Exercise 3.3
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(a)
Sketch the following diagram:
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From the diagram. whenever x, <x, then f(x )< f(x,) inthe intervals (1,3):(4.6)

Therefore, the function is increasing in the intervals {1,3}:{4,45} .

(b)
From the diagram. whenever x, <x, then f(x,)> f(x,) inthe intervais (0,1);(3,4)

Therefore, the function is increasing in the intervals |(0,1):(3,4))-




(c)

The objective is to find interval on which £ is concave upward.

Sketch the following diagram:
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From this diagram, the function £ lies above all tangents in the interval {{],2)

Therefore, the function £ is concave upward on an interval |(0,2))-

(d)

The objective is to find interval on which £ is concave downward.

Sketch the following diagram:
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From this diagram, the function £ lies below all tangents in the intervals [2,4};[4,{5}

Therefore, the function f is concave downward on an intervals ((2,4);(4,6)|.

(e)
The function f is CHBHQEU from concave UDWE!FU to concave downward Dnly on the interval
(2,3)

Therefore, the inflection point is |(2,3)|.
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Refer the graph given in the text book.
a)
The tangent lines have positive slop in the intervals ((].I} and {3,?).

Therefore fis increasing on the open intervals (0,1) and (3,7)

Positive slope ( increasing)

b)

The tangent lines have negative slope in the interval (1,3).

Therefore the graph £ is decreasing on the open interval [(1,3)

Negative slope (decreasing)

c)

The graph of fis concave upward in the intervals {2T4} and [5,?].

d)

The graph of fis concave downward in the intervals {U.E} and {4.5]

g)

The graph is changing from concave downward to upward at x = 2. upward to downward at
y=4and downward to upward at y=5

Therefore the coordinates of points of inflection are ‘{22}| ‘{4,2.9)‘and ‘(54]'
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(4]

(E)

(<)

Suppose a formula for a function {15 given so we can check, where f is increasing
ot decreasing by the first derivative test such as.

(1 If f'[x:l =0 on an interval then f is increasing

2 If f'[x:l < () on an interval then f 15 decreasing

The concavity of £ can be checked by second derivative test such as

(1 Iff"(x) = 0 for all % in an interwal T then the graph of 1z concave
upward on that interval

2 If f"(x) <0 for all = in an interval T then the graph of f'is concave
downward on that interval

At which point the concavity of I'1s changing called inflection points of £
It means at an inflection point the concavity will change from upward to
downward or from downward to upward.
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(4)

(2)

(3)

First derivative test: - suppose that £12 a continuous function, and a 12 any critical
number of £ then

gy If 7' changes from positive to negative at a then Fhas a local mazimum at
a

It /' changes from negative to positive at a then fhas a local minimum at
a

If #*doesn’t change sign at a then f has ne local maximum or local
tninimum at a.

The first dertvative test can be used as I/ d test such as.

(1 F'=0 Cnan interval, the {1z increasing.
)] 7' <0 Onan interval, the fiz decreasing.

W

1" = Odecreasing)

Local Maximum
Fig, 1

"t =0

(E)

(2)

; a
JLND Local Maximum or T\-'Iin[mum4T \

Fig. 3

Zecond derivative test: - if ' =0 then we apply second derivative test as.

(13 If 7'=0 and /% > 0 then f has a local minimum at a

Iff'=0and " <0 then { has a local mazimum at a

We can check the concavity of £ with help of F* such as

1y If 7" = 0 then { has upward concavity on the interval
(2} If 7" <0 then £ has downward concavity on the interval I



e

Upward concave

()

local minimum

Fig. 4

=0

Downward concave

3

local maximum

Fig. 5

If 7" =0 then second dervative test 15 in conclusive
S0 in that case we use first derivative test.
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oy From the graph we see that the derivative 1s positive on (1, 5) and negative on
(0, 13 and (5, &)
Then f{x) 15 increasing on (1, 53 and decreasing on (0, 1) and (3, &)

(E) Zince the sign of the derivative changes from negative to positive at x =1 and
positive to negative at x=25
Sofix) has a local max at z=75 and local minimum at =1
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(b)
At x=2.the value of f’(x) changes the sign from positive to negative then f(x) has local

minimum at:
x=2|

Also, at y =4, the value _f’{_r]changes the sign from negative to positive, then f(_t)has

local maximum at:
x=4|
But at the points y=1. ¥y =3.and x=35. the sign of f’(.\-]doesn't change.

So there is no maximum or minimum there.
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The graph of function iz as follows:

(A)

(B)

(C)

D)

& :j-'

y = f'(x)
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Fis thoreasing on the interval (2, 4 and (6, %) because on these intervals the value
of 7'(x) is positive which means #'(x) > 0.

At |x= 2 and x= 6|,fhas local minimum because at these points the value of

j”[x) 1z changing from negative to positive.

And at g has local mamimum because at this point the value of f'lix:l iz
changing from positive to negative.

On the intervals [U,l), [3,5), and[?,B) the slope of tangents of the graph of

f'[x) 15 negative, 2o the value of j"(x) on these intervals i3 negative. Tt means

F" <0 gohere the function f(x) 1z ||:on|:ave dowrnweard|.

On the internals [],3),[5,7),311(1[8,9) the slope of tangents of the graph of

F'(x) is positive, so the value of #"(x) on these intervals is positive. It means

here the graph of the functionf[x) 15 |concave upward|.

If we draw the rough sketch of f"[x) with the help of given the graph of f'[x)

then we can see that the x-coordinates of the inflection points are (1,3, 5,7, and 8|

On these points, the value of f"[x) 1z changing from negative to posttive or from

positive to negative.

Rough graph of f"(x)

M
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(a)
Consider the following function:
F(x)=2x*+3x% =36

The function is continuous and differentiable for real values, since the function is a polynomial.

f'(x)=3(2x"")+2(3x)-36  Since i (x") = nx

=6x" +6x-36
= 6(.\'2 +x—6] Take common 6
=\t’:-(.!.'2 +3x—2x—6) Factorize

=6(x(x+3)-2(x+3))
=6(x+ 3](}:—2}

Increasing/Decreasing test:

1.1 f’[.r] >0 on an interval [, then £ is increasing on that interval /.

2.0f _,f"[x} <0 on an interval /. then £ is decreasing on that interval /.

To use the Increasing / Decreasing test, it is needed to know whether f’[x} >0, and whether
f'(x)<0.

This depends upon the signs of the two factors of f'(x)<0. namely, 6(x+3) and (x-2).

Divide the real line into intervals, whose end-points are critical numbers, -3, 2, and arrange
the work on a chart.

Interval x+3 x—2 f'(x_] ok

x<—3 - - + Increasing on [—ac .—3)

—Fax<2 | + - - Decreasing on [—3= 2]

x=>2 + + + Increasing on [:l :r_‘]

From the above chart, the function £ is increasing on |(—ee,—3)U(2.0)|and fis decreasing

on the interval, [(-3,2)|.

(b)

First Derivative Test:

Suppose, ¢ is a critical number of a continuous function 7.

1.If f'changes from positive to negative at c. then f has local maximum at c.

2.If f'changes from negative to positive at . then 7 has local minimum at c.

3.1t f'does not change sign at ¢, then 7 has neither local maximum nor local minimum at ¢.

From the above chart, if the derivative of the function f'changes from positive to negative at
=3.then fhas alocal maximum at —3.

F(=3)=2(-3) +3(-3)° -36(-3)
=-54427+108
=81

The function f’cnanges from negative fo pDSitiVE at % then _f has a local minimum at é
F(2)=2(2) +3(2)" -36(2)

=16+12-72
=44

Therefore, the function has a local maximum | f(~3) =81|and local minimum | f(2)=-44|



(c)
Second Derivative Test:

Suppose f” is continuous near c.

1. If f’{c}:{] and f"[.:-)> (ithen Fhas local minimum at ¢.

2.0f f’{c] =0and f"[c)-::{}then f has local maximum at c.
Concavity Test:

117 f"(x)::-{} forall xin/, Then the graph of £ is concave upward on /.
2.1 f”(x]-::{} forall xin/, Then the graph of £ is concave downward on /.

A point p on acurve, y:f{x} is called an inflection point, it £ is continuous there and the

curve changes from concave upward to concave downward or from concave downward to
concave upward at P.

To perform the concavity test. find f™(x).
f(x)=2x"+3x" -36x
f'(x)=6x" +6x-36 From part(a)
and f"(x)=12x+6.
Suppose, f"(x)=0.
12x+6=0
12x=-6
s

r=—
12
.

2

Thus. f"(x)=0 at x=—%.

A A~

Clearly, f"(x)<0for x{_%and f"(x)>0for x>—%.

Hence, f{x}is concave down in (-ou,——] and f{x]is concave up in (-—,mJ :

Thus, the inflection point occurs at xy = _%. and the inflection point is,

O




The following figure explains the relative maximum and inflection point:

| f(x)=2¢ +3x° ~36x
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First we discuss increasing, decreasing, maximum, minimum, concavity and inflection points of
a function.

1. Increasing/Decreasing test:

(a) If _,f"[:_t] >0 on an interval /, then £ is increasing on that interval /.

(b)If f'(x)<0 onaninterval |, then £ is decreasing on that interval /.

2. First Derivative Test: Suppose that ¢ is a critical number of a continuous function .
(a) It f'changes from positive to negative at ¢, then f has local maximum at ¢.

(b) If {'changes from negative to positive at ¢, then f has local minimum at c.

(c) If f'does not change sign at . then fhas neither local maximum nor local minimum at ¢.
3. second Derivative Test: Suppose f" is continuous near ¢.

(@) If f'(c)=0and f"(c)>0then fhas local minimum at c.

(b) It f'(¢)=0and f"(c)<0then fhas local maximum at c.

4. Concavity Test:

(a)If f"(x)>0 forall xin/ Then the graphof £ is concave upward on /.

(b)If If'"(x){{] forall xin/, Then the graph of f is concave downward on /.

5 Apoint p onacurve y= f(x)iscalled an inflection pointif £ is continuous there and

and the curve changes from concave upward to concave downward or from concave
downward to concave upward at P.



(a)

Consider the function

f(x)=4x"+3x" -6x+1

Then f'(x)=12x*+6x—6

= 6{_‘: + l}(?._r - I]

To use the Increasing / Decreasing test we have to know where f'(x) > 0and where

f'l:x} <0.

This depends on the signs of the two factors of f”(x)<0.namely, 6(x+1) and (2x-1). We
divide the real line into intervals whose endpoints are the critical numbers —j, % and arrange

our work on a chart.

Interval x+l| 2x=1| f'(x)| £
i = 5 + increasing on (—eo,~1)
-1< qu + - - Decreasing on [—1 l]
2 "2
x> I + + + Increasing on [] m]
2 2

From the above chart, the function fis increasing on {—w,—])U[—,m) and fis

decreasing on the interval [-I,%J .

(b)
From the above chart the derivative of the given function ie., #'changes from positive to
negative at —1. then # has a local maximum at —].

Then

F(=1)=4(=1) +3(=1)" =6(~1)+1
=-44346+1

=6

The f'changes from negative to positive at % then f has a local minimum at %

Then
3 2
1 | | 1
= =gl = -6 —|+1
f[z] [2] ’ [2] [z]+
=0.5+0.75-3+1
=-0.75

Therefore, the function has a local maximum: f{—]}=ﬁ

and local minimum: ;‘"[%] =-0.75




IC)
To perform the concavity test we must find f"(x).
fr(x)=24x+6

Then _f"(_l-}={j at _\-x—%

And
SROEORCE
4 ) 4 4

1 3 6
=——+—+—+]
16 16 4
42
16
=2.625

So, inflection point occurs at x = —— and inflection point is
4

[_%__;-(_%D = (~0.25,2.625)

Clearly f"(x)<0for _r{—%and f(x)=0for _1-}_%

Hence f(x)is concave down in [—x,—-l-J

And f(x)is concave up in [—-]-Lcrs] .

