Long Answer Questions (PYQ)

[4 Mark / 6 Mark]

Q.1. Using properties of determinants, prove that

2y Yy—z—z 2y
22 2z zZ— T — (z +y + 2
T—— 2 2z 2z
Ans.
2y Yy— 2= 2y
LHS A= 2z 2z z— 2— 1
== 2 2z 2z

Applying R, < R;, then R; < R;, we have

g == 2z 2z
A= 2y y—-z—z 2
2z 22 z—xT—yY

Applying R} — R; + K + R;, we have

zt+yt+z y+zt+z z+z+y
A= 2y Y= z—& 2y
2z 2z Z—T—Y

Taking out (x + y + z) from first row, we have

1 1 1
A=(x+y+2) |2y y—z-z 2y
2z 2z z—z—9Y

Applving C; — €| - Cyand C; — €5 - 5, we have

0 0 1
A=(x+y+2) 0 (y + z + z) 2y
(z+y+z) 2ty =2

Expanding along first row, we have

A=(x+y+2z) (x+y+ z)" =(x+y+ z)“ = RHS



a B gl
Prove that: | o2 B? v |= (a-B)(B-7) (v- a)(a+B+7)
B+ yta -a+f

Q.2.
Ans.
a B gl
LHSA=| @2 g
Bty yt+ta a+p
@ 8 Y
A= o’ B2 7 |Applying R; — Ry + ;)
at+pB+y atft+y at+p+y
a B 7
=(a+B+7)|a® B | Taking out (0 + B +Y) from R;]
¥ A 3

a B—w J—ia

=(a+B+y)|a® B2-a® ¥ -a° [Applying C, — C, - €y, €3 — Cy - (]

1 0 0
fa 1 1
=(a+B+7)(B-a)(y- a)|a® Bt+a yt+a
1 0 0

Taking out (B - d) and (Y - @) from C, and Cj respectively

=(a+B+7)(B - a)(y— a)l. |[Expanding along R;]|

s el
Bta v+a
=(a@+p+y)(B-a)(y-a) (y+a-p-q)
=(@+B+y) (B-a)y(y-a)(y-B)=(a-B) (B-v) (y-a) (a+B+y)=RHS

z+1 z4+2 z+a
z4+2 243 z+b|=0,

z+3 z+4 z+e
Q.3. Show that: where a, b, c are in AP.

ANsS.



z+1 z4+2 z+a
A=|z+2 z+3 z+b
z+3 z+4 z+c

a, b, care in AP
2b=a+c¢
Applying Ry — R, + R; — 2R;, we have

0 0 0
= |lz+2 z+3 z+b
z+3 z+4 z+ec¢

A=0 [ Ry = 0]
Q.4.
a+b+ 2 a b
Prove that: c b+e+ 2a b = 2(a+b+c)3.
c a ct+a+2b
OR
z4y+2z T Y
Prove that: z y+z+2z Y =2(z+y+ 2z
z T z+z+2y

Ans.



a+b+2c a b
LHS c b+c+2a b
c a ct+a+2b

Applying C; — C| + C; + C;, we get

2(a+b+c) a b
=|2(a+b+c) b+c+2a b
2(a+b+c) a ct+a+2b

Taking 2(a + b + ¢) common from Cj, we get

1 a b
=2(a+b+c)|1l b+c+2a b
1 a ct+a+2b

Applying Ry — Ky — R, and R; — Ry — Ry, we get

1 a b
=2(a+b+c)l0 a+b+e 0
0 0 at+b+tc

Taking (a+ b+ ¢) common from R; and K;, we get

=2(a+b+c)f

o O
- o

a
1
0
Expanding along €, we get
=2(a+b+cf[1-0]=2(a+b+c) =RHS
OR

For solution replace a — x, b — y and ¢ — z in above solution.

