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I Section-A
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11.

12.

If 4 and B are points in the plane such that PA/PB = k
(constant) for all P on a given circle, then the value of &

cannotbeequalto..................... (1982 - 2 Marks)
The points of intersection of the line 4x—3y— 10=0 and the
circlex®+y?—2x+4y—20=0are.................... and ...

(1983 - 2 Marks)
Thelines 3x —4y+4=0and 6x —8y —7 =0 are tangents to
the same circle. The radius of this circle s .....................

(1984 - 2 Marks)
Let x> +y?—4x —2y— 11 = 0 be a circle. A pair of tangents
from the point (4, 5) with a pair of radii form a quadrilateral of
(1985 - 2 Marks)
From the origin chords are drawn to the circle (x — 1)? +?=
1. The equation of the locus of the mid-points of these
chordsis .................... (1985 - 2 Marks)
The equation of the line passing through the points of
intersection of the circles 3x2 + 3y? —2x + 12y — 9 = 0 and
X2+ +6x+2y—15=01s ..o (1986 - 2 Marks)
From the point 4(0, 3) on the circle x>+ 4x+ (y—3)’=0, a
chord 4B is drawn and extended to a point M such that AM
=24B. The equation of the locus of M'is ..................

(1986 - 2 Marks)
The area of the triangle formed by the tangents from the
point (4, 3) to the the circle x> + 32 = 9 and the line joining
their points of contactis ..................... (1987 - 2 Marks)
If the circle C, : x2 + y* = 16 intersects another circle C, of
radius 5 in such a manner that common chord is of maximum
length and has a slope equal to 3/4, then the coordinates of
thecentre of C,are ..................... (1988 - 2 Marks)
The area of the triangle formed by the positive x-axis and

the normal and the tangent to the circle x2 +32=4 at (1, 4/3)
(1989 - 2 Marks)
If a circle passes through the points of intersection of the
coordinate axes with the lines A x—y+1=0andx—2y+3
=, then the value of ), = (1991 - 2 Marks)
The equation of the locus of the mid-points of the circle
4x2 + 4y — 12x + 4y + 1 = 0 that subtend an angle of 27/3
atitscentreis..................... (1993 - 2 Marks)
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The intercept on the line y = x by the circle x? +y?—2x =0 is
AB. Equation ofthe circle with 4B asa diameter is......................
(1996 - 1 Mark)

For each natural number %, let C, denote the circle with
radius & centimetres and centre at the origin. On the circle
Cp a-particle moves k centimetres in the counter-clockwise
direction. After completing its motion on C,, the particle
moves to C, , in the radial direction. The motion of the
particle continues in this manner. The particle starts at (1, 0).
Ifthe particle crosses the positive direction of the x-axis for
the first time on the circle C thenn=...............

(1997 - 2 Marks)

The chords of contact of the pair of tangents drawn from
each point on the line 2x+y =4 to circle x>+)? = 1 pass through
thepoint ........cco.cc....... (1997 - 2 Marks)

True/ False

No tangent can be drawn from the point (5/2, 1) to the
circumcircle of the triangle with vertices (1, NE) ) (L-ﬁ )s
3,-V3). (1985 - 1 Mark)

Theline x + 3y =0 is a diameter of the circle
x?+y*—6x+2y=0. (1989 - 1 Mark)

MCQs with One Correct Answer

A square is inscribed in the circle x2+3?—2x + 4y +3 =0.Its
sides are parallel to the coordinate axes. The one vertex of
the square is (1980)

@ (1+42,-2)

© (1,-2+2)
Two circles x? +y? =6 and x? + 3* — 6x + 8 = 0 are given. Then
the equation of the circle through their points of intersection
and the point (1, 1) is (1980)
(@ x>+)y’—6x+4=0 b) x>+)y*-3x+1=0

© x*+y’-4y+2=0 (d) none of these

® (1-42,-2)

(d) none of these
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Topic-wise Solved Papers - MATHEMATICS

The centre of the circle passing through the point (0, 1) and
touching the curve y =x2 at (2, 4) is (1983 - 1 Mark)

~16 27 ~16 53
o 3% o 30

-16 53
© 5 10 (d) none of these

The equation of the circle passing through (1, 1) and the

points of intersection of x2 + y? + 13x — 3y = 0 and

2x2+2y2+4x - Ty-25=0is (1983 - 1 Mark)

(@ 4x*+4y?-30x-10y-25=0

(b) 4x2+4y?+30x—13y—-25=0

(€) 4x>+4y2 —17x-10y+25=0

(d) none of these

The locus of the mid-point of a chord of the circle

x?+ y? = 4 which subtends a right angle at the origin is
(1984 - 2 Marks)

@ x+y=2 ®) x*+y*=1

© x*+y*=2 @ x+y=1

Ifa circle passes through the point (@, b) and cuts the circle

x? + y? = k? orthogonally, then the equation of the locus of

its centre is (1988 - 2 Marks)

@) 2ax+2by—(a® +b> +k*)=0
(b)
©

d) x*+y?—2ax—3by+(a® -b*-k*)=0.

If the two circles (x—1)>+ (y—3)?=r?and

x%+y?—8x+2y+ 8=0 intersect in two distinct points, then
(1989 - 2 Marks)

@ 2<r<8 (b) r<2 © r=2 (@ r>2

The lines 2x— 3y =5 and 3x — 4y = 7 are diameters of a circle

of area 154 sq. units. Then the equation of this circle is

(@ x*+y*+2x-2y=62 (1989 - 2 Marks)

(b) x2+y2+2x-2y=47

(©) x*+y?-2x+2y=47

(d) x*+)?-2x+2y=62

The centre of a circle passing through the points (0, 0), (1, 0)

and touching the circle x> +3y?=9is (1992 - 2 Marks)

1
31 13 11 15
0 CYw (2 0 LY [ ]
The locus of the centre of a circle, which touches externally
the circle x? + y* — 6x — 6y + 14 = 0 and also touches the
y-axis, is given by the equation: (1993 - 1 Marks)
(@ x*-6x—10y+14=0 (b) x*-10x-6y+14=0
() y*—6x—10y+14=0 (d) »*-10x-6y+14=0
The circles x? +y? — 10x + 16 = 0 and x* + y* = /2 intersect
each other in two distinct points if (1994)
@ r<2 (b r>8 (¢) 2<r<8 (d 2<r<8

2ax+2by—(a® —b* +k*)=0

x2+y? —3ax—4by+(a® +b% —k?) =0

12.

13.

14.

16.

17.

18.

19.

20.

21.

The angle between a pair of tangents drawn from a point P
to the circlex? +y% + 4x— 6y + 9 sin® a+ 13 cos? =0 is 2a.
The equation of the locus of the point P is

(1996 - 1 Mark)
(@ x2+3)*+4x—-6y+4=0 (b) x*+)y*+4x—-6y-9=0
(©) x*+3*°+4x-6y—-4=0 (d) x*+)y>+4x—-6y+9=0
If two distinct chords, drawn from the point (p, g) on the
circle x? + y? = px + qy (where pg # 0) are bisected by the
x—axis, then (1999 - 2 Marks)
@ PP=¢* () P’ =8¢ (c) P2<84*(d) p*>84
The triangle POR is inscribed in the circle x2+y?=25.If Q
and R have co-ordinates (3,4) and (—4, 3) respectively, then

ZQPR is equal to (2000S)
b T s s
@5 ® 3 ©7 @
Ifthe circles x2 + 32+ 2x + 2ky + 6 =0, x2+ 32+ 2ky + k=0
intersect orthogonally, then £ is (2000S)

3 3 3 3
() 2or—5(b) —20r—5(c) 20r5 d —20r5

Let 4B be a chord of the circle x? + y? = 2 subtending a right
angle at the centre. Then the locus of the centroid of the
triangle P4B as P moves on the circle is (2001S)
(a) aparabola (b) acircle

(c) anellipse (d) apairofstraight lines
Let PO and RS be tangents at the extremities of the diameter
PR of acircle of radius 7. If PS and RQ intersect at a point X'
on the circumference of the circle, then 2r equals (2001S)

@ /PO.RS (b) (PQ+RS)2
(©) 2PQ.RS(PQ+RS) @ (PQ*+RS*)/2

Ifthe tangent at the point P on the circle x*+y? + 6x + 6y =2
meets a straight line 5x -2y + 6 =0 at a point Q on the y - axis,

then the length of PQ is (2002S)
@ 4 ® 25 © 5 @ 35
The centre of circle inscribed in square formed by the lines
x*—8x+12=0andy?-14y+45=0,is (2003S)
@ @47 O® 79 © 649 @ @49

If one of the diameters of the circle x>+ y? —2x— 6y +6=0
is a chord to the circle with centre (2, 1), then the radius of
the circle is (2004S)

@ 3 ®) 2 (¢ 3 @ 2

A circle is given by x? + (y—1)? = 1, another circle C touches

it externallyand also the x-axis, then the locus of'its centre is
(2005S)

@ {(y): =4y} U{(x,y):y<0}

b) {(y):@+@-1=40 {(x,):y<0}

© {(y):x*=y}U{0,):y<0}

@) {xy):x*=4y} U {(0,5):y<0}
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22.

23.

24.

Tangents drawn from the point P(1, 8) to the circle
x*+y?—6x—4y-11=0

touch the circle at the points 4 and B. The equation of the
circumcircle of the triangle P4B is (2009)
(@) x2+)y?+4x—6y+19=0

(b) x*+y*—4x—10y+19=0

() x2+3y?-2x+6y-29=0

(d) x*+y*—6x—4y+19=0

The circle passing through the point (- 1, 0) and touching
the y-axis at (0, 2) also passes through the point.  (2011)

o (390 (52 0 (530 e

The locus of the mid-point of the chord of contact of
tangents drawn from points lying on the straight line 4x— Sy
=20 tothe circlex2+y2=91is (2012)
(@ 20(x2+y%)-36x+45y=0
(b) 20(x2+3%)+36x—45y=0
(©) 36(x%2+y%)—-20x+45y=0
(d) 36(x2+y%)+20x—45y=0

1) I MCQs with One or More than One Correct

1.

9]
:

The equations of the tangents drawn from the origin to the
circle x2+y?—2rx—2hy+h*=0,are (1988 - 2 Marks)
@@ x=0 (b) y=0
© (R*=rHx-2rhy=0 dy (B=rP)x+2rhy=0
The number of common tangents to the circles x2+ y? = 4
and x?+)?— 6x— 8y =241s (1998 - 2 Marks)
@ o (b 1 (¢ 3 @ 4
If the circle x2+ y2 = a? intersects the hyperbola xy = ¢? in
four points P(x,, y,), O(x,, »,), R(x,, »,), S(x,, y,), then
(1998 -~ 2 Marks)
. () yl+y2+y3+4y4=0
© xpppx,=c @ yppy,=c
Circle(s) touching x-axis at a distance 3 from the origin and
having an intercept of length 2./7 on y-axisis (are)
(JEE Adv. 2013)
@@ x2+y?—6x+8y+9=0 (b) x*+)2-6x+7y+9=0
(©) x2+y2—6x-8y+9=0 (d) x>+32—6x-Ty+9=0
A circle S passes through the point (0, 1) and is orthogonal
to the circles (x — 1)>+ y2 =16 and x>+ y2 = 1. Then
(JEE Adv. 2014)
(@) radiusof Sis8 (b) radiusof Sis7
(¢) centreofSis(-7,1) (d) centreofSis(-38,1)
Let RS be the diameter of the circle x2+ y2 = 1, where S is the
point (1, 0). Let P be a variable point (other than R and S) on
the circle and tangents to the circle at S and P meet at the
point Q. The normal to the circle at P intersects a line drawn
through Q parallel to RS at point E. Then the locus of E
passes through the point(s) (JEE Adv. 2016)

@ G%} (b)

@ x tx,+x,+tx,=0

o (-3

E Subjective Problems

10.

