Tangents and Intersecting Chords

Exercise 18A

Question 1.
The radius of a circle is 8 cm. Calculate the length of a tangent drawn to this circle from

a point at a distance of 10 cm from its centre?

Solution:

10 ¢r

OP=10cm; radius OT =8cm

+OT LPT
In Rt AQTP,
OP? = OT? +PT?
10% =82 + PT?
PT? = 100- 64
PT2 =36

PT=6

Length of tangent = 6 cm.

Question 2.

In the given figure, O is the centre of the circle and AB is a tangent to the circle at B. If
AB =15cm and AC = 7.5 cm, calculate the radius of the circle.



Solution:

AB=15cm , AC=75cm

Let 'r" be the radius of the circle.
JOC=0B=r
AD=AC+0OC=75+r

In AAOB,

AD?=AB? + OB?

(?.5 + rj2 = 15% 4 ¢

2
:>[15 +2rJ = 225+r2
= 225 + &% + G0r = 900 + 4~
= 60r = 675

=r=11.25 cm

Therefore, r=11.25cm

Question 3.

Two circles touch each other externally at point P. Q is a point on the common tangent
through P. Prove that the tangents QA and QB are equal.

Q




Solution:

From Q. QA and QP are two tangents to the circle with centre O

Therefore, QA = QP ....[(J)

Similarly, from Q, QB and QP are two tangents to the circle with centre O
Therefore, QB = QP .....[ii}

From (i) and (ii)

QA=0E

Therefore, tangents QA and QB are equal.

Question 4.
Two circles touch each other internally. Show that the tangents drawn to the two circles

from any point on the common tangent are equal in length.

Solution:

o
PN

From Q. QA and QP are two tangents to the circle with centre O
Therefore, QA=QP........ {i)

Similarly, from Q. QB and QP are two tangents to the circle with centre Q'
Therefore, QB = QP .......{ii)

From (i) and (ii)

QA=QB

Therefore, tangents QA and QB are equal.

Question 5.
Two circles of radii 5 cm and 3 cm are concentric. Calculate the length of a chord of the

outer circle which touches the inner.



Solution:

O5=5cm

OT=3cm

In Rt. Triangle OST

By Pythagoras Theorem,

ST? = 05— OT*

ST?=25-9
ST2 = 16
ST =4 cm

Since OT is perpendicular to SP and OT bisects chord 5P

S50,5P=8cm

Question 6.

Three circles touch each other externally. A triangle is formed when the centers of these

circles are joined together. Find the radii of the circles, if the sides of the triangle formed
are 6.cm, 8 cm and 9 cm.

Solution:



5

AB=6cm, AC=8cmand BC=%9cm
Let radii of the circles having centers A, B and C be rq, ro and r3 respectively.

ri+r3==8

r3+ l‘2=9

rp+ri=56

Adding
ri{+r3+r3+ro+rp+rq=8+9+6
2(r1+r2+r3)=23
ri+ra+rz=115cm
ri+9=115(Sincerp +r3=9)
r{=2.5cm

rp+6=115(Sincery +r3=246)

r=55cm
rz+8=115(Sincerp+r,=8)
rz=3.5cm

Hence,ri=25cm,rz=55cmandr3=3.5cm

Question 7.
If the sides of a quadrilateral ABCD touch a circle, prove that AB + CD = BC + AD.

S
i




Solution:

A P B
Let the circle touch the sides AB, BC, CD and DA of quadrilateral ABCD at P, Q. R and S respectively.

Since AP and AS are tangents to the circle from external point A

Adding,
AP+BP+CR+DR=AS+DS+BQ+CQ
AB+CD=AD+BC

Hence, AB+CD=AD+BC

Question 8.

If the sides of a parallelogram touch a circle, prove that the parallelogram is a rhombus.

D C




Solution:

D R

C

A

&

From A, AP and AS are tangents to the circle.
Therefore, AP = AS.......(i)

Similarly, we can prove that:

BP=BQ....... (i)
CR=CQ...... (iii)
DR=DS ... (iv)
Adding,

AP+BP+CR+DR=AS+DS+BQ+CQ
AB+CD=AD+BC

Hence, AB + CD = AD + BC

But AB = CD and BC = AD.......(v) Opposite sides of a |[[gm
Therefore, AB+ AB = BC + BC

2AB=2BC

AB = BC ........(vi)

From (v) and (vi)

AB=BC =CD =DA

Hence, ABCD is a rhombus.

Question 9.
From the given figure prove that:
AP+BQ+CR=BP+CQ+AR.

A




1
Also, show that AP + BQ + CR =3 x perimeter of triangle ABC.
Solution:

Since from B, BQ and BP are the tangents to the circle
Therefore, BQ = BP ..vwnll)

Similarly, we can prove that

AP =AR (ii)

and CR = CQ ........[iil)

Adding,

AP+BOQ+CR=BP+CO+AR. ... (iv)

Adding AP + BQ + CR to both sides
2AP+BQ+CR)=AP+POQ+COQ+ QB+ AR+CR
2(AP+BQ+CR)=AB+BC+CA

Therefore, AP+ BO+CR. = é * [AB+BC+ CA)

AP+BOQ+CR= % ¥ perimeter of triangle ABC

Question 10.
In the figure, if AB = AC then prove that BQ = CQ.

A

Solution:



Since, from A, AP and AR are the tangents to the circle
Therefore, AP = AR

Similarly, we can prove that

BF=BQand CR=CQ

Adding,

AP+BP+CO=AR+BQ+CE

(AP+BP)+ CO=(AR+CR)+BQ

AB+CO=AC+EBQ

But AB = AC

Therefore, CQ=BQorBQ=C0O

Question 11.

Radii of two circles are 6.3 cm and 3.6 cm. State the distance between their centers if —
i) they touch each other externally.
i) they touch each other internally.

Solution:
Radius of bigger circle = 6.3 cm

and of smaller circle= 3.6 cm

i)

Two circles are touching each other at P externally. O and O’ are the centers of the circles. Join OP and O'P
OP=63cm. OP=3.6cm
Adding.

OP+OP=63+3.6=99cm



Two circles are touching each other at P internally. O and O’ are the centers of the circles. Join OP and O'P
OP=6.3cm,O'P=3.6cm
OO0'=0P-0OP=63-3.6=2.7cm

Question 12.

From a point P outside the circle, with centre O, tangents PA and PB are drawn. Prove
that:

i) 2AOP = LBOP

ii) OP is the perpendicular bisector of chord AB.

Solution:

iln An0F and ABOP

AP =BP (Tangents from P to the circle)

QP = OP {Common)

OA = OB (Radii of the same circle)

- By Side - Side - Side ariterion of congruence,
SMACP = ABOP

The corresponding parts of the congruent triangles are congruent.,
= LAOP = ZBOP [by cp.ct|



10 A0AM and AQBM

OA = OB (Radii of the same circle)

LA0M = #BOM (Proved £ADP = #BOP )

OM = OM [Common)

- By Side-Angle-Side ariterion of congruence,

ADAN = ADBM

The corresponding parts of the congruent triangles are congruent,
= AN = VB

and £OMA = ZOMB

but,

SN + Z0ME = 1280°

L L0OMA = Z0NWE = S0P

Hence, OM or OP is the perpendicular bisector of chord AB.

Question 13.
In the given figure, two circles touch each other externally at point P. AB is the direct
common tangent of these circles. Prove that:

A

i) tangent at point P bisects AB.
i) Angle APB = 90°



Solution:

Draw TPT' as common tangent to the circles.

i) TA and TP are the tangents to the circle with centre O.

Therefore, TA=TP.......... (i)
Similarly, TP =TB...........{i1)
From (i) and (ii)

TA=TB

Therefore, TPT' is the bisector of AB.
i) Nowin AATP,
L LTAP = ZTPA

Similarlyin ABTP, ZTBP = ZTPB
Adding,

LTAP + LTBP = LAPB

But

L LTAP + LTBP + LAPB =180°
= LAPB = ZTAP + LTBP = 90°

Question 14.

