Exercise 17.3

Chapter 17 Second Order Differential Equations 17.3 1E

By Hooke's Law k{0.25) = 25 so k= 100 is the spring constant and the differential equation is
5x" + 100x = 0. The auxiliary equation is 5r2 + 100 = 0 with roots r = £245 |, 50 the general
solution to the differential equation is x(t) = ¢1 cos(2v5 t) + ¢2 sin{2+5 1). We are given that x(0)
=035 —-c1=035%and xX(0)=0—2v5c2=0—c2 =0, so the position of the mass after t
seconds is x(t) = 0.35 cos(245 1).

Chapter 17 Second Order Differential Equations 17.3 2E

By Hooke's Law k(0.4) = 32 so k = 32/0.4 = 80 is the spring constant and the differential
equation is 8x" + 80x = 0. The general solution is x{t) = c1 cos(+10 1) + ¢2 sin(+10 t). But

0= XfU) =cland1= X'I:D:] =410c2 — 2 =1/410, 50 the position of the mass after t seconds Is
X(t) = 1/V10 sin(v10 t).
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A spring with mass of Zkg 15 stretched by 0.5m beyond 1ts natural length by a
force of 61
Then the spring constant is

i B
05
=12
How the spring has damping constant r= 14

Let zit) be the position of mass at any time t

Then the equation of motion is
2
L )
ot ot

2
Le. 2d—f+14£+12x=0 e
dt cf

This 1z a homogeneous differential equation with characteristic equation
2r +14r+12=0

Or  ri4+Tr+6=0

Or [r+l)(r+6)=0

1E. r=-1, r=—6 are the roots.

Then the solution of equation (1) 15
x(t)=ce” +¢ g™

Where ¢, and ¢, are arbitrary constants

By initial conditions
x(U) =2l
And  x '(0) =0

Now x'(£)= —g - 652:3—6!

Then x'(0) = Dimplies 5, + 6o, = 0
Andx(O) =limplies e +c, =1
]

On golving we finde) = % o= =

Hence the position of mass at any time t iz

x(f,) b Ee" —%e'ﬁr
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(a)

k(D.25) =13 — K = 52, so the differential equation is 2x" + 8x' + 52x = 0 with general solution
x(1) = e-2t[c1 cos(v22 1) + c2 sin(v22 1)].

Then 0=x(0)=c1 and 0.5 = x'(0) = ¥22 ¢2 — 2 = 1/(2+22), so the position is given by x(t) =
[1/(2v22)]e-2t sin(¥22 t).

(b))
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Let m be the mass that would produce critical damping.
Here the damping constant c = 14

And spring constantk = 0;65 =12
For the critical damping ¢® —dmi =10
e (14 —4m[12)=0

e 196-48%m=0
196

S48

. 45
Le. w=—
12kg

LE M
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m=3kg, k=123

We need to find damping constant that would produce critical damping

Let the damping constant be ¢
We know that for the critical damping

et Ak =1
ie. & -4(3)(123)=0
ie.  cf=1467
LE. c=3841

Hence damping constant of 38341 will produce critical damping]
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Here m =1, k=100 and damping constant =«¢
Then the equation of motion 1s

2
Le. d—f+cﬁ+100x= 0 srasmmmeasaaea ()
ot ot

Where x(t) 15 the position of mass at any time t

Thiz 15 a hotmogeneous differential equation
Its characteristic equation is
riter+100=0

e g +4fe? — 400
2
(4
When c=10
Then r=-5+53
And then the solution of equation (1) 13

x(i) =g ('51 cos a3 +2, 50 Sﬁz)

