In this chapter, we will study some of the basic coneepts about vectors, various
operations on vectors, and their algebraic and geometric properties.

VECTOR ALGEBRA

| TOPIC 1]

Basic Concepts

SCALAR QUANTITIES OR SCALARS

Those quantities which have magnitude but no direction, are called scalar
quantities or scalars. e.g. The height of Ram may be 1.6 m. Here, height
involves only one value (magnitude), which is a real number. Some scalar
quantities are length, mass, time, distance, speed, area, volume, temperature,
work, densiry, voltage, resistance, erc. A scalar quantiry is represemed by a real
number alongwith a suitable unit.

VECTOR QUANTITIES OR VECTORS

Those quantities which have magnitude as well as direction are called vector
quantities or vectors. e.g. A football player hit the ball to give a pass to another
player of his team. Hence, he apply a quantity (called force) which involves
muscular strength (magnitude) and direction in which another player is
positioned. Some vector quantities are force, displacement, velocity, acceleration,
weight, momentum, electric field intensity, etc.

EXAMPLE |1] Classify the following measures as scalars and vectors.
(i) 40 watt (ii) 20 m/s’®
(iii) 100 m? (iv) 2 m North-West
Sol (i) 40 watt represents power, which is a scalar.
(i) 20 m/s? represents acceleration, which is a vector.

(iii) 100 m®represents an area, which is a scalar.
(iv) 2 m North-West has magnitude as well as direction, so it is a vector.

e
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Representation of a Vector

Any straight line /" in plane or three dimensional space
can be given two directions by means of arrowheads. A line
with one of these directions prescribed is called a directed
line and if we restrict the line / to the line segment AB,
then a magnitude is prescribed on the line / with one of the
two directions, so we obrtain a directed line segment.

Thus, a directed line segment has magnitude as well as
[—
direction, so it is called vector denoted as AB (or simply as
:} and read as vector 4B’ (or vector *a ).
—
Here, the point 4 from where the vector AB starts is called

its initial point and the point B where it ends is called its

terminal point. Generally, vectors are denoted by

- -
d, b, ¢, etc.

Note The arrow indicates the direction of the vector.

MAGNITUDE (OR LENGTH) OF A VECTOR

—_ -
The length of the vector AB or a is called the magnimde

—_ — -
of AB or 4 and it is represented by | AB |or|a|or a. Since,

—
the length is never negative, the notation | AB| <0 has no
meaning.

Initial point Terminal point
A B

In other words, the distance between initial point and
terminal point of a vector is called its length or magnitude.

Types of Vectors
There are following types of vectors as given below

(i) Zero or Null Vector A vector whose magnitude is
zero, i.e. whose initial and terminal points coincide,
is called a null vector or zero vector. It is denoted by

—
0 and it cannot be assigned a definite direction, as its
magnitude is zero. Otherwise, it may be regarded as

_—
having any direction. Thus, A4, BB represent the
ZEFO VECLors.

(ii) Unit Vector A vector whose magnitude is one unit
(i.e. unity) is called a unit vector. The unit vector in
the direction of 7 is denoted by 4 and read as ‘a cap’.

(iii) Coinitial Vectors Two or more vectors having the
same initial point are called coinitial vectors.

(iv) Collinear or Parallel Vectors Two or more vectors
are said to be collinear, if they are parallel to same line,
irrespective of their magnitudes and directions.

V) Equa.l Vectors Two vectors are said to be equal, if

they have same magnitude and direction regardless of

the positions of their initial points. Symbolically if @
- -

and b are equal, then it is written as Z=b.

(vi) Negative of a Vector A vector whose magnitude is
same as that of a given vector but the direction is
opposite to that of i, is called negative of the given

VeCcror.

JE— —_ —
e.g. Let AB be a vector, then — AB or BA is its
negative vector.

(vii) Cﬂplana.r Vectors Three or more vectors, which
either lie in the same plane or are parallel to the same
plane, are called coplanar vectors.

Note

(i) Two vectors are always coplanar.

(i} If the value of a vector depends only on its magnitude and
direction and is independent of its position in the space, itis
called free vector. Throughout this chapter, we will be dealing
with free vectors only.

EXAMPLE |2| In the given parallelogram ABCD, identify
the vectors are

=3
D - c
a b
A B
&
(i) equal. (ii) collinear but not equal.

(iii) coinitial wector.

Sol (i) b and 4 are equal vectors.
(ii) @ and ¢ are collinear vectors but not equal.
[here, @ and T have opposite directions]

. - = — N
(iti) o and b; d and a are coinitial vectors.

Position Vector

Let O (0, 0, 0) be the origin and P be a point in space having
coordinates (x, y, z) with respect to the origin O. Then, the

—
vector OP or 7 is called the position vector of the point P with
respect to (.



Here, O is its initial point and P is its terminal point.

—_ S
By using the distance formula, the magnitude of OP or r is

given by
— -
|OP|=|r|=1|‘x1 +yi+z?
Generally, we denote the position vector of points 4, B, C,

. .. — =3 =3
etc., with respect to the origin O by a,b,¢, etc,
respectively.

ADDITION OF VECTORS

There are two laws of vector addition, which are given

below

Triangle Law of Vector Addition

-y
Suppose two vectors 7 and b are represented by the two

adjacent sides of a triangle such that the initial point of one
pu—

coincides with the terminal point of the other (say AB and

_— =% _—
BC), then their sum ¢ is represented by the third side AC

of AABC.

C
. -
><
% b
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- = =
Thus, a+b=¢ or AB+ BC =AC

This is known as the triangle law of vecror addition.
—_

Now, construct a vector BC” or &”, such that its magnirtude
—_— —
is same as the vector BC and direction opposite to BC.
— — - -
Le. BC'=—BC or b'=-1b
Then, by triangle law, we have
R —
AC'= AB+ BC’
—_ —
= AB+ (- BC)

_— = = =
=AB—-BCor ¢'=a -

—_— =
Here, the vector AC” or ¢’ is said to be represent the

- -
difference of 2 and b.

EXAMPLE |3] If 4, B and C are the vertices of a A ABC,
then what is the value of AB + BC + CA?

[Delhi 2011C]
Sol. By triangle law of vector addition, we get
— — —
AB 4+ BC = AC
C
A B
— — — _— —
= AB + BC +CA = CA+AC
—s —3 —3 —3 —3 — —s
= AB +BC +CA=CA-C [ AC=-CA]
—_— —s  —3 =
AB+ BC +CA =0

Note When the sides of a triangle are taken in order, it leads to zero
resultant as the initial and terminal points get coincided.

EXAMPLE |4 Vectors drawn from the origin 0 to the
points 4, B and € are respectively 3, b and 4 a—-3B. Find
Eand B_L: .

Sol We have, OA = a, OB = b and OC =4a —3b.

B Ta—
Clearly, from AQAC, we get OA + AC = OC

[using triangle law of addition]

and from AOBC,

OB + BC = OC [using triangle law of addition]

— —_ —
= BC = OC- OB

— - -

=d4a-3b—-b

—

=4ag-4b =4(a-b)



Parallelogram Law ¢ of Vector Addition

Suppose two vectors 2 and b are represented by the _two
adjacent sides of a parallelogram, then their sum 7 is
represented by the diagonal of the parallelogram, which is

coinitial with the given vectors.

c 5 B

=

g

D 55 A
- -5 -

Mathematically, ¢ =2 + &
This is known as parallelogram law of vector addition.

Note

(i) For applying parallelogram law, vectors should have same
initial point.

(i) From the above figure, using the triangle law of vector addition,
we have

DA+ AB=DBor DA+ DC=DB [+ AB=DC]

which is parallelogram law. Thus, we may say that the two laws
of vector addition are equivalent to each other.

PROPERTIES OF VECTOR ADDITION

- —
Suppose a, Z and ¢ are any three vectors, then
y

(i) Vector addition is commulative,
N - =
Le. 2+b=b+a

(i1) Vector addition is associative,
R~ N T S S
Le. (a+b)y+c=a+(b+¢)
(iif) Existence of additive identity,

e D e
a+0=a=0+a

where 3 is called additive identity.

MNote The associative prapeﬂy of \-ectnf addltlan enahles us to write

the sum of three vectors a bandcas a+ b+c without using
brackels.

— —
EXAMPLE |5| If a and b are two non-collinear vectors
having the same initial point. What are the wectors
— —
represented by 4+ band a= b?
Sol According to the given condition, we have the following
figure

5

w]

Let us make the following parallelogram.

Clearly, by parallelogram law, we have
—_ — —

OC=0A +AC=a+b

—$ =3 — —

and BA=BC+CA=a+(-b)=a-b

Thus, :+ _I; and :— 7; represent the diagonals of the
parallelogram.

MULTIPLICATION OF A
VECTOR BY A SCALAR

Let A be a scalar and 2 be a vector, then A  is defined as a
vector whose magnitude is | A | times the magnitude of i
ie.|A :] =| || |and the direction is same or opposite ofa,
according as A is positive or negative.

e.g. When A =-2, then A2 =-242, which is a vector
having magnitude double to the magnitude of 2 and
direction opposite to that of the direction of a.

Note

(i) For any value of &, the vector 1.3 is always collinear to the
vector @ .

(ii) The vector — 3 is called the negative (or additive inverse) of 2,
as 3+(-3)=(-3)+a=0.

(i) 1f A = —, provided @ = O (ie. a is nat a null vectar)
[a]
Then, 14.3] =[Al [ |=— 1l =1
[a]
So, 1.3 represents the unit vector in the direction of & and we
write it a8 & = ——- 3.
lal
(iv) For any scalar k, R-E =E.

PROPERTIES OF MULTIPLICATION
OF A VECTOR BY A SCALAR

The addition of vectors and the multiplication of a vector
by a scalar, together constitute the following distribution

law



—
Let 2 and 4 be any two vectors and £ and m be any two
scalars, then

Q) ba+ma=k+maz (i
(iii) k(m 2) = km ()

COMPONENTS OF A VECTOR

LE'I: a pom[ P in a space has coordinates (x, y, z) and
.! i 7 and £ are unit vectors along OX, OV and OZ-axes,

a+_g} ka+k_g

respectively. Then, the position vector of PP with respect to
—_— — - - -

Qis givenby OP (or r)=xi+yj+zk.

L

%2

(9]

[~

~
% i

This form of vector OP is called component fon‘n Here X

y and z are called the scalar components and x 7, _]J jand

—
zlz are called the vector components of OF (or r) along

the ]'-ESPEC[i\"E AXES.

Sometimes x, y and z are also termed as rectangular

— - - -~
components. The length of any vector r = x¢ + yj + zk is

given by

-3 a - -
|7|=|xi + yj+ zkl:-dxz—}- yi4z
MNote If a point P lie in a plane, say XY-plane and has coordinates

(%, ¥). Then, E = xi+ yE. where | and; are unit vectors along O0X
and OY-axes, respectively. Also, | oP | = 1’):2 + ¥

EXAMPLE |6| If a =2i + 3] + 4k , then find its scalar
and vector components.
Sol. We have, a = 2i +3] +4k.

Clearly, the scalar components are 2, 3, 4 and the vector

components are 21, 3}, 4k.

EXAMPLE |7| Find a vector in the direction of vector

a=i- 2} that has magnitude 7 units.
[NCERT Exemplar]

Sol. We have, : =i 2}, then

lal =0 + (-2 =i+a=45

-
The unit vector in the direction of the given vector a is
1 -

_H_L(;_g“-}_L}‘_i“-
I R

Now, the vector having magnitude 7 units and in the

B>
Il

direction of 71)=T5
—T[ F_ }) 7 i 14 }
EOE)EE
Important Results in
Component Form

- i . .
If 2 and & are any two vectors given in the component form

such thar : = a]; - ::1; - a3£ and _EI:’ = &1; - 52}4— Elj.f;,
Then,
- -
(1) the sum (or resultant) of the vectors a and & is given
by 2+ b =(a,+b,)i +(ay+by) j+(ay +b;)k.

(ii) the difference of the vectors Zand B is given by

3—3=(a, -6|);+(ﬂz'5’1)}+("3 '5’3:"5'

(iii) the vecrors 2 and 3 are equal, if and only if
ay=b,a,=byand a; =b;.

(iv) the multiplication of vector @ by any scalar A is

given by A @ = (hay) 7 + (Aay) j +(has) k.

- -
(v) The vectors a and & are collinear (or parallel) if and
only if there exists a non-zero scalar A such that

b=M\a.

= (é]f+61}'+6\3£)=l(a];+az_;+43£}

= by =ayh, b, =a,h and by = a3k
. h_b_b_,

ay  dy iy

-y -
Thus, the vectors @ and & are collinear (or parallel) iff
bh_b_b_,

ﬂl 111 113

[non-zero constant]



EXAMPLE |8|Ifa =3 —2] +kand b =2i —4] — 3k,
thenﬁnd|_aj —ZE’|.