Chapter 3 Applications of Differentiation Exercise 3.3 11E
(4)  Wehave f(x)=z"-2+"+3
Then f'(x)= 45 —4x
= 4x(x2 - 'l)
Fx)=0 Whenz=0or x==%1

To uze I/ D test we have to get the intervals on which f'(x) =0 andj'[x) <0,
This depends on the sign of the two factors of f’(x) namely 4x and (xg = I:I.We

make a chart for our work

Interval 4z (f = 1:] Fi(x) f
sl - VE +ve Ve Decreasing on [C—oo,—l)
l=g=0 | -ve - ve +ve Increasing on (-1, 03
0=z =1 + e - Ve -vE Decreasing on (0,1)
x>1 T e +we +ve Increasing on [1,00)

Conclusion: - we conclude that £'13 increasing on the interval(—l, O:l and [Cl,oo:l

And fis decreasing on the interval [C—GD - 1) and (0, l)

{B)  Fromthe part {a) we see that at x = 0 the sign off'(x) 1z changing from positive

to negative so at x =0, { has local maximum that 1z

= Local mazimum
Andnowatx=-1and 1, the sign of f’(xj changing from negative to positive so
atz=-1and 1, f(x) has local minima that 15

J-N=7h=1-2+43=2

f[i1)= 2|=r Local minimum values



@ fMo=122"-4

Now f"(x) >0 when 1228 -4 =0 orx? =1/ 3 or

So f[x) has concavity upward on the [intervals (—00, —U\f’?jjl and (lfﬁ, OD)

And #'(x) <0 when 122"—4 <0 orx® <1/3or ||x[<1/+3

S0 f[x) has concavity downward on the [interval (—lfﬁ, U«J@]I

For getting inflection points putf"[x) =10
=12x' -4 =0

= |x=£1/3] Andso £ (#1/43)=1/9-2/3+3=22/9

2o the coordinates of the inflection points are (ilh,@, 22;’9)
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X

>

Consider the function ;‘(_-.-) =
: x +1

The derivative of the function f(x) is

[_'cg + I};il:x)—_\';i(_r: +!]

[:_r: 4 ]}'

f'(x)=

(x: +1 )—1‘(21}
{_1_-3 +])1

w2 l-2%°

(__(: +l}2

T

The function £is increasing on the intervals where  f'(x)>0.

1-¥
(.‘rj +I)'

1-x*>0

>0

3
| =
<l
-l<x<l

or xe(=LI)
Therefore. f is increasing on the interval |(—1.1)|.

And £ is decreasing on the intervals where f'(x)<0

1<x’

IE{-—SC.—I}U(LG‘J]

Therefore, f is decreasing on [(—co-—l) and (IOC)I




(b)
The function § has a local maximum where it changes from increasing to decreasing, where
f" changes from positive to negative at x =].

Similarly where f' changes from negative to positive. f has local minimum at y=—1.

Therefore.  f has local maximum at and f has local minimum at [x = 1]

()

The second derivative of the function f(x) is
(3 +1) (-2x) = (1-27)2(x +1) 2x
[x: +1)4

_ [.1'3 +l}|:(x3 +I]{—2x)—(1—x3)(4x}]
[.1:3 +1)4
( +1)[ 24" — 20 —dx+4x" |
(xz + I]J
(+* +1)[ 24"~ 6x]
(xz +l)4
B 21(x2 - 3}
(@)
Set the function
I"(x)=0
2.:[.\‘I —I‘i} s
(;c2 + I]'
x=0.i\ﬁ

Therefore, where f' is increasing, its derivative f" is positive.

f"[.‘() =

f is concave upward on (..‘fi 0) and [ﬁ,w)

Similarly £ is concave downward when f' is decreasing on (—no,—-.jg] and (U,J_“:)_

The points [-ﬁ,—%],[ﬂ,ﬁ) and (ﬁ%} are inflection points because the curve

changes from concave upward to concave downward and again concave downward to
concave upward.

The graph is shown below:
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(a)

Consider the function.
f(x)=sinx+cosx,0<x<27.
The object is to find the intervals on which £ is increasing or decreasing.

Differentiate the function f{x] = 5in x +cos xon both sides with respect to x, and then the

derivative of the function is.
f'(x)=cosx—sinx
For maximum or minimum values set _,f"(x] =0, then this implies that

S'(x)=0

cosy—sinx=10

cosx =sinx
S5
X=— or —
4 4
So the critical points of the function are % or 7.
4 4

Now check the values of f"(x)in the interval [(],E:r]as shown in the below table:

Interval | sing of f'(x) | f decreasing or increasing
4 i3

0.— + is increasing on| 0,—
[ 4] ds ¢ ( 4]
T 5 . . T St

[—,—] - f is decreasing nn[—,—
4 4 ) 4 4

[5%.,291“] + [ 1s increasing DI‘I[STE‘EFI']

From the table, it is observed that the function is increasing on the intervals [D,%)and

[%ﬁzﬂ]. The function is decreasing on the interval [ESTH]



(b)

Consider the function,
Sf(x)=sinx+cosx.
From the part (a), observe the table it confirms that the derivative of the function is changes

from positive to negative at x = E_ So the function has a maximum value at x=£- Here, the
4 4
derivative changes from negative to positive at I=STE' So the function has a minimum value

at .y = Si Since the critical points of the function are x = {E‘j—ﬁ}.
4

4

Substitute x = {%%} into the function f(x} =sin x +cosx. and then the function values are

T . A T
— | =5IN=—+C05—
f(4] 4 4

_,-—_—

[2¥]

Hence, the local maximum and local minimum values of the function are respectively

(2

(c)
Consider the function,
f(x}=sinx+c0$x.
The first and second derivatives of the function are respectively
f'(x)=cosx—sinx
f"(x)=—sinx—cosx
=—(sinx+cosx)
For inflection points set f"[x}={}_. this implies that
~(sinx+cosx)=0

siny=—cosx



The values satisfy the equation sjp x = —cgs x in the interval [(],Err] is

Ix '?;rr}
X = o
4 4

So, the inflection points situated at x :{BTH?TE}

The sign of the second derivative {f"[x))are shown in the below table:

Interval | sing of /"(x)=—(sinx+cosx) Concavity
[D,Bi] - /" is concave down on[U,EJ
4 ’ 4
[3rr ?rr] 3 [ﬂ.‘ Sjr]
—_—— + fisconcave upon| —,—
4 4 4 4
(T—”.zz] - /" 1s concave down on[s—ﬂ,hr]
4 ’ 4
: e : iz Ix
From the table, it confirms that the function is concave up on the interval TT and the

function is concave down on the interval ({},%J and[?Tﬁjjr) I

Substitute x = {3%,?7‘??} into f{x] =sin x+cosx. and then the functional values at those

points are

3r . 3 3z
Jl— |=sin—+cos—
4 4

4
) g b4

=sin| 1 —— |+cos| T——

{ 4) [ 4)

. K Fra
=8N ——C05—
4 4

Hence, the inflection points are [B—E,U] and(%ﬂﬂ] :
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A) Find Intervals where increasing or decreasing:

F (x) = cos’x —2sinx, 0 <x < 2.

[ "(x) = —2cosx *sinx —2cosx = —2cosx(1 +sinx)-
J'{x)=0 when cosx =0 0o sinx= —1
- T 3 .
ar WHEH x— T" T or =

now since on [[}f %J and [?TT . gﬂ-)_ fi(x) <0

A

%, —J f(x)=0

2

UH{

Thus, f is increasing on [%, %J and T is decreasing on [[L %Jand[

';;T " 2#).

B) Find local max and min values of f;

f changes from decreasing to increasing at x = % and from increasing to decreasing at
_
¥y
Thus, f'{( %] = —72 'i5a local minimum value;
N W

e
and ;"[. %] = 7 is a local maximum value.



C) Find the intervals of concavity and the inflection points.

7" (x) = 2sinx(1 +sinx) —2 cos’x-
= 2sinx +25in2x—2(1 i sinzxj 3

= 4sin"x + 2sinx —2 -

= 2(2sinx — 1 )(sinx +1).

o | 5 L ks 5_Tf
50 f [x)>l]ﬁs[nx>2-@ﬁ<x Ly
and f -.[x)Cil]@sinx{;—and sinx & _1‘i’ﬂ<x<%

5 3 3
or T’r{xd%ur T’r{x*:Zﬂ:

With all that said, f is concave up on [ = S—TJ

6" &
T 5w In I
and concave down an [l]* ?]' {T T)' and!: 5 211'].—
There are inflection points at I/lﬂ _ ijand( L phees —)
L6 4 LI 4
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Consider the function f(x)=1+3x*-2x

Now
f'(x)=6x-6x" =6x(l —x]
fr(x)=6-12x

First derivative test:

Suppose that ¢ is a critical number of continuous function f.

(a) If f' changes from positive to negative at ¢, then f has a local maximum at c.
(b) It ' changes from negative to positive at ¢, then fhas a local minimum at .

(c)If f' does not change sign at ¢, then { has no local maximum or minimum at c.

Now f'(x)=#6x(1-x). so critical paints are x=0,1.

Interval | f"(x)

x<0 =

O<x<l| +

x>l =




Clearly f'(x)=6x(1- x] changes sign from negative to positive at y =0

Hence f(x] has local minimum at _

And f(x) Changes sign from positive to negative at y=|

Hence f(x)has local maximum at .

Thus, local maximum is
F(1)=1+3-2
=[2]

And local minimum is
f(0)=1+0-0
=[1]

Second derivative test:
Suppose " is continuous at ¢.

(@) If f'(¢)=0and f"(¢)>0.then fhas a local minimum at c.

(b) If f’{c} =0 and f"(c]{ 0. then fhas a local maximum at ¢.

If f'(x}:{}thenJr:l),x:l

Since f"(x)=6-12x

So,
f(0)=6>0
£(1)=-6<0

Hence f(x] has local maximum at yx =1and local minimum at xy =0
Thus, local maximum value is f{]):
And local minimum value is f{n):ﬁ]

Preference: For this function, the two tests are equally easy.
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The first derivative test requires the test of the change in the sign of the function at the critical
point.

The second derivative requires the test of the sign of the value obtained in the second
derivative at the critical point.

Consider the function:

2

f(x)=

a1

Determine the derivative of the above function:

- z{x—l)(Ex]—xz(lj
(=L
o 2 =D
(-1
X
(x=1)°
x(x=-2)

(x=1)"




Perform the first derivative test:
f(x)<0
xe(o,0) or (2,)
The function ' changes from positive to negative at y = (.
So, the value f(0)=0 is local maximum.
The function #' changes from negative to positive at y = 2.

So, the value f(2) is local minimum

Perform the second derivative test:
(x—1)"(2x-2)~(x" = 2x)2(x~1)
(x=1)’

Put f'(x)=01tofind x=0 and x=2.

f'(x)=

Put x=( inthe function f"(x):

f”(ﬂ]=£_72‘

=D
£7(0)<0

So, the point y = () is the point of local maximum.

R

Put x=2 in the function f"(x):

So, the point y = 2 is the point of local minimum.



Consider the function,
f(x)=vx-x".
The objective is to determine the local maximum and minimum of # using both the first and
second derivative tests.
Using first derivative test:
To determine the critical points, find the derivative of the function and set it equal to zero.

£(x) = (x=x")

X

1 1

Equate f"(x)=0 and solve for x:

1 1

PN
?.ILM —I
g =8
23" -1=0

xl."lt:l
2
|

x=—

16

So. the only critical value is x:%_

Thus, the intervals are .

According to the first derivative test, we have to see where f'(x)>0and where f'(x)<0.

interval | f'(x) | f(x)

[D, [L] negative | decreasing over [0, %J

[—, oo] positive | increasing over [% m]

So. at the critical point x=%: the function fis changing from decreasing to increasing, so the

. _ 1
function 7 has a local minimum at |y =—|.

16

And, the value at y= % is,

()

4

Therefore, the local minimum of f{x} is _5 at x=%-



Mow, determine the local maximum or minimum, by using the second derivative test.

: 1 1
Compute §* by usin "(x) = —=—-—= as follows:
p f l:-r} ¥ g f {t] ZJT 400
o d 1 |
Xj=—| —&F—=———~
7(5)= 2 -
1 & 3
42 16’
MNow, substitute the critical point .1'=L in Jr"{ﬂ: _qu. 3_| , o get
16 4x*  16x™
o | 3
J {"'}1_ | T G
(Gs) ol5s)
16 16
=8=10
Thus, the function 7 has a local minimum at _r=%. and the local minimum is
(i}
e
16 16 16
I
4
Therefore, the local minimum of .f-'[-"} is _£ at _1.__.%_
i

Hence, the local minimum of f(x) is (Lﬁij from both methods, in this case, the second

16
derivative test is preferable.
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The given function is
Flx=x(x=1)
Then using product rule, we have
Fixy=ax (x=17 432" (x-1)
= (x—l)z x3[4[:x—1)+3x:|
x [x - 1)2 [4x -4 +3x]
2 (x=1) (7x-4)

Atthe critical point, F'(x) =10
ie, 2(x-17 (7x-4)=0

Lesr=0 L ; 1e. the critical points are |0, 1, and —|.

