The First Law Of Thermodynamics Heat Capacity
(Part - 1)

Q. 26. Demonstrate that the interval energy U of the air in a room is independent
of temperature provided the outside pressure p is constant. Calculate U, if p is
equal to the normal atmospheric pressure and the room's volume is equal to V =
40 m3.

Solution. 26. Internal energy of air, treating as an ideal gas
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Thus at constant pressure U = constant, because the volume of the room is a constant.
Puting the value of p = Pam and V in Eq. (1), we get U = 10 MJ.

Q. 27. A thermally insulated vessel containing a gas whose molar mass is equal to
M and the ratio of specific heats Cp/Cv =y moves with a velocity v. Find the gas

temperature increment resulting from the sudden stoppage of the vessel.

Solution. 27. From eneigy conservation

U, + M)V = U,

1
AU = =vM
or, 2" Q)
U= v%, AU = ‘”_R AT
But from ! ! (from the previous problem) (2)

Hence from Egs. (1) and (2).

M (y=1)
AT = 2R

Q. 28. Two thermally insulated vessels 1 and 2 are filled with air and connected by



a short tube equipped with a valve. The volumes of the vessels, the pressures and
temperatures of air in them are known (V1, p1, T1 and Va2, p2, T2). Find the air
temperature and pressure established after the opening of the valve.

Solution. 28. On opening the valve, the air will flow from the vessel at heigher pressure
to the vessel at lower pressure till both vessels have the same air pressure. If this air
pressure is p, the total volume of the air in the two vessels will be (V1 + V2). Also if

v1 and vz be the number of moles of air initially in the two vessels, we have

After the air is mixed up, the total number of moles are (v1 + v2) and the mixture is at
temperature T.
Hence P(Vi+Vi)= (v+v)RT ()

Let us look at the two portions of air as one single system. Since this system is
contained in a thermally insulated vessel, no heat exchange is involved in the process.
That is, total heat transfer for the combined system Q =0

Moreover, this combined system does not perform mechanical work either. The walls of
the containers are rigid and there are no pistons etc to be pushed, looking at the total
system, we know A = 0.

Hence, internal energy of the combined system docs not change in the process. Initially
energy of the combined system is equal to the sum of internal energies of the two
portions of air :

0w U+, DRT BRT:
v-1 -l (3
Final internal energy of (n1 + n2) moles of air at temperature T is given by
(v, +v)RT
B O
Therefore, U; = Us implies :

-v1T|+v2T2 pVi+p, V, virp Vv,

- =T. T
vV, b, Vi/T)+ (0, Vo/T)) 17 2p VT4 p, V, T,




From (2), therefore, final pressure is given by :

Vy+Vy R nVi+p Vs
RT = '—"'""{"n"l T1 'I"‘I."z TZ] - -_V:TI-’I_

YA V,+V,

This process in an example of free adiabatic expansion of ideal gas.

Q. 29. Gaseous hydrogen contained initially under standard conditions in a sealed
vessel of volume V = 5.0 1 was cooled by AT =55 K . Find how much the internal
energy of the gas will change and what amount of heat will be lost by the gas.

Solution. 29. By the first law of thermodynamics,
Q=AU+A

Here A = 0, as the volume remains constant,

Q= AU= vR

AT
So, -1

From gas law, PoV=VETo

P VAT

= = -025K
Iiy-1)

So, AU

Hence amount of heat lost = =AU = 0.25 kI

Q. 30. What amount of heat is to be transferred to nitrogen in the isobaric heating
process for that gas to perform the work A =2.0 J?

Solution. 30. By the first law of thermodynamics Q = AU + A

5 Al = E-ﬂ-—r- -1 {as p is constant)
ut - B
A y-A 14
= = = 2=T1]
Q= At T a1

Q. 31. As a result of the isobaric heating by AT = 72 K one mole of a certain ideal
gas obtains an amount of heat Q = 1.60 kJ. Find the work performed by the gas,
the increment of its internal energy, and the value of y = C,/C..

Solution. 31. Under isobaric process A= pAV= RAT(as v=1)= 06 kJ



From the first law of thermodynamics

AU= Q-A= Q-RAT= 1K

- RAT for ve 1
Again increment in internal energy ¥-1"
RAT 0
Thus 27047751 o YT goRarT 1

Q. 32. Two moles of a certain ideal gas at a temperature To = 300 K were cooled
isochorically so that the gas pressure reduced n = 2.0 times. Then, as a result of the
isobaric process, the gas expanded till its temperature got back to the initial value.
Find the total amount of heat absorbed by the gas in this process.

