Chapter 8. Differential Equation

Formation of DifferentialEquations

1 Mark Questions

1. Write the degree of the differential equation

(gi] +3yd Y -0 Delhi 2013C
X

| () The degree of the differential equatlon is the
degree of the highest order derivative, when
differential coefficients are made free from
radicals and fractions sign.

T P S — e Aviiond i

leen dtfferentlal equation is
(&) g~
dx dx

Here, highest order derivative is d? / dx?
whose degree is one. So, degree of differential

equationiis 1. (1)
2. Write the degree of the differential equation
o5 %2
x3 [9—2’] +x(dy ] =0. Delhi 2013
dx dx

. Given differential equation is

f(%}] +x(z:) =0

Here, all differential coefficients are free from
radical sign.

". Degree =2 (1)
3. Write the degree of the differential equation

[9’-’-) 430 ) Delhi 2013
dx dx?
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Given differential equation is
4
(ﬂ] + 3,{2’5’“} =0
dx dx”

Here, all differential coefficients are free from
radical sign.

- Degree =1 (1n

4. Write the differential equation representing
the family of curves y=mx, where mis an
arbitrary constant. All India 2013

Given, family of curves isy =mx (i)
where, m is an arbitrary constant.
Now, differentiating Eq. (i) w.r.t. x, we get

Y _m
dx
. dy . :
On puttingm = e in Eq. (i), we get
X
_ dy
Fo dx

which is the required differential equation. (1)

4 Marks Questions
9. Find the differential equation of the family of

circles in the first quadrant which touch the
coordinate axes. All India 2010C



1{‘) The equatlon of family of csrcles in first.
quadrant, which touch the coordinate axes, is
(x—a)? + (y—a)* =a?, where a is radius of
circle. Differentiate it one time and eliminate
_ the arbitrary constant a.

Let a be the radius of family of circles in the
first quadrant, which touch the coordinate
axes.

YJL
( (@, a) -
X < ol 2 > X
\I"Y-’

Then, coordinates of centre of C|rcle (a, a).
(1

We know that, equation of circle which has
centre (h, k) and radius r is given by

(x=h?+y-k?=
Here, (h, k) =(a, a)andr = a
. Equation of family of such circles is
(x—a)+(y—a’=a’ (i) (1)
On differentiating both sides w.r.t. x, we get

2(x—a)+2(y*a)%='o

X

= x—a+(y-a- -y =0 ['.'%zy'il
= x+yy’'=a+ay’

= g =20 (1)

1+y’



On putting above value of a in Eq. (i), we get

ak + a5 X + 2%
. 5.4l Y O 5.8 =( vy
y +1 | y' +1 =l
2
’ e B ) ’ e R r-‘
— XY +X—=X-Yyy . W ty—=X—YY¥
y +1 y’+1

=l

_ (x ryy’Y
¥ &1
On multiplying both sides by (y” + 1)%, we get
(xy' —yy )V +ly—x"=x+yy )

= -y )V +x-p=(x+yy’)?

[ (=) =y = %]
= x=-yy)? +1]=x+yy’)?

which is the required differential equation. (1)

6. Find the differential equation of family of

circles touching Y-axis at the origin.
HOTS; Delhi 2010; All India 2009, 2008C



) The equat:on of famtly of c1rcles touchlng Yams
, at origin is given by (x—a)® + y* =a?, where a |
is radius of circle.
. Differentiate this equation once because one
| arbitrary constant is present in the equation and |
| eliminate a. :

Given, family of circles touch Y-axis at the
origin.

Let radius of family of circles be a.
. Centre of circle=(a, 0) (1)

Now, equation of family of circles with centre
(a, 0) and radius a is

(1

[putting (h, k) = (a,0) and r = a
in(x—h?+y—-K*=r

=5 x° +a* -2ax+y’ =a’

= x2-2ax+y*=0 .. (i)

On differentiating both sides w.r.t. x, we get
2x—2a+2y ﬂ =

dx



= x2—2ax+y* =0 ()

On differentiating both sides w.r.t. x, we get

d
2x—23+2yl=
dx
dy
a=x+y— (1)
- ydx
On putting above value of a in Eq. (i), we get
dy] |
3 . .0 _
+y*=2|x+y-—=|x=0
@4yt -2 (xy g
] 2xyg-y:+x2—y2:0
X
= 2xyy’ + x> —y* =0
or 2xygl+x2—y2=0
dx

which is the required differential equation. (1)

7. Find the differential equation of family of
circles touching X-axis at the origin.
HOTS; Delhi 2010C; All india 2009C



Let a be the radius of family of circles which

touch X-axis at origin.
T

X’ X
”
. Centre of circle = (0, a)
Now, equation of family of such circles is
x2 +(y—a)? =a? (1
[putting (h, k) = (0, a)andr = a
in(x—h?+ly-k?=r

= x? +y? =2ay=0 ..(0)

On differenti;ting boctih sides w.r.t. x, we get
2x+2y-g§—23€‘:-:

= x+(y~—a)(—(j%=0 (1)

= x+yy’—ay’=0,[where,y’=%ﬂ

= x+yy’ =ay’

2 s BE T )

’

Y
On putting above value of a in Eq. (i), we get

x2+y2=2y(x+}:)’ }
¥

= (x2+y2)-y'=2xy+2y2«y’




= Xy +yly -2xy-2yy’' =0

= xzy’-—ny—yzy’:D

=5 y’ (x2 —y?) =2xy

- by dy _ 2xy
X2 -y dx  x—y>

y

which is the required differential equation. (1)

8. Form the differential equation representing
family of ellipses having foci on X-axis and
centre at the origin. HOTS; Delhi 2009C



%lO The equation of family of ellipses having foci on
p : 2 2
X-axis and centre at origin is B opd =T
2 b2
i L
| Differentiate this equation two times and eliminate
? two arbitrary constants a and b to get the required

result.

We know that, the equation of family of ellipse
having foci on X-axis and centre at origin is
given by

Y
A
\A
2 2
¥y :
— 4+ =1 Lalr)
# b’
where,a> b (1)
On differentiating both sides of Eq. (i) w.r.t. X,
we get
2x | 2yy’ dy ]
— 4 ——=0 ut —=
2 b [p dx
s i
=3 2 =
a2 b2
? _h2
=3 . JES %_ (i) (1)
X a

Again, differentiating both sides of Eq. (ii)
w.r.t. x, we get

[x : —d—(yy’) —yy’" 4 (x)
dx dx —D

x.?

using quotient rule of differentiation

2
in LHS and E(— (Fb] =0

X aZ

=>x[y-%(y’wv’-%(y)]—w’-h(l' )



=X xyy” +xiy’ )2 —yy’ =0
d?y (dy)z dy
Xy —=+x|—| -y—=0
o Ve Nax) Y dx
which is the required differential equation. (1)

9. Form the differential equation representing
family of curves given by (x —a)? + 2y? = o?

where, a is an arbitrary constant.All India 2009
Given equation of family of curves is

(x— a)? + 2y? = a2 .0
On differentiating both sides w.r.t. x in Eq. (1),
we get
d :
2(x—-a)+4y’ =0 I:'.'&(}/EJZQ}/)/ ](1)

— x—a+2yy' =0

= a=x+2yy’ (1

On putting above value of a in Eq. (i), ve get

(x—x=2yy" )2 +2y* = (x + 2yy")?

= Ay +2y=x" + 4y ") - Axyy”

= 2y =x? + 4xyy” (1)

Hence, the required differential equation is
x? + 4xyy’ =2y*

or x> + ffo;,f—q’--)i =2y’ (1)
dx



Solution of Different Types of Differential
Equations
4 Marks Questions

1. Find the particular solution of the differential
equation 3_y 1+x+y+xy, giventhaty =0
X

when x = 1. All India 2014
Given differential equation is
dy
—=1+x+y+ Xy
dx
=3 gz=1(1+x)+y(1+x)
dx
- B a4y L) @)
dx |
On separating variables, we get
dy = (1+ x) dx . (i)

1+y)
On integratlng both sides of Eq. (ii), we get

J-mdy J1+x)dx



2
= log|1+y|=x+3‘2—+c i) (@)

Also, given thaty =0, when x =1.
On substituting x =1,y =0 in Eq. (iii), we get
1
Iog|1+0|=1+E+C=»C=—§— [ log1=0]
(1)

Now, on substituting the value of C in Eq.
(iii), we get

2
3
logll+y|=x+ ..
gli+y] o
which is the required particular solution of
given differential equation. (1)
2. Find the particular solution of the differential
equation x ) y + X cosec (y) =0 or
dx X

dy ¥ +cosec(i) =0, given that y =0, when
dx X X

x=1 'All India 2014C, 2011; Delhi 2009



Given differential equation is

xﬂ» - Y+ xcosec(x) =0
dx X
=> Q—Z+c05ec[z)=0
dx x X
Above equation can be written as
gX -Y_ cosec (Z] ikl
dx x X

which is a homogeneous differential equation.

On puttingy = vx,

=5 ﬂ=v+xé{inEq.(i),weget
dx dx
dv  vx (vx)
V+X—=— —cosec| —
dx x X
dv
= V+ X— =V — COSeCV
dx
dv dv —dx
— X — =—Ccosecv = = (1)
dx cosecv X
On integrating both sides, we get
j dv _ -“ E]'i
cosecv Y X
:>ISiHVdv= .——@ [ 1 =sinv]
Y X COsecC v
= —cosv=—log|x|+C

,: '.'Jlsinxdx=~—cosx+C

andfldx=log|x|+c]
X



On putting v = X, we get
X

y

- cos~=-log|x|+C

X

= cos—}i=+(log|x|-C)
X
il 1

— ~=cos  (log|x}|-C)
X

= y = xcos '(log|x|-C) ...(ii) (1%)

Also, given that x =1 and y = 0.
On putting above values in Eq. (ii), we get

0 =1cos™ (log|1]- C)
= cos0°=0-C

= 1=0-C
= C=-1
y =xcos” (log| x|+1) (1%)

which is required solution.

3. Solve the differential equation

x log x j—y +y= < log x. Foreign 2014; Delhi 2009
X X



Given differential equation is
dy 2
(xlogx)- -~ +y==log x
dx X
On dividing both sides by x log x, we get
dy+ y _2logx_2

dx xlogx x?logx x?

