Chapter 1 Relations and Functions

EXERCISE 1.1

Question 1:
Determine whether each of the following relations are reflexive, symmetric and transitive.

(i) Relation R in the set 4= {1.2,3,....13,14} defined as

R={(x,y):3x-y =0}
(i1)) Relation R in the set of N natural numbers defined as
R={(x,y):y=x+53ndx<4}

(iii) Relation R in the set 4=11:2,3,4.5.6] a5
R={(x,):y is divisible by x}
(iv) Relation R in the set Z of all integers defined as
R= {(x,y) :x—yisan integer}
(v) Relation R in the set A of human beings in a town at a particular time given by

(a) R= {(x,y) : x and y work at the same place}

(b) R= {(x,y) :x and y live in the same locality}
) R= {(x,¥):x is exactly 7cm taller than y|
(d) Rz{[x,y):x 1s wife ofy}

(e) Rz{(x,y):x is fathcrofy}

Gy R={(13).(26).(3,9).(4.12)}

R is not reflexive because (1:1)(2:2)... and (14,14)e R

R is not symmetric because (1,3)eR, but (3,1)¢ R.[since 3(3)# 0] .

R is not transitive because (1:3)-(3.9) € R, but (1.9) ¢ R[3(1)-9#0]
Hence, R is neither reflexive nor symmetric nor transitive.

i) R=1(16).(2.7).(3.8)}

R is not reflexive because (1.1) € R |

R is not symmetric because (1.6)e R but (6,1)# R

R is not transitive because there isn’t any ordered pair in R such that
(x,y).(v.z)eR,s0 (x,2) & R

Hence, R is neither reflexive nor symmetric nor transitive.

(i) R= {(x,»):y is divisible by x}
We know that any number other than 0 is divisible by itself.
Thus, (x.x) € R
So, R is reflexive.



(iv)

)

(2,4) e R [because 4 is divisible by 2]

But (4.2) € R [since 2 is not divisible by 4]

So, R is not symmetric.

Let (x,») and (¥.2) € R, So, y is divisible by x and z is divisible by y.
So, z is divisible by x = (x,z) € R

So, R 1s transitive.

So, R is reflexive and transitive but not symmetric.

R= {(x,y) :x—yisan integcr}

For x € Z, (x,x) ¢ Rbecause x—x =0 is an integer.
So, R is reflexive.

For, x,y € Z /if x,y € R then X— is an integer = (¥ —X) is an integer.
So, (»,x) € R

So, R is symmetric.

Let (x,¥) and (».2) € R where X,),z € Z,

= (x—») and (¥ —2) are integers.

= x—z=(x-y)+(¥—2)is an integer.

So, R is transitive.

So, R is reflexive, symmetric and transitive.

a) R= {(x,y) : x and y work at the same place }

R is reflexive because (xax ) €R

R is symmetric because ,

If (x.»)eR ,then xand ¥ work at the same place and ¥ and x also work at the

same place. (y.x)eR
R is transitive because,
Let (%7):(3.2) € R

x and ¥ work at the same place and ¥ and z work at the same place.
Then, x and z also works at the same place. (x.z)eR
Hence, R is reflexive, symmetric and transitive.

b) R= {{x,y) : x and y live in the same locality|
R is reflexive because (%:¥) € R

R is symmetric because,

If () eR ,then xand Y live in the same locality and ¥ and x also live in the

same locality (».x)eR
R is transitive because,



Let (%:):(».2) € R
x and Y live in the same locality and ¥ and z live in the same locality.

Thenxand z also live in the same locality. (x.z)eR

Hence, R is reflexive, symmetric and transitive.

c) R= {{x,y) : x is exactly 7cm taller than y}
R is not reflexive because (*-X) € R _
R is not symmetric because,

if (x.y)eR ,then xis exactly 7emtallerthan ¥ and VY is clearly not taller than x

(rx)eR
R is not transitive because,

Let (%7)s(»2)eR

x 1s exactly 7cmtaller thany and V is exactly 7cm taller than z.

