RELATIONS (XII, R. S. AGGARWAL)

EXERCISE 1A (Pg.No.: 16)
I.  Find the domain and range of the relation R = {(—], 1),(11),(2 4), (-2, 4)}
Sol. dom(R)={-1,1,-2, 2}, range (R)={1, 4}
2, LetR={(a, a“): ais a Prime Number less than 5}
Find the range of R.
Sol. Let A={a:aisaprime numberless then 5}
= A={2,3}
Now, R ={ (2, 8), (3, 27)}
By the definition of range R. Range(R) = {8, 27} Ans.

3. lLeftR= {(a as):a is a prime number less than ]0} ;

Find (i) R (ii) dom(R)and (iii) range (R)

Sol. a isa prime number less than 10 A -
a=2y35,7 4
3 27
R={(2.8).(3, 27), (5. 125), (7, 343))} : Asis
dom(R)={2, 3, 5, 7}, range (R)={8, 27, 125, 343} > 43
4. LetR={x,y):x+2y=8}bea
Relation on N.
Write range of R,
Sol = x+2y=8
—>x=8-2y
Puttingy = |, we havex =6 Puttingy =2, we havex =4 Puttingy =3, wehavex=2
Here, R={ (2, 3), (4,2), (6, 1) } Range (R)= (3, 2, 6)

5. List the elements of each of the following relations. Find the domain and range in each case.
R, ={(a.b):ac N, be N and a+3b=12}

Sol. R, {(a, b):acN.beN and a+3b= 12}
R, ={(3,3), (6, 2). (9. 1)}.
dom(R,)=1{3, 6,9}, |,
range (R,)={3. 2, 1} o]

6. Let R={(ab):b=|a-1|,acZ and |a|<3]

Find the domain and range of R

Sol. Let, A={a:ag zand |a] <3}
= A= {-2,-1,0, 1,2}
~R={(a.b):b=|a-1|.aez and |a|<3}
= R=1{(-2,3),(-1,2),(0,1),(1,0), (2, 1)}




Clearly domain (R)={ -2, -1, 0, 1, 2}
Range(R)=1{0, 1,2, 3}

7. Let R:{[a,ljzaeN and I<a<5}
a

Find the domain and range of R
Sol. LetA={a:aeN, &1 <a<35}
= A={2,3,4)

e o6 02)
2 3 4
Domain = {2, 3, 4} Range = {l,l,l}
234
8. Let R={(a.b):a;be N and b=a+5.a <4}
Find the domain and range of R
Sol. Let, A={a:ae N &a<4}
— A={1, 2,3} s R={(1.6),(2,7), 3, 8)}
Clearly, Domain= {1, 2, 3}and Range = {6, 7, 8}
9. LetS be the set of all setsand let R={(4,B): A< B}, i.e. Ais proper subset of B. show that R is
(i) transitive (ii) not reflexive (iii) not symmetric
Sol. (i) transitivity: -
Let, A, B and C € S, such that (A, B) & (B, C) e R.
Let, A, Band C € S, such that (A, B) & (B, C) € R.
+~(A,B)eR=>AcB....... (i) (B,C)eR=>BcC...... (i)
From (i) and (ii), we have Ac C = (A, C) R
Thus, R is a transitive Relation S,
(i1) Non — reflexive ; —
wATA =(A,A)eR
thus, R is non reflexive.
(iii) Non. Symmetric :—>
Let, AcB
L (A.B)eR
But, B# AR
L B,A)eR - (A.B) e R&(B.A)R ~. Ris non — symmetric
10. Let A be the set of all points in a plane and let O be the origin. Show that the relation R, defined by
R= {(P, 0):0P= ()Q} is an equivalence relation.
Sol. Let O denote the origin in the given plane. Then. R=1(P. 0):OP =00}.

We observe the following properties of relation R :
Reflexivity : For any point P inset 4, we have OFP = OP

= (P, P)eR.Thus, (P, P)eR forall PeA.So, R is reflexive.
Symmetric : Let 7 and Q be two points inset A such that (P, Q)E R
= OP=00 = 00=0P = (O,P)eR.