Q.5. Using Properties of determinants, prove the following:

a b c
a-bb-—c c-al=a*+b+c - 3abc
b+ec et+a a+b

Ans.



a b c
let =la—b b—¢c ¢c— a
b+c ct+a a+bd

at+b+e b c
= 0 b— ¢ ¢— a |Applying C; — C; + Gy + G
2(a+b+c) cta a+b

1 b c

=(a+b+c)l0 b—¢c c—a | Taking out (a + b+ ¢) from C|
2 ¢ct+a a+b

1 b ¢

=(a+b+c)|0 b- ¢ c— a |Applying Ry — Ry — 2R,

0 cta—2b a+b— 2¢

Expanding along C;, we get
=(a+b+c).Lj(b-c)(a+b-2c) - (c-a)(c+a-2b)}
=(a+b+c) (ab+ b* - 2bc— ac - bc+ 268 - ¢ — ac+ 2bc + ac + a* - 2ab)
=(a+b+c) (@ +b +F —ab-bc-ca)=a’ + b+ - 3abc

Q.6. Using properties of determinant, solve for x:

at+zT a— a— <
a-z a+z a-z|=0
a— T a—T a+zx

ANs.



at+z a—x a—=
let A=|la—z a+z a— =
a—-—- T a— at+x

3a—zz a-z a— =z
A=|3a-z a+z a—- =z [Applying €, — C; + Gy + G
3a—z a-z a+zx

1 a-zz a—z
A=(3a-z)|1 a+z a-z

1l a—zz a+zx

I a—% a—=
=(3a-z)|0 2z 0 [Applying Ry — Ry — Ry and Ry — R; - R,
0 O 2z

Expanding along €, we get

= (3a— z) (42® - 0) =4z%(3a - z)
Now, given that A = 0
Therefore, 4x* (3a-x)=0 = x=0, or x=3a
Hence, required values of x are x = 0, 3a.

Q.7. Using property of determinant, prove the following:

a at+b a+2b
a+2 a a+b|=9(a+tb)
a+b a+2b a

AnsS.



a at+b a+2b
LHS =|a+2b a at+b
at+b a+2b a

3(a+b) 3(a+b) 3(a+b)

=| a+2b a a+b |Applying Ry = Ry + R, + Ry
a+t+b a+2b a
1 1 1

=3(a+b)|la+2b a a+b [Taking 3(a + b) common from R, |
at+b a+2b a
0 0 1

=3(a+b)|b —b a+b |Applying C; — €y - G, Gy = G - Gy
b 2b a

Expanding along R; we get
=3(a+b) {1 (26" + b))} = 9b2(a + b) = RHS

Q.8. By using properties of determinant, prove the following:

T+ 2z 2z
2 x4+ 2z |=(5z+A)A- z)?
2z 2r T+ A

ANs.



z+A 2z 2z
LHS =| 22z z4+X 2z
2z 2r T+ A

S5z+A 2z 2z
=|5z+A z+A 2z [Applying C; — C; + G, + G5
szt Zz w4+

1 2z 2z
=((Bz+A){1 z+) 2z [Taking out (5x + A) common from G|
1 2z z+A
1 2z 2z
=(5z+A)[0 A\— =z 0 |Applying R; — Ry - Ry and Ry — R; - Ry|
0 0 A—-=z

Expanding along Cj, we get
= (5x+A) (A-x)2 = RHS.

Q.9. Using properties of determinant, prove that:

at+ Yy o
r a+y =z |=ad(atz+y+z)
z ] a-+z

AnNsS.



LHS

Expanding along R;, we get

a’(a+x+y+z)=RHS

at+zx ] z
= T aty z
T ] at+z
at+zxTt+yt=z Yy z
=latz+yt+z aty =z
atz+yt+z y atz
1 z
=(a+:c+y+z) ¢ § aty z
1 y a+z
0 -a 0
=(at+z+y+z)|1l aty =z
1 3y a+z

(a+x+y+2z){0+a(a+z-2)

{
§

|Applying C; — C; + G + G

| Taking out (a + x + y + z) common from ;|

[Apply Ry — Ry — Ry|

Q.10. Using properties of determinant, prove the following:

T+y
Sr+4y 4xr 2z

r T

10z + 8y 8z 3z

AnNs.

=2

3



Tty T =
LHS =|5z+4y 4z 2z
10z +8y 8z 3z

z4+y 1 1
=z | 5z+4y 4 2 | Taking out x from C; and Cj|
10z +8y 8 3

z+y 1 1
=z%|3z +2y 2 0 [Applying Ry — Ry - 2Ry and R; — Ry - 3R]
Tz+5y 5 0

Expanding along Cj, we get
X |1 §(3x+2y) 5-2 (7x+5y)| -0 +0]

x (15x+ 10y - 14x - 10y)

)

= x* (x) =x =RHS
Q.11. Using properties of determinants, prove the following:

1 1.-t5 1 +p+ ¢q
2 3+ 2 1+ 3p + 2¢g=1
3 6 + 3p 1 + 6p +

ANs.