(&)

Mow #"(x)= 32" (x=1)" (Tx-4)+ 22 (= 1) (Tx - &)+ 7 (- 1)
=2 (2= D[ 3(x - (Tx - 4)+ 2x(Tx—-4)+ Tx(x-1)]
= 2" (x-1)6(72 —8x+2)

Mow we check for the critical points, 1.,

Whenx =10, _f"[x): 0

= Zecond derivative test 15 inconclusive at x =0,



Whenx =1, j"[x): 1]

= 3Second derivative test 13 inconclusive at x = 1.

"‘-HhenJrzi,
7

(I

= (x) has a local minimum at x = ; :

]

() To apply first derivative test, consider the intervals [—000) [O, %] I [?1] [] 00).

So we have
Interwval Behavior of f'[x)
—o0 <« x < Posttive
Hegat:

B i egative

=
4 Posttive
—<xal
7!
1 x < Positive

Then first derivative test conduces that,
Since j'[xj changes sign from positive to negative at x =0, 30 x =0 iz a point of

local maximum.

4

: . . " 4 .
Since f’[x) changes sign from negative to positive atx = = then x=— iz a

point of local minimum.

Since f'[x) does not change sigh at x = 1, then x =1 iz neither a point of

MAaxUNn Nor MInmum.
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Consider f" is continuous on (-,
(a)
Given f'(2)=0and f"(2)=-5
By second derivative test,
Suppose f" is continuous near ¢,
(@It f'(x)=0and f"(x)>0 then the function f has local maximum at c
(b)If f'(x)=0and f"(x)<0 then the function 7 has local minimum at c.
Here, for x=2. f'(2)=0, f"(2)<0

Hence, the function f has local maximum at 2.

(b)
Given f'(6)=0and f"(6)=0
In this case y = is an inflection peint in which there is a transition between concave upward

to concave downward or concave downward to concave upward. In this, particular case, point
of inflection has a slope of 0 when y = 6. since the first derivative is zero.

The line with slope zero is horizontal line.

From these result, it can only say that f has horizontal tangent at 6.
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The first conditionis f'(0) = /'(2)= 7' (4)=0

This tells that fhas horizontal tangent at 0, 2 and 4

Second condition 13 f'(x) >0 fx<0cr2<x<4

Means fhas positive slope or increasing on the interval (—GDU:I and (2, 4)
Third condition is f'(x) <Dif0<zx<2orx>=4

This means {15 decreasing on the interval (0. 2) and [4,00:]

It means fhas local maximum at x= 0 and 4 and £ has local minimum atx =2
Forth condition iz f"[x:l =01 1 <x < 3 means f has concavity upward on

interval (1, 33 and f"(x) <0 ifx =1 orx = 3 means f has concavity downward

on interval (—o0,1) and (3,00)

Sograph of f (x) will be an follows

W

¥ = f(x)
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First conditionis f'(1)= #'(—1)= 0 means at 1 and -1 Fhas horizontal tangent.
Fix) <08 |x| <1 means fis decreasing when -1 <x = 1.

f’(x) =03 1 <:|x| < 2 means f 15 increasing on the interwvals (-2, -1) and (1, 2.
f’(x) =-11if |x| = 2means Fhas a tangent with slepe -1 en(—00,-2) and (2,00).
f"(x) <0 if —2<x <0 meansf iz concave downward on (-2, 0.

Shas local mimimum atx =-2, and x =1.
Jhas local mammum at x =-1 and x =2,
Inflection point 1z (0, 13 means at this point the concavity of graph changes.

The graph for the function 12 as follows:
v = 1ix)

i B e

i
1
1
1
1
|
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f'(xj =0 if |x| < 2, f1z increasing on {—2,2)

f'(x) <0 i |x| = 2 [z decreasing on {(—00,—2) and (2,00}
So fhas local minimum at x = -2 and local maximum at x=2
f'(—2) =0 Means at x=-2, { has horizontal tangent

lin% |f'(x)| =00 Means at x =2, {1z not defined or not differentiable.

F"=01f x 2 2 fhas concavity upward for all x when x # 2 20 we can get two
graphs of £, one is not defined at 2 and another is hawing corner at 2



bk

13
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7(0)=0md £(0)= £'(2)= £(4) = F(8) =0

2o has horizontal tangents at x=10, 2,4 and &

Meow we make a chart of information’s about f’[x)

Interval frICX:I i)

D=x<2 i fis increasing on (0, 2)
2=x<4 - fis decreasing on (2, 4)
dox=b ¥ fis increasing on (4, &)
x= 6 = fis decreasing on [6,00)

Zofhas local mazima at x=2 and ¢ and fhas lecal mimmaat x=4
Again we make a chart for _}""I:x)

Interval f"(x) £

0=x<] + Concave upward on (0,1)
l<x=<3 - Concave downward on (2, 4)
3=x<5 + Concave upward on (3, 5)
x* 5 J Concave downward on (5,03)

o nflection points have the x-coordinates 1, 3 and 5

How f(—x) = j'[:x) means f1g even function so graph of will be symmetric with

respect to the y-axis.
WWith the help of these informations we can draw the graph
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Consider the problem statement provided in the textbook.

The function 7is always decreasing if f'(x)< 0 for all x and the function f is always concave

down if f"[x} <0 for all x.
The function fis decreasing and concave down. Therefore, the graph of the problem is:

-

|

ESIE- N

e

o
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we consider the interval [2,4] such that f(3) =2 ' (3) = 1/2while T'(x) >0, T "(x) <0

f' (x) means the ratio between the images and the elements in the neighbourhood of 3 must
be 153

from this , we follow that the rate of change in the y coordinate is half of the rate of change in
the x coordinate . consequently, the concavity of the graph will be down wards .

e T"(x) <0.

keeping all these conditions in view, we graph as follows :



&'

Ylul=x"1/2]

(b) this type of function will have two solutions in the interval having 3 at the middle

because the graph is increasing from a certain point and having the concavity downwards

As consequence the curve reaches the x axis again starting from X axis.

(c) T'(2)=1/3 <1/2 =1'(3) is possible while the graph has the concavity downwards,

' (x)<f'(3)forallx < 3 in the neighbourhood of 3 must hold.
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(&)

(B)

(<)

(D)

Fis increasing on (0, 23, (4, &) and (8,00)
Fis decreasing on (2, 4), (6, 8)

Local mazima at x =2 and &
Local minima at x =4 and 8

F1s concave upward where f’(x) haz positive slope that 15 on the intervals (3, &)
atied 1:6,00)

F1s concave downward where f'[x) has negative slope that iz on (0, 3)

Inflection point 12 at because here j"[x) 1z changing its sign


https://www.flickr.com/photos/141975473@N05/31536251730/in/album-72157676944867350/

(E)
Aszsuming f[:[]) = 0 we draw the graph of f(x)

Aoy
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(4)
f1is decreasing on the intervalz {0, 1) and {6, &)
f1is increasing on the intervals (1, ) and (8, o)

(B)

fhas local maximum at x=16
fhas local minimum at x=1and 8

(CY  fisconcave upward where _}"'[xj has positive slope that 15 on (0, 23, (3, 2% and
(7,00}
fis concave downward where f'[x) has negative slope that 15 on (2, 2 and (3, 7)

(DY Inflectionpoints are at x=2, 3, 5 and 7

(E) Assumingf(U) = 0 we draw the graph of f(x)
+ ‘-q."

N
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(a)

(b)

(c)

(d)

Given that the function iz f [x) =x —12x+2
Then f'(x)=3x"-12

J'(x) =0

= 32 =12»0

= =420

= (z+2)(x-2)=0

j[x:l is increasing on (—03,—2),[2,00)
Sx) <0 = (z+2)(x-2) <0
j(x) iz decreasing on [—2, 2).

If /'(x)=0then x=12

Critical points are x= 22

Since f"(x)=6x f"(2)=12>0
x=2 1is local minimum

SR ==12 %0

x=-2 1z local mazimum.

Sx)<0=6x<0=x<D
Concave up en [0,00)
S x) <0 =éx<0=x<0

Concave down on [—0::0)
The graph is

b

|

Tlel—e S 1T

(=1



Chapter 3 Applications of Differentiation Exercise 3.3 30E

(a)

(b)

(c)

Given that the function is f(x) = 36x+32" — 22
Then f'(x)=36+6x—6x"
Fx)=0
=  36+6x—-6x" >0
= P ox=hel
= [x—3)[x+2:l-::0
= (-2.3)
[x:l ig icreasing on [—2, 3:1
"(x) <0
= I:x—3:l|:x+2:l:=-0
=  xe(-w,-2),(3,0)
F(x) is decreasing on (—00,-2), (3,00

J
I

Iff'[x):ﬂ then x=-2 3
Critical points are —2, 3
Since f"(x)=6-12x,
Sr(-2)=6+24
=30=0
x=-2 1z a local minimum of § [x}l
Since f"(x)=6-12x,
S"(3)=6-36
=-30<0
x =73 15 a local maximum of flix:l and
F(3)=108+27-54
=108-27
=51

S x)=0
== 6—12x >0
== S

1
= X<—=

2

[=3)

Zoncave upon | —oo, s

S (x) <0
= h—12x <0

1
= X- —
2

Lo | —

Concave down on [

)



(d The graph 1z

B T ] T e B i

a0

-170-

-150-
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f(x) =2+ 2x2 -xd

{a) to know the intervals in which the function is increasing or decreasing ,
fr)=4x-4x3 =4x( 1-x2 )= 4x { 1-0(1 +%)

X =0 =%x=1,0.1.

s0. T has three critical points . s0, considering these points as the end points of the intervals we
can findthe function where is it increasing and decreasing.

we can see by substitution method that 7' (x) =0 wheneverxisin(-=,-1)or{0,1).
and 7' (x)<0whenxisin(-1.0)or (1, =)
but we know that if f'(a) = 0 , then fis increasing ata and if f' {a) < 0 , then fis decreasing at a.

from this , we confirm the QIV'EI'! function increases in { = —1] and ( 0:1]] while it is decreasing
in(-1,0)and (1, = ).

(b) substituting the critical points in the function, we can say the local maximum and local
minimum values of f.

f(-1)=3.1(1)=3.1(0)=2.

from these, we say that T has local maximum at -1 , 1 and is equal to 3 while the function has
local minimum at 0 and is equal to 2.



fcymow, T" (x)=4-12x2
FUlx)=0==>4(1-3x2)=0==>-4(2x2-1) =0===x=+1/3

« T has inflection points -1/43 | 1/ v3
from these , we follow that the concavity of f changes at these points.

7" (x) is a quadratic expression whose value will be > 0 when X lies away from the roots. and <
0 when x lies between the roots.

Le. 00 >0 when xisin (-=, -1/3) or ( 143 , =)

and " (x) < 0Owhen xisin ( -1/43 , 1/43 ).

butf" has-sign. ~ T">0whenxisin(-1/~3, 13 ). and <0 when xisin ( -=,-1/3)or( 1/
N3 o)

on the other hand, we know that " (x) = 0 === has concavity upwards and otherwise down
wards.

~ the given function has concavity downwards in ( -= , -1/43) or ( 1/43 , =)
and concavity upwards in { -1/43 , 1/ v3)

further, the points of infliction has the coordinates ( -1/43 , 23/9) and ( 1/%3 | 23/9) which will
be observed from the graph following :

&
]

45
1
315
3
25

15
1
IR} 5
5 45 4 35 -3 25 2 5 A -D.%ED 05 1 15 2 25 3 35 4 45 &
-
15
-2
25
-3
35
-4
4.5
5

Y[wl=2 + 2472 - w74
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(&)
We have g (x) = 200+8x" +x'
Then
Al 2ax® +4x°
For getting critical numbers put g’(x) =0
=24 +drt =0
=47 (6+1)=0

=0 critical numbers are x=0 and -6



Mow break the interval (—0000) in to the intervals
[—00,—6),(—6,0), and [0,00) So we have

Interwvals

g'lx) | glx)

(—oo, _5) Hegative
(—6,0) Positive
(0,0) Positive

Decreasing on(—oo,—6)

Thcreasing on [—6,0)

Increasing on (0,00)

" g'(x) iz changing for negative to positive at x = -6,
20 g (x) has local minimum at x = -6, that is,
g(-6)=200+3(-6) +(-6)" =232
Local minumum 15 |g (—6) =—232].
g'(x) hasz no change in s1gn after x = -6, 20 g(x) haz no local maximum.
(<
Wehave g'(x)= 24x° +4x°
So g'(x)= 48x+12x°
For getting inflection points put g"(x)=0

3o =48x+12x% = 0
Cir 12x|:4+x)=0

The above condition 15 satisfied only when x =0 or x = -4

Atx =0, we have g[0)=200.

Andatx = -4 we have g(—4) =200 +8(-4) +(-4)" =56
Zo the inflection points are {0, 200) and (-4, -56)
Mow we consider the intervals (—o0,—4),(-4,0) and (0,00].