Sol. We have, 71} =13 — 2} +k (i)
and b=2i-4j-3k
—» -~ - -
= 2b=2(2i —4j—-3k)
[multiplying by 2 on both sides]
= 2b=4i —8] -6k i)

On subtracting Eq. (ii) from Eq. (i), we get
a—26=(3—2]+k)—(4f —8] —6k) )
=(3-4)s +(—248) j+(1+6)k
[subtracting corresponding terms]
=—i4+ 6} + T£
— — - - -
Now, |a—2b|=|—-i4+6j+T7k|
= yf(=1)" +(6)° +(7)°

= 1+36+49 =436

EXAMPLE |9]| For
2 —Sj + 4k and ai +ﬁj —8k are collinear?

what values of a, the wvectors
[Delhi 2011]

- . " - = . " -
Sol Let given vectors are a= 2i —3j + 4k and b= ai +6j—8k.
We know that vectors a = a,i +ay] + a,é and
— - - -
b = bji + b, j + b;k are collinear, iff

E;'l _b2_bs
a a a
a_ 6 _ —8
2 3 4
= E=—2 = a=-—4
2

DIRECTION COSINES
AND DIRECTION RATIOS
OF A VECTOR

— -
Suppose OPF (or r) is the position vector of a point

P (x, y, z) shown in the figure.

Z
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Here, the angles o, B and ¥ made by the vector OP with

positive directions of coordinates axes OX,0Y and OF
respectively, are called direction angles. The cosine values

of these angles, i.e. cosot, cos P and cos ¥ are known as the
R
direction cosines of OP.

Generally, they are denoted by [, m and n respectively,
ie./=coso,m=cos P and n=cos 7.

In the figure, the AOAP is a right angled triangle, so we
have, cosol = i, where r=|r|.

r
Similarly, from the right angled AOBP and AOCP, we have

cosP= z andcosy = z. Thus, the coordinates of the point
r r

P may also be expressed as (rcosol, rcosP, rcosy) or
(fr, mr, nr). The numbers fr, mr and nr are proportional to

=5
the direction cosines, called direction ratios of vector » and
denoted as x, y and z, respectively.

Note

|

= |y

== m=Y=Yandn=
U N |
{ii) In general, it may be noted that © + m'
e L

(i) ITZ = a,f + azf + aaﬂ, then &,,a, and a; are also called

w24

+n° =1but

5
direction ratios of a.

(iv) If it is given that /, m and n are direction cosines of a
wvectar, then I + mf’+n k ={casu]f+ (cos BJF + (cos yj!"{
is the unit vector in the direction of that vector, where o, f and y
are the angles which the vector makes with X, ¥ and Z-axes,
respectively.

EXAMPLE |10| Find a vector @ of magnitude 542,
) Lm I

making an angle of r with X-axis, 7 with Y-axis and an

acute angle 6 with Z-axis. |All India 2014]

Sol. Given, vector d makes an angle % with X-axis a.nd%

with Y-axis.

So, i=::nsEa.m:li':l1=|:~|:r5E
4 2
= I="—andm=0
=—og3agndm=
2

We know that, I + m® + n® =1

2
1 1
[—] +{0f +n*=1= E+n2 =1

7z

= nf=1- 1 = n=x -
2 vz
1 —
= n= E [ @ makes acute angle with Z-axis,

s0 we take a positive sign]



1 _ —  — —_— —  —
cosB= [-8 is an acute angle with Z-axis) (a) AB+ BC + CA=0 (b) AB+ BC - AC=0
3; —_— —s  — —_—  —  —
Thus, the direction cosines uf_:; are L 0, L ) AB+BC-CA=0 (d)AB—CH+CA=D
V22

4 1f @ and b are two collinear vectors, then which

Now, vector a = | a | [ms Ry cas E} + cas BE] of the following are incorrect INCERT]
4 2 — —
. . {a) b=0A a, for some scalar L
=&J§[Ei+m]j+$k]=sf+sﬁc (b)a=+b
(c) The respective components of a and b are proportional
EXAMPLE |11] Write the direction ratios of the {d) Both the vectors a and b have same direction but
vector @ =i + _: — 2k and hence calculate its direction different magnitudes ...
cosines. [NCERT] 5. The direction cosines of the vectori +2j + 3k
Sol. We have, vector a =1 + j — 2k are 1 2 3 2 3 4
. . —_— b)—, —. —
'\._)'u’e know that, iilrectu:m ratios of a vector (@) Jﬁ : JH : JH ( ’\&: Jﬁ ’ _JH
r = xi + yj + zk are the scalar components x, y and z of 11 13 21 (d) None of these

the vector. () ﬁ ﬁ, ﬁ
So, required direction ratios are 1, 1 and — 2
VERY SHORT ANSWER Type Questions

- - - -
Now, |a| =i + j — 2k| = 4J(1)* + (1)* 4 (-2)°
— - A - — - - -
=..,,’1+1+4=~.."E-| 6 Ifa=xi+2j—zkandb =3i — yj + k are two
- , , equal vectors, then find the value of x + y + z.
Suppos_e} I,m and n are the direction cosines of given (Delhi 2013]
tor a.
vecond . y - 7 Write a vector in the direction of the vector
Then, I=—,m=-"-andn=— { — 2] + 2k that has magnitude 9 units. [pelhi 2014C)
lal |al | al
1 1 -2 8 Find a vector in the direction of @ =2i - J+2k
= I= " m= and n= , . .
I & which has magnitude 6 units. [NCERT Exemplar]

} 9 Find the sum of the vectursz = E— 2}'4— A:,
b= _2i+4j+5kandec = i — 6] — Tk. [Delhi 2012]

10 Write a unit vector in the direction of the sum

TOP[C PRACT[CE 1 | of the vectors @ = 2i + 2}'— Skand b Ti;ﬂ:lz;:f‘c]

11 Find the unit vector in the direction of the sum

OBJECTIVE TYPE QUESTIONS

of the vectors a =ﬁ—}'+2fz andB =—f+j'+3ﬁ.

1 The magnitude of the vector 6; + 2}' + 3kis [NCERT Exemplar]
- - - —3 - - -
(@)5 (b)7  INCERT Exemplar] 12 Ifa=4i— j+kandb=2i —2j +k then find a
—
ey 12 A 1 . unit vector parallel to the vector a + b.
2 The vector in the direction of vectori — 2j+2k |All India 2016]
that has magnitude: 12 is F iaok 13 Find the value of p for which the vectors
- - - I=2j+2 - - - - - -
(a)i -2 + 2k {b]+ 3i+2j+9kandi - 2pj + 3k are parallel.
- - - - - - All India 2014
(©4(i - 2] + 2) (@ 5 - 2] + 2) Al Indla 20141

14 Write the value of cosine of the angle which the
3 In triangle ABC, which of the following is not

=+ = % . .
— [NCERT] vector a =i + j+k makes with ¥-axis. [pelhi 2014C]



15

16

Find the angle between X-axis and the vector
[+ j+k [All India 2014C]
Write the direction cosines of vector

-2i + j— Sk [Delhi 2011]

SHORT ANSWER Type I Questions

17

18

19

If A, B, B Q and R be the five points in a plane,

then show that the sum of the vectors
_ — — — — — —

AP, AQ, AR, PB, Q0B and RBis 3 AB.
If O be the centre of a regular hexagon PORSTU,
then prove that

_— — —3 —% —3 —3 3

OP +0Q0+0R+ 05 +0T +0OU =0.

- - - — & - -
fa=i+ j+2kand b =2i + j -2k then find the

.
unit vector in the direction ufz.r_:) - b.
[NCERT Exemplar|

SHORT ANSWER Type I1 Questions

20

2

22

23

24

Find a vector of magnitude 5 units and parallel
to the resultant of a =2; - 3}' - 3k and
— - - =

b=i-2j+ 3k [NCERT]
Show that the vector i + j+i;, is equally inclined

to the axes OX, OY and OZ.

Avector r is inclined at equal angles to the
three axes. If the magnitude uf? is 2\@ units,
then find the value uf?,

Show that the vectDrs; = 3; —2}+E,
b=i- 3}'+ 5k and ¢ =2i +}'—4§,form aright

angled triangle.

If a vector r has magnitude 14 and direction
ratios 2, 3 and — 6. Then, find the direction

— —
cosines and components of r, given that r

makes an acute angle with X-axis.
[NCERT Exemplar]

If a unit vecturz makes angle E with : % with j
and an acute angle 8 with .‘E then find the

components of a and the angle 6.

26 If a unit vector a makes angles %with : %with

27

}' and an acute angle 8 with JE then find the

angle 8 and hence the components ufz. [NCERT)]
- - A A = A - -

Leta=i+ j+k,b=4i -2j+ 3kand

c=i —2}+ k and find a vector of magnitude
6 units which is parallel to the vector

— = —
2a-b+3c.

| HINTS & SOLUTIONS |

[ S S = 2, a2, g2
(b) Let @ =6i + 2j +3k,lhen|cz|=-“16 +2° 43
= P6+4+9=-19=7
—3 - - -
(c)Lleta=i-2j+2k
.
- a
Unit vector in the direction of vector a is given by —.
lal

i—2j+2k _i-2j+2k

.le+22+22 3

- Vector in the direction of @ with magnitude 12
i— 2} + 2%k
3

(c) Hint By triangle law of vector addition,
_ — — —_— — —

AB + BC = ACor AB+ BC =-CA

=12 =4(i — 2] + 2k)

(d) By definition collinear vectors may have same or
opposite directions.

<+ - - - —
(a) Let @ =i + 2] + 3k, then|a|=1+4 +9 =14
11 2 2 33

N ,‘l=_= . ] dn=—=
e A

lal |al

- - - - - A A -
We have, a = xi + 2j—zk and b =3i — yj + k are equal
vectors.
xi+2j—zk=3i—y+k

4

On comparing the corresponding elements, we get
o x=3 y=-2andz=-1
Hence, x+ y+z=3-2-1=0.

Similar as Example 7. [Ans. 3 —6} - 61;]

Similar as Example 7. [Ans. 4i — 2] +4.‘E]

d - - a e - -
Wehave, a=i—2j+k b=-2i+4j+5k
—

and c =f—{=}—?£_



10.

12.

13.

14.

15.

16.

17.

Now, sum of the vectors is

P S - SR P R e I
a+btc=(i—2j+k)+(-2i+4j+5k)+(i —6j-Tk)

=(1—241)i +(=2+4—6)j +(1+5-7)k

=—4j-k
— - - A — - ~ A
Given,a=2i + 2j—5kand b =2i + j— 7k

- =
. i . - = a+b
Unit vector along the direction of a + b=

|a + B
— — “ A A A - -
Now, a + b=2i +2j—5k +2i + j— 7k
=4i +3j —12k

and [+ b| =f(4) +(3) + (<127
=q|EE|+ 04144 = 4169 =13

So, the required unit vector is

- - - - -
a+ b 4i+3j-12k 4 -~ 3 . 122

= =—i+—j——k
-+ = 13 13 13 13
|a + b

L N 1 - 5 =
Similar as Question 10. | Ans. i+ k]
[ 26 ;26
6 —3j+ 25]
Given, 3 + 2} +9 and i — Ep} + 3k are two parallel
vectors, so their direction ratios will be proportional.

[
Similar as Question 10. l.ﬂ.m.

3_2 9
1 -2p 3
.
= —=-=-6p=2
-2p 1
= - = p=
—6 P 3
- a a A
Given,a =i+ j+k

N
Now, unit vector in the direction of a is

- a n s P
~_a _ i+ j+k _i+j+k

|;| V’m? s 4R B

1 -
i+—j+—k
“FEE
Hence, cosine of angle which the given vector makes
with Y-axis, 1531,.-
3

Similar as Question 14. [Ans. cos“l[::-;]]

1 -5
Similar as Example 11. [Ans ]
T
Applying triangle law of addition of vectors in triangles
AFB, AQB and ARB, we get

—_— — — —s —s —

AP + PB = AB, AQ + QB =

18.

19.

20.

21

_ —s  —

and AR + EB = AB
On adding all these, we get

.\
S

P
—_— —s — @ —3 —3 —3  —

AP + PB + AQ + 0B + AR + RB =3AB

We know that the centre of a regular hexagon bisects all
the diagonals passing through it.

_— — s —s —s —

OF =-08, 00 =-0T and OU =-0OR

— — 3 —3 —3 3 — —s 3
= OP+05=0,00+0T =0 and OU + OR =0
P
Q u
R T
5

On adding all of them, we get
—_— —s —s —3 —3 —3
OP +05 + 00 +0T +0U + OR =10

_— — — —3 —3 —3 3

= OP+0Q+0R+05 +0T +0U =0
Hence proved.

ek

Solve as Question 10. [Ans. T
37

Hint Required vector = M. [ 1 ;+ Jj
- %
|a+b|

The direction ratios of i+ }+k are (1, 1, 1).
1 1 1
MI4+141 14141 14141

So, its direction cosines are

1 1 1
ie. —=.—,
BABB
Suppose vector ;+_}:+£ makes angles o, B,y with the
coordinates axes.
1
Then, cos o =cos B =cos 7=
B

Hence, the vector i + ; +kis equally inclined to the axes
OX, OY and OZ, respectively.

—
We have,| r |= 23

-

Since, r is equally inclined to the three axes. So,

.
direction cosines of r will be same, ie. l=m=n



23.

24.

We know that, I + m* + n® =1

= P+l+ir=1
] Ez=l
1 3
= I=i[ ]
5
. 1= 1+ 12
So, r=*+|—i+—=j+—k
[-JE TR ]
— — |— —r}-|
Now, r=rr| s =
I7|
sl i e 10l m =2
RSN
=+(2i+ 2+ 2)=+2i + j+ k)
—* ~ - s —F - ~ A
Given, a=3% —2j+k b=7i -3j+5k
and T:’=2;+_;?—4,€
Now, |a|=f3P + (=27 + (1) =0+ 4 +1 =414,

5
| =40 +(=37+(5)P = 1+9+25=45
P =Ji+1+16=4/21
a2 e

2 lal® + e =14 4+ 21 =35

- - —

lal +]cf=]bf
Hence, the vectors form a right angled triangle.