-

which is a linear differential equation of first
order and is of the form

g-’ff+Py=Q ...(ii)
dx |
On comparing Eqs. (i) and (ii), we get
P i and Q = i (1)
x log x x?

f11 S
IF = e Xlogx  _ ologlogx

forj' : dx::,putlog'x:t:;ldx:dt
x log x X

.'.Itldt=|og|t|=lagglogx|

log x i X]

(1)

Now, solution of above equation is given by
yxlF:J’(QxlF)dx+c ...(iii)

=5 IF = log x [-e



On putting IF =log x and Q =£§ in Eqg. (iii),
X

we get
2
log x = | — log x dx
daith

= yiogx=|ogx]%dx

_j(%(logx}-J%dx)dx

[using integration by parts]

=% ylogx=logx-2(— %}

2 e 2( 1
= vylogx=—"logx—-|=|——|dx
X *E\ X
=3 ylogx=——2-logx+'%dx
X Y X
ylogxz-glogx—g-+c (1)
X X

which is the required solution.
4. Find the general solution of the differential
equation (x — y) 3—}; =X+ 2y.
Delhi 2014C; All india 2010



Given differential equation is

y
(X 'y’) F y

- oy Xty () ()
dx. x-vy

which is a homogeneous equation.
On putting y = vx
=3 g—zﬂv+xg—z ...(i1)

dx dx

in Eq. (i), we get
dv_ x+2vx _1+2v

V+ X
dx X —vx 1—-v
dv 1+ 2v {4 Iy
o X = —-Vv=
dx 1-v 1-v
dv 1+ v+ v?
= B
dx 1—v
=3 21——dvﬂgi
vi+v+1 X
On integrating both sides, we get
1-v dx
.[ G2 T (1)
+v+1 X
=3 I=log|x|+C ..(iii)
where, I=I~3-1_—vdv
vi+v+1l
Let 1—v=A~g-(v2+v+1)+B
dv
- 1-v=AQ2v+1)+8B

On comparing coefficients of v and constant
term from both sides, we get

2A=-1 = A=—% and A+B=1
=>-l+B=1 = B=1+l=> B=§
2 2
So,wewritel-v=—‘—;~(2v+1)+-§’—

1 1



- Qv+ + -

Then,i=I 22 2 dv
vi+v+1
2v+1 3 dv
= I—-— okl PSR-
j +v+1 2‘[\.’2+V+1

= I=——5!og|v +v+1

+§_I dv
2 2 1 1
v +v+1+£----n

-—- -

%—ﬂ—-—d\«fﬁputv2+v+l=t
vi+v+1
v+1dv=
dt
=log|t|+c =log|v’+v+1|+cC
1 3 dv ]
l=——log|vi+v+1+=
= 1=~ log|v |2J( ])2 z
v+ | +
2 4
(1
dv

1 3
=/=——log|vi+v+1|+=
> log| | 2]

=>i=—%log|v2+v+1|

2 v+2
+ o o +C
V3 V3
2




= :'=—*21—|t'_3|g[v2 +v+1|

- N3 tan'{zv - 1) +C

NERal W
On puttingv = Z, we get
X
oal ¥ il 1%{“
l=——logl~=+~+1]++3 tan” +C
2 g|x2 X J3
[-.'y=vx.'.v=z}
X
2 2
:H=—l|0g|y +X)2/+X!
2 | X |
<l 2y +x
++/3 tan 1( ]+C
V3x

On putting the value of I in Eq. (iii), we get
2 2
— Ic.lg’y ik e | + 3 tan™ (Z\LF-E)

2 | X 3%
=log|x|+C
which is the required solution. (1)

5. Find the particular solution of the differential

equation {x sin’ (1) - y} dx + xdy =0, given
X

thaty = %, when x =1 All India 2014C



Given differential equation is

{x sinz(y] - y] dx + xdy =0
X

| == xsinz(}f)
dy d X

=% = susll)
dx X
which is a homogeneous differential equation.
dy xdv .
Puty =vx = —=v+——Iin Eq. (l) we get
dx dx
vx — xsin?| 2
dv X
VA4 X— =
dx X
v i v i 2
= V+X—=V-5in“Vv = X—=-5in“Vv
dx dx
dx
= cosec” v dv =—-~ (1)
X

On integrating both sides, we get
'fcosec vdv-l—j——O

=  —cotv+log|x|=C

:—cot(z)+log|x|:(f ['.'szr} .. (i)
X X



Also, given thaty = %, when x =1.

On putting x=1and y = E in Eq. (i), we get

- cot(n) +log1=C
4

— C=-1 |: cotE—l] (1)
4

On putting this value of C in Eq. (ii), we get
—cot(xJ-k log|x}=1

X

=5 1+ log| x|— cot(z] =0
X

which is the required particular solution of
given differential equation. (1)

6. Find the particular solution of the differential
equation
dy  x(2logx+1)
E;_siny+ycosy
Xx=1 Delhi 2014

, given that y = g when



Given differential equation is
dy _ x2logx+1)
dx siny+ycosy

On separating the variables, we get
(siny +y cosy) dy = x(2 log x + 1) dx
= sinydy +y cosydy =2xlog xdx + xdx (1)
On integrating both sides, we get
Jsinydy+_['ycosydy
[

=2j|)](|0|'gxdx+jxdx

=>—cosy+[yjcosydy

_ j{diy (y) I cosy dy} dy]
=2l d a| dith e} %
= ogx_[x X—I{a{ogx)jx x} x:\+?

_ (1)
:>—cosy+y5iny—Jsinydy

2 2 2
X 1 X X
=2|=—log x — ——rdx|+—

= —CoSy+ysiny+ cosy
4 sk
=X l0g X~ | Xax + —
gx~ | 5

2 X2

=5 ysiny=leogx—x?+—-+(f



= ysiny=x?logx+C MOBG))

Also, given thaty = g when x =1

On puttingy = g— and x =1in Eq. (i), we get
T sin [ﬁ) =M)?log (1) +C
2 2

= Cmr e 5in£=1,|0g1:0:|
2 2

On substituting the value of C in Eq. (i), we
get

y siny = x° Iogx+§

which is the required particular solution. (1)

7. Solve the following differential equation
2 dy 2
x“—=1) =+ 2xy = .
( ) Gy AR SRR
Delhi 2014; All india 2014C




Fwstly, divide the given differential equatlon by
* (x*—1) to convert it into the form of linear
differential equation and then so1ve it =

Given differential equation is

dy 2
(x2 —1) L +2xy =
dx 4 x? w1
On dividing both sides by (x* — 1), we get
dy " 2x - 2
e y e fe? =T}
which is a linear differential equation. (1)
On comparing with the form %Y— + Py =Q, we
X
2X 2
get P = , Q=
x* —1 (x* —1%°
2x
j . W
P €™ (1)
s el0g|x2—1| = x?2 _1
put x —1—t:>2xdx—dt|nj 1dx then
dx = | -dt =logt = log(x* -
_‘[ x? -1 '[t N

Hence, the required general solution is
y-IF=J Q xIFdx+C

2

2 x (x> =1 dx+C (1)

2
—N=
:::})/(X ) '[(x

= y(x2—1)==_[ 22 dx + C

x° =1



=  yix* -1 =log ml-t-c
X+1]
1 1 x—a
dx=—Ilo
|: '[xz—a2 2a gx+a]

which is the required differential equation. (1)
8. Find the particular solution of the differential
equation e*y/1 — y? dx + y dy =0, given that
X

y =1, when x=0. Delhi 2014



Given differential equation is
e J1=y* dx+zdy=0
X

= e J1-y? dx="Ydy
X
On separating the variables, we get
i dy = x e'dx (1)
1- y2

On integrating both sides, we get

J\/_dy:jxexdx

On putting 1- yi=t=-ydy= %'t-_in LHS, we

get

J2—J——dt )I(e” dx

=3 %[2ﬁ]=xj‘e"dx—j [%(x)je*dx]dx
= JI-y? =xe = [e'dx [t=1-y7

(1
= J1I-y  =xe*—e*+C ..0)

Also, given thaty =1 when x =0

On puttingy =1and x =0 in Eq. (i), we get
1-1=0-e+C

= C = [ e®=11(1)

On substituting the value of C in Eq. (i), we

get
J1-y2 =xe*—e* +1

which is the required particular solution of
given differential equation. (1)



9. Solve the following differential equation

cosec x logy z—y + )(2);2 =1, Delhi 2014
¥

? Ftrstly, separate the vanables, then lntegrate hy
*  using integration by parts.

Given differential equation is

cosec x log y dy +x%y2=0
dx

It can be rewritten as

cosec x logy dy __ x2y?
dx

On separating the variables, we get

2
!ogy i X" gy
y? COsec X
On integrating both sides, we get
log y :
e d = - dx =1 .
-[ y? d J COSeCx P

where, I, = _[ ;—%Z dy

Putlogy=t=~>y=e‘,theng¥-=dt
y

Lh=| te'dt
Lo

=tj e“dt- _[ [% (t)I e*“dt] dt

e s [ —ehdt

(i)

(1)

=—te™ +j eldt=—te ' -e"'+C,

st Ol L ..(iif) (1)

[ t =lanovand ot

1]



L7y

o
and /, = -J dx
cosecx
= — xl2 siﬁnx dx

= —xz_[ sin x dx —j

[, 5p ..
a;(x )J smxdx]dx

=—x% (- cosx) — : [2x(— cos x)] dx

=x2cosx+2 | xcosxdx
J T

=x% cos x + 2 xjcosxdx

_I{g;(x}jcosxdx} dx
= x% cos x + 2 [x sinx—_[sinxdx]

=x? cosx+2xsinx+2 cosx+C, ..(iv)

(1)

On putting the values of /; and /, from Eqs.(iii)
and (iv) in Eq. (ii), we get

logy 1

- 2%  _ 4+ C,=x"cos x4+ 2x sin x
y y
+2 cosx+C,
1+ | )
_(_"'_OHE)_{'),:XZ COS X + 2X sin x
y
+2cosx+C,—-C,
= —w=x2c05x+2xsinx
| y

+2cosx+C
where, C =C, - C,

which is the required solution of given
differential equation. (1)



10. Find the particular solution of the differential
equation x(1 + y%) dx — y (1 + x*) dy =0, given
thaty =1, when x =0. All India 2014

Given differential equation is

x(1+ yz) dx — y(1+ x?%) dy=0
= x(1+y%) dx=y(1+ x?) dy
On separating the varlables we get

y
dy = d (1)
1+ y?) f (1+x2) "

On integrating both sides we get
I > dy j dx
1+ y? 1+ x?)

e %Iog|1+y2|=5|0g|1+xz|+C (i)

Flet1+y2=u = 2y dy =du,

1 1
then‘[ dy —J‘Edu=i-log|u|

1+y

and let 1+ x? xv=¢2xdx=dv,

then I

T ¢1 1
dx=—|—-dv=—log|v
14 x° 2jv 2 gl ’

b

Also, given thaty =1, when x = 0. (1)

On substituting the values of x and y in Eq. (i),
we get

—

l|0g|1+(1)2| =llog|1+(0)2|+c

2 2
S %]og‘? — [ log1=0]
On putting C = 21 log 2 in Eq. (i), we get

1 1 1
—log |1+ V% =—log|1+ x% + —log 2
5 g|1+y”| 5 g | | 5 198



= log|1+y? =log|1+ x% +log 2 (1)
= log|1+y? —log|1+ x*| =log 2

2
= log -1—-'-!-5 =log 2 [ Iogm—lognzlogm]
T+x7| n
2
- 1+y2:2
14X
— 1+y?=2+2x = y?-2x*-1=0

which is the required particular solution of
given differential equation. (1)