11.

12.

Find the equation of'the circle whose radius is 5 and which
touches the circle x + y2— 2x —4y — 20 =0 at the point (5, 5).
(1978)

Let A4 be the centre of the circle x? + y? — 2x —4y — 20 = 0.
Suppose that the tangents at the points
B(1,7) and D(4. -2) on the circle meet at the point C. Find
the area of the quadrilateral ABCD. (1981 - 4 Marks)
Find the equations of the circle passing through (-4, 3) and
touching the linesx+y =2 andx—y=2. (1982 - 3 Marks)
Through a fixed point (4, k) secants are drawn to the circle
x? + y? = r2. Show that the locus of the mid-points of the
secants intercepted by the circle is x* + y? = hx + ky.

(1983 - 5 Marks)
The abscissa of the two points 4 and B are the roots of the
equation x2 + 2ax — b = 0 and their ordinates are the roots
of the equation x2 + 2px — ¢* = 0. Find the equation and the
radius of the circle with AB as diameter. (1984 - 4 Marks)
Lines 5x+ 12y—10=0and 5x— 12y —40= O touch a circle C,
of diameter 6. If the centre of C, lies in the first quadrant,
find the equation of the circle C, which is concentric with
C, and cuts intercepts of length 8 on these lines.

(1986 - 5 Marks)
Let a given line L, intersects the x and y axes at P and Q,
respectively. Let another line L,, perpendicular to L, cut
the x and y axes at R and S, respectively. Show that the
locus of the point of intersection of the lines PSand QR is a
circle passing through the origin. (1987 - 3 Marks)
The circle x? + y? — 4x— 4y + 4 = 0 is inscribed in a triangle
which has two of its sides along the co-ordinate axes. The
locus of the circumcentre of the triangle is
x+y—xy+k(x*+y?)"2=0. Find k. (1987 - 4 Marks)

If (m,», L} ,m;>0,i=1,2,3,4are four distinct points on a
m;

(1989 - 2 Marks)
A circle touches the line y = x at a point P such that

OP= 442, where O is the origin. The circle contains the
point (- 10, 2) in its interior and the length of its chord on

circle, then show that mym,msm, =1

the line x + y = 0 is 6+4/2 . Determine the equation of the
circle. (1990 - 5 Marks)
Two circles, each of radius 5 units, touch each other at (1, 2).
Ifthe equation of their common tangent is 4x + 3y =10, find
the equation of the circles. (1991 - 4 Marks)

Leta circle be given by 2x(x—a) + y(2y—b)=0,(a= 0,6 % 0).
Find the condition on a and b if two chords, each bisected

by the x- axis, can be drawn to the circle from (a,%) .

(1992 - 6 Marks)



13.

14.

16.

17.

18.

19.

20.

21.

22.

Consider a family of circles passing through two fixed points
A (3,7)and B (6, 5). Show that the chords in which the circle
x%+y?— 4x — 6y — 3 = 0 cuts the members of the family are
concurrent at a point. Find the coordinate of this point.
(1993 - 5 Marks)
Find the coordinates of the point at which the circles
x?+y*—4x—-2y=—4and x>+ y*>— 12x— 8y =— 36 touch each
other. Also find equations common tangents touching the
circles in the distinct points. (1993 - 5 Marks)
Find the intervals of values of a for which the liney +x=10

(1+\/§a 1-J§a\
y

bisects two chords drawn from a point L 5

to the circle 2x2 +2y2 —(l+x/5a)x—(l—~/50)y= 0.

(1996 - 5 Marks)
A circle passes through three points 4, B and C with the line
segment AC as its diameter. A line passing through 4
intersects the chord BC at a point D inside the circle. If
angles DAB and CAB are a and B respectively and the
distance between the point 4 and the mid point of the line
segment DC is d, prove that the area of the circle is

nd? cos’ o

2

cos? o+ cos? B+2cosacosPcos(f—a)

(1996 - 5 Marks)

Let C be any circle with centre (0, v/2) . Prove that at the

most two rational points can be there on C. (A rational point
is a point both of whose coordinates are rational numbers.)

(1997 - 5 Marks)
C, and C, are two concentric circles, the radius of C, being
twice that of C|. From a point P on C,, tangents P4 and PB
are drawn to C,. Prove that the centroid of the triangle 4B
lieson C,. (1998 - 8 Marks)
LetT),T, be two tangents drawn from (-2, 0) onto the circle
C: x?+y*=1. Determine the circles touching C and having
T|, T, as their pair of tangents. Further, find the equations
of all possible common tangents to these circles, when taken
two at a time. (1999 - 10 Marks)
Let 2x? + 3% — 3xy = 0 be the equation of a pair of tangents
drawn from the origin Oto a circle of radius 3 with centre in
the first quadrant. If 4 is one of the points of contact, find
the length of OA. (2001 - 5 Marks)
Let C, and C, be two circles with C, lying inside C,. A circle
C lying inside C, touches C, internally and C, externally.
Identify the locus of the centre of C. (2001 - 5 Marks)
For the circle x2 + y? = 72, find the value of r for which the
area enclosed by the tangents drawn from the point P (6, 8)
to the circle and the chord of contact is maximum.

(2003 - 2 Marks)

Topic-wise Solved Papers - MATHEMATICS

23. Findthe equation of circle touching the line 2x + 3y +1=0
at (1, — 1) and cutting orthogonally the circle having line
segment joining (0, 3) and (-2, -1) as diameter.

(2004 - 4 Marks)

24. Circles with radii 3,4 and 5 touch each other externally. If P

is the point of intersection of tangents to these circles at
their points of contact, find the distance of P from the points
of contact. (2005 - 2 Marks)

(¢l Comprehension Based Questions

PASSAGE-1
ABCD is a square of side length 2 units. C, is the circle touching
all the sides of the square ABCD and C, is the circumcircle of
square ABCD. L is a fixed line in the same plane and R is a fixed
point.
1. If Pisany point of C, and Q is another point on C,, then

2 2 2 2
PA"+PB"+ PC" +PD" o cqualto (2006 - 5M, -2)
04* + OB + 0C? + OD?
@ 075 () 125 (@1  (d)05

2. Ifacircle is such that it touches the line L and the circle C,
externally, such that both the circles are on the same side of
the line, then the locus of centre of the circle is

(2006 - 5M, -2)
(a) ellipse (b) hyperbola
(c) parabola (d) pair of straight line

3. Aline L' through 4 is drawn parallel to BD. Point .S moves
such that its distances from the line BD and the vertex 4 are
equal. If locus of S cuts L' at 7, and T} and AC at T, then

area of AT\ T, T, is (2006 - 5M, -2)
1 . 2 i
(@) 3 $q. units (b) 3 54 units

(¢) 1sq. units (d) 2sq. units

PASSAGE-2
A circle C of radius 1 is inscribed in an equilateral triangle PQR.
The points of contact of C with the sides PQ, QR, RPare D, E, F,

respectively. The line PQ is given by the equation /3x + y—-6=0
(343 3)

and the point D is L 5 EJ . Further, it is given that the origin

and the centre of C are on the same side of the line PQ.
4.  Theequation of circle C is

@ -243Y+(@-1?=1

(2008)

®) (x—zﬁ)2+(y+%]2=1

© (x-B)Y+u+)?=1
@ (-3 +(y-1?=1
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Circle @

5.  Points E and F are given b (2008 ] .
& Y ) 1.l Assertion & Reason Type Questions

( )
, (\/3,0) b ﬁ, 1 , (\/3,0) 1. Tangents are drawn from the point (17, 7) to the circle
(a)kz 2J ® (232
x*+3?=169.
STATEMENT-1 : The tangents are mutually perpendicular.
(3 3) [ (i ﬁ\ (ﬁ D because
© (2°2)(2 2 2 J @ (22 )22 STATEMENT-2 : The locus ofthe points from which mutually
. . perpendicular tangents can be drawn to the given circle is
6.  Equations of the sides QR, RP are (2008) X2+32=1338. (2007 -3 marks)

2 2 (a) Statement-1 is True, statement-2 is True; Statement-2
@@ Y= ﬁx +ly= _Ex -1 is a correct explanation for Statement-1.
(b) Statement-1 is True, Statement-2 is True; Statement-2

1 is NOT a correct explanation for Statement-1
b r= Ex’ y=0 (c) Statement-1is True, Statement-2 is False
(d) Statement-1 is False, Statement-2 is True.
© y=£x+l,y=—£x—l 2. Consider L;:2x+3y+p-3=0
2 2 Ly:2x+3y+p+3=0

where p is a real number, and C : x2 +)? + 6x — 10y +30=0
STATEMENT - 1: Ifline L, is a chord of circle C, then line
L, isnot always a diameter of circle C

@ y=+3x,y=0

PASSAGE-3 and

A tangent PT is drawn to the circle x? + 32 = 4 at the point STATEMENT - 2 : Ifline L, is a diameter ofcircle C, then line

P(«/g ’ 1) . A straight line L, perpendicular to PT is a tangent to L, is not a chord of'01rcle ¢ . (2008)
) (a) Statement - 1 is True, Statement - 2 is True; Statement

thecircle (x—3)2+y*=1. (2012) - 2is a correct explanation for Statement - 1

7. A possible equation of L is (b) Statement - 1 is True, Statement - 2 is True; Statement

- 2is NOT a correct explanation for Statement - 1
(c) Statement - 1 is True, Statement - 2 is False
(© x-3y=-1 @ x+3y=5 (d) Statement - 1 is False, Statement - 2 is True

8. A common tangent of the two circles is I Integer Value Correct Type
(@ x=4 (b) y=2

1. The centres of two circles C, and C, each of unit radius are
at a distance of 6 units from each other. Let P be the mid
point of the line segement joining the centres of C; and C,
and Cbe a circle touching circles C, and C, externally. Ifa
common tangent to C; and C passing through P is also a
common tangent to C, a.nd C, then the radius of the circle C
is (2009)

2. The straight line 2x — 3y = 1 divides the circular region
x? +y? < 6 into two parts.

¥ oI
IfS= 2\ 3\ e then the number of

points (s) in S lying inside the smaller part is (2011)

(@) x—\/§y=1 ®) x+\/§y=1

(© x+3y=4 G)) x+2y2y=6
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Section-B 33y [\ V4711333

If the chord y = mx + 1 of the circle x>+y?=1 subtends an
angle of measure 45° at the major segment of the circle then

value of m is 12002]
@ 2++42 b) 212
(© -1 V2 (d) none of these

The centres of a set of circles, each of radius 3, lie on the
circle x2+y?=25. The locus of any point in the set is

@) 4<a™P<64 (b)) xHHP<25

(© xMy*>25 d 3<x*h?<9
The centre of the circle passing through (0, 0) and (1, 0) and
touching the circle x*+y>=9 is [2002]

o 19 0 (-9 0B Y

The equation of a circle with origin as a centre and passing
through equilateral triangle whose median is of length 3a is
(@) x**=94> (b) x*y’=16a? [2002]
(¢) x*y*=4a? (d) x*+y*=a?

[2002]

If the two circles (x—1)% +(y—3)? =r? and

x? + y% —8x+2y +8 = 0 intersect in two distinct point,
then [2003]
(@ r>2 b)2<r<8 (@©r<2 (dr=2.
The lines 2x—3y =5 and 3x—4y =7 are diameters of a

circlehaving area as 154 sq.units.Then the equation ofthe
circleis [2003]

2 2
(@) x> +y2-2x+2y=62 (b) X Ty +2x-2y=62

(c) x* +y2 +2x-2y=47 (d) x? +y2 —2x+2y=47
Ifa circle passes through the point (@, b) and cuts the circle

X2+ y2 = 4 orthogonally, then the locus of its centre is
@ 2ax-2by—(a*+b>+4)=0 [2004]
(b) 2ax+2by—(a* +b>+4)=0
© 2ax—2by+(a*+b>+4)=0
(@) 2ax+2by+(a* +b* +4)=0

A variable circle passes through the fixed point A(p,q) and

touches x-axis . The locus of the other end of the diameter
through 4 is [2004]

10.

