Exercise 12.5

Answer 1E.

(a)
The given statement is frug]

Because, the directional vectors of two lines are parallel to the directional vector of the third
line, so these two directional vectors are each scalar multiple of the third vector, therefore,
these two directional vectors are also scalar multiple of each other. So these two lines are also
parallel to each other.

(b)
The given statement is false]

In three-dimensional Cartesian coordinate system, the axes x and y are perpendicular to the z-
axis, but they are perpendicular to each other (not parallel).

(c)
The given statement is firug

Because normal vectors of two planes are parallel to the normal vector of the third plane, so
these two normal vectors are each scalar multiple of the third vector, therefore, these two
normal vectors are also scalar multiple of each other. So these two lines are also parallel to
each other.

(d)
The given statement is ffalsg

In three-dimensional Cartesian coordinate system, the planes xy and yz are perpendicular to
xZ plane, but not parallel to each other.

(e)
The given statement is falsq]

This is same as we discussed in part(d) , in our three coordinate system, x and y axes are
parallel to the plane > — 1. but they are not parallel to each other.



(0
The given statement is frrug]

Because if two lines are perpendicular to the plane then directional vectors of these two lines
would be parallel to the normal vector of the plane, therefore both directional vectors would be
paraliel to each other and so lines would be parallel

(9)
The given statement is [false]

Since the planes y=2 and =2 are parallel to x—axis, but not parallel to each other.

(h)
The given statement is frug]

If two planes are perpendicular to a line then normal vectors of the planes would be parallel to
the directional vector of the line and so both normal vectors would be parallel to each other and
hence those two planes would be parallel to each other.

0

The given statement is frug]

Recall that if two planes are not parallel, then they intersect in a straight line and the angle
between the two planes is defined as the acute angle between their normal vectors

m
The given statement is falsg

If two lines are not parallel and not perpendicular to each other then they can be skew lines

(k)
The given statement is frug]

If line and the plane are parallel then the normal vector of the plane and directional vector of
the line are perpendicular to each other, otherwise these vectors meet an angle. Therefore, the
line would intersect the plane.



Answer 2E.

We want to find line that goes through the point (6,-5,2) and that it paraliel to the vector
<1,3.-2/3>.

Here, re = <6, —5,2>= 6?-5}—;—21:

And,

p= i —i—}j _— %_{- So the vector equation becomes:

—_— —

r= {61 —5j +2k )+ +3j — k)

o= (6 +:)T+{ —s +3r)}+(z— :)I

Or, the parameitric equations are:

1..-||..|

x=6+1,y= —5+3,z= 2—%;

Answer 3E.
Consider the line through the point {2, 2‘4,3‘5] and parallel to the vector 3i+2j-k.

The objeciive is to find a vector equation and parameiric equations for the line.

Write the formula to find the vector equation to the line passing through point r, and parallel to
the vector vis,

r=r,+Iv
Here,

r,=2i+24j+3.5k

v=3i+2j-k
Use this formula to find the vector equation to the line passing through the point (2, 2‘4,3.5}
and parallel to the vector 3i+2j-k.

r=r,+vf

r=2i+24j+35k+(3i+2j-k)r

r=(2+31)i+(24+2)j+(3.5-1)k

Hence, the vector equation of the required line is |r=(2+3¢)i+(2.4+27)j+(3.5-1)k|




To find the parametric equations for the line, simply look at each component of the vector
equation r=(2+37)i+(2.4+21)j+(3.5-1)k.

Therefore, the parametric equations for the line is,

x=2+3
y=24+2t]
z=35-1¢

Answer 4E.

Vector Equation takes the form: r= p_ +vi
r, =the vector of the point from origin

v= the direction vecitor

Since the line is parallel, it would go the same direction as the line given, so simply take out the
vector from the parametric equation given:

since the formula for parametric equation are:
X(t)=X+ta
Y(t)=Y+ib
Z(t=Z+1ic
we have:
v=<2-3.9>
r,=<0,14,-10>
So:

A= <0,14, — 10> + <2, —3,9>¢



A= <21, 14—31, —10+9: > (ANSWER
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Answer 5E.

A& line which 1z perpendicular to the plane x+ 2v+z= 5 1z parallel to the normal
wector 1+ 3:5 +i of this plane.

Here 7, ={10,6Y=i+o+6k
And  v=i+3i+k

Then the vector equation of line 15

—+ — —+

r=i tiv
=(§+a}+6£)+;(§+3}+§§)
= (1+42)i+3j+(6+2)k

The parametric equations are
x=1+4%, ¥ =3, z=6+1i

Answer 6E.

Let Z (0,0, 0% and {4, 3, =1} be two points on the line. We first need to find the

direction vector u = {a, b, cb for the line.

v=PQ
= {4-0,3-0,-1- 0}
= {4,3,-1)

The parametric equations of a line 1n space parallel to a nonzero vector v = <.:1, b, c} and

passing through the point Plxy, v, s are x =x tai, yv=)y1 + &, andz=2; + ¢f. The
numbers @, &, and ¢ are called direction numb ers.

We have xp =0, =0, and z; =0. The direction numbers are @ =4,
=3 andec=-1.

Thus, the parametric equations are |x =4 v=3f andz= —f,|.




The symmetric equations of the line 13 obtained by eliminating the parameter £ and 15

givenbjrx_xlzy_‘ylzz_zl.
& & <
x—0  y-0 =z-10
4z -
x_ ¥y _ =
43 1

Therefore, the symmetric equations are

X
4

Answer 7E.

(a)

(h)

Let P<D, % 1> and (N2, 1, =30 be two points on the line. We first need to find

the direction wvector u = (a, b, r:) for the line.

v = PQ

- <2—0,1—l,—3—1>
2
{3
>

The parametric equations of a line 1n space parallel to a nonzers vector
v = <.:z, b, c} and passing through the point P(xy, 3, 21) are x =x) +ai, y =1 + &,

and z = z; + i The numbers @, &, and ¢ are called diection numbers.

We have x1 =2, = 1, and z; =—3. The direction numbers are @ = 2,

E:-=%,andr:=—4.

. . 1
Thus, the patametric equations are x =2+ 22, v =1+ 53 candz=-5 —4¢

The symmetric equations of the line 15 obtained by eliminating the parameter £

andisgivenbjrx_xlzy_ylzz_zl.
& ¥ £
x—2 y-1 z+43
> 1 4
2
x— 2 z+ 3
= 2y =2 =
2 7 -4
-2 + 3
Theretore, the symmetric equations are z > = 2y— 2= z p




Answer 8E.
(a) Let P=(1.0 24, 46 and 2.6, 1.2, 0.3 be two points on the line. We first need

to find the direction vector v = {.:1, b, -::} for the line.

v = PQ
= {2.6-1.0,1.2-24,03- 46}
= {16,-1.2,-4.3)

The parametric equations of a line 1n space parallel to a nonzero vector
v = {cx, B, -::} and passing through the point F(xy, 3, 21) are x =x) +af, vy =y + &,

and z = z1 + ¢i. The numbers a, &, and ¢ are called direction numbers.

Wehave x1 = 1.0, =24, and =) =4.6. The direction numbers are @ = 1.6,
b=-12 andc=-473.

Thus, the parametric equations are
k=10+16 y=24-12 andz=46—-473

(h) The symmetric equations of the line 15 obtained by eliminating the parameter ¢
AR _JYTh_ET8
& b £

x—1 y-24 =z-4¢6

and 15 given by al

1.6 -1.2 —4.3

: . -1 - 24 - 4.6
Therefore, the symmetric equations are il =2 =z .

1.6 -1.2 —4.3

Answer 9E.

{a) Let P={-%, 1,4 and 2=, -2, 4) be two points on the line. We first need to find

the direction vector v = (:.:x, b, r:} for the line.

v=FQ
= {3+8-2-1,4-4
= {11,-3,0)

The parametric equations of a line 1n space parallel to a nonzero vector
V= (:.:x, b, r:} and passing through the point Pxy, 0, 21) are x =x +af, y =) + &,

and z = z1 + ¢i. The numbers a, &, and ¢ are called direction numbers.

We have x) =—8,)1 =1, and z; =4 The direction numbers are @ = 11,
b==-3 andc=10.

Thus, the parametric equations are
|x=—8+ 118, v=1- 2, andz=4|.




(h) The symmetric equations of the line 15 obtained by eliminating the parameter £
I—&H _ YoM _E75
& ¥ £

x—[—S) = y— 1 and z = 4

11 —3

and 1z given by

Theretore, the symmetric equations are

Answer 10E.
Consider the line passing through the point { 2, L[]] and perpendicular to both i+ jand j+k.

The objective is to find parametric and symmetric equations of the line.

Recollect that the vector equation of a line passing through the point r, and paraliel to the

vector vis r=r, +#v.
Here, the point r, is given by,
r, ={2,I,ﬂ)

=2i+j

First, find the cross product of vectors i+jand j+k.

v=(i+j)x(j+k)

i jk
=1 10
01 1
=i(1-0)—j(1-0)+k(1-0)
—i-j+k

Substitute the values v=i-j+k and r,=2i+jin r=r,+v.
r=r,+v

=2i+j+e1(i-j+k)

=i(2+r)+j(1-1)+rk

Therefore, the required parametric equations of the line are,

x=2+t,y=1-1z=1|.
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Answer 11E.
The required line passes through (1,-1,1% and 13 parallel to the line
x+2 ¥y z-3
1 Z 1

The direction numbers of given line are 1,2,1, since required line 15 parallel to

given line, then the direction numbers of required line are proportional to 1,2,1.

Then v={121)
mince lne passes through (1,-1,1) then
n={1,-11}

Hence the required equation of the line 1s

F= ey
e r={L-1L13+£(12,1)
ie or=(l4e-14+2 142

This 15 the vector equation of line.

MNow parametric equation 18
x=14+t,y=—14+2f z=1+¢
Andthe symmetric equation 15
x—=1 y+1 z-1
12 1




Answer 12E.
To find the line of intersection of the planes x+2y+3z=1and x- y+z=1, first need to find
a point on the required line [

For instance, find the point where the line intersects the xy-plane by selting == in the
equations of both planes.

Set z = 0 in both the planes.

x+2y+3z=1
x+2y+3(0) =1 _....(1)
x+2y =1
And
x-y+z=1
x=y+0=1...(2)
x=-y=1

Solve the two equations (1) and (2).
From equation (2), x=1+y.
Substitute x =1+ yin the equation (1).
x+2y=1
1+ y+2y=1
1+3y=1
3y=0
y=0
Substitute y =0 in the equation x=1+ y.
x=1+y
=1+0
=1
So the solution for the two equations (1) and (2)is x=1,y=0.