— - - A
Given, |_r}| =14andif r =ai + bj+ ck, thena= 24, b =34
and ¢ = — 6A for some A #0.

a 2L A
». Direction cosines |, mand nare [ =—=—=—,
b 3h ¢ —6A =3
M=e—=r— and I=— = — = —.
-3 14 — 14 7
Il |7l

Alsn,weknawthaliz+m2 +n° =1

PR Y
—t— 4+ —=1
49 196 49
432 +9A% + 3607
= — =]
196
= 4007 =196 = A2 =12
49

Al=4 = A==x2

23 ]
So, the direction cosines [, m and n are 7 and ="

[ 7 makes an acute angle with X-axis,
so we will take positive value of i]

- .
r=r.|r

26.

27.

- ~ - 2a 3 - 6 =~
T =i +mj +nk}-|?|=[—' +=j——k|14

- - A~ 7 T ?

=47 +6; —12k
Thus, the components of 7 ared i,6j and —12k.
—

We know that if a vector a makes angles o, f and y with
i,j and k respectively, then

coszu+m\szﬂ+cmz‘r =1
- T T
It is given that, o =I’B = —and yy =@ an acute angle.
3
Du32[1(+|:u.52|3+ cosz“f=l
19 19
= c0524—+ c052;+ cos B =1

1 1 1
= —+—+cos?B=1 = cosl@==
2 4 4

= cos B = IE [ @ is an acute angle, cos 6> 0]
Fid n

= ﬂ = — = =
3 T 3
- A ~ -

Now, =|al{(cos o)i +(cos )] +(cos )k}

-
a=|
de(eo g Pels)
= a=|cos—|i +|cos—|j+]|cos—
4 3 3

= 1. 14 12
= a=——i+—j+—k
J2 2
-2 1 ~21+1-=
Thus, the components of a are | —i, E}, Ek
2

(1 1 1
Solve as Question 25. [Ans. 0= ;; [? = —]]

=

—* - - -
Given,a = i+ j+ k,
F=4ai—2j+3kand ¢ = i-2j+ k
— — —
Now, 2a — b + 3¢
=2(i+ j+ k)—(ai— 2j+3k)+3(i = 2+ k)
=2 +2j+2k—4i +2] -3k +% —6j+3k
=i—2]+2k

Now, we find a unit vector in the direction of vector

- = -

2a — b + 3¢, which is equal to

— — . A ~

2a-b+3c _ i-2j+2%

- = — 2 2 2

l2a-B+3c] VO +(27 +(2)
_F—2}+2kn_;—2}+2f;

C Ji+a+4 Jo

So, vector of magnitude 6 units parallel to the vector

2a — b +3¢ =e[l?—3"+ EE): 2 — 4j+ 4F
3 3 3



| TOPIC 2|
Vector Joining Two Points

Let A (x,, 31, 2,) and B(x,, y,, 2,) be any two points on
the plane. Then, position vectors of A and B with respect

s - - -
to the origin O are OA =x,i + y, j+zk and
—_— - - -
OB =x,i+ y; j+2,k, respectively.

¥ 4B lxa ya, 22)

e

A (g, 1, 21)

X

In AOAB, by applying triangle law of addition, we get
—_ — —
0A + AB = OB

—_— —s —

AB =0B -0A ={IZE+y2}+z2£]—{x|;+}r|}+zl£}
={x; —x)i+{y: —n)j +{z2 —z, )k

— 2 2 ]
and | AB | = f(x, — x,F +(y, -y} +(z, — 2,)

EXAMPLE |1] Find the vector joining the points P(2, 3, 0)
and Q (-1 -2, — 4) directed from { to P.
Sol Given points are P(2, 3, 0)and Q(-1,- 2 -4). Then, the

— - - A
position vector of P, OF = 2f +3; + 0 £ and position
— ~ -~ A
vector of QL OQ =— — 27 -4 &

Here, the vector is directed from Q to P. So, Q is the initial

point and P is the terminal point.
_— —s —

. Required vector, QP = OP-0Q
=(2 +37+0k)— (=i — 2] —4k)
=(241)i +(3+2)] +(0+4)k
=3i +5) + 4k

EXAMPLE |2| Find the scalar and vector components of
the vector with initial point (3, 4) and terminal point (=5,7).
Sol Let the initial point be A(3, 4) and the terminal point be
—
B(-5,7), then the component form of ABis
% % % - ~ -~ -
AB=0B—0A =-5] 47} —(3i +4])
=(—5—3)i+(T—4)] =—8i+3j

%
Hence, the scalar components of AB are —8 and 3 and
vector components of AB are —8i and 3j.

Section Formulae

Let A and B be two points represented by position vectors
—

R
OA and OB respectively, with respect to the origin.
Then, the line segment joining the points A and B may be
divided by a third point C (say) in two ways which are
given below.

INTERNAL DIVISION

Let a point C divide the line joining A, B internally in
the ratio of m :n. Then, the position vector of point C

is given by

A
Jm
D C
n
B
] —_
— mOB+n0A
oC=———-
m+n

where, m and # are positive scalars.

EXTERNAL DIVISION

Let a point C divide the line joining AB externally in the
ratio of m : 7.

Then, the position vector of point C is given by

!

m

\

A

—_ =

E=m08 - n0A

m—n

where, m and # are positive scalars.

MNote If C is a mid-paoint, then the position vector of point C is given



EXAMPLE |3| Find the position vectors of the points
which divide the line joining the two points 3a -2band

— —

2a —5b internally and externally in the ratio 3 : 2.

Sol Let A and B be the given points whose position vectors

— —= - —-
are3a — 2b and Za — 5b respectively, with respect to
— - - — - -

the origin O0,ie. 0A =3a — 2b and OB = 2a —5b.
Let P and { be the points, which divides the line joining
A and B internally and externally respectively, in the

ratio 3: 2.
0

- = - -
(3a—2h)A s 5 2 B(2a — 5h)

Then, by using section formula of internal division, we

get
—_ — — —3 — —
a}’ _30B +20A _ 3(2a —=5b)+ 2(3a — 2b)
3+2 5
- — - —= - —=
_ba—15b+6a—4b 12a —19b
5 5
12—+ 197
=—a——#b
5 5
Now, by using section formula of external division, we
get
— _— - = - =
D_.Q _30B-204 _ 3(2a—-5b)—2(3a—-2b)
3-2 1
_@2osst-cdedd_

=—11b

1

TOPIC PRACTICE 2|

OBJECTIVE TYPE QUESTIONS

1. The vector having initial and terminal points as

(2,5,0)and (-3, 7, 4), respectively is

[NCERT Exemplar]

(b) 5 + 2j — ak
(dyi+j+k

(a) =i +12] + 4k
(c) =5i + 2] + 4k

2. 2: +4fc, 5¢:+ 3&}'+4E,—2J§}+§andﬁ+£‘.arc
the position vectors of points 4, B, Cand D
—
respectively, then CD is equal to

22 1—2
Z AR b)— AB
(313 ”3

(€)5 AB (d) None of these

3. The position vector of the point which divides

- =
the join of points with position vectors a + b

and2a — b in the ratio 1: 2 is [NCERT Exemplar]

3a+2b
vl —
(a) ——— ib) a
3
5a-b 4a+b
a = a
(c) (d)

4. The ratio in which i + 2] + 3k divides the join of
i+ 3}+5§and?§—§is
(a)1:2 (bj1:4 (c)2:3 (d)3:4

YERY SHORT ANSWER Type Questions

5 IfP(1, 5 4)and Q (4, 1, — 2), then find the

e
direction ratios of PQ.

6 Find the direction cosines of the vector joining
the points A(l, 2,— 3) and B(-1, —2,1) directed
from B to A [All India 2016C]

-
7 Find the scalar components of AB with initial
point A (2, 1) and terminal point B (- 5, 7).
|All India 2012]

8 Ifa and b denote the position vectors of points
A and B respectively and C is a point on AB
such that AC =2CB, then write the position
vector of C. [Delhi 2016C)

9 Aand B are two points with position vectors
— — — 3
2a - 3band6b — a, respectively.
Write the position vector of a point Pwhich

divides the line segment AB internally in the
ratiol: 2. [All India 2013)

10 L and M are two points with position vectors

- = — —
2a — b and a + 2b, respectively.

Write the position vector of a point N which
divides the line segment LM in the ratio 2:1
externally. [All India 2013]



1n

Find the position vector of a point which
divides the join of points with position vectors

— — — =
a—2b and 2a + b externally in the ratio 2 : 1.
[Delhi 2016]

SHORT ANSWER Type I Questions

12

13

—_— —

— e
If PO + OQ = 00 + OR, then show that the
points P, 0 and R are collinear.

.
Find the scalar and vector component of OP
with initial point @ (2, 3, 5) and terminal point
P(T1, 5). [NCERT Exemplar]

SHORT ANSWER Type II Questions

14

15

16

17

18

19

If @ and b are the position vectors uf;l} and B
respectively, then find the position vector of a

— — —_ —_—
point C in BA produced such that BC =1.5BA.
Also, it is shown by graphically.

Find the position vector of a point C which

divides the line segment joining 4 and B, whose
- = - =

position vectors are 2a +band a-3 b,

externally in the ratio 1: 2. Also, show that 4is
the mid-point of the line segment BC.

Points L, M and N divide the side BC, CA and AB
of AABCintheratiol:4,3:2and 3:7,

respectively. Prove that AL + BM +CN isa

—

vector parallel to CK, where K divides AB in the
ratio1: 3.

If the position vectors of the points A B,C and D
are 25 +4§, EE + 3@}44}2, —2J§}'+£ and 2; +J;,

—
respectively, then prove that CD is parallel to
— —_— 9 —
ABand CD = EAB.

Show that the points A(6,— 7, 0), B(16, — 19—’»_ 4),
C_(l?, 3, —6) and D(2, —5,10) are such that AB and
CD intersect at the point P(1, —1,2).

Using vectors show that the points A(-2, 3,5),
B(7,0,-1),C(-3,-2,— 5) and D(3,4,7) are such that
—_ —_

AB and CD intersect at the point P(1, 2, 3).

HINTS & SOLUTIONS

(c) Required vector
=(-3—2)i+(7—-5) ] +(4—0)k=—5 + 2] + 4k
(a) We know that,

—
AB = Position vector of B — Position vector of A

=(51 + 33 | + 4k) — (21 + 4k)
=3i +343 j=3(i + 3 )) i)

[
and CD = Position vector of D — Position vectors of C

=(2i +k)— (243 j+ k)
=2 +23j=2+B)] i)
S0, from Egs. (i) and (ii), we get
— —3

CD =- AB
3

(d) Applying section formula the position vector of the
required point is

R — - = -
Aa+b)+12a—b) da+b

241 3

(a) Let the required ratio be A :1, then applying section
formula, we get

(=21 +3] +5k)+ A (71 — k)

i+2j+3k= :
A+l
e s (T =2Y- 3 - (5-0)¢
= i+ 2j+3k= i+ '+{_ )k
A+1 A+1 A+1
On equating the coefficient of }, we get
3 3 3 1
=—— = h4l=- = h=——1=—
A+l 2 2 2

Let O be the origin of reference.

— - - - — - - A
Then, OP =i +5j +4k and OQ =47 + j— 2k
_— = —

Now, PQ = 0Q — OP
=di+j—2k—i-5]—ak
=3 —4j ok
—
So, the direction ratios of PQ are 3,—4,— 6
— A ~ A —
Hint BA = 2i +4j—4k -.DR's of BA are 2, 4, —4.

JR—
- DC's of BA are

2 4 -4

N A (4 24T (a) 2 447 ()
A‘\mi.l,z,_—2
333



10.
11

12,

13.
14.

15.

Similar as Example 2. [Ans. -7, 6]

Hint
2 : 1

C

i

B,
)

A
2b+a]

|7.*!.115. Position vector of C =

~
Similar as Example 3. [Ans. a]

=
Similar as Example 3. [Ans.5b]

- —
Similar as Example 3. [Ans.3a +4 b]

_— — — —3

We have, PO + OQ = Q0 + OR

P Q R
As Q is a common point for both vectors.
Hence, the points P,  and R are collinear.
Similar as Example 2. [Ans. (5. — 2, 0):(5i, — 2], 0k)]
— = —
Given, 04 = gand OB = b

—_— — —

Now, BA=OA—OB=a—b
—
and 15 BA =15(a — b)

_— _— — —
Since, BC =1.5 BA=15(a — b)

_ — .
OC — OB =15a-156
— - —= — —
OC =15a —15b + b [~ OB = b]
- =
3a — b

—= —
=15a —05bF =

Graphically, explanation of the above solution is shown

oW
(a-E)
B A C

E Ty -

- _.-O

B
(]

—_ L, = —_ s
Given, 0A =2ag + band OB =aq —3b .(1)

Also, it is given that C is the point which divides the line
joining A and B externally in the ratio 1: 2 Then, by using
section formula of external division, we get

Ce 1A (2a+h)
2

B (3-3B)

— 204 -0
O‘ I —
2-1
— = - =
—  2(2a+B)-1a —3b)
1

Oy

[from Eq. (i)]

.
—4a+2b-a+3b=32+5p i)
Now, we have to show that A is the mid-point of BC
— OB +0C

ie. to show Od = .
—_—s  — s — —
. OB +0C  a—3b +3a +5b
Consider, =
2
. 3 [from Egs. (i) and (ii)]
4, 2 —- = e
=20%Y _2+B=04 [fromEq. (i)]
38 -
-
Thus, % = (A

Hence, A is mid-point of line segment BC.