Then x is exactly l4cmtaller thanz . (x,z)eR
Hence, R is neither reflexive nor symmetric nor transitive.

d) R= {[x,y) : x 1s wife of'y}
R is not reflexive because (¥:¥) & R .
R is not symmetric because,
Let (x,y)eR , x1is the wife of ¥ and Y is not the wife of x. (y.x)eR .
R is not transitive because,
Let (%7),(»2)€R
x is wife of ¥ andV is wife of z, which is not possible.
(r2)eR
Hence, R is neither reflexive nor symmetric nor transitive.

e) R= {(x,y) : x is father of y}
R is not reflexive because (*-¥) & R .
R is not symmetric because,
Let (x,y)eR , x1s the father of ¥ and ¥ is not the father of x. (y.x)eR )

R is not transitive because,
Let (%:7):(y.2) €R

x is father of ¥ andV is father of z,xis not father of z (xz)eR
Hence, R is neither reflexive nor symmetric nor transitive.



Question 2:

Show that the relation R in the set R of real numbers, defined as
reflexive nor symmetric nor transitive.

tH >(3)
—,— ¢ R —>| =
22 because 2 \2

R is not reflexive.

(L4)eRas1<4 Byt 4 isnot less than 1.
(4.1)e R

R is not symmetric.

(3.2)(2.1.5) e R [Because 3 < 2=4 and 2 <(1.5)*=2.25]
3>(1.5)" =225
~(3,1.5) 2R

R is not transitive.
R is neither reflective nor symmetric nor transitive.

Question 3:

Rz{(a,b):agbz}

1s neither

Check whether the relation R defined in the set {1,2,3,4,5,6} as R:{(a,b):b: ‘”1} is

reflexive, symmetric or transitive.

1,2,3,4,5,6)
{(a,b):b =a +l}

{(1,2),(2.3),(3,4),(4.5),(5:6)}

A
R
R

(a,a)¢ R,ae A

(L1),(2,2).(3.3).(4.4).(5.5) ¢ R
R is not reflexive.

(L2)eR, but (2,1)¢ R



R is not symmetric.

(1,2),(2,3)eR

(1,3) e R
R is not transitive.

R is neither reflective nor symmetric nor transitive.

Question 4:

Show that the relation R in R defined as ® = {(a=b )ia<h } is reflexive and transitive, but not
symmetric.

o= {(a?b) 2 Sb}
(a,a) eR
R is reflexive.

(2,4)e R (as 2< 4)

(4,2) ¢ R (as 4>2)
R is not symmetric.

(a,b),(b,c)eR
a<bandb=c
—>acsc
= (a,c) e R
R is transitive.
R is reflexive and transitive but not symmetric.

Question 5:

—_— » 3 . . .
Check whether the relation R in R defined as® = {(“’b ):a<h }1s reflexive, symmetric or
transitive.

R is not reflexive.



(1,2)eR(as 1< 2’ =8)

(2.1) 2 R(as 2° >1=8)
R is not symmetric.

| 3
[321,[EEJ R, since 3 < (iJ and 2 < [Q}
2 25 2 3 2
[3,EJ ¢ R3> [é)
5 5

R is not transitive.

R is neither reflexive nor symmetric nor transitive.

Question 6:

Show that the relation R in the set {1:2:3} given by R= {(1 2),(2, 1)} 1s symmetric but neither
reflexive nor transitive.

A={1,2,3}

R=1{(1.2).(2.1)

(1L1),(2,2),(3,3) R
R is not reflexive.

(1,2) e Rand (2,[) eR
R is symmetric.

(1,2)eRand (2,1)e R

(l, ]) eR
R is not transitive.

R is symmetric, but not reflexive or transitive.

Question 7:
Show that the relation R in the set A of all books in a library of a college, given by

R= {(x,y ):x and y have same number of pages} is an equivalence relation.

Ri= {(x,y) : x and y have same number of pages}

R is reflexive since (%:¥) € R ag xand x have same number of pages.



R is reflexive.

(,x,y) eR

xand ¥ have same number of pages and ¥ and x have same number of pages (v.x)eR

R is symmetric.

(x,y) e R,(y,z] eR
x and Y have same number of pages, and zZ have same number of pages.
Thenxand z have same number of pages.

(x,z)eR
R is transitive.