S0 we have

Intervals

g'lx) | elx)

[—oo,—4) Posttive
(4,0 Wegative
(0,00) Posttive

Concave upward on (—00,—4)

Concave downward on [—40)

Concave upward on (0,00)

{(INThe graph of the function is as follows:

| {0, 200)
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(a)

Consider the function,
fz(x]={x+1)j—5.r—2 ------ (1)
Differentiate the given function with respect to x as follows:

gl e
3 dx dv  dx
=5(x+1)" -5x1-0

=5 (x+1)"-1]
:5[=(x+t)” ~f{(x+1y +|}}
Simplify further,
h'(x) :5|:{{,1r+1]||—1}{(.r+l}+l}{{:,r:+l}it +1}:|
=5{x+l—l][.r+£+l){(x+l]z +l}
= 5x(x+2){(x+1)" +1]
Compute the intervals of increasing and decreasing by equating h‘{x} = () and solve for x,
h'(x)
5x{x+2}{{x+]}z+1}

X

0
0
0, (x+2)=0
0

and {{x-H]n1 +1

Simplify further,
x=0
x+2=0 =x==-2

(x+1) +1=0 ::ar(.a.'+l]2 =—1 (not possible)

Points x =0 and x = -2 divides the domain into three intervals (—o,~2),(-2,0) and (0,0).

The following chart represents the behaviour of h‘{_r] in three intervals:

Interval Sx | x42 [,\:+I]2+| h'(x) | h(x)

(=00,=2) | - | - + + Increasing
(_zﬁ[}} s | + = Decreasing
(0,00) 3o | ke + + Increasing

Therefore, the given function “will be increasing in the intervals {-m,-z} and {{},u:-}, and

will be decreasing in the interval (—2*[])



(b)
Use the First Derivative Test,
‘It " changes from positive to negative at a point ¢, then Fhas a local maximum at ¢ and if

[f' changes from negative to positive at a point ¢, then 7 has a local minimum at ¢.”

From the above chart, /'(x) changes from positive to negative at point x =—2. o the given

function has a local maximum at y = -2 and the maximum value will be,
h(-2)=(-2+1)’ -5(-2)-2

=(=1)’ +10-2

=-1+10-2

=7
h‘(x] changes from negative to positive at point y = (). So the given function has a local

minimum at y» =0 and the minimum value will be,
h(0)=(0+1) =5(0)-2

=(1)’-0-2

=1-0-2

Therefore, local maximum value of given function is h[—E] = 7| and local minimum value is

h(0)=-1

(c)
Use the Concavity Test,

“If f"(x)>0 forall x in /, then the graph of fis concave upward on /and if f"(x)<0 for all x

in I, then the graph of f is concave downward on [.”

Differentiate 4'(x) =5[(x+l]‘ -IJ with respect to x as follows:

o _d[x+l)4_ﬂ
h"(x)=5 e cﬁ:}

=5[4x(x+1) -0]

=s[4(x+1)']

=20(x+1)’



Compute the intervals of concavity by equating h"[x] =0 and solve for x,

h'(x)=0
20(x+1) =0
(x+1Y =0

it+tl=0=x=-1

Points x =] divides the domain into two intervals (—w,~1) and (—1,0).

The following chart represents the behaviour of h"(x) in two intervals:

Interval | &"(x) | &(x)

[-co,-—i) - Concave Downwards

[—-I,oo} + Concave Upwards

Therefore, the given function “will concave downwards in the interval [-oc-.-i) and will

concave upwards in the interval (-1,00).”

As the curve of given function changes from concave downward to concave upward at point
x =—1, it will be the x-ordinate of inflection point.

h(-1)=(-1+1)’ -5(-1)-2

=(0)" +5-2
=0+5-2
=3

Therefore, the inflection point will be |(-1,3)).

(d)
From the above information, the graph of the given function },(;_-]: {x+1)’ —5x—2 is found

to be as follows:

=]

-2.7)

=
h

i) =|(x|+ 1) =54 - 2

]
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Consider the function,
h(x] =5x' =3x°

The formulas for differentiation,

d n m=|
E(x }— Hx
Inl::reasing and DECTEES"'!Q Test:

It i'(x)>00n an interval, then s increasing on that interval, and it 4’(x) <0 on an interval,

then jis decreasing on that interval.
Concavity Test:

If 4"(x)>0forallon xin . then the graph of jis concave upwardon 7. and it 4"(x)<0for

allon xin . then the graph of jis concave downward on f.
The Second Derivative Test:
Suppose j"is continuous near c.

It i'(c)=0and A"(c)>0. then phas a local minimum at ¢

And, if K'(¢)=0and #"(c) <0, then jhas a local maximum at c.

(a) To find the intervals of increase or decrease, find the first derivative of j.
F:-'(x]=5x3 -3x
B(x)=15x" -15x"
MNow,
H(x)>0
15x* -15x" >0
F(1-x7)>0
Itis clear that 2 » g, 50 xz[l—xz)::{}is possible only when | — 4 5 00f 2 —1 <0
So, xE{—l,i)

And, every polynomial function is continuous and differentiable on the set of real numbers g,
50 we cannot say increasing or decreasing of a function at a single point.

Therefore by the Increasing and Decreasing Test, h(_r} is increasing on {—l,I) .

And if j'(x)<Othen, from the above simplification, /(x) is decreasing on (—22,-1),(1,%)

(b) To find the local maximum and minimum values of }, solve the equation h’[x): 0. and
find the second order derivative of j
H(x)=0
15x* —15x" =0
x* (1 —xz) =0
x=0,-11
And the second order derivative of §,

h"(x)=30x-60x" (Since #'(x)=15x* -15x")



Then,

#(0)=0
A"(1)=30-60
=-30<0

A"(~1)=-30+60

=30>0
Therefore, by the Second Derivative Test, }has a local maximum at 1, and }4has a local
minimum at —1

n(1)=5(1)" =3(1)
So, the local maximum and minimum values of j are, : .
h(=1)=5(-1) =3(-1)’
-2

i(c) To find the intervals of concavity, and the inflection points of }4 use the Concavity Test.
From the part (b),
h"(x) =30x-60x"
=30(x-2x")
So, h"{x] > Qwhen
x=2x">0

x(1—2x3)>{)

—]—- will divide the real line into four intervals as,

foh
()N}

Observe that, for large negative values of x, x(l—xz)::-ﬂ

S0, the roots —

So. A"(x)>0in [—m—%}

And alternately, A"(x)<0in [—%,U]. h"(x)>0in [[},%]. and 4"(x)<0in [—,m]

f\“_ﬂ—'

; i | I
Therefore h(x)is concave upin || —oo,=— |,| 0,—
) (=7} e%)

. ; | |
And, f(x)is concave downin || ——,0|,| ==,
) R

|
And observe that, h"{x]l:hanges its sign at ——=,0,—=

I
V272



| |
So, the values of j at ——,0,—.
272

272
5l 7))
- 44'_
~-1.24
1(0)=0
ORTIREY
~1.24

Therefore the inflection points of jare,

(-%,-1.24],(&0},[%,1.24)

(d) Sketch of the graph of } is shown below:

5ty
4
| 3 12)
3
2
=\ (0.7.1.24)
X
5l 00) 1 2 5
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(a)

Consider the following function:

Differentiate (1) on both sides.
’ 1
(x)=+6=x+x—p=(-1
1(x) I-JE( )
- —
2 J6=x
Find the intervals of increase or decrease.
f'(x)>0

X

2J6—x
2(6-x)-x
2J6-x
12-2x—-x>0
12-3x>0

The function f(x) is increasing on (—o0,4).

f(x)<0

12-3x<0 and 6-x>0

Forinstance, f'(x)<0for 4<x<6.50 f isdecreasingon (4,6).

0—x— =0

=0

(b)
The First Derivative Test is a consequence of the [/D Test.

If the function f'[x) changes from positive to negative at y =4,

The First Derivative Test tells us that there is a local maximum at y = 4and the local maximum
valueis y=4.

F(4)=46-4
=42

Therefore, local maximum is _f'(4)=4-.ﬁ.

(¢)

If f'(x}-c:(] forall x in g, then the graph of fis concave downward on f.

The function flies below all of its tangents on . it is called concave downward on f .
The function f"(x) <0 is on the interval (-, 6)-

Therefore, Concave down on {-m,ﬁ]_

Mo inflection point because curve not changes from concave upward to concave downward or
from concave downward to concave upward at the point.



(d)

Sketch the graph of f(x)=xv/6-x:

e

rV

el L B R " - - A I - B -]

q0 9 @ -7 -6 5 -4

u » i - " " i '
B W @ o o B

Curve sketching is the representation of the function on the plane and shows the
characteristics of the function, such as the maximum and minimum values (absolute and
relative), interval of increase or decrease, range and domain of the function.

Consider the function:
2 3
F(x)=5x -2x3
Determine the first derivative of the function:

won 10 3 10 3
f(x}—3x ¥

Determine the second derivative of the function:

202 5§
=—x ——X

3 3

f"(.r} 9 9



a.
Substitute the value of the derivative as (:
f(x)=0
I-x
Ux

x=1

=0

5o, the critical points are x=0,1.

Determine the sign of the function at y < ():
x=<0

f(x)<0

Determine the sign of the function at 0 < x <1:
x<0

£(x)>0

Determine the sign of the function at x> 1:

x<0

f(x)<0

So. the function f(x) is decreasing on |(—s0,0) and (1,%0)| and the function is increasing on
(1,0)]-

b.

Determine the sign of the derivative for y « (-
x<0

fx<0

Determine the sign of the derivative for Q< x < 1:
Dzx<l

S(x)=0

Determine the sign of the derivative for y » 1:
x>l

f(x)=0

Determine the value of the function at y =():

2 5
F(0)=5x(0)s —2x(0)3
=0
Since, the sign changes from negative to positive at (), so f[ﬂ):(] is the local minima.
Since. the sign does not change for y =1. 50 there are no local minima or maxima at y=1.

Hence, the local minimum value is @

c.

The critical points are x=0,1.

Determine the sign of the second derivative at y < ():
x<0

fM(x)<0

Determine the sign of the second derivative at Q< x <1:
O<x<l

f'(x)<0

Determine the sign of the second derivative at x> 1:
S |

[(x)<0

Hence, the function is concave is downward over the interval .



Determine the interval of inflection point of the function.

The function does not change from concave up to concave down or from concave down to
concave up anywhere in the graph

Hence, the function has no inflection point.

d.
Consider the graph of the function as shown below:
5
4
7
7

-10 4
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(4]
We hawve C'[:x) =z |:x+4:l

Ew product rule, we have

C'(x)= D (r4d)+n®
X

_ x+4+3x
- [3;:213:]

~o-3( 5

So C'lile:l:lwhen x+l=00or x=-1

C'(x) does not exist when x =10,

o the critical numbers are 0 and —1.

So we see;
Interval C'[x) C"[x)
- < x<—1 | MNegative Decreasing on (—00,—1)
Slex<=0 FPozttive ITlCI’EEiSiﬂg o1 [—1, Dj
0 «<x <00 Posttive | Increasing on (0,c0)

(B)  The zign of C'(x) 1z changing from negative to positive, so at x=-1 C(x) haz a

local minimum there. So C‘[—l) =—3 13 a local minimum.

MNow since there 15 no change in sign after x = -1 so it has no lecal mazimum ‘




4(x+1)

(<) C'(x)= T
S0 by Quotient rule, we have
4 xm.l—l':x+1:].gx—l
C" (I) =i E ( 2;3)2 3 3
%
[ 3x—(x+1)2
_ i 3)‘_1."3
T3 L

4:x—2 4{ (x-2)
zg_hs_ﬂ}zg L33

Mow C""[xj =0 when x—2=0
Or x=2
And C"[x) =does not exist when x =0

=0 we have
C{0)=0and C(2)=42(2+4) =632

Thus we see,

Interval %) C(x)

—t0 < x <0 | Posttive | Cloncave upward on (—c0,0)
Dex=2 Negative | Concave downward on (0, 2)
2<x <o Posttive | Concave upward on [2,0::)

=o the inflection points are (0, 00 and (2,63}@) :
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a) Find the intervals of increase or decrease
G(x) is increasing when G'(x) is positive, and

G(x) is decreasing when G'(x) is negative.

G(x)= X - 4vx

Domain of this function is (0, =)
1 1
' o 16 T e e
G'ix|= —lx—4x" |=1-2x * =
dx

G'(x)=0,whenx=4

G'(x) =0ontheinterval D < x < 4.

G'(x) = 0 on the interval x = 4.

SD.'
G(x) is decreasing on the interval (0, 4)

G(x) is decreasing on the interval (4, =)




b) Find the local maximum and minimum values.

