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(Introduction to Three Dimensional Geometry)

s Mathematics is both the queen and the hand-maiden of
all sciences — E.T. BELL*®

11.1 ({ﬁmr (Introduction)

&0 W €, T forelt qar o feor wan foig o) frarfa ferfcor
% fou &9 39 9a ° 3 WER da W@ gfiesfd st |
ifereh 3Rl T sTawERan it 21 37 Tanet i fdma iR
37 T Aifae SRl & e o Gy 39 fog o fRene
(coordinate) sed €| aTEdfeh Siteq § AN ehelel Teh el
H feord fogetl @ € Gew 72 T <1 21 SR SAafer
H weh T T g i fafa= aag ¥ frafa st e o
¥ W WE d% WA o SHE GrgAF w1 TH
fafere aua o feufa anfs, &1 oft S99 =Y eaweshar gedt €1 Leonhard Euler

' (1707-1783 A.D.)
Ul YR Tsh L i B ¥ Tehd g T fagd dea

&t et i TUeT Bd o 9" hi Ak & feafa w1 fufor w0 & fow gy 37 foged
F Y WER o Rl G At 7§ waia T F afew su f6g w1, FW ok we @
S, B oft STEvIRd Ugdl €1 od: €5 shael &1 el dfedh A TR elifash dell o
A SR e R % fe 9 e w e A 3, W g A
TR o SErl @ A, 9o 3 FE ok wY Y FAE Hl A Bl &1 FI H TWER
oo SERl qu 39 AT 1 Y dH WER Fiaesicd i a7 81 37 WO Wieested
FH I el 9 ofd IR i e w a9 geEnd sq fag & ffF fde 9o
o G Trdonier sead €1 39 YR 3Tafier (space) ® o wh g & A Fdemss
eI ¥ 39 oream | v fafadia sfafter o senfufd 1 gorsgd deheu et 1 etemad i)
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112 frfarta stafty o fdwmer ik fdonier-ae (Coordinate Axes and

Coordinate Planes in Three Dimensional Space)
fog O W ufi=sfed & ot T WER @ Tl
W Heql HifSY (Sehfd 11.1)1 3 FH q
W@t X'0X, Y'OY 3R Z'0Z W yia=sfad &
& TS Hoen: x-3181, y-318T 3R 23787 hed
T TR SEd § T A il @l e oie 2
T o1 WHehITuTeR TvTier Fha Fed €1 XOY, yr
YOZ 3R ZOX, aeil sl %ael: XY -, YZ-ae, <7
A ZX-ae, Fed &1 I A qe R q
FHeamd 2l

Y SIS o ad &1 XOY aa od g1 37
7'0Z 3@ 1 qd XOY W odad od 81 9
HITS oh qcl W affasid: W@ d Z'0Z Y@
FHEd: Bl 21 XY-a90 § OZ &1 feon & sw
I S AT T A oeEs iR 0Z' i e § e #1 iR Ardh wE fat wmoners
gt €1 Sl SH YRR ZX-ad o qfed oY feen # A 7w 3fEt emmems iR zX
a0 & a¢ OY' &1 faen & At 7 gt wonere 7t ¥ YZ-9 o grg@ OX feem
H Ardt T 3l oA O sHeh Wi OX' i feen ® AR M gfam wonens gt
g1 fag O =1 Frden frehma 1 g foig ed &1 1 e 9 siafer 1 e
o died €, 3 = % 9™ XO0YZ, X'0YZ, X'0Y'Z, X0Y'Z, XOYZ', X'0Y'Z,
X'0Y'Z' 3R X0Y'Z' €1 3R f5= wan: 1, 1L, 111, ..., VIII g1 9&i¥id &id 21