Solution. 32. Let v =2 moles of the gas. In the first phase, under isochoric process,
A1 = 0, therefore from gas law if pressure is reduced n times so that temperature i.e.
new temperature becomes To/n.

Now from first law of thermodynamics

v R AT

Q)= AU, = y-1

vR 5 vRT;(1-n)
f-l[n- ':')- niy-1)

During the second phase (under isobaric process),

A,= pAV = vRAT
Thus from first law of thermodynamics :

vRAT
—— t

Q= AU, +A;= vRAT

Tﬂ
VRITo=71Y  vRT,(n-1)y

y-1 - only-1)

Hence the total amount of heat absorbed

vRT,(1-n) ~RT;(n-1)y
niy-1) © nm(y-1)
vRTy(n-1)y
BT

O=0,+0,=

(-1+y)= vRT, [1 -—%)



Q. 33. Calculate the value of y = Cp/C, for a gaseous mixture consisting of vi = 2.0
moles of oxygen and vz = 3.0 moles of carbon dioxide. The gases are assumed to be
ideal.

Solution. 33. Total no. of moles of the mixture v=vi + v

At a certain temperature, U™ Yi* Uz or vOy= Gy v Gy,

v --R—+1r R
VIC\-*L*”":CPI fy -1 JT:'.'I‘

Thus " v v

vy r:'.'l;,1 +v; C

. C,= B
Similarly £ v

¥, R Y, R
\Fl—"—-i-‘\l'z
Tl'l Tz'l

Vit Cy + Va1, Cy {

Thus n-1" -1

_ vitilp=1)+vy v, (- 1)
vtz = 1) +vy(y-1)

Q. 34. Find the specific heat capacities cy and ¢, for a gaseous mixture consisting of
7.0 g of nitrogen and 20 g of argon. The gases are assumed to be ideal.

Solution. 34. T to. previous problem

N -_n—-—*.\i L
Ly, =1 2y,=-1
Cym h bl = 152 1/mole. K
VY,

v X TV 1R
ly =17 2y,=1
c = Ti T2

P
Y+ vy

= 23-85 J/mole. K

and



[ ]
=
-+

Total mass -
Total number of moles

(M) =
Now molar mass of the mixture

b =

Cy C
Hence ©v™ 37 = 092J/gK and c, = ﬁ" 066 1/g'K

Q. 35. One mole of a certain ideal gas is contained under a weightless piston of a
vertical cylinder at a temperature T. The space over the piston opens into the
atmosphere. What work has to be performed in order to increase isothermally the
gas volume under the piston it times by slowly raising the piston? The friction of
the piston against the cylinder walls is negligibly small.

Solution. 35. Let 5 be the area of the piston and F be the force exerted by the external

agent Then, F + p S - poS (Fig.) at an arbitrary instant of time. Here p is the pressure at
the instant the volume is V. (Initially the pressure inside is po)

Pﬂsl f

Irs

Vv

LA

A (Work done by the agént)= J-F:ir
¥

nV, n¥,

- [ @-ps-ae= [ @p-prav
v LS

N, LA

dv

=poln '“Vn'fPfﬂ‘r'Pn{ﬂ-l]vn-vaT-F
¥, LA

=M=-1)p,Vy-nET Inn = [q—i]vRT—vﬂT Inm
=vRT(n-1-Inm)= RT(n-1-Inmn)(For v= 1mole)



Q. 36. A piston can freely move inside a horizontal cylinder closed from both ends.
Initially, the piston separates the inside space of the cylinder into two equal parts
each of volume Vo, in which an ideal gas is contained under the same pressure

Po and at the same temperature. What work has to be performed in order to
increase isothermally the volume of one part of gas n times compared to that of the
other by slowly moving the piston?