Using initial conditions, xI:U:l =-01, x'[O) =0

We have o, =-0.lande, = ﬂ

&

Then x(é) =g [—O. lcos 5@ - %sin 5@@5}

Damping: - under damping

(2
Whenc=15

Then r= _Tlﬁig\ﬁi

Then the solution of equation (1) 15

B 5 547
x(t)=¢ 2:[clcos%+cgsin {éJ

Teing initial conditions x(O) =-0.1, x'(O) =0

We haveo;=-0lande, =——

7

15
Then X(ﬁ) = eTr [—O. lcos ST@— Esin SzﬂJ

Nz

Damping: - under damping

3
Fhen c = 20
Then r=-10,-10
And then the solution of equation (1) is

x(t)= e toge™

Tsing mtial conditions x(O) =-0.1, x'(U) =0
Wehaveo =-0.1, ¢;=-1

Then x(¢)= —0.1e™ —ge™

Damping: - critical

()

Whenc=25
Then »=-20,—-5

And then the selution of equation (1) is
x(t)= o e



Tsing initial conditions x(O) =-0.1, x'[U) =]
We haver, =003, £, =0133

Then x(¢) =002 -0.133.7%
Damping: - over damping

(3
When o =30

. _ Z30£1045
2

= —15454/5

e r=-2618 -381

Then the solution of equation (1) 13

X[.lf) o Clé—&i.l&! +Cg 8—3311

Then

Tsing initial conditions x[O) =-01, x'[inl =10
We have o, = 0.017and e, =-0.117

Then  #(z)= 0.0177% — 01177
Damping: - over damping

0.02 -

-0.08 S

0104
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Here m = lkg, spring constant =k
Damping constant = 10
Then the equation of motion 1z

2
md—f-l-c ﬁ-hbc =0
P4 s
2
Le d—gx + mﬁ =0 e (1)
it it

This 12 a homogeneous differential equation
Its characteristic equation is

r+10r+k=0

g =10x100 - 4%

Then
2
(1
‘Whenlk =10
Thene? — dmik = 0 and thus there is over damping
~10+
And  r= 710_25

2
=—5+./15
That is» = -8.87, —1.12

Then the solution of equation (1) is

Xl:f,) — Clg-BBT! +Cze—1.12:



B¥ given initial conditions x[O) =1, x'[O) = 15’%
We have o, =013, ¢, =+0.13
Thus  x(t)= 013277 +0.13%

(2
WWhenk =20
Then e —dmk = 0 and thus there is over damping
10+
bnd r= M

= -5+.f5
Le mE=Ted =248
Then the solution of equation (1) is
x(e)= Cle-?:gzz i i
By using initial conditions x[O) =l x'I:U) =1
We haver, =022, ¢,=022
Thus  x(t)=-0.22¢7 " +0.22¢7™

(3
When k=25

Thene? — dimk = 0 and thus there is critical damping
And r=-5 -5
And then the selution of equation (1) is

x{1) = re fogte

On using initial conditions x[O) =1, x'(U) =1
We have g=0, g=1
Thus x[:) =t

“
“When k=30
Thene® — damk < O and thus there iz under damping
10+ 3
hnd  poC10EZVSE

2
=-5£/%
Then the solution of equation (1) 13

x[.ﬁ) =g ('51 cozfas +2,5in \63)

On using mitial conditions X(U:l =0, x'[O) =1

1
We havers, = Dande, = —
1 2 y'g

Then x[if,)zle'jr sin51

5

(3
When k=40

Thenc? — 4wk < 0 and thus there is under damping
And  r=-5%.f15:

Then the solution of equation (1) iz
x(ﬁ:l =g ('51 cos u'rl_Sﬁ +e, 510 «J'Eﬁ)
On uzing initial conditions x[O) =10, x'(U) =1

We haves; = Oande, = L

5

1 )
Thus x()= —— s sin+f15¢
N
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When there is no damping that is c = 0 and the external force 7 (£) = 7, coswyt
acts on a spring with mass m and spring constant k, then the equation of motion is
given as;

dﬂ

md—j +kx = By coswyt R e
i

This 12 a non — homogeneous differential equation

Its corresponding homogeneous equation 1z

2
m£§+mzo
dt

It has characteristic equationser” + k=0

'
At J—z’
e
Jﬁc
Let |—=1wthenr = Twi
oo

And thus the homogeneous solution is

T [ﬁ) =iy cos WE+o, sin Wi

For the particular solution, using method of undetermined coefficients let the
particular solution 15 x, = Acoswpf+ Bsin wyt

