Chapter 8. Introduction to Trigonometry

Question-1

. - . - P 3
Simplify the following expressions:sin” 8 +cos” 8

sin B + cos @

Solution:
sin33+m533 (=i in e — 5i 2 1
= [sin8 + cos8)(sin" 8 - sinBcosB +cos78) =1 - ginB c0sHO.
sind + cos@ simf + cose

Question-2

tand Ccotd
Prove 1 —cot® +1 —tan® =1 4tand® +cotd

Solution:
2
L 4o _fane | cote =—tan2$+ coté  _ —tan® & +cote
1— cote 1—tansa 1—tans 1—-—tans 1— tans
Multiply tan 6/tan 6 we get,
1 —tan @

T Tanell —tane)

_{1—tan&){1+tans + tarF &)
tana(l —tano)

_ {l+tang +tard &)
tans

=cot8+ 1 + tand = R.H.S.

Question-3

2

Prove tan?g + cot?gp + 2 = secZp cosec?@.

Solution:
L.H.S = tan?p + cot?p + 2
= sec?gp- 1 + cosec?p-1+ 2

[Using Identity 1 + cot?p = cosec?p and 1 + tan?@ = sec?p]
= secZp + cosecZp = St T

sin2¢-+c052¢-

cnszntsinqu

= ———— [Using ldentity sin?@ + cos?p = 1]

cos<d=inTd

= sec?gp cosec?p = R.H.S.



Question-4

) e >
Evaluate: [ﬂ] +[ﬂ] N

cos 63 sinzZ7F~

Solution:
. = = i = 2
SN2+ + cos6 3" — SIiN20=— 637 + cos(Q0° — 27
CcoOsG&3° SinZ7= cos6 37 sinz 7=

z i z
cos63” sinZ 7°

- + -
cos 63 sinZ 7o

=1+ 1
= 2.
Question-5
Prove that: “"{?"D_aj+ sine  _ 5 ,.ge.
sine cos{Q0" —a)
Solution:
L HS = -:ns(gnﬂ—ej N e
sine cosE0~—a)
— =in#A + =inA
=imA =inmBe
=1+1
=2
= R.H.S.

Question-6

Prove that: sec?8 - cot? (90° - 8 ) = cos? (90° - 8 ) + cos?8.

Solution:
LHS=sec’8-cot" {90 -8
=sec’® B -tan® 6
_ 1 sin® 8
T T T
cos’8 cos'0

(1-sin? 8 |

cos-8

cos 0

1

cos 0
E.H.S=cos?(90-8)+cos’8
=sin? 8+ cos’8
=1
LHS=RHZS



Question-7

cus(gl]‘:’—ejcusﬂ
tans

Prove that: +eo(90°- 6] =1

Solution:
L HS = -:::ns[:glj":’—e:]c:cuse +c052[:90°—$j

tane

— sinB cas8 + =inca
tanA

= cos28 4 sin?8 [Using Identity sin?6 + cos?6 = 1]
=1
R.H.S.

Question-8

Prove that: cos (81" +8) = sin (9°-0).

Solution:
L.HS=cos(81°+8)

= cos [90° - (9°-0)]
sin(9°-0)
R.H.S.

Question-9

Prove that: sin8 cos (90°-8) + cos 8 sin (90°-0) = 1.

Solution:
L.H.S = sinB cos (90°-8 ) + cos B sin (90°-8)
=sinBsinB+cosBcosH = sin?B + cos? 8 [Using Identity

sin?g + cos?p = 1]
= 1
= R.H.S.

Question-10

If 2sinG 1-—cCcos8+sing

_ is also vy.
1+ cos04 s5ind

= vy, then

1+ sing

Solution:
1—CDSB+Sir‘|El=1—I:DSEI+Sir‘|8x1+I:DSEI+Sir‘|8
1+ sing 1+ sing 1+ cose + sing




— {l+sin 8)2 ~cos2 e
(1+sin8)1+cos0+ sind)

(1+sing)(1+sing)-[{1+sine)(l-sina)]

(1+sine)1+cosa+ siné)

_ 1+ sine)[{1+sing)-{1-sing)]
- (1+5in8)1l+cose+ s5ing)
_ 2zing

1+ cose+sing

=y (Since

2cing _
1+ Cos8 + 5ing Y]

Question-11

1—tan2qb_ 2

tan
249

Prove: .

cot

Solution:
_1-tan® g
LH.S =202
sinzgﬁ-
v:-:-szé
-:D?gf- o1
sinzgi-
CDSziﬁ-— 5in2;§-
cnszg‘.-
COSE @ - Sin< @
SiME @
gin * &
cos” g
— 2
= tan p
RHS.

