)

Point C, where the curve y = 2x - 2 and the line y= -x meet i.e. C (2,0)
*Point O, the origin
Area of the required region = Area of OACBO

Area of OACBO= Area under OBCA - Area under line OA

3 3
Area of OBCA = J-FOBCAdX - J-yDAdx
0 0

3

3
= J-Zx—xzdx—f(—x)dx
0 4]

3 3

=J-(2x—x2+x)dx= J-Bx—xzdx

4]
[31‘2 xgr
2 3 0

[Using the formula _[ x"dx =

0

xn+J.

]

3 1
-E -7} S - 0

1 81—-54 27

3
=3 (9) — 3 (27)

9
6 6 2

The Area of the required region = g 5Q. units

32. Question
Find the area of the region bounded by the curve (y-1¥=4(x+1) and the line y=x-1.

Answer

Given the boundaries of the area O befound are,
* Curveis (y-17 = 4 (x+1)
* Liney = x-1

Consider the curve

(y-1)? = 4 (x+1)
Substitutey = x-1

(x-1-1)% = 4(x+1)

(x-2)? = 4x+ 4
X2-4Xx + 4 =4x + 4
x2-8x=0

x(x-8) =0

x=8(or)x=0



substituting x iny = x-1
y=7(or)y=-1
So, the parabola meets the liney = x-1 at 2 points, D (8,7) and E (0,-1)

F(0.7)

¥y=-1P=4(x+1)

As per the given boundaries,

* The parabola (y-1)2 = 4 (x+1), with vertex at B(-1,1).

* Liney = x-1

The boundaries of the region to be found are,

«Point B, where the curve (y-1¥ = 4 (x+1) has the extreme end the vertex i.e. B (-1,1)
Point D, where the curve (y-1¥ = 4 (x+1) and the line y= x + 1 meeti.e. D (8,7)
*Point E, where the curve (y-1¥ = 4 (x+1) and the line y = x-1 meet i.e. E (0,-1)
*Point O, the origin

Consider the parabola,

(y-1)2 = 4(x+1)

-1 4
x= 4

Area of the required region = Area of EABCDE

Area of EABCDE = Area above line ED - Area above EABCD

7 7

Area of EABCDE = J-XED dy — J-XEABCD dy
-1 -1
7 7 ( 1)2 4
};_ —_
- Jorna - [( )
-1 -1

- ftyﬂ)dy— [ (=2 ey

-1

7 7
1
= [w+vay -5 [or-2v-3)ay
21 21



2

., AUs

[Using the formula [ x"dx =

}J.E
_2[_

7
-1

xl’t+J.

i

-7 - 0+ - )

101, ; , 2
-3 {5[7 - (=13 - [72 - (=13 - 3[7 - (—1)]}

= {% [48] + [g]} — % {% [344] — [48] — 3[8]}

24+ 8) {l[ae] [12] 32} 39 36, 1g_5o_ 36 _ 150-86
N 3 [2]j = 3 N 3 3
64
3

The Area of the required region = ? sq.units

33. Question

Find the area of the region bounded by the curve y=& and the line y=x.

Answer

Given the boundaries of the area O befound are,
* Curve isy = vx

* Liney =x

Consider the curve

2 _

Yy X

Substitute y = x

(x)? = x
x2-x=0
X(x-1) =0

x=1(or)x=0

substituting x iny = x

y=1(or)y=0

So , the parabola meets the line y = vx at 2 points, A (1,1) and «(0,0)



S

As per the given boundaries,

« The parabola (y)2 = x, with vertex at 0(0,0).

* Liney =x

The boundaries of the region to be found are,

«Point A, where the curve (y)?2 = x and the line y= x meet i.e. A (1,1)
*Point O, the origin

Now, drop a perpendicular B on the x-axis from A, the point will be B(1,0)
Area of the required region = Area of OPAQO

Area of OPAQ+= Area under OPAB - Area under OQAB

1 1
Area of OPAQO = J-yopAde - J-yDQAB dx
0 0

Il
e

-
]
=5
L

|

—_—

b
=R
]

3
X2 2" 273 3
== - |7 =§[1§—0§]——[12—0]
21
[Using the formula [ x"dx = rtH]
+1
2 1 4-3
=3 -— -

The Area of the required region = é 5q. units

34. Question

Find the area of the region included between the parabola y? =3x and the circle x2+y2-6x=0, lying in the
first quadrant.