113 ofafter § wah fag oF fAdona (Coordinates of a Point in Space)

sfafter o fafyem fdemiedt, Frdwnien el o1k wet faig wfea Frdwnier frepm o == o w9=mq
feu fog o 9 13N (x, y, ) 1 10 ® o1 fafyy qen faema: @ genet & ffks
(Triplet) T 91 R ofaRker ¥ ¥ 95 (v, y,2)

frafor w0 ®1 fafy %1 s/ g9 famr | =ren Z 'l'),,«(x’y’Z)
F 2l

siafte ¥ fau T fdg P9 XY-7a W PM o« ;
did & foge T’ M e (eTfa 11.2)1 7@ M3 ¢
x—318 T ML o @i, st 588 L faed $1 9 /o c Y
ST OL=x, LM = y 3R PM =z 74 (x, y, z) fag L. .. Yeooons v
P& Frvie wea §1 6 xy, cH wW: g P KL (xl‘y4 0

& x-fadensw, p-fadens, qen -fadee X
ed 81 AFf 11.2 Hed <@ & o FigP(x, y,2) st JMeRfe 11.2
X0YZ ® feord 2, ofd: x, y IR z 9ot e
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Ifg P ferelt o oot ® @ di x, y 3R z % fog asgar IRafda e 9 € 39 TR
siaRel | feorq fordt fag P &1 Wiaan amsdfass @@nsti o wiad B3S® (v, 3, z) ° foma

S 2 zZ
foetma:, faet ffed (v, 3 2) & fU "C
M W 89 x o 9d x-318 W fug L fAuifa A £

F ¢ XY-aa § fag M Feifd =@ 2, ¥ 7 P
<&l 3ok fEa (x, y) B1 2 G i LM '

. . O >Y
AW x-3TH W A T AT y-3T& & THIHR i R L
21 fig M 77 o Uv 89 XY-dd R A D
MP & died €, TaR g Pl z & Fma b L

freftor w3 €1 39 yR fawif@ fag P &
ﬁ%ﬂﬁ(x,y,z)%l o1a: iaRel H forg fogew =+t anafas wemst & wiva ks
(x, y,z)ﬁuéam—@mr@ﬁ%

faeheua:, siaRe o feord fog P ¥ 7w fdwnier 9ol & 9@ & da di=d €, S
x-38T, y-3181 3R z-30& w HEW: A, B qun C fagefi W wiaesfed wwd €
(3mepfa 11.3)1 A OA=x, OB=y @2l OC=z & i faig P & fdenes x, y R z 8
%ﬁTS@IWP(x,y,Z,)@Wﬁﬁ'@ﬁ%lﬁ?ﬁﬂﬁ:x,yﬁ?z@ﬁqaﬁmﬁﬁw&ﬁ
w fag A, Baen C fauifia od €1 foig A, BAen C @ &0 wH9: YZ-dd, ZX-ad e
XY-da & A @9 qof ©ied €1 e @40 qell %1 ADPF, BDPE @@ CEPF
Hiesed fag Treq: P&, S sima-fikew (x, yz) & & @
&1 <@d § o 9% efaier § &g f6g P (v, y, 2) ®, @ YZ, ZX A XY dell ¥ weer gt
W:x,yﬁ%z%l

fig O o frerar (0, 0, 0) ¥l x-o161 W feera foreht foig & o
(x,0,0) ﬁ?YZWﬁﬁﬂﬁWﬁé%ﬁm(O,y,z)ﬁ%I

g R o e s s i e e fog feor @i
2| Frefafaa groft el smerel § frevmes! o fag <wid 2
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/IO 11.1
g\j@ I 11 11 v | Vv V1 VII | VIII
X 4 = = 4 4 = = 4
y + + — — + + - -
z 4 4 4 4 = - - -

SETETOT 1 3Tepfa 11.3 ®, afg P ok fdwmer (2,4, 5) €@ F o fdunes o swifeg
g1 fog Fop forq OY o erfe =t et <& 9= 21 em@: Fok fdenes (2,0, 5) R
SETETOT 2§ 79 A hifey feed fag (-3, 1, 2) 3R (-3, 1, -2) fem @

ol grot 11.1 |, fag (-3, 1, 2) & oTren ® qen fog (-3, 1, -2) ©S o= H
feera €

| wraett 11.1]