Question-12

1 - simf

Prove: (sec 8 - tan 8)2 = e

Solution:

LHS = (sec 8 - tan )2
— i _ sinB .
[CDSE o s

(1- sinB)1 - simB8Y%
(1- sin© 8)

(1 -sinB)1- sin@Y)

(1-sinBi1l+sin@)

1-sing

14+ sing

BHS.




Question-13

(1+cot A+tanA)sin A—cosA)

Prove that - - = sin? A cosZ A.
sec” A—cosecT A

Solution:

LHS = (1l + cotd + tanA){sind — cosA)

SECB.":". - CDSECS.&.

cos b N i,
Sin A CoOSh
1 1

CDSS.-*-. Sina.&.

(cos A+ sin A+ cosAsin A)sinA- cosA)
- ﬁir}.ﬂs._cnﬁ.ffs.
sin“A-cos”A
cos A sin A

Singf-‘-. = .:953 iy

SiNACOSA

singf-‘-. = .:953 iy

v:|:|53 ﬂSiﬂS.&

= sin? A cosZ A
=R.HS.

1+

M sind — cosA)

Question-14

If acos® -bsin® =c, showthatasinB+bcosB=% [ 2, ,2__.2.

Solution:
(a cosB - b sin® ) + (a sinB + b cosh )2

= a?(cos?0 + sin“8 ) + b?(sin?6 + cos?8 ) — 2ab sind cosB + 2ab sind

cosB

=a?+b? ~ (acosB -b sinB )2 + (a sinB + b cosB )2 = a2 + b?

~ (acosB-bsinB)?=a?+b?-(asind+b coso )2

=a?+b?-c?~asinB+bcosd=+ 22, .2 _.2.

Question-15

Prove that 2(sin®0 + cos®@ ) - 3(sin*0 + cos®0) +1 = 0.

Solution:
2(sin% +cos®) — 3(sin*6 + cos?0) + 1
=2[(sin%)* + (cos8)?] - 3[(sin% ) + (c0s?8)7 + 1
= 2|(sin%8 + cos®)® - 3sin’8 cos?6 (sin? + c0s%8 )] - 3[(sin%6 + cos%0 )2



— 2sin26 cos?0] + 1

The algebraic identity

a®+b®=(a+b)? - 3ab(a+b) and
a’+b?=(a+b)?-2ab

are used in the above step where

a =sin’8and b = cos?6.

Writing sin8 + cos?6 = 1, we have

=2[1 -3 sin?6cos?8] - 3[- 2 sin8 cos?8] + 1
=2 - 65N’ cos?6-3 + 6 sin%6 cos?0 + 1
=-3+3=0

Question-16

2 .
Evaluate cos(40° + 8 ) - sin(50°-8) + =25 3°°° 00525'3 .
Sin< 40 + sin ED“

Solution:

. 10 o ey ]
Cos (40° + 0 ) — sin (50°- 9 ) + £95_ 40°+ cos" 50
Sin< 40° + 5|r'|25I:|°

cos [(gD 50° :l + e] — Sln{SD"—" [a] ) + ':DS (90" -50° + cos 5|:|°
5in® (90° - 50°) + 5iN©50°

=

1 B - .o - .
sin (50°-8) — sin(50° -8 ) + 2" 50° + cos2 50
cosZ 50° + sin< 50°

= R

Question-17

If x sin® 8 + y cos3 8 = sin 8 cos 8 and x sin 8 = y cos 8, prove that x? + y2 =
1.

Solution:

xsin®8 +ycos®0=sinBcosHO

X sin 8 (sin?8 ) + (y cos B ) cos?8 = sin 6 cos B = x sin B (sin8) + (x sin8)
cos?6 = sin @ cos B[ since x sin B = y cos B8] = x sin B (sin?8 + cos?8 ) = sin
BcosO=xsinB=sinBcosB=x=cosB..xsinB=ycosB=y=sinBO
Hence x2+y? = cos?6 + sin8 = 1.

Question-18

H o u] ] . a
Evaluate, sec210° — cot2 80°+5/n19 cos75 +cosls sin7s
cos f slnlllEII] = Ej +8in EEDS[‘EID - gj



Solution:
_ > o > o sinl15°cos75° + cos15°sin 75"
= — -
L.H.S. = sec”10 cot” 80 cosd sin{90° - 83+ sin d cos@@0” - &)
_ 2 o o 2 o Sin{90 * - F5")cos¥E5E" + cos(90° - F5*)sin¥E "
= - — +
Sec {QD 80 ::I cot“80 cos8sin{90% - & + =sin & cos(90% - &)
_ COSE‘CESO& B Cotzgon + cos7E5E" = cosTEY + 5|_r‘|?5 ><_5|r‘|?5
cos 8@ = cosf + sin @ = sin &

_ 1 _ co=2 an” 4+ 1
sin€ 80%  sinZ80° 1
_ 1- cos® en” +1
sin® g0°
- o
=< 80 _I_-I
sin< gn®

1+1=2=RH.S.