So the point (x,y,z)=(1,0,0) lies on the line L.



The normal vector for the plane x+2y+3z=115 n, :{I,2,3)‘
And the normal vector for the plane x—y+z=11s n, :{I,-],I}.

Since L lies on both the planes, it is perpendicular to both of the normal vectors n1 and n2.
Thus, a vector v parallel to L is given by the cross product m, x m,.

v=mnxn,
i j ok
=1 2 3

= {2+3}i -(1—3}j+[—l-2]k

= 5i+2j-3k
Thus, the vector parallel to Lis v=35i + 2j — 3k
The vector v= (5,2,-3}i5 describes the direction of the line L so the direction numbers of L
are (a,b,c)=(5,2,-3).

Now substitute the known values in the symmetric equations of line L

Symmetric equations of L

X=Xy _Y=Yo _Z-3%

a b c

Where a,b and c are calied direction number of L and £, (x,, y,,2, ) De any point on the line
L

Taking the point (1,0,0)as £, and direction numbers are {ar,b,c} =(:5,2,-3),the symmetric

equations are
x—1_ y-0_z-0
5 2 -3
Or
x—1 _ y_=z
5 2 -3
Hence the required line of intersection of the two given planes is %:%:%_




Answer 13E.

The direction numbers of line /) through [—4,—6,1) cand [—2, 0— 3) are
{(-2-(-4.0-(-6),-3-1}
That 15, {2,6,—4}

And the direction numbers of ine Z, through
(10,18,4).::9@.:1’ (5, 3,14) are
{5-10,3-18,14-4)

That is, {~5,-15,10}

The components of two lines [y and L, are proportional

.5 _ =
-5 =15 10
That 15
2 2 2 .
" = 3 =— z Therefore Lines [jand L, are parallel
Answer 14E.

Let the points be A{(—=2, 4, 0} and 8(1, 1, 1.

Find the side AZ .
AB = {(1+2), (1-4),(1-0)}
= {3,-3 1)
Mowr, let us represent C(2, 3, 4 and D)5, -1, —8).
CD = {(3-2),(-1-3), (-8 - 4)}
= {1, -4, -12}

We kenow that two wectors are perpendicular if their dot product 15 zero,
Mowr, let us represent C(2, 3, 4 and D)5, -1, —8).
CD = {(3-2),(-1-3), (-8 - 4)}

= {1, -4 —12}

We kenow that two wectors are perpendicular if their dot product 15 zero,



Answer 15E.
A)

We are given that PO=(1.-5,6), so the position vector ) = <1,-5,6> = 1i-3j + 6K

It is also given that the line L is parallel to the vector <-1,2 -3>, so let vector v = <-1,2 -3> = -1i
+2] -3k

We can plug these points in to obtain the vector equation of L:

r=r0+tv ~r=(1i-5j+6k) +t(-11 + 2j - 3k) ~

r=(1-1t)i + (-5+21)j + (6-3t)k
From the vector equation, we can obtain the parametric equations:

x=x0+at-.x=1-t

y=y0O+at-.y=-5+21

Z=zZ0 +at~z=6-3t

From the parametric equations, we can obtain the symmetric equations. By solving each

parametric equation for t, we can eliminate the parameter t, and the symmetric equations we
are left with are:




B)

The line intersects the x-y plane when z = 0.

To find the point of intersection, let Zz = 0 in the symmeitric equations:

The line intersects the x-z plane when y = 0.

To find the point of intersection, let y = 0 in the symmeitric equations:

x—1 _ y+5 _ z-6 r—1 _ 0+5 _ z—6

- 2 8 =i 2 3

‘_: =2, ;;5 - %gi\r&sx=-3#2 and z = -3/2. so the point of intersection is
(-3/2.0.-312)

The line intersects the y-z plane when x = 0.

To find the point of intersection, let x = 0 in the symmetric equations:




Answer 16E.
(a)
Consider the following data:
- Aline passes through the point (2,4,6).
= This line is perpendicular to the plane x— y+3z=7.
The objective is to find parametric equations for this line.
Use following theorem, to find parametric equations for this line:
“The parametric equations for a line through the point (_rm YorZs )and parallel to the direction
vector v =(a,b,c)are defined as follows:

x=x,4+al, y=y,+bt, z=z,+ct” (1)

To find the parametric equations for the desired line, first find the direction vector v = (a._b,c)
paraliel to the desired line.

If a line is perpendicular to a plane, then the normal of the plane is the direction vector of the
line.

Because, the normal of the plane,

x=y+3z=17,
is {1,—1,3). so the direction vector of the required line is also (1,-1,3). that is.
v=(a,b,c)

=(1,-1,3)- ()

For the point (x,, ¥,,Z, ). the position vector of a particular point on the line, take,

(%05 2020 ) =(2,4,6) - (i)



Mow, find the parameitric equations for the desired line.

Use (1) with {a,b,c)=(1,-1,3). and (x,, ¥,,2,) =(2,4,6). the parametric equations for the

desired line is,

x=x,4at, y=y,+bt, z=z,+ct. or
x=2+1t, y=4+(-1)1, z=6+3¢.0r
x=2+t, y=4-1, z=6+31.

Therefore, the parametric equations for the desired line is,

x=2+t, y=4-1, z=6+31|.

(D)
Consider the following data:
= A line passes through the point (2,4,6}.
- This line is perpendicular to the plane x—y+3z=7.
The objective is to find the points in which this line intersects the coordinate planes.
By part (a), the parametric equations for this line is,
x=2+t, y=4-1, z=6+3t ... (2)

Find the xy-plane intercept:
To find the intersection with xy-plane, find the values of x and y when > = (. Thus,
= first, set - = (jinto the equation of z in equation (2) and solve for {,
- then put this value of t back into the equations of x and y in equation (2),
= and find the values of x and y.
Now, write equation (2):
x=2+t, y=4-t, z=6+3t.
Set = = (jthe equation of z and solve for L
z =6+ 3¢ Write equation of z
0=6+3r5et =0
=—2 . Solve for t
Substitute y = —2 back into the equations of x and y in equation (2), and solve for x and y-
x=2+1, y =4-¢ Write equations of x and y
x= 2+(-2}, ¥ =4-{—2) Substituie y = -2

x=0, y==6. Solve for x and y

So, this line intersects the xy-plane at the point (ﬂ,ﬁ,ﬂ)l.




Find the yz-plane intercept
To find the intersection with yz-plane, find the values of y and z when y=(. Thus,
- first, set y = @into the equation of x in equation (2) and solve for f,
- then put this value of t back into the equations of y and z in equation (2),
- and find the values of y and z
Now, write equation (2):
x=2+f y=4-t, z=6+3t.
Set x =(the equation of x and solve for [
x =2 +¢ Write equation of x
0=2+r3el x=0
= -2 . Solve for t
Substitute y = —2 back into the equations of y and z in equation (2), and solve for y and z
y=4-1, z = 6+ 3t Write equations of x and y
y=4-(-2), z=6+3(-2) Substitute s =2
y=06, z=(. Solve for x and y

So. this line intersects the yz-plane at the point (D,ﬁ,l'l) _

Find the xz-plane intercept
To find the intersectiion with xz-plane, find the values of x and z when y=0. Thus,
- first, set y = Qinto the equation of y in equation (2) and solve for i,
= then put this value of f back into the equations of x and z in equation (2),
= and find the values of x and z.
Now, write equation (2):
x=2+1, y=4-1, z=6+31.
Set z = Qthe equation of z and solve for £
y =4 - Write equation of y
0=4-¢ Set y=0
{=4. Solve for
Substitute § = 4back into the equations of x and z in eguation (2), and solve for x and z-
x=2+1, z =6+ 3 Write equations of x and z
x=2+4, z=6+3(4) Substiute ;=4
x=6, z=18. Solve for x and z

So, this line intersects the xz-plane at the point {ﬁ,ﬂ,lﬂ} i

Therefore, finally, this line intersecis the xy- and yz-plane at the point {D,ﬁ,l])l, and xz-plane

at the point |(6,0,18)|.




Answer 17E.

The vector v with
B(4,61)is
v=(4-2,6-(-1).1-4}

=(2.7.-3)

A= [2,—1, 4:1 and

Taking the point [2,—1,4) as ;,; , the vector equation of line becomes

F=r+v, 02 21,

= (2 j+ak)+¢ (2 +7-3k), 02 <1

= (24200 +(-147) j+(4- 30k 05 =1,

Answer 18E.

The wector along the line joining ;‘1[10, 3,1) and B [5,5,—3)is

v ={5-10,6—3,-3-1)
=(-5,3,-4)

Taking (10, 3, 1) ag the point 5, the parametric equations of the line are:

Answer 19E.

L-ONSKIErN the Iines

n Aaeftermings = A=Y = T ac aras naralsl cke
0 GeElermine wnemner ine given lines are paralel, ske
T aslsa =t al s assNatd = s | = inac
SYmmeIric Torm of ine given lines
Tha curmrma ~ amatinn af = NS in cCrars =9 -
he s etric equation of a line in space is given b
X - X A z—Z
= —

x=10-5y=3+3,2z=1-4¢,0=¢ =1



Now, rewrite the given parametric equations in the symmetric form.

x=3 =_v-4 _ z-l=

Lz

T4 2 5
The direction numbers of the line L, are (2,-1,3).
And the direction numbers of the line L, are (4,-2,5).

The ratios of the direction numbers of the two lines are

2_-1.3
4 -2 5
1_1.3
2 2 5

These ratios are not equal and therefore the direction numbers are not paraliel

Hence the given lines L and L, are not parallel because the corresponding vectors

{2,-1,3)and {4,-2,5)are not parallel. (Their components are not proportional.)

Now, need to check if the lines intersect or not.
It L, and L, had a point of intersection, there would be values of f and s such that
3+2f=1+4s______ (1)
4-t=3-2s5 . (2)
1+3t=4+5s______ (3)
From equation (1),
3+2t=1+4s
2t=1+45-3
l+45—
1"=—E e
2
_4s-2

2
=25-1

Substitute the value of f in the equation (2).
4-1=3-2s

4-[15-1}:3-11 Not true.

5-25s=3-2s

S0 on suhring the two E{]UEﬂDHS._ note that there exist no value of f and s such that

3+2f=1+4sand4-f=3-12s

Therefore there are no values of t and s that satisfy the three equations, so L, and L, do not
intersect.

Thus the two given lines do not intersect and are not parallel and therefore do not lie in the
same plane.

Hence the given lines [, and L,are skew lines.



Answer 20E.