11. Find the particular solution of the differential

equation log (?ﬁ) = 3x + 4y equation, given
X

that y =0, when x =0. All India 2014



Given differential equation is
log ((—f}i) = 3x + 4y
dx

_— ﬂ - eSx+ 4y
dx

[-logm=n= e" =m]

= G oty (1)
dx

On separating the variables, we get

1 R
"é:'?dy—e dx

On integrating both sides, we get

_[ e Vdy = _[ edx

= = + .0 (1)

Also, given thaty =0, when x = 0.
On puttingy =0 and x =0 in Eq. (i), we get

-4(0) 3(0)
2 B,
—4
1_1 0 _ 0
= _—=—+C [ e =e :1]
4 3
1T 1
—_ ! e o
4 3
-7
=— (1)
12

On substituting the value of C in Eq. (i), we
get

-4 Yy e3X 7

€ -— =

-4 3 12
which is the required particular solution of
given differential equation. (1)




12. Solve the differential equation
1+ x%) gx +y= etan X All India 2014
X

Given differential equation is
1

(1+x2)g—):+yze'a“_ g
dx
On dividing both sides by (1+ x?), we get
dy 1 elan" X

+ Ve
dx (1+x9) 1+ x2

It is a linear diff;rential equation of the form
%Y % Py=
o y=Q
On comparing, we get
1 tan” x
and Q =
1+ x? 1+ x°

1
—— dX
IF = eJP dx e ej1+)-<2 N etan“x

[I 12dx=tan“1x] (1)
1+ x

Then, required solution is

(y-IF) :j Q-IF)dx+C

tan x '1 X

P =

el "—I dx +C
1+x
e e2tan Tx
= ye® "=I —dx+C
1+x
=  ye®™ X—|4C i) ()
- eZtan”x
where, !=j -— dx
1+ x
Put tan 'x =t =>-~1-~-5dx=dt
T+ x
1= edt

=P _2tan"'x



= I==— = 1="—
2

On putting the value of I in Eq. (i), we get

2 'tan_1 X

tan'x _ €
e = +C
J 2
which is the required general solution of

given differential equation. %))

(1

13. Find a particular solution of the differential

equation -gz + 2y tanx =sinx, given that
X

y =0, when x = g- Foreign 2014
Given differential equation is
@ + 2y tanx = sinx
dx

which is a linear differential equation of the

form @ + Py =Q.
dx



On comparing, we get
P =2 tanxand Q = sinx

|F - e2jtar;xdx - 62 |0gisecx| (1)
= gloBsec’x [.mlogn=logn™]
= sec’ x [ e'98% = x]

The general solution is given by
Y-IF=[QxIFdx+C  ..() (1)
= ysec2x=_[(5inx-sec2x)dx+C
’ ; 1

=h ysec‘x=J'51nx-——42m-dx+C

- Cos” X
= ysec2x=jtanxsecxdx+C
= y sec” x = sec x + C ... (1)

Also, given thaty — 0, when x = g On putting
y=0and x = % in Eq. (ii), we get

Oxseczﬁzsec£+(f
3 3

= =2+ =152 (1)
On putting the value of C in Eq. (ii), we get

y sec? X = sec X — 2
= y = COSX — 2 cos’ X

which is the required solution of the given
differential equation. (1)

14. Solve the following differential equation

X COS (KJ 2. y cos(f-] +x x%0,
x J dx X All India 2014C



Given difterential equation is

X cos(x)ﬂ =y COS(X] + X (1)
x J dx X
which is a homogeneous differential equation.
; dy dv .
On puttingy=vx = —~=Vv+Xx—In
dx dx
Eq. (i), we get
B
X COSV |[v+ x —|=vxcosv+ X
dx
" v+xdv:x(vcosv+1) )
dx X COSV '

dv _vcosv+l

= X s
dx COSV
dv  vcosv+1—vcosv
— X .-
dx COSV
= xdv= L =:ucosvdv=9{-"'i (1)
dx cosv X
On integrating both sides, we get
j cosvdv = %
X
= sinv =logx + C (1)
- sin(z)=logx+C[':y=vx:>v:}-/-jl
X X

which is the required solution of given
differential equation. (1)

15. If y(x)is a solution of the differential equation

(2_‘5_2'_@] d_y = —cosx and y(0) =1, then find
1+y Jdx

the value of y (;) Delhi 2014C



Given differential equation is
(2 + sinx) dy
— | == = - cosx

1+y ) dx
I N P (1)
T+y 2+ sinx
Now, on integrating both sides, we get
J'J__ dy = - j_CE?’."‘_ e
T+y 2 +sinx
= log[l+y|=~-log2 + sinx| +logC
T “
for ——dx,let 2 + sinx=t
2 +sinx
= cosxdx =dt,
COS X dt
then dx=|—=logt+C
-[2 + sinx -[ t 2
i =log|2 + sinx]+ C

= log(+y) +log(2 + sinx) =logC

= log(1+y) (2 +sinx) =logC

gan 1+y)(2 +sinx) =C ... (1)

Also, given that at x =0, y(0) =1

On putting x=0 and y =1in Eq. (i), we get
1+ 1) (2 +sin0) =C

= C=4 (1)

On putting C = 4in Eq. (i), we get
(I+y) 2 +sinx)=4

e 1+y=' -
2 +sinx
4
= y = mewdanlt
2+ sinx
4 -2 —sinx
= y= :
2 + sinx
2 — sinx
= i (1)

2 +sinx



2 —sin "
Now, atx:g-, y[f):_ 2

. T
2 + sin

g y(;] =% ' { *sin-gE ={| (1

16. Solve the differential equation

dy . J (n)_
X~ +y = x-cosx + sinx, given y = 1,

dx
All india 2014C
Given differential equation is
dy .
X-—= 4y =X COS$X+ Sinx
dx
d Sin x
= o/ S BT
ax x - X

[dividing on both sides by x]
which is a linear differential equation.
dy

On comparing with the form o + Py =Q,
- X
we get P:l and Q = cosx + 20X
X X
j1 dx :
IF=e!PP e =l =
The general solution is given by
y-IF= | Q xIFdx+C (1)
=3 yx=.x(cosx+w)dx+C
. %
= X = [ (x cosx + sinx) dx + C
= xy-—--xcosxdx+ sinxdx + C

= | #

= xy:xjcosxdx-j[%(x)Icosxdx]dx

+J5inxdx+C



=% Xy =Xxsinx+ cosx — cosx + C
= xy=xsinx+C
=

y-—-sinx+C-l L) (1)
X

Also, given that at x = g; \poee]
On putting x = g and y =1in Eq. (i), we get

e ] (1)
e

On putting the value of C in Eq. (i), we get

y = sinx |
which is the required solution of given
differential equation. (1)

17. Solve the differential equation
c;_y + y cotx = 2 cosx, given that y =0, when
X
x= g Foreign 2014



Given differential equation is

q}f +y cotx =2 cosx

dx

which is a linear differential equation of the
form

dy
— =+ Fy=
dx
Here, P = cotx and Q = 2 cosx
IF = E”ll Pax _ e;’col xdx _ elogsinx
= IF=sinx (1)

The general solution is given by

Y xIF= [IFxQdx+C
= ysinx=:2 sinx cosx dx + C
— V sinx=: sin2xdx + C
- v sinx = — 5‘5’-‘;—?:5“: i) ()

Also, given thaty =0, when x =

b | S

On putting x = g— andy =0 in Eq. (i), we get

COs 2
08I — = st ()
v
= C—EE);-E—-O = C+—-—=0
g 1
L s (1
2
On putting the value of C in Eq. (i), we get
; 2x 1
v sinX = — COS — — —

= 2ysinx+cos2x+1=0
which is the required solution. (1)



18. Solve the differential eqguation
(x? = yx?) dy +(y? + x?’y?) dx =0, given that
y=1 whenx=1 Foreign2014

Direction (Q. Nos. 19-22) Solve the following
differential equations. -

Given differential equation is
(i - yxz)dy + (y2 + xzyz) dx=0
On dividing both sides by dx, we get

2 dy

(x -yxz) -—~—+(y2+x2y2):0
dx
2 dY 2 2
= X (-y)—+y (1+x7)=0
dx
sty —x2(1—y)d—y=y2(1+>f2)



dx
_ 2
= y—-il dy = ]—%L dx 4)]
y X
On integrating both sides we get
y—-1 1+ x*
B el vt

1 ¢2y

il dv—| —dy=|—dx+ |1-dx (1)
2JY2V J‘y2yljx2 I

On putting y” =t = 2y dy =dt in first integral,

we get

1 dt 1
— | —+-=——+x
2= | y X
=% logiy l+1 ——+x+C (i)
y X

Also, given thaty =1 when x =1
On putting y = 1and x = 1in Eq.(i), we get

1 1T -1
—loghl+—=—+1+C
2 8l 1 1

=% %Iog|1|_+1:-—1+1+C

5y C=1 [+ log1=0] (1)
On putting the value of C in Eq. (i), we get

1
—logly |+l:——+x+1

2 y X
which is the required solution. (1)

19. Ex +y sec x = tanx All India 2012C; Delhi 2008C



Given differential equation is
dy :
—~ +ysecx=tanXx ()
dx

which is a linear differential equation of firSt_
order and is of the form

gX+P\y=Q -..(i1)
dx
On comparing Egs. (i) and (ii), we get
P=secxand Q =tanx (1)

| eISEC"d" - elogl sec X + tan x|

[ j secx dx = log| sec x + tanx|]

== IF = sec x + tan X (1)
The general solution is
yxIF=[Q-IFdx+C

y (sec x + tanx) = Itanx-(secx+ tan x) dx

=y (secx + tanx) = j secx tan xdx + I tan’xdx
=y (sec x + tanx) = secx + _[(seczx—ﬂ dx (1)

= y(sec x + tanx) = (sec x + tan x) - x+ C
% J sec’x dx = tan x + C]

On dividing both sides by (sec x + tanx), we

get the required solution as

X C
y=1- + (1)
sec X+ tanx secx + tan x

2dy 2
20. 2x = 2xy +y* =0 Delhi 2012



Given differential equation is

2x2?~—2xy+y2=0
X

dy 2xy-vy’ .
= hat At A SR (VRN )
dx 2x*
which is a homogeneous differential equation.
On puttingy =vx = ﬂ:v-r x@ in Eq. (i),
dx dx
we get
dv  2vx? —vi*
VEX—= ——— (1)
dx 2x*
dv  2v—v?
= V+X—=
dx 2
dv  2v-v?
= —i= —V
dx 2
dv 2v-v®-2v
= X— =
dx 2
dv -v*
— X— = ——
dx 2
=% 2—625 =— ldx (1
Vv X
On integrating both sides, we get
2dv —dx
= + C
==
= 2Jv_2dv =—log|x|+C
=
= 2v1 =—log|x|+C
-2
= —— =—log|x|+C
%
= R, log| x|+ C
[‘.'y*vx:;sv=z]
X
=% - 2x = y(-log| x| + C)
-2X
= V=
—log|x|+C

which is the required solution. (1)



d 5 5
21, Yo 14424 y? + x?y?, given that y = 1,

dx
when x = 0. Delhi 2012
~ Given differential equation is
(—iX=1+x2+y2+x2y2 (1)
dx
i) l:(1+x2)+y2(1+x2)
dx
= gl/-=a+x3)(1+y2)
dx
— Y~ 1+ D 1)
T+y