11.

12.

13.

@ (y-gP=4px () (x—q)*=4py

© (-pl=4gx @ (x-p)=4gy

If the lines 2x+3y+1=0and 3x—y—-4=0 lie along

diameter of a circle of circumference 107, then the equation
of the circle is 12004]

@ x*+y?+2x-2y-23=0
() x*+y*>-2x-2y-23=0
(c) x2+y2+2x+2y—23=0
(d) x2+y2—2x+2y—23=0

Intercept on the line y = x by the circle x% + y2 —2x=01is

AB. Equation ofthe circle on AB as a diameteris  [2004]

(a) x2+y2+x—y=0
) x2+y?—x+y=0
(©) x2+y2+x+y=0
d) x2+y2—x—y=0

If the circles x2+y2 + 2ax + ¢y + a = 0 and

x4 y2 —3ax +dy—1=0 intersect in two distinct points P
and Q then the line 5x + by —a = 0 passes through P and Q
for [2005]
(a) exactly one value of a

(b) no value of a

(c¢) infinitely many values of a

(d) exactly two values of a

A circle touches the x- axis and also touches the circle with

centre at (0,3 ) and radius 2. The locus of the centre of the
circle is [2005]

(a) anellipse (b) acircle
(c) a hyperbola (d) aparabola
Ifa circle passes through the point (@, b) and cuts the circle

X2+ y2 = p2 orthogonally, then the equation of the locus

of its centre is [2005]
(a) x? +y2 —3ax—4by+(a2 +b2 —p2 )=0

(b) 2ax+2by—(a® —b*+p*)=0
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14.

16.

17.

18.

19.

© x*+y* —2ax—3by+(a®-b*-p?)=0
d) 2ax+2by—(a®+b%+p*)=0

If the pair of lines ax? +2 (a + b)xy + by2 =0 lie along

diameters of a circle and divide the circle into four sectors
such that the area of one of the sectors is thrice the area of
another sector then [2005]

@ 3a2-10ab+3b*=0 (b) 3a*—2ab+3b>=0

© 3a®+10ab+3b* =0 (d) 3a*+2ab+3b> =0
If the lines 3x—-4y—-7=0 and 2x—3y—-5=0 are two

diameters of a circle of area 495 square units, the equation

of the circle is [2006]

(@) x2+y2+2x—2y—47=0
(b) x2+y2+2x—2y—62=0
(© x2+y2—2x+2y—62=0

d x*+y*-2x+2y—-47=0

Let C be the circle with centre (0, 0) and radius 3 units. The
equation of the locus of the mid points of the chords of the

circle C that subtend an angle of 23_n at its center is

@ 2aP=2 B Peye 12006]

27

9
© ﬁ+f=7- ) ﬁ+ﬁ=z

Consider a family of circles which are passing through the
point (— 1, 1) and are tangent to x-axis. If (%, k) are the
coordinate of the centre of the circles, then the set of values

of k is given by the interval 12007]
@ -—s<k<e (b k<t

2 2 2
© o0<k<) A k>4

) 2

The point diametrically opposite to the point
P(1,0) on the circle x* +y? +2x +4y—-3=01is

[2008]
@ G-49 ® B4 ©ESB4 O 6
The differential equation of the family of circles with fixed
radius 5 units and centre on the line y =2 is

20.

21.

22.

23.

24.

26.

27.

@ (-2p?=25+y-2)

(b) -2p?=25+y-2)

© G-2y?=25+y-2)

d) (x-27y2=25-y-2)

If P and Q are the points of intersection of the circles

x? +y? +3x+7y+2p—5=0and x> +y2+2x+2y—p>=0

then there is a circle passing through P, Q and (1, 1) for:
[2009]

(a) all except one value of p

(b) all except two values of p

(c) exactly one value of p

(d) all values of p

Thecircle x2+ 2 = 4x + 8y + 5 intersects the line 3x—4y=m

at two distinct points if [2010]

(@) -35<m<15 (b) 15<m<65

(¢) 35<m<85 (d) —-85<m<-35

The two circles x* + y? = ax and x* + y? = ¢? (¢ > 0) touch

each other if [2011]
@ lal=c (b) a=2c
©) |a|=2c d) 2|al=c

The length of the diameter of the circle which touches the
x-axis at the point (1,0) and passes through the point (2,3) is:
[2012]
10 3 6 5
@5 ®z ©3 @3
The circle passing through (1, —2) and touching the axis of
x at (3, 0) also passes through the point
[JEE M 2013]
@ 52 ® 2-5 © 652 @ 25
Let C be the circle with centre at (1, 1) and radius = 1. If T'is

the circle centred at (0, y), passing through origin and
touching the circle C externally, then the radius of T'is equal

to [JEE M 2014]
1 1 N ¥
@ 5 ® 5 © 5 @

Locus of the image of the point (2, 3) in the line (2x— 3y +4)
+k(x-2y+3)=0,ke R,isa: [JEE M 2015]

(@ circleofradius /2.
(b) circle of radius /3.

(c) straight line parallel to x-axis
(d) straight line parallel to y-axis
The number of common tangents to the circles x2 + y? —4x
—6x—12=0andx2+y2+6x + 18y+26=0,is :

[JEE M 2015
@ 3 @ 2

(b) 4 © 1
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28. The centres of those circles which touch the circle, 29. Ifone of the diameters of the circle, given by the equation,
x2+y2— 8x—8y—4 =0, externally and also touch the x-axis, x2+y2—4x+6y—12=0,isa chord ofa circle S, whose centre
lie on: [JEE M 2016] isat (-3, 2), then the radius of S is: [JEE M 2016]
(a) a hyperbola @ 5
(b) aparabola (b) 10
(c) acircle © 52

(d) anellipse which is not a circle

@ 53
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Section-A : JEE Advanced/ IIT-JEE

3

A 1L 1 2. (4,2),(2,-6) 33 4. 8sq. units 5. x2+y*-x=06. 10x—3y—18=0
192 9 12 9 12
7. +y?+8x-6y+9=0 8. T3 9, (_E’ ?) or (g, —?J 10. 2J§sq. units
2 2 2, 2 11
1. 2 12. 16x% +16y* ~48x+16y+31=0 13. x+)2—x-y=0 14. 7 15. |53
B 1. T 2 T
CcC 1. @@ 2. (b 3. (0 4. () 5. (© 6. (a 7. @ 8 (© 9 @

10. @ 1. (©) 12. d) 13. (d) 14. (0) 15. () 16. (b) 17. @ 18. ()
19. (a) 20. (c) 21. (d) 22. (b) 23. d) 24. (a)

(a,c) 2. (b) 3. (abed 4. (ac) 5. (b,c) 6. (a,c)

Ic
—

|e=
—

x*+y*—18x—16y+120=0

2. 75squnits 3. x?+p? +2(10+£+/54)x +55+/54 =0

5. +y?+2an+2py-b2 —g> =0, Ja? + p2 +b2 + 4> 6. x*+3%>—10x-4y+4=0
8. k=1 10. x2+y? +18x—2y+32=0
2.2 ) 2 5 23
1. x“+y“+6x+2y—15=0 and x“ +y°~ —10x-10y+25=0 12. a*>2b? 13. (273
14 8
LN ,y=0and 7y—-24x+16=0 15. ael-o, -2[U]2,o]
. (x_ ) +y = 3 3 ’ _@ 5 . ( + )
21. ellipse 22. 5 23. 2x? +2y? —10x-5y+1=0 24. 5
G @ 2. (b) 3. (0 4. (d 5 @ 6. () 7. (@) 8. (@
H (@) 2.
I 8 2. 2

Section-B : JEE Main/ AIEEE

1. () 2. (@ 3. () 4. (© 5. () 6. (d 7. () 8. @ 9 @
10. (d) 1. () 12. d) 13. (d) 14. 15. (d) 16. ) 17. @ 18. (©
19. () 20. (a) 21. (2 22. (a) 23. (a) 24. (¢) 25. ) 26 @ 27. (@)
28. (b) 29. (d)
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I Section-A

1. As Plies on a circle and 4 and B two points in the plane

A. Fill in the Blanks

such that P—A =k
B

Then k can be any real number except 1 as otherwise P will
lie on perpendicular bisector of 4B which is a line.

2. For point of intersection of line

and circlex? + 2 —2x+4y—20=0

4x-3y—-10=0

Solving (1) and (2), we get

(3y:10] 2 2[3y:10]+4y_20=0

= Y+4y-12=0 = y=2,-6= x=4-2
Points are (4,2) and (-2,-6)
3. Let3x—4y+4=0bethetangent at point 4 and 6x— 8y —

7 = 0 be the tangent of point B of the circle.
As the two tangents parallel to each other

AB should be the diameter of circle.
AB = distance between parallel lines

3x—4y+4=0and6x—8y—-7=0
= distance between 6x — 8y + 8 =0 and

6x—8y—-7=0
8+7 |15 3

T|V36+64| 10 5

radius of circle = E(AB) =2
8 5q. units

KEY CONCEPT :

Length of tangent from a point (x,, y,) toacircle
x2+32+2gx +2fy+c=0is given by

It's centre is (2, 1), radius =./4+1+11=4 = BC

\/xlz +y12 +2g0+2f +c¢
The equation of circle is,

x*+)2—4x-2y—-11=0

A
(4.5)

D

B

3

length of tangent from the pz. (4, 5) is

=V16+25-16-10-11=+/4 =2=4B

Area of quad. ABCD

1
=2 (Area of AABC) =2x5xABxBC

=2x%x2x4=8 sq. units.

or

The equation of given circle is

(x—12+)2=1
x?+32-2x=0

...

()
Q)

o M-S-107

JEE Advanced/ lIT-)EE

KEY CONCEPT : We know that equation of chord of curve
§=0, whose mid point is (x,,y,) is given by 7= S, where T
is tangent to curve S =0 at (x, y,).
If (x,,y,) is the mid point of chord of given circle (1),
then equation of chord is

2 2
xx, +yy —(x+x)=X +t) —-2x

2 2
= (q-Dx+yy+x-x -y =0
At it passes through origin, we get

xl—xlz—y12=00r x12+y12—x1=0

locus of (x;, y,) isx?+y?—x=0
The equation of two circles are

x2+y2—§x+4y—3=0 (1)
and x2+)? +6x+2y—-15=0 ..Q)
Now we know eq. of common chord of two circles
§;=0and §,=0is S, -5,=0
= 6x+§x+2y—4y—15+3=0

- 2‘3”‘ 2y-12=0 = 10x—3y—18=0

The equation of circle is,

¥ +y*+4x—6y+9=0 (D
4/ \B
M
0,3) h B
AM =24B
= AB=BM
Let the co-ordinates of M be (4, k)
Then B is mid pt of AM
B[0+h 3+k) (h k+3)
272 272
As Blies on circle (1),

2
ORGSR CORE
2 2 2 2
= M+ik*+8h-6k+9=0
locus of (h, k) is, x2 + 12 +8x— 6y +9=0
From P (4, 3) two tangents PT and PT" are drawn to the circle
x%+3y2 =9 with O (0, 0) as centre and r=3.

To find the area of APTT .
T
3
P R o
“4,3) (0,0)
T
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Let R be the point of intersection of OP and TT".

Then we can prove by simple geometry that OP is
perpendicular bisector of 77".