Solution. 36. Let the agent move the piston to the right by x. In equilibirium position,
PySHF = P3S, on, Foo=(p3-p)S

Work done by the agent in an infinitesmal change dx is
Fopew*dx= (py = p)) Sdx = (p; - py) dV

By applying pV = constant, for the two parts,

Py (Vy+5x) = p, V, and p, (V, - Sx) = p, V,

V, 25x V.V
Folo 2:;“ ‘;Q (where St = V)
R _

So Pz V,;,I _s:xz'

When the volume of the left end is 1 times the volume of the right end

=1
(Vo4 V)= 1 (Vy=V), or, V= Tﬂﬁ-ft—;,

‘.l F
2p, V, V v
A -f;pz_mdv..f—%dv- -pﬂvﬂ[ln{v{f-vl}]

- -puVﬂ[IH{V{f—VZ}-In vﬂzl
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Q. 37. Three moles of an ideal gas being initially at a temperature To = 273 K were
isothermally expanded n = 5.0 times its initial volume and then isochorically
heated so that the pressure in the final state became equal to that in the initial
state. The total amount of heat transferred to the gas during the process equals Q
= 80 kJ. Find the ratio y = C/C, for this gas.



Solution. 37. In the isothermal process, heat transfer to the gas is given by

RTIE RT,1 F ﬁ !
Q= “nvl-v plnm or 7) Vl P,

In the isochoric process, A =0

Thus heat transfer to the gas is given by

vR R
Q.= AU= vC AT = ﬁﬂ (t’or Cy= -.Ti}

T,
j:l—z-—"], o, T= Tnﬂ-r]’ﬁ, for *r'|,-Jﬂ
But T Py P2

R
AT=MTy=Ty= -1 Ty 50, Qy= — 1
or, '

‘m-1T,

Thus, net heat transfer to the gas

vR

Q-vRTnlnr]+?_l

'{Tl'l}ru

Q2 . |ﬂﬂ+ﬂ:—ll. o, 2 _jun=0=l

or vRT} ¥ - vHTu ¥=1
n=1 6-1
=14+ =1+ - 1-4
! —2——[[[11 M_._. ~Iné
vRT, 3 x 8314 % 273
or,

Q. 38. Draw the approximate plots of isochoric, isobaric, isothermal, and adiabatic
processes for the case of an ideal gas, using the following variables:
(@p T;(b)V,T.

. . p= [ﬁ] T= kT (whtrc k= ﬁ]
Solution. 38. (a) From ideal gas law L4 v

For isochoric process, obviously k = constant, thus p = kT, represents a straight line
passing through the origin and its slope becomes k.

For isobaric process p = constant, thus on p - T curve, it is a horizontal straight line
parallel to T - axis, if T is along horizontal (or x - axis)

For isothermal process, T = constant, thus on p - T curve, it represents a vertical straight
line if T is taken along horizontal (or x - axis)



' = constant

For adiabatic process 7'p"

. . . 1- —Td 'TT'i 1_T'T¥'.‘tﬂ‘uu
After diffrentiating, we get ! “V7 P T

i~ (5) (=) (7 ) ()

The approximate plots of isochoric, isobaric, isothermal, and adiabatic processess are

drawn in the answersheet.

(b) As p is not considered as variable, we have from ideal gas law
ve XRr. H[whmk'- ﬂ]
P P

OnV - T co-ordinate system let us, take T along X - axis.
For isochoric process V = constant, thus k' = constant and V = k'T obviously represents
a straight line pasing through the origin of the co-ordinate system and k' is its slope.

For isothermal process T = constant. Thus on the stated co- ordinate system it
represents a straight line parallel to the V - axis.

For adiabatic process V""" = constant
After differentiating, we get @ =D V' *dv-T+V'"dT= 0

&v_o_(L)Y
dT v-1].T

The approximate plots of isochoric, isobaric, isothermal and adiabatic processes are
drawn in the answer sheet.

Q. 39. One mole of oxygen being initially at a temperature To =290 K is
adiabatically compressed to increase its pressure i = 10.0 times. Find:

(a) the gas temperature after the compression;
(b) the work that has been performed on the gas.

Solution. 39. According to T - p relation in adiabatic process, T = k' (where k =



constant)
AN
T,

T T, 1=t 200 10014-14 . 056 kK
Hence Y

-1

P A
) [_1-] Su.
14|

4

T'] P:
- fm - —
and

(b) Using the solution of part (a), sought work done

vRAT VRT,

A=
¥=1 =1

(1]'[1' -y 1) = 5-61kJ (on substituticn)

Q. 40. A certain mass of nitrogen was compressed 1 = 5.0 times (in terms of
volume), first adiabatically, and then isothermally. In both cases the initial state of
the gas was the same. Find the ratio of the respective works expended in each
compression.