1 1 +p l1+p+g
Let |A|=1|2 3+ 2 1+ 3p+ 2¢
3 6 +3p 1+ 6p + 3¢

Using the transformation R, — R, - 2R, Ry — R; - 3R,

1 1 +p 1+p+gq
|A| =10 1 -1 +p
0 3 -2+ 3p

Using Ry — R; - 3R,

1 1 +p 14 p+g
= |4l = |0 1 -1+ p
0 0 1

Expanding along column Cj, we get
4] =1

Q.13. Prove the following using properties of determinant:

b+c et+a a+b
c+a a+b b+ec|=2(3abc-a®*- b - 3)
at+b bt+e c+ta

AnNsS.



LHS

b+c c+a a+b

=|ct+a a+b b+tec

a+b b+c c+ta

2(a+b+c) 2(a+b+c) 2(a+b+c)

= cta a+b b+e |Applying Ry — Ry + Ry + Ry
a+b b+c cta
1 1 1
=2(a+b+c)lc+a a+b b+c ['l‘aking 2(a+ b+ ¢) common from R,]
a+b b+e ct+a
1 0 0
=2(atbtc)lcta b-c b-a |Applying C; — G, - Cy; Gy — C3 - Gy

atb c—a c— b

=2(a+b+c) |1(bc- b - &+ bc- bc+ ac+ ab - 33)[ |Expanding along R, |
=2(a+b+c) (bc+ac+ab-a* - b - &)

=-2(a+ b+ ) (az +b*+ - ab- bc- ca) = —2(3j N 3abc)

= 2(3abc - a* - b* - ) = RHS

Q.15. Using properties of determinants, prove the following:

z+4 2z 2z

2z
2z

r+4 2 |=(5z+4)4- z)?
2r z+4

OR

z+A 2z 2r

2z
2z

ANsS.

z+A 2z |=(5z+A)(A- z)?
2z T+ A



r+4 2z 2z
LHS =| 2z z+4 2z
2z 2r z=+4

5z+4 5z+4 5z+4
=| 2z z+4 2z |Applying Ry — Ry + R + Ry
2z 2z z+4

1 1 1
=(5z+4)|2z z+4 2z ['l"aking (5x + 4) common from R,|
2r 2z =z+4
1 0 0
=(5z+4){2z 4—-z 0O [Applying C; — G, - Cy; Gy — Cs - (]

2z 0 4-¢z

=(5x+4) [14§(4-x2-0{+0+0] |Expanding along K, |
= (5x+4) (4 - x)? = RHS

OR

Solve as above by putting A instead of 4.

Q.20. Using properties of determinant, solve the following for x:

r—2 2¢-3 3z-4
z—4 22-9 3z-16|=0
r— 8 2¢ - 27 3z - 64

ANs.



z—2 2z-3 3z- 4
Given: |z—4 2z-9 3z-16{=0
z— 8 2z— 27 3z — 64

z—2 1 2
= z-4 -1 -4|=0 [Applying C; — €, - 2C; and C; — G5 - 3|
z—-8 -11 -40

z—-2 1 2
= et gk Emger==y) |Applying Ry — Ry — Ry and Ry — R; - R|
-6 -12 —42
= (x—=2)(84-72) - 1(84-36)+2 (24-12)=0 |Expanding along Ry
= 12x-24-48+24=0 = 12x=48 = x=4

Q.21. Prove, using properties of determinant:

y+k y Y
v y+k y |= K(3y+k)
Y y ytk

ANs.

yt+k y Yy
LHS =| y y+k y

Y vy ytk
3y+k  y Y

=13y+k y+k y [Applying C; — C; + C; + G
3y+k y ytk

1y y

=(3y+k)|1 y+k y | Taking (3y + k) common from Cj|
1 y ytk
lyy

=(3y+k)l0 k£ O |[Applying R; — Ry — Ry and Ry — R; - R]
00k

Expanding along C; we get

=(3y+k) {1(k°-0)-0+0{=(3y+ k). &=k (3y+k)



Q.22. Using properties of determinants, prove that

b+ec g+7r y+=z ap<zx
ct+a r+p z+z|=2|b q y
at+b pt+tq z+y cr zZ
OR
b+c c+a a+bd a
g+r r+p pt+qg|=2|p
y+z z+z zt+y T ¥y

Q.23. Using properties of determinants, show that AABC is an isosceles if:

1 1 1
1+cosA 1+ cosB 1+ cosC =0
cos?A+cosA cos?B+cosB cos?C + cosC
Ans.
We have
1 1 1
1+cos A 1+cos B 1+cos C =0
cos? A+cos A cos® B+cos B cos® C +cos C
Applying €} — €} - Cyand C, — C; - G
0 0 1
= cos A — cosC cos B - cosC 1+cosC =0
cos2 A+cosA— cos>2C — cosC cos? B+cosB— cos>C — cosC  cos? C +cosC
0 0 1
= cos A — cosC cos B — cosC 1+cosC

(cos A~ cosC)(cos A+cosC+1) (cosB— cosC)(cosB+cosC+1) cos®C + cosC
Taking common (cos A - cos C) from C; and (cos B - cos C) from C,, we get

0 0 1
= (cos A— cosC)(cos B — cosC) 1 1 l14+cosC |=0
cosA+cosC+1 cosB+cosC+1 cos® C+cosC



Applying €| — C; - G, we get

0 0 1
= (cos A— cosC)(cosB— cosC) 0 1 1+cosC
cosA— cosB cosB+cosC+1 cos?C+cosC

Expanding along R, we get

= (cos A —cos C) (cos B-cos C) (cos B-cos A) =0
= cos A-cos C=0 Le,cos A=cos C
or, cos B-cosC=0 Le, cos B=cos C
or, cos B-cosA=0 Le,cos B=cos A

A=CorB=CorB=A
Hence, AABC is an isosceles triangle.

Q.30. Using properties of determinants, prove the following:

1 a a
a1 al = (1- a®)?
a? 1

ANs.



1 a a?
LHS A = | g2 1
a a’ 1§

A= a® 1 a [Applying Ry — Ry + Ry + Ry
a a? 1
1 1
A=(1+a+ ;13_) at 1 a |Taking out (1 + x + _‘2) from first row|
a® 1
0 L 1
A=(1+a+ 33) a®-1 1 a |[Applying C; — C; - ]
a- a a® 1
0 0 1
A=(1+a+a%) |a®-1 i—a a [Applying C; — G, - 3]
a- a -1 1

Expanding along R; we have

=(1+a+3d%) [(a"— 1)2 - a (1 —a)3|

= (1 +a+a“) [(a+ 1)7 (a- l’)3‘3("" l.)zl'
=(1+a+a”) (a-1)* [+ 1+a|=(1+a+a") (a-1)*[a*+1+a
= (a- l')3 (1 +a+a’)t= (1 ~ a)? (1 +a+33)I

=[(1-a) (1 +a+a")|*=(1-2a")"=RHS

b

6 R
)
Il
(=}

Q.32.Ifa#b #cand then using properties of determinants,
provethata+b +c =0.

Ans.



c
We have | b c al=0
c a b

Applying C; — C) + C; + C;, we get

(a + b+ c) b c
(a + b+ ¢) c a|=0
(a + b+ ¢) a b

Taking (a + b+ ¢) common from Cj, we get

(a+b+c) =0

[
o~ B 0

Applying By — R - Ry and Ry — R; — R, we get

b c
c— b a—c|=0
a—b b—c

(a+b+¢)

OO =

Expanding along C), we get

(i.'1+b+ c) || ;(C-b) (b-c) - (a-c) (;l—b)g —0+0]=0

= (a+b+¢)[(c=b) (b-c)-(a-¢) (a-b)|=0
= (a+b+c)[(b-c) (b-c)+(a=¢) (a-b)]=0

= (a+b+c)[(b-o)’+ (a=c) (a-b)| =0

= (a+b+c) [(b*+ —2bc+a’ —ab-ac+ bc| =0

= (a+b+c) |2+ b+~ be-ab-ac| =0

= (a+b+c)y[2a® + 26> +2c®>- 2bc — 2ab - 2ac[=0
= (a+b+c)[(a-b) + (b-c)'+ (c-a)’| =0

- (a+b+c)=0[vazbZc=(a-b)?+ (b-c)*+ (c-a)’ #0



Long Answer Questions (OIQ)

[4 Mark / 6 Mark]

Q.1. Without expanding, show that:

cosec @ cot?f 1
A=]| cot?0 cosec2d -1
| 42 40 2

Ans.

cosec20 cot?@® 1

Given, A= cot28 cosec?f -1
42 40 2
cosec @ — cot20—- 1 cot?6 1
=|cot? 0 — cosec2@+1 cosec?d —1 |Applying C; — C) - G - G
0 40 2

1-1 cot?6 1
=|-1+1 cosec?f -1

0 40 2
0 cot’8 1
=|0 cosec?d —1|=0
0 40 2

[~ cosec” O - cot” B = L

| All elements of C; are 0]

Q.2.1f a, b, c are real numbers, then prove that

a b e

b ¢ a|=(a+b+e)a+bw+ec?)(a+ b? + cw)

c ab

where w is a complex number and cube root of unity.