G(x) has local maximum when G'(x) changes its sign from positive to negative.

G(x) has local minimum when G'(x) changes its sign from negative to positive.

G'(x) < 0 on the interval 0 < x < 4.

G'(x) = 0 on the interval x = 4.

So,

G(x) has local minimum at x = 4.

Since G'(x) doesn't change its sign from positive to negative,

there is no local maximum.

¢) Find the intervals of concavity and the inflection points.

G(x) is concave up when G"(x) is positive.

G(x) is concave down when G"(x) is negative.

(x) has inflection points when G"(x) changes its sign.



Since the domain is x>0, G"(x) is always positive.

So, G(x) is concave up everywhere and there is no inflection points.

d) Use the information from parts a-c to sketch the graph.
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Let f(6)=2cos@+cos’Pand 0<@<2r.
(a)
Recall that, Increasing/Decreasing Test:
It f'(x)>0 onan interval, then the function £ is increasing on that same interval.

If f'(x)<0 onaninterval, then the function f is decreasing on that same interval.

Find the first derivative of the function f{ﬁ;‘) with respectto @g:

1'(6) 2l:u:lsti':]l+%(-:{:-s2 6'}

d
_E(
: 2-1 d
=-2sin@+2cos”" #-—(cos )
dd

=-2sin@—2cosf-sin#
=-2sin#(1+cosf)



To use the Increasing/Decreasing Test. have to know that where f”(x)>0 and f'(x)<0.

First find the critical numbers of the function § by equating f'[f?} to zero.
f'(6)=0
=2sinf=2cos@-sinf =0
~2sin@(1+cosd)=0
sind(1+cosd)=0
Solve the trigonometric equation.

sinff=0orl+cosf=10)
sinf =0 orcosf =-1

If sin@=0.then @=0o0rxor2x-Since 0<@<2x
If cos@=—1.then g=x. Since )<P<2xr

Thus gives, 0,7, and 2 are the critical numbers of the function f.

Now, divide the interval () < @ < 2 into intervals whose end points are the critical numbers of
the function £, namely, 0,x, and 2.

Use the following intervals to check the signs of the factors of f'(ﬁ} as well as f’[&}:

O<P<mmam<Bf<2rm.

Construct a chart by arranging our work, a plus sign indicates in that chart represents that the
given expression is positive, and a minus sign indicates in the chart represents that the given
expression is negative in a particular interval.

Interval 2sin@ | 1+cos@ | F(8)| £
e + - Decreasing on (0,7)
me@<dr | + + + Increasing on (r,27)

Therefore, the function £ is decreasing on the interval {{},;r} and increasing on the interval

(m,27)|-




(b)
Recall that the First Derivative Test: Let f be a function, and ¢ be the critical number of the
function .

- If the first derivative f’ thanges from positive to negative at ¢, then the function f has a
local maximum at c.

- If the first derivative f' changes from negative to positive at ¢, then the function fhasa
local minimum at ¢.

= If the first derivative ¢’ does not change sign at the value ¢, then the function # has no
local maximum or minimum at c.

Sketch the graph to identify the sign of f'[ﬁ') on different intervals.

)
4"
/(%)
2.,
—3n —2n —1=n 0 1n 2n 3n
21
_4..

Construct a table to observe the sign changes of (' in corresponding intervals [{],rr] and

(c)
Recall that Concavity Test:

- If the second derivative _f"[x}::-u‘.} for all x inaninterval j,thenthe graphof £ is

concave upward on

« If the second derivative _f"[x}{[] for all x inaninterval j,thenthe graphof £ is

concave downward on .

Find the second derivative of the function f(#):
The second derivative of the function f {9} is the first derivative of the f '[9):

£1(0)=2(1(0))

=i =2siné(1+cosd
dé



Use the formula:

4 (F(0)e(x) =1 (e () + () £'(x)

dlx

F'(8)=(-2sin 6')%“ +cos?)+(1+cos 9)%(—231n &)

=(-2sin@)(—sin@)+(1+cos)(-2cosH)
=2sin’#—2cosd—2cos* &

= —2[(:052 # —sin’ 6}—20056’

=-2co0s20 —2cosf

=-2(cos28 +cosB)

Suppose that f"(#) =0, then obtained:

—2(cos20+cosf) =0
cos28 +cosd =0
2c08° 0 —1+cosfl =0
—l+cos@+2cos’ @ =0

Write the left hand side expression into product two terms:

~l+cosf+2cos’ @ =0
~1+2cos@—cosf+2cos’ @=0
2cosf —~1+cosf(2cos@-1)=0
(1+cos@)(2cos@—1)=0

50. cos@+1=00r2cosf@-1=0-
Simplify the equations:

cost=—1or cosé’:é

Therefore, g = %%’r or@=x. Since 0<@<2xr
Since f"(g) =0for & = %,%r, and s. divide the real line into intervals with these numbers

as endpoints and construct the table to determine whether the graph is concave upwards or
concave downwards.

Sketch the graph to identify the sign of £"(&) on different intervals:

3

31
f'”
3

()

k2

-3 ‘ —é'.'l: ‘ —i!l: l U' (J’I,O) 2l:r|: l 3‘11:




Construct the table to determine the sign of the #" on different intervals:

Interval fM(8)=-2(cos28 +cosB) | f
T
0<f< 3 = Downwards
T
= <8< - Upwards
Sz
T<l< T + Upwards
ST'T{ 8<2r | = Downwards

Hence, the graph of the function # is concave upwards on the interval

concave downwards on the intervals

(d)

3

[ﬁ,f] and (5—"".2;5

3

]_

and

To sketch the graph of the function f(8)=2cos@+cos’ @ and (<@ <27 by using the
following details obtained in (a). (b), and (¢) subparts about the graph of the function:

Since the function £is concave downwards in the intervals {[},%J and [S?H,Z:r] and

moving upwards in the intervals [%n] and [H‘S?}r]_

Determine the values of f(t?] at different g values in the interval Q<@g < 27

If @= g.then obtained:

A5)- (5= (5)

=2(l
2

1

-G

=]4=
4

3
4



If §=s.then obtained:
f(7)=2cos(x)+cos’ (7)

=2(-1)+(-1)
==2+1
=-1

If 8= 5?;1' then obtained:
_f[%r] = Zcos(%j +cos’ [STI)
2
()
2 2

=1+‘1-
4

-

Thus the points [%%J,(m,-l],and {S?ar%] are line on the required sketch.

The function { has a critical number at ( and f"[(}] < [, 50 use the Second derivative test,

then the function f has a local maximum at .

The function f has a critical number at 2, and f'(z:r] < (), s0 use the Second derivative
test then the function # has a local maximum at 2.

The function f has a critical number at & and _f"(;ar} , S0 use the Second derivative test
then the function £ has a local minimum at «.

Since the function £ is decreasing on the interval [G,r.r] and increasing on the interval
(#.27).

To sketch the graph of the function f, considering all facts about the function and join the
obtained points on the graph:

51/(6)
41
f(60)=2cosf+cos’ @

local maximum 31 Llocal maximum

ar g Decreasing at 27T
r 518 (S_HEJ
34 374
1.
v
3  ox iz O - o 3w
= (ﬂ. _1) tocal minimum at 7T
—=24
—3-
—4




To check the graph of the function _,!'{3) by using TI calculator:

Insert the function by click on the . set the window settings as shown in below after click

on [WINDOW]. and then obtained the graph of the function by click on [GRAPH]. Observe

the screen shots of the calculator displays.

I IO Flotl Flotz Fletl
amln=E ~MSiEZ*cos I+l co
HMax=g SEHIAND
necl=1 ~Nz=N
Ymin=-3 “Ma=
Ymax=3 WMy =
Vacl=1 M=
Hrres=1 “Mg=

J(©)
O e

So, its verified that both graphs are same in the subpart {d).
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Consider the function S(x)=x-sinx. 0<x<4nx
(a)
The objective is to find interval of increase and decrease.
First compute §'(x).

§(x)=x—sinx

§'(x)=1-cosx
To find the critical numbers set §'(x) equal to zero:
l1-cosx=0

cosx =1

This eguation is satisfied when x=nx, where n is an integer. We're only concerned with x
values in the interval < x <4 thus, x=0,m,2x, 37 and 42 are our critical values.



Next, we'll construct a table, to use the Increasing/Decreasing Test, where we look at the sign
of .'j"(x].

Interval §'(x)=1-cosx | §(x)=x-sinx
g + Increasing on (0,r)
r<x<2m | + Increasing on (z,27)
rex<idn | + Increasing on (27,3r)
Ir<x<dm | + Increasing on {3,1-*4;;]

From the table, we concluded that §(x) is increasing on the intervals (0,7), (7,27).

[2:;3,;:] and [3:r?4pr}. Thus, it is increasing on the full interval of (0,4x).

(b)
The objective is to find the local minimum and local maximum values.

Observe the table in part (a), our function is increasing on the whole interval. Therefore, we
didn't see S§'(x) change from negative to positive or vice versa.

Therefore, S(_r) does not have a local maximum or local minimum.



(c)
The objective is to find the interval of concavity and the inflection paoints.

Compute .S"'[x)'.

§'(x)=1-cosx
.S'"{:r] = —[—Sin x:l
=sinx

Find where S"[x)z[]_thatis, where sinx=0.

since sipx is periodic, we know there will be roots that are spaced out evenly, specifically
x=nr where n is an integer. Since the problem states we should only focus on Q< x < 4.
we know that x=0,7,2x,37x and 47 .

We can then divide the real line into intervals with (,x,2x,3x and 4 as endpoints and
construct the chart, below, in 8 way similar to the increasing/decreasing chart in part (a). The
concavity is determined using the Concavity Test; it S"[x} >0 for all x in the given interval,
then § is concave upward on that interval; if .S"'{x)c. 0 for all x in the given interval, then §

is concave downward on that interval.

Interval §"(x)=sinx | Concavity
(0,7) + upward
(z.27) | - downward
(2::,3}':] + upward
(3m,41) | - downward

From the above table, we concluded that §(x)=x-sinx is concave upward on (0,z) and
(2::,3::]_. and concave downward on (J‘T,‘z_ﬂ') and (3;;,4_;;;]_
The inflection point is where the concavity changes; we can examine this in the chart above.

Observe, at x =ax we see concavity change from upward to downward. Evaluating
.S'{:c] = x —sinx at this value will give us the y-coordinate of our inflection point.

S(x)=(x)-sin(x)
=r-0

=r

Also, at y = 2 the concavity changes from downward to upward. Evaluating S(x] =x—-8inx
at this value will give us the y-coordinate of our other inflection point.
§(2x)=(2x)—sin(27)
=2z -0
=2x
And, observe, at y =37 we see concavity change from upward to downward. Evaluating
S(_x) = x—sinx at this value will give us the y-coordinate of our inflection point.

§(37)=(3x)—sin(37)
=3x-0
=3

So, (;.,r,m-)_ (2;:,2,-;] and [39:',3;1-) are inflection points of our function.



(d)
The objective is to use the information from (a)-(c) sketch the graph:

Let's summarize what we found out in parts (a) to (c):

- §(x) isincreasing on the full interval of (0,4x).
. S(_r) does not have a local maximum or local minimum.

» 8(x)=x-sinx is concave upward on (0,7z) and (2z,3x). and concave downward on

(,27) and [3,fr~4rr}.
* (#.x). (27,27) and (37,37 are inflection points.

Use TI-83 calculator:

First, press button, to enter the function y=x-sinx in Y,.

The output will be displayed as shown below:

FMME Flokz Flok:
“NMiBH-sincHE
=M=
M=
=Hy=
wMe=
~Mg=
wMe=

Press |WINDOW/ bution and set the scale as shown below:

W IHOICL
A“min=a
amax=12,
wscl=301
“Ymin=@
Ymax=15
Yeol=1
Ares=1

=T Y S
415926,

Finally, press |GRAPH| to get the desired graph of the equation as shown below:
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The Increasing/Decreasing Test is stated as follows:

*If f"(x)>0 onan interval, then the function # is increasing on the same interval.

- If Jf"[_t] < 0 on an interval, then the function £ is decreasing on the same interval.

Let f(x)=(1+x)" (x=3) (x=6)" -

To use the Increasing/Decreasing Test, it must be known where f'(x)>0and f'(x)<0.

This depends on the signs of the three factors (] +x]2 .(.1'—3)". and (x—ﬁ)“' of the function
f'(x)-

First find the critical numbers of the function £ by equating #*(x) to zero.

(1+x) (x=3)'(x-6)' =0

x==lorx=3orx=6

Thus =1,3, and 6 are the critical numbers of the function f.