SINCE W= W, Ziven
08

adx :
Then Tp = —Aw, sin Wyt + Bwy coswyt
£
dix .
And —f = —Awg COsWLE— ng sin wiyi
ot

2

Substituting for x, and in equation (1)

dt?
—m1 Awy cos vz — By sin vyt +d cosvyz + kB sin wyt = F cos gt
ie. [—mﬂwg + kA:I COE Wyl +[—mB Wi +kB:l 811 Wyl — & cos Wit

Equating coefficients on both sides
Alk - o) )= Fy, and Bk —mwf )= 0

E
That is 8= 0land A= —2
(k—mwé)

Or A= &
()

B —— Wy
]
5



Thus the particular solution iz
Fu
X, [Cﬁ) = ﬁcos Wil
W —wy :l
And hence the required solution of equation (1) 15

x(t) = = (8)+x, (2)

Le. x(£) = cycoswe +c, sinwe +

By cosviyd

A:m(wz —ngl
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When there iz no damping ie. ¢ =0 and the external force 7 (z) = F,coswt acts on

a spring with mass m and spring constant k, then the equation of motion 13 given
by

2
m%"—h = E‘, cos Wi = o e e o) (1)

This 1z a non — homogeneous differential equation

Itz corresponding homogeneous equation is
dix
m—ethkx=0
i

The characteristic equation is
mrt k=0

prap=ik %3

'Fc
Now |— = wthenr = Twi
e

A nd thus the homogeneous solution 15

x, (£) = oy vos wi+ oy sinw

For the particular solution, using method of undetermined coefficients let the
particular solution be

x, = (AL + Bt)coswe +(C£ + De) sin we
oo x, = [Cwe? +(24+ Dw)t + B |cos wt
+[ —Awe® +(20 - Bw)e+ D sinwe
And  x =[—d4w' £ +{40w- B )1+ 2(4+ Dw) |coswe
+[-Cw & (4w + D )t - 2(C + Bw) [sin we
Substituting for x, and x, in equation (1)

[—Awmg £ +domwt - Bw' me+24m+ 2 Dmw + Ake? +Bk£] COSWE

+[mC"w2 2 = dmwt—mDwe—20m— 2B wn+ k0 +sz]sin Yt
= Ffj coswi
Equating coefficients on both sides
—A[mez —k)z’* +(d4cmw—3mw2 +Bw)z +2Am+2Dwm— F,
And —C(mﬁ —;c)zﬂ —(4Amw—.ovfm— Dwlm+ Dk]z —2Cm—28mw=10

ie.  —Alww’-k)=0, 4Cww-Bmw’ +8k=0
2Am+ 20w = F,

And  —C(mw’ —k]=0, —(44mw—Dw'm+Dk)=0
—2Cm—2Bmw=10

FU

& now

Le. A=0, B=0 C=0, D=




Then the particular solution iz

x, (z) = 22%&5 sin Wi

And hence the required solution of equation (1) 13
()= % (8T % (2)

_ _ Fr
ie. x(t) = ¢y cos Wi+, sin we + ——sin wi
w0
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Motion described by equation specified 1z
i

x(2) =gy vos witcy sinwi+ .
m[w _Wn)

Cosw,t

Given iis arational number. 3o 1t will be of the form 2, where p,q both are

W, g
integers and g = 0.
Let
W W
el = P=—yg
W, g W,
MNow

2 2m : 2
t+p —|=ccosw|i+p — |toganw|i+p— |+
H W W

Lcosw [z+p.2—ﬁ]
2 2) e

m(w =Wy W

=cycos (Wi +2Ap) +oy sin (wi+ 2mp) +

o 2
272) Cos W‘,ff ++pw‘, ;

m[w —W,
: i W o
= cpeoswitoy sinwi+——Ff——ccos| wi+t—gw, —
m[w —W,,) W, w
= £) Cos Wi +o, sin wi+——f———cos (w,t +271g)
m(w -,