Solution. 40. Let (po, Vo,To) be the initial state of the gas.

- VRAT
ol ™
We know y-1

(work done by the gas)

- 1_1- = TFl—
But from the equation TV = constant, we get AT To(n"™"-1)

- vRT, (ﬂ‘l_l - 1}
Thus " y=-1

A, = vRTIn {%I-]- ~vRT,Inn

On the other hand, we know (work done by the gas)

Am_ 'T|T-I-1 - 5041 -
Thus A, @=1)lnm 04xin5

1-4

Q. 41. A heat-conducting piston can freely move inside a closed thermally
insulated cylinder with an ideal gas. In equilibrium the piston divides the cylinder
into two equal parts, the gas temperature being equal to To . The piston is slowly
displaced. Find the gas temperature as a function of the ratio n of the volumes of
the greater and smaller sections. The adiabatic exponent of the gas is equal to 7.



Solution. 41. Since here the piston is conducting and it is moved slowly the
temperature on the two sides increases and maintained at the same value.
Elementary work done by the agent = Work done in compression - Work done in
expansion

l.e.dA-p2dV -p1dV = (p2-P1) dV

where p1 and p2 are pressures at any instant of the gas on expansion and compression
side respectively.

From the gas law P1{Vo*Sx)= vRT and p, (V, - Sx)= vRT, fqr eqch section

(x is the displacement of the piston towards section 2)

2 5x 2V

-p = YR —————= v ————— (a5 Sx =
<o Pi=p; V-si2 VE-VI{ V)
dA = VRT"-':—V“EJV
So Vo=V

Also, from the first law of thermodynamics
R
dA = - dU = -sz_—lnrr (as dQ = 0)

R

= —dA= 2v-——dT
So, work done on the gas y-1
Thus 2v dT = vRT 2‘:“1’;
-1 Vi-Vv
o, i}:- -1 Vdv
: T 1T vIsV?
lq's‘
<—Fhs
E:rgenf

-1
(Vo4 V)= n(Vy-V) or V= ETTV”

On integrating



T
f - = 1) J" wv
rﬂ

v
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T, 2 .
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. J’;—‘[mwj-v”}-mV;-v:}-m ve]
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Hence ol

Q. 42. Find the rate v with which helium flows out of a thermally insulated vessel
into vacuum through a small hole. The flow rate of the gas inside the vessel is
assumed to be negligible under these conditions. The temperature of helium in the
vessel is T =1,000 K.

Solution. 42. From energy conservation as in the derivation of Bernoulli theorem it
reads

ﬁ-r%v’ +EZ+Uu+(Q,; = constant

(1)

In the Eq. (1) u is the internal eneigy per unit mass and in this case is the thermal eneigy
per unit mass of the gas. As the gas vessel is thermally insulated Qq = 0, also in our
case.

ST RT o B _RT.
Just inside the vessel M Ma-1 "o M Inside the vessel v = 0 also.
Just outside p = 0, and u = 0. Ingeneral gz is not very significant for gases.

Thus applying Eqg. (1) just inside and outside the hole, we get

V=Liu
p

b =



RT . RT yRT

"M ITMG-1) T ME-D

2 _ 2y RT _1,} 2y RT _
v My-1) or, W Miy-1) 3.22 km/s.

Hence

Note : The velocity here is the velocity of hydrodynamic flow of the gas into vaccum.
This requires that the diameter of the hole is not too small (D > mean free path I). In the
opposite case (D < <) the flow is called effusion. Then the above result does not apply
and kinetic theory methods are needed.

Q. 43. The volume of one mole of an ideal gas with the adiabatic exponent y is
varied according to the law V = a/T, where a is a constant. Find the amount of heat
obtained by the gas in this process if the gas temperature increased by AT.

Solution. 43. The differential work done by the gas

vRT?

a

dA = pdV = [-%}dr- - vRdT

(as pV = vRT and V= ET]

T+ AT

A= -f vRdT = - vRAl
So, T

From the Grst law of thermodynamics

“Rl AT -vRAT

Q= AU+A =

= vR.-iT-j—:;f-- Hﬁ?f—:} (for v = 1 mole)



The First Law Of Thermodynamics Heat Capacity
(Part - 2)
Q. 44. Demonstrate that the process in which the work performed by an ideal gas
is proportional to the corresponding increment of its internal energy is described

by the equation pV" = const, where n is a constant.