Equation of chord of contact 77"is 4x + 3y =9

Now, OR = length of the perpendicular from Oto T7"is

_14x0+3x0-9 _2
\/42++32 5

OT=radius of circle =3
TR =OT? -OR? = ‘/9—% =%

Again OP =/(4-0)2 +(3-0)> =5

PR=0P-OR=5-2=18
5 5

Area of the triangle
PTT'=PRxTR=Ex£=Q
5 5 25
9. Wehave C,:x?+y?=16, Centre O, (0, 0) radius =4. C, is
another circle with radius 5, let its centre O, be (h, k).

1€M

Now the common chord of circles C; and C, is of maximum
length when chord is diameter of smaller circle C;, and then
it passes through centre O, of circle C,. Given that slope of
this chord is 3/4.

. Equation of 4B s,

y=%x:>3x—4y=0 ()
Inright A40,0,,

0102= 52 —42 =3

Also 0,0, =11 distance from (4, k) to (1)

= 3| 3Rtk | 5 3h-4k
V3% +4?
= 3h-4k+15=0 ...2)
Again AB 1 0,0, = mypxmgo, =-1
= 3k s anesk=0 -..3)
4 h

Solving, 3h—4k+15=0and 4k +3k=0
Wegeth=-9/5,k=12/5
Again solving 34 —4k—15=0and 4h +3k=0
Wegeth=9/5, k=-12/5

12 9 -12

Thus the required centre is (_—9, —) or (—,—) .
5°5 55

10. Tangentat P(1, /3 )tothecirclex?+)?=4 is
x.1+y.\3 =4

11.

12.

GP_3480

AY
N
P(1,43)
0
» > X
(0, 0) 4 a 0)

It meets x-axisat 4 (4,0), .. O4=4
Also OP=radius of circle=2, . p4=+/4%>-2%2 =12

AreaofAOPA=%xOPxPA=%x2x\/E

=24/3 sq. units
The given lines are Ax —y + 1 =0 and x — 2y + 3 =0 which

meet x-axis at A(—%,O] and B (- 3, 0) and

y-axisat C (0, 1)and D (O, %) respectively.

Then we must have, O4 x OB = OC x OD
Y

A
>D
C
0

YI

1 3 ~
= (—I](—3)_1x5 = A=2

The given circle is,
4x?+4y?—12x+4y+1=0

1 . 3 1
or x2+3y2-3x+ y+— =0 with centre —,——J
» y 4 (2 2
9 1 1 3

Let M (h, k) be the mid pt. of
the chord 4B of the given circle,
then CM 1 4B. L ACB=120°.
In AACM,

ZACM = %AACB =60°

and Z4=30°
sinA=C—M
AC
307 J(h=3122 +(k+1/2)?
3/2




Circle

13.

14.

15.

L M-S-109

= ()03 )

= 16K?+16k*—48h+16k+31=0

locus of (h, k) is 16x2 + 16y? —48x + 16y +31 =0
Equation of any circle passing through the point of
intersection of x2 +y?> —2x=0and y=xis

x2+y?—2x+A(y—x)=0
or x2+3)2-Q+AMx+iy=0
Its centre 1s (ﬂ,ij

2

For AB to be the diameter of the required circle, the centre
must lie on AB. That s,

24h_ 2 =>A=-1

2 2

Thus, equation of required circle is

x2+y?-2x—y+x=0

or x*+y?—x-y=0

4,

%)

A

G

The radius of circle C, is 1 cm, C, is 2 cm and soon.
It starts from 4, (1, 0) on C;, moves a distance of 1 cm on C,
to come to B;. The angle subtended by 4,B, at the centre

will be l =0 radians, 1.e. 1 radian.
14

From B, it moves along radius, OB, and comes to 4, on
circle C, ofradius 2. From 4, it moves on C, a distance 2 cm
and comes to B,. The angle subtended by 4,B, is again as
before 1 radian. The total angle subtended at the centre is 2
radians. The process continues. In order to cross the x-axis

again it must describe 27 radians i.e. 2.2 = 6.7 radians.

Hence it must be moving on circle C,
soon=T7
Let (4, k) be any point on the given line
2h + k=4 and chord of contactishx +ky =1
or hx+(4-2h)y=1or dy—-1)+h(x-2y)=0
P+ 2 Q=0. It passes through the intersection of P =0 and

e (1 l)
O=0i.e. 274
B. True/False
The circle passes through the points A(l,\/g),B(l, —\/5)

and C (3,—/3).
Here line AB is parallel to y-axis and BC is parallel to x-axis,
there ZABC=90°

AC is a diameter of circle.
Eq. of circle is

@-1)@x=3)+ (—V3)(y+3)=0

= xXX+y?—4x=0 ()
Let us check the position of pt (5/2, 1) with. respect to the

circle (1), we get S = ?H—IO <0

Point lies inside the circle.
No tangent can be drawn to the given circle from point
(5/2,1).
. Given statement is true.
The centre of the circle x2 +y% — 6x + 2y =01is (3, - 1) which
lies on the line x + 3y =0
The statement is true.

C. MCQs with ONE Correct Answer

(d The given circle is x*> +y% —2x + 4y +3 =0. Centre
(1, - 2). Lines through centre (1, — 2) and parallel to
axesarex=1andy=-2.

x=1-k x=1+k

o P y=_2+k
C
@
(1,-2)

= oy =2k

Let the side of square be 2k.

Then sides of squarearex=1—-kandx=1+%

andy=-2—-kandy=-2+k

Co-ordinates of P, O, R, Sare(1 +k,—2+ k),

(1—k,—-2+k),(1-k,—2—k),(1+k,—2 —k)

respectively.

Also P (1+ k,—2+ k) lies on circle

SR+ (2+k)-2(1+k)+4(2+k)+3=0

= 2k*=2 = k=1or-1

Ifk=1, P(2,-1),0(0,-1),R(0,-3),5(2,-3)

Ifk=-1, P(0,-3),02,-3),R(2,-1),50,-1)
() The circle through points of intersection of the two

circlesx?+3?—6=0and x*+)?—6x+8=0 is

(2 +32—6)+ A (x2+)2—6x+8)=0

As it passes through (1, 1)

(1+1-6)+1(1+1-6 +8)=0 = x=%=1

The required circle is
2x2+2y2—6x+2=0 or, x2+32-3x+1=0
(¢) Let C (h, k) be the centre of circle touching x2 =y at B
(2, 4). Then equation of common tangent at B is
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5. (¢
6. (a

(a)
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2.x =%(y+4) ie, 4x—y=4

Radius is perpendicular to this tangent

4(k—4)=_1:4k=18 .(1)
h-2

Also AC =BC

= B+ (k= 172= (h= 2P+ (k—4)

— 4h+6k=19 @
Solving (1) and (2) we get the centre as (_%’%J ’
KEY CONCEPT

Circle through pts. of intersection of two circles §; =0
and$,=0is S, +A15,=0
Req. circle is,
) 7 25
(2 +y2+13x-3y) + Mx2 + )2 + 2x—5y—7) =0

= (1+A)x2+(1+1))2+(13+2))

7 25\
+|-3-= -—=0
* ( 3 27”)3' 2
As it passes through (1, 1)

l+7\.+1+7»+13+27»—3—%—ﬂ=0

2
= —-12A+12=0 = A=1
Req. circle is,

2242241 x—BTy—22—5=0

or 4x?+4y2+30x-13y-25=0
Let AB be the chord with its mid pt M (h, k).
As ZAOB=90°

AB=~22 122 =242,

L AM =2

NOTE THISSTEP

By prop. of rt. A
AM =MB =O0OM

OM =2 = h? +k* =2

locus of (h, k) is x2 +y? =2
KEY CONCEPT
Twocirclesx? +y*+2g.x+2f;y+¢;=0 and
x2+y? +2g, x+2f,y+ ¢, =0 are orthogonal iff
2818, 2\ L=t
Let the required circle be,

X +y?+2gx+2fp+c=0 ..(D)
As it passes through (a, b), we get,

a*+b%+2ag+2bf+c=0 ..Q)
Also (1) is orthogonal with the circle,

¥ +y? =k ...
For circle (1)

81=8h=f¢c=c
For circle (3)

&=0/=0.c=F
By the condition of orthogonality,
&K+t 2UMh=etq

We get, ¢ = k2

Substituting this value of ¢ in eq. (2), we get
a?+b*+2ga+2fb+k*=0
Locus of centre (g —f) of the circle can be obtained
by replacing g by —x and f by — y we get
a*+ b -2ax-2by+ k*=0
ie. 2ax+2by—(a?+b2+k¥)=0
We have two circles (x — 1) + (y —3)> =12
Centre (1, 3), radius =r
and x2 +y*—8x+2y+8=0

Centre (4,— 1), radius =416+1-8 =3
A
B

As the two circles intersect each other in two distinct
points we should have

C,C<r;+r, and C,Co>|r—n
= C,C<r+3and C, C,<|r;—r,|

= J9+16<r+3 and 5>r-3|
= 5<r+3 = |r=3|<5
= r>2...() — -5<r-3<5
= —2<r<8...(i1)
Combining (i) and (ii), we get
2<r<8

As 2x—3y—5=0and 3x — 4y — 7= 0 are diameters of
circles.

Centre of circle is solution of these twoeq. ' s, i.€.

x _y 1
21-20 -15+14 -8+9

= x=lLy=-1

c(,-1)
Alsoarea of circle, m2 =154

= 2 =ﬁx7=49:>r=7

Equation of required circle is

x-1)2+@+1)2=72 = x2+)y2-2x +2y=47
Let the equation of the circle be
x2+y*+2gx+ 2 +c=0.
As this circle passes through (0, 0) and (1, 0)
wegetc=0,1+2g=0

1

= &= D)
According to the question this circle touches the given
circlex?+3?=9

2 x radius of required circle =radius of given circle

= 2g’+f2=3 = g2+f2=%
l 2 9 2 _ -
= Z+f =Z = f*=2= f—:&:\/i

The centre is (%,ﬁ],(l —\/Ej

2)
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10. @

11. (©

12. @

13. @

The given circle is x2 + y? — 6x + 14 = 0, centre (3, 3),

radius =2

Let (A, k) be the centre of touching circle. Then radius

of touching circle = 4 [as it touches y-axis also]
Distance between centres of two circles= sum of

the radii of two circles

= J(h-32+ k-3 =2+h
= (h-3Y+(k-3)*=2+hy
= KkK2-10h-6k+14=0
locus of (h, k) is y*—10x—6y+14=0
Centres and radii of two circles are C, (5,0); 3=r, and
C,(0,0);r=r,
As circles intersect each other in two distinct points,
I =rl<CiG<r+r
= |r=-3|<5<r+3 = 2<r<8
Centre of the circle
x2+32+4x—6y+9sina+13cos? a=0
is C (- 2, 3) and its radius is

\/22 + (—3)2 ~9sin’ o —13cos’

= \/4+9—9sin20t—13cos2 o =2sina

B
Let P (h, k) be any point on the locus. The £ APC= o

Also £ PAC= -
That is, triangle APC is aright triangle.

Thus, sin o. = A—C = 2sina

PC Jth+2)% + (k-3

= Jh+2)P +(k-3)* =2

= (h+22+(k-3)=4

or h*+k2+4h—6k+9=0

Thus required equation of the locus is
x2+2+4x—6y+9=0

The given equation of the circle is
x2+y2—px—qy =0,pg+0

Let the chord drawn from (p, q) is bisected by x-axis at

point (x;, 0).

Then equation of chord is

xx —g(x+xl)—%(y+0) = x12 —pxy (using T=3S))
As it passes through (p, q), therefore,

2
p q 2
X —=—(P+x1)——=x%x7 —px
pPXg 2(p 1) 5 =X
2 2
2 3 P° .q
= X{-—=pXx;+—+-—=0
1 2Pl 2

= 2x12 -3pxy +p2 +q2 =0
As through (p,q) two distinct chords can be drawn.