@

= cos Wi+, sinwi+ T
m[w —wo:l

= x[:f,)

: : : ; : ¢ ey
= Motion described by equation specified 15 periodic with period i
"y W

CoswW,E
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(&) Equation of motion of spring 15 given by,
x= :::1@'T +czze”
The graph of = will cross the t-axizs where x=0
Therefore, we have,
O=ce™ +ege”
= e (cl—i-czz): 0
Since 2" iz always positive, therefore
gt i=0
= O] ==yt

Since t 15 always positive therefore o) and o, will have opposite signs.

B Equation of motion of spring 15 given as,

3

a=ce™ e, wheren »ry

The graph of z crosses the t-axiz where x=10
Therefore, we hawve,

s b
=g " +o,8"

= c,ett = —o 2™
2 1
£
= ':"2 = _51?

=5 =iy gF



Since nEn = K= =0

Also £=0
Therefore &% =1
MNow
oy =0 gt
— |C.2|:|61|éf?i -5}
= |cz|>|.:1| as g 5
Hence

Thecondition on therelative magnitudes of ¢y andc, under which the graph of =

crosses thet-axisatapositive value of tis |'5'2 |> }':ll
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We ktow by Eirchoff' s aw

d* Q
dt’
Here R=2002, L= IH,C- 0.002F and E(¢) =120

Q+ “RREE el

Then equation (1) becomes

d'Q  .dQ _
5 T E 420 - +5000 =12 (2

This 12 a non — homogeneous differential equation

Its corresponding homogenecus equation iz

& Q+2O dQ+500Q 0
dt* dt

The characteristic equation is
ri4+20r+500=0
_ —20 X440
B
=-10%20;
Then the homogeneous solution is
O, =" (g cos 2+, 8in 20¢)

1LE.

For the particular solution, let &), = Af + B be the particular solution by the method
of undetermined coefficients.
ddy _ 4@,

Then —=
ot de

=0

2

e
Substituting —= and
di

2044500445008 =12
te 00A=0and 20 A+5005=12

23’ in equation (2)

1e. A=0Dand B = 12 3
500 125
3
Then =—
S 125
And therefore the solution of equation (2) 15
0=0,+0,

e, @#)=e™ (2, cos20¢ +e, sin 20£)+3/125

By given initial conditions Q (0)=0and @'(0) =
We have o = _—3 ande, = i
125 250

Hence the required solution is

g . 3
Q(i) S 5Eg (6 cos 2044+ 3310 20!,)-1-—
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We ktow by Kirchoff' s law:

o Iel
df L. 0=z
Here L= 2H,r_24Q,C 0o0sF, B=12

Then d Q+24—Q+2OUQ_12
S dt
d*

o T2 100026 e (1)
at " a

This 1z a non — homogeneous differential equation

Its corresponding homogeneous differential equation iz

d’ Q+12—Q+100Q 0
dt’ dt

The characteristic equatiot is
r 4120 +100=0
_ —12£16:

2
=—6+8

Then the homogeneous solution 13

tl=e™ (e, cos Bt +c, sin B
G (1) ) 2

For the particular solution, let & = 4¢ + B be the particular solution
Then @ =Aand —— i Q =0
df dr’

2
substituting for O, d% andd %2 in equation (1)
12A+1004¢ +1005 = &

ie  A=0, B=—2
100
=
50
: ¢ 3
Then the particular selution iz &, = e

And therefore the solution of equation (1) 1z
Q= g™ (2 cos 8 +cy5in Bt ) + %0
By the given initial conditions Q(U) =0.001e