Consider the lines:
L:x=5-121,y=3+%,z=1-3¢
L:x=3+8s,y=—6s,z=7+12s

To determine whether the given lines are parallel, skew or intersecting first need to write the
symmetric form of the given lines.

The symmetric equation of a line in space is given by

r—4 =.1"_}'| z_zl_

a b c

where a, b, and ¢ are the direction numbers.

Now, rewrite the given parametric equations in the symmetric form.

x=-5 y-3 z-1

- [— — =T
b -12 9 -3

x—3 y z=7

E; 5
. 8 -6 2

The direction numbers of the ine L are {-12,9* —3}.

And the direction numbers of the line L, are {E,-ﬁ, I)‘

The ratios of the direction numbers of the two lines are

-12_9 _3
8 —6 2
3_3_3
2° 37 3

These ratios are equal and therefore the direction numbers are parallel.

Hence the given lines L, and L, are parallel because the corresponding vectors (-12*1-3)

and {E,-ﬁ. 2} are parallel. (Their components are proportional.)

Answer 21E.

: : o o X—x - z—z
The symmetric equation of a line in space 15 given by R S Y L where

b L P

i, b, and ¢ are the direction numbers.
We then get the direction numbers of L) as (1, =2, —=3) and that of f5 as {1, 3, 7).

mince the direction numbers are not proportional, we can say that the lines are not
parallel



Wow, let us check if the lines intersect.

set2+i=3+g 3 -2=-+5z and 1 — 5 =2 - Tz and solve for the variables.
On solving the two equations, we get s as 1 and ¢ az 2. We note that the third equation
also satisfies the values for £ and & Thus, we can say that the lines intersect.

Onreplacing i with 2inx=2+¢, y=3-2f, andz=1 -3¢,
we getxas4, vas—1, andz as -5

Therefore, we can say that £y and Lz intersects tat [(4, =1, =3)|
Answer 22E.

Consider the lines:

e
I
b
=~ | t4

To determine whether the given lines are parallel, skew or intersecting first need to compare
the given lines with the symmeiric form of the line.

The symmetric equation of a line in space is given by

X-X% _¥Y-W _:I-%

a b C

where a, b, and ¢ are the direction numbers.

The direction numbers of the line L are {l_-],3}_
And the direction numbers of the line L, are {2,—2_?}.

The ratios of the direction numbers of the two lines are

1 -1 _3
2 2 7
1 1 3
2721
These ratios are not equal and therefore the direction numbers are not parallel.

Hence the given lines L and L, are not parallel because the corresponding vectors

{l,- ].3} and {2. -2, ?} are not parallel. (Their components are not proportional.)



Mow, need to check if the lines intersect or not.
First write the parametric equations of the lines.

.iz'}r-]:zuzzf
1 -1 3
X

The parametric equations are

L:x=t,y=1-1,z=2+31
L:x=2+25,y=3-25,2=Ts

If L, and L, had a point of intersection, there would be values of r and s such that

243=Ts - (3)

From equation (1), f=2+2s

Substitute the value of t in the equation (2).
1-1=3-2s
1-(2+25)=3-2s
1-2-25s=3-2s
—1-25s=3-25

So on solving the two equations (1) and (2), observe that there exist no value of f and s such

that y=2+2sand |—r=3-2s.

Therefore there are no values of { and s that satisfy the three equations, so L, and L, do not
intersect.

Mot true.

Thus the two given lines do not intersect and are not parallel and therefore do not lie in the
same plane.

Hence the given lines L and L,are skew lines.

Answer 23E.
The scalar equation of the plane passing through Folxo, w, z0) with normal vector

n = {cx, b, r:} iz givenbyalx —x) +bly—w) telz—zp) =0

Eeplace xp with O, yg with 0, zg with 0, @ with 1, & with =2, and ¢ with 5.
l(x - D) +[—2:][y - Uj + 5[2 - Uj =10
x—z2y+2z =10

Thus, the equation of the plane is obtained as [x — 2y + 5z =10




Answer 24E.
The scalar equation of the plane passing through Fpixg, wo, 20) with normal vector

n = {.:1, b, r:} is given by alx —xp) + 50y —y) +elz—zp) =0

Eeplace xp with 5, yo with 3, 20 with 5, @ with 2, & with 1, and ¢ with -1
2(x - 5)+ 1y - 3) + (~1)(z = 5) = 0
2x—104+y-3-z+5=10
2x+y—z—8=10

Thus, the equation of the plane is obtained as[2x +y —z—8=1]|

Answer 25E.
The scalar equation of the plane passing through Fpixg, o, 20) with normal vector

h = {cx, b, c} iz givenbyalx —x) + 20 —y) +elz—zp) =0

Eeplace xg with —1, yg with % czgpwith 3, @ with 1, & with 4, and ¢ with 1.

1(x—(—1))+4(y—%]+1(z—3) =0
x+1+4dv-24+=z-3=10
x+4dv+z

Thus, the equation of the plane is obtained asfx + 4y +z=4|

Answer 26E.
The scalar equation of the plane passing through Fpixg, wo, 20) with normal vector

n = {.:1, b, r:} is given by alx —xp) + 50y —y) +elz—zp) =0

The normal to the line x =3¢, y =2 — £, and z = 3 + 4¢ 13 obtained as {3, -1, 4}.

Eeplace xgwith 2, yo with 0, zp with 1, ¢ with 3, & with -1, and ¢ with 4.

Hx-2)+(-Dy -0+ (z-1 =0
Sx—b6-y+4z-4=10
Ax—y+4z-10=10

Thus, the equation of the plane is obtained as [3x —y + 4z = 10|
Answer 27E.
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Let a,b,c be direction numbers of the normal mto the required plane.
The normal vector of the given plane 5x—y-z=6is m,:(5,-1,-1).

Since the required plane is parallel to the given plane z = x+ yso the normal of the required
plane is parallel to the normal of the given plane.

Therefore, the normal vector of the given plane can be taken as the normal vector of the
required plane. Thus

n=(a.b.c)
=(5,-1.-1)
And the required plane passing through the point (1,-1,—1)and this point (1,-1,-1)satisfies
the equation (1).
Substitute the point £, (x,, ¥.2, ) =(1,—1,~1)and the normal vector m in the equation (1), get

a(x—x,)+b(y-y,)+c(z-z,)=0
Sr=1)+(=D(r-(-1)+(=1)(z-(-1))=0
S5(x=1)—(p+1)-1(z+1)=0
Sx—-y—-z=-5-1-1=0

S5x—-y-z-=-7=0

Hence, the required equation of the plane is |[5Sx—y—-z=T7|

Answer 28E.

To find an equation for the plane that passes through the point (2,4,6)and is parallel to the
plane z=x+ y, use the scalar equation of the plane.

The scalar equation of the plane through P, (x,, ¥,,z, ) With normal vecior n= (a,b,c)is
alx=x,)+b(y=3,)+c(z=2)=0. . (1)

Let a,b,c be direction numbers of the normal mto the required plane.

The normal vector of the given plane z=x+yis n, :{I,l,—l}.

Since the required plane is parallel to the given plane z = x+ yso the normal of the required
plane is parallel to the normal of the given plane.

Therefore, the normal vector of the given plane can be taken as the normal vector of the
required plane. Thus



=’ru,-"r.c'}

=(L1.-1)
And the required plane passing through the point (2,4,6)and this point (2,4,6)satisfies the
equation (1
Substitute the point P, ( x,, ¥,, 2, ) =(2,4,6)and the normal vector m in the equation (1), get

a(x—x)+b(y-y,)+e(z-2)=0
x=2)+(1)(y—-4)+(-1)(z-6)=0
x=24+y-4-z+6=0

x+y—z=0

P
o 2 ~ratinm oF fha rlano ic | . —ﬂ
e quaton ormne piang Is |x+y—z=4UL

|

=
e

(4K
(4 ]

required

M

Answer 29E.
The scalar equation of the plane passing through Folxo, w, z0) with normal vector

n = {cx, b, r:} iz givenbyalx —x) +bly—w) telz—zp) =0

since the required plane 15 parallel to x + 3+ 2z =0, the normal to the planes will be equal.
Then, n = {-1, -1, -1}

Eeplace xg with 1, g with % , Zp with % a with =1, & with -1, and ¢ with -1,

[—1)[;{—1)+[—1)(y—%}+[—1)[2—%] _ 0
—x+1—y+%—z+%= ]

rx+y+z = E

£

bx + 6y + 6z = 11

Thus, the equation of the plane is obtained as [5x + &y + 6z = 11|




Answer 30E.

To find an equation for the plane that contains the linex=1+t y=2-f and z=4 — 3t and
paraliel to the plane 5x+2y+ z =1, use the scalar equation of the plane.

The scalar equation of the plane through P, (x,, ..z, ) With normal vector n =(a,b,c)is

a(x—x,)+b(y=y,)+ec(z=2)=0. ...... (1)

Since the required plane contains the line x=1+t y=2 -1t and z = 4 — 3f, s0 any point on the
line lies on the plane.

Let (1,2,4) be any point on the line, it must be lies on the plane.
So take H,{xn,yn,zn}z{l.l,d).

The required plane is parallel to the plane 5x + 2y + z = 1 with normal vector (5, 2, I}. Since

the two planes are parallel, so the corresponding normal vectors of the two planes are
proportional. Then, the normal vector to the required plane is

n={a.b.c)
- (5.2.1)
Substitute the known values F, (x,, ¥,.2,)=(1,2,4)and the normal vector m in the equation
(1). get
a(x—x,)+b(y—y,)+e(z—2,)=0
5(x—1)+2(y-2)+1(z-4)=0
5x=5+2y-44+:z-4=0
5x+2y+z-13=0

5x+2y+z=13

Hence the required plane equation is |Sx+2y+z=13]




Answer 31E.
Consider the points  P(0,1,1),0(1,0,1),R(1,1,0)
To find the plane equation using the above three points
First convert the three points into two vectors by subtracting one point from the other two.

Consider the vectors Eand 5.

The vector 4 and j corresponding 1o PQ and PR are

a= PO
=(0-P)
=(1,0,1)-(0,1,1)
~(1.-1.0)

And

b= PR
=(R-P)
=(1,1,0)-(0,1,1)
=(1,0,-1)

Since both 4 and } lie in the plane, their cross product 4., 3 is orthogonal to the plane and
can be taken as the normal vector m.-

Thus the normal vector
n=axb

i j ok
=1-10

1 0 -1
=(1-0)i—(-1-0)j+(0+1)k

=(i+j+k)



It is known that

The equation of the plane through the point F(_rn,_ru,:,]] with normal vector m =[:a_b*c->=is
a[_r—_tu}+b{"1.'-rr“]+c*|::—-:0)=ﬂ

Now

With the point P[ﬂ, LI} and the normal vecior n :(i +j-‘lr.}.