Roots of above equation be real and distinct, i.e.,
D>0.

14. (¢)

15. (@)

= 9Yp?-4x2(p*+q»)>0
O is the point at centre and P is the point at
circumference. Therefore, angle QOR is double the
angle OPR.

Y

(3.4)
R(-4.3)

Y
P

So, it sufficient to find the angle QOR. Now slope of
00=4/3
Slope of OR=-3/4
Againm;m,=~1
Therefore, ZQOR =90° which implies that
ZOPR=45°.
2818+ 2=t ¢ . . i

(formula for orthogonal intersection of two cricles)

= 2()O)+2(k)()=6+k
= 2K2-k-6=0 = k=-3/2,2

16. (M) x*+y?=r?isacircle with centre at (0, 0) and radius »

17. (@

units.

B (Oa_r)
Any arbitrary pt Pon it is (rcos 8, rsing )
Choosing 4 and B as (— r, 0) and (0, — 7).
[Sothat ZAOB=90°]
For locus of centriod of AABP

(rcose—r rsine—r] ()
37 3 ’
= rcos® —r=3x
rsing —r=3y
= rcos® =3x+r
rsin@ =3y+r

Squaring and adding (3x + r)? + (3y+ r)> =1 which isa
circle.

Let ZRPS=0
ZXPO=90°-0
P 0
AR e
Ce
¥
R S
ZPOX=9 (- LPX0=90°)
APRS ~ AQOPR (AA similarity)
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18. (¢

19. (@

20. (¢)

21. @

22. (b

Topic-wise Solved Papers - MATHEMATICS

PR _RS
OP PR

= PR=./PORS =2r=./PORS

Line 5x — 2y + 6 = 0 is intersected by tangent at P to

circle x2 + %+ 6x+6y—2=0on y-axis at Q (0, 3).

In other words tangent passes through (0, 3)
PQ=length oftangent to circle from (0, 3)

=J0+9+0+18-2

=\25=5
2-8x+12=0 = (x—6)(x-2)=0

— PR?=PQ.RS

12— 14y+45=0 = (y—5)(¥—-9)=0

Thus sides of square are
x=2,x=6,y=5,y=9
Then centre of circle inscribed in square will be

(22229,
2 2

The given circle is
x?+y? —2x—6y+6=0with
centre C(1, 3) and radius

=J1+9-6=2.LetABbe

one of its diameter which is
the chord of other circle with
centreat C, (2, 1).

Then in AC,CB,

C,B* = CC? + CB?
P=[Q2-1)*+(1-31+2)
= P=1+4+4 = =9 = r=3.
Let the centre of circle C be (4, k). Then as this circle
touches axis of x, its radius = | k|

Also it touches the given circle x2 + (y—1)2=1,
centre (0, 1) radius 1, externally
Therefore, the distance between centres = sum of radii

= Jh-02+(k-172 =1+ | k|
W+k-2k+1=1+|k|?
W+ B-2k+1=1+2|k|+k?
hr=2k+2|k|
Locus of (4, k) is, x? =2y + 2| y|
Now1f y> 0, it becomes x2 =4y
and if y <0, it becomes x =0
Combining the two, the required locus is
{(x,y): =4y} U {(0,):y<0}
Tangents PA and PB are drawn from the point P (1, 3)

VRV

tocircle x% + y? —6x—4y—11=0 with centre C (3, 2)

23. @

24. (a) Anypoint Ponline 4x—Sy=20 is (0‘/

P(I,S);::.

Clearly the circumcircle of APAB will pass through C
and as /A4 =90°, PC must be a diameter of the circle.
Equation of required circle is

(x=D(x=3)+(»y-8)(y-2)=0

= ¥ +y2 -4x-10y+19=0

Let centre of the circle be (h, 2) then radius = |4

.. Equation of circle becomes (x — k)2 + (y — 2)* = h?
As it passes through (-1, 0)

MY

(h,2)

0,2

)Y’

=5
=(-1-h)*+4=h’=h= >

.. Centre (7:

5
2 ==
)andr )

5
Distance of centre from (—4, 0) is 3
.. It lies on the circle.

4a—20)
5 .

Equation of chord of contact AB to the circle

x?+y?=9

(4(1—20)
x.o+y. 5 ) 9 (1)
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Also the equation of chord AB whose mid point is (h, = x*—a%x2+c4=0 ..
k) 1s Asx,, x,, x, and x, are roots of (1),
hx +ky =h* + k? -(2) = X +xytxytx,=0andx x)xyx,=cf
Equations (1) and (2) represent the same line, Similarly, forming equation in y, we get
therefore Yty ty, +y4=0andy1y2y3y4=c4.
h k W2 1 k2 4. (a,c)There can be two possibilites for the given circle as
e d0-20 " 9 shown in the figure
5 ry
= 5ka =4ho —20h and 9k =0L(h2 +k2)
o= 200 and o= o
~ 4h-5k W2 4 k2 te3>6.49)
20h 9% 2 .2 J7
= = 20(h° +k°)=9(4h-5k
4h-5k p? k2 ( =9 ) U A 14

Locus of (4, k) 1s
20(x* +y?) - 36x +45y =0
D. MCQs with ONE or MORE THAN ONE Correct
1.  (a, c) The given circle is x> + y* — 2rx — 2hy + h? = 0 with
centre (r, h) and radius =r.
Clearly circle touches y-axis so one of its tangent is

x=0.
Y A
Tl A C(l",h)
y=mx
(0,0) X

Let y= mx be the other tangent through origin.
Then length of perpendicular from C (1, h) to y = mx
should be equal tor.

mr—h

m? +1

=r

= m?r?-2mrh+h?=m? +r2

B2
= ™ o 2 2
. he—r
Other tangent isy = X
2rh

or (h?2-r?)x—2rhy=0
2. () x*+y*=4(given)
Centre C;=(0,0) and R, =2.
Also for circle x2 +y% — 6x — 8y—24 =0
C,=(3,4)andR,=7.
AgainC, C,=5=R,—R,
Therefore, the given circles touch internally such that
they can have just one common tangent at the point of
contact.
3. (a,b,candd)
Putting y= c?/x in x2 +y? = a?,
we obtain x? + ¢*/x? = a?

N
“V

N
... The equations of circles can be
(x=3)*+(y-4)?=42
or (x—3)2+(y+4)r=42
ie x2+y2—6x-8y+9=0
or x2+y2—6x+8y+9=0

5. (b,c) Let the equation of circle be

x2+y*+2gx+2fy+c=0
It passes through (0, 1)
S 142+t ce=0 (1)
This circle is orthogonal to (x — 1)2 + y2 =16
ie.x2+y*-2x—15=0
andx2+y2—1=0
.. We should have
2g(-1)+2f(0)=c-15

or 2g+c—15=0 (i)
and 2g(0)+2f(0)=c-1
or c=1 (i)

Solving (1), (ii) and (ii1), we get
c=1,g=7f=-1

.. Required circle is

x2+y2+14x-2y+1=0

With centre (— 7, 1) and radius =7

.. (b) and (c) are correct options.

6. (a,c)Circle:x2+y?=1
Equation of tangent at P(cos 6, sin 0)

xcosO+ysinf=1 (1)
Equation of normal at P
y=xtan 0 (2

Equation of tangent at Sisx =1

L) - ofum)
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(N B(1,7)
AN (cos 0, sin 0) s
P-
S \Q (1, tan 02) - c(1e,7)
o .
> X D(4,-2)
S(1,0) -
4x-2y—(x+4)-2(y-2)-20=0
= 3x-4y-20=0 .2
For pt C, solving (1) and (2), we get
x=16,y=7 .. C(16,7).
Now, clearly ar (quad ABCD) =2 Ar (rt AABC)
1
.. Equation of line through Q and parallel to RS is =2x 5 x AB x BC = AB x BC
— tan 9 where AB =radius of circle =5
y 2 and BC=length of tangent from C to circle
0 — 2,2 - =
.. Intersection point E of normal and y= tan— = 162 +72 ~32-28-20 = V225 =15
2 ar (quad ABCD)=5 x 15="15 sq. units.
3.  Givenst. lines are x+y=2
0 tan2
tan— =xtane:x=M x_y=2
2 2
g2
- Locusof E: x = ory?=1-2x

11 1 -1
It is satisfied by the points (g’ﬁ] and (E’f]

E. Subjective Problems

1. Thegivencircleis
x*+)2—2x—4y-20=0
whose centre is (1, 2) and radius =5

Radius of required circle is also 5. As centre lies on £ bisector of given equations (lines) which
Let its centre be C, (a, B). Both the circles touch each other arethelinesy=0and x=2.
atP(5,5). Centre lies on x axis or x=2.

But as it passes through (- 4, 3), i.e., I quadrant.
- Centre must lie on x-axis
Let it be (a, 0) then distance between (a, 0) and (— 4, 3) is=

length of L lar distance from (a,0)tox+y—-2=0

2
= (a+4P+(0-3)2= (%2]

P(5,5)Cy(a.p)

Itis clear from figure that P (5, 5) is the mid-point of C, C,.

Therefore, we should have = a2+20a+46=0 = a=—10%+/54
. Equation of circle s

l+a 2+B _ _ d
— =sad—==5=a=9andp=8 =[x+ (10£+/54 YP+32=[- (10 £/54 ) +4]2 + 32
Centre of required circle is (9, 8) and equation of = x2+)2+2(10£+/54 )x+8(10£+/54 )-25=0
required circle is (x —9) + (y — 8)? = 52

= P2 18— 16y+120=0 = X2+ +2(10%/54 )x+55% /54 =0,

2. Theeq. of circle is 4.  Equation of chord whose mid point is given is

x*+)?2—2x—4y-20=0 =35

Centre (1,2), radius=./1+4+20=5
Using eq. of tangent at (x,, y;) of
x2+y2+2gx, +2fy, +¢=0is (0,0
xxy Ty, +g(x+3f'1)f(y+y1)+c=0
Eq. of tangent at (1, 7) is
x.14y. T—(r+1)-2(y+7)-20=0 PR AT 778
= y-7=0 ..(D) ) )
Similarly eq. of tangent at (4,—2) is [Consider (x;, y;) be mid pt. of AB]
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= xx1+yy1—r2=x12+y%—r2

As it passes through (4, k),
hx,+ky, = x12+y%
locus of (x;,y,) is,
x2 +y2 =hx+ ky

Let the two points be

A = ((x'laBI) andB = (aza Bz)
Thus a.,, a, are roots of
x> +2ax-b*=0

Sooapt+a,=-2a ...(D
o a,=—b ...(2
B,» B, are roots of x> + 2px —¢g?> =0
OB FBy=-2p N E))
BB, =—¢ @

Now equation of circle with 4B as diameter is
(x—o)Ex-a)+@-B)-B,)=0

= x2_(al + 0‘2)""’ a0, +)’2_ (B] + Bz)y"' B]f’z=0

= x?+2ax—-b*+y>+2py—q*=0

[Using eq. (1), (2), (3) and (4)]

= x?+y?+2ax+2py-b>-¢*=0

Which is the equation of required circle, with its centre

(—a,—p)and radius=\/a2 + P2 +b* +q2 .
Let equation of tangent PAB be 5x + 12y—10=0and that of
PXYbe
5x—12y-40=0
Now let centre of circles C; and C, be C (h, k).
Let CM L PAB then CM =radius of C; =3
Also C, makes an intercept of length 8 units on
PAB = AM=4

Then in AAMC, we get

AC=~4?132 =5
. Radius of C, is = 5 units
Also, as 5x+12y—-10=0 ...(D)
and 5x-12y-40=0 ...(2)
are tangents to C,, length of perpendicular from Cto 4B =3
units

Sh+12k-10
Weget+—=i3
13
= 5h+12k-49=0 ...()
or Sht12k+29=0 ...(i)
5h—12k-40
Similarly; T=i3
= 5h-12k-79=0 ... (i)
or 5h-12k-1=0 ...()
As Clies in first quadrant
h, k are+ve

Eq. (ii) is not possible.