—58 =177
And2'10)=0, we havee, = ——, 0, = ——
2'(0) Yqo00” Tt 4000
Then the particular solution of equation (1) 15
9 e
4 doosdi+3sn &
Q( ) 4000 ( )
S.00E+0.144
Q(t)
0.00E-+-000T
-5.00E+0.14 i f i t
-0 -4 -2
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We know by Eirchoff's law

d’ Q
dt’
Here R=20Q) L -IH,C- 0.0027,E(£)=12sin10¢

Q+ ~0-2(1)

42
Then we have d_Q +20— dQ +5000 =12sn10f e O
i

This 1z a non — homogeneous differential equation

Its corresponding homogeneous equation is

i’Q+2UdQ+500Q= 0

The characteristic equation is
P 4207+ 500=0
Le. r=-104+20;%
Then the homogeneocus solution is
2, (£) = g (c)cos 20£+c, sin 20£)

For the particular solution by the method of undetermined coefficients
Let (= Acesl0f+ 5 in 108 be the particular solution

Then a;_Q= —10Asn 10 +10F cos10¢
i

And d—Q =100 Aces10i =100 Bsin 10
7

Substituting in equation (17
=100 A cos10f—1008 50104 - 200 Asin 1064 2005 cos 10

+500Acos 10¢ + 5008 sin 10 = 12 51n 10¢

Equating coefficients on both sides
(—100 A+2008 4500 A)=0

And  (-100B-200445008)=12

LE A= . .
250 250

_3

125

Then the patticular solution i3
3 i
fl=———cosllf+——sin10¢
Qp,[ ) 557 Cos 5 sin
And the solution of equation {1} 1s Q(ﬁ) = [£)+QF (ﬁ)

. \ 3 LI
1E =6 (¢ cos20 42, 5in 20¢) — ——cos 10f +——sin 10¢
el) g : ) 250 125

By given initial conditions Q(O)z 0g '[0) =
We haveo, = 3 e d

250" 17 500
Hence the required solution is

3 3 3 3
Q(é) gt [ﬁcos 203—%sin 20ﬁ]—ﬁcoslﬂﬁ+ﬁsmlﬂé
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We know by Kichoff's law,

dQ P
+—O=E(t
R Q (©
HereL—2H,R—24Q,C-0.0UﬁF,E:QsinlOf

4
Q dQ+2UUQ=12sin10ﬁ
g’ ot
Or d’ Q mEQ+1L’JOQ Esin 10 e e )
dr’ df

This 15 a hon — homogeneous differential equation

Its corresponding homogeneous differential equation is
a'g
d*

The characteristic equation iz

FA+12r+100=10
ie. r=—-618;
Then the homogeneous solution is
& (ﬁ) =™ ('51 cos8t +o, 8in 8ﬁ)

+12QTQ+100Q 0

For the particular solution, let (= Acos10f4 5 sin 102 be the patticular solution

Then i—Qz —10Azn 106 +108 cos 104
5

42
And d_Q: 100 Acos10-100 8 an 104
5

Substituting in (1)
—100Acos106—=10085n 106 —120Asin10£4+1208 cos 106 +100c0s10¢
+100 Banl10f=6sn10;

Equating coefficients on both sides
100441208 +1004=0

And  -1005-1204+1005 =6

1LE. £=0 and A:_L

20

Then the particular selution is &, = ;—3003103

Thus the solution of equation (1) 15
Q(e)=C(1)+Q, (1)
=g [cl cosBi+4e, sin Bﬁ) - Lcos 10¢
20
By given initial conditions Q( ): 0.001e, Q'(O): 0
Now Q'ft)=¢ [[ 6o, +8c, JeosBi +[—6c, — Bey) 51n8£:|——51n105
Then Q(U) =0.001, gives e, — 2—10 =0.001

And  @'(0)=0gives—6o; +8c, =0
Le g =0051ande, =0.03825
Hence the charge iz given by

o (z) =g [0.051 cosnl +0.03825 5 85) - :;_OCOS 10¢




&)

2.00E+0.144

Q(t)

GO0 E-+H

-2.00E+0.14
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; .. dp
The given equation is m——+ix=0 R
id
4
9 £+Ex= 0
gt om