R is an equivalence relation.

Question 8:

Show that the relation R in the set 4=112:3:4.5] given by K= {(a.b):|a —blis even} is an
equivalence relation. Show that all the elements of {1.3.5} are related to each other and all the

elements of 12:4} are related to each other. But no element of {1:3:5} is related to any element
of {2:4}

ae A

|a —a| = 0(which is even)
R is reflective.

(a,b) eR
= ‘a —b‘ [iS even]
= ‘—(a = b)| = ‘b = a| [is even]

(b,a)e R
R is symmetric.

(a,b) € Rand (b,c)eR

= |a~b|is even and 12 ¢lis even

= (a=b) is even and (2~ ¢)is even

= (a—c)=(a+b)+(b—c)is even



= la—b| is even
=(a,c)eR
R is transitive.

R is an equivalence relation.

All elements of {1:3:5} are related to each other because they are all odd. So, the modulus of
the difference between any two elements is even.

Similarly, all elements {2.4} are related to each other because they are all even.

1,3,5

No element of { } is related to any elements of {2,4} a5 all elements of 1:3:5} are odd and

all elements of {2=4} are even. So, the modulus of the difference between the two elements
will not be even.

Question 9:
Show that each of the relation R in the set 4 ={¥€Z:0<x <12} , given by
3 R:{(a,b):‘a—b| is a mutiple of4}

ii. R={(ab):a=b}
Is an equivalence relation. Find the set of all elements related to 1 in each case.

A={xeZ:0<x<12}={0,1,2,3,4,5,6,7,8,9,10,11,12}
R={(a,b):|a—b| is a mutiple of 4}

aeA(a,a)eR Da —a| =0 is a multiple of 4}
R is reflexive.

1.

(a.b) € R = |a—b| [is a multiple of 4]
= |-(a—b)|=|b—a] [is a multiple of 4]
(b,a)eR
R is symmetric.
(a,b) e Rand (b,c)eR
=la=blis 4 multiple of 4 and b=cf is a multiple of 4
= (a-b)isa multiple of 4 and (b=c)isa multiple of 4
= (a—c)=(a=b)+(b-c) is a multiple of 4

=la—c| j5 4 multiple of 4



= (a,c)eR
R is transitive.
R is an equivalence relation.

The set of elements related to 1 is 1139} as
1-1]=0
I5-1]=4
9-1=8

is a multiple of 4.
is a multiple of 4.

is a multiple of 4.

ii. R={(ab):a=b|
aeA(a,a)eR [since a=a]
R 1s reflective.

(a,b)eR
=a=b
=b=a
= (b,a) eR
R is symmetric.

(a,b) € Rand (b,c)eR
=a=bandb=c
=d=c
= (a,c) e R

R is transitive.

R is an equivalence relation.

The set of elements related to 1 1s {1} .

Question 10:
Give an example of a relation, which is
1. Symmetric but neither reflexive nor transitive.
i1.  Transitive but neither reflexive nor symmetric.
iii.  Reflexive and symmetric but not transitive.
iv.  Reflexive and transitive but not symmetric.
v.  Symmetric and transitive but not reflexive.



1l

1il.

1v.

Il

4=1{5,6,7)

R={(56).(6.5)}

(5,5).(6,6),(7.7)& R

R is not reflexive as (55):(6:6).(7,7) R
(5.6).(6.5)€ Rapg (6,5) € R , Ris symmetric.
= (5,6),(6,5)€ R, but (5,5)¢R

R is not transitive.
Relation R is symmetric but not reflexive or transitive.

R= {(a,b) Ta <b}
ae R,(a,a) R [sincc a cannot be less than itself]
R is not reflexive.

(1,2) = R(as 1 <2)
But 2 is not less than 1
~(2,))eR
R is not symmetric.
(a,b),(b,c)eR
= a<bandb<c
= a<c
= (a, c) eR
R is transitive.
Relation R is transitive but not reflexive and symmetric.

A={4,68)
4=1(4.4).(6.6).(8.8),(4.6).(6.8).(8.6)}
R is reflexive since 4 € 4.(¢.a) € R

R is symmetric since(a,b) € R
=(b,a)eR fora,beR

R is not transitive since(4, 6),(6,8) € R,bur(4,8) R
R is reflexive and symmetric but not transitive.