The equation of the plane is

(x-0)+1(y-1)+1(z-1)=

0
x+y+z=2

Thus the plane equation is |[x+ y+z =2

The sketch of the plane passing through the given 3 points is as below.

R(1,1,0)

0.6 ((1,0,1)

Answer 32E.
D[U,D,D), P[E,—4,5), Q(il,E)

The vector @ and & cotrespoinding to OF and £ are

a=(2,-4.6) b={513)



since both @ and & lie 1n the plane, their cross product @ =& 15 orthogonal to the
plane and can be taken as the normal vector

Thus
i Gk
n=axb=[2 -4 &
513

=(-12-6)i —(6-30) j+(2+20)k
= 15 +24 i+ 22k

With the point O(0, 0, 0 ) and the normal vector ;5, an equation of the plane 1s
—18x+ 24y +222=10.

Answer 33E.
P[E,—l, 2,), O=i(s24, R= (—1,—2,—3)

The wectors & and & corresponding to Eamdﬁ are
a={532)and b={-4-1,-5)

Since both @ and & lie in the plane, their cross product ¥ bis otthogonal to the

plane and can be taken as the normal vector,
Thus

PGk
n=axk=|5 3 2

4 -1 -5
= (—15+2)i—(-25+8) j+(-5+12)k
= 1% +175+7k

With the point P (=2,-1,2) and the normal vector 18 an equation of the plane 13
—13(x=3)+17(y-(-1))+7(z-2) =0
of, —13x+17y+7z=-42



Answer 34E.

The plane contains the line
x=3, v=14¢, z=2—t

Then the point {0, 1, 2) lies in the plane, and the vector {3,1,—1:}1ies in the plane.

The vector joining the point (1, 2, 3) and (0, 1, 2) is {1-0,2-1,3-2}ie {1,1,1)

Then the normal of the plane 15 given by the cross product of the wvectors

(3,1,—1} = .:_f[s.:zy) and {1,1,1) = E?lis.:zy)

= 2i—di+2k
=(2,—4,2)

Therefore the equation of the plane passing through (1, 2, 3) and having normal
(2,42} i3

2x-11-4(y-2)+2(z-3)=10

ia. 2x—2—dy+E+2z—6=10

ig 2x—dyv+2z=10

ar x—z2y+z=10
Answer 35E.
Consider the parametric equations of the line and the point is
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L P.0 lies on the required plane so the vector PQ =a. @nc



Let the given point be a =(-2,3,9) is passing through the plane and the point {-2,5,4) is
also passing through the plane.

So. the plane passing through the points are, gxb and
n=axh

i j k
=2 3 9
-2 5 4
=i[12-45]- j[-8+18]+Kk[-10+6]
=-33i-10j-4k
Since the points P(x,, yl,zl}: and -2 lie on the plane
The corresponding vector,

n={a.b.c)

a(x—x)+b(y—y)+e(z—z)=0
Letitbe -33(x-6)-10(y-0)-4(z-(-2))=0
-33(x-6)-10(y)-4(z+2)=0
=33x+198-10y—-4z-8=0
=33x+190-10y-4z=0
3B3x-190+10y+4z=0
Bx+10y+4z=19

Since the corresponding vectors are, |33x+10y+4z= 191].'__

Since the both vectors a and b are lie on the plane and their cross product gxh is
orthogonal to the plane.

30, It can be taken as the normal vector.

n=axbh
i j k
=-2 5 4
-2 3 9

=i(45-12)—j(-18+8)+(-6+10)k
=33i+10j+4k



Use the result to find the equation of the plane.

The scalar equation of the plane passing through ﬂ,{_rm J’mf'-u} with normal vector

n= {a,b., n:'}

Then a(x-x,)+b(y—y,)+c(z—-2,)=0

Here, the plane passing through the point P(ﬁ, D,-Z}and the normal vector n = {33.,1{],4}

Now an equation of the plane is,
33(x-6)+10(y-0)+4(z-(-2))=0
33(x-6)+10y+4(z+2)=0
33x-198+10y+4z+8=0

Bx+10y+4z-190=0
33x+10y+4z=190

Therefore, the equation of the plane is, |33x+10y+4z=190|.

Sketch the following plane:

Answer 36E.

The equation of the plane passing through ﬁ,{_ru, yn,:n) with normal vector m = (a‘bﬁ .:-} is
G(I_In}"'bb’-fn}'!'f{:_"n] =0
Therefore, the equation of the plane passing through (1,-1,1) is

a(x—l}+b{y+l}+f(z—l}=ﬂ rana {I)



The plane contains the line x=2y=3z
Let x=2y=3z=r where 1R

Sothat x=1, y:%, 3=%

Thatis, x=0+11, y=ﬂ+%.f, z=ﬂ'+%l

Therefore, the plane contains the point (0,0,0) and its normal vector {a,b,c} perpendicular
11

to the vector {L—,—}.
2 3
That is the point (0,0,0)satisfies the equation (1).

So. a(0-1)+b(0+1)+c(0-1)=0

And its normal vector (a,b,c) perpendicular to the vecior (I 1 %}

e ]

Note that, two vectors a=a,i+a,j+a;k and b=4i+b,j+bk are perpendicular, then

ab +ab, +ab, =0

S0, a+24£20 wmnne(3)
2 3



Adding equations (2) and (3). obtain that

2 3

o b il
Substitute (4) in (1), obtain that

4
—a+—c—-c=0
9

ER

Equation (4) can be written as

b ¢

b R

4 9 ( }
Therefore, from (5) and (6) obtain that

a _b_c
-5 4 9

So, the direction numbers for the required line is

{a,b,c} =(—5,4,‘]')‘ e 1)

Now substitute these values of equation (7) in (1) obtain that

-5(x-1)+4(y+1)+9(z=-1)=0

—Sx+5+4y+4+9:z-9=0
=5x+4y+9z=0
Sx-4y-9z=0

Thus, the required equation of the plane is

S5x=4y-9z=0|.




Answer 37E.

Consider the following equation of planes

x+y=-z=2 (1)

2x—-y+3z=1 ... (2)
Convert the equation of the line in symmetric form.
Find a point on the line of intersection L of the given planes.
The normal vectors of these planes are m, =(1,1,-1) and n, =(2,-1,3).
The intersection of two planes gives a line equation.

Set = =(Iin the equations of both planes (1) and (2) to find the point where the line intersects
the xyplane.

Thus, the equations (1) and (2) reduces,
x+y=2 And 2x-y=1
Add above two equations
3x=3
x=1
Substitute y=]in x+ y=2tofind yvalue.
1+ y=2
y=1
The point lies on L is (1,1,0).

Since L lies in both planes, it is perpendicular to both of the normal vectors.

Thus, a vector v, parallel to L, is given by the cross product.

v=m,xn,
i j k
=1 1 -
2 -1 3

=(3-1)i-(3+2)j+(-1-2)k
=2i-5j-3k



Let the point on the line be (_r"_yl ,z]} = {],Lﬂ} .
The direction ratios of line are (a,b,c)=(2,5,-3).
The symmetric equations of L can be writien as

X% _Y-rh_z-35

a b c
Substitute the values (x,,y,,z,)=(1,1,0). and (a,b,.-_-] =(2, 5,—3} in above equation.

x—1_y-1_=

2 -5 -3
Let I—_l=y—_1=i=f
2 -5 =3

x=2+lLy=-5t+1,z=-3t

This represents a line passing through the point Q(l_ I,,ﬂ}and parallel to the vector
b=(2,-5,-3).
The required plane passes through the point P =[—I,2,l]_
P, lies on the required plane so the vector E:a
a=PQ
=(1+11-2,0-1)
=(2.-1,-1)



Therefore, both vectors a and b are parallel to the required plane.
Their cross product g x bis orthogonal to required plane.

n=axh
i j k
=12 -1 -l
2 -5 -3
=-2i+4j-8k

Let (I,m,n)=(-2.4,-8).

The equation of required plane passing through (—I,I,l]ann having normal vector
2i+4j-8kis
-2(x—(-1))+4(y-2)-8(z-1)=0
~2(x+1)+4(y-2)-8(z-1)=0
=2x=2+4y-8-8z+8=0
-2x+4y—-8z-2=0
x=2yv+4z+1=0 Divide each side by —2.

Therefore, the required equation of plane is [x -2y +4z+1=0|.

Answer 38E.

Consider the points are (0,-2,5) and (-1,3,1)-
The equation of the plane is as follows:
2z=5x+4y

Find the equation of the plane passing through the given points and perpendicular to the given
plane 2z=5x+4y.

Rewrite the above plane equation is as follows:
S5x+4y-2z=0



Let P,=(0,-2,5) and P, =(-1,3,1).
Find the directional vector of P,P,
PP, = {Pz -P, )
=(-1-0.3+2.1-5)
=(-1,5.-4)

Required plane is perpendicular to the given plane. So the normal vector mof the given plane
is also directional vector to the required plane.

n=(54,-2)
The normal vector m, of the required plane is orthogonal to the directional vectors mand PP,

Now, find the cross product.

n, =nxPP,
i j k
=5 4 =
-1 5

=i(-16+10)-j(-20-2)+k(25+4)
= —6i+22y+29%k
=(-6,22,29)

The normal vector of plane is orthogonal to any vector lies in the plane.
And also dot product of orthogonal vectors is zero.
Let Q(x,, y,z} be any point on the plane. So the vector P,Qis lies on the plane.
Consider m, *P,Q=0
n,*(Q-P,)=0
{—6,22, 29)-(x,y+2,z—5} =0
—6x+22(y+2)+29(z-5)=0

—6x+22y+44+292-145=0
—6x+22y+29z—-101=0

6x—-22y-29z+101=0

Therefore, the equation of the plane is |[6x—22y-29z+101=0|.




Answer 39E.
To find an equation for the plane that passes through the points [I,S,I)and is perpendicular to

the planes 2x+y-2z=2and x+3z =4, use the scalar equation of the plane.

The scalar equation of the plane through P, (x,, yu,%} with normal vector m =(a,b,c}i5

a(x-x)+b(y-3,)+e(z-2,)=0. (1)

Let a,b,c be direction numbers of the normal m to the plane. (That is, this normal is the
intersecting line of the given two planes.

The normal vecior of the plane 2x+y—2z=2is n,:(2,1,-2).
And the normal vector of the plane x 43z =4is n,:(10,3).