1. T fog x-o15 R feord 21 3o y-fdenar e o-fademsk =R 22
2. T fog XZ-aa § B1 5@ -Tdenes o 9R H o9 9 FE Ghd 22
3. o9 Tl o A "agy, fe frefafea fog feem 2
(1,2,3), (4,-2,3), (4,-2,-5), (4,2,-5), (- 4,2,-5), (- 4,2, 5), (-3,—1,6) (-2,—4,~7)
4. @ w=m =1 9fa Fifs:
() x-318 SR y-27e1 I ThH WU e W TH qa S0 €, S qd Hl

FEd 2l
(i) XY-qe1 & u fag o Feune ®9 % T T
(i) fdens aa1 siaRer =1 arseier o faanforg e 2

1.4 = %@aﬁ & ST i T (Distance between Two Points)

fgfarfra frdene frema o T <1 fogewt o o= 1 30 &1 31779 &R ok 1 STRT o7
B o9 31emdd o faear fafardia frem o fow & 2
A TlfSTT, Eehies S8 OX, OY 9o OZ % & = fag P(x, y,, z,) @@

Q (x, ¥ 2,) 2l



paen Q fagei @ fdene el o
T 9 difen, fSeg ey T wy
fyetar & o faerof PQ 2 (3fEm

3Rid 11.4)

FifH LPAQ TH HHHIT 2
s/l PAQ H,

PQ? = PA2 + AQ? . (D)

T Fifh LANQ = T HHHI,
zafaql | ANQ H,

AQ? = AN? + NQ? (2

() ARQ) T ed g g 8, fF X

PQ? = PAZ+ AN? + NQ?

A, PA=y2—y1,AN=x2—x13ﬁ?NQ=zz—zl
2
TR PQY = (v, —x) (1, p) F (5 —2)
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Z
A
Q
90
P 909 A
N ~
(s) >Y

3TTeRTT 11.4

&d: PQ= \/(xz_x1)2+(J’2_J’1)2+(Zz_21)2

7§ 7 fagst P(xl,yl,zl)ivﬁTQ(xz,yz, zz)és o= &1 g8 PQ o faw ¥ 2l
oo Wii’x1=yl=zl=0,3194'i?[ﬁ3P,IE{ fSgo=

0Q = /x,*+y, +z,>

ﬁlﬂ@%ﬁtﬁfﬁgOﬁTWﬁgQ(xz,yz,zz)QEWHﬁ@W@T‘ﬁ%l
saretor 3 fageti P (1, -3, 4) SR Q (-4, 1,2) o o= %I 3U = Hife)
o1 PQfaget P (1,-3,4) 3R Q(—4,1,2) & o= &1 Tl 2

PQ = /(=4 -1)2+ (1+3)*+ (2-4)°

= J25+16+4
= J45 = 3 /55

SETETOT 4 TWEE TR P (-2,3,5),Q(1,2,3) SRR (7,0,-1) WG &
&1 89 d @ for W@ g, w € W w e B €

et PQ=\J(1+2)%+(2-3)+(3-5) =9+1+4 =14

QR = /(7-1)+ (0-2)*+ (-1-3)* =36 +4+16 = /56 =214
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R PR = /(7+2)%+(0-3)>+ (~1-5)> = 81+ 9+ 36 = /126 = 314

9 TR PQ + QR = PR

ard: fog P, Q @iRR W@ |

arEtor 5 @ fag A (3, 6,9), B (10, 20, 30) 3R C (25,41, 5) Tk THHT B9 &
e &2

o -9 9 e U =i € T
AB? = (10 — 3)+ (20 — 6)* + (30 — 9)?
— 49+ 196 + 441 = 686
BC2= (25 — 102 + (= 41 — 20)* + (5 — 30)?
= 22543721 + 625 = 4571
CA?>=(3-25)+ (6 + 41y + (9 — 5)
= 484+ 2209 + 16 = 2709
B9 U ® T CA2+ AB? % BC?
3d: AABC T Guahiol et =& 21