R= {(a,h) T b“}
(a,a) eER

R is reflexive.
(2,])e R
But(1,2) & R



R 1s not symmetric.

(a,b),(b.c)eR

=a 2band b’ <’

=a<c

= (a,c)eR

R 1s transitive.

R is reflexive and transitive but not symmetric

V.
A =+{1%3%5} Define a Relation R

On A.
R:Ax—> A
R =+{(1,3)43,1)41,1)43,3)}
Relation R is not Reflexive as (5%5) ¢ R
Relation R is Symmetric as
(1,3) e R=>%3,1) =€ R
Relation R is Transitive
(a,b) € R%x(b,c) € Rx=>«(a,c) €ER
(3,1) e R%(1,1) € Rx=>%(3,1) €R
Alternative Answer
R =+(a,b) : ais brother of b {suppose a and b are male}
Ref— a is not brother of a
So,(a,a) ¢ R
Relation R is not Reflexive
Symmetric— a is brother of b so
b is brother of a
a,b € R=> (b,a) ER
Transitive— a is brother of b and
b is brother of ¢ so
a is brother of ¢

(a,b) € Rx(b,c) ER = (a,c) ER



Question 11:
Show that the relation R in the set A of points in a plane given by

R ={(P,0): Distance of the point P from the origin is same as the distance of the point Q from the origin}

, is an equivalence relation. Further, show that the set of all points related to a point ©* # (0.0) s
the circle passing through P with origin as centre.

R= { (P,Q) : Distance of the point P from the origin is same as the distance of the point Q from the origin}

Clearly,(P=P) €R
R is reflexive.

(P,O)eR

Clearly R is symmetric.
(P.0).(Q.S)e R

=> The distance of £ and O from the origin is the same and also, the distance of Oand S from
the origin is the same.

= The distance of P and S from the origin is the same.
(P,S)eR
R is transitive.

R is an equivalence relation.

The set of points related to £ # (0.0)will be those points whose distance from origin is same
as distance of P from the origin.

Set of points forms a circle with the centre as origin and this circle passes through .

Question 12:
Show that the relation R defined in the set A of all triangles as R = {(7;,7,): 7, is similar 1uT1}
. 1s equivalence relation. Consider three right angle triangles 7, with sides 3,4,5, T, with

sides 5,12,13 and 7, with sides 6,8,10. Which triangle among 7, 7,,T; are related?

R is reflexive since every triangle is similar to itself.

1f(7.7,) R , then is similar to

is similar to
=(7,,T))eR
R is symmetric.

(?:’?;):(T;TE)ER



T.

2 and Tz is similar to

I

L,

is similar to

-, TI 1s similar to
= (%,T;) <R
. R 1s transitive.

E_ﬂ_i_[l]
6 8 10 \2

.- Corresponding sides of triangles Tiand T5 are in the same ratio.

Triangle 1} s similar to triangle I3,

Hence, T} s related to 1.

Question 13:
Show that the relation R defined in the set A of all polygons as

R= {(}{,P, ): Rand £, have same number of sides} , is an equivalence relation. What is the set of

all elements in A related to the right angle triangle T with sides 3.4and5?



R={(B,B): Band P, have same number of sides}

(B, R) €R 25 same polygon has same number of sides.
-~ R 1s reflexive.

(B.B)eR

=1 and B>

and ‘2 have same number of sides.

= P, and A have same number of sides.
= (Pz:PJ €R
-~ R is symmetric.

(B.B).(P.R) <R
= H and B2
P, and B3 have same number of sides.
= 8 and 52
=(B,B)eR

-~ R is transitive.
R is an equivalence relation.

and “2have same number of sides.

B

have same number of sides.

The elements in A related to right-angled triangle (T) with sides 3,4,5 are those polygons which
have three sides.
Set of all elements in a related to triangle T is the set of all triangles.

Question 14:
Let L be the set of all lines in XY plane and R be the relation in L defined as

R= {(L] L, ): Ljis parallel to L, } Show that R is an equivalence relation. Find the set of all lines
related to the line v =2x+4.