Tangents AP and AQ are drawn to a circle, with centre O, from an exterior point A. Prove
that:

2PAQ =2,0PQ



Solution:

0

In quadrilateral OPAQ,
LOPA = £00A = 90°

(- OP LPA and OO L Q&)

L ZPO0 + ZPAD + 90° 4+ 9CP = 3609
— P00 + £PAQ = 360P - 1800 = 18CP.......... (i)

In triangle OPQ,

OP = 00 (Radii of the same circle)

L LORD = Z00P

But

PO+ £0OPQ + 2 0O0P = 180°

= APO0 + #0OP0 + £0PQ = 180°

= APOQ + 2-0P0 = 180°. ... (i)

From (i) and (ii)

ZPOG+ ZPAQ = /PO + 220P0
= /PAQ = 220PQ

Question 15.

Two parallel tangents of a circle meet a third tangent at point P and Q. Prove that PQ
subtends a right angle at the centre.

Solution:



B
Join OP, OQ, OA, OB and OC.

In AOAP and AQCP

OA = OC (Radii of the same circle)

OP = OP (Common)

PA = PC (Tangents from P)

.. By Side-Side-Side criterion of congruence,
AOAP = AOCP (SSS Postulate)

The corresponding parts of the congruent trinagles are congruent.
= /APO = ZCPO (cpct)........ ()

Similarly, we can prove that
L AQCD = ACBD
= 000 = £BOO......(ii)

L ZAPC = 22CP0 and £C0QB = 22000
Burt,
SAPC + #COB = 180

[Sum of interior angles of a transwversal)
L2222 TR0 22000 = 1808

= LOPO+ 2000 = 90°

Mow in APOQ,

ZCPO+ ZC0Q0 + ZPO0 = 180°
= 90° + £POQ = 180°
. ZPOQ = 90°



Question 16.
ABC is aright angled triangle with AB = 12 cm and AC = 13 cm. A circle, with centre O,
has been inscribed inside the triangle.

A

12 cm

B

Calculate the value of x, the radius of the inscribed circle.

Solution:
In AABC, 2B = 90F

OL L AR, OM LBC and ON L AC

LEMNO is a square.
LE=BN=0L=0M=0N=x

DAL =12-x
CAL=AN=12-x

Since ABC is aright triangle

ACE = AR? 4 BCF
=137 =127+ BC?
= 169 = 144 + B2
= BC? = 25
=BC=5

S MC =5-x%
But G = CN

S CM=5-x

Now, A5 = AN+ MC
13=(12-x)+(5-x)
13=17 - 2x
2w = <

X =2 Cm



Question 17.

In a triangle ABC, the in circle (centre O) touches BC, CA and AB at points P, Q and R
respectively. Calculate:

i) 2QOR

i) 2QPR

given that 2A = 60°

Solution:

The incircle touches the sides of the triangle ABC and

OF LBC, 00 1L AC,OR 1L AB
i} In quadrilateral AROG,

ZORA = 9P, ZO0A = 900, 28 = 6P
ZO0R = 360 - (90° + OCP + 60P)
ZO0R, = 3600 - 2400

ZO0R = 1200

i) Mow arc RQ subtends £ OR at the centre and £ZQPFR. at the remaining part of the circle.
1
L Z0PR = EiQDR

— LOPR = % < 120°
— QPR = 60°

Question 18.

In the following figure, PQ and PR are tangents to the circle, with centre 0. If, calculate:
i) 2QOR

i) 2OQR

i) QSR



Zl
N

Solution:

Join QR.
i) In quadrilateral ORPQ,

0OQ L OP,OR LRP

. LOQP = 90°, ZORP = 90°, ZQPR = 60°
ZQOR = 360° - (90° + 9C° + 60°)

ZQOR = 360° - 240°

ZQOR = 1200

i) In AQOR,
0OQ = QR (Radii of the same circle)

L ZOQR = ZQRO. ..., (i)

but, ZOQR + ZQRO + ZQOR = 18(°
ZOQR + ZQRO + 120° = 180r
ZOQR + ZQRO = 60°

from (i)

2£00R = 60°

ZOQR = 30°



i} Mow arc RQ subtends ZQOR at the centre and ZQ SR at the remaining part of the circle.

L ZOSR = %zQDR

= QSR = %x 1209

= LSk = 60°
Question 19.

In the given figure, AB is a diameter of the circle, with centre O, and AT is a tangent.
Calculate the numerical value of x.

B

Solution:

In ADBC,
OB =0C (Radii of the same circle)

L L0BC = £00B

But, ExtsC0A = Z0BC+ £0OCE
ExtsC0OA = 220BC

= 64° = 220BC

= JOBC = 32°

MNowin ARBT,

ZBAT = 9P (04 L AT)

Z0BC or ZABT = 32°

L LZBAT + ZABT + 20 = 180°
= 907 + 327+ ¥ = 120"

= x" = 587



Question 20.

In quadrilateral ABCD, angle D = 90°, BC =38 cm and DC = 25 cm. A circle is inscribed in
this quadrilateral which touches AB at point Q such that QB = 27 cm. Find the radius of
the circle.

Solution:
B
27 tcm
Q

w
A f

3
P (o R
D ~ c

25 cm

BQ and BR are the tangents from B to the circle.
Therefore.BR=BQ =27 cm.
AlsoRC=(38-;27)=11cm

Since CR and CS are the tangents from C to the circle
Therefore.CS=CR=11cm
So,DS=(25-11)=14cm

Now DS and DP are the tangents to the circle
Therefore, DS = DP

Now, /PDS = Q(r (given)

and OP 1L AD,0S 1 DC

therefore, radius=DS =14 cm

Question 21.

In the given figure, PT touches the circle with centre O at point R. Diameter SQ is
produced to meet the tangent TR at P.

Given and £SPR = x° and £QRP =y°

Prove that -;



i) 2ORS = y°
ii) write an expression connecting x and y

S R
Solution:

LORF = ZO5R = y (angles in alternate segment)
But OS5 = OR (Radii of the same circle)

- ZORS = #OSR = v
L 00 = 0R (radii of same drde)

L LO0R = ZORQ =907 —w L (i since OR LPT)
Butin APQR,
ExtZ00R = x4+ y.......00)
From (i) and (ii)
W4y =900 -y
= x4+ Jy = 90°
Question 22.
PT is a tangent to the circle at T. If ; calculate:
i) 2CBT
i) 2BAT

iii) ZAPT



Solution:

wn

Join AT and BT.
i) TC is the diameter of the circle

- ZCBT = 90° (Angle inasemi-circle)

i ZCBA = 70°
o LABT = ZCBT - ZCBA = Q0P -7 0P = 20r

Now, ZACT = ZABT = 20 (Anglesin the same segment of the
circle)
L ZTCB = LACB - ZACT = 50° - 20° = 30°

But, ZTCB = ZTAB (Angles in the same segment of the circle)

. LTAB or LBAT = 30°



i) 7 BTX = #TCE = 30 [Angles in the same segment)
L ZPTE = 1800 - 207 = 1509
Mow in APTE,

ZAPT + ZPTB + ZABT = 180r
= ZAPT + 150°+ 207 = 120"
= ZAPT = 1807 - 1707 = 1Cr

Question 23.

In the given figure, O is the centre of the circumcircle ABC. Tangents at Aand C
intersect at P. Given angle AOB = 140° and angle APC = 80°; find the angle BAC.

a N\

N o

Solution:

Join OC.

Therefore, PA and PA are the tangents
L OA LPA and OC L PC

In quadrilateral APCO,

ZAPC + ZADC = 180°
= 80° + LAQC = 180°
= LAOC = 100°



/BOC = 360° - (£AOB + £A0C)
ZBOC = 360° - (1409 + 100°)
/BOC = 3600 - 2400 = 120°

Mow, arc BC subtends B0 at the centre and ~BAC at the remaining part of the circle

L LZBAC = %JE‘:DC

ZBAC = %xizou 60P

Question 24.