—_ = —
16. Let a, b and ¢ be the position vectors of the vertices A, B
and C of A ABC, then the position vectors of L, M and N
e - =
4b+c 3a+2 7a+3b )
are s 5 and . Tespectively.
Also, K divides AB in the ratio 1 : 3. Therefore, the
- =
position vector of K is b:?:a_
—
Ala)
3
.
7a +3b 3a +2c
( m_vj” ""( 5 )
T 3
)8 ci@)
c]
. dB+c
5
_ — —
Now, AL+ BM+ CN
C— - - =
db+c 7 3Ja+2c T Ta+3b
= —a+ — b+ —c
10
- = =
_3atb-4c
10
4
="K
10
—_—  —s = —
Hence, AL + BM + CN is parallel to CK.
17. We have,

AB = Position vector of B— Position vector of A
= (51 +3/3] + 4k) — (21 +4k)
=3i+34/3j+0k
= 3{? +J3_} +0.‘E]



and t'T) = Position vector of D — Position vector of C
=(2i +k)— (243 +k)
=2 + 23] +0k = 2(i + 3] +0k)

2 4 e s 2
=§(3f+3-u'§j+uk}=—ﬁ'

—_ — g —
Hence, CD is parallel to AB and CD = ; AB.
18. We have, f =Position vector of P — Position vector of A
=(i- ;+2k] (6 =7 +0k)
=—5i+6] i+ 2k

and ﬁ = Position vector of B — Position vector of P
=(16] —19_} 4#} (I—j+ Qk)
=15{ —IS_JI 6k
= —3(-5i +ﬁj + ﬂc)

|TOPIC 3|

Scalar Product of Two Vectors

Multiplication or product of two vectors is defined in two

ways, namely scalar (or dot) product where the result is a scalar
and vector (or cross) product where the result is a vector.
SCALAR (OR DOT) PRODUCT
OF TWO VECTORS

- —
Let 4 and & be two non-zero vectors inclined at an angle 6.

-
Then, the scalar product or dot product of 2 and b is

- =
denoted by a- & and defined as

-
b
a
=
a
=3 =3 = —*
ab=|al||b|cosBh 0=B=m
— =
or a-b=abcosB,0=0<T
—— —
where a=|a |and b=| & |
- = -
Note If gither 2 = 0 or b = 0, then 8 is not defined and in this case
we define, 2-b=0

— —
Clearly, PB =-3 4P
So, the vectors AP and P are collinear.

—_— —
But P is a common point to AP and PB.
Hence, P, A and B are collinear points.

—_— A - - - A -~ A P -
Now, CP =(i— j+2k)—(0i +3] —6k) =i —4] +8k
and PD =(2i —5] +10k)— (i — j+ 2k) =7 —4] + 8k

—_— —
Clearly, CP = PD.

— —
But, P is a common point to CP and PD.
Hence, C,Pand D are collinear points.

Thus, A,B.C,D and P are points such that A, F, B and
C, P, D are two sets of collinear points.

— —
Hence, AB and CD intersect at the point P.
19. Solve as Question 18.

IMPORTANT RESULTS ON SCALAR
PRODUCT OF TWO YECTORS

(i) The scalar product of two vectors (i.e. :-?;) is a real

number.
= =+ —_ =3
(ii) Ler # and & be two non-zero vectors, then - 6 =0 if

—_

and only if @ and & are perpendicular to each other.
- =¥ = -

e a-b=0s=al b

— -
(iii) IFB=0, then 2- b = ||| 6] Also, 7- 7@ =|a|>.
(iv) 16 = 1, then a- b = —| 2] 6}

Also, a-(— @) =—|a|*.

(v) For murtually perpendicular unit vectors ;,}and {:,

. - 7.
(vi) The angle berween two non-zero vectors & and & is
given by

Y

||l ]

- =
] a-b

or B =cos

cosB=

-
| a]| &]



EXAMPLE |1| Find the angle between two vectors
d and b with magnitude 2 and 1 respectively, such that

a-b:J_.

- -

Sol. Given,|a|=2|b|=1and a- b = 3.
s -
a

Let 8 be the angle between a and b.
Then, cos B= b = cosf= 3 [given]
- 7 2x1
[all |
= cos 9=£ = cosfB= l:i:usE Ii'.‘c05£=‘}—3_J
2 6 [ 2
= 6= r
]
Hence, the angle between :and bis E
Properties of Scalar Product
of Two Vectors
(i) Scalar product of two vectors is commutative, i.e. for
- =
vectors 2 and .6 we have ab=5b- :.:
(ii) Scalar product of vectors is distributive over
= = -

addition, i.e. for vectors a, & and ¢, we have

n Ifb+ c]—a _6)—1-; ?

-
(iii) If m is any scalar and ;andb be two non-zero

= = = = - -
vectors. Then, (m a)-(&) =m(a-b)=(a)-(m &)
(iv) Scalar product of two vectors in component form.

=%
Suppose two vectors & and & are given in component

form, say
= - - - - - . -
a=ayi+ayj+azkand b=bi+byj+ bk
Then, their scalar product is given by
- - - - - - -
2-b=(ayi +ay)+ask)-(byi +byj +byk)
=aby +ab; +azby

EXAMPLE |2| Find |a| and |b}, if |a =2’T:-‘and
(a +b).(a-b)=12 [Delhi 2020]
Sol Given (a+b)-(a—b)=12and|a|=2b|

= ada-ab+ba-bb=12

= laf —|b =12

= (@b -bf =12 [given|a|=2B]]

iz e 2
=% 4B —|b|F =12 = 3 b|" =12

la|=24b|=22)=4

EXAMPLE |3| Find (@ +2b)-(3d - b), if

E’:f+j+2il’:‘and3:3§+2}'-k‘.

Sol. wEhavez-mu;zmdz 3+ 2j &
Clea:ljra+2b—{:+;+2kl+2{3:+2;—k}

-:+_;+2k+61+4j 2%k
=7i +5}+Uk

—3

and 3a—b=3(i+j+2k)—(3i+2j—k)
=(3i +3] +6k)—(3i + 2j — k)
=0i+]+7k
Now, (@ +2b)-(3a — b)
= (71 +5]+0k)- (0 + ] +7k)
=7(0) + 51) + 7)=0+5+0=5
EXAMPLE |4]| Find angle 6 between the vectors

a=i+j-kandb =i -] +k. [NCERT]

-

Sol Given, a=i+j—kandb=i—j+k
Clearly, |a| =i + j - &

=P+ () = fir141=4
and b =]i =+l

=P (1) () =141 =40
Also, a-b=(+j-k)-(-j+k)

=MD+ (-1)+ (1))

=1-1-1=-1

— —
Now, let the angle between two vectors a and b beb.

a-b
Then, cos @ =
|||b| -J_J_
= 1:1:1.5\9=—l = B=cos™" _?l]

PROJECTION OF A
VECTOR ON THE LINE

Let 7 and b be two vectors represented by OA and OB
respectively and let @ be the angle made by 2 with directed

line / in the anti-clockwise direction.



Then, the projection of 571’ on the line [ is 5§, which is

— —
given by| OA | cos8 and the direction of b, called projection

vector, being the same (or opposite) to that of the line /,
depending upon whether cos® is positive or negative.

A

Note & =| OA| cos8- b =| 3| coso. b

Some Results on Projection of a Vector
(i) If _,3 is the unit vector along a line /, then the

- R

projection of a vector « on the line/ is given by a- p.
- =+
a-b

-5

bl

= - =
(ii) Projection of vector & on b is given by a - & or

-

- . _} _’ . . _’ -~ I
and projection of vector b on a is given by b2
— =3
a-b
—

||

— —
(iii) 1f8 =0, then the projection vector of AB will be AB

—
itself and if 8 = @, then the projection vector of AB

or

—
will be BA.
. i 3n .. -
(iv) IfB= E orfB= ?, then the projection vector of AB

will be zero vector.
(v) Let o,B and 7y be the direction angles of vector

= : . ; N .
a = a; { +a,j+ ask,then its direction cosines may

be given as
- . - .
- -1
costL = 4t :ﬂ,cosﬁz J =22
e —% - n =+
lal [i] |al la|ljl [al
P
. a
andcos}':i ::3'.
|a|lk] |al

" - -

Here, | a| costt, | a| cosP and | a| cos?y are respectively, the
projection of P along OX,0Y and OZ, i.e. the scalar
components 4, 4 ;and a5 of the vecror 7 are precisely the

projections of 7 along X, ¥ and Z-axes, respectively.

Note if & is a unil vector, then it may be expressed as
&=cosoj + cospj + cosyk-
EXAMPLE |5| If ¢ =7{ +) -4k and b =2i +6; +3k,
—
then find the projection of aonb.
— - - - - A A -
Sol. Wehave,a =7i+j—4k and b =2i +6j+3k
-3 -~ ~ ~ A A -
Clearly, a- b = (7 + ] — 4k)-(2i + 6] + 3k)
=7(2) +1(6) - 4(3) =14 +6—12=8

.
and | b|=y22+6*+3% = 1+36+9=29=7

—
a-

=l

L — -
Now, projection of a on b= =

8
7

o

TOPIC PRACTICE 3 I

OBJECTIVE TYPE QUESTIONS

1 The angle between two vectors a and b with

magnitude J3and 4, respectively and ab= 243

is [NCERT Exemplar]
T I s aT
a)— b) — c)— d)y—
(@) . (b) 2 () 5 (d) 5
2. The angle between the vectors ; - jand _} —kis
[NCERT Exemplar]
T Zn T 5T
a)— b) — c)=— d)—
(a) P (b) . (c) . (d) p

3. Ifeisthe angle between two vectors E and 3

thena b =0 only when [NCERT]
(a)o<o< bo<e<l

2 2
(c)0<B=m (dyo=8=mn

4. The value of A for which the vectors

a =2; B }..} +kandb = : +2:" + 3k are orthogonal.

oS [NCERT Exemplar]
3 -5
(a)0 (b)1 (c) 3 (d) -

5. Let ; and E be two unit vectors such that
- = 1 - =
a b= —5. Then, |a + b|is

(a) 2 (b)0
(c)1 (d) None of these



VERY SHORT ANSWER Type Questions

6 Write the angle between vectors a and b with

magnitude 43 and 2 respectively, having

a-b=16.

7 Ifa and b are two unit vectors such that a + b is
also a unit vector, then find the angle between

[Delhi 2014]

; and 3

8 Ifais a unit vector and (X — @)-(X + d) = 8§, then

[NCERT Exemplar]

find | x|.

9 Ifa and b are two vectors, such that | a |=2,

|b|=1and a-b =1 then find (3a — 5b)-(2a + Tb).

10 Write the value of i, so that the vectors

; =2+ ".lhj' +k and_i; = f—Q}' + 3k are perpendicular
[Delhi 2013C]

to each other.

11 Find the magnitude of each of the two vectors a

and b, having the same magnitude such that the

angle between them is 60° and their scalar

product is g

12 Find the angle between the vectors i —_} and

- -

j—k. [All India 2015]
13 Find the projection of the vector E+ 3_;' +Tkon

the vector 2i — 3_}' +6k.

14 Write the projection of vector i — j on the
vectori + _}

SHORT ANSWER Type I Questions

15 Ifa and b are two unit vectors, then find the

angle between @ and B given that NEY: _bisa

unit vector.

16 Find IE —E; |, if two vecturs; anda are such

that|a|=2|b|=3and a-b=4.

17 Prove that for any two vectors a and b,

la - bl<|allbl

18 If3=5?—}'—3§and3=f+3}—5§,thenshow

that the vectors (a + E') and (g —E) are

perpendicular.

[All India 2011]

|CBSE 2018]

[All India 2011]

19

20

If G=2i+2j+3kb=—i+2j+kandc=3i+ ]

are such thatd + A b is perpendicular to ¢, then

find the value of A.

fa=2- }+fc3 = f+:r'—2f:anl:l_c' =f+3j'—l::, then

find 7 such that g is perpendicularto L b+ c.
[NCERT Exemplar]

SHORT ANSWER Type II Questions

21

22

23

24

26

27

28

29

If the dot products of a vector with vectors
3;" — 5,@2; + ‘.rj‘ and ; + j 1+ are respectively -1, 6
and 5, then find the vector.

Vectors E_f;.r and E are such that ; +E; +;.: = Ei and
|d|=3,|b|=5and |c|= 7. Then, find the angle

between E and E; [Delhi 2014]

If @, b and ¢ are unit vectors such that

a+ b+ ¢ =0, then find the value of

- -

-+ =
a-b+b-c+c-a.

The scalar product of the vector a=i+ }'+ k
with a unit vector along the sum of vectors

_I;=2;' +4}'— 5k and_e. =i +2}'+ 3kis equal to
one. Find the value of A and hence find the unit

vector along b + c. [All India 2014]

If 2 and 5 are unit vectors inclined at an angle 8,

then prove that sing = %l.ﬁ —5|.

Find the values of x for which the angle
between the vectors a = 2x% + 4x}'+i;. and
b=Ti— Z:r'+ xk is obtuse.