The normal of the required plane is perpendicular to the normails of the given two planes.

And their cross product m, xm, is perpendicular to the required plane and can be taken as the
normal vector to the required plane.
n=n,xn,
i j ok
=12 1 -
1 0 3
= i{3)—j(ﬁ+1}+k(—[}
— 3i-8j-k
Therefore the normal vector to the required plane is n{a,b,c)=(3,-8,-1).

And the required plane passing through the point (1,5,1)and this point (1,5,1)satisfies the
equation (1).
Substitute the point B, (x,, ¥,,2, ) =(1,5,1)and the normal vector n :{3,—&-1}in the equation
(1). get
a(x-x,)+b(y-yo) +e(z-2,)=0
3(x=1)+(-8)(y-5)+(-1)(z-1)=0
3x-8y—z-3-5(-8)-(-1)=0
3x-8y-z-3+40+1=0
3x—-8y—=z+38=0

Hence, the required equation of the plane is |3x-8y—z=-38{




Answer 40E.

To find an equation for the plane that passes through the line of intersection of the planes
x—z=1,y+2z=3 and is perpendicular to the plane x+ y—2z=1, use the scalar equation
of the plane.

The scalar equation of the plane through F, (x,, ¥,,2, ) With normal vector m =(a,b,c}is

a(x—x,)+b(y-y,)+e(z-2,)=0. ... (1)

Since the required plane contains the line L, 50 any point on the line lies on the plane.

To find the line of intersection of the planes y—z=] and y+2z =3, first need to find a point
on the required line J_

For instance, find the point where the line intersects the xy-plane by setting z = in the
equations of both planes.

Set z = 0 in both the planes.
x=z=1---(1)
y+2z=3 ......(2)

Put z = 0 in the equation (1)

x=z=1
x=0=1
x=1

And put z = 0 in the equation (2)
y+2z=3
y+2(0)=3
y=3
So the solution for the two equations (1) and (2)is x=1,y=3.

So the point (x,y,z) =[I,3,|:}] is any point on the line L, it must be lies on the plane.

So take H](_ru,yn,zulz (I,}.ﬂ)‘



Since the required plane is passes through the line L. so the normal vector p =(a,b,:} of the
required plane is perpendicular to the direction numbers of the line L

So their dot product is zero.
The normal vector for the plane x—z=11is n,:(1,0,—1).
And the normal vector for the plane y+2z=3 is n,:(0,1,2).

Since L lies on both the planes, it is perpendicular to both of the normal vectors n1 and n2.
Thus, a vector v parallel to L is given by the cross product m, x m,.

v=mn, xn,
i j Kk
=1 0 -l
01 2

(0+1)i - (2-0)j + (1-0)k
=i-2j+k

Il

Thus, the vector parallelto Lis v=i—-2j+ Kk

The vecior v= (I, -Z,I}is describes the direction of the line L so the direction numbers of L
are (1,-2,1).

Since the required plane is passes through the line L, so the normal vecior n :(a,b‘c} of the

required plane is perpendicular to the direction numbers v= (I,-Z,I)m‘ the line L. So their dot

product is zero.

a-2b+c=0. - (3)



Also the required plane is perpendicular o the plane x+ y-2z=1.
The normal vector of the plane x+ y—-2z=1is {I,, I,-I).

So the dot product of the normal vector of the plane x+ y—2z =12and the normal vector
n=(a,b,c) of the required plane is zero. Thus
a+b-2c=0. - (4)
Now solve the equations (3) and (4) to find the normal vector n= (a,b,c}nf the required
plane.
Subtract equation (4) from equation (3), get
=3b+3¢=0
~b+c=0
b=c
Choose c=k, then p=k.
Substitute ¢ =k, b= kin the equation (4), fo find the value of a.
a+b-2c=0
a+k-2k=0
a-k=0
a=k
The ratio of the normal vector n=(a,b,c}is
ab:c=k:k:k
=1:1:1
Therefore the normal vector of the required plane is n =(I,L]}_

To find the equation of the plane substitute the known values in scalar equation of the plane.
Substitute the known values B, (x,, ¥,,2, ) =(1,3,0)and the normal vector n=(1,1,1) in the
equation (1), get
a(x—x,)+b(y—y)+c(z-z,)=0
I(x—1)+1(y-3)+1(z-0)=0
x=l+y-3+z=0
x+y+z=4

5x+2y+z=13

Hence the required plane equation is |x+ y+z=4{




Answer 41E.

Given 2x + 5y + z =10 we want to find out where this plane intersects the x, y, & z axes so we
can sketch a graph of the given plane

To find out where the given plane crosses the x axis, set z and y = 0 and solve for x
2x+5(0)+0 = 10

2x =10

X=23

So the plane intersects the x axis at (5,0,0)

For intersection of y axis, setx=0&z=0

2(0)+5y+0=10

5y = 10

y=2

So plane intersects the y-axis at (0.2.0)

For intersection of z axis: set x=0, y=0

2(0)+5(0)+z=10

Z =10 so intersection of z-axis at (0,0,10)

(0,0,10)

[ ]
(5.0.0 (0.2,0)




Answer 42E.

We are given that an eqguation of the plane

3x+r+2-=6

Then, we can write in the standard form of the plane

x F z _

T+l i=

S0,

Ix+tv+2-=6

=2 42 4=
s 6 6

x F L
B3 + < + N 1
The x-interceptis (2, 0, 0)

The y-interceptis ((, 6, () and the z-interceptis ((, Q, 3)



Answer 43E.
We are given that an equation of the plane
6x—3y+4z=6

Then, we can write in the standard form of the plane
LI T A |
o b Fa

So. 6x—3y+4z=6

6

4=
+2 =1

X ¥ g __
=yttt =1

The x-interceptis (1, 0, 0)
The y-interceptis (Q, —2, Q)

and the z-interceptis (g, 0, 1.5)



(a0,15)

(0.-2.0)

: (L0.0)

Answer 44E.

We are given that an equation of the plane

6x +5y—3z=15

Then, we can write in the standard form of the plane

X F z
T+l 4=

So. Gx+5y—3:=15

6 3y —_ 1 =
X ¥ z
= -+, +_-=I
The x-intercept is (2.5,0,0)

The y-infercept is (Q, 3, 0)

and the z-interceptis (Q, 0, —35)



Answer 45E.
Consider the line x:
x=3-ty=2+1,z=51.
Andplane 7. x—y+2z=

To determine the point of intersection at which the line and plane intersects, find the point, such
that the point is on a line and the plane.

Let any point on line g be P=(3-¢,2+1,5).
Substitute the point (3—,2+1,5¢)in plane x—y+2z=9.
(3-1)—(2+1)+2(51)=9
3-r-2-1r+10r=9
1+8=9
8r=8
r=1



To find the point of intersection of the line and plane, substitute ;=1 in {J-r,EH,St}.

P=(3-(1),2+(1).5(1))
-(2:3.5)
Clearly, the point (2,3,5)is on line for ¢=1.

To check the point (2,3,5} is the point of intersection a line J and the plane x. substitute the
pointon (2,3,5)in x-y+2z=9.
(2)-(3)+2(5)=9

2-3+10=9
9=9 True
Therefore, the point (2,3,5)53ti5ﬁe5 the plane x—y+2z=9.

Hence, the point of intersection is |{2,3,5) :

Answer 46E.

x=1+2t

X+2y-z+1=0

Substitute the values of X,y and z in terms of t

(1+20)+2(a)-(2-3t) +1=0

1+2t+8t-2+3t+1 =0

13t=0

=0

x=1+2(0)=1

y=4(0)=0

z=2-3(0)=2

So the point of intersection is (1, 0 .2)



Answer 47E.

Given the parametric equations of the line solve for t

X=y-1=2z —> x=t , y=t+1,z=12

this is possible because parametric equations are equal to t

next substitute these values into the equation of the plane 4x -y +3z=8forx, y,and z
which gives 4(t) - (t + 1) +3(/2) =8 —> 4t-t-1 +{((3ty2)=8 —> 3t + ((3ty2)=9
—>2(3t+ ((3tyV2)) =2(9) —>6t+3t=18 —>9t=18 —> t=2

next take this t value and substitute it back into the original parametric equations that were
solved for x, y, and z

x=1 —->x=2
y=t+1->y=2+1 > y=3

=12 —= 7=2/2 —= z=1

the point at which the line intersects the plane is (2,3,1)

Answer 48E.

The direction vector of the line through (], U,l) and (4,—2, 2) 15

v={4-1-2-02-1}

Taking £ = (l,ﬂ,l), the parametric equations of the line are:
x=1473¢, y=—2f, z=14+¢

Substituting for =, ¥, z in the equation of plane, x4+ y+z="56
143+ (-22)+14+£=6
=2=4
=5 =2
Then the point of intersection 1s :
x=1+3(2), _}r=—2(2), z=14+2

ie (7.-4.3)



Answer 49E.

Since hine L hies 1n both the planes, It 1s perpendicular to both of the normal
vector. Thus it 15 parallel to cross product of normal wectors

m=(L11) and m={L0.1)

Now,
Gk
mxny =111
101
=(1-0)i-{1-1)j+(0- 1)k
ik
Then direction numbers for ine L are
{10-1).
Answer 50E.

The normal vector perpendicular to plane x+y+z=0 1s

A=(1)
The normal vector perpendicular to plane
x+2y+3z=11s

5-(123)

The angle between two planes 15 the angle between ther normals. Let & be the
angle between the planes.
Therefore, angle between their normals will be 8.



Now, n -2, =1x1+1x2+1x3

=6
fil= ) + ()" + (1)’
=3
= (0 +(2F +(3)
=14
B 7y - 7y 6 J_x“-"_
Therefore, cos&= I"]"":l \E«J'l_ e
_6xJ6
J6f7
_J6_ 6
g
Hence,
Cosine of angle between the given planes = Jg
Answer 51E.

The normal vector of given planes are
=(L4,-3), n=(-3.6.7)
Because ;1 # E thus two planes are not parallel

Now, m.m =1(-3)+4{(6)+(-3)7

=-3+24-21

=0
Thus E; and E are perpendicular and their corresponding planes are also
perpendicular.

Answer 52E.

The normal vectors of given planes are
= (1,42} #,=(3,-12,6)

Since H_; = 3.:_:; thus ;lrand ;; are parallel and their corresponding planes are
also parallel.



Answer 53E.

The normal vectors of gives planes are
m={L11), m={L-11)
Since
.r;;i ;; The two planes are not parallel and
a.m =M+ (-0+0 ()
=1-1+1
=120
The two planes are not perpendicular.

oy

palle|

~ 1

AT PR (-1 + P
1

-7

Thus cosf=

wl-—*L_I

or, &= cos (l
3

=705

=

LT

Answer 54E.