In the given figure, PQ is a tangent to the circle at A. AB and AD are bisectors of ZCAQ
and 2PAC. If zBAQ = 30°, prove that : BD is diameter of the circle.

C

P A Q

Solution:

£CAB = £BAQ = 30°.....(AB is angle bisector of LCAQ)
£CAQ =24BAQ = 60°......(AB is angle bisector of 2CAQ)
£CAQ + £PAC = 180°.....(angles in linear pair)

~2PAC =120°

£PAC = 2£CAD.....(AD is angle bisector of PAC)
2CAD = 60°

Now,
<CAD + «CAB =60+ 30 =90°



<DAB =90°
Thus, BD subtends 90° on the circle
So, BD is the diameter of circle

Exercise 18 B
Question 1.
i) In the given figure, 3 x CP = PD =9 cm and AP = 4.5 cm. Find BP.

D
A

i) In the given figure, 5 x PA = 3 x AB = 30 cm and PC = 4cm. Find CD.




Solution:
i} Since two chords AB and CD intersect each other at P

L AP xPB = CP < PD

= 45xPB=3x9 (3CP = 9cm = CP = 3cm)

Sx 9
=FB =
4.5

=6 cm

if) Since two chords AB and CD intersect each otherat P

L AP xPB = CPxFD

But SxP& =3« AB =30 cm
S 5xPA =30 cm =PA =56 cm
and 3xAB =30 cm = AB =10 cm

=BP=PA+AB =6+ 10=16 cm
Mo,

AFPxPB =CPxFD
=6x16=4xPD

&x 16

=PD = =24 cm

CO=PD-PC=24-4==20cm

iii} Since PAR is the secant and PT is the tangent

- PT? = P& xPE
=12.5° - 10xFBE
= FB = —12'51%12'5 — 15.625 cm

AB=FPBE-PA=15625-10=5625cm

Question 2.
In the given figure, diameter AB and chord CD of a circle meet at P. PT is a tangent to
thecircleat T.CD=7.8cm, PD =5cm, PB =4 cm. Find

(i) AB.
(ii) the length of tangent PT.



Solution:

((1PA& = AB +BP = (AB + 4) cm
PC=PD+CD=5+7.8=128¢cm
Since P& x PB = PCxPD
= (AB+ 4 x4=12.8x5

AR 4 4o 12.8x5

=A,AB+4d=15
= 4B =12 cm

(i) Since PT2 = PC xPD
=PT?=12.8x5
=PT? = 64
=FT = & cm

Question 3.

In the following figure, PQ is the tangent to the circle at A, DB is a diameter and O is the
centre of the circle. If ; ZADB = 30° and CBD = 60° calculate:

i) LQAD
ii) .PAD
iii) .CDB




Solution:

i) PAQ is a tangent and AB is the chord.

Z0AB = ZADB = 3P (angles in the alternate segment)
i) QA = 0D (radii of the same circle)

L 20AD = Z0DA = 30°

But, O& L PQ
© ZPAD = ZOAP - Z0AD = 90° - 30° = 60°

iii) BD is the diameter.
- SBCD = 90r (angleinasemi-circle)
Mow in ABCO,

ZC0OE + #CBD + ZBCD = 150P
= ZCDE + 607 + 907 = 15(0F
= <CDE = 1807 - 1507 = 5Cr

Question 4.

If PQ is a tangent to the circle at R; calculate:
i) 2PRS

i) ZROT

Given: O is the centre of the circle and 2TRQ = 30°

Solution:



PQis atangent and OR is the radius.
S OR 1L PO

S ZORT = 9P

= LJTRQ =907 - 307 = 6"
Butin ADTR,

T = OF (Radii of the same circle)

L ZOTR = 60°F or £STR = 60P
But,

ZPRS = ZSTR = 60° {angles in the alternate segment)
In ACRT,

L0ORT = a0#

ZO0TR = 6P

s ZROT = 1802 - (60P + 60°)
ZROT = 180° - 120° = &0F°

Question 5.
AB is diameter and AC is a chord of a circle with centre O such that angle BAC=30°. The
tangent to the circle at C intersects AB produced in D. Show that BC = BD.

Solution:

JoinOC,

ZBCD = #ABAC = 307 (angles in alternate segment)

Arc BC subtends ~D0OC at the centre of the circle and »~BAC at the remaining part of the circle.
L ZBOC = 27BAC = 2 x 30° = 607

Now in ADCD,

ZBOC or Z00C = &0°
Z0OC0 =90 (OC L Ch)
L ZD0C+ £0DC = 90°



= B0° + L00C = 90F
= Z00C = 90° - 6CF = 30P

MNowin ABCD,

- 200 or LZEDC = ZBCD = 30
L BC=EBD

Question 6.
Tangent at P to the circumcircle of triangle PQR is drawn. If this tangent is parallel to
side QR, show that triangle PQR is isosceles.

Solution:

Q R

DE is the tangent to the circle at P

DE||QR (Given)

ZEFR = ZPRQ  (Alternate angles are equal)

ZDPD = #PQR. (Alternate angles are equal)....(i)

Let ADPO=x and ZEPR =v

Since the angle between a tangent and a chord through the point of contact is egual to the angle in the alternate segment
L LZ0OPG = ZPRO. .. LLID (DE is tangent and PQ s chord)

from (i) and (ii)

PR = 2PRG

= PO =FR

Hence, triangle POR is anisosceles triangle.

Question 7.

Two circles with centers O and O’ are drawn to intersect each other at points A and B.
Centre O of one circle lies on the circumference of the other circle and CD is drawn
tangent to the circle with centre O" at A. Prove that OA bisects angle BAC.



Solution:

Join OA, OB, OA,O'B and O'O.

CD is the tangent and AO is the chord.

Z0OAC = £Z0BA....... (i) (angles in alternate segment)
In AQAB,

OA = OB (Radii of the same circle)

> ZOAR = ZOBA, v i (i)

From (i) and (ii)

ZOAC = ZOAB

Therefore, OA is bisector of /~ BAC



Question 8.

Two circles touch each other internally at a point P. A chord AB of the bigger circle
intersects the other circle in C and D. Prove that: zCPA = 2DPB

Solution:

Draw a tangent TS at P to the circles given.

Since TPS is the tangent, PD is the chord.

L ZPAB = ZBPS..... (iN{angles in alternate segment)
Similarly,
ZPCE ol TIPS i (ii)

Subtracting (i) from ({ii)
ZPCD - ZPAB = ZDPS - ZBPS
Butin APAC,

Ext£ZPCD = ZPAB + ZCPA
. ZPAB + ZCPA - ZPAB = ZDPS - ZBPS
= £LCPA = ZDPB



Question 9.
In a cyclic quadrilateral ABCD, the diagonal AC bisects the angle BCD. Prove that the
diagonal BD is parallel to the tangent to the circle at point A.

Solution:
o
C
;
B
a
5
ZADB = ZACB. ... ... (i){angles in same segment)
Similarly,
ZBBD = ZACD.......... (i)

But, ZACB = £ACD(AC is bisector of £BCD)
L ZADB = £ABD {from (i) and (i)

TAS is a tangent and AB is a chord

. £BAS = ZADB({angles in alternate segment)

But, ~ADE = ZABED
n ZBAS = ZABD

But these are alternate angles

Therefore, TS||BD.

Question 10.

In the figure, ABCD is a cyclic quadrilateral with BC = CD. TC is tangent to the circle at
point C and DC is produced to point G. If angle BCG = 108° and O is the centre of the
circle, find:

i) angle BCT

ii) angle DOC



Solution:

Join OC, OD and AC.
i)
SBCG+ ZBCD = 180° (Linear pair)

= 108" + ZBCD = 1207
= ZBCD = 180r - 105" = 72"

BC =CD

L L0CF = ZBCT

But, #BCT + #BZD + #DCP = 1807

L ZBCT + ZBCT + 720 = 180P

25BCT = 1800 -7 2@

SBCT = 5=

i)

PCTisatangent and CAis a chord.