Find the values of ¢ for which the vectors
a= {c]ugzx)f—ﬁ}'+ 3k and

b= (logzx)f —2} +(2clog, x}E makes an obtuse
angle for any x € (0, =).

Find the values of a for which the vectors
r=(a —4];'. +2j—(a* —9)k makes an acute angles
with the coordinate axes.

Prove that for any two vectors a and b,

-+ -+
|a + b|<|a]+ bl



30

31

32

33

34

35

Find the value of p for which the vectors
a= 3§+2_}+9§ and_l; = §+p}+3£ are

(i) perpendicular. (ii) parallel.

Ifa, 3 and ¢ are three mutually perpendicular
vectors of equal magnitude, then find the angle

betweena and (@ +b + ¢). [Foreign 2011]

Ifa, b and ¢ are three mutually perpendicular
vectors of the same magnitude, then prove that
a+b+cis equally inclined with the vectors a,b
and ¢. Also, find the angle which d+ b + ¢ makes

with g or b or c. [Delhi 2017, 2013C, 2011]

Let E, b and;:. be three vectors of magnitudes 3,
4 and 5, respectively. If each one is
perpendicular to the sum of the other two

vectors, then prove that |E +h+¢ = EﬁL
[NCERT; Delhi 2013]

If with reference to a right handed system of
mutually perpendicular unit vectors E; and k,

we have;.— SE—}andE -25+}—3}E
Express B 1n the form ufﬁ [31+ [‘.,T where j.’ul is

parallel to cf. and 31 is perpendicular to [L
[NCERT; Delhi 2012]

Ifa =21?—}'—2fcand3 = ?E+2j'— SJ;,then EXpress
_f;.r in the form clf_f.; = 31 Es 32, where _I;.rn is parallel

toa and 32 is prependicular to a. [All India 2017]

HINTS & SOLUTIONS

(b) Here,| a|=/3,| b|=4and a-b = 2.3
We know that,

ab=|a||lb|cos®
= Zur-q.l‘--d-cnsﬂ

= cos B = 23 =1
B 2
a=r
3
(b) Hint Apply the formula cos 8 = a-b
lallB]

(b) It is given that a- b= 0
and we know that a- b =|:1. ||_b’| cos B

cos @z20

= 0=8

1
v | A

(d) Let the wectors aand T are

perpendicular, then a-b=0

[l a | and | b | are positive]

orthogonal, ie,

= (2 +AJ+K)-(F + 2] +36)=0
= 2+ 20 +3=0
= L= _?5, which is the required value of A.

l:c:lHere,wehavE|3|=|3|=1

. e e
Now, consider |a + b|"=(a + b)

=la|’ +|B|* + 2a- b

=17 +1* + 2[—l
2

=1+il-1=1
= |3+_E;|=1

Similar as Example 1. [Ans. m /4]
Given,|a| =1, |b|=1and|a + b =1

Now, consider |::!'+?l"|1 = I:: B 3}-{: - E}

- = - = - - - =

=a-a+ba+a-b+b-b

-

—lal*+2a-b+|b[

[~

-+ - -

-b=b-a

DJ-

- =+
= 1=14+2a-b+1

and x-x =]

[ |; +3| = |;| - |_!;| =1, given]

= Za-b=-1
-+ = 1 —+
= |a|| b| cos 6=——=
2
1
= cos l=——
2
= cosﬂ-cusz—‘m:}i} =
3

Hence, the angle between a and b is 3

[-a-b=|a||b|cos 6]

[lal=[bl=1]



10.

11.

12,
13.
14.

15.

Given, J is a unit vector.
la|=1
Now, consider (x — @)-(x + d)=X X+ x-a—i-x—i-a
=X+ xi-x-d-|al [“X-d=d-x]
= (x-a)(x+a)=|3" - ||’
= 8=|x|* =(1)* [given,(x—i)-(x+d)= 8§
= s+1=|%]" = 9=|%|°

=

|x|=3 [magnitude is always positive]
Given, |a|=2|b|=1land a-b =1

Now, (3a —5b)-(2a +7 b)

=6|al’+ 21a-b—10b-a —35|b|*

el
=1 ]
Il

- )
=i

= 6la|*+11a- b—35|bf* [
= 6(2)" +11(1)—35(1)"
=fHxd +11-35
=24+11-35=0
Given vectors are a = 2i +l} thkand b= ;—2_}+ 3 k.
Since, the vectors are perpendicular.

= =+

i a-b=0
= (2i+Aaj+k)(-2j+3k)=0
=5 2—-20 4+3=0
: A =5/2

Given, two vectors a and b such that |;|=|3 | ab= %aﬂd
angle between them is 60°.
We know that

@b =/a||B|cos®,

where 8 is angle between @ and b.

Q - =
— =|a|-|a| cos60°
2

= %-|E|‘=% ‘.'c\us60°=%]
= [a]* =9

= |_f;| =3 [~ magnitude cannot be negative]
Thus, [a]=|a]=3

Similar as Example 4. [Ans. 2r /3]
Similar as Example 5. [Ans. 5]
Similar as Example 5. [Ans. 0]

Solve as Question 7. [Ans. 6= %}

16. Given,|a|=2|b|=3anda-b=4

17.

18.

19.

20.

Now, consider| a — EF =(a— 3)2

=|a| -2a-b+|bJ
L |d—b =(2)° - 24) + (3)°
=4—-84+9=5
la-b| =5 [taking square root on both sides]
When, either a =0 or b = 0, then |a-b| = 0=|a| | b}

Thus, inequality holds trivially when eilher_.; =(or
k=0

- =

When || %05} then 19l |cos g

-

lal | B
—- = - =
But |cosB|<1 = |a-b|=|a||b|
We have, E=5;—}—3éand_!;=f+3}—5£
Now,a+ b=5—j—3k+i+3—5k=61+2] -8k
and @—b=5i— j-3k—i-3j+5k=di—4)+2k
- o, . . a . . -
Now, (a + b)-(a — b)=(6i+ 2j — 8k)-(4i —4j+ 2k)
=24 -8-16=0
Hence, (a + _E;) and(a — E} are perpendicular vectors.

Wehave,::;=2E+2}+3kﬁ,3=—;+2}+£

and _:.:=3;+j
Now, a+Ab=(2+2j +3k)+ A(—i + 2] + k)
=21 +2j+3k —Ai +20] + Ak
=(2-R)7 +(2+20)] + (3+ L)k
Since, @ + A b is perpendicular to ¢.
(@+Ab)2=0
= [(2=A)i +(2+20)f +(3+ A) k]-(3i + ) =0
= (2= A)(3)+(2+ 20) )+ B+ A)(0)=0

=3 6—30+ 2420 =0
= — L +8=0
; A=8

Solve as Question 19.
[Ans. b =-2]



21

22

23.

Let a=3—5k b=2+7] and c =i+ j+k be three
given vectors. Let _r. =xi+ )g;+z£ be a vector such that
its dot products with ;E and _[.'. are —1, 6 and 5
respectively, we have

ra=(d+y+zk)-(Gi-5h) > -1=3x-52 ()
L)

and r-c ={x%:+y}+z£]-{;+}+£] = 5=x+y+z ..(iii)

rob=(xi+ y}+z£}-{2;+7}):>6= 2x+7y

On solving Egs. (i), (ii) and (iii), we get
r=3 y=0andz=2

- - A
Hence, the required vector is r = 3i + 2k.

e -
a+b+c=0

Given,
= a+b=-7
= (a+ 3)1 =(-¢c)* [squaring on both sides]

-

=1

= [a)* + 2a-b +|B]* =|¢)°

= [a]* +2a||b| cos 0+ B* =|¢|° D)
[+ @ b =|d||b|cos ]

On putting the values of |a| =3 |_.!;| =5and|¢|=7in

Eq. (i), we get

(3)* +2x3x 5% cos B+ (5)° =(7)°

= 94 30cos B+ 25=49
= 30 cos B =49 —34
= E'D\.E9=E=l
i 2
= cos 8= cos =
3

a="1

3

Given.|a|=|b|=|¢|=1anda + b+ T =0 D)

-+ =+
:E-{E + b +_c’]+ b-{3+
-+

- - = P - -y ==
= aa+ab+ac+ba+bhb

+
a8l =y
LI |

tca+bc+|c)?=0

[dot product is commutative]

24.

U

Given,_5=i"+}+§, E=2?+4_}—5£

and ?=".’..F+2}+3E

Now, b +¢ = 2 +4 -5k + A + 2 + 3k
=(24+K)i +6] - 2k

b+ ] = (24 1)* +(6)° +(-2)°

=J1+27 +an +36+4
= A7 + 4k +44
The unit vector along b+7is given by

b+C (2+4M)i+6j—2%

,sz +4h 4+ 44 -0

1% +¢l

Given, scalar product of (i + 3+E] with above unit

vectoris 1,
-« s b+c
ie. (i+j+k)y =1
- -
|b+¢|

{z+1)?+5}—?.f2_1
le +4} +44
(24 R)+16) +1=2) _
JA Hah + a4
24h+6-2

q.i)xz +4h +44
A +ﬁ=«,}h’ +4A +44

=

= (A+6)° =A% +4} +44

= AT 436+120 =L +4h + 44

= Bh=8 = A =1

Hence, the value of }, is 1.

On putting the value of L in Eq. (i), we get

_(2+1)i+6j 2%
(1)% +4(1) + 44

= {f+}+§]-

U

[squaring on both sides]

Unit vector along b+¢

_ 3 +6) -2k
:}1 +4+44

3 46j-2

:;'4'3‘



26.

27.

28.

29,

We know that, |; _J:'| = |I'| :
= la=bIF =(a-b)-(4-b)

-

|G—b]* = a-d—a-b—b-a+b-b

.

=
= la—b|* = |a|*-2a-b+|b)® [a-b=h-a]
- la—b)* = |a]*~2]a|| blcos @+]b|*

[~ a-b=|a||b|cos 8]
= la—b*=1—2-1-1cos 8+1 [given |a|=|b|=1]
= |ﬁ—£|1=2—2cus 2]

T .2 -] - 29
= la—b|*=2{1—cos B)=2|2sin’| = || =4sin® =
2 2
= sin? = Ljaoip = sn2=1ja-j
2 4 2
Let 8 be the angle between vectors 2 and b.
Then, cos 8= fi
| all b
For the angle 8 to be obtuse, we must have cos 8<0
= ji =0
|all b
= a-b<0 [:| al.| b= 0]

= (2x% +4x+K)-(7i = 2j + xk)< 0
= Mx’ —Bx+x<0=7x(2x-1)<0

1
= x{zx—nc:a::n-:xqa

Hence, the angle between the given vectors is obtuse, if

x (0, 1/2).
Solve as Question 26.
[Ans. c €(—4/3,0)]

For vector rto be inclined acute angles with the
coordinate axes, we must have
-+ A -+ A - .
ri=0r-j>0and r-k>0
-+ a - o
Consider, rrizland r-k=0 [rj=2=0]
= (a° —4)>0and—(a*-9)>0
[ r-i=a®—4 and rek =—a’-9)]
= (a—2)(a+2)>0and{a+3)(a—3)<0
= a<—2ora>2and-3<a<3
= ae(-3,-2)u(23)
When either @ = 0 or b = 0, then|a + b| = |a| + |B|.
Thus, the inequality holds trivially in this case.
C

-
Bx2

ol

fo

30.

31.

When | a] #0#| ]
Then,|a + b|* =(a + b)*=(a + b)-(a + b)
=aa+ab+ba+bh

+
a® +|b® + 2a-b
|

= |a+BF<|a]’ +|B)f + 2[a-b] [-x<|x|.V xeR]

= la+BP<[al® +|b* +20allB|  [[a-b|<[allbl]
= |a+b*<(a|+|b])*

= |a+b|<|al+|B|

(i) If vectors :1. andi; are perpendicular, then ab=0
= (3i+2j+9k)L(T+pj+3k)=0
= I+ 2p+27T=0
= p=-15

(ii) We know that, the vectors a = al; + ﬂl}' +d, k and

So, the given vectors a =3i+ 2} +9k

and  b=i+p;+3k will be parallel iff

3_2 9
1 p 3

2 2

—1 3:—:}P=_

P 3

Given g, b and ¢ are mutually perpendicular vectors with

equal magnitude.
.. We have, a-b=b-¢t =%¢-a =0
and 131=15]=|%] )

Let @ be the angle between a a.nl:l{:z. + _E; + ?).

—tl:.—t+_!;+—t:l —t—5+—t_E;+—,—t
a-\a [ a-da - d-c
Then, cos 8= =
! - = T
la|la+b+c| |alla+b+c)|
[al*+0+0  Ja

[from Eq. (i)]

-+ -
la|la+b+7¢| |a+b+7]
-+ =+ - =+ -
Now,|a+b+cP=(a+b+c)(atb+c)
-z Pz 2 -7 > - -
=a +b +c+2ab+2bc+2ca

- -
sla+ b+ =al? +|b]F #|€P 404040

lal*+lal* +]al*  [fromEq. ()]

3)al?



32,

33.

lal _ 1

B B

= 8=cos™ [%)
A (say)

cos B =

I—Et|-ﬂ|=|f’|=|~=|=
Since, a, b and ¢ are mutually perpendicular vectors.
Therefore, a- b boc=c-a=0 A1)

Now, [a+ b4c|® =(a+ b+c)-(a+b+c)
=aa+bhbtcct2ab+2bct2ea
=|a|2 |+|b|z +|c|‘+u+u+a [using Eq. (i)]

[:la]=b] =

=| a+b+c|=BA (i)

=332 le|=A4]

Suppose a+ b+ ¢ makes angles 8,,8, and 8, with ;,_!;

and _:;, respectively.