Solving (1) and (ii1), we get
h=64/5k=-5/4
This is also not possible.
Now solving (i) and (iv), we get h=5,k=2.
Thus centre for C, is (5, 2) and radius 5.
Hence, equation of C, is (x— 5)? + (y — 2)? =57
= X+y’-10x-4y+4=0
Let the equation of L, be
xcosa+ysina=p,
Then any line perpendicular to L, is
x sin o —y €os o = p,, where p, is a variable.
Then L, meets x-axis at P (p; sec a, 0) and y-axisat 0 (0, p,
cosec ).
Similarly L, meets x-axis at R (p, cosec a,, 0) and y-axis at S (0,
— P,y sec ).

A)Y

N

0

N
/R (0]

Now equation of PS s,

%)

P\ "y
L,

x
—2 = = XY seca .. (1)
piseco  —p, seco P
Similarly, equation of QR s,
= X + 24 =1

DPrCOSEC L p1COsEC A

= X4~ coseca ...
P P
Locus of point of intersection of PS and QR can be obtained
by eliminating the variable p, from (1) and (2)
y

. x ) x
1.€. ——SeCOLJ —+—=— =coseca
4| Y D

1
[Substituting the value of p_ from (1) in (2)]
2

= (x—p,seca)x+y? =p, Yy cosec a
= x2 +y£—p1 x sec ou—p; y cosec =0
which is a circle through origin.
The given circle is
x?+y?—dx—4y+4=0.
This can be re-written as
(x-2)*+(y-2)*=4
which has centre C (2, 2) and radius 2.

Let the eq. of third side 4B of AOAB is i % =1 such that
a

A (a,0)and B(0, )
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VA Since m,, m,, m;, m, are roots of this equation, therefore
product of roots = 1 = m,m,mym, =1
B(0,0) 10. Let AB be the length of chord intercepted by circle on
y+x=0
Let CM be perpendicular to 4B from centre C (A, k).
s N2
2[€ ’
On—___—A@0) *
Length of perpendicular form (2, 2) on AB =radius=CM=2
g + E -1
a b _y
1 1 Alsoy—x=0andy+ x=0are perpendicular to each other.
2t OPCM is rectangle.
a” b
CM=0P= 42 .

Since (2, 2) and origin lie on same side of AB

_(g_'_g_l)
a b

1,1
a> b
= 2+E_1:_2 L+i ..M

Since ZAOB=1/2.

Hence, AB is the diameter of the circle passing through
AOAB, mid point of AB is the centre of the circlei.e.

(a2, b/2)

Let centre be (A, k) = (3, 2)
2°2

then a=2h, b=2k.
Substituting the values of a and b in (1), we get

1 1 1 1
= —4——l=—|—+— D> h+k—hk+Vh2 +k% =0
h ok \/hz 2 +

Locus of M (4, k) is,

x+y—xy+ \/x2+y2=0 ...

Comparing it with given equation of locus of circumcentre of
Aie.

x+y—xy+k\/x2+y2 =0 .3

We get, k=1
. (1) . .
Given that Lmi,—) ,m;>0,1=1, 2,3, 4 are four distinct
m;

points on a circle.
Let the equation of circle be x? + y? +2gx +2fy + ¢ =0

. 1) .. .
As the point (m,—] lies on it, therefore, we have
m
2

m +L+2gm+£
m? m
= mt+2gmd+cem?+2fm+1=0

+c=0

11.

Let r be the radius of cirlce.
Also AM = %AB=%X6«5=3«/§
In ACAM, AC? = AM? + MC?
= 2=V +(@V2) = 2= (52)?

= r=52
Again y = x is tangent to the circle at P
: CP=r
h—k
= |==|=5V2 = h-k=x10 ..
‘ 2 g
Also CM= 42
h+k
—=|=4V2 = h+k==8 ..
;) @

Solving four sets of eq’s given by (1) and (2), we get the
possible centres as
(9’_ l)a (1’_9)’ (_ 11 9)1 (_ 9> 1)
. Possible circles are
(x-9y+(y+1)*2-50=0
(x-12+(@3+9)*-50=0
(x+172+(»-92-50=0
(x+972+(-1)2-50=0
But the pt (— 10, 2) lies inside the circle.
.8, <0 which is satisfied only for
(x+9)y+(y-12-50=0
Therequired eq. of circle is
x?2+y*+18x-2y+32=0.
Let ¢ be the common tangent given by
4x+3y=10 ..(D
Common pt of contact being P (1, 2)
Let 4 and B be the centres of the circles, required. Clearly, AB
is the line perpendicular to 7 and passing through P (1, 2).

t

GP_3480



Circle

12.

13.

o M-S-117

Therefore eq. of AB is

Asslopeoftis=—4/3
=r|..slopeof ABis=3/4=tan6
..c080=4/5;s1n0=3/5

Forpt4, r=-5and for pt B, r=5, we get
x-1 y-2 (radiusof eachcircle)
475 3/5 7 \being5, 4P = PB =5

= Forptd x=-4+1,y=-3+2
andForptB x=4+1,y=3+2
. A(3,-1)B(,5).
Eq.’s of required circles are
(x+3)2+(y+1)?=5
and (x—5)2+(y-5)*=52

= x2+y2+6x+2y—15=0}

and x* + y* =10x—10y+25=0

The given circle is
2x(x—a)+y(2y—-b)=0(a,b#0)
= 2%+ 2ax-by=0 ..(1)
Let us consider the chord of this circle which passes through

x-1 x-

4/5  3/5

the pt (a, %) and whose mid pt. lies on x-axis.

B(a,b/2)
M(h,0)

A

Let (A, 0) be the mid point of the chord, then eq. of chord can
be obtained by 7= S,

ie., 2xh+2y.0—a(x+h)—%(y+0)=2h2—2ah
b 2 —
= (@h-a)x- 2 y+ah-21=0

This chord passes through (a, g) , therefore

b b
2h—a)a—- — .=
( ) >3

+ah—-2h*=0

= 8h2—12ah+(@4a’+b*)=0

As given in question, two such chords are there, so we should
have two real and distinct values of /4 from the above
quadratic in 4, for which

D>0
= (12a)*-4x8x(4a*+b%)>0
= a2>2

Let the family of circles, passing through 4 (3, 7) and B (6, 5),
be

x*+y2+2gx+2fy+c=0
As it passes through (3, 7)
S 9+49+6g+14f+c=0
o, 6g+14f+c+58=0
As it passes through (6, 5)

..(D

14.

36+25+ 12g+ 10f+c=0

12g+10f+c+61=0  ...(2)
2)- (1) gives,

4f -3

6g-4f+3=0 = g=fT

Substituting the value of g in equation (1), we get
4f-3+ 14f+c+58=0

= 18f+55+¢=0 = c=-18f-55

Thus the family is

x2+y2+(4f3_3) x+2f—(18f+55)=0

Members of this family are cut by the circle
x2+32—4x-6y-3=0
Equation of family of chords of intersection of above
two circles is

N (4f3_3+4)x+(2f+6)y—18f+52)=0
which can be written as

(3x+6y—52)+f(§x+ 2y—18) =0

which represents the family of lines passing through the pt.
of intersection of the lines
3x+6y—52=0and4x+6y—-54=0
Solving which we get x =2 and y =23/3.

Thus the required pt. of intersection is (2, ?)

The given circles are
x*+y?—4x-2y=-4

and x2+y2—12x-8y=-36
ie, x2+)?—4x-2y+4=0 . (D

x>+ —12x-8y+36=0 e (2)
with centres C,(2, 1) and C, (6,4) and radii 1 and 4 respectively.
Also C,C,=5
As ri+r,=CC,
= Twocircles touch each other externally, at P.

T

Clearly, P divides C,C, in theratio I : 4

Co-ordinates of P are

(1x6+4><2 1><4+4><1] [H §)

1+4 4+1 “\5°5

Let AB and CD be two common tangents of given circles,
meeting each other at 7. Then T divides C, C, externally in
theratio 1 :4.
KEY CONCEPT : [As the direct common tangents of two
circles pass through a pt. which divides the line segment

joining the centres of two circles externally in the ratio of
their radii.]

I1x6-4x2 1><4—4><1)_(2 O)

Hence, T= ( R -
1-4 1-4

3
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Let m be the slope of the tangent, then equation of tangent
through (2/3, 0) is

y_O:m(x-%) = y—mx+ §m=0

Now, length of perpendicular from (2, 1), to the above tangent
is radius of the circle

1—2m+2m
—3 =1

m* +1
= (3—4m)2=9(m2+1):> 9—24m+ 16m2=9m*+9

24
= Tm?*-24m=0>=> m= 07

Thus the equations of the tangents are y = 0 and
Ty—24x+16=0.
Let the given point be

(1+\/5a l—x/ia\
2

(p,p)= L 5 J and the equation of the circle

becomes x2+y*—px— py=0

(1+\/§a l—ﬁa\

™= =)

Since the chord is bisected by the line x +y =0, its mid-point
can be chosen as (k, — k). Hence the equation of the chord
by T=3S,is

kx —ky—
It passes through 4 (p, p)

§(x+k)—§(y—k)=k2+k2—pk+ Bk

fp—kp — g(p+k)— g(ﬁ—k)=2k2—pk+ Bk
or  3k(p-B)=4K2+ P+ B?) o)
(1+24d%)  1+24°
4 2
Q)

Putp— p = a2, p*— p2=2.

Hence, from (1) by the help of (2), we gef

1
4k2—3ﬁak+5(1+2a2)=0 .3

Since, there are two chords which are bisected by

x +y=0, we must have two real values of £ from (3)
S A>0

or 18a%2-8(1+2a%)>0

o, a’z-4>0

o, (a+2)(a-2)>0

Soooa<-=2or >2

sa e(=90,-2)uU(2,)

oo ael-0,-2[U]2, o[

16. Letrbetheradius of circle, then AC=2r

Since, AC is the diameter

18.

ZABC=90°

In AABC
BC=2rsin3,AB=2rcosf

Inrt Led AABC
BD=ABtan a.=2rcos B tan a
AD = AB sec a.=2r cos 3 sec oL
DC=BC—-BD=2rsin 3 —2rcos tan o

Now since E is the mid point of DC

DC 2rsm[3 2rcosftana

2 2

= DE=rsinB-rcosftan a

Now in AADC, AE is the median

o 2(AE%+ DE2) AD?+ AC?

= 2[d?+r*(sin B —cos B tan a)?]
=472 cos? Bsec? a.+4

DE =—

2 d?cos’ a
= ri=—s 5
cos“ oL+ cos” B+2cosacosPcos(f—a)
= Areaofcircle,
2 nd? cos® a
e =—sy 5
cos” o+ cos“ B+ 2cosacosPcos(f—a)

Given Cisthe circle with centre at (0, /2 ) and radius r (say)
then C=x?+(y—+2)? =12

= -V =(?-) 2 y1=rlP -

= =2t -s? ()

The only rational value which y can have is 0. Suppose the
possible value of x for which yis 0 is x,. Certainly —x, will
also give the value of y as 0 (from (1)). Thus, at the most,
there are two rational pts which satisfy the eq™ of C.
Let P (h, k) be on C,

h?+ k2 =472
Chord of contact of Pw.r.t. C, is

hx + ky = r?
It intersects C;,

x*+y?=a%in Aand B.
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Eliminating y, we get,

(12 _pe)’

2 (ri-hxd o

x+k p J r

o, x2(R2+k)—2 hx+rA—r2k2=0
or, x24r2-2rrhx+r2(r-k*)=0

O Y

1 2—4r2—2,y1 Y2=75

If (x, ) be the centroid of APAB, then
h 3h

3x=x,*x,th=—+h=—
2 2

x= g or h=2x and similarly k= 2y

Putting in (1) we get
42+ 42 =472
LocuSISx2+y2 P ie,C
The given circleis x2 + )2 =1 ...(1)

Centre O(0, 0) radius=1
Let 7} and T, be the tangents drawn from (-2, 0) to the circle
(M.