The normal vector of given planes are
m=(2-34), n,=(16,4)
Because ;1 # ;2 thus two planes are not parallel.

Since 7, = (2)(1)+{—3){6)+4(4)
=2-18+16
=0

Thus ?Tl and E are perpendicular, their corresponding planes are perpendicular.
Answer 55E.

The normal vectors of given planes are
m=(1,-4,2), m=(2-84)

Since .u_;z 2;; the wvectors aaﬂﬂj are parallel, so ther comresponding planes
are also parallel



Answer 56E.

The normal vectors of given planes are
n=(.22). m=(2-12)
As ;1’ + E thus planes are not parallel

and z.m, =1{2)+2(-1)+2(2)
=2-2+4
=40

The two planes are not perpendicular.

Thus cosf=

5
pall|
4

JE+27427 2 4 (-1)* 422
__ 1 4
NENCI

4
f=rcos " (—)
g

= @ =cos " (0.444)
=8 =64



Answer 57E.

(a) Given Planes are Plane1-x+y+z=1

Plane2: x+ 2y +2z=1

normal vectors of the plane are:

n1=<1.1. 1=

n2=<12 2>

we first need to find a point on L:

if z=0 then:
x+y=1
Xx+2y=1
x=1-y
(1-y)+2y=1
y+1=1
y=0



Point P=(1, 0, 0) is on the line L

Since L les in both planes, it is perpendicular to both of the normal vectors. thus a vectorv is
paraliel to L:

v=nl1xn2=

111 1]

112 2]

=(2-2)i-(2-1)j+(2-1)k=j+k

now you have a vector (v) that is paraliel to a point (P):

parametric equation of L:

x=1

(b)

The angle between 2 planes is:

cos8 = (n1.n2)/ |n1||n2|

cosO = [(171) + (172) + (172)] /(12 + 12 + 12) * (12 + 22 + 22)

cosB=[1+2+2]/+3 "9

cos = 5/3v3

8 = arccos(5/3v3)



Answer 58E.

Consider the following planes:

Ix-2y+z=1and 2Zx+y—-3z=3

a)
The objective is to find parametric equations for line of intersection of the planes.
The planes 3x—2y+z=1and 2x+ y—3z =3intersect in a line.

For instance, find the point where the line intersects the xy— plane by setting z =
in the equations of both planes.

This gives the equations,

3x-2y=1 ... (1)
2x+y=3 .. (2)
Solve the equations (1) and (2).
Multiply the equation (2) with 2

Then,
4x+2y=6 ... (3)

Subiract the eqguations (1) and (3) get
Ix-2y=1
4x+2y=6
Tx=17
x=1
Substitute the value x =] in the equation (2).
2(1)+y=3
y=3-2
y=1
The solution is, x=1,y=1
The point (1,1,0) lies on line [

Hence, the line intersects the xy— plane at the point (I,I,{)}



Mow observe that the line J lies on both planes and it is perpendicular to both of the normal
vectors.

The two normal vectors for the planes are,
(3,-2,1) and (2,1,-3)
The cross product of the two vectors gives a vector and it is parallel to the line of intersection.
Let abe the vector parallel to line.
Then the vector ais parallel to both two planes x+ y+z=1andx+2y+2z=1.
Let m,,m,be the normal vectors to the planes.
a=mn xn,
i J k
a=3 -2 1
2 1 -
=i(6-1)-j(-9-2)+k(3+4)
=5i+11j+7k
a=(5117)

The vector equation of the line passing through point { I,I,{]] and parallel to vector
a=(5,11,7) is given as,
r={LL0)+(5.11,7)
r=(1+5,1+111,7t)

The parametric equations of the line are, x=1+51, y=1+11f,andz=Tt

Thus, the parametric equations of line are,

x=1+5f y=1+11t,and z =Tt




b)
The objective is to find the angle between the two planes, using the resuit.
Let g@be the angle between the vectors m, andn, . then

cosf =1l 0L
n,[n,|
The two normal vectors of these planes are,
(3,-2,1) and (2,1,-3)
Find the angle g between two planes.
g 3(2)-2(1)+1(-3)
Vo+4+1J4+1+9
6-2-3

~iaia

Cos

Therefore, the angle between the two planes are |g =25.904°|.

Answer 59E.
We are given that two equations of the planes
Sx—2y—2z=1230d 4x+y+z=06

We first need to find a point on J _ For instance, we can find the point where the line intersects
the xy- plane by sefling » = () in the equations of both planes.

This gives the equations
S5x—2y=12ad 4x+y=6
Let
5x =2 = lucee (1)

4x +y = 6............{2)



The equation (2) multiply by 2 and adding with, (1). we get
Sx—2y+&+2y=1+12
= 13x=13
=x=1
Put = 1 inthe equation (1), we get
5(1)—2y=1
= —2y=1-—5
= —2y= —4
= yp=2

So, the solution is y = |. y= 2

So. the point (1 2 () lieson [

Mow, we observe that since [ lies in both planes, it is perperdicular to both of the normal
vectors. Thus a vector y parallel to [ is given by the cross product

I k
v=n; Xn, =5 -2 -2
1 1
=—2+2)+(—8—5)i+(5+8k
=0i—13; + 13k

v=0i—13j +13k



And so the symmetric equations of J can be written as

x— 1 F—2

= — ¢ _
o -1 13 —g(lct)

Weget y=1and y—2= —>

So, the required symmetric equations are
x=landy—2= —z
Answer 60E.

We are given that two equations of the planes

z=2x—y—Sandz=4x+3y—5

We first need to find a point on [ . For instance, we can find the point where the line
intersects the xy- plane by setiing - = () in the equations of both planes.

This gives the equations

x—y=135
and

A4c+3y=13
Let

2x—v=5._...(1)

4 +3v=5....42)



The equation (1) multiply by 3 and adding with (2), we get

4x +3y+ox—3y=35+15

= 10x= 20

=>x=2

Put y = 2 in the equation (1), we get
2(2)—v=3>5

= =y=3-4

=y= —I

So, the solution is y = 2and y= —|
So, the point (32— _Q)lieson [



Now, we observe that since [ lies in both planes, it is perperdicular to both of the normal
vectors. Thus a vector y parallielto [ is given by the cross product

i j k
V= ﬂixﬂzz 2 =1 —1
3 -1
= (1 +3)i+(—4+2)+(6+4)%k
= 4i—2j + 10k

= y=4i —2j + 10k

And so the symmetric equations of J can be written as




Answer 61E.

Given that the points are (3,4,0) and (1,0,-2) is
a=<3-14-00-(-2)>=<24.2>

Since vector will be perpendicular to our plane this will be our normal
vector.

Now to find a point on a plane.

we know the plane lies halfway between the two given points so a point a
plane is hafway between the 2 points

(u—s} 0+4) {—'_‘“)={2,2,-1)

2 2 2 ° 22
Now we write our plane equation
2(x-2)+4(y-2)+2(z+1)=0
2X-4+4y-8+27+2=0

2x+4y+27=10

X+2y+2Z=5



Answer 62E.

Given that a plane that is equaldistant from the points (2,5,9) & (-6,3,1) lies
halfway between the points and is perpendicular to the vector formed by
the points

n = <2-(-6),5-3,5-1>

= <8,2,4> This is our normal vector.

ow to find a point on the plane | —— ——  —|=(-24,
N find a poi he pl - == = 243

Now write plane equation
8(x-(-2))+2(y-4)+4(z-3)=0
8x+16+2y-8+4z-12=0

8x+2y+4z=4
dx+ y+2z=2

Answer 63E.

The plane intersects at point P(a, 0, U) with z-axis Q(ﬂ,b, ﬂ) with y-axis, and
R (U, U,c.') with z-axis.
The vector @ and & comresponding to P_QFMER. are
a={-a.50)
and a—'.; = (—a U,c}

Since both a and b lie 1n the plane, their cross product axh is orthogonal to the
plane and can be taken as normal vector, then

n=axb=|a b 0
0c

=bei+ac+abk



‘With the point {a,0,0) and the normal vector 2 and equation of the plane 15
bc(x—a)+ac(y—ﬂ)+ab (z—ﬂ) =0
bex+acy+abz = abe

Diwide by abe on both sides, we get

Answer 64E.

a)
Consider the following parametric form of the lines:
r=(LL0)+r(1,-1,2)
r=(2,0,2)+s(-1,1.0)
The objective is to find the point of intersection of these lines.
The parametric equations of given lines are
x=1+t
y=1-1
z=2f
and
x=2-5

y=s
z=2

Al intersection point, each coordinates are same.

So, equate the two coordinates of parametric lines.
l+t=2-5
s+i=1
l-t=5
s+r=1
21=2
r=1
To find the point where the lines intersect, put r=1,5s =0.Then,

x=2-0
y=0
z=2

Therefore, the required point of intersection is |(2,0,2)|.




b)

Find the equation of the plane that contains the given lines as follows:
Let m be vector normal to the plane.

The vectors (1,-1,2),(-1,1,0)are parallel to plane.

Note that mis perpendicular to (1,-1,2},(-1,1,0)and it is given by their cross product as
follows:

n=(1,-1,2)x(-1,1,0)

i j k
n=|1 -1 2

-1 1 0
n=i((-1)-0-2-1)-j(1-0-(-1)-2) +k(1-1=(=1)-(-1))
n=(-2,-2.0)

As the plane contain both lines, the common point also lies on the plane.
Thus, the equation of the plane passing through point (2,[!,2) and has normal vector mis
—2(x-2)+-2(y-0)+0(z-2)=0
-2x-2y=-4

x+y=2

Therefore, the required equation of plane is |x+y=2|.

Answer 65E.

The parametric equation of the required line J that passes through the point
{x,,y,,z,} =(0,1,2) is

x=x+at, y=y+b, z=z+ct

x=0+at, y=1+bt, z=2+ct

Here, {a,b,c} are direction numbers of the line ..
The normal vector to the plane x+ y+z=2is n=(L11).

Given that the line [ is parallel io the plane x+ y+z =2, sothe line [ is perpendicular io
the normal vector {I,I,l)‘

Then (a,b,c}-(1,1,1})=0

Thus, g4+b+ec=0- . (1)



Also the line is perpendicular to the following line
x=1+1, y=1-1, z=21 ...... (2)
The direction numbers of the this line (2) is {1,-1,2).

Then {a,b,c)-(1,-1,2)=0

Thus, g-b+2c=0- - (3}
Solve (1) and (3).
Add (1) and (3).