Solution. 44. According to the problem : A o U or dA = aU (where a is proportionality
constant)

avRdT
or, Py (1)

From ideal gas law, pV=v R T, on differentiating
pdV + Vdp = v RdT (2)

Thus from (1) and (2)

ptﬂ" ‘le {pﬂ'v'l' Vdj]}

8 _ _s_ -
ur.pdV[fvl 1)+Tledp 0

pdVik=1)+kVdp= 0 (where k=

” 1- another constant)
or, =

or, M’%-I-Vdp- 0

or, pdVn+Vdp= 0 (where P

= p = ratio)

Dividing both the sides by pV

nﬂi-‘-iE- 0
P

v

On integratingn In V + In p = In C (where C is constant)

or In(pV*)=InC or, pV"= C (const)



Q. 45. Find the molar heat capacity of an ideal gas in a polytropic process pV" =
const if the adiabatic exponent of the gas is equal to y. At what values of the
polytropic constant n will the heat capacity of the gas be negative?

Solution. 45. In the polytropic process work done by the gas

L RIT-T))

n-1

(where Ti and Ts are initial and final temperature of the gas like in adiabatic process)

vR
.ﬂ.U-""—'—T—T-
and ?-1(f )

By the first law of thermodynamics Q = AU + A

vR vR
- T_I{Tf-T;}+n-:-1-{?1-Tfl

- iT —Tywr | A _ 1 | _vR[n-¥]
(T Ts}ﬂ[?_l n-:] m-0G-0""

According to definition of molar heat capacity when number of moles v=1 and AT =1

then Q = Molar heat capacity.

Com RO _ g for 1<n<
Here, - nG-1n mey
Q. 46. In a certain polytropic process the volume of argon was increased o = 4.0
times. Simultaneously, the pressure decreased p = 8.0 times. Find the molar heat
capacity of argon in this process, assuming the gas to be ideal.

Solution. 46. Let the process be polytropic according to the law pV" = constant

B
P;]- P

Py V;- pVy oo
Thus,

a"=f or mf=nlna or H-M
So In o

In the polytropic process molar heat capacity is given by



Rin-y) R R
T-D-1" y-1 n-1

R Rina Inf

Ca

- - . h =
¥=1 Inf-lna where Ina
8314 8314In4
Ca= 166-1 In8-Ing " —42I/molK

So,

Q. 47. One mole of argon is expanded polytropically, the polytropic constant being
n = 1.50. In the process, the gas temperature changes by AT = — 26 K. Find:

(a) the amount of heat obtained by the gas;

(b) the work performed by the gas

Solution. 47. (a) Increment of internal energy for AT, becomes

YRAT RAT 3347 (as v= 1mole)

U= =

From first law of thermodynamics

RAT RAT

y-1 n_l-ﬂ‘llld

Q=AU+A=

Au—fpc.ﬂ-’-f%dl’
(b) Sought work done, v,

(where pV" = k= p, V= p V]')

(Pj ViVt - gVt Vil_')

- k 1-nm 1-mhy _
l-ﬂ'[:vf '_Vl' :] l1-n
_pVi-pVi YR(T;-T)
l-n 1-n
- VR&.T_ - RbT_ 043 k) (a5 v= Imulﬂ
n-1 n-1

Q. 48. An ideal gas whose adiabatic exponent equals y is expanded according to the
law p = oV, where a is a constant. The initial volume of the gas is equal to Vo. As a
result of expansion the volume increases n times. Find:

(a) the increment of the internal energy of the gas;

(b) the work performed by the gas;

(c) the molar heat capacity of the gas in the process.