Answer
Given the boundaries of the area to be found are,
* the circle, X2 + y2 - 6x = 0 -—-(1)

« the parabola, y2 = 3x - (2)



* Area under 15t quadrant.

From the equation, of the first circle, x2 + y2 - 6x = 0
x2-6x+9+y?2-9=0

(x-32+y2=9

* the vertex at (3,0)

* the radius is 3 units.

From the equation, of the parabola , y2 = 3x

* the vertex at (0,0) i.e. the origin

* Symmetric about the x-axis, as it has the even power of y.

Now to find the point of intersection of (1) and (2), substitute y? = 3x in (1)
x2+3x-6x=0

x2-3x=0

X(x-3) =0

x=3(or)x=0

Substituting x in (2), wegety=x3o0ory=0

So the three points, A, B and *where (1) and (2) meet are A = (3,3), B = (3,-3) and 0=(0,0)

x+yi.gx=0

(o]

0=

Consider the circle, x2 + y2 - 6x , can be re-written as

y? =6x —x°

Let us drop a perpendicular from A on to x-axis. The base of the perpendicularis C = (3, 0)
Now, the area to be found will be the area is

Area of the required region = Area between the circle and the parabola at OA.

Area of OA= Area under circle OAC - Area under parabola OAC

Area of OA is

3 3
Area OfOA = J-ycircle dX - J-yparaboladx
0 0



3 3
J- o —(x - 3)2d J-x,ﬁdx
0 0

[Using the formula, [ \/aZ — xZ dx = xjai-x? % sin~ (E) and [ x"dx = =
a

(x— 3) /3= (x—3)? -3 3
[ \fz +—5111 (3)]0—"—

2 3
0—3)./9— (0—3 0-—3 243 1 3 3
[[: ) 3 ( )* + 25111 I(T)”_‘T 3z — OE]

H(3 NPO-B-3%, 9 1(3—3)]

B Ho*ﬂ —2 + 2 sin~* (g)] - [(_3)‘;ﬁ+ ; sin”™ (_?3)”

2 2 2
-2 il
~{F0]- [+ zmrcnlf-e- -5 (F)- 6=

_3
= 5(3}1'—8)

[sin"}(-1) = -90°]
Area of the required region isz (3m — 8) sq. units.

35. Question

Find the area bounded by the curve y=cos x between x=0 to x=2m.
Answer

Given

e Curve isy = cos X

*x=0and

* X =21

The given curve is y = cos X.

Now consider the y values for some random x values between 0 and 2n for the function y = cos x.



X |Y
0 (1
m \E
6 |2
T 0
2

& | -1
3
“Tlo
2

2o |1

From the table we can clearly draw the graph for y = cos x

m

cos(r) / B

T T —@
\_/ .
2

C
30
2

From the given curve, we can say that,

For0<x<§,y=cosx
For%c::x«:: ?,y=-cosx
For?<x< 2m,y =cosx

The required area under the curve is given by:

Area required = Area under of OA + Area of ABC + Area under AC

T am
2w

2 z
Area required = J- cosx dx + J; (—cosx)dx + J;_r cosx dx
Z

o =z



T 3w
2

) 3
= J- cosx dx — cosx dx + J- cosx dx
0 ji 3n
2 2
i 3m
= (sinx)2 — (sinx)? + (sinx)3}
z z

[using the formula, [ cosx dx = sinx]

T
[sini -sin 0] [5111— - sm—] [sm 2T — 5111—

[1-0]—-[-1—-1]+[0—-(-1)]=14+2+1=4
[as sin% =1,sin2n=0, 511132—’-r = —1,sin 0 =0]

Hence the required area of the curve y = cos xfrom x = 0 to x=2m is 4 sq. units.
36. Question

Using integration, find the area of the region in the first quadrant, enclosed by the x-axis, the line y=x and
the circle x2+y2=32

Answer

Given the boundaries of the area to be found are,
« the circle, X2 + y2 = 32 (1)

e the line, y = x---- (2)

* Area should be in first quadrant.