2a+3¢c=0

2
c=——a

3
Take g=3, then &=-2.
Substitute g=3,c=-2 in the equation (1) and solve for p,

a+b+c=0
3+4b-2=0
c=-1

Hence, the required parametric equations of the line [is |x=3r, p= l=t,z=2=-21_

Answer 66E.

The scalar equations;

xX=x,+al,

y=y,+bt, ... (1)

z=z,+ct
are called parametric equations of a line L through the point ﬁ][:n, ymzﬂ)an[:l paraliel to the
vector v =({a,b,c) Each value of the parameter s ¢ R gives a point (x, y,z)on L



Consider the line

x=l+t,y=1-t,z=21 ...... (2)
To find the parametric equations for the line through the point (0,1,2) that is perpendicular to
(2), use (1) as follows;
Let the direction numbers of required line be g.,b, and c.
Since the line passes through (0, 1, 2);
Therefore, the parametric equations of the required line are;
x=0+ar,

y=1+bt,

z=2+ct
Implies;

x=al,

y=1+bt, ... (3)

z=2+ct

Since the required line is perpendicular to (2);
The direction numbers of this line are (1,-1,2).
Also then the product of the direction numbers of the required line and (2) is zero.
Implies;
a(l)+b(-1)+¢(2)=0
Implies;

a-b+2c=0 . (4)



Let (1 +r,1—r,2r}be any point on the line (2).
Since line (2) and (3) intersect;
Therefore, the above point lies on line (3) for some
Implies;
The point {1-:-:,1-:,1:} satisfies the parametric equations (3).
Implies;

x=af,

v=I1+bt,

z=2+ct
Implies;

l+r=at,

l—r=1+br,

U=2+ct

Implies:

1+t

a=—,

b=—1, ... (5)

Substitute (5) values in the equation (4), to obtain;

%—{-Ihz[z’:z):ﬂ

Implies;
ﬂ +1 .[.(ﬂ] =10
r I
Implies;

1+1+1+41-4
I

0

Implies;

6r-3
)

0

Implies:



Substitute (6) in (5) to obtain:

1
4 —
2

1
2

Therefore, the direction numbers for the required line are;

a=3,
b=-1,
c=-2

Thus, the parametric equations of the required line passing through the point
(%05 ¥%+20) =(0,1,2) and parallel to the vector {a.b,c) = (3,_],_1} are:
x=0+3t,
y=1+(-1)s,
z=2+(-2)

Implies;
x=3,
y=l-1,
z=2-2

Hence, the parametric equations of the required line are;

x=3,y=1-1,z=2-21]




Answer 67E.

Consider the planes are as follows:
F:3x+6y-3z=6
P:4x—-12y+8z=5
B:9y=1+3x+6z
Py:z=x+2y-2
Find which of the given planes are parallel and which of them are identical.

Parallel planes: Two planes are parallel if their normal vectors are parallel
The normal vector is a vector perpendicular to it, and is commonly denoted as Nornm.
The normal vectors for the following four planes are as follows:

The normal vectors for the plane ﬁ are as follows:

B:3x+6y-3z=6
x+2y-z=2 (Dividing by 3)

The normal vector for P1is m, = (1, 2, -1).
The normal vectors for the plane P, are as follows:
P:dx—12y+8z=5

So, the normal vector for P2is m, = (4, -12, 8)

The normal vectors for the plane P are as follows:

B9 =14+3x+6z
3x—9y+6z=1 (Standard form)

So, the normal vector for P3is m, = (3, -9, 6)
The normal vectors for the plane P, are as follows:

Py:z=x+2y-2
x+2y—-z=2 (Standard form)

So, the normal vector for P4is m, = (1, 2, -1)

Since m, = (1,2, -1)and also n, = {1, 2, -1).
So. n1 and n4 are identical vectors.

Thus, the planes P1 and P4 are identical



Also. m, = (4,-12, 8)

=4(1,-3,2) Common out 4.

ln: ={|,_3,1) Multiply by % on both sides.

Thus, —n, =(1,-3,2) . (1).

L]
4
n, = (3, -9, 6)
And Common out 3
=3(1,-3,2)

= 3[%11]J Since from (1)

Since the vector m, is a scalar multiple of vector n,. n, = %“:- which means that n2 and n3

are parallel vectors.

Therefore. the corresponding planes P2 and P3 are parallel.

Answer 68E.

Consider the lines,
Li:x=1+6t,y=1-3t,z=12+5
Ly:x=1+2t,y=t,z=1+4
L3:2x-2=4-4y=z+I
Ly:r=(3,15)+1(4,2,8)
The objective is to find which of the above four lines are parallel and which of them are
identical.

Consider the line,
Li:x=1+61,y=1-3t.z=121+5
The symmetric equations of the line [, are.
x—1=6i,y+1=-31,z-5=12
x—1 _ v+l _ L f | =4
6 -3 12
Therefore, the normal vector for line L1is, v, = (ﬁ_ -3, |1)_




Consider the line,
Ly:x=1+2ty=t,z=1+4
The symmetric equations of line L, are,
x—l=2t,y—0=tz—-1=4
x—1 =_}r—{]=z—l="
2 1 4
Therefore, the normal vector for line L2 s, v, = {2, 1 4}.

Consider the line,
Ly:2x-2=4-4y=z+]
The symmeiric equations of the line L, are,
2x-2=4-4y=z+1 =1 (say)
Divide whole equation by 4.
2(x-1) —4(y-1) z+1_
4 + 4
x=1 y-1 =z+l oy
2 ] 4
Therefore, the normal vector for line L3 is, v, =(2i -1, 4)‘

Consider the line,
Ly:r=(3,1,5)+1(4,2,8)
The symmetric equations of the line L, are,

x-3 y-1_z-5 —g
4 2 8
Therefore, the normal vector for line L4 is, v, = (4, ¥.5 8)‘

In this problem,
v, =3v..V —lv
| 372 2 4

Thus, L ||L;,, and L, || L,.
Hence, the lines L,L, and L,,L,are paraliel
Since the normal vectors v,,v,,v,,v, are distinct

Therefore, there are no identical ines.



Answer 69E.
Ifwe put y= ()in parametric equations.and Let P (4,1.-2) we get the point Q{L 3. 4) and
Tweput r=1.weget (2 1, 1)

The veciors corresponding to a{' a;.' are

g {11. _21. _3}1. b= {3t _2+ _6}

MNow, we compute

i j ok
aXb=11 —2 —3|=6i—3+4
3 -2 —6

We can use

a= 22 (1)

To compute distance P from the given line

al=V1*+2° +3° =13

Putting values in (1), we get

_ o=@’ _ [er

d

1I;’;T. 14



Answer 70E.

Given that P(0.1.3)

If we put ;= () in parametric equations. we get the point ()((, 6, 3)and ifwe put ;= |,
wegel R(2,4, 4)-

—_—

The vectors corresponding to QR and QP are

a=(2, =2,1),b=1(0, —5,0)

Now, we compute

i j ok
aXb=12 =2 1|=5—10k
0 =50

a=2 (1)

to compute distance P from the given line

H=duf+p&f+1=3
Putting values in (1), we get

_ AN =—w? _ 5 _ 5
&= 3 M T

3




Answer 71E.

We are given thata point (], —2 4)andiheplane 3x+2y+6z= 135

We have to find the distance D from the point to the given plane .

Let
Pi{—rh}'h z3)= Pi(1, —2,4)

Then, the distance D given by the formula

jax) + by, + ez, + 4|

"'rlu:--b:'--r:

where g =3, b=2,¢= 6andd= —5

D=

&):
p— 1022605
VOGP = 2 = 6
_ p—4+24—5
No=4+36
8
= Ay

50, the distance from the point to the given plane iz —



Answer 72E.
We are given that a point (—6, 3, 5) and the plane y —2y—4-=§

We have to find the distance J) from the point to the given plane.
Let Py(xy, vy .23)= Pi(—6,3,5)

Then, the distance J) given by the formula

jax; + by, + ¢z, + 4|

Where g=1 p= —2 ¢c= —4dandd= —8§

n=

{H—6) + (—2K3)} + (—4N5) — §|

SD' D: ¥ 3 ¥
V¥ = 2P = -9
_ 6—6—20—§
=416
_ 4o
- 2]
__ 4o
21

50, the distance from the point to the given plane is



Answer 73E.
We are given that two equations of the parallel planes
Ix—3y+z=4and 4xy—6y+2z=3
First we note that the planes ar parallel because their normal vectors <« 2, =3, 1> and
<4, —6, 2 > are paraliel.
To find the distance D between the planes, we choose any point on one plane and calculate its
distance to the other plane. In particular, if we put y=z= ( in the equation of the first
plane,
WEQEl 2y=4=xy=2
So (2, 0, 0) is a point in this piane.

The distance between (2 (), ()and the plane 4y —6y +2z= 35

14020 — &i0) = 2{00 — 3|

&

(4¥ =6y =¥

D=

.

5

1‘|‘i6— h+4

30, the distance between the planes is



Answer 74E.

Consider the following planes:
6z=4y—2x
9z=1-3x+6y
The objective is to find the distance between the given parallel planes.
Rewrite the plane equations as follows:
2x—4y+6z=0
Ix—6y+9:z=1
Note that the planes are parallel because their normal vectors (2,-4,6) and (3,-6,9) are
parallel

Find the distance p between the planes by choosing any point on one plane and calculate its
distance to the other plane.

In particular, if y =z =0 is subsiitute in the equation of the second plane.
That implies,
3x-6(0)+9(0)=1
Ix=1

LY
3

X =

Hence (%,ﬂ,ﬂ] is a point in this plane.



Find the distance pas follows:
The distance pfrom a point A {:c,, _1-1,::1} to the plane ax+by+cz+d 15,
B |.:1t| + by, +¢cz; +d|

Jad+b2 +6

D

The distance pfrom a point R [%,j},ﬂ) to the plane 2x-4y+6z =0 is as shown below:

2(1/3)+(-4)(0)+6(0)

J(2) +(=4) +(6)
2(1/3)|

Js6

D=

_ 2

3456

B 2

3(2)V14
1

ENT

Therefore, the distance between the two parallel planes 5 |——|.

Answer 75E.
The two given planes
axt+bytez+d, =0 and ax+by+cz+d, =0 are parallel.

: = d
We choose any point on second plane by putting y=z=0, we get x=——2 _s0

a

[— d—j [],EI] 15 a point on the second plane.

&

This distance of this point from the first plane 1s

|a(—%]+ﬂ+ﬂ+dl

- N2+ 42
I_d2+dl|
ldi—d|

N b+




Answer 76E.