Solution. 48. Law 0f the processisp=oaV orpV?i=aq
so the process is polytropic of indexn=-1
Asp=aV so, Pi-aVoand pr=amn Vo

(@) Increment of the internal energy is given by

vR pVe=pV;
AU = T_l[rf"r..]. J—f—?_l

(b) Work done by the gas is given by

_PVi-pYy  aVg-anVymV

n-1 -1-1
aVg(l-n) 1 .
i e LA

(c) Molar heat capacity is given by

. _R-y) __R(-1-y) _Ry+l
"= -1) (-1-1-1) 2y-1

Q. 49. An ideal gas whose adiabatic exponent equals v is expanded so that the
amount of heat transferred to the gas is equal to the decrease of its internal energy.
Find:

(a) the molar heat capacity of the gas in this process;

(b) the equation of the process in the variables T, V;

(c) the work performed by one mole of the gas when its volume increases n times if
the initial temperature of the gas is To.

vt
. AU - —— -
Solution. 49. @ y-1 AT and @ = vC, AT

Where Ch, is the molar heat capacity in the process. It is given that €= -4U

R AT, o c,= -2

CAT= -5 =

So,

(b) By the first law of thermodynamics, dQ - dU + dA,

or, 2dQ= dA (s dQ = -dU)

C, dT= pdV, o, ;2-?]-;1"."4»19{31’ -0



2RV vRT 2 dr 4V

_!Tld]"v—f—d'r"'- 0, or [‘r-lJT*'T"--D

So,

dr y-1dV

- r-12
or, T+ 2 v 0, or W consiant.

n=vIR
() We know C, = (n=1)(y-1)

R
C o= -——
But from part (a), we have "  v-1

_ R _ (n-vR
Thus Y-1 -1)(y-1)

which yields
-1ty
"= 2
=112
From part (b), we know TV = constant

(r-12
(where T is the final temperature)

— |

=1
Tu v - 132 )
i A N

So,

Work done by the gas for one mole is given by

yo g To=D _2RT[1-n )

n=1 y=1
Q. 50. One mole of an ideal gas whose adiabatic exponent equals y undergoes a
process in which the gas pressure relates to the temperature as p = aT® where a
and o are constants. Find:
(a) the work performed by the gas if its temperature gets an increment AT;
(b) the molar heat capacity of the gas in this process; at what value of a will the
heat capacity be negative?

Solution. 50. Given p =a T (for one mole of gas)

pT™"=a or p(";fv] - a,
So,

or PV = aR™® or, pV¥® Va constant



]

H=

Here polytropic exponent a-1
(a) In the poly tropic process for one mole of gas :
RAT RAT

)

(b) Molar heat capacity is given by

A = RAT(1 - a

R R - R _ R R
y-1 n-1 y-1 a ¥-1
—-1
a-1

C=

Q. 51. An ideal gas with the adiabatic exponent y undergoes a process in which its
internal energy relates to the volume as U = aV*% where a and o are constants.
Find:

(a) the work performed by the gas and the amount of heat to be transferred to this
gas to increase its internal energy by AU;

(b) the molar heat capacity of the gas in this process.

Solution. 51.
Given U= gV"
o FV [
VO, T=aV”, o, v, —=aV
Or’ ¥R
R 1 -1 -1 Ev
V"“'—'"-""-l a-1, 1- —_—
or, G pvT % LR S

pViT%a g_a_ constant= a (y-1)| as Cp= —E-f]
or v Y-

So polytropric indexn =1 —a
(a) Work done by the gas is given by

=vRAT and AU = v RAT
n-1 y-1

A=

Aw ZAUG-1) AU(Y-1)

Hence n-1 a (s 0=1-0)



By the first law of thermodynamics, Q = AU+A

= w+£‘z'—”= Mj[l +%1]

(b) Molar heat capacity is given by

=
=

+= fasp= 1=-ma)

Q. 52. An ideal gas has a molar heat capacity Cy at constant volume. Find the
molar heat capacity of this gas as a function of its volume V, if the gas undergoes
the following process:

(a) T = T ; (b) p = p,e®¥,

Solution. 52. By the first law .of thermodynamics

dQ = dU + dA = vCydT + pdV
Molar specific heat according to definition

g CodT + pdV
C=ar™ ~ vt

VCydT + ’-"—‘:‘,—tw

" ar O

RT dv
VvV dT’

We have T= Toe®”

v
After differentiating, we get 7= @Toe® -4V

av 1
So, DT aTe™’

RT 1 RTye®”

OOV e T Y e

Hence

Process is p= pye®”

(b)



RT
p= 5= pe”

of, T= %e“v-'f

__ R _ .. _R
pﬂ,e"v{l-i-u?] T leaV

C=Cp+ R—J%- Cp+pye®’
So,

Q. 53. One mole of an ideal gas whose adiabatic exponent equals Y undergoes a
process p = po+ a/V, w here Po and a are positive constants. Find:

(a) heat capacity of the gas as a function of its volume;

(b) the internal energy increment of the gas, the work performed by it, and the
amount of heat transferred to the gas, if its volume increased from V1 to Vo.