Divide the real line into intervals whose end points are the critical numbers of the function f,
namely. =13, and 6.

Use the following intervals to check the signs of the factors of f(x) aswellas f"(x):

x<=l=-l<x<33<x<6 andx>6.

Construct a chart by arranging the intervals, a plus sign in the chart represents that the given
expression is positive. A minus sign indicates in the chart represents that the given expression
is negative in a particular interval.

Interval (+x) | (x=3) | (x-6)'| F'(x)|

S ¥ = + - Decreasing on (—o,~1)
G| oo - + - Decreasing on (-1,3)
Bawil | 4 + + + Increasing on (3,6)
S 4 ¥ i + Increasing on (3,o)

Therefore, the function £ is increasing on the intervals |(3,6)| and |(3,e0)|.
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Consider:
y=x -3a’x+2a.

Use the methods that can be used to determine where (what interval(s)) the function is
increasing or decreasing, computing the local maximum and minimum value(s), determining
where (what interval(s)) the function is concave upward or concave downward, and computing
the inflection point(s) to sketch the curve.

Let,
f(x)= X =3a’x+2a

To find the intervals where f{x} =x =3a’x+ 24’ are increasing or decreasing, first compute

f'(x) using the Power Rule:
f'(x)= 3x' -3a°

Next, use the Increasing/Decreasing Test to determine where f(x) is increasing and

decreasing.

Factor f'(x)=3x*-3a" sothat it is easier to find where f'(x)>0 and
where f'(x)<0.
S'(x)=3x"-3a

=3(x" -d’)



To find the critical numbers set  f'(x) equal to zero:

3[)(2 - at} =0

3 is never equal to zero for any value of x.

Thus, (xz = az} =0

Solving for this equation will yield critical numbers.

Observe, 2 _ 42 is a difference of squares and thus can be factored as follows:
Iz —ﬂ: Z(_‘{—H}(I'Fﬂ}
Therefore, we can solve for x in [x-a}(x +a}= 0 to obtain our critical numbers. Again, with
a product equal to zero, at least one of the factors must be equal to zero.
Thus, solve for x in each factor.

x—a=10

x=a

x+a=0

X=-=a

Mext, construct a table where we look at the signs of the factors of f ‘[x} to determine the
sign of f'(x).

A plus sign in the chart indicates that the expression is positive; 8 minus sign indicates that it is
negative.

The last column of the chart gives the conclusion based on the Increasing/Decreasing Test.

Interval x—a| x+a| f'(x)| f(x)

- - - + Increasing on (—o,~a)
—a<x<a| — + = Decreasing on (-a,a)
x=a E + + Increasing on {a,m]

Itis concluded that f(x) is increasing on (—e,—a) and (a,%). and decreasing
on (-a,a).
From above and use the First Derivative Test to find the local minimum and the local

maximum.

Here, f‘{x} changes from positive to negative at —a.
Evaluate the function f{x}: x =3a’x+ 24’ at —a to determine the local maximum.

The First Derivative Test states we have a local maximum if f‘[x) changes from positive to
negative.
f[—a] = (—af = 3a2(—a] + 24
=-a’ +3a’ +2d’
=44’

So, f[-a] =44" is a local maximum value by the First Derivative Test.



We see that f‘{x} changes from negative to positive at a.
Evaluate the function f(x) =x' =3a’x+ 24’ at a to determine the local minimum

The First Derivative Test states we have a local minimum if f‘{x) changes from negative to
positive.
fla)= I:a]s -3a’(a)+2a’
=g’ —3a" +24°
=
So, f(a) ={} is a local minimum value by the First Derivative Test.
It is concluded that f[—a]=4a3 is a local maximum and f{a} = () is a local minimum for the

function f(x)= ¥ =3a'x+24°
To use the Concavity Test, first calculate _,f"‘{x] using the Power Rule
on f'(x}:;}xz s P

[7(x)=3(2)x
=06x
Find where f"{x}=ﬂ, i.e. where gy =(). Obviously, x =) is the solution here.

Then divide the real line into intervals with ( as endpoints and construct the chart, below, in a
way similar to the increasing/decreasing char above.

The concavity is determined using the Concavity Test; if f"{x] =0 for all x inthe given
interval, then f is concave upward on that interval; if f"{x} < Ofor all x in the given interval,

then £ is concave downward on that interval.

Interval | f"(x)=6x | Concavity

[-oo,{}) - downward

(0.0) | + upward

Itis concluded that f(x)=x"—3a’x+2a’ is concave downward on the interval (—0,0). and

is concave upward on the interval ({],m].

Lastly, identify the inflection point({s) of the function f[x}zx"' -3a’x+2a .

The inflection point is where the concavity changes.
Observe, where y = (). the concavity change from downward to upward.

Evaluating f[x)= x —3a’x+ 24° at this value, gives the y-coordinate of the inflection point.

£(0)=(0) —3a*(0) +24°
=0-0+2a’
=2a

Thus, (O,Eal] is the inflection point.



Mow summarize what it is found about f[x]= X =3a’x+2a:
(1) Increasing on (—o0,~a) and (a,%0), and decreasing on (-a,a)-
(2) f[—a} =44 is a local maximum and f[a] =} is a local minimum for our function.

(3) f(x)=x"-3a’x+2a’ is concave downward on the interval (—0,0), and is concave

upward on the interval (0,0).
(4) (0,24*) is our inflection point.

Mow begin to put these observations on the Cartesian plane, so that to sketch the curve. First
plot the local maximum (-a,4a3) and minimum [a,{}} (shown in black) and the inflection

point ({],2a1] (shown in red below).

These are points that the function will definitely cross through.
Plotting these on the Cartesian plane will look as follows:

(—a.44°)

Mext construct the curve f[x}:xJ —3a’x + 2a° with the remaining conditions: increasing on
[—mﬁ—a} and [a,m]_ and decreasing on (-g,a). and is concave downward on the interval

[-m*{}}. and is concave upward on the interval [{],m).

[. —-ada’ :| 4+ F




The following are the graph of f(x)=x’-3a’x +2a’curvesfor a=1,2,3,4 .

For g=1.the curve showing in green color, for g =2. the curve showing in maroon color, for
a =3, the curve showing in red color and for g4=4. the curve showing in blue color.

4 kJ_-
240

210

180

From the above graph, the other curves in this family, of the form f(x) =x -3a'x+24°,
have a similar shape with concavity in similar locations and the same pattern with increasing,
then decreasing, then increasing again.

The other curves in this family are concave downward and then concave upward.
The curves differ in their maximums, minimums, and inflection points.

So the higher the value of . the higher the y-coordinate of the maximum and the higher the
x-coordinate of the minimum.
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Consider the function:
: x+1
flx)=
() Va© +1
(a)

The following is the graph of f(x)=

x+1

-

x°+1

142

1.6




To estimate the maximum, find the highest point on the graph, if there is one.
In the above graph of the function, it appears the maximum is around [I,I.4).

To estimate the minimum, find the lowest point on the graph, if there is one.

In this case, it does not appear that there is a definite minimum.

Use the Second Derivative Test to find the exact maximum and minimum of f[x} i

: +1
Begin by finding the first derivative of f(x)= xj g
vx'+1
Rewrite f(x) by changing the root into an exponent.

x+1
1=

x+1

(.:c'2 +l]
=(x+ i}(.r2 + l)_%

| =

Now use the Product Rule, Power Rule, and Chain Rule to compute the derivative.
1 3
F(x)=1(x" +1) 2 +(x+ 1}[—%](.):: +1)2(2x) d(uv)=udv+vdu
1 k)
=(x"+1) T —x(x+1)(x* +1) 2

(4 +1) 7 = +2) (o +1)

l X 4+x

(F+1f (2 +1)

Simplify further by finding a common denominator.

S'(x)= ,l T IIH.%
(Jc‘+])2 (::2+])2

[I2+1] | X +x
FH) (1) ] (22 41):




Now find the critical numbers by setfing f"(x)=0.

l—x
Thatis, — 3~ ot
(x' +])3
Set the numerator equal to zero to solve for the critical numbers:
l=-x=0
l=x

Thus, y =1is the critical number.

Now calculate the second derivative, which will be used in the Second Derivative Test. Take the

= e
derivative of & [I}_( - )g tofind f"(x) using the Quotient Rule:
X +1)

fﬁ{x}:{-n}(xm) (- x}[ ](x +1)F (29) (1) i

(1) S—

_—(x3+|]'§ —3x{|—x)(_rz+1).é.
[Jc:+l)3
e
(x1+])'
(s 41) [-[f T T 'M
(,1;.'3+]]I
[x:+l}[ (.r +])_1 (3x—3x )(x‘ +l) ]

) (f +])1

o —( +1)7 —(3r-32)(x? +1)

¥ i-':
L

rafin




Next. evaluate f"(x) atthe critical number, x=1:

£ my=—(qy +1)'% -(3-30)°)(0 +|)'§
—-(2)3-(-3)(2)*

1 15

=——==0(2)¢

s %

Notice, f"(1)<0 since LT

&

By the Second Derivative Test, the local maximum at y=1.

Substitute x =] into f(x) to find the value of this local maximum.

_ (1)+1
70) (1) +1

&

I Il

SIS

o[2, Bl

=42
x+1
Therefore, at y=1. f(x)=——— has local maximum of -,f'_
x (x) T

(b)

To estimate the values of x atwhich f(x)=

- increases most rapidly, look for the
x +1
steepest slope on the graph.

It seems thatthe f(x) continues most rapidly right before the maximum.

Mow estimate that the x value at which this occurs, say xy =0.4.

x+1
Mow find the exact value where f[x} = J— increases most rapidly.
x +1

Recall, f'[_r} tells the function’s rate of increase with respectto x.

So, to find the x value where f{x} increases most rapidly, first look for zeros of f“[x} and

then plug them into f'(x) and see which has the greatest positive value,

since * f{x} increases most rapidly” means e looking for the largest possible positive value of

f(x)-



3
]

Recall fr(x)==—(x +1) 2 ~(3x-2¢°)( +1) >
The zeros of f"(x) can be found by setting f"(x) equal to zero and solving for x-

rafan

0

3 5

=(3x-3x)(x* +1) 2

]
2

(2 +1) 7 —(3x-32)( +1)
-(x*+1)
(P H1)E (3x-3¢)(+1)
b +I)_% [#* +])_§
—(:1::r +1}=3v.1r—3.\‘3
—x’=1-3x+3x° =0

2x* =3x=1=0

The equation is a quadratic equation

Substitute ﬂ':?,‘bz_?,‘(_-:_l in x=—bi\|'b‘—4ac )

2a
)= 00
2(2)
3+9+8

| e

The zeros of f“(x} are I=3i‘lﬁ .
4

1-x

MNext, plug in both of these roots into f (x) and evaluate.

3
2

(x* +1)
)
[(;[&Jﬁ)]z 4-1]3

2 ol
1- V17
44
3
;
9 617 17) |
16 16 16

2
All the steps to get [%(3-@]) = [% _% + %] are not shown. Show as many steps

as you would like to solidify understanding.

i L (3T
f‘&(3—\iﬁ]]= [4{ )],

(-]

301
R T
4 4
3

[[z_s@g]ﬂ]é
16 16 16

—
g4 &

(=27

16




while

1-[1(3+Jﬁ]]

7(5(3+917))- 2
[[;(3+\fﬁ)) +1]-
) I—i+i-fﬁ
[[9 +6J|_?+n]+1]5
16 16 16
il
[mmrﬁ“]i
16

Observe f‘[%[E-JﬁU}f’[%@-} Jﬁ)]

Therefore,

x= -—(3_Jﬁ) is the x value at which f(x)= increases most rapidly

x o+
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flx)=x+2cosx while 0 <x < 2w

we replace 21 by the radians 6.28 and graph to decide the local maximmum and minimum.

(@)

dn

b d S &

-10

xl=x + 2 cozx]

(b) the function has local maximum at 2m and f(21) = 8 while the local minimum at 1600

and the minimum value is f{1600) = 1.



f(xj = cosx + %cos?x, 0=<x=2nm

7 "{x) = —sinx —sin2x

J " x) = —cosx —2cos2x

Graph of T looks like:

0 2
1\—/—\/

A) So from the graph of T, it seems that f is
concave down on (0, 1), (2.5, 3.7), (5.3, 2m)

concave up on (1, 2.5), (3.7.5.3)

points of inflection appear to be at (1, 0.4), (2.5, -06), (3.7,-06), and (5.3, 0.4)

B) Graph "

-3



By zooming in on the graph of f",
fis concave down on (0, 0.94) (257, 3.71) (5.35, 2m)
Tis concave up on (0.94, 2 57) (3.71, 5.35)

Inflection points (0.94, 0.44) (2.57,-0.63) (3.71, -0.63) and (5.35, 0.44)
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(%) =x3( x-2) 4
(b) we first graph the function and then confirm the intervals of concavity and points of
inflection.