SETET0T 6 3 fagei Aden B fadene wwen: (3,4, 5) 3R (-1, 3, -7) &1 i
fo9g PoF 9y 1 WHIRIT T SIC, SEfh PA2 + PB2 = 2/

ol A Tifaeiia fog Pok fsene (x, y, 2) #
S| PA? =(x— 3%+ (y— 4P+ (z-5)
PB? =(x + 1>+ (y—3)*+ (z + 7)?
U T wfdery o SIER, PA’ + PB2 =242, B9 W @il ©:
(x=3P+@ -4 +@E-5+ @+ 1y +Q@-3P++77?=28
A 2+ 2y + 222 —4x — 14y + 4z = 2k* - 109.

| worerett 11.2
1. Trafafea fag-gmi o o= &t g0 9@ Hiwe:
() (2,3,5)3R(4,3,1) () (-3,7,2)3R(2,4,-1)

(i) (~1,3,—4) 3R (1,-3,4) (v) (2,-1,3) 3R (-2, 1,3)
2. <uifsw fop foig (-2, 3,5) (1,2,3) 3R (7,0, -1) @@ 2|
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3. frefafad 1 wenf Fif:
(i) (0,7,-10),(1,6,—6) 3R (4,9, — 6) Tk THlGAE 1 o wid )
) (0,7,10), (-1, 6, 6) 3 (—4,9, 6) Tk Gkl et & i )
i) (1,2, 1), (1,-2,5),(4,-7, 8) 3R (2, -3, 4) Tk GAIN =gl o oiid 2|
4. U9 fagen o wH==g 1 GHIOT @@ siteg St fag (1, 2, 3) @R

(3,2, -1) ¥ gHgEy 2
5. feigatl P9 o e o1 gl A Hifee et fagei A (4,0, 0) $RB
(-4, 0, 0) ¥ g =1 IR 10 2l

fafaer 3qrgvor
sarEtor 7 <uisy T fag A (1,2,3), B (-1,-2,-1),C(2,3,2) IR D (4,7,6) Th
TR =g & ¥ ¥ W 7% T a2

&1 IE T o foig fof ABCD Ush Sl Iq4S €, &1 T @ sl i §aH fKam
1 SfEvIH 8

AB = J(—l—1)2+(—2—2)2+(—1—3)2 = J4+16+16=6
BC = 2 +1)°+(3+2)°+2+1)* = /9+25+9 = 43
CD = /(4-2)*+(7-37+(6-2) = V4+16+16 =6
DA= /(147 +2-7)+(3-6)" =9+25+9 = V43
#Fifeh AB = CD 3R BC = AD, 30l ABCD Tsh iR =q4s 2|

319 7% fag &0 o fau f ABCD @ma 721 ©, &9 femm 2 fo suer fasol AC
AR BDEHA T €, B0 UM © :

AC = 2o D4G-2+H2 -3 =+ 1+1=/3
BD = /(4+1)+(7+2)’+(6+1)> =125 + 81+ 49=,155 .

FifeF AC #BD | 3/d: ABCD T& 379 =1 21

| oot | formol AC e BD woR wHfgefoa o2 €, % U1 1 T e o
ABCD & 9uicR =q4s fag fran <1 e 21
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Saetur 8 f4g P S HYTEd 1 GHIOl T1d HIFTT S 39 YR =eAdl € foh STkl
fagel A(3, 4, -5) 9 B(-2, 1, 4) 9 <& 90 2|

& I fag P(x,y,2) 39 %R € % PA=PB

ar: V=374 (=47 + (245 = J(x+2)*+ (y=1)*+ (z—4)’
gl (x=3) +(y—4) +(z+5)° = (x+22 +(y-1)> +(z—4)’
Pl 10X+ 6y — 182 —29 = 0.