On integrating both sides, we get

j%:j(1+x2)dx

= tan"y:x+?+C (i)

Also, given thaty =0, when x = 2.
On putting x =0 and y =1in Eq. (i), we get

tan '1=C
=  tan '(tann/4)= C [ tan-; = 1]
= C=mxn/4 (1)

On putting the value of C in Eq. i), we get

F n
tan 'y = x+—+—

| 3 4
X m
=> y=tan| X+ —+ —
3 4
which is the required solution. (1)

22, Axt- l)d—y =1, y=0 whenx=2
dx All India 2012



Given differential equation is

dy
-1
X0 )dx

N dy= 1

dx x(x*-1)
i dy: 1

dx x(x-=-1x+1)

[~ a? - b? =(a - b)(a + b)]

= dy = dx

x(x=1(x+1)
On integrating both sides, we get

IY Ix(x 1)x+1)

= y=1+C 0
dx
here, | = 1
VRIS -[x(x—‘l)(x+1) )
Let 1 =é+ 2 + >

xx=Dx+1 x x-1 x+1

= 1=AKX-1DKX+D+Bx(x+1)+Cx(x-1)

2

On comparing coefficients of x°,x and

constant terms from both sides, we get

A+B+C=0 ...(1)
B-C=0 ...(ii1)
and -A=1
= A=-1
On putting A = —1in Eq. (ii), we get
B+C=1 ...(iv)

Now, on adding Egs. (iii) and (iv), we get

2B="1 =b B=l
2

On putting B = -;_ in Eq. (iii), we get

Yoot =5 P -



2 2

A=-1B=-andC=>,

2
then 1 =:—1+ L + V2 (1
x(x-Dx+1 x x-1 x+1
On integrating both sides w.r.t. x, we get
1 | -1
= dx = | —dx
Ix(x—1)(x+1) J %
1 ¢ dx 1 ¢ dx

_— ] ——— e, — | ———

27 x~1 2*x+]
= l=—Iog|x|+%Iog|x-—1|+%log\x+1|
On putting the value of I in Eqg. (i), we get
y=—|0g|x]+%loglx-1|+~;-log|x+1l+C

-
Also, given thaty =0, when x = 2.
On puttingy =0 and x =2 in Eq. (v), we get

0:—Iog2+%log1+%log3+C

1 1
C=log2-—log1-—log3
= 08 2 B 208
= C=log2 - Iog«.@ [ log1=0]
= & g (1)
V3

On putting the value of C in Eq. (v), we get
y=—|og|x|+%|og|x—1|

1 2
+—log|x+ 1|+ log — (1
: glx+1| e

which is the required solution.



23. Solve the following differential equation

dy .
= + ycotx = 4x cosec x, given that y =0,
T

when x = 5 Delhi 2012C; Foreign 2011
Given differential equation is
d
Y 4y cot x = 4x cosec x
dx

which is a linear differential equation.
On comparing with general form of linear
differential equation of 1st order
gXJrPy:Q , we get
dx

P =cotxandQ = 4x cosecx (1)

IE= edex _ eJ'cot X dx

log sin x log x

= e = sin X [ e = X]
= IF = sin x (1)
Now, solution of linear differential equation
is given by

yxIF=[(@QxIPdx+C

On putting IF = sin x and Q = 4x cosecx, we
- get _
y X sinx = | 4x cosec x - sinxdx + C
. . 1 ;
= ysinx=|4x-——--sinxdx+C
: sin x

=  ysinx=[4xdx+C
= ysinx=2x"+C L)

Also, given thaty =0, when x = g-

On puttingy =0 and x = g in Eq. (i), we get

2 2
O=2><£—+C =5 Cz—n—
4 2

-



2

On putting C = - % in Eq. (i), we get

2

T
sin x = 2x° - —
d 2
2
=% y = 2x*cosec x — T cosecx (1)

which is the required solution.

24. Solve the following differential equation
(1 + x?) dy + 2xy dx = cotx dx, wherex # 0.

All India 2012C, 2011

Given differential equation is

(1+ x%) dy + 2xy dx = cot x dx Pex 0]
= (1+ x%) dy = (cot x — 2xy) dx

On dividing both sides by 1+ x*, we get

e cotx—zzwdX

14+ x

2 t
_ dy+ Xy _ cotx

dx  1+x2 1+ x°

L) (D)

which is a linear differential equation of 1st
order and is of the form

ﬂ+Py=Q o11)
dx
On comparing Egs. (i) and (ii), we get
p 2 and (= cot;s;
1+ x? 1+ x
2%
= I
Feg 77
iy e|0g|1+x2| i p 1)

forf 2X dx, put1+ x* =t = 2xdx = dt
1+ x°



l gg:log|t|:log|1+x2|+c J
t

Now, solution of linear differential equation is

given by
y X |IF=

y (14 x3) =
o y(1+x2)=

y (14 x°) =

U

[ (Q x IF)dx + C

it x(1+x%) dx + C

1+ x?
[ cot xdx +C (1)

log | sinx|+C

[ I cot x dx = log | sin x| + (]

On dividing both sides by 1+ x*, we get

_log|sin x| 4 C

1+ X2 1+ x?
which is the required solution. (B

25. Find the particular solution of the

differential equ

ation

(1+e*)dy+ (1+y?)e*dx =0, given thaty = 1,

when x = 0.

Foreign 2011; All India 2008C

Given differential equation is

1+ e®) dy + (1+y?

Je*dx =0

Above equation may be written as

dy
1+y2

_ex

= dx (1

1+ e



On integrating both sides, we get

_[ o =—j dx

1+‘y‘72

eX
1+ e

On putting e* =t = e'dx = dt in RHS, we get

1
tan"'y = = dt
) y J.1+t2
= ~an'y=—tan 't +C
= tan”'y = —tan (") + C ...(0)

[t =e(1%)
Now, given thaty =1, when x =0.
On putting above values in Eq. (i), we get
tan"'1=— tan”'(e%) + C

= tan” (tan E) =—tan 1+ C [es e’ =1]

= Ez—i:an*1 (tanEJnLC
4 4
4 4
=> C:E+E =% o
4 4

On putting C = g— in Eq. (i), we get

_ g n
tan~'y = - tan 1e"+-z

_T'[ =1 xJ] =1y .x
= y=tan|— —tan (e)|= cot[tan” (e )]

- —

_ ~f 1 L ]
= cot|cot | — stan X=cot -~
e” X

L b

== y=—
e

which is the required solution. (1%)



26. Solve the following differential equation

(1 + x?) dy + 2xy = — - 5. given that y =0,
dx 1+x

when x = 1 Foreign 2011
Given differential equation is

1
(1+x2)$+2xy=
dx 1+ x

2

On dividing both sides by.(1+ x?), we get
dy  2xy 1 r
+ = sl )
dx 1+x* (1+x)?
which is a linear differential equation of the
form
dy

—L £ Py = ...(1)
dx+ y=Q '




On comparing Eqs. (i) and (ii), we get

2X 1
P = andQ = (1)

1+ x%. {19 )

z—x——dx
IF=e 1+ x2 s elog|1+x2| (1)
=  IF=1+x’ [ e'°8% = x]

. 12x2dx,put1+x2+t=1>2xdx=dt
Y1+ x
g}zlog{t|=log|1+x2\

Now, solution of linear equation is given by

Ty xIF=[(@xIF)dx+C .. (iii)
1 2
(1+x2)= —  x(1+xdx+C
4 .[('l+x2}2
1
= 1+ x%) = dx + C
J ‘[1+ch"2
= y(1+x2}:tan‘1x+C .(iv) (1)

[I : 5 dx:tan1x+C}
1+ x

Also, given thaty =0, when x =1
On puttingy =0 and x =1in Eg. (iv), we get

O=tan 1+ C
= 0=tan"" (tan E) +C [ 1= tan n]
4 4
=5 0=3—I~+C = C=—_FIE
4 4

On putting C = ? in Eqg. (iv), we get

y(‘l+x2)=tan'1x—%

o tan”'x T
1+x2 40+x°)
which is the required solution.

(1)

-



2. Solve the following differential equation

B et o B
Kdy = yok=yx" + y dx All India 2011
Given differential equation is

xdy — ydx = {x* +y*dx

= (y+ x> +y)dx=xdy
dy _YHICHY Gy

= e

dx X

which is a homogeneous differential equation
because each term have same degree.

On putting y=vx = ﬁ=V+xﬁ (1)

dx dx
in Eq. (i), we get

dv v+ /x5 VX v+ Xy T+ V7
V4 X— = =
X X

dx

= v+xgi=v+1/1+v2

X

= x—d—v=1/1+v2 — dv =dx
dx J1+v2 X

On integrating both sides, we get
_[ dv _[ dx
N1+ V2 X
= log|v++1+v?|=log|x|+C

l’.'-"*—\/:ﬁ: log | x + 4/x* + a°|

andjd—:zlog|x|+C] (1)

T v Y e
= Iog-+11+z-,;:log|x|+C v




[2 .2
= log FONE !—Iog|x|=C
o
ik Lt 8
X
= log =C
X

o

m
[ log m — log n=log (v)
n

y+\}x2 +y2 - [ if logy = x,]

' theny =e* |

- y+x2+y?=x%. e

LY +xE+y? = Ax? [where, A = €“ (1)

which is the required solution.