Thus, (P,Q)eR = (Q,P)eR for P,Qe 4. So, R is symmetric.



Sol.

Sol.

Transitivity : Let 7, Q and § be three points in set 4 such that (2, @)eR and (Q, S)eR
= OP=00 and OQ =05 = OP=0§ = (P, S)E R

So, K is transitive. Hence. R is an equivalence relation.

Let P be a fixed point in set 4 and Q be a point in set A such that (2, Q)e R . Then, (P, Q)€ R.

= OP=00 = © moves in the plane in such a way that its distance from the origin.
0(0, 0) is always same and is equal to OP .

= Locus of O is circle with centre at the origin and radius OP .

Hence, the set of all points related to /7 in the circle passing through 7 with origin O as centre.

On the set S of all real numbers, define a relation R = {(a.5): a < 4]

Show that R is (i) reflexive (ii) transitive (iii) not symmetric

(i) Reflexivity : —

Let, a be an arbitrary element on S.

-+ a< a=>(a, a) e R thus, R is reflective.

(i1) Transitivity : —

Let,a,b & c € ssuch that(a, b)and (b.c) € s

w (ab)eR=>a<b....()and(b,c)ec R=b <c...(n)

from (i) and (ii) we have a<c¢c = (a,c) e R

Thus, R is transitive.

(iii) Non symmetry : —

» 5<6=(5,6) R

But, 6 45= (6, 5)e R

thus, R is non symmetric

Let 4={1,2,3,4,5,6} and let R={(a.b):abe Aandb=a+1]

Show that R is (i) not reflexive (ii) not symmetric and (iii) not transitive

In roster form,

R = {(1:2), (2,3), (3, 4), (4, 5) (5, 6)}

Non - reflective:—

=+ (1, 1) € R, butl € A thus, R is non-reflective.

Non —symmetric:— - (1,2)eRbut. (2. 1) € R

thus, R is non-symmetric.

Non transitive:—» w(I,2)eR & (2,3) e R

But, (1,3) ¢ R thus, R is non- transitive



EXERCISE 1B (Pg. No.: 18)

Sol.

Sol.

Sol.

Sol.

Define a relation on a set. What do you mean by the domain and range of a relation?
Relation in a set ;- A relation R inaset A isasubsetof AxA4.

Thus, R is arelation is a set 4 <> Rc Ax A4, if (a, b)ER, then we say that a is related to » and
write, aRb . If (a, b) R, then we say that a is not related to 4 and write a X 5.

Domain and range of a relation. Let R be a relation in a set 4. Then, the set of all first co-ordinate of
element of R is called the domain of R, written as dom(R) and the set of all second co-ordinate of

R is called the range of R, write as range (R).

Let A be the set of all triangles in a plane show that the relation
R= {(A,,A:) ‘A, ~A.} is an equivalence relation on A
Reflectivity:—

Let, A be an arbitrary element on A.

+ A~A= (A, A) e RV A € R thus, R is reflective
Symmetricity ==

Let, Ay and A; € A, such that (A, A;) € R

v (A Ay) € R A, ~ Ay

=M ~A= (A, A eER

thus, R is symmetric relation.

Transitivity : —

Let, A;, A; and A; € a such that, (Ay, A & (A2, A3) e R
2+ (A1, A7) e R= Ay~ A3 ....(1)

&(ﬁz, A:;) E R:‘)Az'-A?, ..... (ii}

From (i) and (ii) we have

A ~AM=(ALA) e R

thus, R is transitive.

Let R= {(a, b) ca.beZ and (a+b) is even}. Show that R is an equivalence relation on Z .

R= {(a, b):a,beZ and a+b is evcn}

Reflexive : Let € Z then a+a=2a, whichiseven. . (a, a)€ R, hence it is reflexive.

Symmetric : Let (a, b)e Z then a+b=even = b+a=even. .. (b, a) also belongsto R.
(a,b)eR = (b, a)eR.Here R is symmetric also.

Transitive : Let (a, b) and (b, ¢)< R then a+b=even=2k and b+c =even=2r

Adding then, a+2b+¢=2k+2r = a+e=2(k+r-b) = a+c=even .. (a,¢)eR

Hence, it is transitive also,
.. Since, R is reflexive, symmetric and transitive. Hence, R is an equivalence.