Y= (X-2)3 (7X3-6%2) .y " =3(x-2)2 ( 14x3 - 24x2 + Bx)

A

V=324

observe that this function has & critical points and 5 points of infliction.

(a) the function has concavity down ward from ( -= , 0), (0.5,1.2),(1.4,1.5) while concavity
upwards in (0,0.5) and ( (1.5 , =).

the points of infliction are 0, 0.5, 1.2, 1.4, 1.5
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N .
T S

- I
1.||.1"—.1:— I

fix) =

we first draw the graph and then find the inflection points so that the intervals of concavity.

D8 T8 Tiold A0 28 B o

¥

0 2 4 & 2 10 12 14 16 18 20

Rl " 341 st 87241

clearly , we can observethat the function has inflection at 2 places namely -0.6 and 0.

the function has concavity upwards on ( -= |

on (-0.6 , ).

-0.6) and ( 0, =) while the concavity downwards
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. x+ 1P +5)
f[ IJ = - -

gt Y e )
(x|l + 4]
i A s

first we graph this function then confirm the points of infliction and thus the intervals of
concavity.

&'
1.2¢1

1.087
0.96 7
0.841
0721

0E+
04581
0361
0241
012+

¥

1.2 1.14-1.08-1.02-0.9 -0.9 -0.84 .0.78-0.72-0.66 -0.5 -0.54-0.48-0.42-0.36 -0.3 -0.24-0.18-012-0.06 U
0121

0241
0361
0481

061
072t
0841
091
1081

121

(1) 324 3 [ 2

observe that the function has only concavity upwards .

s0, there are no points of inflection to this function.
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T00 4

MNumber
of
veastcells 300 4

1 E 3 3 3 1
T + ¥ 1 1 1

ol 2 4 6 8 1012 14 16 18
Time (in hours)

(@)

The rate of increase is initially very small, increases to a maximum att = 8 h_then decreases
toward 0

(b)

t=8 ~Because the graph after 8 is concave downward .~

(c)
concave up: (0,8) the graph of f lies above all of its tangents on an interval (0,8)

concave down (8.18) the graph of f lies below all of its tangents on an interval (8,18)

(d)

(8, 350) is the inflection point, at this point the graph becomes concave down from concave
up.
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Consider that f{r)is the temperature at time fwhere we live and at time y = 3 we feel
uncomfortably hot.
(a)
Since f'(3)=2is positive, it means that the temperature raises and since f"(3)=4is positive
it means that the rate of change in rising of temperature is positive.

Therefore, the temperature increases very fast.

Hence we feel [Very uncomfortable|.

(b)
Since f'(3)=2is positive, it means that the temperature raises and since f"(3)=-4is

negative it means that the rate of change in rising of temperature is negative

Therefore, the temperature increases slowly.

Hence we feel |yncomfortable)-



(c)
since f'(3)=-2is negative, it means that the temperature is decreasing and since

j"'[]) = 4is positive it means that the rate of change in decreasing of temperature is positive.

Therefare, the temperature decreases very fast.

Hence we feel | Verycomfortable|.

(d)

Since _f‘(}} = =2Ii5 negative, it means that the temperature is decreasing and since
_f'“{}) = —4 i5 negative it means that the rate of change in decreasing of temperature is
positive.

Therefore, the temperature decreases slowly.

Hence we Teel |Comfortable|-

Chapter 3 Applications of Differentiation Exercise 3.3 51E

The measure of knowledge 3:(3) tnay be plotted as follows
¥

kit}

Time (1)

In the beginning of the graph the slope of graph will be higher and with respect to
time the slope of graph will decrease

So E(3)-k(2)=k(B)-k(7)

O k[B)—ﬁc[2) will be larger

The graph is concave downward
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=ince the base of the mug 1z wide, so depth of the coffes increases slowly. But as
the mug becomes narrow, the depth of the coffee increases more quickly so graph
of depth of the coffee 1= concave upward.

TWhere the mug 15 narrowest, the graph has an inflection point. After the point, the
fnug again starts to become wide, so the rate of ihcrease starts to decrease
therefore the graph iz concave downward.

||-l-|;l|1 of colfies

height 4
af g

P

ume s d
fill g
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We have a cubic function f [x) =ax +bx° +ex+d

According to the question [x) has local maxzimum value of 3 at -2

So  af-2) +B(-2) +c(-2)+d =3
=-Ba+4b-2e+d=3 -— (1

Now f [x) has local minimum walue of 0 at 1

So a1V +b(1V +2{1)+d =0
=a+btc+d =0 - (2)

Now we have
f(x) =ax’ +bx° +oxtd
Then f'(x)= Zax® + Zhx+o

Now § [x) has lecal mazimum value at -2 and local minimum value at 1
2o -2 and 1 will be the critical numbers
Andatz=-Zandl, f'(x)=0

Sowe have f'(x)= Jax® + 2bx+c

So f'(~2) =3a(-2)" +2b(-2) +c =0
=12a—4b+c=0 e

And F'(N)=3a+2k+c=0 - (4

MNow we have four equations

—Ba+4bh-244=3 - {1
a+b+c+d=0 - {2
1l2a—db4+c=10 -— 3
Za+2b+ec=0 -
Now by subtracting equation (2) from equation {13
—Sa+3h-3=3
O —Ba+b-c=1 --- (3

HNow by subtracting equation (4) from equation (3)

TWe have
g —6h=10 -— (&)
And by adding the equations (4) and (3)
"We have
h=1 ar|h= l
3

MNow put this value of b in equation (6)

%a —6.l= ]
3
Oy Q=2 of |a= E
9
MNow put these value of a and b in equation (4)
3E+2.l+c =00r r:=—i
9 3 3

A gain put the values of a, b and ¢ in equation (23

We hawe
2 gl R g o
9 3 3

or 213712 ., 4




Now we put the values of all coefficient a, b, ¢ and d in the cubic equation

ax® +83 +ox+d
Sowe have f(z)= %x3+lx2 _i+3
9 3 39

Or f[x)zé[2x3+3x2—l2+?:|

This is the required cubic polynomial which has the local mazimum 3 at -2 and
local minimum 0 at 1.
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Consider the function,

l+x
] =
1+x°

The objective is to show that the curve has three points of inflection and they all lie on one
straight line.

The inflection points of the curve occur when the second derivative of the function equals zero.

1+ x
P
1+x
o 1+x7)=(14x)2x
'!: — -

(1+.‘r2}'
_ 1+x%=2x—2x°

(1+x:]2

1-2x—x°

(142
(-2-2x)(1+2) —(1-2x-2*)2(14+x* ) 2

{I+J¢'2]4

Next, find where y" =40, Since quotient equal to zero, need to set the numerator equal to zero

JIE

to solve that equality
2(1+2%)[ (-1-x)(1+2*) - (1-2x-2")2x ] =0
X +3x*-3x-1=0

Solving for x yields [x=1,x=-0.268,x =-3.732]

W X437 -3x-1=0
Interval ¥ = Y Concavity
(_r + I)
(=0, -3,?32) = downward
(-3.732,-027) | + upward
(=0.27,1) - downward
(1,) + upward

Observe that the concavity change at x = -3.732,-0.27.1.
Therefore, the curve has exactly 3 points of inflection.

The inflection points are (-3.732,-0.18)(-0.27,0.68),(1,1)



+X =
is shown below:

Sketch the graph of y= I

5

1+ x*
2%y
1.51
‘=]+.1'
1+x2
i
x
— 05 1 15 2
{=3.732,-0.18)
0.5

Therefore, the three inflection points lie on one straight line.
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Given that the function 1z F [x) =x +ar +bx
Then f'(x)= 3x° +2ax+b

Since f(x) has the local minimum value _—92\.@

1 1
i=—, 50 f'|—|=0
7715
= 31+2ai+b=0
343
2a
= PG
J3

a b =2 1
EN - i gl =
33 9 33
_—a3 N3
9 a
e
R
=55k
NE
. B =]
S TR
3043 4B
=  a+b3z=—3 ()
From equations (1) and (), we get
a=0 and H=-1

a=0and b=-1



({=)] If x=0 then
y=7(x)
= (0)"-(0)
=10
[U,U:l is a point on the curve x°—x.
The slope is F(x)=3x -1
If x=0 then 7' (0)=-1

The tangent line is

(7=0)=(-D(x-0)

= ¥=-x.

The tangent line y =—x at [D, U) has the smallest slope.
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Given curve is x-y+ax+by =0

- o ax
. x° +b
2 b —a = —ax)[ 2x
L B
(xg +E:')
Since [2,2.5:] 15 an inflection point, so
»(2)=0
= (4+8)[-a)+8a=0
= —dg—ab+8a=10
= dag—ab=10 i1
If x=2 then
-2
He=as
_3
2

=  —da=20+5
=  dg+5h=-20

_%
(X,

From equations (1) and (2), we have

ag=—10 and &=4

3 10x
x +4
2+41(10y={10x){2x
IO G el G
(x +4)
=10
= F4d-2x =0
= 4—x*=10
= =%

|—2 1z alzo inflection point of the given curve,
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Given that the curve 18 y=xsinx
Then y'=xcosx+sinzx
If »=0cthen xcosx+snzx=0

snx
= bR
cosx
=—tan x
= ©4+d=tan®x+4
And 4z = dtan?x
452 dtan? x

244 tan® x+4

=tan® xsin’x

=xsin’x
2
e
2
4x :yg
x+4

= _yglzxz+'51)=4:1r2

‘Hence the inflection points of the curve ¥ = xsin x lie on the curve »* (XQ +4) =45 |

Chapter 3 Applications of Differentiation Exercise 3.3 58E

e have f and g are twice differentiable and concave upward on interval I so

F =0 and g"=0 onl -— (1

A MNewleth=7F+g
So  A'=(s+g)
W=7 +g
=[By the law of the differentiation of sum of the two functions]
Then &"=(f"+g"
Or k"= "+ g"

Wehave " >0 and g">0 onl
Then A"=7Ff"+g"=0 an [
O [:j+g:lw}0 on f

2o f +g 15 concave upward when fand g are concave upward
Proved

{B)  Letfis posttive and concave upward on I
Means
F'e0 an I and >0

Nowlet  g(x)=[f(x)]
Then g'(x)=2.7(z).7'( )
And  g(x)=2[f (x)S(x)+ S ()7 (3)]
=2[f(@) S @+ [F T ]
=27(x).1 (%) +2(5 ()

Mow I:f’[x:ljg =0 always for #'(x) <0 or 7'(x) =0 and we have f(x) =0
and f"(x) =0

So flx)F"x)=0
Thus we have g"(x) > 0 when f"(x) >0 and > Oonl

So g(x) iz also concave upward on L
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(A)

Wehave f =0 and g =0

And F'=0 andg'=0 [both are increasing]

Andwe have 7" >0 and g" =0 [both are concave upward]
Mowlet 2= fz

Then k&'=FB+g7¥
Gl

B =fk+igli'+1g" s

MNow we have /' >0and g">0 then fg'=0
And g=0and f* =0then f g=0

Andalse =0 and g" > Oiken Fg" =0

Then all the factors of 2" are greater than 0

So  A"=0 Or (gf) >0

S0 g.f 15 also concave upward.

B)  MNowwe havetl F'<0 and g' <0

Means both are decreasing but the product of the two negative walues will always

be positive so

Sleg'=0
We already have

Ffr>08nd g">0and F >0 g=0
2o fMg=0andg”f =0

Thus 2" = fhg+2g F +g"f » 0
Or k"0

"

2o [g.j) =0

oYl (g.j) 1z concave upward when fand g both are decreasing.

(Cy  Ezample 1
Let f[x):xs and g[x):l

X
So f'(x)=32" > 0and g'(x)=—l<o

2
X

=0 here j(x) 15 increasing and gl:x:l is decreasing where x# 0 and x € [O,GD:I

MNeow the second derivatives are

f"[ix):Gx}Oandg"lix):%ﬁO
x

fots) f(x) and g(x:l both are concave upward on the interval (U,OD)

How }s(x:l = f(x).g [x:l
i }s[x)zf.lzxz

X

Then }s'[x:]z 2x and k"(x): 2=10

Then I:j'(x:l.g[x:l)w =210

So fog will be concave upward when f 15 inereasing and g 15 decreasing function.