28. Solve the following differential equation -
ax

(y +3x%) —=x All India 2011
dy
Given differential equation is
a8 dy _y
(Y+3Xxh—=x = —==+3x"
dy dx x
PR % ¥ (1Y )

dx x



which is a linear differential equation of the
form

ﬁ“l"Py:Q .,_(ii)
dx
On comparing Egs. (i) and (ii), we get
P=""andQ =3x (1)
X
1
IF= I—;dx =e" logix| _ E_,l-::ng:vc‘1 =
= ol Tones
X

Now, solution of linear differential equation is
given by

yx IF=[(@Qx IDdx+C

yx~= [ 3xx L dx (1)
X X
=4 X=-[3dx = L=3x+C
X X
=% y = 3x* + Cx
which is the required solution. (1)

29. Solve the following differential equation
xdy —{y +2x*) dx = 0. All india 2011



Given differential equation is
xdy —(y +2x) dx =0

2
- g1=y+2x
dx X
s 9y ¥ 2% (i) (D)
dx x

which is a linear differential equation of the
form

ﬂ+Py=Q .. (i)
dx
On comparing Eqgs. (i) and (ii), we get
P:jandQ=2x (1)
X

1
J__' o - log|x| -1
IF=@" ¥ =g =X =

(1)

x | =

Now, solution of linear differential equation is
given by

yxIF=[@QxIPdx+C

L .(2x><—1~)dx+C
X X
— e 2dx+C = L=2x+C
X X
= y =2x* + Cx
which is the required solution. (1)

30. Solve the following differential equation
xdy +(y - x°)dx=0. All India 2011



Given differential equation is
xdy+(y—x)dx=0

s dy:xg—y
dx b3
ﬁ : ﬁ_—_xE_z
dx X
o B Vo OO
dx x

which is a linear differential equation of the
form |

gZ+Py:Q (i)
dx -
On comparing Egs. (i) and (ii), we get
leandQ=x2 (1)
X
;
dx logx
IF=¢ * =e%™ =x (1

Solution of linear differential equation is given
by
yxIF=] QxIF)dx+C

o [ x2 x xdx +C

= yx =[x+ C
=3 yx—ﬁ—+C_—_> y——xj-+E

4 4 X
which is the required solution. (1)

31. Solve the following differential equation
e’ tany dx + (1 -e*)sec’y dy =0. pelhi 2011



Given differential equation is
e*tany dx + (1— € sec’ y dy =0

X

2
e sec
dx = Y

e’ —1 tany

=% dy (M

On integrating both sides, we get

e ¢ secly
Iex_1dx_J tanydy

On putting e* —1=tand tany = z

— e*dx=dt and sec’y dy =dz
d d

[Z=[= (1
t Z

1

= Iogltl=|og|z|+IogC['.’j—dx:Iog|x|]
X

= log|e* ~1=log|tany|+logC

= log|e* -1 =log|C - tany|

[ log m+log n=log mn]

= e*-1=C tany (1
= tan ol =y =tan' £ 1

= E C
which is the required solution. (M

32. Solve the following differential equation

(1+ y?) (1 + logx) dx + xdy = 0. Delhi 2011



Given differential equation is
(1+y%) (1+logx) dx+ xdy =0

s 1+10gxdx: —fd\,; 1)
X 1+y
On integrating both sides, we get
j1+|0gxd _ dy2
X *14+y
o [ Lok [BXge=-| Y an
X X “1+y

(log x)*

= log|x|+ +C=—tan'y

-

forj logxdx=>putlogx=t=>ldx==dt

X X
2 2
.*.Jtdt=-t—+C= log +C
: 2 2 )
2
= tan_1y=—{log|x|+ {Ioix) +C]
(log x)?
= y = tan|-log| x| - - -C
which is the required solution. (1%)

33. Solve the following differential equation

[xsin{%] - y} dx + xdy = 0. Delhi 2011C



Given differential equation is

[x sinz(z] - y] dx + xdy =0
X

which is a homogeneous differential equation.
This equation can be written as

[x sinz(x) - y] dx = —xdy
X

y — X sinz(}f)

- Y 5 0
dx X

On putting vy = vx = ﬂ=v+xg\—f in

dx dx

Eq. (i), we get (1
. 2| VX
vX — X sin“| —

dv ( X ) ‘.2
V4 X— = =v—sin“v

dx X



dv

=3 X— = —sin®v
dx
dv dx
=3 U i M
sin“ v X
On integrating both sides, we get
j dv.  dx
sin” v X
: - dx 1
= J-cosec“)v dv=—|—|wv—7F—= cosec’v
x| sin“v
= —cotv=—-logx+C

[ j cosec’v dv = — cot v + C] (1)

= —cot[y)=—|ogx+C['.'y=vx.'.v=y}
X X

— cot[x)zlogx-—(ﬁ
X

— = cot (log x - C) (1)

= y=x-cot” (log x-C)
which is the required solution.

34. Solve the following differential equation

d
XEZ+ y—x+xycotx=0,x=0  Delhi2011C
X



Given differential equation is

x@+y—x+><ycotx=0,xiﬂ
dx
Above equation can be written as
d
x—y+y(1+ X COtX) = X
dx

On dividing both sides by x, we get

g_g+y(1+xgotx):l
dx

X
— Ej'—:’/+y(l-irn::(:)tx)*—-1 L) (1)
dx X

which is a linear differential equation of the
form

@H’VZQ .. (ii)
ax

On comparing Eqs. (i) and (ii), we get

P:1+c0txandQ:1
X

_|'[1+c0tx
X

Ide e il

]dx | [
IF=e — @!08lx| + logsin x

[ _[l dx = log|x and _[ cot x dx = log]| sin x|]
X



log|x sin x|

=e
[ log m + log n =log mn]
=1 IF= x sin x (1/2)
yxIF= [(@QxIF)dx+C (1/2)

yxxsinx=_[1><xsinxdx+C

= yxsinx:_[xsinxdx +C
Eol

= yxsinx=xjsinxdx

—j((%(x)-fsinxdx)dx+(:

[using integration by parts injx sin x dx]

:yxsinx=—xcosx—]1(— cos X) dx + C (1)
— 'yxsinx=—xcosx+_[cosxdx+€

= yXSinXx=-Xxcosx+sinx+C

On dividing both sides by x sin x, we get
—xcosx+sinx+C

Y= :
X sin x
1 C
= y=—Cotx +—+ —
X Xsinx
which is the required solution. (1)

35. Show that the following differential equation
Is homogeneous and then solve it.

y dx + x log (i]dy —-2xdy =0
X HOTS; All India 2011C



%) Let the value of-jl be f(x, y). Now, put x = Ax
Pl X

and y=Ay and  verify  whether
f(Ax,Ay) = X"f(x, y)ne Z. If above equation is '
satisfied, then given equation is said to be
homogeneous equation. Then, we use the
substitution y =uvx to solve the equation. |

Given differential equation is
(
y dx + x log y]dy—Qxdy=O

\ X
= ydx=|2x - xlog (X]]dy
: - X
= dy Y () (/2
dx
2x - xlog )
X

Now, let f(x, y) =

On replace x by Ax and y by Ay both sides, we
get

FOx, Ay) = e ;
2Ax — AX Iog[ y)

AX

_ i

A [2)( - x log (y]]

X

= fOx Ay = A0t = 2%(x, y)

2x - x log (yj

X

So, given differential equation is
homogeneous. (1/2)

dv dv



On puttin =V = —=V+X—
P &Y dx dx

in Eq. (i), we get

v VX v
M i Y 2-logv
2x—x|0g[vx] 5
X
dv v v—2v+viogv
= X — _—— Y =
dx 2-logv 2 -logv
dv —-v+vlogv
= X-—=
dx 2-logv
- 2 -logv dv:d—x M
viogv-—v X

On integrating both sides, we get
I"“% ~logv e dx
vilogv —1) X
On putting  logv=t = —ldv:dt
v

Then, j%dz:loguuc

— j(—1——1)dt:|0g|x|+(ﬁ (1)
t -1 i .
t—1)2—-t(
1-t
- +
1
and usej (E+ Q)dt
- D "
= log|t -1 -t =log]|x|+C

= log|logv—-1]-logv=log|x|+C



.m‘

= log

logv -1 )
R R
= log il_gg_‘f_ ]l o
o ovx
log ' g
log e [ Vi =Y {l
4 _ X
which is the required solution. (1)

36. Solve the following differential equation
(xcos—y + ysinz]y = (ysinx — X COS X)x Yy 0.
X X X X) dx
All India 2010C



? Firstly, convert the given differential equation
* in homogeneous and then put y=ux.

dx dx

Further, separate the variables and integrate it.

Given differential equation is

( y | V)
XCOS—+ysin—|-y
X X
-—(ysin}—/——xcos}i)-xg‘}i=
X X dx

which is a homogeneous differential equation.
It can be written as

(xc05y+y5inz]-y

X X
= ysin-}:—x coski)-x@
\ X X X
X COS (y] +y sin (Vﬂ B
dy X X .
= s e o JNOE, — ()
X (ysiny—rxcos})‘x
X X
On putting y = VX
= Eiﬁzv+xd_‘f_ in Eq. (i), we get (1)
dx dx

dv  (xcosv + vxsinv) - vx
Ve X— = ———

dx  (vxsinv — x COSV) - X

dv  vcosv +v?siny
—— VA X — = e
dx vV SiNV — COS V

dv  vcosv+vesiny
=5 ¥ iz i

dx VSinv — COS v

- xdv _vcosv +vZsiny —v¥sinv+ v cosv

dx vV Sinv — COSV



(1)

dv 2v COSV
= X = .
dx vsinv— cosv

Vsinv — cosv dx
dv=2-—
V COSV X

On integrating both sides, we get
j VSinv — CosV

gyvi=2 J.Q)E
V COSV X

- J(vsinv_ cosv]dvzzj%
X

vVCOsy VCOSsV

- J(tanv- 3 )dv=2 &

= log|secv|—log|v|=2log|x|+C (1)
['.*Itanvdv=|0g| sec v| andjlldx=log|x|}
X

= log|secv|—log|v|-2log|x|=C
= log|secv|—[log|v|+log|x|*=C

[ logm” = nlogm]
= log|secv| - Iog[vx2l=C

[ log m + log n = log mn]

= log seczv =
VX
m
[ log m — log n=log (—~)
n
sec” Sy =X
= log 2=l
Y, 52 I 4
” % |
sec ’
= log Ele=C
Xy

which i< tha reaiiired caliitinn (1
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37. Solve the following differential equation

xy log ( ]dx + {yz - x*log (yH dy =0.
| g Delhi 2010C

Given differential equation is

oo (2] - 1 (] -0

which is a homogeneous differential
equation. This equation can be written as

xylog( )dx-[x log (};) yz] dy
| y
o_ s

N dx (i)
A Xz Iog (Y) - yz
X
Now, put y=vx = iy—=v+x@ 1)
dx dlx
in Eq. (i), we get
2 VX
vx~ log| —
214 ( X ) vlogv
VA x—= : 2
dx x7- Iog (VX) _ VZX?' : Iog s i
X

dv viogv
= X = -V

dx logv-v?