L 2CA0 = ZABCT = 542

But arc DC subtends Q0O at the centre and 2 CAD at the

remaining part of the circle.

L LD0C = 22CAD = 2% 540 = 1057



Question 11.

Two circles intersect each other at point A and B. A straight line PAQ cuts the circle at P
and Q. If the tangents at P and Q intersect at point T; show that the points P,B,Qand T
are concyclic.

Solution:

Join AB,PB and BQ

TPis the tangent and PAis a chord

L LTPA = ZABP........... (i) (angles in alternate segment)
Similarly,
ZTQA = ZABQ..........(i1)

Adding (i) and (ii)

LTPA + ZTQA = ZBBP + £ZABQ

But, in APTQ,

LTPA + £ZTQA + £PTQ = 180°
= £LPBQ = 180° - LPTQ

= £ZPBQ+ £ZPTQ = 180°

But they are the opposite angles of the quadrilateral
Therefore, PBQT are cyclic.

Hence, P, B, Q and T are concyclic.

Question 12.
In the figure, PA is a tangent to the circle. PBC is a secant and AD bisects angle BAC.
Show that the triangle PAD is an isosceles triangle. Also show that:

£CAD =3(PBA — PAB)



SR

Solution:

il PA is the tangent and AR is a chord
. £PAB = Z£C.......(i) (angles in the alternate segment)

AD is the bisector of ~BAC

In A8DC,

ExtZADP = ZC+ 21
= ExtZADP = ZFPAB + £2 = ZPAD

Therefore, APAD is an isosceles triangle.
i) In ALBC

ExtsPBA = £C + ZBAC
SBAC = ZFBA - LT
=1+ 22 = ZFPBA - ~PAB
(from (i) part)
251 = ZFBA - ZFPAB
21=Lzpea - 2PoE)

2

= £CAD = %[iPBA - ZPAB)

Question 13.
Two circles intersect each other at point A and B. Their common tangent touches the

circles at points P and Q as shown in the figure. Show that the angles PAQ and PBQ are
supplementary.



Solution:

Join AB.

PQ is the tangent and AB is a chord

L ZOPA = ZPBALL L (i) (angles in alternate segment)
Similarly,

LPOA = Z0BA (D

Adding (i) and (ii}

Z0OP& + ZPOA = Z/PBA + ZQBA

But, in APAQ,
LXQPQZF KPQA = ].SOD_LXP%Q:::::::::::::UHJ
and £PBA+ £0BA = ZPBO.......... (iv)

From (iii) and (iv)

ZPBQ = 180 - £PAD
= /PBO+ £PAD = 1800
= /PAD+ £PBO = 1800

Hence, #PAD and #PBQ are supplementary.

Question 14.

In the figure, chords AE and BC intersect each other at point D.
i) if, «.CDE =90° AB =5 cm, BD =4 cm and CD =9 cm; find DE
ii) If AD = BD, Show that AE = BC.



A 2 E
B
Solution:
C
D
A E
B
Join AB.
i) In Rt. AADB,
ARZ = AD? 4 DE?
5F = ADZ 4 P
A0F = 25- 16
ADR =9
A0 =3

Chords AE and CB intersect each other at D inside the circle
ADxDE=BDxDC
3xDE=4x9

DE=12cm

i) If AD = BD .......[T)

We know that:
ADxDE=BDxDC

But AD=BD
Therefore, DE = DC ......[ii)
Adding (i) and (ii)
AD+DE=BD+DC

Therefore, AE = BC



Question 15.
Circles with centers P and Q intersect at points A and B as shown in the figure. CBD is a

line segment and EBM is tangent to the circle, with centre Q, at point B. If the circles are
congruent; show that CE = BD.

Solution:

Join AB and AD

EBM is atangent and BD is a chord.

ZDBM = ZBAD (angles in alternate segments)
But, «DBM = £ZCBE (Vertically opposite angles)
. £ZBAD = ZCBE

Since in the same circle or congruent circles, if angles are equal, then chords opposite to them are also equal.

Therefore, CE=BD

Question 16.

In the adjoining figure, O is the centre of the circle and AB is a tangent to it at point B.
Find «BDC = 65. Find £BAO



Solution:

AB is a straight line.

- £ADE + #BDE = 18CP
= £ADE + 65° = 180
= /ADE = 115°........... (il

AB ie DB is tangent to the circle at point B and BC is the diameter.

- #DBC = 90e
In ABDC,

/DBC+ #BDC + #DCE = 1800
— QP + 65°+ <DCE = 180°
— /DCB = 250

MNow, OF = OC (radii of the same circle)

L£DCB o £Z0CE = £0EC = 25°
Also,
SOEC = ZDEA =257, (i)

(wertically opposite angles)

In ARDE,

ZADE + £ZDEA + £ZDAE = 180r
From (i) and (ii)
115° 4+ 25° + #DAE = 1807

= LDAE or LZBAQ = 130° - 140° = 40°
L LBAD = 40P



Exercise 18 C

Question 1.
Prove that of any two chord of a circle, the greater chord is nearer to the centre.

Solution:

Given: Acircle with centre O and radiusr. QM L AB and ON L D - Also AB = CD
To prowve: OM = ON
Proof: Join OA and OC.
In Rt AACIM,
ACE = ANE 4+ ONE
1 2
=re = [EAB] + O

:>r2=zllABz+DM2 ............. (i)

Againin Rt. ACONC,
OC? = MNC? + ON?

1 2
=r?= [5 CD] + ONE

:>r2=21LCD2+DN2 ............. (i)



1

3T2=ECD2+DN2 ............. (ii)
From (i) and (ii)
E&BE+DWF=ECDE+DNE

4 2

But, AB = CD (given)

SN = O

= M < O

Hence, AB is nearer to the centre than CD.

Question 2.
OABC is arhombus whose three vertices A, B and C lie on a circle with centre O.
i) If the radius of the circle is 10 cm, find the area of the rhombus.

ii) If the area of the rhombus is 3243 cm?, find the radius of the circle.

Solution:
c

\

i) Radius = 10 cm
In rhombus OABC,
OC=10cm

1

SO x 1
5

OB=Z-x10=5cm
2

In Rt. AOCE,

OC? = OE? + EC?
= 102 =52+ EC?



= EC =543
L AC=2xEC=2x53 = 1043

Area of rhombus = é x OB x AC

x 10 % 1043

= 5043 cm? = 86.6 cm? (43 =1.73)

M|

i) Area of rhombus = 325 crme

But area of rhombus OABC = 2 x area of AQAR

Area of rhombus OABC = 2x grz

Where r is the side of the equilateral triangle OAE.
"JII_ 2 32’\1"_
"JII— 2 32}\1"_

= =64
=r==2

Therefore, radius of the circle = 8 cm

Question 3.
Two circles with centers A and B, and radii 5 cm and 3 cm, touch each other internally. If

the perpendicular bisector of the segment AB meets the bigger circle in P and Q; find
the length of PQ.

Solution:

If two circles touch internally, then distance between their centres is equal to the difference of their radii. So, AB = (5-3)cm = 2 cm.

Also, the commeon chord PQ is the perpendicular bisector of AB. Therefore, AC=CB = é AB=1cm



Inright A ACP, we have APZ=ACZ+CP2
=52=12+CP?
=CPZ=25-1=24

=CP= La- 26 cm

Now, PQ=2CP
=2x 2.6 cm

= ZJ& cm

Question 4.
Two chords AB and AC of a circle are equal. Prove that the centre of the circle, lies on
the bisector of the angle BAC.

Solution:

Given: AR and AC are two equal chords of C{O, r).
To prove: Centre, O lies on the bisector of ~ BAC.,
Construction: Join BC. Let the bisector of 2 BAC intersects BCin P
Proof:

In A APBand A APC,

AB = AC (Given)]

£ BAP = ~ CAP [Given]

AP = AP (Common)

o AAPB = AAPT (SAS congruence criterion)

= BP=CPand ~ APB =~ APC[CPCT)

& APB + ~ APC = 1809 {Linear pair)

== 2 APB=180° ([~ APB = 2~ APC)



= ~ APB=9%0"
Mow, BP = CP and 2 APB = 20°
5 AP s the perpendicular bisector of chord BC.