SEEI0T 9 Uk IS ABC 1 s (1, 1, 1) B1 A% A SR B o e s
(3,-5,7) 9 (-1, 7, -6) 2 fag C & foies = s

&1 WM Coh R (x, y, z) € AR hgeh G & fdemes (1, 1, 1) RKu ?)

x+3-1
safeTT 3 =lwmx=1
y—=5+7
Z - =1 qP y =
3 . Y
z+7-6
3 =1, qA oz =2.

3d: Cok feen® (1, 1, 2) 2

gy 11 u¥ fafasr gyv-raeit

1. "9 =qds & o 9id A3, -1,2) B(1,2, -4) 9 C(-1, 1,2) 21 = i
D o fisenes I Hifswl

2. Th s ABC & 3wl & fadens ®wen: A0, 0, 6) B(0, 4, 0) den
C(6, 0, 0) T Frqs =1 mieaepis 1 Ao T By

3. af% 19 PQR 1 s qot faig € IR o P(24, 2, 6), Q(~4, 3b -10) 3R
R(8, 14, 2¢) & @ a, b 3R ¢ 1 I A S

4. Afg fog A IR B wa9: (3, 4, 5) @ (-1, 3, -7) €1 =R fag P gru ffda
TO=ag | Gafud eI F1q HIfT, SET PA2+ PB2= k2 el k 3R T
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HRTIT

o fforta senfufd o5 Swhiftre sidia s fem | feene T weR dee
@t gt 2

o fderiedl & g9, 9 qo1 Fuifa s @ 5= fdene 9@ XY -9, YZ-dat o
ZX -7 HEd 2

o < faderier a1 SfdRer i S AN H Sied B S oTe=i9r whwd €

o fafaria sfafa & fdt fag por Frdensrt &1 Oea w& B35S (v, y,2) & &9
¥ foran Sl €1 76l x, YZ-9d 9, , ZX dd ¥ 9 z, XY dd U 5 2

¢ () x-1e W e fog & e (x, 0, 0) Bl
(i) y-o1e1 W Tt fag o fadena (0, y, 0) B
(i) z-31e7 W Fre fog & s (0, 0,z2) B

¢ < fagsn P(x,y,z) @ Q (x,, ¥, 2,) aﬁaﬁ?‘[aﬂ{ﬁ%%

PQ:\/(xz _951)2 +(, _y1)2 +(z, _Z1)2

g gEYgfy

1637 % H Svcifiieh S1ffd o S Rene' Descartes (1596—1650 A.D.) ¥ et
fgfa o &F H Scoi@dd ®E fhdl, 3o TeeTfawhRes Piarre Fermat
(1601—1665 A.D.) 3R La Hire (1640—1718 A.D.) 3 it 39 &= ® s feam
Ty 51 @l o il o e sefafa o gey o gene ®, wq fave foaeem
&l B1 Descartes i T siaRer ® fag o féwnient & fowa & S off
Ry e 39 fowfaa =t fewmam

1715 % ® J. Bernoulli (1667—1748 A.D.) ¥ Leibnitz %! fa@ o ¥ =
fenier aetl w1 U= SooifEd @ 5 g9 o1 w9 X @ 2

TG 99 1700 3o H % UchsHl i T&qd fhT T Antoinne Parent
(1666—1716 A.D.) o o | d¥aiftes 29 safafa o fovg o forqga foae=m 21

L. Euler, (1707—1783 A.D.) = ¥ 1748 ¥ Yah1¥rd 379 &ieh ‘SAIHIT
=’ o TR @ o URfme & 59 srem ¥ fafadia feeme sfafa @
YAaredd Ta HwAds avi T&qd Rl

Il IATRT o HEF o 918 & SAHd 1 71 9 e o | fowar
fpen T, fS9e1 Haiq® YA EBinstein o6 9MeER o fAgid § HE-T9g
ST (Space-Time Continuum) ¥ §&e 2l