R= {(Ll L,): Ls parallel to L, }

L (L,L,)eR

R is reflexive as any line ™ is parallel to itself i.e.,

If(Lsz)ER, then
L,

L

= Lijs parallel to

= Ljs parallel to



= (L,,L)eR

- R 1s symmetric.
(L,L,).(L,,L;)eR

L,
L,
Ly,

=1 s parallel to

= L s parallel to
. L

=>(L,L,)eR
. R is transitive.

1 1s parallel to

R is an equivalence relation.

Set of all lines related to the line ¥ =2x+4 s the set of all lines that are parallel to the line
y=2x+4.

Slope of the line ¥ =2x+4 is m=2.

Line parallel to the given line is in the form ¥ =2x+c¢ where c € R.

Set of all lines related to the given line is given by ¥ =2x+c_ where c € R.

Question 15:

Let R be the relation in the set {1=2*3'4} given by

R={(1.2)(2.2).(11).(4:4).(13).(33).(32)}

Choose the correct answer.
A. R is reflexive and symmetric but not transitive.
B. R s reflexive and transitive but not symmetric.
C. R is symmetric and transitive but not reflexive.
D. R is an equivalence relation.

R={(1,2)(2,2),(L1),(4.4).(1,3),(3,3),(3.2)}

(a,a)eR for every 4 € {1,2,3.4}

. R is reflexive.

(L2) € R but (2,1) Z R
- R is not symmetric.

(a,b),(b,c) e R forall a,b,c € {1,2,3,4}
-~ R 1s not transitive.

R is reflexive and transitive but not symmetric.



The correct answer is B.

Question 16:

Let R be therelation in the set N given by ~ R={(a,6):a=b-2,b>6} . Choose the correct
answer.

A (24)eR
5 (38)eR
c. (68)eR
D. (87)eR

R={(a,b):a=b-2,b> 6}
Now,

b>6,(2,4)¢ R

3#8-2

~.(3,8) ¢ R and as 8 # 7-2
S (8,7)eR

Consider (6:8)

8>6and 6=8-2
~.(6,8)eR

The correct answer is C.



EXERCISE 1.2

Question 1:

Show that the function / : R. = R, defined by/(*) = T is one —one and onto, where R,is the set

of all non —zero real numbers. Is the result true, if the domain R is replaced by N with co-

domain being same as R,o

. 1
f:R. >R, isby S(x)=—
For one-one:

X,y €R, such that /(¥)=1()

=

T

1
Y
= y

.. f'1s one-one.
For onto:

1
x:—eR.[asy'EO]
For y € R, there exists y such that

f(x)m,v

- f is onto.

Given function f is one-one and onto.



Consider function & : NV = R, defined by g(x)

1 ]
glx)=g(x)>—=—>=x=x

We have, X X
. & 1s one-one.

1
g is not onto as for 1-2 € Rithere exist any Yin N such that & (x)= 13

Function £ is one-one but not onto.

Question 2:
Check the injectivity and surjectivity of the following functions:

i. f:N— N givenby f(x)=x"

ii. f£:Z-Zgvenby /(¥)=x
ii. f:R—>Rgivenby f(¥)=x
iv.  f:N — N given by f(x)=x

v. [f:Z—>Zgivenby f(x)=x

i. For /:N — Ngiven by flx)=x
x,yeN
fX)=r(y)=x =y =x=y
- [ 1s injective.



2 e N.But, there does not exist any ¥in N such that / (x)=x"=2
. /'is not surjective
Function 7 is injective but not surjective.

ii. f:Z- Zgivenby f(¥)=2

F(-1)=f(1)=1but -1=1

. f'is not injective.

; 2 _
-2 € Z But, there does not exist any x € Z such that / (x)=-2=x=-2
. [ is not surjective.

Function ./ is neither injective nor surjective.

ili. /:R— Rgiven by f(x)=x

f(-)=f(1)=1but -1=1

- [ 1s not injective.

. 2 _
~2 € Z But, there does not exist any x € Z such that / (x)=-2=>x"=-2
. Jis not surjective.