;. s i
Its characteristic equation is72 +— =0

#
; k
1E r=% |—i

i

&
Take w=_|—
)

Then r=dwi
Therefore the solution of equation (1) is
x(t) =5 coswt+o, sin wi
Take o =Acesd, o;=—dsind
Where A=.Jof +e2

Then x(i)z Acoswicos d— Asin wisin d
= A[cosw.ﬁcos & —sin W sin 5)
= Acos [wz—i-ﬁ)

WVerification: - WNow ifx[:) = Acos (wz + 5) i3 a solution of equation (1) then it

must satisfy this equation. Now z = dces(wz+J)

dx

Then —=—Awsin [:wﬁ+ 5)
i
2
And ) QQ =—Aw’ cos |:w3+5)
cdt
2
Considermd 2Q+.5::x
ofi

= —m Aw’ cos [wz +5) +ikAcos [wﬁ + 5)
= Acos{w+ 5)[—»?314:2 +k:|

:Acoslzw£+5j|:—m£+§::| (Asw:\/E)
2 e

=4 cos(w£+ 5)[—}:+ﬁc]
=0, which 15 true

Hence the solution of equation (1) can be written as x(z) =Acas [:wz + 5)
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o6

2
t

Given

+ Tsinff = 0

For small values of & we can use the linear approximation sinB ™ 8, therefore we can
approximate the differential equation as

The equation of motion of a pendulum with length 1 m it 8 is initially 0.2 rad and the initial
angular velocity dB/dt =1 rad/s

Using L=1 and g=9.8, the differential equation becomes

a‘!
dt

 +9.86=0.

The auxiliary equation is r2+9.8=0

We solve for r

r= Tin98

50 the solution of the complementary equation is

8(1) = ¢ cos(\9.8 1) + ¢1sin(+/9.8 1)

Imposing the initial condition A{() = .2 we get

B0) = ¢,cos(+9.8 +0) + c1sin(n/9.8 +0)
!9([]) = )

cy = 0.2

Imposing the initial condition a;_l‘? I:= Qi 1
it

' ()= —9.8 csin(+/9.8 1) + /9.8 c2cos(9.8 1)

6" (0)= —9.8 ¢ sin(/9.8 -0) + /9.8 ¢,c0s(\/9.8 -0)
6'(0) =981 c;

Vo8l ey =1

ot

Co =

so the equation is

6{!] = &2(:05[@.‘] + er_ sin{m!]

0.8




b) The maximum angle from the vertical

8' ()= —0.2v9.81 sin(/9.81 1) +cos(/9.81 )

For the critical numbers we set 8'(t) =0

—0.24/9.8 sin(+/9.8 ) +cos(x/9.8 ) = 0
ﬂ.2ﬁsin(ma == cos(ﬁt]

o)

We solve for t and we get that the critical numbers are

p= 1 tan_l[LJ + —Z_ 5 where n is any integer.

The maximum angle from the vertical

I -1 5 s ;
8| — 0.377 radians
{ 2.8 on [ 0.8 D

ar21.7°

¢) The period of the pendulum

T

From the result of part (b) the critical numbers of 8(t) are spaced ﬁ apart.

The time between succssive maximum values is 2 ( 2 ] .
0.8

am

Vos

Thus the period of the pendulum is 7= 2.007 seconds.

d) When will the pendulum first be vertical?

We need the value of t when 8(t)=0

[}.2005[\’9.8.!]1- : sin[ 9.8:]=u

Vo8
tan(\9.8 )= —0.24/9.8

i= ﬁ[t&n_l{ —O.Z\fﬁ]-l—:rr]

t 7 0.825 seconds.

€) the angular velocity when the pendulum is vertical

8' ()= —0.24/9.81 sin(9.81 1) +cos(n/9.81 1)
' (0.825) = —0.2/9.81 sin(/9.81 +0.825) +cos(/9.81 -0.825)

8'(0.825) " -1.180 rad/s.