AAY Tl
M

=20P

0,0

kv

A

Let m be the slope of tangent then equations of tangents
are

y 0=m(x+2)
or, —y+2m=0 -
Asitis tangent to circle (1) length of | lar from (0, 0) to (2)
=radius of (1)

2m

= =1 > dm’=m*+1 = m=+1/3

m? +1
The two tangents are x +x/§y+2=0(71) and
x—By+2=0(Ty)

Now any other circle touching (1) and 7}, T, is such that its

centre lies on x-axis.
Let (h, 0) be the centre of such circle, then from fig.

OC,=04+AC, = |h|=1+|AC|
But AC; = 1 lar distance of (%, 0) to tangent
h+2
|h|=1+|——| = |h|-1= hLzz
Squaring,
W +4h+4
2kl 1 =T
= 4h?£8h+4=h*+4h+4
‘“+° = 3n*=—4h = h=-4/3

< = 3n=12h = h=4

20.

Thus centres of circles are (4, 0), (—%, 0) .

Radius of circle with centre (4, 0) is=4—1=3 and

. . . -4 ). 4 1
radius of circle with centre ?, 0 is= 3 1= 3

The two possible circles are
(x—4)2+y?=32 .03

And [x+9+y2=@2 )

Now, common tangents of (1) and (3). Since (1) and (3) are
two touching circles they have three common tangents T,
T, and x =1 (clear from fig.)

Similarly common tangents of (1) and (4) are 7}, T, and
x=-1.

For the circles (3) and (4) there will be four common tangents
of which two are direct common tangents .

XYandx'y' and two are indirect common tangents. Let us
find two common indirect tangents. We know that

In two similar A’s C; XN and C,YN

3 _GN

= N divides C,C, intheratio9: 1.
1/3 CyN

Clearly Nlies on x-axis. X

N=(9><(—4/3)+1x4’0) =(—_4’0)
10 5

Any line through N is
4
y= m(x+g) or Smx-5y+4m=0
Ifit is tangent to (3) then

20m+4m | 3
V25m? +25
= 24m=15Vm? +1 = 64m>=25m>+25
= 39m2=25= m=+5//39
. Required tangents are

y =+ i [ x+ i)
SOV s)
The equation 2x2 — 3xy + 2 = 0 represents pair of tangents

OAand O4'.
Let angle between these to tangents be 26.

Then, tan26 =
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. 2Wh* —ab
Usingtanp = =Y~ 9%
[smgan "y ]
Larlg=l:>tan20+6tan9—l=0
1-tan“® 3

21.

22.

—6++/
tan6=¥=—3i\/w

As @ isacute tan0 =10 -3
Now we know that line joining the pt through which tangents
are drawn to the centre bisects the angle between the

tangents,
.. LAOC=ZA'0AC= 0
In AAOC,
tan9=i OA= 3 x\/E+3
04 V1I0-3 J10+3

04=3(3+10).
Let equation of C, be x2 +? = ;2 and of C, be

(x—a)*+(y-bP= 1

y
A
Cl
C2
° C .
_V g

Let centre of C be (4, k) and radius be r, then by the given
conditions.

\/(h—a)2+(k—b)2 =r+r,and B2 +k> =p—r

= J(h—a)* +(k=b)? +\ 2 +k2 =1 +1
Required locus is

\/(x—a)2 +(y—b)2 +\/x2 +y2 =n+nr,

which represents an ellipse whose foci are at (a, b) and
©0,0).

[-- PS+ PS’=constant = locus of P is an ellipse with foci
atSand S']

The given circle is x2 + y? = 2

From pt. (6, 8) tangents are drawn to this circle.

P(6,8)
Then length of tangent

PL=+ 6 +82 —r% = /10012

Also equation of chord of contact LM is
6x+8y—r2=0

PN=length of L from Pto LM
36+64—r2 1007

J36+64 10

Now in rt. APLN, LN* = PL? — PN?
(100-r%)*  (100-r%)r?

=(100-r*
100=r-""00 100
2
I A (L
10
[ 2
=N 10;)—r (-- LM=2LN)
1
Area of APLM = Ex LM x PN
/ _2 ) 3
_lxr 100—r ><100 r =L[r(100—r2)2]
2 5 10 100
For max value of area, we should have
dA
“_0
dr
| 3 1
= % (100—r2)2+r.5(100—r2)2(—2r) =0

1
= (100-r2)2[100-r* -3r*]=0 = r=100rr=>5
But = 10 gives length of tangent PL=0
r # 10. Hence, r=35

We are given that line 2x + 3y + 1 = 0 touches a circle S=0
at(1,-1).

S=0 A x\40
X

A(1-1)

So, eq™ of this circie can be given by
(x=12+@+12+1(2x+3y+1)=0.
[Note : (x—1)2+ (¥ + 1)>=0 represents a pt. circle with centre
at(1,-1)].
or X2 +y?+2x(A-1)+y(Br+2)+(A+2)=0...(1)
But given that this circle is orthogonal to the circle, the
extremities of whose diameter are (0, 3) and (-2,— 1) i.e.
x(x+2)+@-3)(p+1)=0
¥ +y?+2x-2y-3=0 ... ¥)]
Applying the condition of orthogonality for (1) and (2), we

37‘”).(-1): A+24(=3)

[2818, + 2/, =¢ 1)l

get 2(7\.—1)‘1+2[

= 2A-2-3A-2=A-1
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o M=-3 — k=—73 Then, PA-+PB’ + PC? + PD’
? 2 2 2 2
Substituting this value of A in eq™ (1) we get the required QA" +0B"+0C" +0D
circle as 1+1+5+5 12

T2 +1]+ 22 +1)2 +1] 16

x2+y2—5x—§y+l=0 L .
27 2 2. () Let C'bethesaid circle touching C, and L, so that C,

or, 2x2+2y?—10x—5y+1=0 and C' are on the same side of L. Let us draw a line T
24. Given these circles with centres at C,, C, and C; and with parallel to L at a distance equal to the radius of circle

radii 3, 4 and 5 respectively, The three circles touch each C,, on opposite side of L.

other externally as shown in the figure. Then the centre of C'is equidistant from the centre of

C, and from line 7.
= locus of centre of C'is a parabola.

P is the point of intersection of the three tangents drawn at
the pts of contacts, L, M and N. Since lengths of tangents to
a circle from a point are equal, we get

PL=PM=PN
Also PL L C1C2,PM L C2C3,PNJ_ C1C3

(-~ tangent is perpendicular to the radius at pt. of contact)
Clearly P is the incentre of AC, C,C; and its distance from
pt.of contact i.e., PL is the radius of incircle of AC, C,C;. 3. (c¢) Since Sis equidistant form 4 and line BD, it traces a

In AC,C,C; sides are parabola. Clearly, AC is the axis, 4 (1, 1) is the focus
a=3+4=7,b=4+5=9,c=5+3=8
1 1) .

a+b+c and T 205) 18 the vertex of parabola.

s = =12
2 1

A=\s(s—a)(s-b)(s—¢c) =+12x5x3x4 =125 AT1=E-

A 1245 T, T; = latus rectum of parabola
r=—=————= \/g N

s 12 \ %
G. Comprehension Based Questions T,

1. (@) Without loss of generality we can assume the square
ABCD with its vertices 4 (1, 1), B (-1, 1), C(-1,-1),D (-1,1)B A(L1)
(l)_l)
T
P to be the point (0, 1) and Qas (/2,0). T, 3\
4 € X [0) wi
®
B LOSIN 4(1,1) C D
L) / \ ~1-1) (1-1)
‘ on2.0 L7
x 0 12 v
C, v
C, 1
C 7D(1-1) =4X—=2\/§
(-1-1) \/E
1 1 /2 1 .
Ay 5. Area (AT|T,T;) = P xA2=7=1 5q. units
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1
Slope of CD = ﬁ

.. Parametric equation of CD is

333
2 7 2
B 1

2 2
.. Two possible coordinates of C are

(LB 13 (3 1,3
2 272 2 2 272 2
ie. (2J§,2) or (\/3,1)

As (0, 0) and C lie on the same side of PQ

" («/5 , 1) should be the coordinates of C.

NOTE THIS STEP : Remember (x,,y,) and (x,, y,) lie
on the same or opposite side of a line ax + by + ¢ =0
ax;+by +c
axy +by, +c
.. Equation of the circle is

=3y +(y-D* =1
APQR is an equilateral triangle, the incentre C must
coincide with centriod of APQR and D, E, F must

concide with the mid points of sides PQ, QR and RP
respectively.

Also ZCPD =30°=>PD =3
Writing the equation of side PQ in symmetric form we

BEYCRNN
2

according as >0 or<0.

2
g — =5 3

2 2

B33 -3 3]
. 4 =|—+—,—+=
.. Coordinates of P (2 > 5t

= (2«/3, 0) and
coordinates of Q=(_‘/_ 3‘/_ 33, 3] (\/_ 3)

2222

Let coordinates of R be (a, ) , then using the formula
for centriod of A we get

3+0+
\/§+23\/§+a=\/§and ﬁ

=1
3

= a=0and =0
.. Coordinates of R=(0, 0)
3 3]
272
and coordinates of F = mid point of PR = (1/3,0)

Now coordinates of E = mid point of QR = [

Equation of side QR is y= +/3x and equation of side
RPis y=0

Paragraph 3
Given the implicit function y? —3y+x=0

For x €(—0,-2)U(2,0) it is y = f (x) real valued

differentiable function and for x €(-2,2) itis y=g(x)
real valued differentiable function.
Equation of tangent PT to the circle x + % =4

at the point P(v/3,1) is x+/3 + y=4
Let the line L, perpendicular to tangent PT be

x-— y\/g +A=0

As it is tangent to the circle (x — 3)2 + 2 =1

.. length of perpendicular from centre of circle to the
tangent = radius of circle.

3+A

= =1 > )p=-1lor -5

<. Equation of L canbe x —+/3y =1 or x -3y=5

VA

x=2
From the figure it is clear that the intersection point of
two direct common tangents lies on x-axis.

Also APT|C; ~ APT,C,

= PC,:PC,=2:1

or Pdivides C|C, in theratio 2 : 1 externally
.. Coordinates of P are (6, 0)

Let the equation of tangent through P be

y=m(x—6)
As it touches x2 + 32 = 4
6
‘ 2 _ 2 = 36m2=4(m? +1)
m? +1
1
= =t—
m 2

.. Equations of common tangents are

Y=t 7= (x-6)

Also x =2 is the common tangent to the two circles.

H. Assertion & Reason Type Questions
(a) Equation of director circle of the given circle

x2+y?=169is x2 +? =2 x 169 =338.
We know from every point on director circle, the
tangents drawn to given circle are perpendicular to
each other.
Here (17, 7) lies on director circle.

The tangent from (17, 7) to given circle are mutually
perpendicular.
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") M-S-123

(c) The given circleis x? +y2 +6x—10y+30=0
Centre (-3, 5), radius=2
L :2x+3y+(p-3)=0;
Ly :2x+3y+p+3=0
Clearly L || L,

Distance between L; and L,

p+3—-p+3 6
T =—=<2
V22432 | 13

= Ifone line is a chord of the given circle, other line
may or may not the diameter of the circle.
Statement 1 is true and statement 2 is false.