Solution. 53. Using 2.52

RTdV . _pdV
C= Cy+ -C
@ Var~ "Y' ar (for one mole of gas)

[+ RT o
Wthavcp-pu+?, or, ?-pn-r?. or, RT=p,V+a

dV R
RdT= pydV, So, Zm= —
Therefore Po

ay R R o
c- C'ﬂ(#n*?)';;' m*[‘ +110_V)R
Hence

R R yR aR
[‘“v—l]";roi’ v=1"pV

(b) Work done is given by
L

o V’E
A= (FE+F]W-PH{VZ—V1}+QIHF
v 1

v V,
hU_ Cv{ri r]] = CV[P'E_R_- lp_l"ﬁ'-_'] [fDI one l.'l.‘ll:ll]t]

{? 1]3 ':szz Plvt)



1 o Po(Vo-V))
- ﬁ[("“““'@ "ﬂ‘["**ﬁ] "1]“ -1

By the first law of thermodynamics Q = AU +A

Ve pp(Va=Vy

v,t -0

= —?PD{VI_V]J -|-c1]nE
y-1 Vi

=p(V,-V)+aln

Q. 54. One mole of an ideal gas with heat capacity at constant pressure

Cp undergoes the process T = To + aV, where To and a are constants. Find:

(a) heat capacity of the gas as a function of its volume;

(b) the amount of heat transferred to the gas, if its volume increased from V: to
V.

Solution. 54. (a) Heat capacity is given by

RT dV
C=Cryvar -
(see solution of 2.52)
T Ty
T=T +oV o, Ve —=-—
We have ° o a

dv

R~

After differentiating, we get,

R +R{T¢+ﬂ.1”}_l
y=-1 Vv a

(b) Given T'= T+ aV

As T &Y
for one mole of gas

R RT
p= V{Tﬂi-a!r’]- v = aR



Vi Y

A-fpﬂ’-f[%-*clﬂ]d?(fm one mole)
¥ %
Now

Va
= RT,In F1+a('i’1-i-’1}

AU = Cy(T;-T))
- CU[T.] + Vz - Tﬂﬂ: Vll - ﬂCp{Vz - V]J

By the first law of thermodynamics Q = AU + A

R Va
- ﬁ{VI-V1}+RTﬂInF+uH{V2—VII
1

e aR (V- V[ 14 2] e RT 10 2
2 1 y-1 1] Vl
VZ

=aC (V;-V,+RT;In v

1
Vi

=l (V,=V.)+RT,In
prTl 1 1] Vl

Q. 55. For the case of an ideal gas find the equation of the process (in the variables
T, V) in which the molar heat capacity varies as:

@ C=Cy +aT; (b)C=Cy+BV; (c) C=Cy+ ap, where a, B, and a are
constants.

RT dV
. o C=Cv+yar
Solution. 55. Heat capacity is given by

(a) Given C= Cp+al
RT dV

o dv
var™ RV

So, Cy+al=C,+

=InV+InCy=In VCp,C,

[F}
. . =T .
Integrating both sides, we get R IS a constant.

V-Cym ™R of V.e®Tho -‘.‘.‘L- constant

Or, o

(b) C= Cy+pV



and ST tvar < Svyart S
RT dV &V_Bdl e dT
or V dT BVM';:’RTW'V T
R v

Integrating both sides, we get BB-1- "0 ! Co=In TG

So lnT‘C'n-'—% T-Cym e MY or, Te *¥a clﬂ-cumtlnt
RT dV
(¢) C= Cy+ap and C-C"+-FE
Cy+ap=C +_R_{£ 5 g1dV
So, vt Evtiyrar % V dr
a%- %% (as p= % for one mole of gas)
or

V g or, dV= adT or, dT—E
or dT a

v
So0,I'= — + constant
a orV -a T = constant

Q. 56. An ideal gas has an adiabatic exponent y. In some process its molar heat

capacity varies as C = a/T, where a is a constant. Find:

(a) the work performed by one mole of the gas during its heating from the

temperature To to the temperature 1 times higher;
(b) the equation of the process in the variables p, V.