= = = = = =% = = = =+

Then, cos 8, = al:a+b+c) a-a+a-b+a-c

- = = =

|a||a+b+c| |al|a+ b+ c|

- =

= cos B, = |al® = lel _ A _1
1= "% % 3 3 = = = Ja1 |a
lalla+b+e| |a+biel V3h B

[using Egs. (i) and (ii)]
= 8, =cos™ [%]

Similarly, we have

, =cos™ [ I]
and @, = cos™ (3',;)

8, =08,=0,
Hence, a + b + ¢ is equally inclined with a, b and ¢c.

Now, cos*8, + cos*8, + cos®0, =1

= Jeos*H, =1
1
= cos @ =-—
3

= L¢] +2
cos@ =

B

We have, |a| =3, |b|=4and|c|=5

34

35.

It is given that,
al{b+ec)bl(cta)andecl (atb)
= a-{(b+c)=0b-(c+a)=0and c-(a+ b)=0

-+ =+ =+ = =+ = = =+ == =+ =

= abta-c=0bc+b-a=0andc-at+c-b=0
Acld.i.ng all these, we get

- =t = -

2{-1 b+b c+c-a)=0

-+ = == ==

= a-b+bct+ca=0 A1)
MNow, consider

|a+b+r:| =| a| +|b| +||::| +2(a b+ b.c+c.a)
= |a+b+ c|* =3 +4* 457 +0

= |_f;'+_[;+::.| =\¢’S_l] = Sﬁ

Since, B, is parallel to o

[using Eq. ()]

Therefore, [.’_u: = h; for some scalar A. LA1)

It is given that, f.’: - [i: +B_.z

= B,=B-B, =p-1a (i)
Also, it is given that, B, is perpendicular to o, therefore
= E: -Ex. =0
=  (B-ho)a =0
= B-oa-Aoa)=0 [using Eq. (ii)]

= )l=|5;[2(

oo
Also, given o =3;—}ﬂ]‘ldﬁ = 2;+}—3E

-t -5 - - A - -
Now, B-oo=(2i + j—3k)-(3i — j)=6-1+0=5

and oo =(3i—j)-(3i—j)=9+1=10
@ 5
oo 102
From Eq. (i), we get
B, =ha =B =—(3-H==i-——]
and B=PB-B,
- 3. 1-)_ 12 3. _»
= =(2i+j—3k —(-;‘—- ]=-f+-'—3k
. =(2i + j—3k) ey ) et

Solve as Question 34. N
[Ans.b =47 — 2] —4k b, =3i +4] + k].



| TOPIC 4|

Vector (or Cross) Product of Two Vectors

Let 7 and b be two non-zero vectors inclined at an angle 6.

Then, the vector (or cross) product of 2 and b is denoted by

ax Z, read as 7 cross b and defined as
axb=|a||b|sin04

where, 7 is a unit vector perpendicular to both vectors

;mdz, such thart ;,Z and 7 form a right handed system.

ol

2>

A
-1

ol

'
'
[
'
'
1

v

Also, |2 x5 |=]2||% |sin 8]7]

=absin® ['-'|Z|=a,|Z|=band|ﬁ|=l]
Note

(i) Either @ = 0 or b = 0, . then @ is not defined as 0 has no direction
and in this case 3@ x b O
a x b
|a xb|
(iii) The relation between dot and cross product is
@By +|3xb|*=|3|b|>.

(i) A=

EXAMPLE |1| If vectors a and b are such that

|.-1| 3, |b| - anda xblsaumtvectur then find

the angle between a and b.

Sol Given, |:| =3, |3| = %

Let 8 be the angle between; and _b'
Since, |a x b|=1
|a| | b] sin@ =1
2
= 3x —sinb =1
3
= 2sinf =1

= sinl=— = @=

1
2 6

IMPORTANT RESULTS ON VECTOR
PRODUCT OF TWO VECTORS

. — -
(1) The vector product of two vectors (a X Z) is a vector.

(ii) Let z and Z be two non-zero vectors. Then,
2xb=0ifand only if 7 and b are parallel

(or collinear) to each other, i.e. 2 X5 =0 <> a ||Z
(i) 2x7=0,as0=0°and @ X (~4) = 0, asO = 0.
(iv) I e=5 then @ x b =|a||4].

A oA

(v) For mutua]ly perpendicular unit vectors?, j jand &,

5
Rl

fxf=}x}=£x£=6
and IX] ij/e-t sz—j,
th—-kaj:-t and i Xk=—1

(vi) The angle between two non-zero vectors a and b in
—
| x b
3 T
[<][4]

terms of vector products is given by sin 6 =

(vii) Vectors of magnitude A normal to the plane of 2 and
+ X (ax b)

|ax b|

.
b are given as

Properties of Vector Product
of Two Vectors

(i) Vector product is not commutative,
-
(b x a)

(ii) Vector product is distributive over addition,

- —- 5 =
for vectors @ and &, we have (a x &)= —

- = -
i.e. for vectors 4, & and ¢, we have
— -+ - = a5 =
axlb+ec)=axb+axe
- -
(1i1) If m is any scalar and @and & be the two non-zero

vectors, then (m E} ® 3 =m (E x 3] = ; X (m 3}



- =

EXAMPLE |2| For any three vectorsa , b andz , prove
that a x (b—c)= (@ x b) - (a x ).
Sol. We have, LHS = a x (b — ¢ )= a % [b +(—c)]
={: x3}+: x{—:]
=(axb)+[~(axc)]
=(axb)—(axc)=RHS
Note We can use this result as standard result.

[by distributive law]

[+ ax(me)=m(axec)]

EXAMPLE |3] Show thata x b = a x ¢ does not always

imply that b= c.

-+ -+
Sol. Wehave, axb=axc

=5 {:xg}—{:x;]=a
= (axb)+{ax(-ch=0
= ax(b+(-c))=0
= ;x{};—;]=a
= 3=Em{3—}']=3m;||(3—}']
- a=Oorb=coral(b-rc)

- = =+ = - =
Hence, a % b = a % ¢ does not always imply that b = c.

Vector Product of Two Vectors
in Component Form

3 —

Suppose, two vectors @ and & are given in component
- - - — - - -

form, say @ = a,i tayjrtakand b=bi+b,j+bk,

then their vector product is given by

- } £
axb= 4, d, 4.
b b, b

[

3

EXAMPLE |4| If a =3i + ) +2k and b =2 —2] + 4,
then ﬁndaxgand| ax b|.

-+ - - - b - - -
Sol Given,a=3i+ j+2kand b =21 —2j+4k

ik
Now,axb=|3 1 2
2 -2 4

=i(4+4)- j12-4)+k(-6-2)
=8 —8] —8k

[a% bj= /87 +(—8)° +(—8)" =8i+1+1=83

EXAMPLE |5| Find a vector of magnitude 3, which is
perpendicular to both the vectors 3f +j - 4k and
6i +5] —2k.

Sol Let two given vectors bea =3 +J'1? _4kand

b=6 +5] - 26,

Using vector product of two vectors, we get

i j ok
axb=3 1 -4
6 5 —2

=i {i(-2)-5(-4)} - j B(-2) -6(-4)}
+k 13(5)—6(1)}
[expanding the determinant along R, ]
=i(=2+ 20)— j(—6+ 24) + k(15—6)
=18i —18] + 9k

and [ax b= 187 +(_18)" +9° =720 = 27
A (axh)
axbl
_ 3018 —18] + 9k)
27

18« 18~ 9» & « =
=—i——j4+-k=2i-2j+k
9 9" 9

Hence, required vector =

[given A =13]

EXAMPLE |6| Find the unit vector perpendicular to the
plane ABC, where the position vectors of A, Band €
arei — j+k,i +j +2k and 2i + 3k, respectively.

|All India 2014C)
Sol Wehave,aﬁ=£—j+§, 5§=;+}+2f;

—

and OC =2 +3k

and AC=0C - OA=(2+3k)—(2i - j+ k)= + 2k
ik

Now, ABxAC=}-1 2 1
001 2

=i(d—1)— j(—2—0)+ k(-1-0) =3i + 2j — k
. Required unit vector perpendicular to the plane ABC

— —

_ ABxAC _ 3i+2j—k
|AB x AC| V3 +2° +(-1)°
_3i+2j—k _3i+2j-k

- J9+4+1 - Jl?




Applications of Vector
Product of Two Vectors

Vector product of two vectors can be used to find the area
of some geometrical figures which are given below

1. Area of a triangle The area of triangle having
adjacent sides Zand b is given by

A

=y

- B

1= =
Area=—|ax b|
2

2. Area of a triangle The area of A4BC is

1.— — 1.— — 1— —
EIABXAC| or 5|BC><BA|Gr EICBXC"II-

3. Area of a parallelogram The area of a parallelogram

having adjacent sides 2and b is given by
D, C

ol

L o=
Area=|ax b|

4. Area of a parallelogram The area of a parallelogram
having diagonals &, and 4, is given by
D

T4

1. - =
Area=z|a'l xd, |

where, E‘ = a?l and E = s;'; are diagonals.

EXAMPLE |7| Find the area of the triangle whose
vertices are P(-1,2,-1),0(3,-1,2) and R(2,3, - 1).
Sol. Let ;,_i;and_:.: be the position vectors of points P, and R,
respectively. Then, @ = —i +2j—k, b =3 — j + 2k and
T=2i43]-k

1 = —_
Clearly, the area of APQR = EIPQ % FR|

Now, PQ = Position vector of Q — Position vector of P
=b-a =(3—j+2k)— (=i +2]—k)
=4i -3} +3k

PR =Position vector of R — Position vector of P

=c—a=(2+3j-k)—(-i +2j-k)=3+ ]

- - A

P
L POxPR=|4 =3 3|=(0=3)i—(0-9)j+(4+9)k
301 0
= 3] 49 +13k

and | PQ x PR|= (=3)% +(9)* +(13)°
= Jo+81+169 = /259
PR |= 14259

So, area of A POR = 12|E x PR |=1§
EXAMPLE |8|Ifa=2 -3j +k, b= +k and
= 2}' —k are three vectors, then find the area of the

parallelogram having diagonals [’E + 3] and {E + E).
[Delhi 2014C]

Sol Wehave,;; = 2;—3}+f;,b=—;+£and_:; = 2}—£
Now,a + b=(2 —3j+k)+ (=i + k)=7 3] + 2k
- - - “  oa a -
and b+e=(—i+k)+(2j —B)=—i +2]

ik
w(a+b)x(b+o)=[1 -3 2
-1 2 0

=i(0—4)— j{0+ 2) + k(2—3)
=—4i-2j—k
Hence, the area of parallelogram having diagonals
(a+b)and(b +7¢)

_ @+ b)x(b+ ) _ |4i —2j -kl

2 2
Hle+441  4/21 1
=—————— = —— = —4/2] sq units
2 2 2



EXAMPLE |9| A AOAB is determined by the vectors
;andg as shown in the figure. Show that the triangle has

1 — — — =
the area, is givenbyﬂx.:z\h a|?| b|*=(a b)*.

l — —
Sol. We know that, area of triangle, A = E|DA)< OB|

1= =
= A* =Z|a><£;|2 i)

= = — = -+ = -+ =+
Now, |ax b|*+{a-b)* =|a|*|b|*sin® B+|a|’ | b|* cos* @

- -
=|a|*|b|* (sin* 8+ cos*8)
- - - -
=|al”|b|*x1=|a]"| b*
-+ =+ = =+ =+ =+
= |ax b|*=|al*| b]* ~(a- b)*

.~ From Eq. (i), we get A* = i[l_a'f |_E;|2—{;_b')z]

= A= Lylaf 1B ~a- by

TOPIC PRACTICE 4|

OBJECTIVE TYPE QUESTIONS

1 If 8 is the angle between any two non-zero

vectors Eands, then IE-E |=|Ex3| when 8 is

equal to INCERT]
(a)zero  (B) X X dn

4 2
If|a|=10,|5 |=2and a-b =12, then the value of
laxb|is [NCERT Exemplar]
(a)5 (b) 10 {c) 14 (d) 16

3 The value ng-(}xE)+ }(.E: X ;}+fc-(f b j] is

[NCERT]
(a) zero (b) =1 c)1 (d)3

4 The value of A for which the vectors 3; - 6; + E

and 2i — 4::' + ik are parallel,is |NCERT Exemplar]|
2 3 5 2

a) — - (c) — (d) —

(a) 3 (b) 5 ) 5 ) -

5 The vectors from origin to the points 4 and B

area=2i — 3}'+2ftand3 =2+ 3}'+§
respectively, then the area of AOARB is equal to

[NCERT Exemplar]
(a) 340 (b) V25
(c) V229 @229

VERY SHORT ANSWER Type Questions

6 If0is the angle between two vectors i- 2}' + 3k

and 3i —2j + k, find sin 6. (CBSE 2018]

Find & andp, if (2i + 6 +27k) x (i + j + k) = O.
[NCERT]
Find & and p, if (i + 3 + 9%) x (3i — Aj + pk) =0.
[All India 2016]
If|a|=2|b|=Tanda x b = 3i +2] + 6k, find the

angle between @ and b. [All India 2019]

Find the angle between two vectors _.r; anl:l:';
having the same length /2 and their vector

product is —i — j+k. |All India 2016C)

11 Evaluate (2; + 33) ® (5; + ?3).

SHORT ANSWER Type I Questions

12 Find a vector of magnitude 9, which is

perpendicular to both the vectors 4i - }'+ 3k and
i+ j —2k.