Function f is neither injective nor surjective.

iv. f:N — N given by _f(x):x’
x,yeN

f(x)=f(y)=x' =y =x=y
. [ is injective.

2 € N.But, there does not exist any Xin N such that f(x)=x" =2
. Jis not surjective
Function / is injective but not surjective.

v. f:Z— Zgivenby flx)=x
x,yelz

f(x)=f(y)=>x’=y =>x=y
. f'is injective.

2eZ But, there does not exist any Yin Z such that / (x)=x"=2
. fis not surjective.
Function ./ is injective but not surjective.



Question 3:
Prove that the greatest integer function ./ : R — R given by J (x ) = [x] 1s neither one-one nor

onto, where [x ] denotes the greatest integer less than or equal toX.

/R — R given by S (x)=[x]
f(1.2)=[1.2]=1,7(1.9) =[1.9] =1
~f(1.2)= £(1.9), but 1.2#1.9

. J/'is not one-one.

Consider 0.7 R

/ (x ) = [x] is an integer. There does not exist any element x € R such that f(x ) =0.7

- [ 1s not onto.
The greatest integer function is neither one-one nor onto.

Question 4:
Show that the modulus function f : R — R given by f(x)=llis neither one-one nor onto,

where [is Y, if Xis positive or 0and ¥/ 5 -X, if Xis negative.

. x,ifx =0
N S (x) ==
f:R—Ris wIEx <0
f(-1)=|-1|=1and £(1)=[1 =1
~f(-)=7(@1) but —1=1
. f 18 not one-one.

Consider ~1€R
f(x)=] i non-negative. There exist any element x in domain R such that / () =[x =-1

- f is not onto.
The modulus function is neither one-one nor onto.



Question 5:

1, ifx >0
Show that the signum function /" : R — R given by f(x)=10,ifx=0 is neither one-one nor
onto. =1, iEx =0
Lifx>0
f(x)=40,ifx=0
f:R—>Ris -1,1fx <0

S(1)=7(2)=1, but 12

. f1s not one-one.

/ '(x )takes only 3 Values(l’(}’ -1) for the element —2in co-domain
R, there does not exist any Yin domain R such that f (x ) =2

. f1s not onto.

The signum function is neither one-one nor onto.

Question 6:

Let 4= {1=2’3}= B= {4’5’6=7}and let /= {(1=4)=(2=5)=(3*6)}be a function from A to B. Show
that f is one-one.

A={1,2,3} B={4,5,6,7}

f:A— Bis defined as / = {(1=4)=(2=5)=(3»6)}
L1 ()=4f(2)=5.5 () =6

It is seen that the images of distinct elements of 4 under /" are distinct.
- [ is one-one.

Question 7:
In each of the following cases, state whether the function is one-one, onto or bijective.
Justify your answer.

i f:R—> Rdefined by /(x)=3-4x
ii. f:R— Rdefinedby /(¥)=1+x



i, f:R—>Rdefined by /(¥)=3-4x
X, % € Rgych that /(%) =/(x)

= 3-4x, =3-4x,
= —-4x =—4x,
=1 A

-~ f'1s one-one.

3-y

f{z’_).’_] L 3_4[3__}1] =
For any real number (¥)in R , there exists 4 in R suchthat =\ 4 2

- f'is onto.

Hence, f is bijective.

ii.  f:R— Rdefined by J(¥)=1+x
X, %, € Rguch that /(%) =/(x.)
=>1+x’ =1+x’

2 2
= il X

= X, = tx,

S (%) =7(%) does not imply that %1 =%

Consider f()=f(-1)=2
. f1s not one-one.

Consider an element —2in co domain K .

Tt is seen that Jf (%) =1+ i positive for all xeR.
. f'is not onto.
Hence, f is neither one-one nor onto.

Question 8:

Let 4 and B be sets. Show that / : 4x B — Bx Asuch that f(a, b) = (b, a)
is a bijective function.

S 1 AxB — Bx Ajs defined as (a,b):(b,a]'
(a!’bl)’(aiﬂbi) € AXB gych that f(alsbi):f(az>bz)



= (h.a,)=(b,,a,)

= b =b, and q, = a,

:'(aubl):(az’bz)

. /'1s one-one.