Let R= {(a‘ b):a, be Z and (a—b) is divisible by 5}. Show that K is an equivalence relation on £ .
(@, b)e R<>a—b isdivisible by 5.
(i) Reflexive : All (a, a) e R as a—a =0 which is divisible by 5. Hence, R is reflexive.

(ii) Symmetric : If (@, b) € R, then a — bis divisible by 5.



. a-b=5k and (b-a)=-5k .. (b-a) isalso divisible by 5.
.. (b,a@)eR . R issymmetricalso.
(iii) Transitive : If (@, b) and (h.c)€ R then we must have according to definition of R
a->b isdivisibleby 5. .. a—b=>5m and b—-c is divisible by 5
b—c=5n
Adding then we get, a—c=5(m+n)
o. (a-c) is also divisible by 5. Hence, (a, c) € R, hence the given ration is transitive also.
. R is reflexive, symmetric and transitive. Hence R is an equivalence relation.
5.  Show that the relation K defined on the set 4 = {l, R 5}, given by R= {(a, b):| a-bh | is even}
is an equivalence relation.
Sol. We have, R:{(a_. b):|a-b|is even}. where a, he A={1, 2,3, 4)
We observe the following proposition of relation R:
Reflexivity : Forany a e A, we have | s G | =0, which is even.
(a,a)e R forall acA. So, R is reflexive.
Symmetry : Let (a,b)e R = |a-b|iseven = |b-a|iseven = (b, a)eR
Thus, (@, b)e R = (b, a)eR. So, R is symmetric.
Transitivity : Let (a, b)e R and (b, ¢)e R Then, (a, b)e R and (b, ¢)e R
= |a—b| isevenand |h—c| is even

= (a and b both are even or both are odd) and (» and ¢ both are even or both are odd).
Now two cases arise :

Case I : When b is even in this case, (a, b)e R and (b, ¢)e R
= |a—b| isevenand |b—c|iseven = aisevenand c iseven [ b iseven]
L= |a—r:| iseven = (a,c)eR
Case IT: When b is odd in this case, (a, b)e R and (b, ¢)e R
= |a-b| isevenand |h—c|iseven = a isoddand ¢ isodd [+ b is odd]
= |a=c|iseven = (a,c)eR. Thus, (a,b)eR and (b,c)eR = (a;c)eR
So, R is transitive. Hence, R is an equivalence relation.
6.  Show that the relation R on NxN. defined by (a, b)R(c;d)<>a+d=>b+c is an equivalence
relation.

Sol. We observe the following proposition of relation R
Reflexivity : Let (a, b) be an arbitrary element of N'x N

Then, (a, b)e NxN = (a,b)eN = a+b=b+a
= (a, b)R(a, b). Thus, (@, b)R(a, b) forall (a, b)e NxN . So, R is reflexive on N x N .
Symmetry : Let (a, b), (¢, d)e NxN be such that (a, b)R(c, d). Then, (a, b)R(c, d)

= a+d=b+c = ct+b=d+a [By commutativity of order on N |
= (¢, d)R(a, b), Thus (a, b)R(c, d) => (¢, d)R(a, b) forall (a,b),(c,d)eNxN



Sol.

Sol.

Sol.

So, R is symmetricon NxN .

Transitivity : Let (a, b), (¢, d), (e, f) e NxN such that (a, b)R(¢, d) and (¢, d)R(e, f)
Then, (a, b)R(c,d) = a+d=b+c,(c,d)R(e, f) = c+f=d+e

= (a+d)+(c+f)=(b+c)+(d+e) = a+f=b+e = (a b)R(e. f)

Thus, (a, b)R(¢, d) and (¢, d)R(e, f) = (a, b)R(e, f) forall (a,b), (¢, d),(e, f)eNxN

So, R is transitiveon N x N .
Hence, R being reflexive, symmetric and transitive is an equivalence relationon N x N .

Let S be the set of all real numbers and let R ={(a, b):a, be S and a=+b}

Show that R is an equivalence relation on S .