3

dv vlogv—vlogv+v vV
= X :
dx log v — v* logv —v
log v — v? dx
dv=— (1)
Vv X

On integrating both sides, we get
jlogv-vz - dx

v X

e logv . c 1. e olx



— J dv—J dv—J""

v
= _[ 3Iogvdv-|og|v|-log| |+C

Using integration by parts, we get

d _

~3 3
Iong'v dv —I[—dv (logv)-jv dv]dv

=log|v|+log|x|+C
v2 i g™
:>—I0gv—J——idvzioglv|+log|x| + C

=>—1|0gv+ j “dv=log|v| +log|x|+C
2v*

i

-1 1 v

= —Io v+ — - ——=log|v|+log|x|+C
5o IRV e g|v|+log|x|
n+1

|:'.'Ix”dx=x +C]
n+1

= mlo v———lo vx| + C (1)

Iv® o 4v? gl I

[ log m + log n = log mn]



v o) a2 T
l: y=vx=»v=-ﬂ
2 2
—X y X
— ———Iog(—)———-—=lo +C
2y x) " a7 8ly|
, | log 4
=5 = LW =log|y|+C
y2 2 B
I ]

2

X (y
= F¥] 2log| & |+ 1|+ log|y|=-C
y

A
= x? [2 log (y + 1] + 4y?log|y| = 4y*k
X)

[where, k=-C] (1)
which is the required solution.
38. Solve the following differential equation

(2 +1) -g}f +2xy = /x? + 4. Allindia 2010, 2008
X



Given differential equation is
(x? +1)-3Z+2xy= VX% + 4
X

On dividing both sides by (x* + 1), we get

dy+ 2Xy =1;x2+4 N

dx  x?+1  x2+1

which is a linear differential equation of the
form Q-t-Py=Q (i)
dx

On comparing Eqgs. (i) and (ii), we get

|2
P 2% sl X“+ 4

X2 +1 x? +1

=X

X
IF = X2+1 - eIOg]X2+ 1]

= IF=x?+1 [ e'°8% = x] (1)

2

[I £x dx=putx?+1=t = 2xdx=dt
X +1

.-._I‘%:I|og|t|=log|x2 +1|}

Now, solution of this equation is given by
yxlF=J(QxIF)dx+C (1)

2
v +1) = [ +1)- 35 A @)

x2+1




=4 v +1) = [ /x* + 4 dx

= y 07 +1) =[x +(2)? dx

Now, we know that

Imdx=§m

+§Iog|x+m|+(j

g y(x2+1)=2£\/x—2§
+§-Iog]x+ﬁ|+c

=>y(x2+1)=§\/m
+2|og|x+J;T|+C

which is the required solution. (1
39. Solve the following differential equation

(x3+x2+x+1)9‘!=2x2+x.

dx HOTS; All India 2010



boaa
[ o

o
I P

i Flrstly, dlwde gzven equatlon by ©+x2+x+ 1
~ *  then it becomes a variable separable type
| dlﬁerentlal ‘equation’ and then solve it.

Given differential equation is

O + x +x+I)gX=2x2+x
dx
dy _ 2x*+x

=5 -
 +xtarx+]

It 1s a variable separable type differential
equation. "
2x° + X
dy = dx
% xtd i
On integrating both sides, we get

- 2x% + x
dy = dx
j Y x4+ x4+

2x% + x

=3 = d
4 T XA+ +1(x +1) .
_ 2
N 2X° + X dx
T x+1) (X +1)
y=1 (1) (D)

2
where, !=_[ e d dx
x+1)(x2+1)

Using partial fractions, we get
2x% + x A Bx +L
x+1)x%+1) x5l 3 +1

(1)

2x2+x AP+ +Bx+CO) (x+1)
:$(x+nu2+n x+1) (x> +1)
= 2x2+x=A(x2+1)+(8x-i-C)(x+1)

; . 2
Now, comparing coefficients of x“, x and
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CONSAnt terim 1o PotLl >iued, we gol

A+B=2 seck111)

B+C=1 ...(v)

and A+C=0 (V)
On subtracting Eq. (iv) from Eq. (iii), we get

A-C=1 ... (Vi)

On adding Egs. (v) and (vi), we get

2A=1 = A=-1—
2

On putting A =% in Eq. (iii), we get

l+B:2 = B=.’2—-l=2
2 2 2
On putting B =§ in Eq. (iv), we get
E+ C=1 = =1 i
2 2
-1
=5 C=— (1
2
On substituting the values of A, Band C in
Eqg. (ii), we get
3 1

2x% + x 1/2 +2 2

x+D 2 +1) x+1 X2 +1

On integrating both sides, we get
2
’=J 2x"4x 4 1 dx
(

x+1) (% +1) 29 x+1

3 X 1 dx
+ = dx ——
2Jx2+1 ZIx2+1

1 3
oy i loven | sl Y] e g 5e®
5 g | l : g | |

—%tan_1 w1 1)

j 2x dx = putx’ +1=t = 2xdx=dt
x“+1



On putting above value of I in Eq. (i), we get

1 3 2
=—loglx+ 1+ =log|x* +1
e g| | F g| |

—ltan‘1x+C
2

which is the required solution.

40. Solve the followmg differential equation

(M

-\f1+X +y%+x%y +xydy 0. AllIndia 2010
X

Given differential equation is

\/1+><:"+1,12~1r><2y2 +xygz=0
dx

d
=5 J(1+x2)+y2(1+x2)=—xyd—z
= \/(1+x2 1+y2)=-—xy%§
e \/1+x \/H—y :—xyd—

= Y _dy= X )

On integrating both sides, we get
e

On putting 1+y? =tand 1+ x* =u’

=% 2ydy=dtand 2xdx =2udu

X dx

= ydy—g—andxdx udu (1)
1
—J [
1

% —-1/2dt

udu

U




2 ¥ T ut -1
12 -
— b ]l 1'H)du (1)
212 =~
2
-1 1
= Jua . du - du
Y u? -1 Iu2—1
1
= Ji+y?=-|du- du
[ 1+y* =t
= J1+y: = —u——log +C
2 it +1
[J‘ 2dx = 1 s X — a+C}
Xx“—a°* 2a " |x+a
“ —
1+y% = 1{1+x-——1ogh” + X 1|+C

which is the required solution.

Vi +1

(1)

41. Find the particular solution of the di‘ferential

equation satisfying the given

condition

x%dy + (xy + y?) dx = 0, when y(1) =1,

Given differential equation is

Delhi 2010

x2dy + (xy + y?) dx =0

Since, degree of each term is same, so the
above equation is a homogeneous equation.
This equation can be written as

x2dy = — (xy + y?) dx
dy —(xy+y? .
- —— (I)
dx X2
On puttingy = vx
= O Vv + xgy- (1)
dx dx
in Eq (i), we get
dv - vx? +vi? 2
V+ X— = =—(v+ Vv’

i



dv 3
— X—==VY—=V =V
dx
dV 2
= — ==V =2v
xdx v
L dv_ —dx (1)

V* 4+ 2y X

On integrating both sides, we get

J' dv s dx
vZ +2v X
- j dv :__-%
vZ42v+1-1 7 x
- I dv ___-gi
(v+1)% = (1) )X
1-1
= ~—l ‘H— |=~Io +C
2 g| +1+1| Bl
dx 1 lx—al
= — |0 +C
sz—az 2a g[x+a| }
=% J—Iog| | —log|x| +C
v +2|
1 .}.’. e
= —lo S —log|x|+C
5 8y+2 og| x| i ..'V#Z
' X
X
1 y | g
= | = — | +C
; 0g 2 og | x| (i)

Also, given thaty =0 atx=1y=1
On putting x =y =1in Eq. (ii), we get

|1

iogL—l—-log1+C



U
= —logl-t=—-log1+C
5 8|3| 8
— C=llt:)gl [ log1=0] (1)
2 3
On putting the value of C in Eq. (ii) we get
1
loI l- log | x|+ — Iog—
g|y+ 2x| 81Xl 2 3
= Iol ¥=—2Io x+log—
g|y+2>‘:l 8lx] 3
1
— log 4 =logx™* + log —
Y+ 2Xx 3
[ nlogm=logm"]
y 1 1
= lo =log — + log —
gy+2>< gx2 g3

y 1
lo = log —
= ' g(y+2x] g3x2

[ log m + log n = log mn]

y 1

B v+2x  3x2
= y-3x2=y+2x
= y(1— 3x%) = — 2x
.. &x
y-_3x2—1

which is the required particular solution. (1)

42. Find the particular solution of the differential

equation satisfying the given condition
dy

¥ =y tanx, given thaty =1, when x = ¢
X

Delh: 2010



Given differential equation is

dy
7 —ytanx
dx Y
: dy
It can be written as — = tan x dx (1)
Y

On integrating both sides, we get
J B = j tan x dx
i ¢

= log|y|=log|secx|+C L) (D

[-.-Jldy: log |y| andjtanxdx= Iogisecx|]
Y

Also, given thaty =1, when x=0.

On putting x =0 and y = 1in Eq.(i), we get
log 1=log (sec0°) + C

= 0=log1+C [.sec0°=1](1)

— C=0 [ log1=0]
On putting C =0 in Eq. (i), we get the required
particular solution as

log|y| = log|sec x|
y = Sec x (1)
which is the required solution.

43. Solve the following differential equation

cos’ XE’Z + y = tan x.
dx

All India 2009; Delhi 2008, 2011, 2008C
Given differential equation is

coszxﬁ+y=tanx
dx
On dividing both sides by cos? x, we get
dy LY _ ftanx

dx cos’x cos*x
dV 9 9



= — +y-sec” x =tan x - sec™x —_h

dx
1
[ — = seczx]
cos® X

which is the linear differential equation of the
form

"d—y"'PY=Q (1)
dx
On comparing Egs. (i) and (ii), we get
P = sec’x and Q = tan x - sec’x (1)

sec?x dx
T = el@nX

[ j secx dx = tan x + C] (1)

Now, solution of linear differential equation is
given by
y><|F=j(Q x I dx + C
yx e = I tan x - sec®x - €% dx ...(iii)
On putting tan x =t
=  sec’xdx=dt in Eq. (i), we get

yetanx e tt‘ellf dt (1)

= ye™ =t | etdt—j[%(t)_[e[dt]dt

[using integration by parts injte‘dt]
= ye™  =te' - j1 x e'dt
= ye ™ =te'—e'+C

ye? X = tanx - e®"¥ — e®X 4 C [+ tan x = ]

On dividing both sides by e""*, we get
y = tan x — 1+ Ce™ "™

which is the required solution. (1

44. Solve the following differential equation

sec X %‘y -y =sinx All india 2009C
X



Given differential equation is

secxd—y—y: sin X
dx
On dividing both sides by sec x, we get
dy y _ sinx
dx secx secx

dy

=% —~ — ¥ COS X = Sin X COS X D
dx
which is a linear differential equation of the
form 9'Z+F‘3./=Q (1))
dx
On comparing Eqgs. (i) and (ii), we get
P = — cosxand Q = sin x Cos x (n

IF=e
[ _[ cos xdx=sinx+ C] (1)

Now, solution of above equation is given by
yxIF=[@QxIPdx+C

- sinx

ye =jsinx cosx e” ™ dx

On putting sinx=t =  cosxdx=dt

ye SN = fﬁ_t dt (1)

=, ye M = tJ e~ 'dt - I [% (t) I e‘tdt] dt

[using integration by parts]
= ye ¥ = — get - J1>< (—e~hdt

=—te '+ j e 'dt
= ye '™M=_tet—e'+C
— ye—sinxz_ Sinxe—sinx_ e—sinx W
[ sinx =]
y=—sinx—1+Ce""™ (1)

which is the required solution.