From the equation, of the first circle, x2 + y2 = 32
* the vertex at (0,0) i.e. the origin

* the radius is 4v2 unit.

Now to find the point of intersection of (1) and (2), substitute y = x in (1)
x2 + x2 = 32

2x% =32

x2 =16

X==x4

Substituting x in (2), we gety = * 4

So the two points, A and B where (1) and (2) meet are A = (4,4) and B = (-4,-4)



e //EJE(= (-4, -4)
y=x

#

As x and y have even powers for both the circles, they will be symmetrical about the x-axis and y-axis.
Consider the circle, x2 + y2 = 32, can be re-written as
y?=32—x°

y= (32— x2)-— (3)

Let us drop a perpendicular from A on to x-axis. The base of the perpendicularis C = (4, 0)
Now, the area to be found will be the area is
Area of the required region = Area of OADO.
Area of OADO= Area of OACe++ Area of CADC

Area of OADOis

4 4
Area of OADO = J-\f32—x2dx+ J-xdx

4-,"5 o
[nf—m— 32 _1( X )r . [xzr
=|———+ —sin"" |——= -
2 2 42 42 2 0

n+i

sin™* G) and [ x"dx = =1

2

[Using the formula,fwm dx = xw"az—xz_l_ a*

37— 42 (4v2) (32— (4V2)2
_ [(4)\,32 @F , Esin‘l( 4 )]_ v2) | v
2 2 2 2
32 _ (42 (4)? 02
-SG5
(4V32- 16 32 __ (1] 4/2V32-32 32 | 16
- [[f* 7 sin (r@)l‘ D m]+ Iz}

[sin"}(1) = 90° and sin~?! (%) = 45°]

=[8+16 (g)]—[%(o)]— {16} =8+ 47 —8 = 4rr

= 4n



Area of the required region is 41 sq. units.

37. Question

Using integration, find the area of the triangle whose vertices are A(2,3), B(4,7) and C(6,2).
Answer

Given,

* A(2,3),B (4,7) and C (6,2) are the 3 vertices of a triangle.

B=(4,T7)

A=(2 3)

D=(20) E=(4,0) E = (6, 0)

From above figure we can clearly say that, the area between ABC and DEF is the area to be found.

For finding this area, we can consider the lines AB, BC and CA which are the sides of the given triangle. By
calculating the area under these lines we can find the area of the complete region.

Consider the line AB,
If (X3.y1) and (xp, yp) are two points, the equation of a line passing through these points can be given by

A X— X

Y2—" X=Xy

Using this formula, equation of the line A(2,3) B =(4,7)

y—3) x-(2)
7-3  4—(2)

y—(3) x-2
4 2

4
y = E(x—2)+3

y=2x-4+3
y = 2x-1

Consider the area under AB:



A= (2 3)

@
D=(2,0) E=(4,0)

From the above figure, the area under the line AB will be given by,

4 4
Area of ABED = J- ydx = J- (2x — 1) dx
2 2

x2

- f4(21—1) dx = 2[;] - k3= [x*— x]3

[ using the formula, [ x"dx = % and [ cdx = cx]
n

=[42-4]-[2%-2]=12-2=10

Area of ABDE = 10 sq. units. ---- (1)

Consider the line BC,

Using this 2-point formula for line, equation of the line B(4,7) and C (6,2)

y=7 x-(4)
2—7  6—(4)

v—{(7) x—4
-5 2

20—5x+ 14 34— 5x
2 2

5
y = E(4—x)+7=

34 —5bx
2

}J’:

Consider the area under BC:

B=(4,7)

C=(8B, 2)

&
E=({4,0) F=(6,0)