= AP passes through the centre, O of the circle.

Question 5.

The diameter and a chord of circle have a common end-point. If the length of the
diameter is 20 cm and the length of the chord is 12 cm, how far is the chord from the
centre of the circle?

Solution:

AB is the diameter and AC is the chord.

Draw OL L AC

Since QL 1 AC and hence it bisects AC, O is the centre of the circle.
Therefore, OA=10cmand AL=46cm

Now, in Rt. AOLA,

AO? = AL% + OL?

=107 = 6%+ OL?

= 0l% = 100- 36 = 64
= 0L =8cm

Therefore, chord is at a distance of 8 cm from the centre of the circle.

Question 6.
ABCD is a cyclic quadrilateral in which BC is parallel to AD, angle ADC = 110° and angle
BAC = 50°. Find angle DAC and angle DCA.



Solution:

ABCD is a cyclic quadrilateral inwhich AD||BC

LZADC = 1107, ZBAC = S0P
ZB+ £D = 180F

[{Sum of opposite angles of a quadrilateral)

=B+ 110° = 180°
=B =70

Now in ARBC,

SBAC + ZAABC + ZACE = 180P°

= 5F + 707+ ZACE = 180P

= SACB = 180° - 120° = 6P

- 80 || BC

L Z0AC = ZACE = 60F (alternate angles)

Mow in AADC,

LOAC+ ZADC + £ZDCA = 180°
=60r+ 1107 + 2DCA = 180°
= L0CA = 1800 - 170° = 1CF

Question 7.
In the given figure, C and D are points on the semicircle described on AB as diameter.
Given angle BAD = 70° and angle DBC = 30°, calculate angle BDC

Ce D

m
il 3
B <8



Solution:
Since ABCD is a cyclic guadrilateral, therefore, .~ BCD + ~ BAD = 1800

[since opposite angles of a cyclic quadrilateral are supplementary)
=~ BCD+ 70" =180¢°

= ~BCD=180° -70° =110°

In A BCD, we have,

< CBD+ ~ BCD+ .~ BDC =180°

=30° +110° + ~ BDC= 130"

= < BDC=180% - 140®

= < BDC=40°

Question 8.

In cyclic quadrilateral ABCD, A =3 2C and «D = 5£B. Find the measure of each angle
of the quadrilateral.

Solution:

ABCD is a cyclic quadrilateral.

~2A+2C=180°
=32C+2C=180°
= 4,C=180°

= 2C =45°

v 2A=32C

= £,A=3x45°

= ¢+A=135°

Similarly,



~ 2B+ 2D =180°
=/B+54B =180°
= 64B =180°

= ¢«+B=30°

2D =5/B

=+,D=5x%x30°>

= «D=150°

Hence, £A = 1350, «B = 30°, 2C =450, «D = 150°

Question 9.
Show that the circle drawn on any one of the equal sides of an isosceles triangle as
diameter bisects the base.

Solution:

B — T C
Join AD.
AB is the diameter.
oS ADEB =907 (Angle in a semi-circle)
But, »~~ ADB + ~ ADC = 180° {linear pair)
= £ ADC=90°
In 4 ABD and AACD,
£ ADE = ~ ADC {each 0%
AB = AC (Given)
AD =AD (Common)
L AABD = A ACD (RHS congruence criterion)
= BD=DC(C.RCT)

Hence, the circle bisects base BC at D.



Question 10.

Bisectors of vertex A, B and C of a triangle ABC intersect its circumcircle at points D, E
bl 1

and F respectively. Prove that angle EDF = N° — 344

Solution:

Join ED. EF and DF. Also join BF, FA, AE and EC.

ZEBF = ZECF = ZEDF........... (i) (angles in the same segment)

In cyclic quadrilateral AFBE,
ZEBF + ZEAF = 180°............(ii) {Sum of opposite angles)

Similarly in cyclic quadrilateral CEAF,
ZEAF + ZECF = 180°............(iii)
Adding (ii) and (iii)

ZEBF + ZECF + 2ZEAF = 360°

= /EDF + ZEDF + 24EAF = 3602 (from (i)
= 2/EDF + 2£EAF = 360°

= /EDF + ZEAF = 180°

= LEDF + Z1 + ZBAC + £2 = 18P

ButzZ1= 23 and £2=2/4

(angles in the same segment)



-~ ZEDF + £3+ /BAC + £4 = 1800
But £4= 2/C /3= 2B
2 2

. ZEDF + %JB + ZBAC + éiC = 150r

1 1 1
= SEDOF + §£B+ Exiiﬁx+ §£C= 120e

= ZEDF + %{z,m ZB+ ZC)+ %z,&= 180°

= ZEDF + %[180“} + ég,& - 180

= ZEDF + 907 + éi:ﬂ« = 15CF

= ZEDF = 1807 - [QD‘:‘ + %iﬁ«}

= ZEDF = 1807 - 90”%5&

= <EDOF = 907 - %i.&.

Question 11.
In the figure, AB is the chord of a circle with centre O and DOC is a line segment such
that BC = DO. If «C = 20°, find angle AOD.

A /_\B C

Solution:



Join OB.

In A0BC,

BC =00 = 0B (Radii of the same cirde)
L2B0C = LBLOD = 20P

and Ext£4B0 = ZBCO + ZBOC

= Ext/ABO = 20° + 200 = 40P ............. (i)

In AQAB,

04 = OB (Radii of the same circle)
© ZOAB = ZOBA = 40° (from (i)
SE808 = 1807 - Z0AB - ~Z0OBA

= SR0B = 180 - 40° - 40F = 100°

Since DOC is astraight line

L ZR00 + ZA0B + £BOC = 1800
= ZA00 + 1007 4+ 20° = 130P

= LA0D = 1800 - 120°

= LA0D = 607

Question 12.
Prove that the perimeter of a right triangle is equal to the sum of the diameter of its in
circle and twice the diameter of its circumcircle.

Solution:



Join OL, OM and ON,
Let D and d be the diameter of the circumcircle and incircle.

and let R and r be the radius of the circumcircle and incircle.

In circumcircle of AABC,

ZB = 90F

Therefore, AC is the diameter of the circumcircleie. AC=D
Let radius of the incircle=r

SOl = OM= O

Now, from B, BL, BM are the tangents to the incircle.

wBl=BM'=f
Similarly,
AM = AN andCL=CN =R

(Tangents from the point outside the circle)
Now,

AB+BC+CA = AM+BEM+BL+CL+CA

= AN+r+r+CN+CA

= AN+CN+2r+CA

=AC+AC+2r

= 2AC+2r

=2D+d

Question 13.
P is the midpoint of an arc APB of a circle. Prove that the tangent drawn at P will be
parallel to the chord AB.



Solution:

= T

Iy B

Join AP and EFR.

Since TPS is a tangent and PAis the chord of the circle.
BT = 2 PAR f(angles in alternate segments)

But

ZPBA& = £PAB(- PR = PB)
- Z/BPT = ZPBA

But these are alternate angles

- TPS|| &B

Question 14.

In the given figure, MN is the common chord of two intersecting circles and AB is their
common tangent.

Prove that the line NM produced bisects AB at P.



Solution:

From P, AP is the tangent and PMN is the secant for first circle.

L AP? Z PMx PN, (i

Again from P, PB is the tangent and PMM is the secant for second circle.
o PB2 =PMx PN LD

From (i) and (ii)

AP? = PB*

= AP =FB

Therefore, P is the midpoint of AB.

Question 15.