45. Solve the following differential equation
(xlogx) _?jy + y =2logx Delhi 2009, 2009C
X

Given differential equation is

(xlogx)&+y=2logx
dx

On dividing both sides by x log x, we get
dy . 2

=— sull)
dx xlogx x

which is a linear differential equation of the
form

5’1 +Py=Q .. (i1)
dx
On comparing Egs. (i) and (ii), we get
s il ) =i ()
x log x X
1
IF— e-[ x log x eloglogx
= log x [ e'%8% =x] (1)

[I 1 dx-:putlogx=t::»ld><2dt
x log x X

_[ dx I——-Iog\t[-log”ogx[‘
xlog x

Now, solution of above equation is given by
yxIF= [(Qx IR dx+C

yxlogx=j%logxdx (1)
| X

i1

2
= ylogx:long—dx

_[|: (log x) I—- dx]



[using integration by parts]

— ylogx=iogx-ZIogx—IlQiogxdx

X
[‘.‘jldx=log|x|+C]
X
= y log x = 2(logx}2—-2jtqu
= ylogx=2(logx}2—-—(l-9§—l-+c

[inj'logxdx, putlogx=t:>ldx:dt
X X

2 2
.'.J'tdt=t—~=(logx) +C:|
2 2

y =2 (logx) — (logx) + R
log x

[dividing both sides by log x] (1)
which is the required solution.

46. Solve the following differential equation

! .
L e y — x tan (y ] All India 2009
dx X

Given differential equation is

xgy—zy—xtan(z)
dx ' X

Y
y — X tan [—}
dy a ..(i)

= =
dx X




which is a homogeneous differential equation.

On putting  y =vx

— ﬂ =v+X ﬁ (1)
dx dx

in Eg. (i), we get

dv vx—-xtanv

V+X—= =y —tanv

dx X
= xgz'" - tanv

dx
_ dv. _ dx )

tanv X
= cotvdv =— 9_{5 [ . cotv] (1)
X tanv
On integrating both sides, we get
Jcotv dv=-— o
X

= log|sinv]|=—log|x|+C

['.'Jcotvdv=log|sinv\+C]

= log|sinv|+log|x|=
= log|x sinv|=
[ log m + log n=log mn]

Iog|x5m-|— '.'v=z (1)
| X
which is the required solutlon.

47. Solve the following differential equation

(1+ x°) -gy +y =tan"x. Delhi 2009
X



The given differential equation is

(1+x2)g—)—/+y=tan”1x
X

On dividing both sides by (1+ x%), we get

1
dy+ y 2:tan 2,vc )
dx 14X 1+ x

which is a linear differential equation of the
form

0‘—y+Py=Q sk}
dx
On comparing Egs. (i) and (ii), we get
=
e 12andQ=tan 2x 1)
14 x 1+ x
1
e dX
||':=(5‘J1+“‘2 _—_etanéix

T+ X

[I ! 2dx=tan_1x+C] (1



Now, solution of above equation is given by
yxIF=[(QxIPdx+C

i -1
v X alan”™ X jt_la‘n_;i tan™" x g man
+ X
On putting tan™' x =t
. ~ 1 dx=dt (1)
1+ X ‘

in Eq. (ii1), we get

o T
ye Y=|te'dt
|l

e j e'dt - J' [_{f_ (t) j etdt] dt

dt

[using integration by parts]
o
= ye®" X =te' - J1>< e'dt
e B
s yetﬁn X i .[ef _ ef o C
1

tan_] X

—— = = _’.I "~
s ye ¥ — tan IX_eran X_ e[dl’t N

On dividing both sides by gtn” ¥, we get

=

y=tan"' x -1+ Ce " * (1)

which is the required solution.
48. Solve the following differential equation

Yty =cosx—sinx Delhi 2009

dx



Given differential equation is

gg—w—(owmmnw ..(1)
dx

which is a linear differential equation of the
form 5
: y s
~+ Py=Q -
dx

On comparing Egs. (i) and (ii), we get
P=1andQ =cosx—-sinx (1)
F =l (1)

Now, solution of above equation is given by
yxtF—j Q x IR dx+C

(cos x — sin x) dx

=]e
=4 j cosxdx—_[e sin x dx

[cus X
— j {j; (cos x) j e"dx} del

—je”‘ sin x dx

!
"

[applying integration by parts in the first
integral]

= ye* =[e" cos x — I— sinx - e*dx]
-Je"' sin x dx (1)
iy ye' =e LOSJH-_[ X sin x dx |
~Ie"‘sinxdx+(j

= ye*=e"cosx+C

On dividing both sides by e, we get

y=cosx+ Ce™

which is the required solution. (1)



49. Solve the following differential equation

i_y + 2y tan x = sin x. All India 2008

X

Given differential equation is
-d—y+2ytanx:sinx (1)
dx

which is a linear differential equation of the
form

8Y 4 Pyl ...(i)
dx
On comparing Egs. (i) and (ii), we get
P =2 tan xand Q = sin x (M
IF = ethanxdx: e2|°g| sec x|
— elogseczx — SECE X (1

Now, solution of above equation is given by
nyF:j(QXIF)dx+C
y sec® x = | sinx- sec? x dx
- - sinx
=  ysec’x=|———dx (1)
7 cosTx
—  ysec” x = | sec x tan x dx

sin x sin x 1
e 2 : = tan x sec x
Cos“x COSX COSX
2
= ysec - x=secx +C
['.'_[secxtanxdx: secx + C]
1 C
+ ?
seC X  sec” X

— y=cosx+C cos® x (1)
which is the required solution.
50. Solve the following differential equation

xzf;i = y%+ 2xy. All India 2008
X



Given differential equation is
d
24y 2
X“——=y° +2xy
dx y y

which is a homogeneous differential equation
as degree of each term is same in the
equation.

Above equation can be written as

dy _ y? + 2xy i
dx X2 -
On putting y = VX
dy “dv
= ——=VY 4+ X— (1)
dx dx

in Eq. (i), we get
dv v +2vx?

Vg X—=— —=v2 4 2v
dx x°
=2 v+xc—i-‘i=v2+2v
dx
— xi\i:v2+2v—v = x—v=v2+v
dx dx
dv clx
i LA (1)
vo+v X
On integrating both sides, we get
J d‘-’___“'ﬁ)g
ye g * %
i J- dv 1=-@
e »
j dv B %
(-G
vd—| ==
2 2
11
v+__
= log—2 2 =log|x|+C
1 1T 1
¥ A e
z | 2 2




L-sz-az a-iu]x-i-a[J

v +1]
= Iogl “’_—lzc
(v +1) - X]
m
[ log m Iognzlog(#-)jl
n
|
Y y = VX
p— iog —y X =il v:y
) :
X |
I
= Iog\—--—y———2 =C (1)
Xy + X

which is the required solution.

51. Solve the following differential equation
(x* — y%) dx + 2xy dy =0, given thaty = 1,
when x =1, Delhi 2008

Given differential equation is

(x? —y?) dx +2xydy =0

which is a homogeneous differential equation
as degree of each term is same.

Above equation can be written as
» .

(x? —y?)dx=-2xydy = —qz:l—:—X .. 1)
dx 2Xxy
On putting y =vX = gx=v+xd—v- (1)
dx dx

in Eqg. (1), we get
. dv v&%—-x% v?-1
Vix—= =
dx 2vx2 2v
dv  vi-1
x A
dx 2v
27 =

—




YR e (1)

v: +1 X
On integrating both sides, we get

d
——--d :_I_p_:‘

ES
On puttingv? +1=t = 2vdv=dt
dt _
t
— log|t|=-log|x|+C
= log|v? +1|+log|x|=C [-t=v*+1]

—log|x|+C

= |og|y—2+1|+log|x,|=(ﬁ (i)
X

[ V= K] (1)
X

Also, given thaty =1, when x =1.

On putting x =Tand y =1in Eq. (ii), we get

log2 +log1=C = C=log2 [.log1=0]

On puttingC log 2 in Eq. (ii), we get

Iogy ’+!ogx—logz
x> |
. L §
% Iog}x E—J%Y- |=|0g2
|\ X
[ log m + log n = log mn]
2 2
= Iog}x +y|=|0g2:>x2+y2=2x (1)

|

which is the required solution.



52. Solve the following differential equation

dy Xy - xl, ify =1, whenx =1

dx  x2y + X) Delhi 2008

Given differential equation is
dy x(2y —x) =:’(:i’y B 2x'y—-x2

- - A0)
dx xQy+x  dx 2xy+x° |

which is a homogeneous differential equation
because each term of numerator and
denominator have same degree.

dy dv

On puttin =YX =5 ==y X—
P 4 dx dx

§)

in Eq. (i), we get
dv 2w’ -x*  2v-1

V4 xX— = . =
dx 2vx?+x2 2v+1
dv  2v -1
Vb X—=
dx 2v+1
dv 2v-1
— X = =¥
dx 2v+1
¥, O, T
= X— =
dx 2v +1
§v+1 dV:_d_x
2vi —v+1 X
On integrating both sides, we get
2v +1 dx
_[ . dv=-|—
2vi —v+1 X
= |=—log|x +C .. (i)
where, i:j §v+1 dv |
2vi—v+1

Let 2v+1=A-i(2v2—v+1)+B
dv

= 2v+1=A4v—-1)+B (1)

On comparing coefficients of v and constants
from both sides, we get
4A = 2



= A=2—Iand ~-A+B=1

= ——1—+B:1 = B=—3—
2 o 2

On putting A =% and Bz% in Eq. (iii), we

get

1 3
2v+l=—(4v-1)+ = 1
2 2 -

On integrating both sides, we get
f:j 2v+1 ey

2vi —v +1
1 :
-—(4v--1)+~3ﬂ
::}i: 2 3 2dv
2vi—v+1
‘| s
:>I=—I jv L Ci'v+é dv
29 2vt —v+1 2 ¥ 255 i
:>I=llog|2v2—v+1|+i'|. i ;
2 LA .
) 2 2
4v -1
j 2v dv = put2v? —v +1=t
2ve —v+1

thenj%zlogh]=Iog|2v2—v+1|

-

1
= I=5Iog|2v2—v+1|

= (4dv-1)dv=dt

+§j dv
i S R P
2 2 16
dv

1 3
= —log|2v? —v+1+=
 log| )




(1/2)
(v_l\
=I=—log|2v’-v+1+=x —tan™ 4
A I
\ 4 )
d
[ I 3 s 2=ltan'1—+C
x“+a“ a a

= I=%Iongvz—v+1|+—3~tan'1(iﬂ)

N e

On putting the value of I in Eq. (ii), we get
% log|2v? —v +1| + —m?“f tan"[4v - 1)

N7
=—log| x|+ C (1/2)
1 |2y2 y l W7 | x
— = 241+ —1an
= zloglxz X I 7 ﬁ
\ /

i
=—log|x|+C ['-'pUtsz);

2 4y — x )
10 2y y+1\ 3ﬁ —1(V X

+ —— tan
J7-x)
=—log| x| +C ...(1v)

Also, given thaty =1, when x =1
On putting x =1and y =1in Eq. (iv), we get

347 1(3

1 o
] 7| + —— tan ——)2*1081+C
2 iy ] N7

1

. L 37 mn“(}:\ =Cl.:log1=0]




—_— "2—“.;5;. ' 7 naas s k\/?} . o _

On putting the value of C in Eq. (iv), we get

1 2y% — xy + x* 3«/_ (4}/ x]
— log 5
2 X J_x
1 3ﬁ » 3]
——loglx|+—=log2 +—1tan | —
g x| 5 08 = (ﬁ

2y% — x +>c2w2
= Iog( . ] + log x - log ()2

XZ

—

v

I [ 3 4y — X
-7 5 \/—3 (fi)
1 s ()

[ tan A —tan"'B = tan“( 2 “Aiﬂ (1/2)

1+
= log 2y? — xy + x)"? - log 2

4x +12y

-

—

7 2
|Og(2}’ xxz}’ + X ] _ Iog(2y2 — Xy + x2)1/2

; = log(2y? — xy + xA)"?