From the above figure, the area under the line BC will be given by,



& /34— bx
Area of BCDF = J- ydx = J- ( ) dx
4 4 2

f61(34 svyaxm L[sax 5|
=], 2 DEERPT T,

[ using the formula, _[ x"dx = %Jr: and f cdx = cx]
n

_ l[[m(e)-“ﬁ)z]— [34(4)— 5(4)2”

2 2 2

L [[204 180] [136 80]} L [204 —90] 1[136 40]
2 2 21} 2 2

114 — 96
- > -

Area of BCFE = 9 sq. units. ---- (2)
Consider the line CA,
Using this 2-point formula for line, equation of the line C(6,2)and A(2,3)

y=(2) x-(6)
3—2  2-—(6)

y—(2) x—6
1 -4

6—x+8 14 — x
4 4

1
= - (6—x)+2=
y 4( x)

14 — x
4

}J’:

Consider the area under CA:

A=(23)e
C=6 2)
@
—_— B - . - [
D=(2 0) F=(6,0)

From the above figure, the area under the line CA will be given by,

¢ ®r14—x
Areaof ACFE = J- de=J- ( )dx
2 z 4

218

f61(14 Yax= t|1ax - &
=), Xjar= g 2],

[ using the formula, _[ x"dx = %Jr: and f cdx = cx]
n

1 62 22
“i{o- - [0- 3]



= %[[84—?]— [28—2]}=%[66—26]= ?=10

Area of ACFD = 10 sq.units ---- (3)

If we combined, the areas under AB, BC and AC in the below graph, we can clearly say that the area under
AC (3) is overlapping the previous twoareas under AB & BC.

B=(4,7)
A=(2 3)
C=(6,2)
& " - . —
D=(2,0) E=(4,0) F=(6,0)

Now, the combined area under the rABC is given by

Area under rABC

=Area under AB + Area under BC - Area under AC

From (1), (2) and (3), we get

Area under rABC = 10+9-10 =9

Therefore, area under rABC = 9 sqg.units.

38. Question

Using integration, find the area of the triangle whose vertices are A(1,3), B(2,5) and C(3,4).
Answer

Given,

* A(1,3),B(2,5) and C (3,4) are the 3 vertices of a triangle.

B=(2,5)
C=(3,4)
A=(1,3)
© O o
D=(1,00 E={2.0) F=(3,0)

From above figure we can clearly say that, the area between ABC and DEF is the area to be found.

For finding this area, we can consider the lines AB, BC and CA which are the sides of the given triangle. By
calculating the area under these lines we can find the area of the complete region.

Consider the line AB,



If (x3.y1) and (xp, yp) are two points, the equation of a line passing through these points can be given by

A X— X

Ya—0 Xz =X
Using this formula, equation of the line A(1,3) B =(2,5)

y—3) x—(1)
5—-3 2—(1)

y—(3) x-1
21

y=2x-2+3
y = 2x+1

Consider the area under AB:

B=(2, 5)

A=(1,3)

o @
D=(1,0) E=(20)

From the above figure, the area under the line AB will be given by,

2 2
Area of ABED = J- ydx = J- (2x + 1) dx
1 1

l'2

= J- (2x+1)dx=2[zl + [x)}3=[x*+ x]3

[ using the formula, _[ x"dx = %Jr: and f cdx = cx]
n

=[22+2]-[12+1]1=6-2=4

Area of ABDE = 4 sq. units. ---- (1)

Consider the line BC,

Using this 2-point formula for line, equation of the line B(2,5) and C (3,4)

y=(0) x-(2)
4—5  3-—(2)

vy—(5) «x-2
-1 1

y-5=2-x



y =7-X

Consider the area under BC:

B=(2, 5)

\.C = (3. 4)

© @
E=(20) F=(3,0

From the above figure, the area under the line BC will be given by,
3 3

Area of BCDF = J- ydx = J- (7 —x) dx
2 2

2 3

J- (7—x)dx= [71—% 2

[ using the formula, [ x"dx = % and [ cdx = cx]
n

oS e

{[21 9] 14 2]} 42 -9 i 33—-24 9
N 2 2 2 2

Area of BCFE = gsq. units. ---- (2)