In the given figure, ABCD is a cyclic quadrilateral, PQ is tangent to the circle at point C
and BD is its diameter. If zDCQ = 40° and £ABD = 60°, find:

i) 2DBC
i) 2 BCP
iii) 2 ADB

A

Solution:



i) PQis tangent and CD is a chord

L Z0DC0 = £DBC (angles in the alternate segment)

L ZOBC = 40° [ 2DCG = 40°)
i)
DO+ Z0CEB + £BCP = 180F

= 4P+ 9P + LBCP = 18(F (.- ZDCB = 9CF)
= ZBCP =180 - 1300 = 50

i} In AABD,

ZBAD = 90, £ABD = 60°
. ZADB = 1807 - (9CP + 60)
= ~ADB = 180° - 150° = 30°

Question 16.

The given figure shows a circle with centre O and BCD is a tangent to it at C. Show
that: ZACD + «BAC = 90°

>

Solution:

Join OC.

BCD is the tangent and OC is the radius.



Qe LEBED

= L 0C0 = 909

= /0CA + ZACD = 90°. ... (0
Butin AOCTA

08 = OC (radii of same drde)

L L00A = Z0AC

Substituting in (i)

Z0AZ+ ZACD = 90
= LBAC + ZACD = S0P

Question 17.

ABC is aright triangle with angle B = 90°. A circle with BC as diameter meets by
hypotenuse AC at point D.

Prove that -

i) AC x AD = AB?2

ii) BD2= AD x DC.

Solution:

i) In AABC,

ZB = 90r and BCis the diameter of the circle.
Therefore, AB is the tangent to the circle at B.
Now, AB is tangent and ADC is the secant

. AB% = ADx AC

i) In AADB,



Z0 =909

L 2B+ ZPBD = 900, (1)
Butin ARBC, £B = 90F

From (i) and (ii)
S0 = ZABD

Now in A8BD and ACED,

ZBDOA = £BDC = 907
ZAB0O = ZBCD

L AABD -~ ACBD (AN Postulate)
CBD AD

DT BD
—=BD? = AD xDC

Question 18.
In the given figure AC = AE.

Show that:
i) CP=EP
i) BP = DP

Solution:

In 4A0C and MABE,
SACD = ~AEB (angles inthe same segment)
AC = AE (Given)

8 = A0 (Common)



SoAADC = ASBE (ASA Postulate)
=AB=AD
but AC = AE

L AC-AB = AE-AD
=BC=DE

In ABPC and ADPE,

20 = ZFE (angles in the same segment]
BC=DE

SCBF = ACDE (angles inthe same segment)
. ABPC = ADPE (ASA Postulate]
=BP=DPand CP=PE (cpct)

Question 19.

ABCDE is a cyclic pentagon with centre of its circumcircle at point O such that AB = BC
= CD and angle ABC=120°

Calculate:

i) .BEC

i) 2 BED

Solution:

i) Join OC and OB.



AB=BC=CDand #4BC = 120#

L ZBCD = ZABC = 120

OB and OC are the bisectors of #ABC and /B CD respectively.
L ZOBC = ZBCO = 60P

In ABOC,

ZBOC = 180P - (LOBC + ZBOC)
= /BOC = 1800 - (60° + 60°)
= /BOC = 180° - 120F = &°

Arc BC subtends B atthe centre and ~BEC at the remaining part of the circle.

L ZBEC = %LBDC = éx 6P = 307

i) In cyclic quadrilateral BCDE,

ZBED + £BCD = 120°
= ZBED + 120° = 180°
~ £BED = &0m

Question 20.

In the given figure, O is the centre of the circle. Tangents at A and B meet at C. If angle
ACO = 30°, find:

(i) angle BCO

(i) angle AOB

(iii) angle APB




Solution:
In the given fig, O is the centre of the circle and CA and CB are the tangents to the circle from C. Also, ~ ACO =302
P is any point on the circle. P and PE are joined.

To find: (i) L BCO

Proof:

(i}In AOAC and OBC,

OC=0C {common)

04 =08 (radius of the drde)

CA=CB (tangents to the drcle)

» AQAC = AOBC (SSS congruence ariterion)
L LACD = £ZBCO = 307

fii) . ZACBE = 30° + 30° = 60°

L2808+ 2408 = 1807

= L8080 + 607 = 180°

= 808 = 180° - al®

= 808 = 120°

(i) Arc AB subtends ZAOB at the centre and ZAPB

is in the remaining part of the drcle

é;ﬂxF"B=é£ﬂ|DB = % x 120°% = &60°

Question 21.
ABC is a triangle with AB =10 cm, BC = 8 cm and AC = 6¢cm (not drawn to scale). Three

circles are drawn touching each other with the vertices as their centres. Find the radii of
the three circles.



Solution:

Given: ABC is a triangle with AB = 10 cm, BC=8 cm, AC = & cm. Three circles are drawn with centre A, B and C touch each other at B Qand R
respectively.

We need to find the radii of the three circles.

Let

P& = AQ = x
QC=CR =y

REBE =BF ==
LE+Ez=10 ... (1)
Z+y=8 ... (2]



Adding all the three equations, we have
2x+y+z) =24

=>x+y+z=%= 12 .04

Subtractng (1), (2)and (3) from (<)
y=12-10=2

¥=12-8=4

zZ=12-6=06

Therefore, radii are 2 cm, 4 cm and 6 cm

Question 22.
In a square ABCD, its diagonal AC and BD intersect each other at point O. The bisector

of angle DAO meets BD at point M and bisector of angle ABD meets AC at N and AM at
L. Show that -

i) 2ONL + £OML =180°
i) LBAM = ZBMA
iif) ALOB is a cyclic quadrilateral.

Solution:
A D
L
N M
0
B C

o £A0B = £AC0D = 90°

In AANB,

ZANB = 180° - (ZNAB + ZNBA)

= SAMNB = 180P - [45“ + 425 ] (B is bisector of Z4BD)
= /ANB = 180F - 45° —g _ 1350- g

But, ALMNO = ZANE (vertically opposite angles)

- ZLNO = 135° - 425° .......... 0

Now in ABMO,
ZAMO = 180P — (£ACM + L0AM)

= ZAMO = 180° - (90 + ?) (M& is bisec tor of ZDAD)

:;=~£&MD=180°—9[]°—§=9EP— 425° ....... (i)




Adding (i) and (ii)

ZLNO + ZAMO = 1357 - > s

+ 907 —

= SLMNO + ZAMO = 2257 - 457 = 1807
= JOMNL + Z0ML = 1807

ii)

LBAN = ZBAD + ZOAM

= SBAM = 450 4+ E = BTE
= =
and
ZBMA = 180F — [ £AOM + £ 04N

45° 45° i

= ZBMA = 180P - 90° - =QDD_?=6?E

L LBAN = ZBMA

iii} In quadrilateral ALOE,

v SABO + SALD = 450 4 900 4 455 = 180P
Therefore, ALOB is a oyclic guadrilateral.

Question 23.
The given figure shows a semicircle with centre O and diameter PQ. If PA = AB
and £B0OQ = 140°; find measures of angles PAB and AQB. Also, show that AO is parallel
to BQ.
B

Solution:



Join PE.
i) In cyclic quadrilateral PBCO,

ZBPC + ZBCO = 180P
— /BP0 + 1407 = 180°
= /BPQ = 40P (1)

Mow in AFPBO,

ZPBO+ Z/BPQ+ ZBOP = 1800
= 00" + 40° + ZBOP = 180
= /BOP = 50°

In cyclic guadrilateral POBA,

ZPOB + £PABE = 180°
= S0 + ZPAB = 150P°
= SPAB = 1350°

i) Mow in APARB,

ZFPAB + ZAFBE + ZABF = 180CP

= 130" + ZAFPE + ~ABF = 120F

= ~AFB + ZABP = 5P

But

ZAFB = ZABP (PA=FB

L ZRAPE = ZABP = 25

ZBAQ = ZBPQ = 4C0F

ZAFB = 250 = ZAQB [angles in the same segment)

L ZAQB =25 L (2)



iii} Arc AQ subtends £A00 at the centre and £ APQ at the remaining part of the circle.
We have,

LARQ = ZAPE + £8P0, .(3)

From (1), (2} and {3), we have

ZAPQ = 25% + 40° = 6 5°

L ZADQ = 22AP0 = 2 x 657 = 150P

Mow in AR,

ZOAQ = 20048 (~ Of = O0)
but

Z0AQ + 2004 + ZA00 = 18P
= LOAQ + Z0AQ + 1300 = 180P
= 2,080 = 5P

= ZOAQ = 250

L Z0AQ = ZAGE

But these are alternate angles.