(b,a)eBxA there exist (a’b)EAXBsuch that f(a,b):(b,a)
- f is onto.

/f 1s bijective.

Question 9:

Pl ks odd
forall m € N.

Let f: N — N be defined by f(n) =
,1f n1s even

State whether thefunction f is bijective. Justify your answer.

n+1

flm)=1,°

—,if n is even

, 1if m is odd

J : N — N be defined as forallme N .
_f'(l)z%zlandf(z) =%=1
f(1)=7(2), where 1 2

- f1s not one-one.

Consider a natural number 7in co domain

Case [: is odd
..n=2r+1for some r € N there exists 4r +1 e N such that

4;?+l+1:2r+l

f(4r+1)=

Case II: is even
..n=2rfor some r € N there exists 4r € N such that

f(4r)=%=2r

- fis onto.

J/"1s not a bijective function.



Question 10:

Let A=R - {3} and B=R - {1}. Consider the function f: A — B defined by

x—2
(x)=| — 5 |.Is fone-one and onto? Justify your answer.
x—3 Yy

A=R-{3},B=R-{l} yyqr:4—>B deﬁnedbyf(X)=(x_2]

x—3
x,y € Aguch that /' (¥)=/(»)
x—2 y—-2

x=3 y-3
= (x-2)(y=-3)=(y-2)(x-3)
= xy—3x—2y+6=xy-3y—2x+6
= -3x-2y=-3y-2x
= 3x—2=3y—-2y
=>x=y
= f is one-one.

Let yEB:R_{I},then y#1

The function f is onto if there exists x € 4such that / ()‘) =¥

e A [y;&l]

2-3y c A
Thus, for any ¥ € B there exists 1—y such that

[2—3yJ_2

2-3y | -y _2=-3y-2429 =%

f[ 1-y J[23y)323y3+3y—]_
I=—y

Y

= f is onto.
Hence, the function is one-one and onto.



Question 11:
Let /: R — R defined as / (x)=x" Choose the correct answer.

A. fis one-one onto

B. /is many-one onto

C. [fis one-one but not onto

D. f is neither one-one nor onto

f:R— Rdefined as / (¥)=x"

x,y € Rsuch that / (*)=7(»

= =y

—>X==Ty

< S (%)= 1(¥) does not imply that X =y .
For example f()=rs(-1)=1

. f'is not one-one.

Consider an element 2 in co domainR there does not exist any xin domain Rsuch that

f(x)=2
. [ is not onto.

Function f is neither one-one nor onto.
The correct answer i1s D.

Question 12:
Let /R = R defined as / (¥) =3X Choose the correct answer.
A. [ is one-one onto
B. /is many-one onto
C. fis one-one but not onto
D. [ is neither one-one nor onto

f:R— Rdefined as / (x)=3x

x,» € Rguch that _f’(x) = f(}")
= 3x=3y
=xX=



. f'is one-one.

Y
For any real number ¥ in co domain R, there exist 3 in R such that

-~ fis onto.

Hence, function f is one-one and onto.
The correct answer is A.

f[



MISCELLANEOUS EXERCISE

Question 1:

X
Show that function / iR > {x€ R:=1<x <1} defined by fx)= 1+|x| ,xeRis one-one and
onto function.

_ _ f@)=—m
[ iR {xeR:-1<x<1}is defined by 1+x], xeR.

For one-one:

”I} = .f.L."’] wherex,ve R

Y
L+|x] 14y

If X 1s positive and V is negative,

X _ y

= 2xy=x-y

Since, X is positive and } is negative,

x>y=>x—y>0

2xy is negative.

2xy =x—y

Case of I being positive and V being negative, can be ruled out.
Y and V have to be either positive or negative.

Ifx and V' are positive,

(=1 ()

X ¥

1+x: l+y

= X—Xy=y—Xxy

= Ri=



. f 1s one-one.
For onto:

Let y € Rsuch that -1<y <1,

y
x=—=¢€R
If ¥ is negative, then there exists 1+y  such that

f(x)=f[

(yJ y
> ]‘: ]+y = l+y = X =
1+ —y 1+ y—
B gl X 1+[ J} y-y
I+y

1+y
x= Y R
If X is positive, then there exists 1-y  such that

[y] y
J: l-y) -y ¥
I —t—

I

+

j(x):f(lfy

. f 1s onto.