Consider the line CA,
Using this 2-point formula for line, equation of the line C(3,4)and A(1,3)

y-4 x-(3)
3—4 1-(3)

y—(4) x-3

-1 =2
l(_ 3)+4 x—3+8 x+5
y=3Ww =T 2 T T2
x+5
y=m

Consider the area under CA:



C=(34)
[&]
A=(1,3)g
—_— @ = -
D=(1,0) F=(30)

From the above figure, the area under the line CA will be given by,

3 }rx+5
Areaof ACFE = J-yd;t':f ( )dx
1 1

2 3

J(+5
—+ bx
p

—fl(-+5)d-—1
= 121 x= 2

1

[ using the formula, [ x*dx = %Jr: and [ cdx = cx]
n

1 12
-3 7 s

S R 0 R P

Area of ACFD = 7 sq.units ---- (3)

32
E + 5[:3)]-

If we combined, the areas under AB, BC and AC in the below graph, we can clearly say that the area under
AC (3) is overlapping the previous twoareas under AB & BC.

B=(2,5)
C=(3.4)
A=(1,3)g
o o) e}
D0 EFEN) FPeid0)

Now, the combined area under the rABC is given by
Area under rABC
=Area under AB + Area under BC - Area under AC

From (1), (2) and (3), we get

Area underrABC=4+g—7= §—3= g

Therefore, area under rABC = g sg.units.



39. Question

Using integration, find the area of the triangular region bounded by the lines y=2x+1, y=3x+1 and x=4.
Answer

Given,

* ABC is a triangle

* Equation of side ABofy =2x + 1

* Equation of side BC of y = 3x+1

* Equation of side CA of x=4

By solving AB & BC we get the point B,
AB:y =2x+1,BC:y = 3x+1

2x+1 = 3x+1

x=0

by substituting x = 0in ABwegety =1
The point B = (0,1)

By solving BC & CA we get the point C,
AC:x=4,BC:y = 3x+1
y=12+1=13

y=13

The point C = (4,13)

By solving AB & AC we get the point A,
AB:y =2x+1,AC: x=4

y=8+1=9

y=9

The point A = (4,9)

These points are used for obtaining the upper and lower bounds of the integral.

From the given information, the area under the triangle (colored) can be given by the below figure.

y=2x+1



From above figure we can clearly say that, the area between ABC is the area to be found.

For finding this area, the line equations of the sides of the given triangle are considered. By calculating the
area under these lines we can find the area of the complete region.

Consider the line AB, y = 4x+5

The area under line AB:

©
-;=?.x--|// 0=.0) D=(4,0)

From the above figure, the area under the line AB will be given by,

4 4

A?'eaofAB=J-yAE dx = J- (2x+ 1) dx
0 4]

4

= J-4(Zx+1) dx = [2%2+ xl

1]

[ using the formula, [ x"dx = % and [ cdx = cx]
n

= {[(4%) + (H)] - [(0)? + 0)]}

=20

Area under AB = 20 sq. units. ---- (1)
Consider the line BC, y = 3x+1

Consider the area under BC:

From the above figure, the area under the line BC will be given by,



n 4
Area of BC = J- Vge dx = J- (3x+ 1) dx
0 0

4

= J- (3x+ 1) dx = [%erl

1]

[ using the formula,_[x“dx = it andfcdx = cx]
3(4)2 0)2
- {F5F |- [F o

2
Area under BC = 28 sq. units. ---- (2)

= 24+4-0= 28

If we area under AB is removed from BC from the graph, we can obtain the area required.

3.".3){01 yz?){+1

B=(0 1)

0=1(0,0) TD = {4, 0)

Now, the combined area under the rABC is given by
Area under rABC =Area under BC - Area under AB
From (1), (2), we get

Area under rABC =28 -20=8

Therefore, area under rABC = 8 sq.units.
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