The equation of given plane is
x+2y—2z=1

Or x +2y-22-1=10 -—— (1)

The equation of the plane parallel to given plane 1s:
x4+2y—2z4+d=10

It 15 given that the distance between these two parallel planes 15 2 units.
Then using the formula of distance between two parallel planes, we have:

. Fi-d]

JE 422 422
. +d|
LEe Pm——

N
Le. ﬂ:ﬂ

3
LE 2=E or —2=ﬂ
3 3

LE. d=5-7

Hence the required equations of planes are:
x+2y—2z45=0
and x+2y—2z-7=0

Answer 77E.

The given lines are
x=y=z

¥/ _
And x+l—é—%

x—0 y-0 =z-0

Or =f R
1 1 1 (s27) =
x+1 y»-0 =z-0
Aﬂd == = = S Emns
1 2 3 s(sa) L

MNow the two lines are not parallel because the associated vectors
{],1,1:) and {L 2 3} are not parallel (as their components are neither proportional
nor equal )

If the above two lines had a point of intersection then for some values of t
and s we must have

t=—l+s ———(i)
t=2s ———(ii)
t=3s ——— (i)

On solving equations (1) and (1) we find s =-1,t=-2_ But these values do not
satisfy the equation {in). Hence the given lines do not intersect and are skew.



Since two lines are skew, they lie in two different planes £ and 5. The
distance between two lines 15 same as the distance between planes £ and £,
The common normal wector to both planes must be orthogonal to both

w = (111} (e direction of I,) and v, = {1.2,3} (the direction of L,)). soa
normal vector 1s

 k
1

=1-2j+k

If we put s =0 in equation of L, we get the point (—l,ﬂ,ﬂ) and L7 and so an
equation for P2 1s

1(x+1)—2(y—ﬂ)+1(z—ﬂ)=ﬂ
Or x—2y+z-1=10
If we now sett =0 1n equation for L, we get the point (U, 0, U) on £ So the
distance between L and L 1s the same as the distance from (ﬂ,ﬂ,ﬂ) to plane
x—2y+z—-1=0

L [0)-2(0)+(0)-3

Thus
JE+241°
) 1
Le. D=—
N3
Answer 78E.

Consider the parametric equations,
x=l+t,y=1+6t,z=2tand x=1+25, y=5+155,z=-2+ 65
The object is to find the distance between the skew lines.

Rewrite the parametric equations as,

x—|=f.,‘v_| =.|'._.E=! and I_I=$,‘F_5=s,:+2=s-
6 2 2 15 6

It follows that,
—_ F o= o -_— } = T —2

X l=_| I=- ﬂ=ram:lx I=} 5= ( }=5.
1 6 2 2 15 6

Their relative parallel vectors are given as,

v, =(1,6,2)

v, =(2,15,6)

The points on the lines are (1,1,0),(1,5,-2)-



The vector perpendicular to both vectors is given by the cross product,
i j k
v,xv,=|l 6 2
215 6
=i(36-30)—j(6-4)+k(15-12)
=(6.-2.3)
The plane passing through {I,I,{)) and has normal vector {6,—2,3} is given as,
6(x—1)-2(y-1)+3(z-0)=0
6x—6-2y+2+3z=0
6x—2y+3z2—-4=0

The plane parallel to 6x—2y+3z—4 =0 and passing through point (1,5,-2)is,
6x—-2y+3z+d=0
6(1)-2(5)+3(-2)+d=0
6-10-6+d=0
d=10
6x—-2y+3z+10=0
These two planes contain given lines which are parallel, so given lines are skew lines.

The distance between skew lines is distance between parallel planes and the distance is
calculated as,
|d| _dzl
va' +b* +¢°
10—(-4)|
V6 +(-2) +3°
14
?
=2
Hence, the distance between the two skew lines is

D=[2]

D:




Answer 79E.

Let L be the hine through the origin and the point (2,(],—1)

L x y =z
Then f; 1s givenby —==—= —=¢

115 81 F’E 0 _1
Fromthis, we getx=2¢, y=0,2=—

And let ;be the line passing through the points (L—],l) and (4,1,3)
x—=1_ y+1_ =z-1

3 2 2
Fromthis, we getx =3s+ 1, y=25s—-1,2=2s5+1

=&

Then £ 15 given by

‘We have to find the distance between the lines fand Iy

‘We have the vector representation of the lines are {2, 0, —1} and (3, 2, 2}_
HNow the cross product of the
1 3 k
A=|2 0 -1
3 2 2
= (ﬂ+2)i—(4+ 3)j+(4—ﬂ)k
=2A-f+4k
Since the cross product of the vectors 15 not zero, we can say that the hines are not
parallel

HNow, let us check if the hines are skew or intersecting.

On equating the expressions forx, v, andz, we get 26 =35+ 1, 0=25-1,4=25+ 1

Solve the expressions to obtain the values of s as % and £ as —2.

Replace £ with —2 and 5 with % mx=2andx=3s+1
1
x = 2(-2) and x= 3(§)+1

x=-4 and Jr=E
2

Since x takes different walues for 5= % and { =—2, we can say that the hines do not

intersect. Thus, we can say that £ and /5 are skew lines.



Now, we have A= I, x [,
i3] k
A=\|2 0 -1
5 2
=2dA-f[+4k

Now, if we put £ =0 in the equation for £, we get the point (0, 0, 0) on £; and so an
equation for Pyis 2x —Hy+4z=0.

On setting s = 0 1n 3, we get the point (1, -1, 1) on Py
So, the distance between £; and f3 15 the same as the distance from (1, -1, 1) to
2x —Ty+4z=0.

|2(1)— 7(-1) +4(1)|
JA+49+16
_ 13

J63
s 1.565

Therefore, we get the distance as about
Answer 80E.
Consider L is the line through the points 4(1,2,6) and B(2,4,8) and L,be the line of

intersection of the planes m,and &, where g, isthe plane x-y+2z+1=0 and x, is the
plane through the points P(3,2,-1),0(0,0,1), and R(1,2,1).

The objective is to find the distance between the lines Land L,.



First find parametric equations for L, .
Caiculate the vector v, that gives the direction of L, .
v, = AB
=(2-1, 4-2, 8-6)
={L 2, 2)
Use this to write parametric equations for L, with point A and normal v,.

x—1 _y—-2 z-6
1 2 .
Then,

=/

x=1+17

y=2+2

z=6+21

Find parametric equations for L, .

Start by finding x,-
Find the normal vector m, by taking the cross product of two vectors w1 and w2.
W, = P_Q
=(0-3, 0-2, 1-(-1))
=(-3, -2, 2)
w,=0OR
=(1-0, 2-0, 1-1)
=(I, 2, 0)

Caiculate the cross product w, xw,.
W, XW, =<—3, -2, Z}X(I, 2, {]}
i j k
=-3 -2 2
1 2 0
=i(0-4)—j(0-2)+k(-6+2)
Thus, the normal vector n, to the plane x, is (-4, 2, —4) or (2, -1, 2).
Therefore, the equation of plane s, with point Q and normal n, is,
2x—y+2(z-1)=0
2x—y+2z-2=0
2x—y+2z=2



The line L, is the line of intersection of the planes x, and .
The normal vector to the plane x, is m, =(1,-1,2).

Let v, be the direction of L2

This vector is perpendicular to both x, and 7,

So it is paraliel to the cross product of their normal vectors given by,

=(I, -1, 2)::(2, -1, 2}

i j ok
=[1 -1 2

2 -1 2
=i(-2+2)-j(2-4)+k(-1+2)
=(0, 2, 1)

Find a point on the intersection of , and x, when y=0.

x=04+2z=-1 x=3
2x—-0+2z=2 z=-2
Therefore, a point of intersection is (3,0,-2).



Use this to write parametric equations for L,:

x=3

yv=2

z=-2+1

Thus, the equations forthe inesare L : x=1+¢. ¥y=2+21, z=6+2¢ and
L: x=3. y=2, z=-2+1.

To find the distance between these two lines, find the equation for the plane that contains L
and is perpendicular to the shortest line between L and L,.

The normal vector n of this plane is the cross product of v, and v, given as,
n=V XV,
=(L 2, 2)x(0, 2, 1}
i j k
=1 2 2
0 2 1
=i[1—4}—j{l—l{}}+k{2—ﬂ}
=(-2, -1, 2)
The point (1,2,6) ison L.
Therefore, the equation for the plane is,
“2(x-1)—(y-2)+2(z-6)=0
-2x+2-y+2+2z-12=0
-2x—-y+2z-8=0

The distance D from a point  F(x,,,,z,) to the plane ax+by+cz+d =10 is given by,
ﬂ=|“'-"t"‘b."| +cz,+d|

N@ +b +&
Use the equation for the plane, —-2x - y+2z—8 =0 and the point [3,[!,—2) on L, tofind the
distance D between [ and L,as.

. |-2(3)-0+2(-2)-9§

J=2) +(-1) +(2)
_|-6-4-3
T aries

]
[&] w |z



Answer S1E.

The miven equation 1s ax+by+ez+d =0 -— (1)
Now suppose a+0.
Then equation (1) can be written as

a[x+§]+b(y— 0)+c(z—0)=0

If & # 0, equation (1) can be written as:
iz U)+b[y+§]+c(z—ﬂ)=ﬂ

And if ¢ # 0 equation (1) can be written as-

afx— U)+b[y—ﬂ)+c(z+d) 0

; =
In each case we find the equation of the form a(x—x ) +&{y— g )+c(2—2) =0, the

scalar equation of the plane through (Jq] Y0 ,zﬂ) with normal vector {a,b,c)

Hence we say that equation (1) represents a plane and {a,b,c) 15 the normal vector to the

plane.

Answer S2E.

(A) The equation of given family of planes 1s:-
x+y+z=c
or, £+£+E: 1
€ ¢ ¢

Thus, the given planes cut intercepts of lengths ¢, ¢, and ¢ from x, y and =z azes.




Since all the planes have normal vector {],1,1} then all the planes given by
x+y+z=c are parallel.

(B) The equation of given family of planes 1s:-
x+ytez=1

1 1 1

C

£+£ +i—]

‘Which cuts off intercepts of lengths ],1,1 from =, ¥, z axes respectively.
c

>X

(0,0,1/C)

Whenc =0, the equation of the planes 1s x+ =1, which is a plane parallel to z-
axis.
Since the normal vector of each plane 1s <L1,l)_

c

Then the planes are not parallel

Also the intercept of each plane with z-azis 15 1/c, then as c increases, the plane
becomes closer to xy - plane.