Hence, 7 is one-one and onto.

Question 2:

Show that function ./ : R — R be defined by / (X) = X'is injective.

£ R — R is defined by /() = X’

For one-one:

f(x):f(,V) where x,y € R

We need to show that ¥ =¥
Suppose * # ¥, their cubes will also not be equal.

=2y

This will be a contradiction to (1) .

X =Y _Hence, f is injective.



Question 3:
Given a non-empty set X, consider P (X )which is the set of all subsets of X .
Define the relation R in P(X) as follows:

For subsets 4,8in P(X),ARB ifand only if4 © B.1s R an equivalence relation on P(.X) ?
Justify you answer.

Since every set is a subset of itself, 484 for all
- R is reflexive.

Let ARB=> AcCB
This cannot be implied to B < 4.

if 4=1{L2}andB=1{L 2.3}  then it cannot be implied that B is related to 4 .

- R is not symmetric.

If ARB and BRC ,then A< BandB = C.
= AcC

— ARC
- R is transitive.

R is not an equivalence relation as it is not symmetric.

Question 4:

Find the number of all onto functions from the set {1= 2,3, '"v”} to itself.

Onto functions from the set {L 2,3,. "v”} to itself is simply a permutation on #symbols
1,2,3,....1.

Thus, the total number of onto maps from {1’ 2,3, ”} to itself is the same as the total number
of permutations on I symbols 1.2,3,....n, which isn!.



Question 5:

LetA=1{-1,0,1,2},B={-4,-2,0,2} and f, g : A — B be functions defined

1
by f(x) =x* - x, x € A and g(x)=2 X—E‘—l, x € A. Are fand g equal?

Justify your answer. (Hint: One may note that two functions /- A — B and
g : A — B such that f(a) = g(a) v a € A, are called equal functions).

Solution:

It is given that A ={-1,0,1,2} , B={-4,-2,0,2}

Also, f,g:4—> Bis defined by x> —x ,xe 4 and g(x)=2
F()=(=1) - (=) =1+1=2

g(—i)zZ‘(—l)— |-1:z@-1:3-1:2

x—l‘—l,xe/l,
2

F)=(1 -1=0
g(1)=21—%‘—1=2(%}—1=1—1=0

= f(1)=g(1)

1(2)=(F ~2=2

g(2)22‘2—%l—l :2[%)—1 =3—-1=2
= f(2)=2(2)

o f(a)=g(a) VaeAd

Hence, the functions f and & are equal.



Question 6:

Let4 =123} Then number of relations containing (1.2)and (13)which are reflexive and
symmetric but not transitive is,
Al
B. 2
C. 3
D. 4

The given set is 4 = {,2,3}

The smallest relation containing (1.2) and (1.3)which are reflexive and symmetric but not
transitive is given by,

R={(11),(2.2),(3.3),(1,2),(1.3).(2.1). (1)}

This is because relation R is reflexive as {(1»1)»(252)-7(33)} eR
Relation R is symmetric as {(12).(21)f € R and {(1,3)(3.1)} e R,
Relation R is transitive as {(3:1):(1.2)} € Rpyt (3.2) £ R

Now, if we add any two pairs (3.2) and (2=3)(0r both) to relation R, then relation R will
become transitive.

Hence, the total number of desired relations is one.

The correct answer is A.

Question 7:

The given set is A={1,2,3}

The smallest equivalence relation containing (1.2) s given by;

R ={(1,1),(2,2),(3,3),(1,2),(2.1)}
Now, we are left with only four pairs i.e., (2.3).(3,2),(1,3)and (3,1).

R

If we odd any one pair [say(2=3)] to Y, then for symmetry we must add(3’2). Also, for

transitivity we are required to add (I, 3) and (3, ]) .

Hence, the only equivalence relation (bigger than Rl) is the universal relation.

This shows that the total number of equivalence relations containing (]* 2) 1S two.
The correct answer is B.
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