As a=+b and @’ =5 have same meaning.

. Given relation R becomes R= {(a, b).a,beSanda’ = bz}

Now, (a,a)eR ' a’=a’ istrue. . R isreflexiveandif (a, b)e R

> a=b Sb=a = (ba)eR . R issymmetric

Also, if (a,b)eR and (b, c)eR = a*=b and b’=c" = a=c¢ = (a,c)er

R is transitive.
Let § be the set of all points in a plane and let R be a relation in § defined by

R= {(A, B):d(4, B)<2 units}, where d(A, B) is the distance between the points 4 and B . Show
that R is reflexive and symmetric but not transitive.
(i) Reflexive: d(4, A)<2 = (A, A)eR
(i) Symmetric: (4, B)e R = d(4, B)<2 = d(B,A)<2 [+d(B, A)=d(A B)]
= (B, 4)eR
(iiii) Transitive : Consider points 4(0, 0), B(1.5, 0), C(3, 0)
Then, d(4, B)=1.5,d(B,C)=15 and d(4, C)=3.
o d(A4, C)<2 isnot true,
Hence, I is reflexive and symmetric but not transitive.
Let § be the set of all real numbers. Show that the relation K= {(a h) a b = l} is symmetric but
neither reflexive nor transitive,
5= {(a, b).a’ +b* = ]}
Reflexive : The given relation § is on the set of real numbers.
Let ac R then &’ +a” #1 fora=2, 3... Hence, S is not reflexive.
Symmetric : Let (a, ») € R then we must have a” + 5" =1
(b, a)e R, Hence (a,b)e R = (b,a)eR. .. § is symmetric.
Transitive : Let (a, b)e R and (b, ¢)eR.
(cos30° sin30°) e R and (sin30° cos30°)e R, but (cos30°, cos30°)# R

Hence, S is not transitive. . 8 is symmetric but neither reflexive nor transitive



Sol.
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Sol.

Sol.

Let R= {(a b).a =b’} for all @, he N. Show that R satisfies none of reflexivity, symmetric and
transitivity.

We have, R = {(a, b):a= ba} where a, be N

Reflexivity : We observe that 2 + (2): = 2 isnotrelatedto 2, ie, (2,2)2R

So, R is not reflexive

Symmetry : We observed that 4=(2)" (4,2)eR but (2,4)eR [ 4 #2]

So R is not symmetric.

Transitive : Clearly, (16, 4)e R and (4, 2)e R but (16, 2) ¢ R . Hence not transitive.

Show that the relation R = {(a, b):a> b} on N is transitive but neither reflexive nor symmetric.
We have, R ={(a, b).a >b} .where @, be R.

Reflexivity : Forany a < R, we have, (a>b)

= (a, b)eR forall ae R = soisnotreflexive.

Symmetric : We observe that (3, 4)< R but (4, 3)#R. So, R is not symmetric.

Transitive : Let (a,5)€ R and (b, c)eR. Then, (a, b)e R.

= a>band b>¢c = a>c = (a,c)eR

So, R is transitive, Hence, R is transitive but neither reflexive nor symmetric.
Let 4={1,2 3} and R={(1,1),(2 2),(3.3). (1 2), (2. 3)}. Show that R is reflexive but neither
symmetric nor transitive.

. Since 1, 2,34 and (1, 1), (2, 2), (3,3)e R isforeach ac 4. (a, a)eR.

So, R is reflexive. We observe that (1, 2) € R but (2, 1)@ R . So, R is not symmetric.
Also, (1,2)e R and (2,3)e R but (1,3) R. So, R is not transitive.

Let A={1.2,3,4} and R={(11),(22).(3.3).(4.4).(1.2).(1.3). (3. 2)}. Show that R is
reflexive and transitive but not symmetric.

R= {(1, 1. (2, 2), (3. 3)(4. 4), (1, 2), (13). (3, 2)}
As (1,1), (2, 2).(3,3), (4, 4) € R is reflexive and we observe that (1, 2) e R but (2, 1)eR.

So, R is not symmetric. Also, (1, 2)€ R and (2, 3)e R but (1, 3)e R. So, R is transitive.