I. Integer Value Correct Type
(8) Let rbetheradius of required circle.
Clearly, in AC\CC,, G;C=C,C=r+1
and P is mid point of C,C,
CP1LCG
Also PM 1 CG
Now A PMC| ~ ACPC; (by AA similarity)
MG PG
PC,  CQ

(¢) Equation ofcirclex? + 3?2 =1=(1)?
= 2 +yP=y-mx)? = x2=mx? -2 mxy,
= x%(1-m?)+ 2mxy= 0. Which represents the pair of
lines between which the angle is 45°.

2Wm? -0
tan45==* e 7 =
1-m 1-m

2m
2’

= 1-m?=4+2m= m*+2m-1=0

- -2+
- 24444 2422 __1+3
2 2
(a) Foranypoint P (x, y) in the given circle,

JEE Main/ GIEEE

2.

EBD_7202

C
= l=i:>r+l=9:>r= 8.
3 r+l

2
The smaller region of circle is the region given by

x*+y?<6 Ne))
and 2x—3y>1 -(2)

Y

'

4 4 4

satisfy both the inequations (1) and (2)
2 points in S lie inside the smaller part.

3 1 1
We observe that only two points (2,—) and (—,——)

A

.

we should have

R

E >X

)
J&

OA<OP<OB=> (5-3)<yx*+y% <5+3

=>4<x?+y? <64
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Let the required circle be
x2 + y2+2gx +2fy+c=0
Since it passes through (0, 0) and (1, 0)

1
=c¢=0and g=—§

Points (0, 0) and (1, 0) lie inside the circle x2+ y* =9, so
two circles touch internally
=>cc,=r -1,

/g2+f2=3—\/g2+f2:>\/g2+f2=%

9 1

:>f2=z—z=2 .'.f=i\/§.

Hence, the centres of required circle are
1 J— 1

—,v2 |or —,—«/5

(2 ] (2 ]

Let ABC be an equilateral triangle, whose median is
AD.

A

\ LI

Given AD=3a.

In AABD, AB*=AD?*+ BD?;

= x2=9a%+ (x*/4) where AB=BC=AC=x.

%xz =9q2 = x2=12a2.
In AOBD, OB?=0D?+ BD?

2
= r2=(3a-r)2+"T

= rP=9a2—6ar+r+3a®; = 6ar=124>
= r=2a

So equation of circle is x2 + y* = 4a°

|r1 - r2| < G, for intersection
=>r-3<5=>r<8 ..

and i +n >CC, r+3>5=>r>2 (2
From (1)and (2), 2<r<S8.
wl=154=r=7

For centre on solving equation
2x—-3y=5&3x—-4y=7 wegetx=1y=-1
~ocentre=(1,-1)

Equation of circle, (x —1)? + (y +1)% = 7°

x2+y? —2x+2y=47
Let the variable circle is

X4y 42gx+2f+c=0 . 0
It passes through (a, b)
a?+b’+2ga+2fb+c=0 .. @

@

@

10. @

11.

)

(1) cuts x>+ y2 =4 orthogonally
L 2(gx0+ fx0)=c-4=>c=4

. from(2) a® + 5% +2ga+ 2 +4=0
.. Locus of centre (—g,—f) is

a?+b* —2ax-2by+4=0

or 2ax+2by=a*+b*+4

Let the variable circle be
X +y?+2gx+2f+c=0 ()
p2 + q2 +2gp+2fg+c=0 wd2)

Circle (1) touches x-axis,

g2—c=0:>c=g2.From(2)

1)2+q2+2gp+2fq+g2 =0 -(3)
Let the other end of diameter through (p, q) be (4, k),
h+ k+
then, P-_ Tq =—f
Putin (3)
2
o {45 (15152 -

= h?+p? —2hp—dkg=0

... locus of (4, k) is x? +p2 -2xp—4yq=0
= (x-p)* =4qy

Two diameters are along
2x+3y+1=0and 3x—y—-4=0

solving we get centre (1,—1)
circumference = 2nr = 10n

sr=5.

Required circle is, (x —1)% + (y +1)% = 5
=>x2+y? —2x+2y-23=0

Solving y = x and the circle

x2+y? —2x =0, we get

x=0,y=0and x=1,y=1
.. Extremities of diameter of the required circle are
(0,0) and (1, 1). Hence, the equation of circle is

(x=0)(x-D+(-0)(y-1)=0
:x2+y2—x—y=0

51 =x2+y2+2ax+cy+a=0

sy =x"+3* —3ax+dy—1=0

Equation of common chord of circles s; and s, is
given by 51— s, =0

= Sax+(c—d)y+a+1=0

Given that 5x + by — a = 0 passes through P
and Q
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.. The two equations should represent the same line

1 b —-a
a+a+1=0

Noreal value of a.

12. (d Equation of circle with centre (0, 3) and radius 2 is

P +(y-3)* =4
Let locus of the variable circleis (o, B)
It touches x - axis.

It's equation is (x— a)? + O+ [3)2 =

Circle touch externally = cjc; =/ + 1,

sy a2+ (B-3)2 =24P

a?+(B-3)2 =2 +4+48= o =10(B-1/2)

- Locusis x% = 10( y- %) which is a parabola.

13. (d) Letthecentrebe (a, B)

.~ Ttcuts the circle x> + y2 = p2 orthogonally

- Using 2g18, +2£1.f> =¢ +¢c, , we get
2-a)x0+2(-B)x0=¢—p* > ¢ =p
Let equation of circle is

x? +y2 —20(x—2[3y+p2 =0

It passes through

(a,b) = a* +b* —20a—2Bb+ p* =0

- Locus of (o, B) is

- 2ax+2by—(a® +b% + p?)=0.

\o/

X

A

14. @

As per question area of one sector = 3 area of

another sector

= angle at centre by one sector =3 x angle at

centre by another sector
Let one angle be 0 then other = 30

Clearly 6+ 30 =180 = 0 = 45°

15. @

16. @

17. @

.. Angle between the diameters represented by
combined equation

ax? +2(a+b)xy+by2 =0is 45°

2WhE —ab

. Using tan@ =
a+b
2
we get tan45° =M
a+b
[2, 2
=1 =N D o (g p) = 4(a® +5 + ab)

a+b

= a® +b* +2ab = 4a* +4b* + 4ab

= 3a® +3b% +2ab=0
Point of intersection of 3x—4y—7 =0 and
2x-3y-5=0 is (1,—1) which is the centre of the
circle and radius =7

. Equationis (x - 1)2 +(y+ 1)2 =49

= x? +y2 -2x+2y-47=0
Let M(h, k) be the mid point of chord 4B where

LAOB=2?Tt

= Vh? +k? =%:>h2+k2=

BV o

.. Locus of (4, k) is X+ J’z =

Equation of circle whose centre is (4, k)
ie(x—h)?+@-kP?=k

(-LD)

(radius of circle = k because circle is tangent to x-axis)

Equation of circle passing through (-1, +1)

o E1=hP?+(1-k)? =K

= 1+ +2h+1+k-2k=k = h*+2h-2k+2=0
D=0

L (QP-4x1.(2k+2)20

= 4-4(2k+2)20=1+2k-220=> kz%
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20.

21.

22.

©

©
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The given circleis x2+y2+2x+4y3=0

Q(o.,B)

P(1,0 .
(1,0) L)

(L

Centre (-1,-2)
Let O (a, B) be the point diametrically opposite to
the point P(1, 0),

O+B
=— — =2
1 and 2

1+a
then >

=a=-3,=-4,8S0,Qis(-3,-4)
Let the centre of the circle be ( 4, 2)
.. Equation of circle is

(x—h)? +(y-2)* =25 )
Differentiating with respect to x, we get

2(x—h) +2(y—2)ﬂ=0
dx
dy
—h=—y-2Z
=X —(y-2) e
Substituting in equation (1) we get

2
2(dy 2

»y-2) (dx) +(y=2)"=25

= (y-2)* (¢))*=25- (y-2)?

The given circles are
S;=x2+y2+3x+Ty+2p —5=0 1)
Sy = x2+y2+2x+2y-p?=0 2

Equation of common chord PQ1is §; - S, =0

L=x+5y+p*+2p-5=0
Equation of circle passing through P and Q is
S+ L=0

= (2+)2+3x+Ty+2p —5)+ )

=

=

@

@

(x+5y+p?+2p-5)=0
As it passes through (1, 1), therefore
(7+2p)+ % Rp+p*+1)=0

2p+7
(p+1)*’

Circle x% + y> —4x—8y-5=0

Centre=(2,4),Radius= /4 +16+5 =5
Ifcircle is intersecting line 3x — 4y = m, at two distinct
points.
= length of perpendicular from centre to the line <
radius

|6 -16- m|
>—F<5 = [10+m| <25
=-25<m +10<25=-35<m<15
As centre of one circle is (0, 0) and other circle passes
through (0, 0), therefore

which does not exist forp=—1

25.

23. (a)

24. (¢)

)

Also C (%,0) G, (0,0)

rl=

% r2 =C
a a a

GG=n-n=2 = C-—=2=C=a
If the two circles touch each other, then they must
touch each other internally.
Let centre of the circle be (1,h)

% [ circle touches x-axis at (1,0)]
N

Lh
C(, ) g,3)

AL.0) >X

Let the circle passes through the point B (2,3)

.. CA=CB (radius)

= CA*=CB?

= (1-12+*h-02=(1-2)2+(h-3)?
10 5

2 249_ h=—z=2
= h*=1+h"+9-6h > 6 3

Thus, diameter is 2h = ?

Since circle touches x-axis at (3, 0)
. The equation of circle be
x=37+(@y-02+3y=0

N

A(3,0)

A
(1,-2)

y
As it passes through (1,-2)
oo Putx=1,y=-2
= (1-32+QP+M-2)=0=>r=4

equation of circle is (x — 3)2 + 32 -8 =0
Now, from the options (5, —2) satisfies equation of
circle.

C

©0,)
T

)

Equation of circle C = (x - )%+ (y- )% =1
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26. (a)

27. (@

Radiusof T=y|

T'touches C externally

therefore,

Distance between the centres = sum of their radii

= Jo-12+@-12 =1+]y|

= (0= 12+@-12=(1+})?

= 1+y2+1-2p=1+)2+2)y|
205|=1-2y

1
Ify>0then2y=1-2y=y= 1

Ify<0Othen-2y=1-2y=0=1
(not possible)
_1
"

Intersection point of 2x—3y+4=0andx—2y+3=0is
(1,2)

A2, 3)

(1,2)

B(a, B)

Since, P is the fixed point for given family of lines

So, PB=PA
(a-1P2+(B-2=(2-1y*+(3-2)
(a—12+P-2y°=1+1=2
(x= 12+ (-27= (2)?
(x=aP+(y-bp=r’

Therefore, given locus is a circle with centre (1, 2) and
radius /2 .

x2+y2—4x—-6y—12=0 ()
Centre, ¢, = (2, 3) and Radius, r; = 5 units
x2+y?+6x+18y+26=0 (i)

Centre, ¢, = (-3,-9) and Radius, r, = 8 units

C,C,= \J2+3)% +(3+9)% =13 units
r+r,=5+8=13
Cl C2=rl +1,

X
<)
Therefore there are three common tangents.

28. (b)

For the given circle,
centre : (4, 4)
radius = 6

6+k = (h-4)* + (k- 4)°
(h—4)2=20k+20

~. locus of (h, k) is
(x—4)*=20(y +1),

which is a parabola.

29. ()

Centre of S : O (-3, 2) centre of given circle A(2,-3)
=0A =52

Also AB=5(-- AB=r of the given circle)

= Using pythagoras theorem in AOAB

r=5«/§
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