13 Ifa=2i+ j+3kandb =3i + 5] -2k then find

la=xb]. [All India 2019]

14 Given|a|=10,|b|=2 and a-b =12, find |ax b|.

SHORT ANSWER Type II Questions

15 Find a unit vector perpendicular to each of the

= = = = = - - A
vectorsa+ b anda—-b, wherea=i+ j+kand
-

b=i+2j+3k. [NCERT]

16 Ifa=i+2j+kb=2i+jandc=3i -4 5k,

then find a unit vector perpendicular to both of

the vectors (a — _I;} and (¢ - 3). [All India 2015]



17

18

19

20

21

22

23

24

26

If the three vectors E, _l; and ¢ are given as

aLf + az_}'+ asi;,, b,f+ bz_}+ b:,.?c and c,g - n:z}' + CE.E.

Then, show that a x (3 +0)=(ax _I;} +(a xc).
[NCERT Exemplar]

For any three vectors d, E:: and E, evaluate

ax(b+¢)+bx(C+a)+¢x(a+b).

If; x_I; =E ® E anl:l_.r; ® E =3 x:iT then show

that; —E is parallel to b —c.

Using vectors, find the area of the A ABC,
whose vertices are A(l, 2, 3), B(2, -1, 4) and
C(4, 5, -1). [Delhi 2017; All India 2013]
Using vectors, find the area of triangle with

vertices A(l, 1, 2), B(Z, 3,5) and C(1,5,6).
[All India 2011]

Show that {:1. x:':.r]z =

Blal
[~
L~ o -
ol &l

-+ = -+
If a,b and ¢ are three vectors such that

a+b+ ¢ =0, then prove that a xa =b x::. =::. ><_r;,
Ifr =x§+y}+z£, then find (;xf]-(?x}'}+:(y.
[Delhi 2015]
]fE = f+_}+§: anda = :r—i% then ﬁndavectnr::.
suchthataxc=bandac = 3. [Delhi 2013]
Leta=4i+5j—k b=i—4j+5kandc =3i+ -k
Find a vector;i. which is perpendicular to bothz

El]'ld_f; and satisfying ;i._-:, =21 [Delhi 2016C]

HINTS & SOLUTIONS

—

(b) We have,|a b |=|ax b|
= |a||b|cos@=|al|b|sin®
cos B=sin @ [|;|and|_!;|a.re positive]
tan@=1=0="
4
(d) We know, (a-5)* +|axb|* =|al’ | B[
(12)* +|a x b|* =107 -2? = 400

= |3x3|’=4ﬂﬂ—144=256:>|_§x3|=1ﬁ

(d) We have,
POk kDR (IxD=ii+]+kk
[jxE=iixi=jixj=i
=1+141=3 [vi-i=] j=k-k=1]

4. (2)Hinta| biffaxb=0

1 = =
(d) Area of AOAB = —| OA x OB|

=%|{2§—3}+ k)% (21 +3] + k)|

PG
1
=—2 =3 2
2 |

|2 31
=%I[3{—3—61—}{2—4}+§{ﬁ+6}ll

1 A A -
=—| =9 +2j+12|

1 1
. Area of AOAB = E JBL+4 +144) = E /229

Leta=i—-2j+3%kandB =3 — 2] +k

3]

sinﬂ=@
la] IB]
[-1a xB| =|a||B| sin®]
Here, [a]= 17 +(<2)" +3% =I+a+9 =11
[Bl= 3% +(=2)* +1° =ora+1 =41

Then, ..(1)

ik
-2 3
-2 1

=

and axb=

[

=i(-2+6)— j(1-9+k(-2+6)
=4;+3}+4£=4(?+ 2}+.‘;]

= Jaxb|=a1*+2* +1° =4 1+4+1=46
Now, from Eq. (i), we get
_ 4fo 46 246
smﬂ:—:—:—
Jia e 14 7

We have, (2i +6) + 27k)x (i + Aj +pk) = 0

PGk
= 2 6 27|=0
1 A

=61 — 270)i — (2 — 27) ] + (24 —6)k =07 +0] + 0k
On equating the coefficients of i _} and k both sides,
we get

6u—27h =020 —27=0and 2L -6 =0

= }.=3and|1=%



Solve as Question 7. [Ans. A =—9, 1 = 27]

Let 8 be the angle between aand b.

We have, ax b =3;+2}+&£
|axbh|=43" + 27 +67 =29 =7

= |a||?|sin@=7 [-laxb|=|al|?|sin 8]

Hence, the required angle between aand b is %

10. Solve as Question 9.
Hint |a|=|b| = v2 and |ax b| = |-i - j + ¥| [Ans. 1/3]

1. We have, (2a +3b)x(5a +7b)
= 10(; x:}+14{: x _!:)+15{_£: x;]+21{3 xz)
= 0+14(a x b)—15(a x b)+0

[‘.':x;=_!;x_i;=aand:x3=—;x:]

= —(axb)

12. Leta=4i—j+3€and b=—2 + j—2k Then,

- - -

ij Kk
axb=|4 -1 3|=(2-3)i-(-846)j+(4—2)k
=—;+2}+2£
and|a x b|=4(-1)* +2° +2° =144 +2a=5=3
. axh
*. Required vector = 9{ — —{ 1+2_j+2k}
la x b|
=—3i +6]+6k
13. Wehave,3=2f+}+3£andb=3?+5}—?.$
ik
Now, a x b = Iz 1 3|
|3 5 =2

=i(-2-15)— j{—4 9)+H10 3)
=i(= 17)—;( 13}+k(?)
——1?|+13j+?k

s Jax b= (-17)F +(13)* +(7)°

= [289+169 + 49 =507 =133

-+ -+ -+ =
14. Given,|a|=10,|F|=2and a-b =12

We know that, (a - b)* +|ax b|* =|a|*| b|*

12 +|a x b|* = (10)° x(2)°
= |:x3|z=400—144 = |::. x_é:|’=256
= |; x_£:|= [taking positive square root]
15. Wehaw,;=;+}+£md3=f+2}+3£

Now, :+3={E+}+£)+{?+2}+3£]=2?+3}+4£

and ;— —l:!+_;+k} (1+2]+3k} 0i — _j 2%k
Avectorcper‘pend.lculartubuﬂl a+b and a—bm
given by

¢ =(a+b)x(a—b)=(2f+3] +4k)x (0f — j — 2K)

PGk
= c=[2 3 4|=(—6+4)i—(—4—0)]+(-2-0)k
0 -1 —
=-2f+4j- 2%

and|c|= (—2)* +(4)° +(—2)= =Ji+16+4 =22 = 246

- Required unit vectur= —c = T{ -2 +4_} 2k}

1 = - -
N SIS
AN

16. Solve as Question 15. | Ans. L4 k
iz

17. Clearly, b+¢ =(bi+b,j+bk)+(c,i+c,]+c,k)
=(b, +c,)i +(b, +¢,)j+(b, +c,)k

-

- -
sax(b+c)=| q a, d,

=l|a, a, dayf+|a, a, a,
by b, by |, ¢, ¢

[by property of determinant]

=(axb)+(axc)
Hence,;x(_i;+;]={;x3}+{; x::.l
18. Clearly, a x(b+c)+bx(c +a)+¢ x(a+b)
={Ex3}+{3x?)+(3x§)+(§x3)
+|:EXII)+{C xb]
-{axb} {cxa)+l:bxc] (axb}
+I:c><|:) (bxc]

- -

[ bxa-—{axb),axa =—(c Xa]

-

and rxb-—{bxc]]

=0



19.

20.

21
22,

23.

- = - =

Given,axb=c xd LAi)
and a >< c —_i; XE ...(ii)

On subtracting Eq. (ii) from Eq. (i), we get
axb-axc=cxd-bxd
=  ax(b-c)=(c -b)xd
= ax(b-c)=—(b-c)xd
= ax(b-c)=dx(b—-¢)
=ax(b—c)-dx(b—-c)=0
= (a-d)x(b-c)=0

[-axb=—(bxa)]

Hence, {_r: —;)is parallel to lf_l; —21

Similar as Example 7. [Ans. %Jﬁ sq units]
Similar as Example 7. [Ans. 23 sq units]
We have, (a x b)* =|a x b|*

= (a x b)* ={|al | b] sin®}*

(a xb)* =|a|® [b|*sin®@

=
= (a % b)* ={la]* |b*} (1—cos 8)
= (Zx3]2-|§|‘|3|= |E|2|3|‘ms‘a
= (axb) =(a-a)b-b)— {a b){a b)
[a- b-|a||b|cnsﬁ]

-~ =+ laa ab

= ('IXb]z= - = = =
a-bb-b

_—

-+ -
Toprove,axb=bxc=cxa

4

- -

-+ = -+ - =+ = -+ -
We have, a+b+r 0=ax(a+b+c)=axi
[Ia]u.ng cross product with a]

= {a xa}+{axb)+(a xc]-

[using distributive law]

= (a x b)— {cx;)=

[ axa-ﬂa.ndaxr-—c * a)
= = = =

= Y o o ., axb=cxa A1)
Againa+b+c=10
= bx(a+b+c)=bx0

[la]ung cross product with b]
= {b X a}+{b * b)+{b xc]-

= —{axb:}+{bxc)=l}

[+bxb=0bxa=—axb]

= axb="bxc L11)
From Eqs. (i) and (ii), we get

=+ - = - =

axb=bxc=cxa Hence proved.

24, Wehave, r =xi + y}+z£

26.

Now, r x;={ﬁ+ﬁ+zkh]xf
= x(i x 1)+ p(j %)+ z(k x1)
= x-04 p—k)42() = —yk +2)
[=ixi= U,}x?:—fandﬁxf:j]
-+ - ~ - -~ ~
and rxj=(xi+y+zk)xj
= x(i x J)+ Wj x )+ z(k % j)
=xk+ y-0+2(—i)
=xk—zi
[~ixji=0ixj=kandkxj=—i]
Now,(r xf]-{r x})=(—y§+z})-{x§—z?)
=—yx+04+0-0=—xy
[+k-k=Lk-i=0andj-k=0j-i=0]

.'.(rx;)-{rx}'}+x}r=—x}r+xy=l}
Gi\'en,a=;+}+£andb=}—£a.ndc=x?+y}+z£
ik

1| =i(z=y)=jz—x)+k(y-x)
¥y z

- - -

Now,axc=h

[given]
:Hl:z y}+_}{x z]+k{y x]-l].:+lj+{ l]k
[ b=j-k
On comparing the coefficients from both sides, we get
z—y=0x-z=land y—x=-1

= y=zandx—y=1 .Ai)
- =% . A A A A -

Also,givena-c =3 = (i+j+k)-(xi+y+zk)=3

= x+y+z=3

= x+2y=3 [z = y]..(i)

On solving Eqgs. (i) and (ii), we get

2
3y=2:>y=§=z [cy=z]

2
From Eq. (i), we get x =14y =1+;=

= s 2a 2.
Hence, c = =i +—j+—k
3 3 3

(TR

Since, d is perpendicular to both a and b.
Therefore, d = A(ax b) ()

i ]k
=Al4 5 -1
1 -4 5§

= =

Also, we have d- ¢ = 21
21h[i—j—k]-(3i+j-k)=21

= A[211 — 21} — 21K]

- A[B-1+1]=1 :>A=§

=% - - ~ - -
Thus, d = 2[217 — 21 - 218] =77 -7} -7k
3



SUMMARY

* Position Vector The vector @' or T is called the position
vector of the paint P(x, y, z)with respect to onigin O and

|&;|=|7| =,Ix2 +y2+ 22

= Triangle Law of Vector Addition The vector sum of the three
sides of a triangle taken in order is 0.

* Parallelogram Law of Vector Addition Suppose two vectors
aandb are represented by the two adjacent sides of a

parallelogram, then their sum g is represented by the diagonal
of the parallelogram, which is coinitial with the given vectors.

= Properties of vector Addition

(i) 2+b=b+a. [commutative]
(ii) (3 - 3)+ c=a+(b +3) [associative]
(i) a + G=a=a+0 [additive identity]

VectorJom_? Two Points [f A=(x,, y;, z;)and B = (x2 Y2, Zo)
then AB = OB — OA = (X —x;)i +(Yo— Y1) + (22— z,)k

* Section Formulae Let the point C divides the line segment AB

in the ratio m: n. Then, s s
For internal division O—C, = M
m+n

_ _
For external division OC = .08 104
m-n
= Scalar (or Dot) Product of Two Vectors The dot product of a
= —+ -+ —
and b, isgiven by a-b = | a|| b|cos 6, where0 <8 < x.
lfeithera = Gorb = 5, then @is not defined.

* Properties of Scalar Product of Two Vectors

(i) ab=ba [i.e. scalar product is commutative]
i) (3-0)=0

i) a(B+C)=ab+ac [distributive property]
{iv) If a 2 and b are perpendicular to each other, then a-b= 0,

converse is also true.
Important Results on Scalar Product of Two Vectors

(i) The angle between two non-zero vectors Zandbis given

— = —

bycos 8= — b_) or #=cos™’ _}a-b_)
lallb] lal-b]

a=|z2|* (i) 2 =72=k?=1

=

=
-lallol.