Question-19

- - - 2 2 =
Prove the following identity: <ot Alec 4 -1)  sec” Asin 4 1) =
(1 +=in A) (1 +sec A)

Solution:
LHS = cots Alsecd —1) . el Alsind —1)
{1+ sinA) (1 +secd)
= cot A{sec? A -1+ et .='—’|l:sir|2 A -1)
1+ sind)l+secd)
= cot Atar 4 -sec Acoss A
1A +sinA)1l+secd)

o1 = 0.

= 1+ sinANL + s=cd)

Question-20
2 2 1
Prove: tan~ o + cosec o - — S .
tanEB—l 5||3||::2 B—EDSEEEE sin® 9—cos” 0

Solution:

L HS = tar‘uEEI . t:u:nsec:zEI
tar‘|2E| = gl SECEE = CDSECEE

sin<H 1
- cos® f . sin“f
sin<f _ t 1
cos2 [ cos<B  sin<B
sin <8 1
- cos°f sin“H

— +
Sir‘lel = EDSEE SiHEEI = EDSEE
CDSEE CDSEESir‘IEB




- sin“f % cos2H + _1 . cos®Bsin®H
cos2B8  sin2B -cos2B  sSin®B sinZB - cos2A
— sin<8 + cos2H
sin<A -cos2A 5in<8 - cos=A
sin<8 + cos2 6
5in<8 - cos=A
1
sin“H - cos=A
RHS. - tan<A . cosec®H - 1
tar?A -1 sec?d - cosec®A sin®A -cosoA

Question-21

Solve the following equation for 0° <9 =90°: 3tan 6 + cot © = 5 cosec 0.

Solution:

3tan© +cot8=5cosecO = 3tan© + talne=5cosece = 3tan?® +1 =5

cosec 8 tan 8 = 3tan?98+ 1 = 55608=}3{sec28-1)+1 — B sec 6 = 3sec? 6
-6sec0-2=0=sec Q= 3f425+24 - 527

& &

sec B =2or‘—31

sec® # Z(as-1<cosB <1) -8 =60°for0°<6=90"

Question-22

2
Solve for g ; oS~ 8-3cos@+2 _ 4 (g z ().
sin< @

Solution:

cos?H - 3cosd + 2 =1

sinZA
1-sin®A - 3cosA + 2 =1

sin<o

- sinZB - 3cosA + 3 =1

sinZA
-sin?6 - 3cos 0 + 3 = sin?0 -2sin?6- 3cos O = - 3
-2(cos?6-1)-3cos B =-3
-2c0s?0+2-3cos0=-3
-2c0s?8+5-3cos0=0
2c0s?0+3cosB-5=0

cosO = ‘3J—“‘4’9+4° =‘3i4”49 =‘3f?= -gorl ifcos@=1,-.0=0°

Question-23

Using the formula tan 26 = *>">—, obtain the value of tan 15°.

- tanzﬁ' '



Solution:

2tang
tan 20 = 1-tane

Putting 6= 15°,

tan 30° = 2tanls”
1-tanf1s5®

1 2tanis
2 1-tanf1s®

(1 -tan?15°) = v3(2tan 15°)

tan?15°+2+/3tan 15°-1=0

tan15° = -3 Az+d _ -245¢4 = o
2

z

Question-24

Ifacos8 — bsin®=xandasind +bcosB =y, prove that a2 + b2 = x2 + y2.

Solution:
acosO—-bsinB=xandasinB+bcosb=y
R.H.S. =x2+y?
= (acos B — b sin 8)? + (a sin 8 + b cos 8)?
= a%cos?6 — 2ab cos 8 sin 6 + bZsin?6 + a?sin? 6 + 2absin 6 cos 6 +

b?cos? 6 = (a%+ b?) cos?B + (b% + a?)sin?6 = (a?+b?) cos? B + (a2
+b?)sin? 8 = (@ + b?) (cos?6 + sin’8)
= (a+b?) [ cos?B+sin?0 = 1]

=LHS. ~a?+b?=x2+y2

Question-25

If x=psecB+qtan 8 andy = ptan 6 + g sec 6, prove that x2 - y2 = p2 - g2.

Solution:
X=psecBb+qtanBandy=ptan8+qsec®
LHS =x2-y2
= (p sec 8 + q tan 8)2 — (p tan 8 + q sec 0)?

= p2sec?B+ 2pq sec B tan 8 + g2 tan®B- (p°tan? 6 + 2pq tan © sec B +
g’ sec?B8)

= p%sec? 6+ 2pq sec B tan 6 + g°tan? 6 - p2tan? 0 - 2pq tan 6 sec O - g2
sec?@ = (p?- g%) sec?® + (g*- p?) tan?O

= (p?- g% sec?0- (p?-q?) tan?B = (p?-q?) (sec?B-tan?8)

= (p? - q?) [Since 1 + tan?8 = sec? 8]

=R.H.S. . x2-y2=p? - g%



Question-26

Show that (1 + cot 0 - cosec 8 )(1 +tan ® + sec 8) = 2.