Ezample 2

Now let f[.vr:l=:lr+:lr2 and g[x):x—x
Then f'(x)=1+2x and g'(x)=1-2x
Where 1< x <00

Sohere f'(x) >0 and g'(x) < Ointhe interval 1< x <0

]

S0 f(x) iz increasing and g (x) is decreasing



o x): 4y
HMow }z'[x)=2x—4x3
Or  h"(x)=2-124°
So R'(x) =0 for 1o x <o

So (f.g) is concave downward

Exzample 3:
Mow Let f(x): % and g[x):l
x
Then f'(x)2x> 0 and g(x)=-—= <0
x

When 0 < x <co

S0 f(x) iz increazing and g(x) iz decreasing

Now let kb [x) = [x).g sz:l

Then ﬁe'(x):l atid ﬁz"(x): 4]

S0 (fg) 1z linear (there 15 no concavity)
Sowe have "= f"g+2f g+ g"

Aadif >0 and g"<0 thenand 7" =>0,g">0
A S g =g
2o hwill be concave upward when
Flgtflg") 27
And concave downward when f"g+ /(g") = 2/ g’
And linear when f"g+ f2"=27"g
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Functionf(x) arnd g [x) are both concave upward on I:—ODOD) which means that
F(x)=0and g"(x) >0 on [—o,00)
It is required to find he condition under, which the function k(x) = f [g(x)) will

he concave upward.
Differentiating A [x:l we get

(x)=r'(g(x))g'(x)
and ' (x)= 7 (e(x)e" )+ (2(2) (£2))

2

For ﬁe(x) to be concave upward, we should have }'e"lix) =0

ie. /(g (x)g"(x)+ 7" (e(x)).('(x) >0 — ()
In inequality (1), we have been given
g"(x)=0 and F'(x)=0ie f"l:g(x)) =0
Zo the inequality (1) will be true, when
7'(g(x)>0
Or h'[x):f’lig[ix):l.g'(x)}[]
Thus the condition for 2"(x] to be +ve is that
B{x)=0 And g'(x) =0
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Show that tanx = x for (]qx::ﬁ_
2

Toshow tanx>x OrQ<y< % it is enough to show that f(x) = tanx—xIs increasing on

)

Now compute f'(x) for f(x)=tanx-x.

F'(x)=sec’ x~1

Next, find the critical numbers by setting f'(x) equal to zero:

Thatis, sec’ x—1=0

The x values which satisfy this have the form x =nx where » is an integer.

However, this does allow for any critical numbers in the interval [[},g].

Therefore, f(_'c_] = tan x — x has no critical numbers.

You'll notice that f‘{x} iz never undefined on the interval [Dg] since f(_r] =tanx—x IS

only undefined for x=" 4 pz where nisan integer.
2

Therefore, f'(x) must be either always negative or always positive on [0%]

Rewrite f'(x)=sec® x~1. by using the trig identity gec? x = tan® x + 1. Will give some insight

on which behavior f'(x) has:
S'(x)=sec’ x—1

=(tan’ x+1)-1

=tan’ x+1-1

=tan’ x
So, f'(x) is a perfect square and is thus always positive.

Therefore, j"{x} is always positive on the interval [ﬁ,g].

That is, f(x] = tan x — x IS increasing on the interval [0,%]_

Thus, f(x)> f(0) since f(x)=tanx-x isincreasingand x> ( because ¢ is not

contained in the open interval [Dg]

Therefore,

f(x}ztﬂﬁx—x)ﬂ

tanx>x forall x in [[}%]

Thus, it is shown that tanx>x forall x in [D,%].
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Consider the function,
: I
_,a’{x]=2w";—3+— (x+0)
X
To prove the required result, differentiate If'(_r]with respect to x.

fix)= 2\.’(.1_'—3+£

fix}=2[2};]—ﬂ—£?

1

Jx x

>0 forx>1

Since f'(x)>0 for x>1

Therefore _f'{_r}is increasing on y 1.

By definition of increasing function £ (x)> f(1)

Then,
Fle)s [Z\ﬁ -3 +%]
=2-3+1
=)

Thus f(x)>0
Since _f‘(;,-] - 2\|'|'._ —3+l. then _f'{_r} = () becomes
X
25 -34—%0
X

o
.

Hence 2./x> 3—l proved
X
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Let f[x) =ax” +bx’ +cx+d
Then f'[ix:l=3ax2+23:'x+c
And f"[x)z fax+ 2k

Atpoints of inflection, 7 "[xj =1
= bax+2h=10
= x= j ———[])
3a

Since f”[x) =0 forx = —A/(3a) andf"[x) <0 forx «—b/(3a)
S0 there 18 only one point of inflection



Since graph of the cubic polynomial has z-intercepts x, 2, & 1y
Then x,x, & x, are roots of equation F{x) =0

So fx)=ax’ +2x" +ex+d must have the factors as
Slx)=alx-n)(x-x)(x-x)
Or Fix) =cx[x2— XX — AR +x1x2)|:x— %)
Or flx)=a |[x3 —xfa =2 xy +aaxy — Xk b anx angx — x1x2x3:l
Or f(x)= ax’ —ax’ e o PG SO e 0, T i o o 00 gl .
Comparing with § [x) =ax" +bx° +cx+d , we have
wa[tayhag)=bh

Or (o pn=bia

mo from (1), %- coordinate of the point of inflection is
R tE At
s
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Consider:
P(x)=x'+exr’ +x°.
Find for what values of ¢ the polynomial P[x} = x* +¢x’ + x* have two inflection points, one

inflection point and none.
Inflection point:

A point Pon a curve _1,-=_{{_\-]i5 called an inflection point if f is continuous there and at the

paoint the concavity of a function changes.

Determine the intervals of concavity for P(x)=x*+cx’ +x°.
In order to do this, find the second derivative P"{.r]_

Using the Power Rule, compute the first derivative of P(x)=x*+cx’ +x*
' : 2 d () -t
P'(x)=4x" +3ex’ +2x T{ v |=nx
ax ]
Now compute the second derivative using the Power Rule again:

P"(x)=4(3)x* +3c(2)x+2

=12x" +6ex+2

et P"(x)=0.
That is,

1257 +6ex+2=0-

Solve for x by using the Quadratic Formula I=_bi— M where
2a

a=12,b=6¢c and ¢=2 .
—6c(6c) —4(12)(2)
2(12)

—6c ++/36¢% —96

B 24

X =




The number of inflection points depending on the discriminant 36,2 —96.
If the discriminant is zero, there is one real inflection point.

S0, set 3607 — 96 =( and solve for ¢

36¢ —96 =0
36¢° =96
o s Simplify
36

Continuous to the above step.

'_l 8
¢t ==
3
c=x% §
3
c:i—ﬁ
3
=i—.4.2
3
.22
3

242

Therefore, if ¢= i-?_—— it will have one inflection point.
3

If the discriminant is positive, it will have two real inflection points.
36¢’ -96>0-

2.2 242

J_ &< ——— it will have two real inflection points.If the discriminant is
3

V3

negative, no real inflection points.

22 242

J_ ¢ »——— it will not real inflection points.
3

V3

Therefore, if &>

Therefore, if ¢~ <

Now graph p for various values of ¢, say ¢ =1,2,3.4.
The green line has the lowest ¢ value ¢ =1; maroonis ¢ =2 _vellowis ¢ =3.blueis =4

4 hl-l_.-

_.
[}
~
M
(5]
s
o
v =

T i e A O
— oD o O G R

T S AL S S L R
(e S e i R ) I S PR ]

Observe, as ¢ decreases the function becomes strictly positive and strictly concave up.
Whereas with higher values of ¢, from negative infinity to zero, the function is negative and
concave downward, and from zero to positive infinity the function is positive and concave
upward.
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Let Ichlic:]:l ke the point of inflection on the graph of function .

S0 by the definition of inflection points we see that at « the value of " 15
changing from positive to negative or wice wersa

Nowlet g = f' then g'= 7",

By using first derivative test, we see that, “if’ g’ iz changing from positive to
negative at ¢ then g has local mazimum at e and it g' is changing from negative

to positive at < then g has local mintmum ate. ™

Then by Fermat’'s theorem we see that, “if g has local minimum or local

mazimum at ¢ and g'(c) existthen g'(c)=0."
Sowehave g'(c)=0

or  (f(e)) =0

Proved
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We have Ni [x) =x'
Then Fiai= 45
And Flz)=12
we have f"(0)=0 atx=0.

Mow we check the concavity of 7 (x) inthe interval (—0,0) and (0,0}

Intervals F'(x) | Concavity of £ x)
(0,0 +e Tpward

(0, oo) +ve Tpward

(Because x° will be positive for all negative or positive values)
So there 15 no change in concavity of fatx =050 (0, 0) can not be an inflection
point.
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Consider the function

g(x)=xlx|
By the definition of modulus function,
{ x if x=0
o .
' —x if x<0
So,
e 45 9
X)I=X|Xx|=
g(x) | {—Xlif x<0

Find the derivatives of the function g(x).
Differentiate the function with respect to x.
Then

: 2x i x=0

g'(x)= :
—2x if x<0

Again differentiate the function with respect to x
Then the second derivative 1s

. 2 if x=0
Ky=
g'(x) {4 if x<0



For all the values x <0 the second derivative is negative and for all the values x>0 the
second derivative of the function is positive,

In the interval notation,

On the interval (—0,0),g"(x) <0 and on the interval (0,00),g"(x)>0

The concavity of the graph of g(x] 1s changing from negative to positive.

So, the point (02 Cl} will be the inflection point ofg{x) 4

It 1s proved that the function will have inflection point a‘t{ﬂj U}_ So prove that the
function does not have the second derivative at x =0 _
Now let k(x)=x and f(x)=|x|

And let g(x)=k(x).f(x)

50 by the rule of differentiation of the product of the two functions

“The function g(x)is differentiable at x=0 if k(x) and f(x) both are differentiable at
o

Find the differentiability of k(x) and f(x).

By the definition of differentiation,

The denivative of a function fat a number a, denoted by f’(&) is

: a+h)—fla

ot

If this limit exists

Here k(x)=x

" k{x-&—h) —k(x)

k'{a] =lim By the definition of derivative
Al h
_im A=Y Use k(x)=x
0 h
. h
~lim
=lim1
c—0
=3

The limit exists. Hence. k(x)=x is differentiable at 0.
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We have f™ is continuous, f'{c)=F"(c)=0,and f"(c)=0.

S0 at o, fhas no local minimum and local mazimum.

Neow let g(x)=7'(x),sothat g'{x)=f"(x) and g"(x)= /" (x).
Wehave g'{x)=7"(x)=0ate.

By the second derivative test g(x) has the local minimum atc. It means f'(x)

hasz the local minimum at «.
j'”[x) iz changing from negative to positive at ¢ [by first derivative test
e L

Then by the definition of the inflection point, Fhas a point of inflection at e, Also
at the inflection point, fcannot have local minimum or local maximum.
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Begin by breaking the large interval J into two subintervals,

1, and 7,; This way we can examine what happens on and around ¢ more easily.
Let those two subintervals be the following:

I, ={x|xelandx<c}

I={x|xelandx2c}
Since f is differentiable, and thus continuous, on the interval [ | for any arbitrary

aand b In I, . where a<b, the Mean Value Theorem tells us that there exists a number
re(a,b) Suchthat f(b)- f(a)=f'(r)(b—a) Thus, f is monotonically increasing

On the first subinterval /.

In a similar way, for any arbitrary g and b in f,, where g<b. the Mean Value Theorem tells
us that there exists a number r e(a,b) suchthat f(b)- f(a)=f'(r)(b-a)-Thus, fis

monotonically increasing on the first subinterval 7,.

Therefore, f is monotonically increasing on the entire interval /=701, .
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Given that the curve isf[x:l =cx+—

43
Then f'[x:l:c—z—xg
(xz +3)
2x
Azsume g [x) =—
(xz +3)

2 +3) 2= (2x)2(x" +3)(27)

Then g'(x)= ( (xf* +3)2

similarly gl{x:l has a local minimum at x=1 and
==
g(l)=7

cly 2E al

B (x43) 8

Since f(x) is increasing on [—00,00), 50 f'(x) =0

x € [—00,00]

increasing on [—m, 0:::] .

43

c ::-é 1z the function § [x) =cx+
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f{x)=x'sint. g{x) = x"(24sint ). hx) = x*( =2 +sin -]

(a) first we draw these functions in the same rectangle to show 0 is the critical value of all these
functions.

A

¥

ll=w" il A
=" 424301 4%]]
ll=w" -2 +2in(14€]]

observe that all the graphs are becoming parallel to X axis as they cross the origin.

they are changing their sign at 0 or the concavity of the curves from upwards to down wards or
the other at 0.

= 0 is either a critical point or a point of infliction to these functions.

(b) while the curves are becoming paralle| to x axis while they cross 0, we cannot say that 0 is
neither minimum nor maximum value for each of these functions.