(vii) £0=0,then a-b =| a|| b|; f@=x,thena-b
a-

ol

Pro;ectionofaVectorPro;ecnonofao o
B | bl
and projection ofbon a= a
|al

Vector (or Cross) Product of Vectors The cross product of 2
and b, is given by ax b =| a|| b|sin 8/, where 0 <8< .
Properties of Cross Product of Two Vectors
() @xB)=—(bx3a) [not commutative]
(i) ax (3 +C )= axb+axc [distributive property]
(iii) AM(@xB)=(r23)xb =ax(ib)

* Important Results on Cross Product of Two Vectors

(i) The unit vector i which is perpendicular to both the
- =
axb
I

|a
25
0, then either a=0or

= =l -,
vectors a and b, is given by A =

(ii) For vectors a and B.if axb =
B’-—-Uoré’]l'&
(i) The angle between two non-zero vectors is given by
sin9=!M or 8=sin"' M ;
|2l B| |31 Bl

(ivy 2axa=0
{v) Two non-zero vectors 2, b are collineariff ax b = 0

{vi) |m=£,then axb=|3||5.

I_'w}fxr-f f=Ex}E=a
and §x f=£,fx§=r.,£xf=f
(viil) j xi=— K Exf=—fandfx§= =]
(ix) I13=a,rtaz;'+na3 nd B = by + b,f + byk,then
Lo i i k
axb=|3g 8 a8
by by by

= (aphy —agbz) + (@sby —auba) + (aby — 2pby)k
= Applications of Vector Product of Two Vectors
(i) If 2and b represent the adjacent sides of a parallelogram,
then its area is given by | ax 3|_
(ii) If Zandb represent the adjacent sides of a triangle, then

: L 1 -
its area is given by =E| ax B|.

(i) Ii&: andd_; represent the diagonals of a parallelogram,

then its area is given b}r%m—}] xc?;[



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

1 1fm,, m,, my and m, are respectively the

— - - ~
magnitudes of the vectors a1 =2i - j+ &
— A - - = A - -
a=3i-4j-4k,az =i+ j-kand
aa=-i+ 3}' + k, then the correct order of
m,, m,, my and m, is
(a) mg < m, <my <m,
(c) mg < my <my <imy

(b) my < my < my < my
(d) my < my < my <my

2 ABCD is a thombus whose diagonals intersect at
- = =
E.Then EA + EB + EC + ED equals

- — — —
(a) O (b) AD (¢) 2BC (d) 24D

3 If 4 is a non-zero vector of magnitude of a and A
—
is a non-zero scalar, then A a is unit vector if
[NCERT]

(a)r =1
(c)a=1x]

b)r=-1
(d)a=1/x|
4 If|a@|=4and -3 < . <2, then the range of | A | is

[NCERT Exemplar]

(b)[-12,8]
(d) [8,12]

(a) [0, 8]
(c) [0,12]

5 The position vector of the point which divides

the join of points 2d - 3b and a + b in the ratio

3:1,is [NCERT Exemplar]
3a-2b 7a-8b

( ]T MT
3a 5a
24 dy 2%

() 2 (d) 2

= ] = = - —
6 Ifa b =E|a||b|,then the angle between a and b

is

(a)0° (b) 30° (c) 60° (d) 90°
7 The projection vector of @ on b is
[NCERT Exemplar]
{al[“'*]? O e AN ¢ ‘”‘]5
15 151 la| la |

8 For any vector ;, the value of
-+ Aa = g - ag
(axi)+(axj) +laxk)yis
(b)3a*

9 The number of vectors of unit length

[NCERT Exemplar]

(a) a* (c)4a” (d) 24’

perpendicular to the vectors a=2i+ _} +2k and

iR

b=j+kis [NCERT Exemplar]
(a) one (b) two
(c) three (d) infinite

10 Ifa- b =0anda x b = 0, then
(a)ld|=0 (b)|B1=0
(c) Both (a) and (b) are true (d) Either|a|=0or| 5 |=0

VERY SHORT ANSWER Type Questions

11 Write the direction ratio’s of the vector 371 - 23,
A - - — A - -
wherea =i+ -2kand b = 2i —4] + 5k.
[All India 2015C]
12 Finda-b,ifa=-i+ j-2kandb =2 + 3 -k
13 For what value of A, the vectorsi + 2). ]+ k and
% + } - 3k are perpendicular? [All India 2011C]
14 If| E | =J§, IE: |=2 and the angle between H and 3
is 60°, then find . b. [Delhi 2011C]
15 Find A, when projection ofa = Ai + :i +4k on
—+ A - -
b =21 +6f + 3k is 4 units. [Delhi 2012]
16 Write the value of(}E P }); + _:;.EL [All India 2012]
— = — —*
17 Ifa-a =0 and a- b =0, then what can be
concluded about b? [All India 2011]
18 P and Q are two points with position vectors
— — - =
3a-2b and a+ b, respectively. Write the

position vector of a point R which divides the
line segment PQin the ratio 2 : 1 externally.
[All India 2013]



19 Find| I’}| if for a unit vector a, {}'—&)-I{; +a) =15.
(Al IndIa 2013]
20 Find the vectur product of the vectors 3i-k
and - 1 - _; +5k.
21 Find the area of parallelngram determined by
the vectors: +2J + 3k and 3i - 2} +k
22 Ifois the angle between any two vectors a and

— -+ —* - = .
b, then|a-b|=|a x b | Find the value of 8.

23 Write the angle between the vectors ; * i_; and
- =
bxa. [Delhi 2017C]

24 1f(a x b)’ +(a-b)’ = 225and | a | = 5, then write

—
the value of | b | [All India 2017C]

25 The two vectors } +kand BE - }'+ 4k represent
the two sides AB and AC respectively of triangle
ABC. Find the length of the median through A.

[Delhi 2016; Foreign 2015]
— —

26 If @ and b are two vectors such that
- — -
|@a + &) =|a|, then prove that vector2a + b is

perpendicular to vector b_} [Delhi 2013]

- - - - - - —3
27 Find &, if (2i + 6 + 14k) x (i - &j + Tk) = 0.

e Bl e e -

[All India 2010]
28 Find the projection of the vector a=2i+ 3}' +2k

—3 - A -
onthe vectorb =2i+2j+k [All India 2015C)

.
29 1t ;and b are unit vectors, then what is the angle
—_ =
between @ and b so that ﬁa- b is a unit vector?
[Delhi 2015C]
30 Write the number of vectors of unit length

perpendicular to both the vectors a=2i+ _}'+ 2%k

—3 A oa
and b = j+k [All India 2016]

—+ - —3 -
31 For vector a, if |a|= a, then write the value of

— J': ] — A P — A 2
(axi)” +(ax j)" +(axk)" [Delhi 2016C)

SHORT ANSWER Type I Questions

32 The position vectors of points A, B and C are
i + 3,12 + j and 11i - 3 j respectively. If C

divides the line segment joining 4 and B in the

ratio 3 : 1, find the value of » and . |Delhi 2017C]

33 If the points with position vectors 10i + 37,
12i - 5}' and Ai + 11}' are collinear, find the value
of A [Delhi 2017C)

34 ]fa-:+2_; —kandb = 31+_; 5}2 thenﬁnda
unit vector in the dlrectlon of a b

35 Find the projection ufb + c on a, where
@=2-2j+kb=i+2j-2and c=2i - j+4k.
36 Find |E’ -E | if two vectors E’ and E_; are such that
— —
|a|=2,|b|=3anda-b =5

37 Find the umt vector perpendicular to 30+ j' +2k
and?2i -2 J + 4k

SHORT ANSWER Type II Questions

38 Find the position vector of a point R which
divides the line joining two points P and O
whose position vectors arei +2j = k and

-

=i+ } +k respectively, in the ratio 2 : 1

(i) internally. (i1) externally.

-

39 Show that the projection vector of b on E},
ab

a=z0is| L2 (3.

=
laf?

40 1fa and b are two unit vectors and 8 is angle

a-b|,
2

between them, then what is the value of

o - - - — A - -~
H Ifa=i-j+7Tkand b =5i - j + Ak, then find the
- = - =
value of 3, so that g + b and g - b are
|All India 2013]

42 Find a unit vector perpendicular to both of the

perpendicular vectors.

— — — — —+ A A o
vectors 3a+2b and 3a-2b,wherea =i+ j+k

—3 ~ - ~
and b=i+2j+ 3k

[Delhi 2016C)
43 Show that the points 4, B, C with position
vectors 2 — }+£;- 3}'— 5k and 3::-4_;'—41:1

respectively, are the vertices of a right-angled
triangle. Hence, find the area of triangle.

[All India 2017]

44 The two ad_]acent sides of a parallelogram are
2% - 4_; -5k and 2i +2_;+ 3k. Find the two unit
vectors parallel to its diagonals. Using the
diagonal vectors, find the area of the
parallelogram. [All India 2016]



45 1f E), b and ¢ are mutually perpendicular vectors
of equal magnitudes, find the angles which the
-+ - — R — —
vector2g + b 4+ 2¢ makes with the vectors g, b

5
and c. [All India 2017C]

46 1t H, b and ¢ are three mutually perpendicular
vectors of equal magnitude x, then show that

- =3 = -+ - —
a + b + ¢ is equally inclined to a + b and ¢. Also,
find the angle. [NCERT]
47 Find the unit vector perpendicular to the plane
ABC, where the position vectors of 4, B and Care

2 - j +fz, i+ j+2.'§ and 2i + SIE respectively.

48 IfE x?= ? xa# 3 then prove that E}+§=}.?,
where A is a scalar.

49 1fa=i+4j+2k b=23i-2j+Tkand
c= 2;-_; + 4k Find a vector Ewhich is

— —+ —- =
perpendicular to both a and & and p- ¢ =18.
[All India 2012]

50 1r ;E and C are three vectors such that|E|=5,
— — - =+ =5 =
|b|=12,|c|=13and a +b + ¢ =0, then find the
value DfE-b +b-c +c-a. [Delhi 2012)

— 3 — —
51 fa+b+c=0,|al=+37,|b|=3and|c|=4, then

~
what will be the angle between & and c?

atl+ b’ -¢?
2ab !
where a, b and ¢ are the magnitudes of the

52 Prove that in any AABC, cosC =

sides opposite to the vertices 4, B and C,

respectively. [NCERT Exemplar]|

CASE BASED Questions

53. Aboyseea design in a park which is shown

below.
E o

g

Now, he thought that i.f,& ande‘; are the vectors
determined by two adjacent sides of the given

regular hexagon.

|CBSE Question Bank]

On the basis of above information, answer the

Sfollowing questions.
(i) A-E is equal to
(a)d -b
(c)a+b
(ii) A-ﬁ is equal to

(a) 24
(c) 2(a + b)
(iii) €D is equal to
(a)d -b
(c)b-a
(iv) E?Eis equal to
(a)a (b)b
(V) FAis equal to
(a)a b
(e)b-a

(b)b-a

(d)o

(b) 25

(d) 2(d - b)

(b) 2(a - b)

(d)2(6 -4)

(c)-d (d)-b
(b) 2(a - b)

(d) 2(b - @)

54. Consider the points A, B, C with position Vctors
2i- j+ki-3j-5kand3i-4]- 4k

|CBSE Question Bank]

On the basis of above information, answer the

Sfollowing questions.
(i) BC is
(a)—i -2 -6k
(c) -+ 3j+ 5k
(i) CA is
(a)—i -2 -6k
(c) i+ 3j+ 5k

(iii) BC.CA is
(a)-1 ()1
- -

(iv) BC xCA is
(a) 8i +11j —5k
(¢)8i —11j —5k

b)2i - j+k
(d) None of these

(b)2i —j+k
(d) None of these

()0 (d) 2

(b) -8i —11f + 5k
(d) None of these

(v) Area of triangle ABC (in sq unit) is

(a)
(c) 24210

J210
2

(b) 210

(d) None of these



| ANSWERS |

1. (a) 2. (a) 3. (d) 4. (c) 5. (d) 6. (c) 7. (a)
9. (b) 10. (d) 1.7.-5.4 12.3 3. & =% 4. 5 15 5=5
17. b can be any vector 18. —a +4b 19.4 20. —i —14j -3k 21. 843 sq units
23. n 24. 3 25. ? 27. h=-3  28. 4 units 29. ﬂ=% 30. 2
- —2 - 1 = 4 =
32 k=8 p=-5 33. h=8 34. + - k 35. 2 36. 5
S TR TR
. Lo _k 38 -(—1]’-+[i]‘-+[1];2 i) -3 + 3k
5 F & (i} 3 i 3 3 {ii) —31
40, sin% 4 h=25 42, —121 + 24j — 12k 43. “im 5q units

44. L(2?—}—ﬁ};l{E’-,;'+11.i:}: 24f101 squnits 45, cos™" E cos™ l,cm_IE 46, cos | —
Jo 5 R |3+F+72]

3 - 2 =~ 17 - - - -
47. i+ - k 49. p =640 —2j — 28k 50. —169 51 B =60°
:ilcl -.:I'lcl ! 314 P !

53. (i) —(c), (ii) — (b), (iii) —(c), (iv) — (d), (v) —(a) 54. (i) —(b), (ii) —(c), (iii) —(c), (iv) — (b), (v) —(a)

8.(d)
16. —i
2.

4

31 2q°