Hence, AD is parallel to BQ.

Question 24.

The given figure shows a circle with centre O such that chord RS is parallel to chord QT,
angle PRT = 20° and angle POQ = 100°.

Calculate -

i) angle QTR

ii) angle QRP

iii) angle QRS

iv) angle STR

n/_\s

Q T
\_)p/

Solution:



Join PQ,RQ and ST.
i)
£ZPOQ + £QOR = 180r

= 100° + ZQOR = 1800
= ZQOR = 80°

Arc RQ subtends ZQOR at the centre and £ QTR at the remaining part of the circle.

© ZQTR = %AQOR

= ZQTR = é><80°=40°

i) Arc QP subtends ZQOP at the centre and £ QRP at the remaining part of the circle.

. ZORP = -21-.4QOP

=>4QRP=%><100°=50°
i) RS || QT

L Z5RT = Z0TR (alternate angles)
but ZQTR = 40°

L LZSRT = 400

Mo,

/RS = #/ORP + ZPRT + ZSRT

= L0RS =50P + 20P 4+ 4P = 110P

iv) Since RSTQ is a cyclic quadrilateral
L ZORS + £0TS = 180° (sum of opposite angles)

= /ORS + Z0TR + ZSTR = 18P
— 1107 + 40° + £STR = 180°
— ~STR = 30



Question 25.

In the given figure, PAT is tangent to the circle with centre O, at point A on its
circumference and is parallel to chord BC. If CDQ is a line segment, show that:
i) 2.BAP = £ADQ

i) 2AOB = 2£ADQ

(iii) £ADQ = £ADB.

Solution:

i) Since PAT||BC

s SPAB = ZABC (alternate angles) .. (i)

In cyclic quadrilateral ABCD,

ExtsADD = ZABC L. (i)

from (i) and (ii}

ZPAB = ZAL0D

i) Arc AB subtends ~40B at the centre and ~ADB at the remaining part of the circle.

L ZA0B = Z2A0DEB
= ZA0B = 2-PAB (angles in aternate segments)
= SA0B = 22200 (provedin (i) part)

iii)

- ZBAP = ZADB (anglesin alternate segments)
but

ZBAP = ZADQ (provedin (i) part)

L ZA00 = £ADB



Question 26.

AB is a line segment and M is its midpoint. Three semicircles are drawn with AM, MB
and AB as diameters on the same side of the line AB. A circle with radius r unit is drawn
so that it touches all the three semicircles. Show that: AB=6 xr

Solution:

Let O, P and Q be the centers of the circle and semicircles.
Join OP and OQ.

OR=0S=r

andAP=PM=MQ=QB= AT,B

Now,OP=0OR+RP=r+ E‘? (since PM=RP=radii of same circle)

Similarly, 0Q=05+5SQ=r+ »%B

OM=LM-:OL=%-r

Now in Rt. AQPV),



OP? = PMF+ OMF

2 2 2

:}[HEJ =[ﬁ} +[ﬁ_rJ
4 4 >

2 2 2

2 AB? TAB_AB? AR o o

= + e + 5 1 +
2
LB _ A g
= Fay
2
_ ABT _ B ap
4
AR FrAB
= =™
< =
AB_Br
4 2
3
:;~AE!-=§rx4=Er
Hence AB=6xr
Question 27.

TA and TB are tangents to a circle with centre O from an external point T. OT intersects
the circle at point P. Prove that AP bisects the angle TAB.

Solution:

Join PE.
In 4 TAPand ATEPR,
TA = TE (tangents segments from an external points are equal in length)

Also, ~ ATP = .~ BTF. (since OT is equally inclined with TA and TE) TP = TP [common)



= ATAP = ATBP (by SAS criterion of congrusncy)

=~ TAP = 2 TEP (corresponding parts of congruent triangles are equal)
But »~ TEP = ~ BAP {angles in alternate segments)

Therefore, ~ TAP = ~ BAF.

Hence, AP bisects .~ TAB.

Question 28.

Two circles intersect in points P and Q. A secant passing through P intersects the circle
in A and B respectively. Tangents to the circles at A and B intersect at T. Prove that A, Q,
B and T lie on a circle.

Solution:

Join PQ.
AT is tangent and AP is a chord.

. LTAP = ZAQP (angles in alternate segments) ........ (i)
Similarly, ZTBP = ZBQP ......(i1)
Adding (i) and (ii)

LTAP + ZTBP = ZAQP + ZBQP
= LTAP + ZTBP = ZBQB...........(ii)

Now in ATAB,

ZATE + ZTAP + LTBP = 1807
= ZATB + ZAQB = 180r

Therefore, AQBT is a cyclic quadrilateral.

Hence, A, Q,Band T lie on a circle.



Question 29.
Prove that any four vertices of a regular pentagon are concyclic (lie on the same circle)

Solution:

A

C

ABCDE is a regular pentagon.

L ZBAE = ZABC = #BCD = ZCDE = ZDEA = [5_52J x 180° = 10&°

In A AED,

AE = ED (Sides of regular pentagon ABCDE)
. ZEAD= < EDA

In & AED,

£ AED+ ~ EAD + ~ EDA = 180°

= 108°+ ~ EAD + ~ EAD = 180°

=2 EAD=180°-108°=72°

= ~ EAD = 36"

. 2 EDA=36°

£ BAD =~ BAE- ~ EAD=108"-34"=72"
In quadrilateral ABCD,

ZBAD + ~ BCD =108+ 72%=180°

L ABCD is a cyclic quadrilateral

Question 30.

Chords AB and CD of a circle when extended meet at point X. Given AB=4cm,BX =6
cm and XD = 5 cm. Calculate the length of CD.



We know that XB.XA = XD.XC
Or, XB.(XB + BA) = XD.(XD + CD)
Or, 6{6 +4)=5(5+CD)

Or, 60=5(5+CD)

Or.5°CD=%=12

Or,CD=12-5=7cm.

Question 31.
In the given figure, find TP if AT =16 cm and AB = 12 cm.

Solution:



PT is the tangent and TBA is the secant of the circle.
Therefore, TP2=TAxTB

TP?=16x(16-12) =16 x4 = 64 = (8)°

Therefore, TP =8 cm

Question 32.

In the following figure, A circle is inscribed in the quadrilateral ABCD.

25 cm

A

38 cm >

If BC =38 cm, QB =27cm, DC =25 cm and that AD is perpendicular to DC, find the
radius of the circle.



Solution:

From the fizure we see that BQ = BR = 27 cm [since lensth of the tangent segments from an

external point are equal)
AsBC=38cm
=CR=CE-BR=38-27
=11cm

Agzzin,
CR = C5=11cm {length of tangent segments from an external point are egual)
Now, as DC =25 cm
. D5=DC-5C

=25-11

=14 cm
Now, in gquadrilateral DSOP,
Z PO5 =202 {given)
05D =902, » 0OPD =207 (since tangent is perpendicular to the
radius through the point of contact)
=DS0P is a parallelogram
=OP||SD and =PD||OS
Mow, as OP = OS5 {radii of the same circlg)
= 0OPDSis asquare.... D5=0P=14cm

. radius of the circle = 14 cm

Question 33.

In the figure, XY is the diameter of the circle, PQ is the tangent to the circle at Y. Given
that LAXB = 50° and £ABX = 70°. Calculate BAY and 2APY.