Solution:
LHS=(1+cotB-cosecB)(1 +tanB +secB)
:(1+ﬁ—1)(1+5in3+ 1)

=inf =inA cosH cosH

— (EinB + cosH -1 :”:sinEl +cosH +1
=inA cosH
— [sin8 + cosBJz -1
sin@ cos@
— Z2sinBcosH + SirfH + cos2a -1
=inf co=A
— l+ZsinfBcosA—1
=infA cosA

— Z2zinfcosA
zinfA cosA

=2
= R.H.S5.

Question-27

If cosec 8 - sin ® = a, sec 8 - cos 8 = b, prove that a?b? (a2 + b2+ 3) = 1.

Solution:
L.H.S = a’b? (a? + b + 3)

= (cosec 8 - sin 8 )°(sec 8- cos 8 )? [(cosec B -sin 8 )2 + (sec B -cos 8 )?
+ 3]

= (cosec B - sin B )2(sec 6 - cos 8 )? [cosec? B + sin? B - 2 cosecH sing +
sec? 0 + cos?0-2 secH cos 8 + 3]

= (cosec B - sin 8 )?’(sec ©6-cos 8 )?[cosec? 8+ 1 -2 +sec?8 -2+ 3]

= (cosec 8 - sin 8 )?(sec 8- cos B )? (cosec? B8 + sec? 8)

2 2
= _1 — sing 1 cos® (_1 + ! ]
sin B cos A sin’@ costa
(1= sin?@ ? 1—cos’o : sin’8 + cos’a
sin B cos B sin Beoos?8

[cosge]z[singejn [ 1 ]
sin B cos B sin“Bros 6
cos*d B sin*é & 1

sin” ©® cos  ©  sin Hcos B

=1

=R HSZ

Question-28

Prove that (sin 8 + sec 8)2 + (cos 8 + cosec 8)? = (1 + sec 8 cosec 8)2.

Solution:
L.H.S = (sin 8 + sec 8 )2 + (cos 6 + cosec 8 )2

- (] 132 142
=(sinB+_—)"+(cos 0+ )

=sin?P+—1-+2sinB - +cos?B+-—1-+2cosh L
o 8 cosl sinZg zinf



_ 1 1 :
=T+ (= +-5)+2(sin® L +cos® 1)

coe  sinfe
— 'I + SINS8 +cose B + 2in2 8 + coz2 @
cOsE e sin @ coz B sing
1 1
=1+
1 cos2 & sine é cosf sinf

=1 +sec20cosec?0 + 2 sec O cosec 0
= (1 + sec B cosec 0 )?
= R.H.S.

Question-29

Find the value of g'c‘:rm2 30° + sin? 60° — 3 cos?260° + Ztan? 60° - 2 tan®
459,

Solution:
2tan®30° + sin? 60° - 3 cos? 60° + Stan? 60° — 2 tan® 45°

z z o
= 3% (%) + (] -3() *5lar -2
=2x 2+ 2-242x3-2
- $+3x3-2
=342
R

_16+81-72

Question-30

Find the value of 4(sin*30° + cos*60°) — 3(cos?45° + sin?90°).

Solution:
4(sin*30° + cos?*60°) — 3(cos245° + sin90%)

&))" ]

Question-31

2 2

1 1 o
Prove that = —+ = sirfBcostpg = 1-sin”@cos"8
sec“f - cos“A coseczﬂ—sin A T4 Sirt B ozl




Solution:

e
[ 1 + 1 ]sinEElc-:lngI:[ EDSZE! + e ]Sinzﬁcns‘zﬁ
sec

29—::0529 CDSECZB—SiI'lel 1—0054$ 1—5i|'|4$

_ OS2 8 — cos 8 sin &+ si 8 — sirf BoasT 8 2 2
= - - SIM-§Ccos— 8
Uﬁﬂngﬂhm ﬁ1+ﬂ¥$kns$

2 2

8 sin® Alcos“ 8 + sin® 8
14 cosZ 8+ 5in© 8 + cos2 8 sine

- 1- sin® 8 cos2a

24 5in2EIc-:|52El

— 1-rcos

Question-32

Find the value of 2tan?30° + sin?60° — 3 cos?60° +2tan?60° — 2 tan?45°.

Solution:

3
A tan? 30° 4sin 2 60° — Zcos? 60+ tan® 60° — Ztan®45°
3 -

= %[%f +[§T —3[%]2 +§I 3P —(2x1)

ERTRRERESR
3 3) La) L4l la

9 4

16+81-72

36

)
36