2 _ 2
=> log\Fy ;y+x

S5

X + 3y

— log x|




2 _ 2
= Iog\]?:f ;cy+x

= E’ﬁ tan™' [ﬁx s ﬁy]
7

X+ 3y

(1/2)

which is the required solution.

6 Marks Questions

53. Find the particular solution of the differential
equation (3xy + y)dx + (x? + xy)dy = 0,for x = 1
andy =1 Delhi 2013C

Given differential equation is

3x2 + yAdx + (x* Jaxy)dy 0

3xy + .
It can be rewritten as MY = mz—y——y— .1
X

which is a homogeneous différential equation

of degree 2.

O ti ¥ :>—d—y v+xdv
n putting y=v dx_ %

4 ; dv 3w’+ vix?
in Eq.(i), weget v+ X—=— 5

X X + VX

xdv 3v + v2
= i
dx 1+v

dv v +v2+v+v2
= X— = — (1)
dx 1+ v

2 1+ v)d dx
mgzz_[u]:,t_li___

dx 1+ v 2vE+2v) X

On integrating both sides, we get

L2 A ax (i) (1)
2

vZ +2V) X

Again, putv? +2v =2z =(2v + 2)dv =dz

= (1+\\f)d1b.f=(—jE

2



Then, Eq. (ii) becomes,
J'ﬂ = = j~ (M

= _}k)glzlz—logl)(l'l'l()g](:‘

= %[log]zh 4log|x|]1= log| C|

=5 log| zx*| = 4log|C|

= *=C*=C,z* =(,

where, c,=C*

= Cw2+2v=C, [putz =v>+2v]

2
=5 x“(” 2”] C [putv - X]...(im (1)
x° X X

Also, given thaty =1for x =1.
On putting x = 1and y = 1in Eq. (iii), we get

Also, given thaty = 1for x =1.

So, on putting C, = 3 in Eq. (iii), we get

2
x* y_+g£ =3 = y2x2+2yx3:3 (1
x> X

which is the required particular solution.

54. Show that the differential equation
2ye* !V dx+(y—2xe*!Y)dy = 0 is homogeneous.
Find the particular solution of this
differential equation, given that x=0, when
y=1
HOTS; Delhi 2013



\q? Flrstly, replace X by ?\.x and y by ly in f(x y) of
given differential equation to check that it is .
homogeneous If it is homogeneous, then put

x=yyand ——=v+ y-q— and then solve.
dy dy

Given dlfferentlal equatlon is
2y eVdx + (y = 2x e”V)dy = 0. It can be written

ds

dx 2xe™” —y
dy  2ye?”

X

.. (1)

2xe¥ —y

Let F(x,y)=

X

2ye”

On replacing x by Ax and y by Ay both sides,
we get

xx
2Ax e™ — Ay
F(Ax, Ay) = P
24y eV
X'y _
= FOx Ay =227 N 0k 1 q)

AQ2ye)
Thus, F(x,y) is a homogeneous function of

degree zero. Therefore, the given differential
equation is a homogeneous differential

equation. (1)
To solve it, put x=vy
= 95=v+y@ (1/2)

dy dy



in Eq.(i), we get v+ij o 28 =

y 2e"

dv 2ve’ -1 2ve¥ —1— 2ve’
:}y — —V =
dy  2é&¥ 2e”
. W (1)
y

On integrating both sides, we get
jZeV dv:wj.ﬂ = 2e"=-logly|+C
y

Now, replace v by s , we get

2" +logly|=C (i) (1)

Also, given that x=0, wheny =1,

On substituting x=0 and y =1in Eq. (ii), we get
2e° +log|1|=C=C=2

On substituting the value of C in Eq. (ii), we get
2" +log|y|=2

which is the required particular solution of the
given differential equation. (1)

55. Show that the differential equation

xqg—sin(ij +X=y sin(f-] =0 is homogeneous.
dx X X

Find the particular solution of this differential

equation, given that x=1, when y:% Delhi 2013
elhi



Given differential equation is
x@sin(z}—-ysin(z)—x =% &=X——~J———
dx X X dx x .Y
X

I:dividing both sides by x sir{}’-ﬂ

Let (x, y):x—L

X sinY.
X

On replacing x by Ax and y by Ay on both
sides, we get

Ay 1
AX ) 7&)/

F(Ax, Ay) =

=A% F(x, y)
So, given differential equation is homogeneous.

(2)
On putting y = vx

=5 EfX=v-+—>::@ in Eq.(i), we get (1)
dx dx
dv 1
V+X—=V———

dx sinv



dv 1 dx

= X—=——— = Ssinvdv=——
dx sinv X
On integrating both sides, we get
,[ . dx
sinvdv=— | —
| X
= —cosv=—log|x|+C
-_—>—cosy/x=~log]x|+C PN Z] (1%2) ...(i1)
X
Also, given thatx =1 wheny = g

On puttingx=1andy = 5 " in Eq. (i), we get

—cos(g)z—loglth

=% —0=-0+C = C=0
On putting the value of C in Eq. (i1), we get -

cos¥ =In x|
. |
which is the required solution. (1%%)

56. Find the particular solution of the

differential equation g—{+xcoty=2y +y?coty,
y

{y#0), given that x=0, when y:g-.
All India 2013



Given differential equation is

?+xcoty_2}’+y2 coty,{y #0)
y

which is a linear differential equation.

On comparing with jx +Px=Q, we get

P =coty and Q =2y +y” coty
=IF =eIPdY = ejcm vay _ glogsiny _ siny  (1%)

Now, the solution of above differential
equation is given by
x-0p=[Q-(Rdy+C

Xsiny = j 2y +y* coty) sinydy +C

=2Iysinydy+jy2 cosydy +C
T

— 2I ysinydy-t—yzj cosy dy

u_[ [(;;/ﬁ]_l. Cosydy]dy+C
[using integration by partsin second integral]
=,2‘|‘y5inydy+y2 siny—2jysinydy+C
=y?siny+C
=5 xsiny=y?siny+C (1) (2)

Also, given that x=0, wheny = g—



On putting x=0 andy = g in Eq. (i), we get

1'[2

2
0=(£) e T G o SR (1/2)
2 2 4

On putting the value of C in Eq. (i), we get
2 2
’ g n 7 T
xsiny=y snny—+4—=> X=V *——I-cosecy
which is required particular solution of given
differential equation. (2)

57. Show that the differential equation
[Xsin (X]—y]d,w— xdy =0 is homogeneous.
X

Find the particular solution of this
differential equation, given that

y=%, when x=1 All india 2013



Given differential equation is

|:x sin’ (Z) -y} dx + xdy =0
X

el ¥

dy y —Xsin (x] |

= dx B X idl
y — X sinz(}i)

Let Fx,y) = A

On replacing x by Ax and y by Ly both sides,
we get

?L[y — X sinz[}f]]
FOX, Ay) = 24 20 [Fix, y)]

A X
Thus, given differential equation is a
homogeneous differential equation. (1)
On puttingy = vx::>9-,—¥— =v+ x% in Eq. (i}, we
dx dx
get
| VX — X Sinz(v—){)
dv X
V+X—=
dx X
1% ™" _ dv . 2

= V+X—=VvV-8in“Vv = X—=-sin"v

dx dx
= cosec’vdy = . (2)

X

On intergrating both sides, we get
j cosec’vdv + I iE g
X
— —cotv +log|x=C

= | f—cot(z)+loglx|=c I:'-'V=y]»-.(ii)
X

Also, given that, y = %,when x=1



On puttingx=1andy = -1—:—, in Eq. (ii), we get

- cot(-’j—] +log|1|=C (2)

=5 C=-1 [ cot = = 1]
4
On putting the value of C in Eq. (ii), we get
- cot(z] + log| x| =~1
X
= 1+ log| x|- cot(y] =0
X

which is the required particular solution of
given differential equation. (1)

58. Find the particular solution of the differential
equation (tan™* y—x)dy =(1+y?)dx, given that
x=0,wheny =0. | All India 2013

Given differential equation is

(tan~'y — x) dy = (1+ y?) dx
tan"'y—x dx dx -x tan'y
2 g dv daE T 2
1+y dy dy 1+y° 14y
dx 1 tan"'y
= —+ 5 X= :
dy 1+y 1+y
which is a linear differential equation of first
order. (1)

=

On comparing with S—E + Px=Q, we get
¥

-1
1 - Q‘=t::m y

P=
1+'y2 Hry2




IF=e " =gl Y (1

Now, solution of above differential equation is
given by
x-(ID=[Q-(F)dy+C

1

J' de_

= e Y 4 C (1)

tan~'y _[ tan”
1+ y
On putting t=tan"'y = dt=

dy
1+y2

x-em"_ly=It-etdt+C
=5 x-e‘a“_1”=t-e'-—_[1-e‘dt+c
[using integration by parts]
-1
= x-e® V=t.e'-e'+C
= x-e™ Y=ganly-1e®™ ¥ +C ..() (1)
Also, given that, when x=0, then y=0.
On putting x=0,y =0 in Eq. (i), we get
O=(tan'0-1e™ °+C
=  0=0-10e’+C = 0=(0-1-1+C
— C=1 (1)
On putting the value of C in Eq (') we get
x-e® ¥ =(tan”ly—1)- e®" ¥ 41

= x=tan 'y —1+e @Y

which is the required particular solution of the
differential equation. (1)



	1. Formation of Differential Equations.pdf (p.1-10)
	2. Solution of Different Types of Differential Equations.pdf (p.11-107)