Solution. 56. (a) By the first law of thermodynamics A = Q — AU

or, = CdT - CypdT= (C - C,)dT (for one mole)

[
. C= —
Given T



L

n T
A -f[%-ﬂ'...]ﬂ- c:ln'-if-c‘.-{t] T,-Ty
So,

RT
=alnn-CyTyn-1) =alnn + ;E—_—'l‘lfl-n

d@  RT dv
(b) C=t+gr=var+tC
o RTdV
leen C= T 50 Cv V 4T T
R 1 dV «
— L Ear
Or, 1-1RT V™ RP
dv 1 4T

, ___.11-_11 _w
or @D dT

Integrating both sides, we get

G-nmv=-24=D 7 onk

Or RT
_iT - =1
-1 T -—aly-1)

Or, Inv K RT

I-ﬂ_ g lr=1Vp¥

Or,

aiy-1p¥
Or pvTE = RK = constant

Q. 57. Find the work performed by one mole of a Van der Waals gas during its
isothermal expansion from the volume V1 to V> at a temperature T.

Solution. 57. The work done is



v
¥ 1

ofrr-f (55

1 ¥,

Vi-b 1 1
= RT In Vl--‘.!‘”[ﬁ_ﬁ]

Q. 58. One mole of oxygen is expanded from a volume V1 =1.001toV>=5.0lata
constant temperature T = 280 K. Calculate:

(a) the increment of the internal energy of the gas:

(b) the amount of the absorbed heat.

The gas is assumed to be a Van der Waals gas.

Solution. 58. (a) The increment in the internal energy is

Y

a
SR
1:"'_
But from second law
a8\ _ o of32)
[av]r T[av]r P T(ar]v P

RT a
On the other hand " V=8 "7

op\ _ RT . (0U)_ a
or T(ar]v v-p ™M (avt 2

1 1
Al = n‘[vl- Vz]

So,

(b) From the first law

Vi-b

Q=A+AU= RT In V,-b

Q. 59. For a Van der Waals gas find:
(a) the equation of the adiabatic curve in the variables T, V;
(b) the difference of the molar heat capacities Cp, — Cy as a function of T and V.

Solution. 59. (a) From the first law for an adiabatic



dQ=dU+pdV =0

From the previous problem

d a a
dU = (ﬂ?]rﬂ+[3$’-)rdv- CpdT + 'I-':‘W

RTdV

0= Cydl+ T

So,

This equation can be integrated if we assume that Cv and b are constant then

R 4V 4T R
CVV-b+T-{)' or, ]nT+C—V1n[V-b}-m1smnt

T(V-b)y*¥Cr = constant

(b) We use
[
dU = CvdT+FdV
RT
Now, o= Cvdlry

RT [aVv
C,= Cptpr (ﬁ]!‘

So along constant p,

C,-Cy

RT [BV a
Thus

- —_— But p= 4 —
v-b|or)’ PV e~V

u-[_ RY ,}i][ﬂ] LR
1 —
On differentiating, (v-b V){aT | " V-b

V) _ _RT/V=b V-b

H‘I{L RT 2a 2a (V- bf

sy e 1-
(v-b? v? RTV?

T

or,

and RTV



Q. 60. Two thermally insulated vessels are interconnected by a tube equipped with
a valve. One vessel of volume V1 = 10 | contains v = 2.5 moles of carbon dioxide.
The other vessel of volume V. = 100 | is evacuated. The valve having been opened,
the gas adiabatically expanded. Assuming the gas to obey the Van der Waals
equation, find its temperature change accompanying the expansion.

Solution. 60. From the first law

Q= Up=UitA= 0, o5 the vessels are themally insulated.

As this is free expansion, A= 0 so Up=TUj

U-vcvr-i"";
But
a a —aVyv
Cy(T,=T)m= e TE AT T TARTE
So vils V,+V, v,] Vy (V, + V)
=aly=1)V,v
AT = ——————
or, RVI{V1+V1}

Substitution gives AT =- 3 K

Q. 61. What amount of heat has to be transferred to v = 3.0 moles of carbon
dioxide to keep its temperature constant while it expands into vacuum from the
volume V1= 5.01toV2=1017? The gas is assumed to be a Van der Waals gas.

Solution. 61, @= Us-Ui+a=U;-Us, (as A =0 in free expansion).
So at constant temperature.

T v

—~a~u=_ _.:W2 _ WQV:'T"E
2 Vl V-V,

= 0.33 kJ from the given data.
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