In A AXE,

ZXAB+ £ AXB + ~ ABX=180% [Triangle property]
= 2 XAB +50° +70° =180°

= < XAB=180° -120° =40°

= < XAY=90° [Angle of semi-circle]

L2 BAY =S XAY -2 XKAB =909 -60° =30°

and ~ BXY = ~ BAY = 30° [Angle of same segment]



L2 ACK = 2 BXY + 2 ABX [External angle = Sum of twa interior angles]
=302 + 700

= 100¢°

al=o,

£ XYP=20° [Diameter 1 tangent]

LS APY = 2 ACK -~ CYP

< APY=100° -90°

£ APY=100°

Question 34.

In the given figure, QAP is the tangent at point A and PBD is a straight line. If ZACB = 36°
and £APB = 42°; find:

i) 2BAP

ii) £ABD

iii) QAD

iv) zBCD

(o]

Solution:

PAQ is a tangent and AR is a chord of the circle.
i - ZBAP = #ACE = 36° (anglesin alternate segment)
il In ALPB,

ExtZABD = ZAFE + ZBAP
= ExtZABD = 427 4+ 367 = 780

i) #ADB = ~ACE = 362 (angles in the same segment)



MNow in ARALD,

Exts0QAD = ZAFPE + ZADE
= Ext 208D = 427 + 560 = 750

iv) PAQ) is the tangent and AD is chord

L Z0AD = ZACD = 730 (angles in alternate segment)
and £BCD = ~ACE + ZACD
L ZBCD =360+ 7 = 1140

Question 35.
In the given figure, AB is the diameter. The tangent at C meets AB produced at Q.

34 Q

If

2CAB = 34°, find
i) 2CBA

i) 2CQB

Solution:

il AR is diameter of circle.
L ACE = Qe
In ARBC,

LR+ LB+ 20 =180
= 34+ LCBA + 907 = 18CF
= ~CBA = 5&°



i) QC is tangent to the circle

L LCAR = 2OCE

Angle between tangent and chord = angle in alternate segment
L L0CB = 340

ABQ s a straight line

= JARC + 2CBO = 180F

= 56" + SCBO = 180F

= ZCBQ = 124°

Mo,

ZCOB = 180° - £ 0QCB - ~CBQ
= ZC0B = 1807 - 340 - 1240
= L0008 =22

Question 36.

In the given figure, O is the centre of the circle. The tangents at B and D intersect each
other at point P.

If AB is parallel to CD and £ABC = 55°, find:
i) 2BOD
ii) zBPD

Solution:
i)
ZBC0 = 2-BC0
= SBO00=2x55"= 110CF

i) Since, BPDO is cyclic quadrilateral, opposite angles are supplementary.

L 2BOD+ £BPD = 180°
= <BPD = 1807 - 110~ = 70°



Question 37.

In the figure given below PQ =QR, £RQP = 68°, PC and CQ are tangents to the circle with
centre 0. Calculate the values of:

i) 2QOP

i) £QCP

Solution:
i) PO =RQ

!

. £PRO = £Z0PR. (opposite angles of equal sides of a triangle)

— /PRO+ ZQPR + 68° = 180°
= 2/PR(Q = 180° - 68°

= PR - 1 15' - 56°

Mow, »~ QOP =2 PRQ {angle at the centre is double)

= Q0P =2x58"= 112"

i) 2 PQC= 2 PRQ (angles in alternate segments are equal)
2 QPC= . PRQ (angles in alternate segments)

L ZPQC = £QPC = 567 ([ £PRQ = 567 fromii))
SPQU+ £20PC + £QCP = 1807

— 56° + 567 + £QCP = 1809
— /OCP = 65°

Question 38.
In two concentric circles prove that all chords of the outer circle, which touch the inner
circle, are of equal length.



Solution:

Consider two concentric circles with centres at O. Let AB and CD be two chords of the outer circle which touch the inner circle at the points M and
N respectively.

To prove the given question, it is sufficient to prove AB = CD.
For this join OM, ON, OB and OD,

Let the radius of outer and inner circles be R and r respectively.
AB touches the inner circle at M.

o ABis a tangent to the inner circle

L OMLAB

= BM= EAB
2

=AB=2BM
Similarly ON L CD, and CD = 2DN
Using Pythagoras theorem in A OMB and A QOND

OB% = OMF + BME, OD? = OMZ 4+ DIWE

=BM=+RZ-r%, DN=RZ-7

oy,
AB = 2BM= 2dRZ-r2, CD=2DN= 2JRZ-r2
. AB=CD

Hence Proved,

Question 39.

In the figure, given below, AC is a transverse common tangent to two circles with
centers P and Q and of radii 6 cm and 3 cm respectively.

Given that AB = 8 cm, calculate PQ.

B

Solution:



Since AC is tangent to the circle with center P at point A.

L £PAB = 9P
Similarly, ZQCB = 9Cr

In APAE and AQCE,

ZPAB = ZOCB = S0P

ZPBA = ZQBC (vertically cpposite angles)
. APAB ~ AQCE

Alzoin Rt APAB,

PE = /PAZ 1 PB2

= PB = +f62 + 82 = \BE+ 64 = /100 = 10 cm....... i)

Fraom (i) and [ii),

& 10

3 QB
Sx 10

=B = =5cm

Moy,
PQ=PB+ QB ={10+5)cm=15 cm

Question 40.

In the figure given below, O is the centre of the circum circle of triangle XYZ. Tangents
at X and Y intersect at point T. Given 2XTY = 80° and £X0Z = 140°, calculate the value
of £ZXY.



80

Solution:

In the figure, a circle with centre O, is the circum circle of triangle XYZ.
LXO7 = 140°
Tangents at ¥ and ¥ intersect at point T, such that ~ XTY =80°

L LXQY = 180° - 80° = 100°

But, £XOY + £Y0Z + £Z0X = 360° [Angles at a point]
= 100° + £YOZ + 140° = 360°

= 240° + £ Y0Z = 360°

= /YOZ = 360° - 240°

= S0 = 1200

Mow arc ¥Z subtends £Y0Z at the centre and £YXZ at
the remaining part of the cirde

L LYOS = 22Y XS

= LYXS = %ZVDE

= LYXS = %xlED" = 60°

Question 41.

In the given figure, AE and BC intersect each other at point D. If ZCDE=90°, AB = 5 cm,
BD =4 cm and CD =9 cm, find AE.



C
[)/w
s E

LS

B

Solution:

C
D/w

: -;/ |
B

From Rt. AADB,

AD = JAB? -DB? = y52- 42 = \f25-16 = +/9 = 3 cm
Now, since the two chords AE and BC intersect at D,

ADxDE=CDxDB

3xDE=9x4
BE =22 _ 1
3

Hence, AE=AD+DE=(3+12)=15cm

Question 42.
In the given circle with centre O, ZABC = 100°, £ACD = 40° and CT is a tangent to the
circle at C. Find ADC and «DCT.



Solution:

In a cyclic quadrilateral ABCD,

SABC + £ADC = 180 ”[ODDOSIte angles of a cydic quadrilateral ]
are supplementary

= 100F + ZA0C = 180F

= ZADC = 30°

Mowy, 1N A8C0,

ZACD 4+ £CAD + £A0C = 1807

= 40P + ZCAD + 80° = 180

= 2CAD = 180P - 120°

= ~CAD = 60°

Mow #DCT = 2CAD . .(angles in the aternate segment are equal)
L £DCT = 60#

Question 43.
In the figure given below, O is the centre of the circle and SP is a tangent. If £SRT = 65°,
find the values of x, y and z.




Solution:

TS 1 SP,
= /TSR = 9(F

In ATSR,

/TSR + 2TRS + £RTS = 180P
— 90° + 65° + x = 180°

= x = 180° - 900 - 65°

= X = 25°

Angle subtended at the centre is double that of the
Mo, v = 2% .

angle subtended by the arc at the same cenfre
=y =2y 250
=y = 50°
In AQSP,

LOSP + £SP0O+ £POS = 180P
=90° 4+ z+ 50P = 180°

=z =180 - 140"

=z=4r

Hence, x = 25°, v =50° and z = 4"