Ans.



a b ¢
Let A=|b ¢ a

c ab

at+b+ec b ¢
=|b+c+a ¢ a [Applying C; — C, + G, + G
ct+a+b a b

3 Boe
=(a+b+c)ll ¢ a [Taking out (a + b + ¢) from |
1 aybd
1 b c
=(a+b+c){0 ¢c-b a- ¢ [Applying Ry — Ry — Ry and Ry — Ry - Ry
0a-b b-c
= (a+b+c) €0 =E |Expanding along C; |
a-b b-c '

=(a+b+¢) |- (b-c)*~(a-c) (a- b)}
LHS =-(a+b+c) (a°+ b+ & - ab- bc - ca)
Also, RHS = — (a+ b+ ¢) (a+ bw + cw) (a+ bw* + cw)
=~ (a+ b+ ) (2 + abw’ + acw + abw + KW + baw?® + acw? + baw* + Fw?)
=—(a+b+c) [(a*+ b+ & +ab(W + W) + be(W* + W) + ca (W+ W] [~ w! = 1]
=-(a+b+c) (a*+ b+ —ab- bc— ca) = LHS [ W +wW+1=0and W =w W= w|

Q.3. Find the equation of the line joining A (1, 3) and B (0, 0) using determinants
and find k if D (k, 0) is a point such that the area of AABD is 3 sq units.

ANs.



Let P (x, y) be any point on the line AB. Then,

ar (AABP) = 0

i - o
=% /0 0 1{=0 =  3i1(0-y)-3(0-x)+1(0-0)|=0
z gy 1

= 3x — y = 0, which is the required equation of line AB.

Now, area (AABD) = 3 sq units
1.3 1 1.3 3
= 31 9 =43 = 00 1{=46
E 01 S |
- 1(0-0)-3(0-k)+1(0-0)=£6=3k=2t6 = k=22

Q.4.In atriangle ABC, if

1 1 1
1+sin A 1+4sin B 1+ sinC =:{);
sin A+ sin? A sin B +sin? B sin C + sin®?C

then prove that AABC is an isosceles triangle.

ANs.

1 1 1
Let A= 1+sinAd 1+sinB 1+sinC
sin A+sin? A sin B+ sin® B sinC +sin® C

1 0 0

= 1+sinA sin B— sin A sinC — sin 4

sinA+sin?A sin?B- sinA+sinB- sinAd sin?C —sin? A+sinC - sin A

|Applying C; — G, - € and Cy — C; - (]

1 0 0

=| 1+sinA sin B — sin A sinC — sin A
sinA+sin® A (sinB- sinA)(sinB+sindA+1) (sinC - sinA)(sinC +sinA+1)

1 0
= (sinB- sin4)(sinC - sinA4)| 1+sind 1

0
1

sinA+sin?A sinB+sindA+1 sinC+sind+1



Expanding along R, we get
(sin B - sin A) (sin C - sin A) [sin C+sinA+4+ 1 -sinB-sinA- l]

= (sin B - sin A) (sin C - sin A) (sin C - sin B)

A=0

= (sin B —sin A) (sin C - sin B) (sin C - sin A) =
= sin B-sinA=0orsin C-sinB=0orsin C-sinA=0
= B=AorC=BorC=A
= AABC is an isosceles triangle.

cost t 1

Let f(t) = 2sint ¢ 2t|, then find lim L
ts

Q.5. sint t ¢

Ans.
cost: £ 1 cost t 1

Given, f(t)=|2sint t 2¢t{=| 0 -t 0 |[Applying Ry, — R, — 2R;]|
sint t t sint ¢t ¢

cost 1 1
=t 0 -1 0
sint 1 ¢

Expanding along R, we get

2

t|(-1) (tcost-sint)| = -t cost+tsint

hmf(t) Bm 2 costftsint
t.0 ¢ .0 2

2 cost tsint
—hm( = n + P)

=lim (~cost+5*) =—1+lm =2 =—1+1=0
t.0



